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1 Introduction and summary

The superconformal indices [1, 2] of four-dimensional N = 2 supersymmetric field theories
allow for a specialization, known as the Schur indices [3, 4]. They can be viewed as
supersymmetric partition functions on S1 × S3 that enumerate the BPS local operators
annihilated by four supercharges. The Schur indices are identified with the vacuum characters
of the associated chiral algebras [5]. For a class S theory they can be viewed as correlation
functions of 2d TQFT on a Riemann surface [3, 6] and the closed-form expressions have
been explored [7, 8]. The Schur indices can be decorated by adding the BPS line defects
wrapping the S1 and sitting at a point along a great circle in the S3 [9–14].1 They can count
the BPS local operators sitting at the endpoints of the supersymmetric line defects [12],
which we call the Schur line defect correlation functions.

In this paper we study the Schur line defect correlation functions of N = 2∗ U(N)
super Yang-Mills (SYM) theory that is obtained by adding the mass term for the adjoint

1The decoration can be also achieved by inserting BPS local operators [15–17].

– 1 –



J
H
E
P
0
6
(
2
0
2
3
)
1
6
9

hypermultiplet in the N = 4 vector multiplet.2 They involve the fugacity associated to the
adjoint mass parameter related to the R-symmetry so that they can be also understood as
the flavored Schur line defect correlation functions of N = 4 U(N) SYM theory. The Schur
index and line defect correlators of N = 4 U(N) SYM theory admit a systematic analysis
based on the Fermi-gas formalism [11, 14, 26–28]. They can be identified with canonical
partition functions of quantum free Fermi-gas consisting of N particles on a circle. We
derive an exact closed-form formula of the line defect correlators via the Fermi-gas method.
They can be expressed in terms of multiple series which generalizes the Kronecker theta
function [29–32]. We refer to it as multiple Kronecker theta series. It can be expanded
with respect to the twisted Weierstrass functions [33, 34]. From the Fermi-gas approach
we further examine the grand canonical ensemble of the Schur line correlation functions.
The grand canonical line defect correlation functions are shown to be expressed in terms
of the generating functions of the multiple Kronecker theta series as well as the multiple
Kronecker theta series themselves. They obey differential equations which lead to recursion
relations of the canonical correlation functions. From our exact formulae, we also study the
large N limits of the Schur line defect correlation functions of N = 4 U(N) SYM theory.
They should encode the spectra of the excitations of the holographic dual AdS2 geometry
proposed in [35–43]. We conjecture the exact forms for the large N limit of the 2-point
functions of the charged Wilson line operators and those in the rank-m antisymmetric and
symmetric representations. We find that the 2-point function of the Wilson line operators
in the rank-m symmetric and antisymmetric representation for N = 4 U(N) SYM theory
coincides with the generating function for the Schmidt type partitions, known as the plane
partition diamonds [44, 45] as N → ∞ and m → ∞. This leads to a correspondence
between the fluctuation modes of the holographic dual D5-brane wrapping AdS2 × S4,
D5-brane giant or the D3-brane wrapping AdS2 × S2, D3-brane dual giant and the plane
partition diamonds.

1.1 Structure

The organization of the paper is as follows. In section 2 we start with the description of the
Schur line defect correlation functions as matrix integrals including symmetric functions in
the integrands. We summarize several useful formulae and properties of symmetric functions.
We argue that in the half-BPS limit the flavored Schur index of N = 4 U(N) SYM theory
reduces to the measure of the Hall-Littlewood functions. In this limit, the closed-form
formula of the Schur line defect correlators can be obtained in terms of Kostka-Foulkes
polynomials. In section 3 we study the Fermi-gas formulation of the Schur line defect
correlation functions of N = 2∗ U(N) SYM theory. We show that the Schur line defect
correlators can be expressed in terms of the multiple Kronecker theta series which generalizes
the Kronecker theta function and that they can be also expressed in terms of the twisted
Weierstrass functions. In section 4 we analyze the grand canonical ensemble of the Schur
line defect correlation functions. We find the exact closed-form expressions of the grand
canonical Schur line defect correlation functions and the differential equations which lead

2See [18–25] for the study of the correlation functions of Wilson loops in N = 2∗ SYM theory on S4.
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to the recursion relations of the canonical correlators. In section 5 we investigate the large
N limit of the Schur line defect correlation functions. We discuss the holographic dual
and combinatorial aspects of the large N correlators. In appendix A we summarize the
notations and definitions of the functions in this paper. In appendix B examples of the
multiple Kronecker theta series and its relation to the twisted Weierstrass function are
shown. In appendix C we present spectral zeta functions with higher orders.

1.2 Open questions

There remain several interesting future works which we do not pursue in this paper. We
expect that they can be addressed by using the closed formulae which we present in
this work.

