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ABSTRACT: It is widely believed that extensions of the minimal Higgs sector is one of the
promising directions for resolving many puzzles beyond the Standard Model (SM). In this
work, we study the unitarity bounds on the models by extending the two-Higgs-doublet
model with an additional real or complex Higgs triplet scalar. By noting that the SM
gauge symmetries SU(2); x U(1)y are recovered at high energies, we can classify the
two-body scattering states by decomposing the direct product of two scalar multiplets into
their direct sum of irreducible representations of electroweak gauge groups. In such state
bases, the s-wave amplitudes of two-body scalar scatterings can be written in the form of
block-diagonalized scattering matrices. Then the application of the perturbative unitarity
conditions on the eigenvalues of scattering matrices leads to the analytic constraints on the
model parameters. Finally, we numerically investigate the complex triplet scalar extension of
the two-Higgs-doublet model, finding that the perturbative unitarity places useful stringent
bounds on the model parameter space.
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1 Introduction

Despite the overwhelming success of the Standard Model (SM) by discovering the 125 GeV
Higgs boson at the Large Hadron Collider (LHC) in 2012 [1, 2], it has been widely believed
that new physics is required to explain various phenomena beyond the SM, such as tiny
neutrino masses [3], the nature of dark matter [4], and the origin of matter-antimatter
asymmetry in the Universe [5]. One of the promising directions for resolving these puzzles is
to extend the minimal SM Higgs sector by including additional scalars. Note that the shape
of the SM Higgs potential is fully determined by the vacuum expectation value (VEV),
v, and the quartic self-coupling, Ay. However, in the non-minimal extension of the Higgs



section, there will be inevitable deviations of the Higgs self-couplings with respect to the
SM predictions. Therefore, the precise measurement of the Higgs self-couplings can help us
to probe the new physics and to understand the electroweak symmetry breaking mechanism.
Until now, the determination of the trilinear Higgs coupling has been performed at the
LHC Run 2 and will be further searched for at the Run 3, by directly detecting the single
and double Higgs boson productions [6] and other indirect probes [7-10]. In addition to the
above experimental endeavors, there has already been considerable theoretical explorations
in order to constrain the Higgs sector, such as the perturbative unitarity [11-14], vacuum
stability and triviality [15, 16].

In this work, we shall focus on the systematic derivation of the perturbative unitarity
bounds on the non-minimal Higgs sector with two or three Higgs multiplets. As early as 1977,
Lee, Quigg, and Thacker [13, 14] made use of the perturbative unitarity and found the Higgs
boson mass upper bound my < 870 GeV in the minimal SM. The perturbative unitarity
has recently been calculated in various extensions of the Higgs sector and been identified
as a significant constraint on the new physics. One of the most popular extensions is the
two-Higgs-doublet model (2HDM) (see refs. [17, 18] for recent reviews) whose perturbative
unitarity was firstly calculated in refs. [19-23] with the assumptions of softly broken Z
symmetry and CP-conservation. The perturbative unitarity for the most general 2HDM
was given in ref. [24] and the associated numerical investigationwas carried out in detail in
ref. [25]. For other Beyond-SM theories, the unitarity bounds have been explored for the
Georgi-Machacek model [26] in ref. [27], for the Type-II seesaw model [28-33] in ref. [34], for
extended scalar sector with a real triplet scalar in ref. [35], for a complex triplet extension of
the 2HDM with CP conservation and a softly broken Z; symmetry in ref. [36], and for the
extension of SM with color-octet scalars in ref. [37], respectively. Some other applications
of the unitarity bounds on new physics have been studied in refs. [38, 39].

In this paper, we systematically study the unitarity bounds in extensions of the 2HDM
by including an additional real Higgs triplet > with hypercharge Y = 0 or a complex Higgs
triplet scalar A with Y = 2 in the most general setup, in order to ensure the validity of
perturbation theory. Here we only concentrate on the high-energy limit where the SM
gauge symmetry effects can be ignored. Thus, we can classify the two-scalar-particle states
according to their conserved isospin and hypercharge quantum numbers, and construct the
associated 2-to-2 scattering amplitude matrices in terms of the bases of SU(2);, x U(1)y
irreducible representations. Then we will consider the unitarity bounds in a few special
cases, including the extensions of the SM or 2HDM by one additional real or complex scalar
triplet, with or without a softly broken Z, symmetry. Finally, we will numerically apply
our derived perturbative unitarity bounds to the complex triplet extension of the 2HDM,
and show the corresponding constraints on model parameter spaces.

This work is organized as follows. In section 2, we provide the two-particle state
eigenbasis according to the irreducible representations of given hypercharges and isospins.
In sections 3 and 4, we present the scattering amplitude matrices in extensions of the 2HDM
by including an additional real triplet and complex triplet, respectively. In section 5, we
show the constraints of unitarity bounds on model parameters in the extension of 2HDM
with a complex triplet scalar. The conclusions are summarized in section 6. In appendix A,



we provide the analytical solutions for a dimensional-five scattering matrix appearing in
the real or complex triplet augment of the 2HDM with a softly broken Zs symmetry. The
analytic relations between parameters in the generic scalar basis and the Higgs basis in
the complex triplet extension of 2HDM are provided in appendix B. In appendix C, we
provide elements of the scalar mass matrices in this model. Finally, the trilinear couplings
of a neutral scalar with two charged Higgs particles are summarized in appendix D.

