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1 Introduction

In recent years, our understanding of the universe has become greatly improved thanks to
the high precision cosmological observations that we have available today. According to the
Standard Model of Cosmology, which assumes General Relativity as the theory describing
the gravitational interaction, our universe is composed by about 4% of baryons, 23% of
dark matter and 73% of dark energy. Moreover, in addition to these components, we need
to assume an early inflationary epoch in order to explain the current state of our universe.
Although this budget enables us to successfully account for the current cosmological data,
it needs to assume the existence of three unknown components from a particle physics
point of view, namely: dark matter, dark energy and inflaton field. Thus, we find that
predictions based on General Relativity plus the Standard Model of particle physics are
at odds with current astronomical observations, not only on cosmological scales, but also
on galactic scales where dark matter plays a crucial role. This indicates failures either in
particle physics or in general relativity (or both) and, in particular, it might be indicating
the existence of new particles/fields as candidates to dark matter, dark energy and the
inflaton which could arise in high energy physics [1-15].

Spinors have played an important role in mathematics and physics throughout the last
80 years. They theoretically model particles with half integer spin, like the electron in
the massive case or the neutrino (massive or massless). The spin structure of manifolds
has played an important part in modern mathematics, while in mathematical physics this
structure motivated the twistor program.

In the framework of particle physics all spinors used are either Dirac, Weyl (massless
Dirac spinors) or Majorana spinors, 1. Such spinors obey a field equation which is first
order in the derivatives (momenta) of ¥. Cosmologically, this first order field equation
implies that the average value of both ® = 11 and the spinor energy density of a free
spinor field evolves like the energy density of pressure-less dust i.e. proportional to (1+ 2)3,
where z is the redshift. Additionally, the first order nature of the field equation results in
a quantum propagator, G, which, for large momenta p, behaves as G oc p~!. This limits
the form of perturbatively renormalizable spinor self-interaction terms in the action to be
no more than quadratic in 1 e.g. ¥ and ﬁyuA"?/). The momentum drop-off of G also
results in ¢ having a canonical mass dimension of 3/2.

A wider range of renormalizable self-interaction terms and cosmological behavior would
be allowed if one could construct a viable spinor field theory where Gr o p~2, for large
p, resulting in a ¢ with a canonical mass dimension of unity. We refer to this entire class
of spinor field theories with such properties as Non-Standard Spinors (NSS). This class
of spinors is closely related to Wigner’s non-standard classes [16]. Weinberg showed that,
under the assumptions of Lorentz invariance and locality, the only spin-1/2 quantum field
theory is that which describes standard spinors (Dirac, Weyl, Majorana). NSS will therefore
violate either locality or Lorentz invariance, or possibly both. Our working assumption is
that reasonable NSS models preserve Lorentz invariance, while being non-local.

Along these lines of reasoning, Ahluwalia-Khalilova and Grumiller [17, 18] constructed
a NSS model using momentum space eigen-spinors of the charge conjugation operator



Eigenspinoren des LadungsKonjugationsOperators (ELKO) to build a quantum field. They
showed that such spinors belong to a non-standard Wigner class, and to exhibit non-
locality [16]. They satisfy (CPT)? = —I while Dirac spinors satisfy (CPT)? = I. In more
mathematical terms, they belong to a wider class of spinorial fields, so-called flagpole spinor
fields [19]. The spinors correspond to the class 5, according to Lounesto’s classification
which is based on bilinear covariants, similar to Majarona spinors, see also [20-22]. Locality
issues and Lorentz invariance were further investigated in [23, 24] resulting in results along
the lines of the current work. Causality has been analyzed in [25, 26].

The construction of ELKOs using momentum space eigenspinors, A\(p,h,e), of the
charge conjugation operator leads to a spinor field with a double helicity structure. The
left-handed and the right-handed spinor have opposite helicities which in turn requires a
careful construction of the resulting field theory. These spinors have received quite some
attention recently [27-29] and their effects in cosmology have been investigated [30-42].

However, as we will show in § 3, ELKO spinors, defined in the way described above, are
not Lorentz invariant. We demonstrate using our construction of NSS where this Lorentz
violation appears, thus confirming [23, 24]. The original analyses defined the field structure
entirely in terms of momentum space basis spinors rather than say starting with an action
whose minimization would imply that structure. This led to the violation of Lorentz
invariance being hidden in the mathematical structure of the model. In the present work,
on the other hand, we start with a general action principle for NSS. When applied to
the ELKOs and an alternative model also based eigenspinors of the charge conjugation
operator, the violation of Lorentz invariance and other issues with their construction are
explicit at the level of the action. The original ELKO definition is seen to require a
preferred space-like direction and is ill-defined when the momentum points along that
direction. We offer a new NSS field theory which is also based on the eigenspinors of the
charge conjugation operator (i.e. using the basis A\(p, h,e)) which respects the rotational
group SO(3) but is not invariant under boosts.

We shall see that the general construction of NSS models can be seen as the choice of
some operator P satisfying P2 = I which acts on 9 to project out what states that would
otherwise give an inconsistent Hamiltonian density. In this article we provide a general
treatment of class of NSS models based on an action principle and choice of operator P. We
show that there is one, potentially unique, choice of P which results in a Lorentz invariant,
ghost-free but non-local spinor field theory with canonical mass dimension one.

We are also interested in the cosmological behavior of general NSS models and con-
struct the energy momentum tensor, 7). For ELKO spinors it appears that, at present,
no one has obtained the full T}, as all previous works in the literature, including ours, have
overlooked contributions to 7}, from the variation of spin connection.

This article is organized as follows: we define our notation, general spinors and exactly
what a non-standard spinor is in § 2, then in § 3 we look specifically at the original ELKO
definition, offer a modified version, finishing the section by examining the possibility of a
Lorentz invariant non-standard spinor. In § 4 we examine the energy momentum tensor
both with and without the projection operator, this then leads us nicely into sections § 5
and § 6, where we examine the cosmological applications of both the original ELKO and



the Lorentz invariant NSS respectively and in each case note the existence of non-trivial de
Sitter solutions. We make our final remarks in § 7, followed by three appendices showing
explicit calculations of the variation of the spin connection with respect to the metric for
the general case, the Dirac spinor and finally the ELKO spinor.

2 Generalized spinor actions

2.1 Notation and preliminaries

We work with a metric signature (4, —, —, —), and define y-matrices, v, in the Weyl basis:

O H . 0 —O’i

0 2%x2 7

y p— = . 2.1
<H2X2 0 ) ’ i <0’Z 0 ) ’ ( )

where o' are the Pauli matrices:

ol = (? é) , o = <(3 _02> , od = <(1) _01> . (2.2)

We also define tetrads e, by eﬁegnab = guv, where g, is the space-time metric and
Nay = diag(1,—1,—1,—1). Space-time y-matrices, y* are then given by v# = ehy®, and
hence obey:

V"t =29

We also define v° = 7?9123 i.e.:

I 0
5 2X2
(0 —H2x2> (2:3)

The covariant derivative V, is defined by V,g,, = 0, and so acting on a vector A* one has:
VA" =0, A" + T, AP, (2.4)

where I'} , denotes the Christoffel symbol of g,,,. The definition of V, is extended to
spinors by further requiring that V, ey = 0; hence V7" = 0. The extension defines the
spin connection:

wzb = e‘j@ue”b + egeabfza. (2.5)

The action of V,, on a spinor % is then given by:

V;ﬂp = 6;ﬂ/} - F;ﬂb (2'6)
where T, is given by:
_ i ab ab __ i a b
Pu= it [ = [7 Y ] : (2.7)



The adjoint of an arbitrary spinor is defined by 1) = 14", where 11 is the hermitian conju-
gate of 1. Since 1) is a space-time scaler, it follows that V. acts on adjoint spinors thus:

e _ _ _
YV, =V, p = 0,0 + Iy, (2.8)
Similarly, if we define a dual spinor ¢ of ¢ so that 11 is a space-time scalar, we have:
e - - -
YV, =V =090+, (2.9)

We also define the slashed notation thus: A = A, so Y = ¥#V . The usual Dirac dual
spinor is 1 = ¥T40
-
For any operator A, acting on the right or A acting on the left, we define the respective

dual operators A and A by the requlrement that ¥ A be dual to Ay and that At be dual

to ¢A for any . We note that A acts on the left and A acts on the right.
The commutator of two covariant derivatives on a spinor can then be calculated to be:

[vwvu]¢ = [avru - aﬂrv + L0y — F I ]7/)

1
= 8R,uz/po h/p Y ]T;Z), ;wpaf T;Z), (2'10)

where R, ,, is the Riemann curvature tensor, see e.g. [43]. It follows that:
Y = V2 + Ry (2.11)

where

1 1
R = —4Rw,pgf“”fp(’ = 4RW,,07“7”7”7‘7. (2.12)

2.2 Generalized free spinor actions

We begin with the criterion that a free, massive spinor free field, 1, in flat space-time (with
tetrads ef, =4, so I'), = 0) should obey the flat space Klein-Gordon equation:

P =mip. (2.13)

This suggests the following flat-space Lagrangian for :

Lo oy = (@E)(ﬂw) — my, (2.14)

where 9 is some dual spinor to 1 defined so that 1/71/1 is a space-time scalar. We vary ¢

and ¢ independently. We note that up to a surface term, the above action, ﬁgre)e fat 15

equivalent to another Eg 6)67 fAat given by:

LD e = (0,8)(0"9) — iy, (2.15)
However, this equivalence relies on 9% = 6921/) which is broken when the actions are

promoted to curved space by taking 0, — V,, since generally R # 0 when R,,,, # 0.
One must therefore choose which of the two actions to promote to curved space.



Remaining in flat-space, there is a problem with both actions as there are given above.
The field equation (92 —m?)y = 0 constrains the evolution of each of the four components
of 1) but does not impose any relation between the different components. We define a basis
1; where ¢ = 1,2,3,4 on 4-spinor space, such that, 1/7i1/1j =0if ¢ # j and 9,7p; = 0. We
assume that 8;;&1‘ = 0. However, as is well known, Lorentz invariance prevents us from
defining JJ@'%‘ = 0;j, instead we can ensure that V11 = by = 1 and sihs = Pathy = —1.
Solutions of (9% — m?)y = 0 are then given by:

o 1 iEpt—ip-x + 1 —iFEpt+ip-x
w—%‘ai(p)wpe v wi+i§;bi(p)2Epe PRy,

where a;(p) and b;r(p) are some functions of p and E, = \/m?2 + p2. Here >, =&

Let us define the Hamiltonian density H = YR + 771/} — £ where the momentum is
defined as usual 7 = 9£1)/ o =, and 7 = oLD JOnp = . In flat-space, the Hamiltonian
density formed from on £ differs from that based on £() only by an irrelevant total
derivative which can be dropped. We then have

H = [ﬁr + VIOVt + m2d] . (2.16)
Taking €; = 1;1;, one can show that
= [atar=Y o TR T e +herje) @10
J P
which then becomes

H=Y ¢ > (Bp)lal(p)a;(p) +b;(p)b}(p)]. (2.18)
J P

Finally we can assume that these will be upgraded to operators and since we are refer-
ring to spin one half particles we are dealing with fermions and therefore anti-commutation.