• The elliptic version of the Cauchy determinant formula plays a central role in the
Fermi-gas analysis of the Schur indices and the Schur line defect correlators. In fact,
there are some sort of generalizations of the Frobenius determinant formula [46, 47].
Also it would be intriguing to generalize our analysis to the cases with other gauge
groups as well as other N = 2 supersymmetric gauge theories.

• Upon S-duality of N = 4 SYM theory the Wilson line operators map to the ’t Hooft
line and dyonic line operators. It would be nice to check S-duality of line operators by
reproducing our analytic expressions from the dual descriptions by using difference
operators [48] or/and the monopole bubbling indices [49–53].

• While N = 2∗ SYM theory is not conformal, its holographically dual supergravity
background has been investigated [23, 54, 55]. It would be interesting to examine
the ratio of the index to the large N index which can lead to a giant graviton
expansion [56].

• N = 2∗ SYM theory possesses a rich phase structure [21, 57]. The correspondence
between the Schur line defect correlators and the canonical partition functions of
the quantum free Fermi-gas allows for various techniques of the Wigner method
in quantum statistical mechanics. We hope to report the detailed analysis of the
phase structure.

• The half-indices [9, 10, 12, 58, 59] and quarter-indices [58, 60] of N = 4 SYM theory
can be also decorated by the line defects. It would be interesting to explore their
exact formulae and examine their analytic properties.

• The twisted Weierstrass function [33, 34] which appears in the expression of the
Schur index and line defect correlation functions generates the quasi-Jacobi forms [32].
It would be interesting to study the modular properties of the Schur line defect
correlators and their physical implications of the BPS spectra.

• While the unflavored Schur indices are equivalent to the vacuum characters of the
associated vertex operator algebras (VOAs) [5], the unflavored Schur line correlation
functions can be expressed as a linear combination of characters of certain modules

– 3 –
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for the VOAs [12]. We hope to investigate the connection to the VOA characters
including the N = 2 Γ̂(SU(N)) SCFTs [61–65] whose Schur line defect correlators are
derived from our formulae by specializing the fugacity.

• Interestingly, the multiple Kronecker theta series which we introduce has a close
relationship to the multiple q-zeta values (q-MVZs) [66–78] and q-multiple polyloga-
rithms (q-MPLs) [66, 70, 79], which can enjoy q-shuffle relations. Since the algebra
of the line operators in our setup of N = 2∗ SYM theory would coincide with the
spherical DAHA [80] (also see [14, 81–83]) as the non-commutative deformation of
the coordinate ring of the Coulomb branch [84–87], it would be interesting to address
it by presenting more general q, t-shuffle relations. More detailed investigation would
be an interesting future work.

• The grand canonical line defect correlation functions are conjectured to enjoy a hidden
symmetry [14]. It takes a similar form as the triality symmetry of the grand canonical
correlation function of the Coulomb branch operators in the 3d N = 4 U(N) ADHM
theory on S3 [14, 88]. It would be intriguing to show the hidden symmetry analytically
by further analyzing our exact formulae.

2 Line defect Schur correlators

2.1 Wilson line operators

A Wilson line operator is a non-local operator which is defined as a trace TrRU in a
representation R of a gauge or flavor group of the path-ordered exponential (i.e. holonomy
matrix) U for a given curve L. Let us consider a four-dimensional N = 4 U(N) SYM
theory on S1×S3. We introduce the half-BPS Wilson line operators which wrap the S1 and
localize at points in the S3. The supersymmetry can be preserved when the line operators
sit along a great circle in the S3 [12]. Upon a decompactification of the S1 and a conformal
map, they map to rays emanating from the origin in R4 (see figure 1).3 When the two line
operators are inserted at the north and its anti-counterpart at the south poles on the S3,
they map to the straight line in R4. The origin can preserve two supercharges and support
local operators sitting at a junction of multiple rays.

This setup can decorate the Schur index [3, 4] which can be regarded as a certain
supersymmetric partition function of four-dimensional N ≥ 2 theories on S1 × S3. In the
presence of the BPS line operators localized along a great circle in the S3 it is interpreted as
a correlation function of the line operators. We refer to it as the Schur line defect correlators.
The Schur line defect correlators are topological in that they do not depend on the distance
between the inserted line operators. While without any insertion of the line operators
the Schur index counts the BPS local operators annihilated by four supercharges, in the
presence of a collection of the BPS line operators along a great circle in the S3, the Schur
line defect correlators would count the BPS local operators living at the junction of the rays
annihilated by two supercharges. For the Schur indices and Schur line defect correlators of

3Unlike straight lines along R in R4 they have endpoint. They are also called the half line defects [12].
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where the integration contour is chosen as a unit torus TN . It is a formal Taylor series

in q1/2 and its coefficients are Laurent polynomial in t with integer coefficients. 3 Here

χRj
(σ) is a character of the representation Rj. (YH) Explanation of Rk. We have used

a shorthand notation (q
1
2 t±2; q)∞ = (q

1
2 t2; q)∞(q

1
2 t−2; q)∞. The correlation function

(
W_integralW_integral
2.1) is obviously invariant under the transformation

t → t−1, (2.2) t_transf

under which two SU(2) subgroups of the SU(4) R-symmetry are swapped.