2 Two-particle eigenstates and unitarity bounds on scattering matrices

The calculation of the unitarity bounds in the minimal SM was firstly investigated in
refs. [13, 14] and has been applied to various extensions of the SM. It requires that the
eigenvalues of this scattering matrix should be less than the unitarity limit [11, 12, 24],
otherwise the perturbative calculation of scattering amplitudes at tree level is no more
reliable. From another perspective, one can make a partial wave expansion of the scattering
amplitudes for the interaction channels and put the unitarity bounds on the partial wave
amplitudes. Concretely, the cross section of scalar scattering processes s1s9 — s3s4 can be
expressed in terms of the partial wave decomposition as

U

o (21 4+ 1)|ay(s)|?, (2.1)

=1
where s is the Mandelstam variable and q; is the partial wave coefficients with the specific
angular momenta [. Together with the optical theorem one finds the following bound of
unitarity:
|Re(a;)| < %, for all {. (2.2)

In the high energy limit, it is found that the s-wave amplitude ag(s) is dominated by the
point vertex processes since the s-, t-, u-channel processes are suppressed by the scattering
energy. Furthermore, the equivalence theorem [40—44] declares that at very high energy,
the amplitudes of scattering processes involving longitudinal gauge bosons in the initial and
final states are equivalent to those in which gauge bosons are replaced by the corresponding
Nambu-Goldstone bosons. Thus, in the high energy limit ag(s) is fully determined by the
quartic couplings of the scalar potential.

Using the equivalence theorem, we can write down the two-particle state bases in terms
of the components of the Higgs multiplets. Once given the scalar potential, we can determine
the amplitudes for the 2 — 2 scattering processes with the bases. This largely simplifies the
calculations for scattering amplitudes. In refs. [23-25, 27|, the bases are further classified
according to their electroweak (EW) charges, i.e., total hypercharge Y and total isospin I,
since the EW SU(2)1, x U(1)y gauge symmetries are recovered at high energies so that their
associated quantum numbers becomes conserved again. In this approach, we decompose the
direct product of two Higgs multiplets into the direct sums of irreducible representations
under EW gauge symmetries.

In this work, we adopt an intermediate route for the classification of the bases. Firstly,
we classify the direct product of the two Higgs multiplets according to their total hypercharge,
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Table 1. A summary of the quantum numbers of the Higgs multiplets. ®, ¥, and A denotes
the SU(2); doublet, real triplet, and complex triplet, respectively. We define ® = iro®* and
Agp = (172) ac(i72)pa (A1), which have negative hypercharge.

I=0 I=1
w;rH]Q*
Y =0 | L(wiwy + HOHY) | L(—wfw) + HOHY)
—H?wj_
w:rwj+ (x\% for ¢ :])
V=2 | L(-w HY)+ Hwl) | 5 (wfH) + Hlw])
HZOHJQ (x% for i = ])

Table 2. The bases of the irreducible representation for the two Higgs doublets direct product.
The bases in the first and second row are corresponding to the direct product ®; x i)j (Y =0) and
®, x &; (Y = 2), respectively. Note that ¢ and j indicate the Higgs doublet. We observe that the
bases with (Y =2, I = 2) vanish when the two Higgs doublets are identical, i.e., i = j.

where the isospins and hypercharges of the Higgs multiplets considered in the present work
are summarized in table 1. Then we decompose the direct product into direct sums of the
irreducible representations of the EW SU(2); symmetry. There are three types of direct
products of Higgs multiplets we are concerned about, which are given as follows:

202=1®3,203=204, and3®3=1H3®5. (2.3)

In this way, we classify the two-particle bases according to their total isospins and hyper-
charges of the two Higgs multiplets. Furthermore, we express the bases of the irreducible
representation in terms of components in the multiplets. The results are summarized in
tables 27, in which the eigenstates are rescaled so that they are normalized. Moreover,
due to the symmetry property when exchanging two identical bosons, some representations
of the two-particle eigenstates vanish, e.g., the (Y,I) = (2,0) state in the ®; x ®; when
i = j in table 2, the (Y, I) = (0, 1) state from ¥ x ¥ in table 5, and the (Y,I) = (4,0) state
from A x A in table 6.

Based on the above two-particle basis, we can determine the 2 — 2 scattering amplitudes
as follows [24]

Sevny = ((66)4,1181(66)¥.1 ) (24)

in the sector with definite EW charges (Y, 1) with Y and I as the total hypercharge and
isospin, respectively. We do not distinguish states by the third components of isospin I3,
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Table 3. The bases of the irreducible representation for the direct product of a Higgs doublet and
a real Higgs triplet scalar, ® x X.
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Table 4. The bases of the irreducible representation for the direct product of a Higgs doublet and
a complex Higgs triplet scalar. The bases in the first and second row are corresponding to the direct
product ® x A (Y =1) and ® x A (Y = 3), respectively.
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Table 5. The bases of the irreducible representation for the two real Higgs triplets direct product,

3 x X. We only consider the case of the direct product of two identical triplet scalar (i.e., i = j).
We find the bases with I = 1 vanish in this case.
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Table 6. The bases of the irreducible representation for the direct product of two complex Higgs
triplet scalars. The bases in the first and second row are corresponding to the direct product A x A
(Y =0) and A x A (Y = 4), respectively. We observe again that the bases with (Y =4, I = 1)
vanish because the two triplets are identical.
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oot
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Table 7. The bases of the irreducible representation for the direct product of a real Higgs triplet
and a complex Higgs triplet, ¥ x A.

since the states with same (Y, I) but different I3 would lead to exactly the same scattering
matrix. In the tree-level approximation, the elements of the scattering matrix among scalars
are determined by the quartic couplings in the scalar potential. Here we do not decompose
a complex scalar field into its real and imaginary parts either in the external state basis or
in the scalar potential due to the recovered SU(2), x U(1)y symmetry at high energies.

As argued before, the unitarity of scattering amplitudes requires that the s-wave
amplitude ap(s) in the partial-wave expansion should fulfill the bound in eq. (2.2). Note
that the amplitude of two scalar scatterings is dominated by the s-wave one at the tree
level, so that the unitarity bounds can be transformed into the following condition on the
eigenvalues A(y ) of the scattering matrices 1675y, as follows

[Av,p] < 8. (2.5)



3 Two-Higgs-doublet model plus a real triplet

In this section, we will focus on the model that contains two Higgs doublets and a real
Higgs triplet scalar. The scattering matrix for the scalar potential is provided in section 3.2.
Using these results, we consider the perturbative unitarity constraints on two simplified
cases: the model with a softly broken Zs symmetry and the ¥SM model [45].