H =Y ¢;> (Epal(p)a;(p) — b(p)b;(p)]- (2.19)
J p

This then gives an ill defined Hamiltonian density which is not positive definitive. However,
we know that if we were to write the Dirac spinor in the KG equation and followed the same
step we would get a consistent Hamiltonian density. Thus, there is a projection operation
implicitly present which removes (projects out) the components of the spinor which would
give an inconsistent Hamiltonian density. It is important to note that this is not directly
related to the actual energy as the energy is squared in this expression and therefore we
retain the negative energy information, which is, of course, what we learned from Dirac.

Let us assume that the a; and a;-r to represent creation and annihilation operators, then
a;ral- # 0 and bgbi =% 0. If we interpret Y1) as the energy-density of the spinor field with
€1 = €9 = —e3 = —€4 = 1, it follows that the spinor field can have negative energy density,
unless there is some additional condition that requires ag = a4 = 0 and b; = by = 0 in



the definition of 1. Additionally, without such a requirement it would be possible to have
states with both a;ral- and b;rbi > 0 but with zero energy. Negative energy or ghost states
lead to well known instabilities both classically and at the level of quantum field theory.

The requirement that ag = a4 = 0 and b; = by = 0 can be seen as an additional
equation for ¢ which projects out negative energy states, i.e. we would have Py = 1 for
some operator P with the property:

P (MeﬂFimxﬂ) — :Fﬁz‘T/)z'@ij”H. (2.20)

where p* = (E,, p*). This form implies that when one moves to momentum space P(p*) is
an odd function of p#. If one were to attempt to define spinors using a P(p#) that was an
even function of p#, one would have to require that the a;(p) and b;(p) commute rather
than anti-commute leading to a field obeying Bose-Einstein statistics.

We define projection operators:

1
Py = 5 I+ P], (2.21)
and note that:
PiPy =Py, PiPL=0. (2.22)

Positive / negative energy spinor modes then respectively correspond to those which obey
P11y =1 and P_v = 1, or written out explicitly

1

o 2L+ eai(p)e PPy ; D (1= bl (p)e FrtPxy, - (2.23)

P Lp

Pi(v) =

We also define the adjoint operator, <E, by:

[v-sttawpu= [ y-gitex®u. (2.24)

~

where = implies that this relation is true up to a surface integral term. We let <Ei =
— -
(I+ P)/2. For any v and 1) we then define the shorthand:

Yr =Piy, Py = J)ﬂ (2.25)

We can now rewrite our Hamiltonian density as

1
H= | > B, |e(1+ )% (P)a;(p) — (1 — )b} (p)b; (p)] - (2.26)
J:p
One sees that if we use the definition laid out earlier, namely €; = €5 = —e3 = —e4 = 1, we

find that this Hamiltonian density becomes

2 4
H="" Eyal(paj(p)+ Y Ebi(p)b;(p), (2.27)
Jj=Lp Jj=3,p



which is now positive definite for any spinor field, provided it satisfies the projection con-
dition (2.20).

Next we discuss an alternative approach to enforce the condition that only positive
energy modes propagate i.e. ¢ = 1, and Y = 1/7+, which is equivalent to P_1) = 0 and
1/7<E_ — 0. Suppose that we initially take the Lagrangian density for ¢ and 1 to be
£¢(¢,1/7). We may project out unphysical modes by adding an extra term, Lp, to the
Lagrangian: Ly — Ly + Lp where:

=
Lp=—XP_— PP _y, (2.28)
«— -
= _5‘( P 77!) - ZZ)P*X’

where 22 indicates equality up to a total derivative.

Varying the action with respect to y then gives ¥ = ¢_ = 0, as required. With
Sy= [ dizy/ —gLy, the other field equations from the variation of the action with respect
to ¢ and ¢ are:

0Sy| oSy

[MJ+_O’[5¢}+_Q (229)
88y 55w] -
[&Z}—Xﬂ |:51/} __X—7 (230)

and xy, XY+ are undetermined gauge degrees of freedom which do not enter the action or
field equations. We may integrate out the y fields by replacing ¢ and 1 with ¥y and 1Z+
in the Lagrangian Ly, i.e. we redefine:

Ly, 9) = Ly(Ws,94). (2.31)
Then the field equations follow from:
[5§w} = [58¢} = 0. (2.32)
ol Lovs ]y
Now we know that:
p2 (Qpieﬂpux”) - E?wieﬂmmx” _ wi6$ipu:v”’ (2.33)

~

and so we must have that P2 = I where = implies that this identity holds modulo the
field equation p? = m?. We also know that P? is an even function of p and P(p) is an odd
function, so we may write P? = F(p?/m? — 1) where F is some operator which depends on
p?/m?; we must then have F(0) = I. If F(p?/m? — 1) = I implies that p?/m? = 1, e.g. if
P2 = F = p?/m?, then Py = ¢ implies the field equation p?y) = m?1) rendering the latter
superfluous. It would then be sufficient to take the total action to be simply Lp:

Ly =Lp. (2.34)

This is precisely what happens for Dirac and Majorana fields where, respectively P is
Pp =iY¥/m and Py; = Ci¥ /m and Cip = 1/; here ¢ is the charge conjugate spinor field
and C2 = I. Positivity of the energy then requires ¥ = m1 = maf4? in the Dirac case,
and ¥ = maC in the Majorana case.



2.3 Non-standard spinors

We shall think of Dirac and Majorana as standard classes of spinors. In flat space, we define
a general class free non-standard spinors (NSS) as being those spinor which, in momentum
space, obey:

P*(p) = m*y(p), (2.35)
P(p")¢(p) = ¥(p), (2.36)

where P(p*) = —P(—p*) and where P?(p*) = I does not automatically imply p? = m?, so

that eqs. (2.35) and (2.36) are independent, the former fixing the dynamics of ¢ and the
latter the spinor structure. One such form for the P operator would be:

P(p) = sin <;Tm>

thus P? = sin2(7r\/pupﬂ/2m) and P2 = T only implies /p,p*/2m = 2n+ 1 for n € N.
However, whilst this does not imply p? = m? globally, it does require p?> = m? locally. This
is to say that in momentum space, for p* lying in or close to the sub-space, S,2_,2, of points
defined by p? = m?, P? = I requires that p* be in Sp2_m2. Soclose to S22, the eq. (2.35)
is again superfluous. We therefore further require, in our definition of non-standard spinors,
that in some open region around the sub-space Sp2_,2, we have P2(p) = I. For simplicity
we may therefore restrict to consider P(p) such that P?(p) = I for all p*.

We would also like non-standard spinors to have a canonical mass dimension of unity,
like scalar fields rather than the 3/2 mass dimension of Dirac / Majorana spinors. The
canonical mass dimension of a quantum field is determined by the momentum drop-off of the
free field propagator, G (p;m), for [p?| > m?. For standard spinors G (p;m) ~ O(p~1)
whereas for scalar fields or vector bosons, both with mass dimension one, Gr(p;m) ~
O(p~2). In general, if Gr(p;m) ~ O(p~?+°) the quantum field has canonical mass dimen-
sion 1+ ¢/2. This definition of the mass dimensions also determines the renormalizability
of self-interaction terms. For a general field ¥ (not necessarily a spinor), by counting
powers of momentum in field loops, one determined that if G (p;m) ~ O(p~279) the self-
interaction terms of O(W¥)™ are not perturbatively renormalizable in 3 + 1 dimensions if
n > 4/(1+0/2). With spinor fields self interactions must all involve an equal number of
and 1 fields and so n must be even. Thus if the mass dimensions is 3 /2 then we could only
have n < 2 (as n = 3 is not allowed) implying that only renormalizable self-interaction
terms are simply mass terms proportional to Y1p. However a mass dimensions one NSS
field (0 = 0) could be renormalizable with a fourth order interaction term (n = 4) and
so we could have additional self-interaction terms of the form A(y)?. We shall see that

2’711/2

6 = 0 requires lim,z|s.,,2 P(p") ~ O(|p ) or equivalently limy_,o, P(Ap*) ~ O(A™™)

for some n < 0. We note that this condition (with n = 0) is implied by the requirement
that P?(p*) =1 for all p*.

Finally P must be chosen so that the NSS spinor action is real (or at least real up
to a surface integral). Firstly this implies that the dual spinor must be defined so that
(Q,E@D)T = o) for any 1. Reality of the kinetic term in the action requires that either



2 <_2 =9 So . . . . . .
Y = ¥2 or V2 = V2, depending on the choice of kinetic structure. Finally reality of the
projection term Lp requires that:

P=P.
We summarize the definition of NSS below.

Definition A non-standard spinor, 1, is defined by an operator P(x), which in momentum
space is P(p*), and has the following properties:

1. P(p#*) is an odd function of momentum: P(p#) = P(—p*).
2. P2 =1 on any spinor (i.e. not just those that satisfy the field equation).

3. P =P on any spinor to ensure reality of the action.

Thﬁ second condition implies that if A — 00, PQp“) ~ O(A\%). The aﬁdjointﬁg)erator to P
is P, and we define Py = (I£P)/2, PL =(I+ P), and ¢+ = P11, ¥px =1 P .. Physical
modes are those for which ¢ = ¢, Y = 1Z+. Starting with some Lagrangian £(v, 1,7)) we
can project out the unphysical modes either by adding:

. =
Lp=—XP_y—¢yP_x, (2.37)

or by replacing £(1,v) with £(¢,, 1, ), both methods result in equivalent field equations,
and, since Lp vanishes on-shell, in equivalent values of the action.
A free, non-standard spinor satisfies ¢ = 1 i.e. 1 = P and:

[(p* —m*)y], =0 (2.38)

In flat-space, this NSS field equation results from two simple actions which are inequivalent
in curved spacetimes. With the total Lagrangian taken to be ﬁl(;)_P = Egie(w, 1/7) +Lp =

Egle(¢+, ., the two choices for Egie(w, V) are:
Lho. = Y)Y — m?Py, (2.39)
= .
L), = (BVIV,0) — mPy. (2.40)

The minimizing 51(;1 p gives:

The minimizing Eff) p gives:

,10,



In general, as we noted above, V? # WQ. In appendix B.1 we find that the free field
(1)

quantum propagator for v is (in flat space) for action S¢ given by:
1(I£P(p))
Gr(p") = . 2.41
F(p ) ) pg —m2 ( )

It is straight-forward to check that this is also the flat-space free-field propagator for for
action Sl(i).