R4

2.3 Symmetric functions

The characters of the representations under the gauge group appearing in the matrix

integral (
W_integralW_integral
2.1) is presented as certain symmetric functions in gauge fugacities σi.

The Wilson line operator Wn with charge n ∈ Z for U(N) SYM theory is specified

by the character given by the n-th power sum symmetric function in N variables

pn(σ) =
N∑

i=1

σn
i . (2.3)

The generating function for the Wilson line operators Wn with charge n is

P (s; σ) =
∞∑

n=1

pn(σ)s
n =

N∑

i=1

s

1− sσi

= s
∂

∂s
log

1∏N
i=1(1− sσi)

. (2.4)

The Wilson line operator W(1k) in the rank-k antisymmetric representation is de-

scribed by the character given by the k-th elementary symmetric function

ek(σ) =
∑

1≤i1<i2<···<ik≤N

σi1σi2 · · · σik . (2.5)

The generating function for the Wilson line operators W(1k) in the antisymmetric rep-

resentation reads

E(s; σ) =
∞∑

k=0

ek(σ)s
k =

N∏

i=1

(1 + sσi). (2.6) E_gene

The elementary symmetric function can be expressed as a specialization of the Schur

function sλ(σ)

ek(σ) = s(1k)(σ). (2.7)

3We follow the same notation and definition in
Gaiotto:2019jvo,Hatsuda:2022xdv
[11, 20] for the flavored Schur index of N = 4 SYM

theoy.
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Figure 1. The line operators wrapping S1 and inserted along a great circle in S3 (left). The rays
emanating from the origin in R4 (right). Since they map to one another under the conformal map,
the Schur line defect correlators will count the BPS local operators living at a junction of lines.

N = 4 SYM theory, one can introduce a fugacity t associated with the difference of the
Cartan generators of the SU(2)C and SU(2)H subgroups of the R-symmetry group SU(4)R.
We call them the flavored Schur indices and flavored Schur line defect correlators. They
reduce to the unflavored ones by setting t to unity. Alternatively, introducing the fugacity
ξ = q−1/2t2 = e2πiζ this is interpreted as the Schur index of N = 2∗ SYM theory whose
mass parameter of the N = 2 adjoint hypermultiplet is ζ.

2.2 Line defect Schur correlators

For N = 4 U(N) SYM theory the flavored Schur correlation function of the k half-BPS
Wilson line operators WRj , j = 1, · · · , k,4 transforming as the representation Rj under the
gauge group U(N) can be evaluated from a matrix integral [10]

〈WR1 · · ·WRk〉
U(N)(t; q)

= 1
N !

(q; q)2N
∞

(q 1
2 t±2; q)N∞

∮ N∏
i=1

dσi
2πiσi

∏
i 6=j

(
σi
σj

; q
)
∞

(
q σiσj ; q

)
∞∏

i 6=j

(
q

1
2 t2 σiσj ; q

)
∞

(
q

1
2 t−2 σi

σj
; q
)
∞

k∏
j=1

χRj (σ), (2.1)

where the integration contour is chosen as a unit torus TN . It is a formal Taylor series in
q1/2 and its coefficients are Laurent polynomial in t with integer coefficients.5 Here χRj (σ)
is a character of the representation Rj . Physically, it corresponds to the classical value of
the BPS Wilson line operator whose holonomy matrix is specified by gauge fields along
the S1. We have used a shorthand notation (q 1

2 t±2; q)∞ = (q 1
2 t2; q)∞(q 1

2 t−2; q)∞. The
correlation function (2.1) is obviously invariant under the transformation

t→ t−1, (2.2)

under which two SU(2) subgroups of the SU(4) R-symmetry are swapped. In the absence
of the line operators, the flavored Schur line defect correlator (2.1) reduces the flavored
Schur index IU(N). The exact closed-form of the flavored Schur index is explored in [28].

4While the Schur line defect 2-point functions (i.e. k = 2) for N = 4 SYM theory have been studied
in [10, 11], we consider more general Schur line defect correlation functions.