3.1 The scalar potential

The scalar potential for the extension of the 2HDM with an additional real Higgs triplet
field ¥ is given by
V. =V(®1,D9) + V(E) + V(P1, P2, 8), (3.1)

where the Higgs doublet and real triplet scalar are

B w; B /2 ot
¢; = <H9>’ andE-( - —ao/ﬂ>’ (3.2)

2

where we can further expand the HY = %(goz + iz;). The most general renormalizable
scalar potential for the 2HDM in the generic basis {®1, P2} is commonly written as [100]

V(®1, @) = mi®| @) +midl®s — (m},d[®; + He.) + %Al(qﬁ@lf
+ %)\2 (@1)° + 2[00, + As0] @0]0, + [;AE, L EE)
+26 (@] 01 ) (D5@1) + A7 ()2 ) (@101) + H.C} .

The parameters m3,, A5, A, and A7 should be real if we impose the CP conservation on
the potential. If the Z symmetry with ®; — ®; and ®3 — — P, is only softly broken by
the term proportional to m?,, we should require A\¢ = A7 = 0. The potential for the real
Higgs triplet scalar is given by

1 1
V(%) = §m22Tr22 + AT i, (3.4)
while the interactions between the Higgs doublets and the real triplet read as follows

1
V(®1, s, %) = = |1 ®]50; + a,0{20; + (a120] 2@, + He )]

1
5 T Ms@[®@1 + Xg@L®5 + (Ap@{ @y + Hee.) | (3.5)

For a real triplet, the possible terms Tr(E4) and ®TX2® are not independent since they can
be expressed as the combination of [Tr(Z]Q)}2 and Tr(X2)®T®. Also, the potential cubic
terms in the first line of eq. (3.5) break the Z3' symmetry: ¥ — —3, and are negligible for
the 2 — 2 scalar scattering in the high energy limit. Therefore, these terms play no roles in
deriving the perturbative unitarity bounds. Furthermore, A1g can be a complex parameter
and should vanish when the Z; symmetry involving the two Higgs doublets, softly-broken
or not, is imposed.



3.2 Scattering matrix

Based on the two-particle bases given in tables 2, 3, and 5 classified according to the
conserved quantum numbers (Y, I), we can expand the general potential in eq. (3.1) with
the scalar components defined in eq. (3.2) and obtain the following scattering matrices of
given (Y, I):

3M 2X34+ A 36 3N, V3
203+ A1 3\ 3)\7 3N V3
167.5(0,0) = 3N 3N A3+2M 3N V3B (3.6)
36 37 35 A3+ 20y \/g)\l(]
V3xs  V3BXe V3Bl V3BX}, 5As

A1 A1 Ag AG
A4 A2 A7 AT
167TS 0,1) = % \x « (37)
OD 71Xz Ar g AL
Ag A7 As A3
1671'5(0’2) = 2)\2 (38)
_ _ [ As Mo
1677'5(17%) = 16775(1’%) = <>\10 )\9 ) (39)
167TS(2’0) = )\3 - A4 (310)
Al A% ﬁ/\g
167Seny = As Az V2 (3.11)

V26 V2M5 Az + Ay

Comparing with the 2HDM results in ref. [24], the scattering matrix 1675 g gy now
becomes 5-dimensional, since there is an additional state with (Y,I) = (0,0) composed
solely by components in the triplet ¥. Furthermore, the scattering processes in the sectors
with (Y, 1) = (0,2), (1,1), and (1,3) take place only between two scalar triplets.

3.3 Z3 symmetry

Now we simplify our discussion by imposing the softly broken Zs symmetry with ®; — ®;
and ®3 — —®9 on the scalar potential (3.1), so that we have \¢ = A7 = A\jp = 0 but
leaving a nonzero m3,. Such a model is phenomenologically important because it protects
the theory from flavor changing neutral currents at tree level. Using the results given in
appendix A, the matrix (3.6) can be block diagonalized into a 2 X 2 matrix 167‘(5((37)0) and a

3 X 3 one 16775(3)

(0,0) &S follows

31 2A3 + A4 \/§)\8
(3,)0) =|2x+A 3 V3 |. (3.12)

1678 (
V3ds  V3Xg  BAg

Az +2M 3A%
0= < ) , 16mS

3hs A3+ 2N\

The eigenvalues for 1675 ((37)0) can be found numerically or analytically by applying eq. (A.8).

Furthermore, the matrix 1675 1) in eq. (3.7) can also be decomposed into the following



two matrices,
u A1 A d A3 AL
1671'5(0’1) = <A4 )\1> y 1677'5(071) = ()\5 )\3 . (313)

Apart from 167TS(( ) , the eigenvalues for the scattering matrices are summarized as follows:

3
0,0)

Aoy = As + 2 £ 3]s,

1
A?Oi,l) = 2()\1 + Ao £ \/()\1 — )\2)2 —{—4)31),

Ay = As £ [Xs], -
Aoy = A3 — A, Ay = A3+ Ay,
1
Ay = B (Al + A2 £ \/(>\1 — )’ + 4>\5|2>,
1 1 2 2
A(O,Q) = 2)\2, A(L%) = A(L%) = )\8, A(L%) = A(L%) = )\9,
where A?(fo)’ A(uoi’l), and A‘(i(fl) are the eigenvalues for 16%5((3’)0), 16%52‘0’1), and 16%5?0’1). By

further assuming Ag = Ag = Ay, = 0 in the matrix S((S’?O), we can reproduce the eigenvalues

6ol in eq. (10) of ref. [24]. The last line of eq. (3.14) gives the eigenvalues for the scattering
matrices involving only components of the real triplet. Together with numerical eigenvalues
of 16775((37)0), we have provided all eigenvalues for the model (3.1) with the softly broken Z

Symmetry.