It is then clear that G ~ p~? for large |p?| is equivalent to limy ., P(Ap*) ~ O(A™™)
for some n > 0. For NSS spinors this is ensured (with n = 0) by P?(p#) =T for all p*. We
note that if we took the NSS action with P(p#) = i¥ /m then upon integrating out the y
and ¥ we would recover the Dirac spinor action.

We can generalize the free-field actions to 1nclude self-interaction terms by replacing

mipp with V($), so L3 p = L (,9) + Lp = £ (4, 14):

L0, 5) = GV)Ve -V ($v). (2.42)
L3 W) = (V) — v ($0). (2.43)

By power-counting arguments we noted that perturbatively renormalizable V(z[jw) will
have the form

V) = Vo + w4 ()

3 Specific non-standard spinor models

3.1 Eigenspinors of C

In refs. [17, 18], Ahluwalia-Khalilova and Grumiller introduced the class of non-standard
spinors (in the sense defined above). They constructed these spinors in momentum space
from the eigenspinors of the charge conjugation operator and hence called them Figen-
spinoren des LadungsKonjugationsOperators (ELKOs). They were shown to belong to a
non-standard Wigner class [19] and satisfy (CPT)? = —I. In more mathematical terms,
they belong to a wider class of spinorial fields, so-called flagpole spinor fields which corre-
sponds to the class 5 of the Lounesto’s classification based on bilinear covariants.

The idea behind ELKOs is an attempt to construct a spinor field, ¢ (z), from momen-
tum space eigenspinors of the charge conjugation operator, A(p, e, h) say, rather than the
u(p,o) and v(p, o) in case of Dirac spinors. The \(p, e, h) are defined by:

CA(p,e,h) = —y?X*(p, e, h) = eX(p, e, h), (3.1)
H(p)A(p,e, h) = hA(p, e, h), (3.2)

where e, h = £1 and H(p) is the dual helicity operator:

N o-p 0 ind
H(p) = ( .’ ) =1%7'p. (3.3)
‘P

— 11 —



The general free ELKO field is then given by:

ba) = Y an(@IAD, +1 e P+ 3 bl (p)A(D, ~1, h)e
p.h p.h

where p" = (E,, p), E, = \/p2 +m2. It should be noted that the conditions which define
the basis spinor A, do not do so uniquely (i.e. uniquely up to an overall phase). Instead

we have:
[ Hie g (p)
[ Fie P (p)

where ¢4 (p) obey o - po+(p) = £¢+(p), and qﬁl(p)qﬁb(p) = d4p. It is straightforward
to check that any two such spinors will be related by: ¢4 (p) = :Fe*ia(p)iagtb*;(p) for
some «(p), which also features in the definition of A, which depends on the phases in the
definitions of ¢+. It can also be checked that ¢+ (p) = FieP*P)F(p)p=(p) for some B(p).
Here F(p)? =1 and F' = F and F(p) = - 0 where f(p) is a unit vector in the direction
of n which is defined by n = p X z; here Z is a unit vector in some fixed direction. The
original definition of ELKOs in refs. [17, 18] effectively picked ¢+ so that « = 8 = 0 and
worked in a basis where z = (0,0, 1)7.

To complete the definition of ELKOs one must now find some operator P, which in
momentum space is an odd function of p#, such that Py = ¢. We note since a;, and by, are
arbitrary, P must commute with the a; and b}l. refs. [17, 18] did not approach the definition
of non-standard spinors in the general way that we laid out in the previous section, and so
did not explicitly construct P. Explicitly constructing P, however, reveals that the above
definition of ELKOs is not Lorentz invariant, see also [23, 24]. We find that for ELKOs
P = PgrLko where in momentum space:

. 0 h - O.eioz—iﬁa-f)
PeLko(p';2) = <n . ge—iatifop 0 ) )

It follows that with & = 3 = 0 as in refs. [17, 18], Pgrko simplifies to:

PeLko (P 2) = (ﬁ(p Oi) o fl(p,()i) .J> ' (3.6)

It can be checked that modulo the relation (p? = m?) there is no other operator P, with
P? =1 that satisfies the required properties. It is also clear that because P(p) depends on
both a preferred direction z and p it is not Lorentz invariant. Thus the initial definition
of the ELKO basis and hence ELKO field is also not Lorentz invariant as it implicitly
assumes the existence of a preferred direction z. Additionally when p = z, n = 0 and so
n and hence P(p) is not defined. In the limit p — 2, the limiting value of n depends on
the direction of approach. The original definition therefore suffers from a number of issues:

- 12 —



it requires a preferred space-like direction, and is ill-defined for momentum pointing along
that direction. Similar issues will arise if different (potentially p-dependent) values of «
and (§ are taken. The Lorentz violation in the definition of ELKOs was not clear in the
original papers because, primarily, they did not approach the construct of non-standard
spinors in the general covariant manner that was laid out in the previous section.

3.2 Modified eigenspinors of C

We can make an alternative definition of an ELKO, motivated by more exotic ideas, which
is well-defined for all momenta and invariant under rotations, albeit not under boosts. The
basis spinors are once again eigen-spinors of the charge conjugation operator. This time
however we define the ELKO field by:

b(a) = Y acP)A(p.e. +1)e P+ 3 Tb(p)A(p. e, ~1)e ", (3.7)
p.e p,e

This definition has the advantage of being now independent of the phases in the definitions

of the ¢4 two-spinors used to construct the A(p,e, h). It is also straight-forward to check

that it is invariant under rotations. This can be seen explicitely by noting that the pro-

jection operator, Pyi_grko, under which Py_grkot = ¥ is given in momentum space by

simply the dual helicity operator H(p):

Pym-eLko(p!) = <J'p ! A> =~%'p".
0 —o-p

This operator is manifestly invariant under SO(3) rotations, but also manifestly not in-
variant under general boosts. However we can write it in a covariant manner by intro-
ducing a preferred unit time-like direction A, with A,A* = 1. We may then choose
coordinates so that 4, = (1,0) and with P! = (0,p%) = p* — A,Avp” we have pt =
(0,p°) = ph(p, A)/\/PL(A, p)psy(A,p). Tt follows that in this frame: Py_prxo(pt) =
Prni—geLko () (p; A*) where

v p“Any[Mny}
Pr—pLko (P, AY) = pa Ay i) = : (3.8)
g VP2 = (A-p)?
We then define A = —AY"ps, and by working in the frame where 4, = (1, 0)T find:
= A(p, e, £)PY FHON(p, e, 1) > 0, (3.9)

where Pl\i/[_ELKO = %(]I + PMoELKO)-

From the above discussion, it is clear that the original ELKO definition breaks Lorentz
invariance as, when written in a covariant form, it clearly requires the existence of a
preferred space-like direction, z. Additionally, the original definition breaks down, even
if one takes a limit, for spinors with momentum in the direction of z. We have also given
a second definition for an ELKO like field. This again breaks Lorentz invariance, but
preserved rotational invariance, as it only requires the introduction of a preferred time-like
direction A,. Of course any violation of Lorentz invariance is arguably a serious reason to
doubt a theory.
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3.3 Lorentz invariant non-standard spinors

We have shown above that the original definition of ELKO fields violates Lorentz invariance
by introducing a preferred space-like direction. Additionally we noted a modification of
this definition could be made, still using dual helicity basis spinors, where there is a frame
choice where rotational invariance is preserved, however this required the introduction of
a preferred time-like direction, which also violates Lorentz invariance. We may therefore
wonder whether there is any reasonable Lorentz invariant definition of projection operator

P(p*) which obeys P? =T (independently of the field equation p? = m?

i.e. without placing
any restriction on p?) as well as the other conditions on P. We know that any such operator
must be non-local in position space, since it has been shown that the assumptions of locality
and Lorentz invariance imply that the only spin 1/2 field theory is that of Dirac / Majorana
spinors. Working in a flat background and in momentum space, Lorentz invariance implies
that we cannot introduce any preferred frame-fields. Hence P(p*) can only be constructed
from the Lorentz covariant operators I, p* and ~*. Additionally the requirement that
P? =1 independently of the value of p? implies that the operator should not depend on
the on-shell value of p?(= m?). Additionally we know that P must be an odd function of
pt and P = P.

Taken together these conditions imply that, up to an arbitrary phase factor, the only
choice we can make for P(p#) is:

1 . 1 . B5\R
P() = 1 (1+ " )Pol) + 5 (1 —i")Py, (3.10)
where:

Po=p'p, (3.11)

and p = /p,p* with some appropriate choice of branch for the square root’s action on
negative p,p". Thus we have P2 = I. We shall see below that with this choice we must
take ¢ = ; it follows that 55 = 4995149 = —~5  Hence the operator i is self-dual.
Additionally 7° anti-commutes with Py. Given this choice of dual, it is straight-forward to
check that Py = £P, depending on the sign of p,p*; hence Py and Py commute and IS% =1
Additionally, the dual of Pg is therefore Py.

We found that the first condition that P must obey is that it is an odd function of
momentum. Since Py is manifestly an odd-function of p# and P is also. Secondly we must
check that P? = 1. Explicitly:

1 1 S 5
P2 = (1+i7")Po(1+i7")Po+ (1 —i7")Po(1 —i7")Py (3.12)
1 o1 _
+,0+ iVP)Po(1 — iy®)By + L0 iv®)Po(1 + iv°)Po,

1 ﬁ
= (L+i")(1—i") [P} + P
1 . _
+, [0+ 9)2PoPo + (1= 7%)%PoPo]
1 ﬁ
=1+ 21’}/5 |:P0, Po} =1
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Here we have used the anti-commutation of 4° with Pg Py and the commutation of Py and
Py. We have also used Pg = P% = I. Thus as require P is an odd-function of momentum,
and P2 = T on any spinor. We also note that since ¢ = ), (1Z¢)T — ¢ and the action is real
provided the final condition P = P (i.e. P is self-dual) is satisfied. We show this explicitly:

2 14 1
P =Pl +iv°) + o Po(l = i), (3.13)
1 5 1
= ,(1=iy")Po+ (1 +i7")Po = P,

where we have used the anti-commutation of v° and Py and the self-dual nature of iy°.
Thus this choice of P satisfies all the required properties and is manifestly Lorentz
invariant. The appearance of p~! factor means that in position space P will be non-local,
as expected.
In flat position space:

1 1 =
P=_ (1+iy")Po+ (1 —ir")Po,  Po=—ip~'d,

where in position space: p~! = V—=9-2; 92 is the inverse of 92. In a general curved

1

space-time p~* is the inverse square root of VQ. The definition of what is meant by this

square root is fixed by the requirement that in flat-space p~! it reduce to v/—92.
In curved space-time it is not immediately obvious that the extension of p~! com-
mutes with Y. To prove that this is indeed the case we consider eigenstates of —iV

i.e. —iV,(xt;s) = —izip,(x#;s) for some z € C where s labels the multiplicity. Now
p? = —WQ and so p%v.(zt;s) = —2%¢.(z*;s). The operator p~—! = \/—WQ where the

square-root requires a choice of branch to make it unambiguous. We right z = Re’® where
R >0 and —7 < © < 7. We choose the branch so that py,(a#;s) = —cizt),(zH; s) where
e=—-1for0 <O <mand e=+1for —m < © < 0. Thus in a general space-time the defi-
nition of p~! is fixed by p~1v, (z#; s) = icz~11b, (x#; s). Since p~! and ¥ have simultaneous