5We follow the same notation and definition in [28, 58] for the flavored Schur index of N = 4 SYM theoy.
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2.3 Symmetric functions

The characters of the representations under the gauge group appearing in the matrix
integral (2.1) is presented as certain symmetric functions in gauge fugacities σi.

The Wilson line operator Wn with charge n ∈ Z in U(N) SYM theory is specified by
the character given by the n-th power sum symmetric function in N variables

pn(σ) =
N∑
i=1

σni . (2.3)

The generating function for the Wilson line operators Wn with charge n is

P (s;σ) =
∞∑
n=1

pn(σ)sn =
N∑
i=1

s

1− sσi
= s

∂

∂s
log 1∏N

i=1(1− sσi)
. (2.4)

The Wilson line operator W(1k) in the rank-k antisymmetric representation is described
by the character given by the k-th elementary symmetric function

ek(σ) =
∑

1≤i1<i2<···<ik≤N
σi1σi2 · · ·σik . (2.5)

The generating function for the Wilson line operators W(1k) in the antisymmetric represen-
tation reads

E(s;σ) =
∞∑
k=0

ek(σ)sk =
N∏
i=1

(1 + sσi). (2.6)

The elementary symmetric function can be expressed as a specialization of the Schur
function sλ(σ)

ek(σ) = s(1k)(σ). (2.7)

The Wilson line operator W(k) in the rank-k symmetric representation for U(N) SYM
theory is characterized by the complete homogeneous symmetric polynomial of degree k in
N variables

hk(σ) =
∑

1≤i1≤i2≤···≤ik≤N
σi1σi2 · · ·σik . (2.8)

The generating function for the Wilson line operatorsW(k) in the symmetric representation is

H(s;σ) =
∞∑
k=0

hk(σ)sk =
N∏
i=1

1
1− sσi

. (2.9)

The complete homogeneous symmetric function can be expressed as a specialization of the
Schur function sλ(σ)

hk(σ) = s(k)(σ). (2.10)
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2.3.1 Newton’s identities

Newton’s identities state that

kek(σ) =
k∑
i=1

(−1)i−1ek−i(σ)pi(σ). (2.11)

It implies that

ek(σ) =
∑
λ

(−1)k−r
r∏
i=1

1
λmii (mi!)

pλi(σ)mi , (2.12)

where the sum is taken over all possible partitions λ of k = ∑r
i=1 λimi with λ1 > λ2 >

· · · > λr. Similarly, it follows that

khk(σ) =
k∑
i=1

hk−i(σ)pi(σ). (2.13)

Hence we have

hk(σ) =
∑
λ

r∏
i=1

1
λmii (mi!)

pλi(σ)mi . (2.14)

As each of families {pk(σ)}, {ek(σ)} and {hk(σ)} generates the ring of symmetric polynomials
as a polynomial ring. According to the relations (2.12) and (2.14), the correlation functions
of the Wilson line operators in the rank-k antisymmetric and symmetric representations can
be expressed as linear combinations of those of the Wilson lines with fixed charges n ≤ k.

For example, let us consider the 2-point function of the Wilson line operators in the
conjugate representations R and R

〈WRWR〉
U(N)

= 1
N !

(q; q)2N
∞

(q 1
2 t±2; q)N∞

∮ N∏
i=1

dσi
2πiσi

∏
i 6=j

(
σi
σj

; q
)
∞

(
q σiσj ; q

)
∞∏

i 6=j

(
q

1
2 t2 σiσj ; q

)
∞

(
q

1
2 t−2 σi

σj
; q
)
∞

χR(σ)χR(σ), (2.15)

where χR(σ) = χR(σ−1). According to the relations (2.12) and (2.14) we have

〈W(12)W(12)〉
U(N)

= 1
4
[
〈W1W1W−1W−1〉U(N) − 2〈W1W1W−2〉U(N) + 〈W2W−2〉U(N)

]
, (2.16)

〈W(2)W(2)〉
U(N)

= 1
4
[
〈W1W1W−1W−1〉U(N) + 2〈W1W1W−2〉U(N) + 〈W2W−2〉U(N)

]
(2.17)
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and

〈W(13)W(13)〉
U(N)

= 1
36

[
〈W1W1W1W−1W−1W−1〉U(N) − 6〈W1W1W1W−1W−2〉U(N) + 4〈W1W1W1W−3〉U(N)

+ 9〈W1W2W−1W−2〉U(N) − 12〈W1W1W2W−3〉U(N) + 〈W3W−3〉U(N)
]
, (2.18)

〈W(3)W(3)〉
U(N)

= 1
36

[
〈W1W1W1W−1W−1W−1〉U(N) + 6〈W1W1W1W−1W−2〉U(N) + 4〈W1W1W1W−3〉U(N)