3.4 The XSM model

The 3XSM model is a simple extension of the SM by a real triplet scalar, many aspects
of which has been extensively investigated in the literature, such as the dark matter
phenomenology [45-47], the LHC searches [48, 49], and the strongly first-order EW phase
transition [50, 51]. The potential of 3¥SM can be reproduced by setting all the couplings
in the 2HDM scalar potential eq. (3.1) involving the second Higgs doublet ®2 to vanish,
which is given by

Vasm = V() + V() +V(9,Y), (3.15)

where ® is the SM Higgs doublet, V(X) is given in eq. (3.4), and

2
V(®) = 12010 + Ag (d10), (3.16)
1 A
V(DY) = ﬁaliﬁﬁfb + ;(T@?)qﬂ@. (3.17)

By using egs. (3.12) and (3.14), the unitarity bounds on the ¥SM are then found to be

|)\q>| § 471‘, |)\2| S 47‘1’, |>\8| S 871',

(3.18)
|6Ao + HAy + \/(6)\@ — 5)\2)2 + 12)g| < 167,

which confirm the unitarity bounds provided in ref. [35].



4 Two-Higgs-doublet model plus a complex triplet

In this section, we will consider the extension of 2HDM by a complex Higgs triplet A with
Y =2 [52]. By using the state bases provided in section 2, we shall calculate the scattering
matrix for the most general case of the model. We shall then impose the perturbative
unitarity constraints on the eigenvalues of the scattering matrix for several simplified models,
such as the one with a softly broken Z5 symmetry and the Type-II seesaw model [28-33, 53].

4.1 The general scalar potential
The general scalar potential for the model with two Higgs doublets and a complex Higgs
triplet scalar A is given by

Ve =V (®1,02) + V(A) + V(P1, P2, A), (4.1)

where the complex Higgs triplet is written as

+ ++
A= (5 (?0\/5 _§+/\/§> , (4.2)

Note that the neutral component §° is a complex scalar. The 2HDM potential V (®1, ®5)

has been provided in eq. (3.3), while the part related to the self-interactions of the complex
Higgs triplet is given by

— 2 Tr Al A)? A)

V(A) = mi Tr ATA 4+ a0 (TrATA) + 20 Tr(ATA). (4.3)

The third part in eq. (4.1) gives the interactions among the Higgs doublets and the triplet [52]

V(®1,®2,A) = (ju®] iy AT®) + o ®F iy AT, 4 130T ims ATy + Hec)
T {ASCI)JHH + AgDl Dy + (Am@}@z + Hc)} TrATA (4.4)
+ A O] AATD; + My @S AATD, + (N3] AATD, + Hee.).

The Z4 symmetry of the transformation A — —A is only softly broken by the cubic terms
in the first line of eq. (4.4), which are negligible for the 2 — 2 scalar scatterings in the high
energy limit, so that they cannot be constrained by the unitarity bounds. Note that there
are possibly additional cubic interactions like AgA’;AZ. But we ignore them since they
do not contribute to the unitarity bounds. The parameters Ajg and A3 can be complex,
and the associated interactions explicitly break the Zy symmetry involved in the two Higgs
doublets.

4.2 Scattering matrix

We expand the scalar potential (4.1) in terms of components in the two doublets and the
triplet. With the two-particle eigenstates given in tables. 2, 4, and 6, we can determine the

~10 -



scattering matrices for different conserved quantum numbers (Y, ), which are summarized

as follows:
3\ 2A3+ X 3Xe 3N A A, = \/gmg +an)
203+ X4 39 3A7 3% b N = \/5(2/\ + )
167S(0,0) = EPY: 35 X342\ 3ME A5 | with 2\ 29 T A2
3Xg 37 35 A3+ 2M4 Ac Ae = \/%(”‘10 + )‘13)
A Ab Ac PRI IN Aa = 2(4Aa1 +3Xa2)

(4.5)

A A1 Ae AG A1
M A2 A A A
167501y = | A6 A7 A3 A3 13 (4.6)
A6 A7 As A3 A13
A1l A12 A13 Al 2Aa1 +4AA2

1671'5(072) = 2>\A1 (47)

16551 1) = ( )\*s + 3A1*1/2 Ao + 3>\13/2> (48)
As Ao
167S = 4.9
1671'5(270) == )\3 - )\4 (410)
MM V2
16mSe1=| A5 A2 V2M (4.11)
VZNS VAT A3+ M
As = Ai1/2 Ajg — Az/2
167S, = 4.12
6.3 <)\10 —A13/2 A9 — A12/2 (4.12)
)\8 + )\11 )\TO + ATg
167S, = 4.13
63 <)\10 + A1z A9+ Arz (4.13)
167TS(470) = 2/\A1 - )\AQ (414)
167‘1’5(472) = 2(>\A1 + )\Ag) (4.15)

We observe that the scattering matrices 1675 o) and 1675 1) are now five-dimensional,
which is compared with the four-dimensional matrices in the 2HDM. This is caused by
the fact that irreducible representations of the product of two Higgs triplets contain the
states with (Y,I) = (0,0) and (0, 1), which can scatter into two components of Higgs
doublets with the same quantum numbers. On the other hand, the scattering processes
with (Y, I) = (0,2), (1, %), (1, %), (3, %), (3, %), (4,0), and (4,2) take place only among the
complex Higgs triplets.

4.3 Special case with a softly broken Z; symmetry

Now we consider some simplified models in the above complex triplet extension of the
2HDM, which may allow us to obtain the eigenvalues of scattering matrices analytically.