L'and ¥ commute. Acting on v, (z#;s),

eigenstates (by definition) it is automatic that p—
Pow.(xH; s) = e, (xH; s) where e = —sign(argz) and € = +1 if argz = 0; —7 < argz < 7.
In general backgrounds:

1 -
(1—iy")Py,  Po=—ip 'V = —iVp . (3.14)

1
P=_(1+i7")Po + )

2

We have stated above that ¢ = . It i Js now straight- forward to show that this must
be the case. We can always write ¢ = v D for some operator D. We must first requ1re
that 1 is real, Whlch in turn requires that D=0 It 1mphes that D = D = CO]I + 7P,
We also need P = P We found that if D = I then P = P For gengal D we have:

P D = D P7 hence the reality condition P = P, or equivalently P = P, requires that
D commutes with P Since 7 anti-commutes with Py, it also anti-commutes with P and
hence P. Tt follows that c1 = 0 and we can then normalize v so that ¢cg = 1 and D=1
Le. P = ¢ = yfy0

For a free-field, obeying Wzi/) = —m?y, ¢ ' = m~! and so Py = v reduces to the Dirac
equation. The dynamics of free fields defined in this way are therefore identical to those of
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Dirac fermions. The differences between the definitions are only apparent for non free fields
e.g. those where V(114 is a non-linear (e.g. quartic) function of the invariant v, 1. .
We also note that P manifestly commutes WQ = —q? and hence

(V24hi) s = Yoy = (V)4

In appendix B, we given a general treatment of the path integral quantization of non-
standard spinor models with special reference to the Lorentz invariant model presented
above. The free field, flat space propagator for this theory is:

Py (p")

. 3.15
p? —m? +ie (3.15)

Gnss(pym) =
One might be worried that the p~' term in this propagator (which comes from Py in
P(p*)) leads to some additional divergences in quantum amplitudes. In appendix B.1
and B.3 we show explicitly that this is not the case. Simply, this may be understood
from the fact that p~! does not lead to a new pole in the components of p* = (w,p),

I with respect to the momenta does

since p = v/w — |p|y/w + |p| and so the integral of p~
not diverge. It follows that the position space Green’s function, Gnss(z — y) (related by
Fourier transform to Gngs(p;m)) is well defined. Self-interactions of ¢ can be introduced
as perturbations about the free field theory. For completeness, we show explicitly, in
appendix B.3, that the p~! in Gnss(p;m) does not lead to any new divergences in loop
integrals and so the quantum theory may be rendered finite by re-normalization in the
usual way.

We also find in appendix B.1, that there is a preferred choice of kinetic term. Specifi-
cally one wishes P to commute with the free-field Green’s function in a general background.
In a general background P commutes with VQ but not with V2. Thus the preferred struc-
ture for the action of a Lorentz invariant non-standard spinor, with arbitrary sources J
and J is:

Lnss = (BF)(V) — mid — XP_p — §P _x + T + 4. (3.16)
4 Energy momentum tensor

Let us now construct the energy-momentum tensor based on the above actions, not taking
into account any of the possible interaction terms. By definition, we need to vary the
Lagrangian with respect to the metric g,,. In all previous treatments, when the variation
with respect to the metric was computed, the implicit dependence of the connection on the
metric was neglected. This happened because in the case of Dirac spinors, one can indeed
neglect this contribution as it vanishes identically. Although this is relatively well known to
experts, we show this calculation explicitly in appendix A.2. Therefore, we will now show
in detail the derivation of the complete energy-momentum tensor of ELKO spinors. It
should be noted however, that one can start with an effective scalar field Lagrangian which
contains a mass dependent on the Hubble parameter to reproduce the previous results.
We now derive a formal expression for the energy momentum tensor for the two possible
actions Sfbl) and Sff) with Lagrangian density LS)P = ES) + Lp and Egzp = ng) +
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Lp, where ES), Eg) are given by eqs. (2.42) and (2.43) respectively. This derivation is
complicated by the presence of the projection action £p, which projects out the ‘unphysical’
modes, it is an odd function of momentum and it has a dependence on V, and +* therefore
on the metric itself complicating the derivation of the energy momentum tensor. Since P
is also a non-local operator, its dependence on g, is also generally extremely complicated,
and this prevents us from finding a general explicit expression for Tj;l/. In some choices of
P in certain backgrounds, however, §.5,, /0P = 0 and in these cases we can give an explicit

expression for Tf;y.

4.1 Variation of V,

It is important to remember when calculating 7}, that V, also depends on the gamma
matrices v, through I';,,,. Thus:

§Vyb T

— P, 4.1

59;“/ 6g;ww ( )
v ST

Pr=p 7. 4.2

59;“/ w(sg,uu ( )

Now I'), = iw,ﬁb fav/4 and the spin connection depends on e,* and hence g,,,. We calculate

ab
dwy,

in a local inertial frame (LIF) where ez = 52 and so Ffw =0. In a LIF, we find:
Fardw, ™ = — fupe”’e0,, [e26eS] + fape®y 70T, (4.3)
Now in a LIF:
Faree 0T = | Fape” e (50 + s — 50p0) = 16030
To move to a general frame we promote partial derivatives to covariant derivatives and have:
fanbwu® = [PV [epedes] + £V [6gun] (4.4)

where we have used f*® = —f% and defined f* = etee*b f,;. Now O0Guw = 26((1H(56V)a and

the first term in eq. (4.4) depends only on e[uéeg] and which is independent of the variation
in g,,. Hence just varying g,,:

0T, = i(s;ﬂ 7V 58, (4.5)

4.2 Variation of +*

Now ~* = eh~v® and so:
ot = —65635627(1, (4.6)

and so just varying g,
0y’ = —;7(”9“)”59W- (4.7)
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4.3 Variation of Liz;

The total Lagrangian is Efz)_ p= EEZ) + Lp. We consider the variation of the projection
term Lp separately. Here we simply calculate Tg)w/ = [-2/v/—4] 5S$)/ 09 where the
action Sl(j) is the integral of EEZ) (1,4). This action is independent of P.

We find:

_ _—
T = G4 BT AT — g LD 1+ 9,08 48)

where the last term comes from the variation of I, and is equal to:

v (e v o v
T = = [BYA I 4+ Yy (4.9)
For the second action we have:
v —— v v v
TP = 2V Uy — g L) 4+ 9, I (4.10)

where again the last term comes from the variation of I',, is given by:
1 [~ -
T = =1 |99 e 4 g pelegiy) (4.11)

4.4 Variation of Lp

We now focus on the variation of £Lp with respect to P. We have:
1_ 1-
0Lp = (P + B (3P)x. (4.12)

Now P? = I implies P1.6P = 0PP+ and using v = P14, and dropping an irrelevant surface
term it is straightforward to check that the above variation reduces to:

1 1-
0Lp = X-(0P)P+ + ¥+ (6P)x-. (4.13)
We see that generally the variation of Lp with respect to P and hence g,,, only vanishes
if Y- = x- = 0. To see what this requires, we define the differential operators L, and
«—
L ¢ by:
0S8y Sy =
Y= Ly, =L 4.14
53 ¥ 5 v (4.14)
-
The field equations are then (Ly)+ = (¢ L )4 =0 and
.
X—=—(Lp)—,  X-o=—-(Ly)-. (4.15)
Since, ¥_ = ¢_ = 0 we have:
1 _ 1-5
X==,Rpt,  X-= ¥Rp, (4.16)
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where

Rp = [Ly, P] = 2[P_, Ly,

-
and R p is the dual operator. It follows that in general y_ = ¥ = 0 requires Rp = 0, i.e.
P must commute with the field equation operator L. For general P we do not expect (in
a non-flat background) P to commute with either W2 or V2, and so expect Rp # 0. We
noted that that if we take Lorentz invariant definition of P given in § 3.3 , then we do have
[P, W2] = 0. Hence if we take the action to be ESZP’ then Ly = v+ V' (1444 ) and:

Rp = |V'(4404), P| = =V" (00 )P(P4 0y ), (4.17)

where we define P(a) acting on c-numbers « by: [P,a] = P(a). In general then, even
with a Lorentz invariant choice of P, we do not have Rp = 0 unless V" = 0, in which case
the theory reduces to that of a Dirac spinor, or if our solution has such symmetries as to
ensure P (1, 1) = 0.

We do not attempt to calculate 6P/dg,, , instead we merely note that, in a general
background, this dependence of P on g,,,, results in an additional contribution to the energy-
momentum tensor which we write as Th”. In some backgrounds, it may be that the
symmetries of the solution imply that 6P vanishes for small changes, dg,,, in the metric.
Such cases represent another way in which 7" could vanish.

5 ELKO cosmology

In the previous section we attempted to calculate the energy momentum tensor for non-
standard spinors. The presence of the operator P, which in general has a complicated
dependence on the metric, prevented us from explicitly evaluate T;ﬁ, except in circumstances
where [Ly, P| = 0 in which case the variation of the P dependent term vanishes on-shell.

In general backgrounds, and for general P it is therefore difficult to make much
progress. We therefore begin by focusing on the relatively simple background of a flat
FRW spacetime with line element:

ds? = dt* — a®(t)dx> (5.1)
In this background:
a_o_i
=0, Tu=-,7" (5.2)

5.1 Comments on previous work

We noted that the definition of the ELKO field theory is not Lorentz invariant since it
requires a preferred direction. This casts doubt on the validity of the model and its useful-
ness for cosmology. Let us emphasize that in general an explicit and complete expression
of the energy-momentum tensor is difficult to find since it is expected to include a term
from the variation of the P operator.
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Previous studies of ELKO cosmology have, however, side-stepped this issue by simply
studying the cosmology of a theory defined by that action:

1 -« -
Lcosmo = QZZ)VpV“lZ) - V(T/”/)), (53)
)

additional factor 1/2). This is just a different normalization of the spinor field and does not

which is equivalent to Efj up to a different normalization of the kinetic term (there is an
alter the physics. The additional projection term, £p, did not feature in previous studies of
ELKO cosmology. With ELKOs, all Lorentz violating terms are located in Lp and it is this
term that creates the problems in deriving an explicit expression for the energy-momentum
tensor. Analyzing a NSS without any projection term is therefore more straight-forward
than a NSS with Lp. This said, strictly speaking, the Lp is not optional since it is required
to project out ghost modes which would otherwise result in an unstable quantum theory.
Nonetheless, one may treat the action Lrrxo—_cosmo Classically and study its cosmology.
Since P does not appear in this action, previous studies have not truly addressed ELKO
cosmology but simply the cosmology of an unconstrained spinor with Klein-Gordon action.