+ 9〈W1W2W−1W−2〉U(N) + 12〈W1W1W2W−3〉U(N) + 〈W3W−3〉U(N)
]
. (2.19)

2.3.2 Irreducible power sum symmetric functions

Let λ = (λ1, λ2, · · · , λr) be a partition of weight |λ| and I = {1, 2, · · · , k − 1} a set of
integers. Given the partition λ and the set I we consider a decomposition I = ⊕r

i=1 Ii with
the conditions Ii ∩ Ij = ∅ and |Ii| = λi. We then recursively define irreducible elements of
products of k power sum symmetric functions pn1 , · · · , pnk−1 , p−n1−···−nk−1 by

p{n1,··· ,nk−1,−n1−···−nk−1}

:= pn1pn2 · · · pnk−1p−n1−n2−···−nk−1

−
k−1∑
j=1

∑
λ=(λ1,··· ,λr)
|λ|=j,
r≤k−2

∑
{I1,··· ,Ir}

p{∑
i(1)∈I1

n
i(1) ,···

∑
i(r)∈Ir

n
i(r) ,−

∑r

α=1

∑
i(α)∈Iα

n
i(α)

}. (2.20)

Here the sum ∑
{I1,··· ,Ir} is taken over all the possible combinations of subsets of integers.

For example, we have

p{n1,−n1} = pn1p−n1 , (2.21)

p{n1,n2,−n1−n2} = pn1pn2p−n1−n2 − p{n1,−n1} − p{n2,−n2} − p{n1+n2,−n1−n2},

(2.22)
p{n1,n2,n3,−n1−n2−n3} = pn1pn2pn3p−n1−n2−n3 − p{n1,−n1} − p{n2,−n2} − p{n3,−n3}

− p{n1+n2,−n1−n2} − p{n1+n3,−n1−n3} − p{n2+n3,−n2−n3}

− p{n1+n2+n3,−n1−n2−n3} − p{n1,n2,−n1−n2} − p{n1,n3,−n1−n3}

− p{n2,n3,−n2−n3} − p{n1,n2+n3,−n1−n2−n3} − p{n2,n1+n3,−n1−n2−n3}

− p{n3,n1+n2,−n1−n2−n3}. (2.23)

For k > N the products of power sum symmetric functions corresponding to the k-point
functions can be decomposed into a sum of products which have at most N power sum
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symmetric functions corresponding to the 2-, 3-, · · · , N -point functions and a constant
term. It follows that

pn1pn2 · · ·pnk−1p−n1−n2−···−nk−1

=N
N∑
i=1

(−1)N−i(N−i)!S(k,N−i+1)

+
k−1∑
j=1

∑
λ=(λ1,··· ,λr)
|λ|=j,
r≤N−1

∑
{I1,··· ,Ir}

p{
∑

i(1)∈I1
n
i(1) ,··· ,

∑
i(r)∈Ir

n
i(r) ,−

∑r

α=1

∑
i(α)∈Iα

n
i(α)}, (2.24)

where S(n, k) are the Stirling numbers of the second kind. According to the relation (2.24),
the k-point functions of the Wilson line operators in U(N) SYM theory for k > N can be
built up from the 2-, 3-, · · · , N -point functions.

For example, for N = 2 the partitions with a single row only contribute in the sum.
They are λ = (λ1) = (j) with 1 ≤ j ≤ k− 1 and correspond to the 2-point functions. Hence
the k-point function of the charged Wilson line operators in U(2) SYM theory can be simply
decomposed into a sum of the 2-point functions according to the following relation:

pn1pn2 · · · pnk−1p−n1−n2−···−nk−1

= 2(−S(k, 2) + S(k, 1)) +
k−1∑
j=1

pnjp−nj +
∑
j1<j2

pnj1+nj2p−nj1−nj2

+ · · ·+
∑

j1<j2<···<jk−2

pnj1+nj2+···+njk−2
p−nj1−nj2−···−njk−2

+ pnj1+nj2+···+njk−1
p−nj1−nj2−···−njk−1

. (2.25)

The k = 3, 4 and 5-point functions of the charged Wilson line operators read

〈Wn1Wn2W−n1−n2〉U(2)

=−4IU(2)+〈Wn1W−n1〉U(2)+〈Wn2W−n2〉U(2)+〈Wn1+n2W−n1−n2〉U(2), (2.26)

〈Wn1Wn2Wn3W−n1−n2−n3〉U(2)

=−12IU(2)+
3∑
i=1
〈WniW−ni〉U(2)+

∑
i<j

〈Wni+njW−ni−nj 〉U(2)+〈Wn1+n2+n3W−n1−n2−n3〉U(2),

(2.27)
〈Wn1Wn2Wn3Wn4W−n1−n2−n3−n4〉U(2)

=−28IU(2)+
4∑
i=1
〈WniW−ni〉U(2)+

∑
i1<i2

〈Wni1+ni2W−ni1−ni2 〉
U(2)

+
∑

i1<i2<i3

〈Wni1+ni2+ni3W−ni1−ni2−ni3 〉
U(2)+〈Wni1+ni2+ni3+ni4W−ni1−ni2−ni3−ni4 〉

U(2).