11 -



The first example is to impose a softly broken Zs symmetry on the potential of the two
Higgs doublets in eq. (4.1) so that we have the condition A\¢ = A7 = Ajg = A3 = 0 for
the potential. In this case, the 5 x 5 scattering matrix (4.5) and (4.6) can be decomposed
into a 2-dimensional (which is correspondingly denoted as 167S (((2)?0) and 16%5(((2)?1)

3-dimensional matrices. The corresponding 2-dimensional and 3-dimensional matrices are

) and a

given by
A3+ 2\, 3\ @ A3 X
16752 — 5 16752 — 5. 4.16
20,0 3\5 A3 +2\ /)’ T2 s A3 (4.16)
3\ 2M34+ M Mg A M AL
1678y = | 2hs+ X 3 A |, 167800 = A A2 A (47
Aa X Aa A1 A12 22a1 +4AA0

It is convenient to find the eigenvalues for 16715((3)0) and 167TS((§)1) numerically, we also

provide the analytical solutions in eq. (A.8). We collect the eigenvalues for the remaining
scattering matrices as follows:

Mooy = A3+ 2M £ 3 A5,
A?(i:l) = A3 + ‘)‘5‘7
A2 = 2Aa1,
Azlé) = Ag+ 3)\11/2, A?L%) = A9 + 3)\12/2,

1 2
A(l,%) = )\87 A(l,%) = )\9’

4.1
A0) = A3 — Ag, A%QJ) = A3+ A4, (4.18)
1

Aoy = 5 ()\1 + Ao £ \/(/\1 —Ao)? 4\)\5\2>,

1y 2y
A(S,%) = As >‘11/2’ A(37%) A9 >\12/27

(3,3) = A8+ Au, (3,3) = Mo T Awz,
A,0) = 22a1 — Aaz, Ag2) =2(Aa1 + Aa2),

where A?(fo) and A?S,El)

remaining results in eq. (4.18) represent the eigenvalues for the matrices (4.7)—(4.15).

are the eigenvalues for 16775((37)0) and 16%5(((2)?1), respectively. The

Combining with numerical eigenvalues of the matrices 167rS((g?0) and 16%5(3’1), we have
provided all eigenvalues for the scattering matrices in the model (4.1) with a softly broken
Zo symmetry. Note that the unitarity bounds of the same model was already considered
in ref. [36]. Although we have used different notations to parametrize the scalar potential
from ref. [36], a careful comparison of their eigenvalues of the scattering matrices given in
egs. (40) and (41) of ref. [36] with the counterparts in eqs. (4.17) and (4.18) shows that
most of them are actually exactly the same. The only exception is that authors of ref. [36]
seemed to miss the cubic equation that corresponds to the first matrix in eq. (4.17) of

our work.
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4.4 The ASM

Another simple example belonging the present class is to consider a model with only one
Higgs doublet and one complex triplet, the so-called ASM, which has been widely employed
to explain the tiny neutrino masses by the type-II seesaw mechanism [28-33, 53-56]. The
investigations of this model are extended to the searches at colliders [57-62], dark matter [63]
and electroweak phase transition (EWPT) phenomena [34, 64, 65]. The scalar potential for
ASM is given by

Vasm =V (@) +V(A) +V(D,A), (4.19)

where V(@) is the SM Higgs potential in eq. (3.16), V(A) is given by eq. (4.3), and
V(®,4) = (dTinAl® + He.) + 3070 Tr ATA 4+ A 0t AATD, (4.20)

By using the matrices in eq. (4.17) and the eigenvalues in eq. (4.18), the unitarity
bounds for the ASM are given by

‘)\fb| < 47T7 ’AA1| < 471—7 |A8’ < 8T
12Aa1 — Aaz| < 8, [Aa1 + Aas| < 4,
|As +3A11/2] < 8m, [As — A11/2[ < 8, |Ag + A < 8, (4.21)

Ao + Aar + 282 £ /(Ae — Aa1 — 2ha) + M| < 8,
‘6)\@ 4+ 81 + 6Aag = \/(6)\@ — 8Aa1 — 6)\A2)2 + 6(2)\8 + )\11)2| < 167,

which are in agreement with the results given in ref. [34].

5 Applications

The unitarity constraint on the quartic couplings can be translated into the upper bounds
on the Higgs boson masses if v/\;v dominates the masses of the associated Higgs bosons.
The unitarity bound as well as other constraints on the 2HDM have been fully explored in
previous literature (see e.g. ref. [17] for a review and references there in). Moreover, we
would like to mention that it is valuable to investigate the phenomenology of the real triplet
extension of the 2HDM, which has been somewhat less explored in the literature. However,
the careful study requires not only the unitarity bounds derived in section 3 but also many
other theoretical and experimental constraints, which are obviously beyond the scope of the
present work. Thus, in this section, we shall focus on the perturbative unitarity bounds to
the complex triplet extension of the 2HDM, and show the quantitative constraints on the
model parameters. Note that this model was recently proposed to explain the muon g — 2
anomaly in ref. [52].

The muon anomalous magnetic dipole moment (denoted by (g —2),,) is one of the long-
standing anomalies in the particle physics. This discrepancy has further been confirmed by
the recent muon g — 2 measurement performed by the Muon experiment at Fermilab, which
has yielded the most precise experimental muon g — 2 value aEXP = (116592061 £ 41) x
10711 [66] by combining the Brookhaven data [67]. On the other hand, the state-of-the-art
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Figure 1. The Barr-Zee type Feynman diagrams for the muon g — 2, with charged scalars 6* and

d** running in the loops.

calculations of various SM contributions [68-87] predict aEM = (116591810 £ 43) x 10~
(see e.g. ref. [88] for a recent review and reference therein). As a result, the discrepancy
between the SM and experimental values of a, is given by [66]

Aay = a® —as™M = (251 £59) x 1071, (5.1)

with the significance reaching 4.250. Possible solutions to the muon g — 2 anomaly has
been widely discussed in the 2HDM content in refs. [89-94]. At one-loop level, both the
charged and neutral Higgs bosons in the 2HDM contribute to the muon g — 2, but it is
found that these corrections are too small to explain the observed deviation. On the other
hand, the two-loop Barr-Zee diagrams can give rise to the dominant contribution to the
muon g — 2 in some parameter space. However, it has been shown that the explanation of
the muon g — 2 anomaly with the Barr-Zee mechanism requires a light pseudo-scalar mass
with ma < 100 GeV and tg ~ 50 when various constraints are imposed [90, 95, 96]. Note
that one class of the strictest constraints is provided by the unitarity bounds in the theory.
In particular, ref. [95] has shown that most of the parameter space with m4 2 100 GeV in
the typical 2HDM is already excluded by the unitarity alone.