We found in the previous section that the energy momentum tensor of an unconstrained

NSS cosmology. Adjusting this for the the different kinetic term normalization we have:
—— 1
Tc%l;mo = TPV(“V'/)T/) - gwj‘ccosmo + QVPJHVP’
7 [ = -
JHP — ) wv(us)pw + wfp(uvl/)w] )

The V,J#P term in Thoemo did not appear in previous studies of “ELKO” cosmology, since
they did not take into account the variation of the spin-action with respect to the metric.
We therefore briefly re-derive the cosmology of these models with the corrected energy
momentum tensor.

We make the definition ¢ = @£ where £ is a constant spinor. Now in principle we can
have £ > 0, £ = 0 or €€ < 0 with & # 0. However the last two possibilities will result in
non-positive energy solutions i.e. ghosts, and we should properly therefore concentrate on
the non-ghost solutions with £ > 0, and by fixing the definition of v, we have e =1.

We note that J#? = J)P where:

1T e -
Juresel = it = = BV, = B,

— I e e Epme].

It is straight-forward to see that j;jb =—J 2‘1 and since T'y = 0 that J = 0.
Now f% = iy%4J = idiag(o?, —07). Thus:
2 2
~0i =50 pa [ . . . . wa .
T ==0l==7, [S (Y7 +"7") 5] =-7, o
Now fik = eljkdiag(al, o). Thus ('yofyifjk + fjk'yofyi) = 26¢jk’y5 where +° =
diag(ﬂgxg, —]IQXQ). It follows that:

2 .. 2.
~k pear = . . . pa . -
=7 e (0 P ) €] = ¥ tenére

,20,



It follows that the only non-vanishing component of J#* is
Jmitxj _ J0$i$j _ (1026152 Jarixjt _ (pza(;z
N T 4a3 T 2g3 7
Recall that the contribution of the current to the energy-momentum tensor is

%VPJ(W)p, thus we define the symmetric tensor F* = F#v) = %VPJ‘“’p and find for

its non-vanishing components

3a®
F} = 2 5.4
t 4a2¢ ) ( )
) 1 d 2. 9
Fro= a2 0ij it [a*aayp?] . (5.5)
Therefore, the complete energy-momentum tensor is
1 3a?
T! = _$* + V(g 2 5.6
e A Co ket (5.6)
| 3a? 1 1[a
TI = 6 21 V(?) - _¢? 2. 5.7
o) ]{8a2<p+ (%) = o™+, | ,% t (5.7)

We define energy density, py, and pressure, py, via the diagonal components of the
energy-momentum tensor 7%, = diag(py, —py, —py, —Py). Hence:

1. 3
Py = [2902 + V(sﬁz)] + 8H2s02, (5.8)
1 .2 2 3 2 2 1 2 1 .
- — —TH22 — TH? —  Hep.
2 [290 Vip )] gH 0" — JHe" — JHop

One can now easily check that p, + 3H (p, + p,) = 0 implies, as it should, that the
field equation for ¢ is

3
@+ 3Hp + 2V (%) — 4H2<p = 0. (5.9)

Let us consider now the acceleration equation which contains the usual term py, + 3py,

we find

. 3 : .
P+ 3pp = 26" = V()] - | (H2s02 + Hp? + 2Hs0s0> : (5.10)
The Friedman equation with matter source, pmatter noW reads
G 1
H? = 2+ V(p? . 5.11
3(1—7‘(’th2) |:2S0 + (SD )+Pmatter ( )

This form of writing the Friedman equation has a particularly nice interpretation. Namely,
the presence of am “ELKO” (i.e. an NSS without projection operator term) modifies the
effective gravitational coupling constant with G — Geg = G/(1 — 7Gp?). This in turn
places a simple limit on the maximum value of ¢, ¢ < 1/\/7TG = 2v/2Mp, where Mp| =
1//87G is the reduced Planck mass. However since we have not included a projection
term in the Lagrangian, it is not clear to what extent, if at all, such a cosmology can be
realized with a Lorentz invariant and ghost-free NSS spinor model.
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5.2 Dimensionless representation of field equations

Consider a setting in which we only have ELKO spinor fields coupled minimally to gravity,
this means we neglect all possible interaction terms. We will now formulate the field
equations as an autonomous system of two differential equations. We define u = 7G¢
and v = T1Gp? and V(%) = f(v)/(7G)?. Moreover, we introduce a new time coordinate

7 =t/V/7G and h(u,v) = H(t)y/7G. Then, for the field equations we find

2 u,v
W)y af ) (5.12)

vy = 2¢/vu, (5.13)

ur = —3h(u,v)u +

where the function h(u,v) is given by

_ o (W 2f(v)
h(u,v) = 2\/ 301 —v) (5.14)

Let us analyze these equations from a dynamical systems point of view for the moment.
The critical points of the system are obtained by solving v, = 0 and v, = 0 for u and v.
The equation v, = 0 is satisfied if either u = 0 or v = 0. Thus, we now need to solve the
other equation u, = 0 for these two cases. Thus, we find three conditions when critical
points can exist

A: u =0, v =0, (5.15)
B: u =0, f'(v)=fv)/(1 =), (5.16)
C: u? = —£(0), v =0. (5.17)

The critical point A always exists and corresponds to ¢ = ¢ = 0. The existence of the
two other points depends on the function f and thus on the chosen potential of the ELKO
field. Point C exists provided f(0) < 0, this means that a canonical mass of a quartic self
interaction term would yield a critical point identical to point A. The most interesting is
point B since it depends on the form of the entire function on the positive half line. Note
that the equation f’(v) = f(v)/(1 —v) can in principle have infinitely many solutions. For
example, f(v) = ¢/(1 —v) solve this equation for all values of v and in that case we would
encounter a critical line. The function f(v) = av+3/2v? on the other yields up to solution
depending on the values of o and 3.

5.3 De Sitter solutions

Based on this discussion we can have a closer look at de Sitter type solutions. A de Sitter
phase is characterized by h = hg # 0 where hg is a constant. Let us for the moment denote
¢ = 3h3 /4. Now eq. (5.14) implies

u? = A(1—v) - 2f(v), (5.18)
= 2uu, = —(® 4+ 2f, ), = —(? + 2f.,)2\/ou,

where we used eq. (5.13). This latter equation can be satisfied by either u = 0 or we have

Ur = _(a2 + 2f,v)\/v'
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‘Fast Roll’ de Sitter Solutions u # 0: with v # 0, the right hand side of
eq. (5.12) gives

— (A +2f )V =ur = —2V3cu + (2 — 2f.,(v))V, (5.19)

from which we find

Ur
Vo
where we used eq. (5.13) in the last step. Thus, v is a solution of the simple differential
equation v; = hov and so v = vpe0™ and therefore f(v) = 3h2/8 — hiv/2. Note that this
corresponds to the solution discussed in Subsection 5.3.

2¢% /v = 2V/3cu = 2\/302 (5.20)

‘Slow / no roll’ de Sitter solutions: another possible de Sitter solutions exist for
u = 0. In that case we have u, = 0 and so for v # 0 must require v = v = v(7) with

_ 30§ _ 3hg(1—0)

5(0 , U . 21
Fo@ =0, @ =""0 (521)
Thus we need v = vy = const where
f(vo)
5 = . .22
f,v (UO) 1— vo (5 )
These solutions are stable with respect to small homogeneous perturbations if
2fu(v0)  2f(vo)  2f%(vo)
(Vo) > 7 = = ) . 5.23
Joolt0) > 4 g = e T fu0) :29)
Thus, stability requires
(1= o) fw(vo)
f(vg) >0, X =1, 5.24
(vo) F(u0) (5.24)
f,UU(?;O)f(UO) S 1.
2f,v(v0)

Whilst the first two conditions are straightforward to satisfy, the last is more difficult
and imposes restrictions on the form of f. As above, let us restrict ourselves to f(v) =
av + Bv?/2 then the last condition is never satisfied when the first two conditions hold.
Recall that this choice of f corresponds to a potential with canonical mass term and quartic
self interaction

Solutions with f(v) = fo + av + Bv?/2 do, however, exist provided certain conditions
on fp/a and o/ hold. In this case, as opposed to the standard scalar field scenario, ® is
held up the potential by H? and so one is not actually at a minimum of V/(A).

If there is a minimum of the potential at A\ = 0, then one does, however, get de
Sitter type solutions. This could be interesting if f(0) < f(vo), f+(0) > f(0) (and the
other conditions given above hold when v = vg) as then the de Sitter solution at v = vy is
only actually meta-stable and one would expect it to decay via tunneling to the solution
at v =0.
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5.4 Conformal couplings
Let us now briefly outline the case when a conformal coupling —/(3/2 MR is taken into
account. Then the energy momentum tensor becomes
T = Vv — ; gHNPPV b (5.25)
FV TG + gV ($) + BV () — BO(G)g™ .
The Einstein field equations are modified to

(1 = 87GBING* = —8nG [T, + Thnsier] » (5.26)

matter

where the matter energy momentum tensor is defined as usual

5(\/_g£matter)

THY =-2
0w

matter

. (5.27)

As before, we consider the case where the cosmological ELKO spinor is given in the
form 1) = p(t)¢ where £ is a constant spinor satisfying €€ = 1. In this case © obeys

3
¢+ 3H¢ + <2V,¢Q + BR — 4H2> 0 =0, (5.28)

which reduces to eq. (5.9) in the limit 5 — 0. Moreover, the effective energy density of the
conformally coupled ELKO field is given by

1. 3 .
Pelko = 2s02 + V() + 8H2302 — 63H . (5.29)

The modified Friedman equation now take the form
3(1— ﬂ87TGg0)H2 = 87G [pelko + Pmatter] - (5.30)

It is clear that de Sitter type solutions will exist also in the conformally coupled case since
there is now an additional degree of freedom and a more interesting coupling between the
matter and the geometry. Since this scenario has not been studied yet for the ELKO spinor
field, we expect a variety of interesting results to emerge.