(2.28)

For N = 3 the sum is taken over the two types of partitions with r = 1 and r = 2, which
are λ = (λ1) and (λ1, λ2) corresponding to the 2- and 3-point functions respectively. The
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k-point function can be written as a sum of the 2- and 3-point functions by using the
following relation:

pn1pn2 · · · pnk−1p−n1−n2−···−nk−1

= 3(2S(k, 3)− S(k, 2) + S(k, 1))

+
k−1∑
λ1=1

∑
i
(1)
1 <···<i(1)

λ1

pn
i
(1)
1

+n
i
(1)
2

+···n
i
(1)
λ1

p−n
i
(1)
1
−n

i
(1)
2
−···n

i
(1)
λ1

+
k−1∑
j=1

∑
0<λ1≤λ2
λ1+λ2=j

∑
i
(1)
1 <···<i(1)

λ1

∑
i
(2)
1 <···<i(2)

λ2

p{
∑λ1

a=1 ni(1)
a
,
∑λ2

a=1 ni(2)
a
,−
∑2

α=1

∑λα
a=1 ni(α)

a
,}. (2.29)

For k = 4 one finds that

〈Wn1Wn2Wn3W−n1−n2−n3〉U(3)

= 18IU(3)+
2∑
i=1
〈WniW−ni〉U(3)+

∑
i<j

〈Wni+njW−ni−nj 〉U(3)+〈Wn1+n2+n3W−n1−n2−n3〉U(3)

+
∑
i<j

〈WniWnjW−ni−nj 〉U(3)+
3∑
i=1

∑
j1 6=i,j2 6=i
j1<j2

〈WniWnj1+nj2W−n1−n2−n3〉U(3), (2.30)

where

〈Wn1Wn2W−n1−n2〉U(N)

:= 〈Wn1Wn2W−n1−n2〉U(N) −
2∑
i=1
〈WniW−ni〉U(N) − 〈Wn1+n2W−n1−n2〉U(N) (2.31)

is the irreducible part of the 3-point function. The numerical coefficient of the U(3) Schur
index in (2.30) is computed from the relation (2.29) as 3(2S(4, 3)− S(4, 2) + S(4, 1)) = 18.
For k = 5 we have

〈Wn1Wn2Wn3Wn4W−n1−n2−n3−n4〉U(3)

= 108IU(3) +
4∑
i=1
〈WniW−ni〉U(3) +

∑
i1<i2

〈Wni1+ni2W−ni1−ni2 〉
U(3)

+
∑

i1<i2<i3

〈Wni1+ni2+ni3W−ni1−ni2−ni3 〉
U(3) + 〈Wni1+ni2+ni3+ni4W−ni1−ni2−ni3−ni4 〉

U(3)

+
∑
i1<i2

〈Wni1
Wni2

W−ni1−ni2 〉
U(3) +

4∑
i=1

∑
i2<i3
i2 6=i1
i3 6=i1

〈Wni1
Wni2+ni3W−ni1−ni2−ni3 〉

U(3)

+
4∑
i=1
〈WniWn1+n2+n3+n4−niW−n2−n2−n3−n4〉U(3)

+
∑
i1<i2

〈Wni1+ni2Wn1+n2+n3+n4−ni1−ni2W−n2−n2−n3−n4〉U(3). (2.32)
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Again the numerical coefficient of the U(3) Schur index is fixed from (2.29) as 3(2S(5, 3)−
S(5, 2) + S(5, 1)) = 108.

2.4 Half-BPS limits

When we keep q := q1/2t2 fixed and take q to zero, the Schur index reduces to the half-BPS
index. In this limit the matrix integral (2.1) reduces to

〈WR1 · · ·WRk〉
U(N)
1
2 BPS(q) = 1

N !

∮ N∏
i=1

dσi
2πiσi

∏
i 6=j

(
1− σi

σj

)
∏
i,j

(
1− q σiσj

) k∏
j=1

χRj (σ). (2.33)

The resulting integral (2.33) defines an inner product of the symmetric functions

〈f, g〉 := 1
N !