The recent work in ref. [52] shows that if a complex Higgs triplet is added to the 2HDM,
the charged components of the Higgs triplet can induce new Barr-Zee-type contributions illus-
trated in figure 1, which may explain the muon g — 2 while easily evading other experimental
constraints. From these Feynman diagrams, it is clear that the new contribution to muon
g — 2 is proportional to the trilinear scalar couplings A;v which might be well constrained by
the perturbative unitarity. However, ref. [52] only applied the approximate unitarity bounds
from the aligned two-Higgs doublet model (A2HDM) [97] to constrain the parameter space.
It is more appropriate to apply the exact unitarity bounds derived in the previous section for
this complex triplet extension of the 2HDM, which is the main motivation for this section.

Following ref. [52], we will consider the decoupling limit of the model. By using the
minimization conditions for the scalar potential in eq. (4.1) and the mass matrices provided
in appendix C, we find that the decoupling between components in Higgs doublets and
those in the triplet can be achieved when va, fis < 1 GeV. In the two-Higgs-doublet sector,
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we consider the case with a softly broken Z5 symmetry and C'P conservation, in which all
parameters in the scalar potential are real. Also, following ref. [52], we shall consider the
aligned limit of the two Higgs doublets, i.e., cg_, = 0. In this case, the mass eigenstates h
and H are almost h{ and h9, so that the trilinear scalar couplings are given by eq. (D.1) in
appendix D.

To calculate the Barr-Zee diagram shown in figure 1, we need to know the coupling
between muons and H. As in ref. [52], we shall consider the A2HDM case [97] (see ref. [98]
for the recent global fit of A2HDM), in which the lepton Yukawa couplings with H are
given by

M -
Ly =Y y?TffoRH +He., (5.2)
f
where M} is the mass of the lepton flavor f and

i = (35-alf = c-a) - (5.3)

Here (y is a parameter in the A2HDM, whose benchmark value is taken to be (y = —100
following ref. [52].
The contribution to the muon (g — 2) from the Barr-Zee diagrams is given by [99]

2 2
am H Mg,
Aa, =Y SFBT:%I Re (y} )AH@@}"(m%{ ) (5.4)
¢

where ¢; = 6T, 6T, the trilinear couplings A He;¢: are given in eq. (D.1), and the loop
function is given by

Flw) = % /01 o f(i(I i)x) 1“(95 (1“’_ x)>. (5.5)

Since the Barr-Zee diagrams in figure 1 dominate the anomalous muon g — 2, we can ignore
other one- or two-loop (g — 2),, contributions in our following numerical calculations.

In order to search for the parameter space allowed by the perturbative unitarity, we
scan over the quartic couplings Ag, Ag, A11, and Aj2 in the range of (=87 — 87) and the
doubly-charged scalar mass mg++ in the range of (10-1000) GeV. For the 2HDM sector,
we take A1 2 5 =0.2,tg =5, and mpy = 300 GeV for conservative estimations. The other
parameters in the model are set to zero. The relations among various parameters in the
generic scalar basis and the Higgs basis are summarized in appendix B, while the masses of
scalars are determined in appendix C.

We show the scan results in figure 2. From the upper two plots, we observe that the
mass squared difference between the singly-charged and doubly-charged scalars in the triplet
should be |m3. — m3i.|/v? < 6, which is restricted by unitarity bound on the quartic
coupling A1 as seen in egs. (C.4) and (C.5). Furthermore, for mgz+ < 200 GeV we have
mgi — mgii > 0. The colorbar of this figure represents the distribution of the predicted
Aay, values. The lower two plots of figure 2 show that large values of |Aa,| prefer large
values of trilinear scalar couplings, |Agsts+| and |Agst+s++|, as well as small values of
mg=+. Note that if Aa, is positive as required by experiments, it picks the parameter
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Figure 2. Unitarity bounds on the relevant parameter spaces of the complex triplet extension of
the 2HDM. The colorbar represents the values of Aa,,/107°.

space with negative values of Ags+s+ and/or Aps++s++, which are well constrained by the
unitarity consideration with [Ags+s+| < 2.6 and [Agse+s++| < 5.0. From the Barr-Zee
Feynman diagrams and their expressions in eq. (5.4), the trilinear couplings are directly
related to the dominant contribution to the muon g — 2, and perturbative unitarity can
thus put very useful constraints on this model. Finally, we note that the unitarity bounds
given in this section are rather conservative since the doublet-triplet mixings are ignored
due to the nearly vanishing triplet VEV. In the case with va ~ 1 GeV, the mixings between
Higgs doublet and triplet components can become significant, which would further enhance
the unitarity bounds on the scalar masses.

We make several final remarks before closing this subsection. The difference between
ref. [52] and ours is obvious. Ref. [52] aims to explain the muon g — 2 in the context of the
extension 2HDM with a complex triplet scalar. Our work focus on the derivations of the
unitarity bounds for this specific extension of 2HDM. In this section, we have applied the
unitarity bounds to constrain the trilinear scalar couplings Ags+s+ and \gg++s++, which
has not been done in ref. [52]. Our new findings are depicted in figure 2, which indicates
that the following parameter regions

’)\H5i5i| Z 26, |>\H5ii5ii’ Z 50, and |m§i — mgii| Z 6U2 (56)
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have been excluded by perturbative unitarity. We also note that ref. [52] applied the value
Agst+st+ = b for their estimations of muon g — 2. This value just lies at the A\ggt+s++
upper limit allowed by the unitarity bounds in eq. (5.6). Therefore, we conclude that the
main conclusion drawn by ref. [52] that the 2HDM with a complex triplet can explain the
muon g — 2 does not change dramatically even if the unitarity bounds are appropriately
addressed.