6 Cosmology of Lorentz invariant NSS

We now focus on the cosmology of non-standard spinors with the Lorentz invariant form

of P:
1 . 1 N .
P=,(+ i7°)Po + o (1= iv*)Po,  Po=—ip 'V. (6.1)
L
We also focus on the action given by LS) (i.e with the kinetic term ¥ Y4) since the

resulting field equation operator Wz commutes with P. With this choice of kinetic term
we do not find any modification to the effective gravitational constant. However, in this

— 24 —



2

case when V' = m* we recover standard Dirac spinors both in curved and flat space and

so we can be confident that the free-field theory is ghost-free.
In flat FRW backgrounds I'y = 0 and I'yi = 3a/29'9° so =T, = 3a/2a. It fol-
lows that:

Y = a*2§(a* ). (6.2)
Hence:

Py — ¢~ 3/2pfat (a3/21/}> ’ (6.3)

where Pflat — (1+ i75)Pgat +(1- z'75)|58at where Pgat = —ip 'P and p~!is 1/\/—(92.
The total Lorentz invariant NSS spinor action is:

_— _ e
So= [ V-gate [0V 6 - V(w) ~xP-v - 3P _y].
Using the relation between ¥ and @ and between P and Pg,; in an FRW background gives:
3 TF a7 3 377\ L =pflat7 75 fat <
Sy :/d x/dt {w@@w—a Ve 2Yy) +xP2*y + ¢ P X} .

where ¢ = a?/ 245, Varying the full action with respect to a and defining ® = 1/:11/;, and
d=qa 3D, gives:

3H? 4+ 2H =k [V (D) — V(D)) . (6.4)

Assuming that ¢ = 4 (t), we find that P =P and so P = Py and Pflat — plat,
The field equations for ¢ and v are then:

TIZ) = TzZ)Jr, . TZ = TZJH
DV @)Y =%,
b+ V(@) = X

We define ¥ = 1/:11/; and U = ¢ 3W. We then have the coupled equations:
o =2 [xlf - V’(@)(i)] , (6.5)
U= —V'(0)d. (6.6)

In an FRW background 1) = (t), and so in the Dirac representation of the v matrices
where 7 = diag(+1,+1,—1,—1), it can be checked that the projection conditions requires
that ¢ have the form:

e AL (w,k)e + A_(w, k)e ]
—ikt wt —wt

_ 3 e [BJr(w, k)e“t + B_(w, k)e ] 6.7

Y =a M;O ek Oy (w, k)e*t + C_(w, k)e ] | (6.7)
"\ et DL (w, k)et + D_(w, k)e ]
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where A4(0,k) = B1(0,k) = C_(0,k) = D_(0,k) = 0 and A_(w,0) = B_(w,0) =
C4(w,0) = Dy(w,0) =0.

When V/(®) = Vj = const, solutions to the 1 field equation are proportional to
exp(£iy/Vyt) and v/—D2 — /V{. Using the form of 1) mandated by the projection condi-
tion, it is then straight-forward to check that:

v = |Vgll@.
and ® > 0. .
Combining this with eq. (6.6) we have that VJ > 0 implies ® = 0. If V/ < 0, however,
there is no additional restriction on ®.
The Friedman equation with additional source ppatter NOW reads:

K
H2 = 3 [\I] + V(‘I)) + pmatter] . (68)

So the energy density p, and pressure py, are given by:

py =+ V (), (6.9)
py = V'(®)® — V(®). (6.10)

When V(@) = m?® = m?Jy) we therefore have p;, = 0 and the non-standard spinors (NSS)

2 = const and so ¥ = |m?|® x a3

evolve like dust py, o< a~3. In this situation, V/ = m
and so if m? > 0, Py = 2m?® o a3 > 0 whereas if m? < 0, py = 0 = py. The projection

condition has essentially ensured the positivity of the potential energy, that is py > 0.

6.1 Non-trivial de Sitter solutions

We now consider what is required for there to be a de-Sitter solution where p, = —py;
py # 0. We distinguish between trivial de-Sitter solutions where the effective dark energy
density is pge = V(0) and non-trivial ones where pge > V(0). All non-trivial solutions
feature a cosmological spinor condensate ® = &y > 0, see also [33, 39, 40].

Egs. (6.9) and (6.10) give that p, = —p, implies ¥ = —V’(®)®. Differentiating the
relationship and using eq. (6.6) then gives V'(®) = const. There are then two possibilities.
If V' =0, so that V(®) = Vp + Vj®, we have p;, = —Vj and so all de Sitter solutions must
have py, = Vj i.e. a trivial de-Sitter solution where, other than the contribution from the
constant term in V| the NSS energy vanishes.

Non-trivial solutions therefore require V” # 0 and ® = ¢ 3® = @, = const so that
V'(®) = const. de-Sitter solutions have H = a/a = Hy = const > 0 and so & = PgesHo?,
Using the Friedman equation, H?> = H§ = rpy/3 and eq. (6.5) then gives:

4 K

Hi=—_V'(®) =

9 3 [V(@o) — V'(20)Po] - (6.11)

Since HZ > 0, we must have V/(®() < 0. We also need:

V(®o)

V@) ==, o (6.12)
3k~ ~0
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If V(®¢) > 0 then we need ®¢ < 4/3k.

In this non-trivial de Sitter, ¥ = vy. Noting that a=3/2 = e 3H0t/2 we see from
eq. (6.7) that the projection condition requires the following form (in the Dirac represen-
tation) for tg:

cos 6
e sin 6
0
0

Yo = Ao (6.13)

for some 6 € [—7/2,7/2], ¢ € [0,27) and non-vanishing Ay € C. We then have &g =
| 40> > 0.
We note, in passing, that such de Sitter solutions exist for quartic potentials (in ) i.e.

V) = V@) At 4 (@ -]

for A > 0. It is clear that V(®) is non-negative for all real values the 4 and m? and solving
the equation for @ requiring V/(®) < 0 gives:

P 4 2ut + 4 2 2 (6.14)
g — —m .
07 3k K 3K
The projection condition on 1y requires that ®y > 0 and this requires:
4m? 1,y
6.15
g T oM K (6.15)

which is certainly satisfied when m, 2 /m < M. With such a potential the effective dark
energy density is py = pge = At +m?*/2 — ®3/2).

6.2 Perturbations about the de Sitter solution and stability

To consider the stability of NSS de-Sitter solutions, we rewrite egs. (6.5) and (6.6) in terms
of ® =a 3P and ¥ = o~ 3. We have:

4
®,,+ [6 — F]®, = [ —3¢]F—3<1>G,

U, + 30 = —V'(®)[®, + 30], (6.16)
 H 304 V(9)

F==mp=, T+ V(D) (6.17)

o (2 —3®) V(@) + 3V(D) (6.18)

U+ V(D) ’

where p = Ina. In the de-Sitter background F' = G = 0 and ® = &3 = const. We now
consider a linear perturbation, 6®, in ®. Now:

4V”((I)0) 3/6(1)0
30G = 1- 0P
HO2 4 ’
4 2 (0w "(®g)oD 2V" (D) D
sp = 20 +V2( 0)02) 2V 20) 050,
K Hj Hj
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We define §Y = (0 + V/(®()d®)/HZ and let:

3%@0

4 no = V"(®0)®o/H;.

e =1
We then have:

5D, + 65D, = 2€ [0Y — 196)] ,
5Y, + 38Y = —3n50.

Now defining 6® = a36® and §Y = a5Y and differentiating the §® equation we have:
6By — 98B, = 2o [30® + 5B, | . (6.19)
Thus §® = & Zq Qqu"qt for some constants ), where:

[a(3 + q) + 2€e0mo] (¢ + 6) = 0.

So either ¢ = —6, or ¢ = g+ (€pno) where:

3
q+(eomo) = 5

14 \/1 - 863770] . (6.20)

Since the underlying field 1 obeys a second order equation and has a projection condi-
tion to eliminate ghost modes, it may seem slightly strange that there are three linearly
independent modes in §® (and hence 6py). Fortunately, as we show below, the projection
condition ensures that the ¢_ is not actually present (Q,_ = 0).

Note that perturbations of the spinorial part of a spinor in this context have been
considered in [33, 39, 40] where a hedgehog type ansatz was used to identify the correct
degrees of freedom when perturbing a spinor in a cosmological spacetime.

Consider the form of 1. We have ) = a=3/2¢) = q=3/2 [63H0t/21/10 + 51;] . We then have

D201p = V' (@) — 3OtV (D) py 6 + x_. (6.21)
where PSy_ = —&x. Solving this equation with the projection condition it follows that:
St — Qqs (3+q)Hot C 3 Hot C 3 Hot C —3Hot
Y =— 9y € 2 o + Coe2"" g + Cre27%"Py — Cae™ 277y, (6.22)

where C; € C and

sin 0
—e cos 6 0
1 0 0 ; o 01 cosg
0 e sin 3

for some o and 3. We note that 1191 = ®¢, 121ps = —®( and that both ¢; and v are
orthogonal to 1y. Thus writing a = e0*t94 and Qg = Q+ we have:

i)
§. =1 304+ Q: eHot+t 4 9Re(Ch) + |C1]? — |Cal?a5. (6.23)
0 0
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We then have:

K

364, =
P2

(60 + V' (9g)0®] . (6.24)
It follows that:

—1
_35A — _3A1 _ (60 )Q+6H0q+t
€0

_ (60 - 1) Q_6H0q+t + (60 - 1)lu’0 Q_6676H0t.
€0 9
Thus:
P
B = 1+ Qra™ + [(2Re(Cy) + |C1]> — 344 ] (6.25)
-1 -1
_ (606 )Q_GQ— + <(€0 0 )MO Q—G . ‘02‘2> G_G.
0

Now we previously found that ®/®¢ = 1+ Q. a% +Q_a% + Q_ga~ % and so since 1 — ¢y =
3k®Py/4 > 0 we must have Q_ = 0 and:

kP
a3 e

Thus we see that the projection condition eliminates one of the possible modes in d® (that
proportional to a?- and we have:

2,—6
5O = ‘1>0 [Q+aq+ _ ’02’ a ] ’

]
-
for some Q1 and Cy. Finally, we that dpy = 0® + V/(®)d® is given by:

_ Quatt | |CylPa®

— . 6.26)
¥ (
3+qy 34 "k

5pw

If poeg > 9/8 then we must take g = —3/2 — i\/8,d060/9 — 1 in the expression for 1) and
replace a?+ with Re(a?t) in d®. In dp, we take the real part of a? /(¢4 + 3).

7 Conclusions

In this article, we have constructed a new class of theories of non-standard spinors (NSS).
Their dynamics is more general that than that of Dirac or Majorana spinors, even when
self-interactions are not taken into account. In contrast to standard spinors, the dynamics
of NSS is not described by a first order equations of motion like the Dirac equation. This
leads to a more general and thus more interesting cosmological behavior than that exhibited
by normal spinors, including for instance the existence of non-trivial de Sitter solutions.
It is therefore possible to invoke NSS, as an alternative to scalar fields, as one possible
explanation of the early and late time acceleration of our Universe. As example of a NSS
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theory is that of the eigenspinors of C', originally proposed by Ahluwalia-Khalilova and
Grumiller in ref. [17, 18].

We have constructed a general action for NSS. We began by considering a Klein-Gordon
action for spinors and noted that because there is no positive definite Lorentz invariant
norm for spinors, such an action would have propagating negative energy ghost modes.
These would lead to instabilities in the quantum theory. These negative energy modes can,
however, be eliminated by including an additional term in the action. This term depends
on an operator P, which must have the property that Pi» = v on positive energy modes,
and P?¢) = —1) on negative energy ones. Hence P? = I. We also noted that in momentum
space P must be an odd function of momentum i.e. P(p) = —P(—p). The original ELKO
model as well as Dirac and Majorana spinors correspond simply to specific choices of the
projection operator P.