∮ N∏
i=1

dσi
2πiσi

∏
i 6=j

(
1− σi

σj

)
∏
i,j

(
1− q σiσj

)f(σ)g(σ−1). (2.34)

It can be viewed as a q-deformation of the Hall inner product. With respect to the inner
product (2.34) the Hall-Littlewood functions Pλ(σ; q) are orthogonal

〈Pλ(σ; q), Pµ(σ−1, q)〉 = 1
vλ
δλµ, (2.35)

where

vλ =
(q; q)N−l(λ)

∏
j≥1(q; q)mj(λ)

(1− q)N (2.36)

and mi(λ) is the multiplicity of the integer i in the partition λ. In the absence of line
defects the matrix integral (2.33) reduces to the half-BPS index

IU(N)
1
2 BPS = 1

(q; q)N
. (2.37)

Consider the 2-point function of the Wilson line operators where the characters are given
by the Schur functions

〈WλWµ̄〉U(N)
1
2 BPS = 1

N !

∮ N∏
i=1

dσi
2πiσi

∏
i 6=j

(
1− σi

σj

)
∏
i,j

(
1− q σiσj

)sλ(σ)sµ(σ−1). (2.38)

Since the Schur functions can be decomposed in terms of the Hall-Littlewood functions

sλ(σ) =
∑
ν

Kλν(q)Pν(σ; q), (2.39)

where Kλν(q) is the Kostka-Foulkes polynomial [48], the matrix integral can be formally
evaluated from (2.35) as

〈WλWµ̄〉U(N)
1
2 BPS =

∑
ν

Kλν(q)Kµν(q)∏N−l(ν)
n=1 (1− qn)∏j≥1

∏mj(ν)
n=1 (1− qn)

. (2.40)

– 11 –



J
H
E
P
0
6
(
2
0
2
3
)
1
6
9

3 Fermi-gas formulation

In [28] the closed-form expressions for the Schur index of N = 2∗ U(N) SYM theory are
presented by means of the Fermi-gas method. In this section we extend the analysis to the
Schur line defect correlation functions.

We redefine the flavor fugacity by replacing t with ξ = q−1/2t2 = e2πiζ which is associated
with the N = 2∗ deformation due to the mass parameter for the adjoint hypermultiplet.
We define a new function

θ(x; q) :=
∑
n∈Z

(−1)nxn+ 1
2 q

n2+n
2

= (x
1
2 − x−

1
2 )
∞∏
n=1

(1− qn)(1− xqn)(1− x−1qn). (3.1)

Then the matrix integral (2.1) can be rewritten as

〈WR1 · · ·WRk〉
U(N)(ξ; q)

= (−1)NξN2/2

N !

∮
|σi|=1

N∏
i=1

dσi
2πiσi

θ′(1; q)N ∏i<j θ( σiσj ; q)θ( σiσj : q)∏
i,j θ( σiσj ξ

−2; q)

k∏
j=1

χRj (σ). (3.2)

Corresponding to (2.2), the integral (3.2) is invariant under

ξ → q−1ξ−1. (3.3)

According to the Frobenius determinant formula [34, 89, 90]

(q; q)3N
∞
∏
i<j θ(viv−1

j ; q)θ(wjw−1
i ; q)∏

i,j θ(viw−1
j ; q)

= θ(u; q)
θ(u∏i viw

−1
i ; q)

det
i,j
F (viw−1

j , u; q), (3.4)

where

F (x, y; q) := θ(xy; q)(q; q)3
∞

θ(x; q)θ(y; q) (3.5)

is the Kronecker theta function [29–32], one can express (3.2) as

〈WR1 · · ·WRk〉
U(N)(ξ; q)

= (−1)NξN2/2

N !
θ(u; q)

θ(uξ−N ; q)

∮
|σi|=1

N∏
i=1

dσi
2πiσi

det
i,j
F

(
σi
σj
ξ−1, u; q

)
k∏
j=1

χRj (σ). (3.6)

In the absence of the characters χRj in the integrand of (2.1) it reduces to the Schur index
and the normalized function

Z(N ;u; ξ; q) = 1
N !

∮
|σi|=1

N∏
i=1

dσi
2πiσi

det
i,j
F

(
σi
σj
ξ−1, u; q

)
(3.7)
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can be regarded as a partition function of free Fermi-gas with N particles on a circle which
is characterized by a one-particle density matrix

ρ0(α, α′;u; ξ; q) = F (e2πi(α−α′)ξ−1, u; ξ; q)

= −
∑
p∈Z

e2πip(α−α′)ξ−p

1− uqp , (3.8)

where 0 ≤ α = 1
2πi log σ ≤ 1 is the periodic position operator and p is the discrete

momentum operator.
In order to generalize the Fermi-gas method to the Schur line defect correlation functions,

we use the idea in [11, 91]. We consider matrix integrals

Z{nj}E (N ; {sj};u; ξ; q) = 1
N !