6 Conclusions

The perturbative unitarity is one of the most significant theoretical constraints on the Higgs
sector, beyond which the perturbation calculation in the theory breaks down. It has proven
to be successful in predicting the upper limit on the Higgs boson mass in the minimal SM,
and applying to constrain many new physics models such the 2HDM. In this work, we
focus on deriving the perturbative unitarity bounds on the extension of the 2HDM with an
additional real or complex Higgs scalar triplet. Since the total hypercharge and isospin are
conserved in the high-energy limit of scatterings, we explicitly give the two-particle state
basis according to their SU(2)z, x U(1)y charges by decomposing the direct product of two
Higgs multiplets into direct sums of irreducible representations under electroweak gauge
groups. The classification of the two-particle state basis is summarized in tables 2-7, in
which the states are expressed in terms of component fields. With these two-particle bases,
the 2 — 2 scattering amplitudes among scalars can be simplified into the block-diagonal
forms, which are easily determined by expanding the quartic scalar terms in the potential.
We then impose the unitarity bound on the eigenvalues of the scattering matrices. The
associated analytical results are summarized in sections 3.2 and 4.2.

We then numerically apply our derived unitarity bounds to the extension of 2HDM
with a complex Higgs triplet, which was recently shown to be of great phenomenological
interest. We have shown that the unitarity can put strong upper limits on the trilinear scalar
couplings and the mass differences of the charged triplet scalars. Since the contributions to
the muon g — 2 from the Barr-Zee diagrams with a charged scalar running in the loop are
proportional to the trilinear scalar couplings, the unitarity bounds on these couplings can
also constrain new solutions to the long-standing muon g — 2 anomaly. In the near future,
together with the experimental measurements of the Higgs trilinear coupling and the Higgs
signal strengths of different channels at the LHC Run 3, we hope that the unitarity bounds
would help us to understand the structure of Higgs sector more deeply.
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A Eigenvalues of the (Y, I) = (0,0) scattering matrix in the triplet
extension of the 2HDM with a Z; symmetry

In this section we analytically solve the eigenvalues for the 5-dimensional scattering matrix,
which appears in the (Y, I) = (0,0) sector of the extension of 2HDM with a softly-broken Z,
symmetry. By imposing the Z; symmetry, the 5-dimensional scattering matrix in eq. (4.5)
can be simplified into the following form

al as 00 Cs
as a4 00 Cg
X=1|000bb o], (A1)
0 0 bgbs O
C5 Cg 00 C7

which can be further decomposed into a 2 x 2 matrix and a 3 x 3 one as follows
bi b a; az Cy
X(2) - Lo 5 X(g) - as a4 Cg . (A2)
b3 by

Cs Cg C7

The eigenvalues for X2 and X©®) are the same as that directly obtained from the 5-
dimensional matrix X. Note that, for a general matrix A, the eigenvalue f can be obtained

by solving the equation
|fI—A|=0. (A.3)

For X® and X®), the eigenvalue equation can be transformed into the following equations

(f=b1)(f —ba) —b2b3 =0 (A.4)
(f—al)(f—a4)(f—07)—(f—al)cg—agag(f—cﬂ—a20506—a30506—(f—a4)c?) =0, (A.5)

respectively. The solutions for eq. (A.4) can be easily solved by

1

Ji2 = B} <b1 + b4 = \/(b1 —b4)? + 4b2b3). (A.6)

For the case with by = by and by = b3, we have
fi2 = b1 £ |ba]. (A.7)

Note that the scattering matrix should be Hermitian, which means as = a3 and by = b3.
Furthermore, the eigenvalues for the Hermitian matrix are always real. Note that, for a
general cubic equation f3+bf2+4cf+d = 0, one representations of the three roots is given by

f3= b +2¢/rcosf,
3
f4:g+2{‘/77cos<9+§7r> , (A.)

b 4
fs = -3 +2%cos<9+ 37r> ,
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where

3 1 3c—b? 27d — 9be + 2b°
r= —(g) , 0= 3arccos(—2qr>, with p = 03 , q= 270—1— . (A9

By comparing eq. (A.5) with the general cubic equation, it is found that

b=—(a1+as+c7),

€= aia4 + aicy + ascy — asas — cg — c% , (A.10)
2 2

d= a1Cg + a2a3C7 + a4C5 — A2C5C6 — A3C5C6 -

In this way, we give the analytic solutions to the eigenvalues for the three-rank scattering
matrix X3,

B Parameters in the Higgs basis for the complex triplet extension
of 2HDM

The electroweak gauge symmetry is spontaneously broken when the neutral components of
the Higgs multiplets obtain VEVs. The VEVs can be complex and there may be a relative
phase between them. Here we use £ to denote the phase between the VEVs of doublets ®;
and ®s in the triplet extension of the 2HDM. Concretely, one assumes real v; and complex
v2e®€. Such a phase can be absorbed by the following phase redefinitions of the complex
parameters:

A5 — 2% X5 and miy, Ag, A7, Ao, Ad1g — eié{mfz, A6, A7, Ao, )\13}, (B.1)

so that the form of the potential keeps unchanged. Thus, we can start with real VEVs for
scalars. We can rotate the generic scalar basis {®1, ®2} into the Higgs basis {H1, Ha} via

Hy\ cos 8 sinpf P,
<H2>_<—sinﬁcos,6’><<1>2> (B.2)

so that only Hj has a non-vanishing VEV v = (/v} + v3 ~ 246 GeV. Here the quantity
tan B is defined by the ratio of two Higgs field VEVs, i.e., tan§ = tg = va/v1. In the
following, we summarize the parameters of the potential in the Higgs basis as functions of

the transformation

those defined in the generic basis. For the parameters with mass dimensions, we have

mi = C%rm% + S%m% —CBSp (m%2 + m%;)a
m§2 = s%m%l + C%m% + cgsp (m%Q + m%),
iy = cssp (mfl - "’”32) + (C%m%z - 3%7”%)7
M = mA,

fil = p1ch + pscass + s,

[ = ugc% — pscgssg + ulzs%,

fi3 = 3 (c% — 5%) +2(p2 — p1)egsgs. (B.3)
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The quartic couplings that relate only to the two Higgs doublets are given by

A1 = A1ch + Aash 4 2(As + Aa + Reds)chsh + 4Redgchsg + 4ReArcas),
Ay = )\18% + AQC% +2(As+ M\ + Re)\5)c%s% — 4Re)\6058% — 4ReA7c%35,