By constructing the NSS action in this way, we found that ELKO spinors require a
choice of P that is mot Lorentz invariant but instead includes a preferred axis. Previous
works on this field have effectively made a specific choice of frame so that this preferred
direction and hence the violation of Lorentz invariance was not manifest explicitly. Using
our general definition of NSS theories, however, the violation of Lorentz invariance which
is required to define ELKOs is clear at the level of the action. We note that an alternative
definition of the eigenspinors of C replaces the spatial direction with a preferred time-
like direction.

A truly Lorentz invariant NSS theory requires a Lorentz invariant projection operator
P. For most such choices of the operator, Py = 1 is essentially equivalent to the Dirac
equation with self-interaction terms. The projection condition then effectively reduces the
dynamics from second to first order equations of motion. We found that there was only
one suitable, Lorentz invariant choice of P which preserves the second order dynamics.
In momentum space and by assuming a flat background this operator is given by P =
pu " /\/Pup*, and so P is a non-local operator. In the absence of self-interactions, i.e. we
have V = Vi 4+ m?¢1), the field equations then reduce to the Dirac equation, but for more
complicated choices of V' this is no longer the case.

Having provided a general definition of NSS we then constructed and examined the
full energy-momentum tensor. In the case of ELKOs we noted that even if one ignores the
additional contributions to the energy-momentum tensor from the variation of P which
respect to the metric, the energy momentum tensor differs from that which has previously
appeared in the literature [27-42]. We show explicitly in appendix A.3 where the additional
terms come from, namely from the variation of the spin connection with respect to the
metric. In case of Dirac spinors this contribution identically vanishes, see appendix A.2,
and therefore, we believe, this has been neglected in the past for ELKO spinors.

The presence of additional terms even in the ELKO energy-momentum tensor led us
to re-address the cosmology of such models. We defined 1) = ¢(t)&, where £ is a constant
spinor, and so were able to treat ¢ as the only cosmological dynamical variable. In the
simplest case, the flat FLRW background, it produces an effective gravitational coupling G
which places a simple limit on the maximum value of ®, namely ® < 1/v/7G = 2v/2Mp;.
When we examine de Sitter type solutions, this ansatz produces a potential very similar
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to those discussed in previous work. Its form is surprisingly similar to the case where
the variation of the spin connection with respect to the metric was neglected. However,
as we noted, it is not clear if a Lorentz invariant NSS model can be found which has
these dynamics.

We also considered the dynamics of the only Lorentz invariant NSS model we were
able to construct. We found that cosmologically the dynamics can be written in terms
of ® = o) and ¥ = 1/;1/1 The potential describing self-interactions depends only on :
V =V(®). When Vge = 0, we had previously noted that the theory should be equivalent
to that of a Dirac spinor, and so py o a~3. We confirmed that this was indeed the case.
When Vge # 0 and Ve < 0 we found that there stable de Sitter solutions; stability of
these solutions is ensured when Ve > 0. In contrast to the situation with scalar fields,
de Sitter solutions do not require |V /kV(®)| < 1 (i.e. slow-roll). Instead with NSS we
generally have —Vg/kV (®) ~ O(1). With NSS spinors, the expansion of the Universe acts
as a brake to prevent the effective scalar field ® rolling down the potential.

The main results of the paper lie in our discussion of the definition and dynamics of the
entire class of NSS, and their cosmology. We laid the foundations of an in depth analysis of
the dynamics of this field in an arbitrary spacetime with a focus on cosmological dynamics.
Importantly we also constructed what is, to the best of our knowledge, the only Lorentz
invariant, ghost free proposal for a theory of non-standard spinors.

The cosmological dynamics of the effective scalar degree of freedom in both ELKO
and Lorentz invariant NSS cosmology show a large number of very interesting properties,
mainly due to their more complicated couplings to the gravitational sector when compared
to the scalar field. The cosmological evolution of the NSS energy density exhibits a much
wider range of behavior than that seen with Dirac spinors where it always scales as a 2.
The existence of stable de Sitter solutions means that NSS could represent an alternative
to scalar field inflation / dark energy.
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A Spin connection contribution to the energy-momentum tensor

The purpose of these appendices is to demonstrate that the contribution from the variation
of the spin connection, wzb to the energy momentum tensor has generally been overlooked
in previous work on ELKO spinors. First we look in detail at the derivation of 0I', then
we will check with the Dirac spinor that this does not give any contribution, as expected,
but rather in the case of an ELKO spinor it becomes very important.
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A.1 Variation of ¢T',
Starting from (2.7) we can write down the variation
6T, = i Fapdwil. (A1)
Now
5wzb = 5e‘jvue”b + egvuée”b + e‘je"béf’;a. (A.2)

We evaluate this in a local inertial frame where g,,,, = 0 and €}, , = 0, in such a LIF:

a 4 a1l vao
e E "Oudel, + 9¢ ¢ " 10089 + 0ubguo — Du8Gp0] (A.3)
— eVlagot] 9, [evedeqsS] + evla o) OOy

Hence in a general frame:
i 14 (&
oy = 4f ? [V (eede,)) + Vpogu]

where Y7 = ege‘gfab. Now 0g,, = 26@(56”)6 and so the first term on the right hand side

does not contribute to the variation with respect to g,,, and so just varying g,,, we have:
1 1
5FM = 4fypvp6.gﬂl/ = _4fpyvp59,uu- (A4)

A.2 Dirac spinors

In this subsection we will calculate the contribution to the Dirac energy-momentum tensor
from ¢I', which will be zero. We follow Hehl [43-45] and write the Lagrangian as

1/ . DI _
Lo =, (47" Vat = 9V ain*0) = mipy, (A5)
Thus we find
Y 2 6(v/—9Lp)
TH = — A6
D \/_g 59;“/ ( )
= ; AV 1,5%(“7”)14 — g™ Lp + T, (A7)

where T"” includes just the contributions from 6T',. We will confirm that in the case of

Dirac spinors, T"*¥ vanishes.
Thus:

ol

m

1

T =i [1,!770‘ v+ z,m“aégww] = Vo [FEy]

where

i
o |
where we have used v#v¥ = —~Y~y* 4 2¢g"” to establish the antisymmetry in g and v. It
follows that F(*)? = (0 and hence T = 0 also. As expected, the contribution to TH”
from varying the spin connection is identically zero in the case of Dirac spinors.

FRP =l [P 4 [P = [V = AP =Y 9 = —FT, (A8)
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A.3 NSS

In this subsection we consider the contribution to the energy momentum tensor from the
NSS action when the operator P is fixed i.e. §P = 0. We show that ignoring the contribution
from dI',, gives an incomplete energy-momentum tensor.

We focus on the variation of L'Si) with respect to the metric; the variation of ES) is

similar. Fixing P, modulo the projection condition, the Lagrangian is
2 —¢—
LY = gV V0 (A.9)
When we vary this with respect to the metric we find:

2 0(y/—gLy)

@uv _ _ T (o), @) v m
T — = |2y VY c + T A.10
v \/_g 59;11/ |: v v v 9 ] ( )
where
- or — o0
T = =2¢"7 (¢ P Notp =V, T
g ( 59;11/ p(sg,uz/ )
7 - e
= L9V [DF NV = BV, 0
= V,JH?,
where we have defined:
Jave — _; [@%(uf/)pw + zﬁf’)(“V”)w} _ (A.11)

Thus the full energy-momentum term (up to an additional contribution from the variation

of P) is:
- 1
T;El%)w = QV(;ﬂﬁvu)l/f - 29uu£ (Al?)
I

The first line is the usual energy-momentum of the Elko spinor quoted in literature [27,
28, 30-32]. The second line provides the additional contributions to T}, from variation of
the metric in the spin connection. The important point is that this is non zero.

B Path integral quantization

In this appendix, we consider the quantization of the action:

S, x, X = /x/—g <£fj) +£p) dz, (B.1)
£ = BY)(Fv) - V.0, (B.2)
Lp=—-xPy—$PWx. (B.3)

)

using the path integral formalism. We define V (1, 1)) = m2¢1p 4+ I(1),4) so that I(s),
bp)

represents the non-free field self interaction terms. We will assume that the effect of I(1).

(4
(4
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can be evaluated via a perturbative expansion about the free field theory. We can split S
into a free-field action Sy and interaction term I [,)] thus:

S, 15, % X1 = Soltb, ¥, x, X] — 1[4, ). (B.4)
where the free field action is:
Solb b7 = [ V=g ((B9NTw) ~ 20+ L) d'a.
The interaction term is therefore given by:
18,0 = [ V=g [V{d.0) - m?30] e

Such an interaction term is generally introduced perturbatively and so the free field mass,
m?, should be chosen so that Iy, can be treated as a small perturbation to Sp.
The generating functional, Z|[J, j] is defined by:

Z[J.7) = / DYDFDYDR ¢S IN T Voo(Torir) s (B.5)

where J and J are respectively spinor and dual spinor valued current. Quantum expecta-
tions of the form <A(zﬁ, ¢)>, for some function A are the given by:

<A(1/7 ¢)> | DYDYDXDY A, 1))e’ S[wo P xX]
| f D¢D7/)D)<Dxels[¢ XX ’

5 5
_ [A( g i géJ)an[J J]

It is clear that observables are unaltered by a (.J, J)-independent rescaling of Z[J, J].

=

J=J=0

Using eq. (B.4) we may rewrite Z[.J,.J] thus:

Z[J,J) = / DYDFDYDR exp (—ilyli,u]) 12X+ Voo(Forin)
o o "
iy/—g0J’ i/—g0J

= €xp (—ZIw
7 ‘ o = . - - - 4
X [/ Dy DYDYDX R ORI g(J¢+,¢)J>d

. o ) 5
= exp (—ZIw [’L\/—g&]’ Z\/_g(;j]) ZQ[J, J], (BG)

where 7 is the free field generating functional given by:
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B.1 Free field propagator

In flat-space (in coordinates where \/—g = 1), the field free Green’s function, Gr(x —y; m),
and its Fourier transform, the free-field propagator, G (p;m) are derived from Zy[J, J | by:

Zo[J, T] = Zo|0, 0]~/ T@Crla—ym)J(y)atedly (B.8)

Integrating by parts and assuming that all resultant surface terms vanish:

Now define:
6 =v- -V -m? P,
3= [xF I ]
v=yx—1J, v=x—J.

and then:

To quantize this theory in the usual way we must ensure that the terms in the above
expression which involve mixing of the currents, J and J, and the auxiliary fields, v and 7,
vanish. This requires that P_ [V2 + m2] P, =P [V2 + m2] P_ = 0 when acting on any

spinor state. This is equivalent to requiring that P is chosen so that it commutes with WQ:
lP,Wﬂ = 0. (B.11)

This is certainly the case with the Lorentz invariant choice P given in § 3.3. If we instead
consider the quantization of the action with Ef;) — Efi) we would have Y72 — V? every-
where and instead require the P commute with V2. We have not found any choice of P
with this property in a general background. Thus with the Lorentz invariant choice of P
the kinetic structure of Ewl ) is clearly preferred.