~ 1
)\3 = 1535[)\1 + )\2 — 2()\3 + )\4 + Re)\5)] + )\3 — (Re)\6 — ReA7)025525,

~ 1
A = ZS%B[)‘l + Ay — 2()\3 + M+ Re)\g,)] + Ay — (Re)\ﬁ — ReA7)025525,

5\5 = [/\1 + Ay — 2(/\3 + /\4)]6%3% + /\50% + /\25% — 2()\6 — /\7)0%85
+2(0§ — A7)essh,
X6 = (A1 + A3+ A+ A5)chsp + (A2 — A3 — Ay — As)egsh + Agch — Ars
— (AF = 2M% 42X — A7)chs?,
A7 = (A1 + A3+ A+ As)egsh — (—ha 4+ Az + M+ Ab)chss — Xesh + Nach
+(2X5 — AF + X6 — 2A7)chsh. (B.4)
Finally, the quartic couplings involving the complex Higgs triplet are give by

A = )\80% + )\98%3 + 2ReApcpsg,
5\9 = )\83% + )\90% — 2ReM0cssg,
Mo = (—As + Xg)egsp + AMoch — Aios3,
A1 = A11¢5 + 1283 + 2Redssos,
A2 = )\115% + >\12C% — 2Re\13523,
A3 = (=11 + Ai2)cgsg + /\13c% — )\T3s%,
AA1 = Aal, Aa2 = Aag. (B.5)
Note that under the U(1) transformation H; — eXH, and Hy — e XH,, the scalar

potential remains unchanged if the complex parameters of the scalar potential in the Higgs
basis are transformed by the corresponding phase rotation [100]:

5\5 — 64iX5\5 and m%Q, 5\67 5\7, 5\10, 5\13 — ezix{m%% 5\6, 5\7, 5\107 5\13}. (BG)

Therefore, beginning with the eqs. (B.3)—(B.5) in the phase {£ = 0, x = 0}, we can obtain
the relations between the two sets of parameters with arbitrary phases {&, x} by applying the
replacements (B.1) and (B.6) to the egs. (B.3)—(B.5). Finally, The inversion of egs. (B.3)-
(B.5) can be obtained by making the replacements 3y — m3y, Ai = Ai, and § — —f.

C Mass matrices in the complex triplet extension of 2HDM

Here we provide some of the mass matrices elements for the extension of 2HDM with an
additional complex Higgs triplet. In this appendix we express the neutral scalar in the
triplet (4.2) as 0° = %(do +n"). The two doublet scalars in the Higgs basis can be
expressed in components as follows,

HF H*
H1:< 1 hlo A >, and H2:< 1 h,O A > (Cl)
75 (v + Ry +id) 5 (h +14s),
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where h{ and h9 are CP-even neutral Higgs bosons, As and H* are the physical neutral
pseudoscalar and the charged scalar, respectively, while H fcand A; are the Goldstone bosons
associated with the W+ and Z gauge bosons.

The mass matrix elements for the C'P-even components of the neutral scalars in the
model are given by

3A\v? I v2 A
2 o 1 AN8 A1 ~ ~ 9
Mpop) = —5 5 5 V2upfin + i,
A2 o2 1 ~ VAN VAN
2 3 4 2 A9 A2 ~ ~ 92
Migny = —5— + 5+ U ReAs + = 4 =S V20 fig + M3,
- - 5 st App0?
Mo = 30iAa1 + 303 Ang + A + 82 1; :
3 ~ 1 < 1 ~ vaRefi Remn?
2 _ 2 2 2 ARCU3 12
mh(l)hg = EU Re)\ﬁ + Z’UARG)\H] + E’UARG)\13 — 2\/§ — B s

mi?do = VAAU + VANV — \@ﬂlv,

1 N 1 S vRefis
migdo = §’UA’URG/\10 + §’UAUR6)\13 - ﬁ R (C2)
while the mass matrix elements for the C'P-odd components are shown as follows
5\11)2 ’1}2 5\8 ’U2 5\11 - -
Migay = 5y Ty TV,
5\31)2 5\4’02 1 ~ U2 5\9 U2 5\12 - -
mi(Q)Ag =5 5 ZU2RG)\5 + A2 A2 +V20pfig + M3,
- - 3 Asv? Ao
mgzono = vAda1 + vAAaz + WA + 82 1; )
2 _ UZRGS\lO ’UZAReS\B vaRefis _ Reﬁﬁz Re5\6v2
A4 4 4 22 2 4
Mo = —V2fv,
Reﬂgv
2 —
M Age = 2/2 (C.3)
The mass matrix elements for the singly-charged scalars are
M2 i
2 M A8 ~ 9
M HT T g g T
302 vAN
2 _ "3 AN ~2
", T g g T
S\SUZ ;\11’1)2 N 3 ~
m§+57 =5 1 + Ui)\Al + UQA)\A2 + mQAa
1 5= 1 5=
2 23 * 2 \x ~ 2% 2k
mHj’H; = 51) AG + §UAA10 — Myg = mHl_H;,
o _uaduv
Mytrs- = 02 P =My =5
2 _vadzv figv o,
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Since there is only one doubly-charged scalar in the model, so there is not any mixing
and its mass is simply given by

5\8’02
2

m(2;++5__ = ’l)QA;\Al + ﬁ’LQA + (C5)

The parameters with tilde denote those in the Higgs basis, with the transformation
relation to the parameters in the generic basis given in appendix B. Due to C'P-violating
effects, there may exist mixings between the C'P-even and C'P-odd components in the
neutral scalars. Since we do not use them in our work, we do not provide their explicit
formulae here.

D Trilinear couplings in the complex triplet extension of 2HDM

The trilinear couplings between a neutral scalar and a pair of charged scalars in the triplet
extension of the 2HDM are summarized as follows:

Ah?H;“H; = A3, )‘th;H; = ReAr,
I ~ 1. -
)‘h?ﬁf =)Xg+ 5)\11, )‘hg(ﬁé* = Relig + iRe/\lg,

)\h(1J5++5—— = 5\8, )\h35++6—— = ReS\lo. (Dl)
Note that in the aligned and decoupling limits, we have hY = h and hJ = H.
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