With P obeying eq. (B.11), we then have:

Solb. xR +i [ V=g (To+ds)ate = [v-g{3[-¥"-m?]
—P_ {—Wz — mQ} o P_v. — jFJr {—Wz — mQ} o P+J} d'z.
Hence:

3 —— 2 —1
ZolJ. T] = Zo[0, 0]e V9T P [7Ymm] Py adte (B.12)

. - 2 . _— 5 1
ZO[OaO] == /DQSDQBDVDDB_ZI\/_Q(Z&[W +m2] ¢d4$+1f\/—gyP7[V +m2] P,yd4aj.
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We noted previously that observables do not depend on the overall {J, J }—independent
normalization of the generating functional and so are independent of Zy[0,0]. We therefore
drop this overall factor in what follows. Integrating by parts and using [P, WQ] = 0 and
P, P, =P, (which follows from P? =T), we have:

/j?

= [[ |76 [+~ ] P @ = )10 V-atelatey-atw)aty

] bt o

+

where 0 (z — y) is the Dirac d-function.

Henceforth we work in flat-space and pick coordinates so that \/—g =1 and V,, = 0,.
We define 9(,),, = 9/0z*. By comparing eq. (B.8) and eq. (B.12) and using eq. (B.13)) we
may now read off the free field propagator as:

Gr(z—yim) = |~0%) —m?| Py (@) (@~ y). (B.14)
Using
1 .
D (p — ) = 4y oip-(z—y)

and P (x)e(@=¥) = P (p")e?(*=) where P (p*) = (I + P(p))/2 we have:

1 > (T+P(®))
—y;m) = d*p 2 B.1
GF(x Y; ’I’I’L) (27‘(')4 / p p2 N m2 ) ( 5)
1 A
= d4 . Zpu(x”—y“)
(27(')4 / pGF(p’ m)e Y
where Gg(p;m) is, by definition, the free-field propagator. We therefore find:
1 I 4 P(n¥
Gr(p;m) = 1+PE)) (B.16)

P2 — m2

Just as with other quantum propagator, Gr(p;m), has simple poles at p = £m which are
dealt with by making a specific choice of integration contour in G (x — y; m) which can be
written thus:

. P (p")etrr("=v")
. — 1 4 +
Gl —y;m) (2m)4 Py d'p p? —m? + e

The reality condition for Gp(x — y;m) is that:
o | [[ I@)Gra =)0V ~a(a)ate/~g(w)a's] 0.

This is equivalent to Gp(z —y) = Gp(y — x) which in turn is the case if any only if P = P.
This was precisely one of the conditions that was required in the definition of P and so
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does not represent an additional condition on P. We have shown explicitly in § 3.3 that
the Lorentz invariant choice of P obeys this condition.
In the Lorentz invariant NSS theory we have proposed:

P(#) = (14 )Pop?) + ) (1 — ") Po(p?),

where

Po(p") =p~'p,
hence and p = /p,p#. Also ¥ =1 and so Py(p*) = p_”]/ﬁ. We take \/ptp, = i|p|. Thus if
pupt > 0:

P(p") =p~'p,
and if p,pH < 0:

P(") =~°[p|"'p.
The operator P(p#) and hence the propagator, Gy (p;m) is well-defined and non-singular
for all p> # 0 and p? # m?. Singularities are only problematic if they result in singular
contributions to the Green’s function Gy (x — y; m). We must show that Gp(z —y) is well-
defined. We have already noted that, with an appropriate choice of integration contour,
the p = +m singularities in Gp(p;m) are harmless. What remains is to consider the new
singularity at p? = 0.
Let us write p* = (w,p’)?, and then p = \/w2 — p? and suppose that A(w,p) is

non-singular (or perhaps simply non-singular at p = 0). We now consider the integral of
p tA(w,p) over all w:

Ix= 1A(w, plw = - dw Alw,p).
A /p () /—oo¢<w—|p|>¢<w+|p|> (p)

We note that the simple pole in p we have introduced does not result in a simple pole in w
or |p|. Instead, as one approaches the points p = 0 — w = +p the integrand diverges more
slowly than a simple pole and so the integral does not diverge. It should be noted though
that the full specification of p = 1/p? (and hence P(z#)) requires a choice of branch its value
when p? < 0. This amounts to fixing the sign of v/—1 = +i. Since our P(p*) = ipfp the
full specification of this operator must include a such a choice of branch. Once the action

L on p such that p? < 0 has been fixed, integrals of the form of I4 are well-defined.

of p~
Now p = \/ w? — p? so with an appropriate choice of branch which fixes the sign of
Vv/—1 = +i, we have that p takes values from =4-i|p| to 0 along the imaginary axis and then
from 0 to oo along the real-axis.
We also define E(p?, p?) = \/p? + p2, and note that for fixed p and p, w = £E(p?, p?).

We also have pdp = wdw and so:

14 :/_00 pA(w;p)dw (B.17)
[P TAE(=s%p%);p) | A(—E(—s%p?);p)
_:FZ/O ds[ B(-s%p?) | E(—s%,p?) ]
*  [AE@*p?);p) | A(—E(p*p®);p)
o dp{ B, p?) B, p?) ]
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The integrand on the right hand side is now manifestly finite at p = 0. It is now clear that
the p~! term in the integrand on the left hand side does not introduce a divergence in 4.
Hence, using p = p 4" = wy? — p'y* and defining z# — y* = (7,2'):

Grla=1) = yr lim [ 'pe® {1 (0) + L (p)}. (B.18)
where
Ipl S
I_(p) = /0 g2 _dm2 iy [:FWE)WO sin(E(—s%, |p|*)7)

sl WSPiWi > 2 2 }
+ F cos(E(—s=, |p|“)T) |,
<E<—82,|p|2> B(—s?, pf2) ) S EC P

o dp 0.
Ii(p) = /0 2 —m? 4 ic [—WO sin(E(p?, [p|*)7)
pl pi’)’i ) 2 2
+ + cos(E(p*, |p|*)T ]
(E(PQ,\PP) B, jpi) ) <@ PET)

At p? = 0, E(p?,p?) = |p|. It is therefore clear that the integrands of both I_ and I,
are non-singular as p — 0 for all p. It follows that, despite the singular behaviour of
Gr(p;m) at p = 0, the position space Green’s function Gp(z — y) is well-defined. This is
enough to ensure that the pole at p = 0 in Gr(p; m) does not introduce any new divergent
behaviour into quantum expectations and hence observables. Once the operator P(z#) has
been completely specified, which includes specifying the branch, the quantum theory is
well-defined.

This remains true when perturbatively renormalizable interactions are introduced, and
in § B.3 below we show explicitly that the p = 0 pole does not introduce any new divergences
into loop integrals.

B.2 Quantum effective action

For completeness, we finish our treatment of the free-field theory by considering the quan-
tum effective action. In flat-space, we define the energy functional:

EJ,J)=ilnZ[J,J] // 2)Gp(x —y)J(y)d iz dly. (B.19)
and define:
5an o0&
wio) = =i 0 == = [ Grte - ), (B.20)
Gy = =i 0 F == = [ty )Gty - ), (B.21)

The quantum effective action, I', is defined thus:
Tlepy, ) = —/d495 [f(m)wJ(x) +1ZJ($)J($)} —&[J,J] (B.22)
= // dtz d'y J(y)Gp(x —y)J(z).
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Using the following equations:

we find:

Thus, as should be expected, the quantum effective action for the free field theory is
equivalent to that of the classical theory (once the auxiliary x and Y fields have been
integrated out).

B.3 Interaction terms

Interaction terms can then be introduced as a perturbation about the free field theory by
expanding out the exponential of I, in eq. (B.6) in the usual fashion. In flat-space this
expansion is given by:

Z[J,J] = [1 —ily (Z;SJ z§j> +1 (Z;SJ Z;}) +] ZolJ, J]. (B.23)
From this one can extract Feymann rules in the usual manner and calculate Z[J, J]. The
quantum theory derived from this procedure will be well-defined provided the form of the
interactions is perturbatively renormalizable and provided the free field Green’s function
Gr(x —y) is well-defined.

We noted above that in our Lorentz invariant non-standard spinor model, the Fourier
transform, Gr(p;m), of Gp(z — y), had an additional simple pole at p = 0 coming from
Po(pt) = pflp terms in P. Crucially, however, we showed that this pole did not result in a
divergent Gr(z —y); the Green’s function remained well-defined. It follows eq. (B.23) that,
provided the interactions are perturbatively renormalizable, a non-free Lorentz invariant
non-standard spinor will also have a well-defined quantum theory.

We now show this explicitly by noting that the p = 0 pole in Gr(p;m) does not
introduce any additional divergences into quantum loop integrals, and hence the pole in
P(p*) is harmless.

Consider the contribution, Ijoep, to a general quantum loop integral from the inte-
gration over one of the loop momenta p*. We define the number of internal lines in the
Feymann diagram corresponding to this integral to be N. Each internal line is represented
in the integral by a propagator, Gr(g;;m) where ql‘-L =pt+ kﬁ‘ where we define p* so that
kj = 0 and the other k!' are independent of each other. The internal lines join at vertices
which are represented by some matrix valued operators M(i)ég '''''''''''' (gj). The capital letter
indices may represent either space-time or spinor valued indices. Henceforth we suppress
these indices.

Thus we have:

dip N—-1 .,
Toop = / (2r)* ! (M;Gr(g'sm)) M. (B.24)
P
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Now d*p = d¢; for any of the ¢; and so defining ¢! = (w;,q;) and letting E(¢?, |q;|*) =
\/ql-2 + |q;|? we have:

. dqjd?’qj . .
Iloop - E(q_],qj) {X(in.])|wj:E(qj,qj) + X(Qia])|wj:—E(qj7qj)} ) (B25)

-1 N—1
X(gi;j) = [H (M@-Gp(ql“;m))] M; [quF(qf;m)] [T MeGe(dfim)) | Mu.

i=0 k=j+1
Note that in the integral, the integration along ¢; is along a path, «,, that runs along the
imaginary axis from \/ —|q;| to 0 and then from 0 to co along the real axis. We note that,
for any j, {qup(q;;m)} is finite as ¢; — 0, and lim,; .o X(g;;7) is also finite for any j.
Therefore, for all j, the integrand of Ij,., does not diverge near g; = 0 for all j. The
additional pole in p the propagator does not lead to any new divergences in loop diagrams
and hence in quantum expectations and observables.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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