∮
|σi|=1

N∏
i=1

dσi
2πiσi

det
i,j
F

(
σi
σj
ξ−1, u; q

)
k∏
j=1

E(sj ;σnj ) (3.9)

and

Z{nj}H (N ; {sj};u; ξ; q) = 1
N !

∮
|σi|=1

N∏
i=1

dσi
2πiσi

det
i,j
F

(
σi
σj
ξ−1, u; q

)
k∏
j=1

H(sj ;σnj ), (3.10)

where E(sj ;σ) and H(sj ;σ) are the generating functions (2.6) and (2.9) for the characters
of the antisymmetric representations and those of the symmetric representations. These
matrix integrals play a role of generating functions for the correlation functions of the
Wilson line operators. For example, the correlation functions of the Wilson line operators
Wnj of charges {nj}kj=1 can be obtained from the coefficient of the term with ∏k

j=1 sj in
either of (3.9) or (3.10). Besides, for k = 2 and (n1, n2) = (1,−1) one can extract the 2-point
functions of the Wilson line operators W(1l) (resp. W(l,0)) in the rank-l antisymmetric
representations (resp. symmetric representations) by reading off the term including sl1sl2
in (3.9) (resp. in (3.10)).

We observe that the introductions of the products ∏k
j=1

∏N
i=1 E(sj ;σnj ) in (3.9) and∏k

j=1
∏N
i=1 H(sj ;σnj ) in (3.10) replace the density matrix (3.8) with

ρ
(n1,n2,··· ,nk)
E ({sj};α, α′;u, ξ; q) = X

(n1,n2,··· ,nk)
E ({sj};α)ρ0(α, α′;u, ξ; q) (3.11)

and

ρ
(n1,n2,··· ,nk)
H ({sj};α, α′;u, ξ; q) = X

(n1,n2,··· ,nk)
H ({sj};α)ρ0(α, α′;u, ξ; q), (3.12)

where we have defined position-dependent matrices

X
(n1,n2,··· ,nk)
E ({sj};α) =

k∏
j=1

E(sj ; e2πinjα), (3.13)

and

X
(n1,n2,··· ,nk)
H ({sj};α) =

k∏
j=1

H(sj ; e2πinjα). (3.14)

In other words, the matrix integrals (3.9) and (3.10) are now identified with the canonical
partition functions of free Fermi-gas with N particles whose density matrices are given
by (3.11) and (3.12).
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3.1 Spectral zeta functions

3.1.1 Multiple Kronecker theta series

We define a function

Q({li}; {ni};u; ξ; q) :=
∑
p∈Z

k∏
i=0

(−1)liξ−lip−lini
(1− uqp+ni)li , (3.15)

where n0 = 0. As this function generalizes the Fourier series (3.8) of the Kronecker theta
function by including mult-index obeying certain condition, we call the function (3.15)
multiple Kronecker theta series.

The multiple Kronecker theta series (3.15) plays a role of elementary blocks of the
Schur indices and line defect correlators. If k = 0 and l0 = l, the multiple Kronecker theta
series (3.15) becomes the spectral zeta function associated with the density matrix ρ0 of
the Fermi-gas for the Schur index of N = 2∗ U(N) SYM theory [28]

Zl(u; ξ; q) := Tr(ρl0)

= Q(l; 0;u; ξ; q) =
∑
p∈Z

(
−ξ−p

1− uqp

)l
. (3.16)

We can write the spectral zeta function for l = 1 as

Z1(u; ξ; q) = (q)3
∞θ(ξ−1u)

θ(ξ−1)θ(u) = P1

[
ξ

1

]
(ν, τ) (3.17)

and

Zl(u; ξ; q) = u−(l−1)

(l − 1)!

l−1∑
k=1

k!|s(l − 1, k)|Pk+1

[
ql−1ξl

1

]
(ν, τ) (3.18)

for l ≥ 2 with u = e2πiν and q = e2πiτ . Here s(n, k) are the Stirling numbers of the first
kind and

Pk

[
θ

φ

]
(z, τ) = (−1)k

(k − 1)!
∑
n∈Z

′ (n+ λ)k−1xn+λ

1− θ−1qn+λ (3.19)

is the twisted Weierstrass function [34] where ∑′ stands for the sum that omits n = 0 if
(θ, φ) = (1, 1).

In [28] it is shown that the Schur indices of N = 2∗ U(N) SYM theories can be
expressible in terms of the spectral zeta functions (3.16).

More generally, the multiple Kronecker theta series (3.15) can be written in terms of
the twisted Weierstrass function by means of the partial expansion into the function (3.16).
It is convenient to define functions

(n)q,ξ := − ξ−n

1− qn = q−
n
2 ξ−n

q
n
2 − q−

n
2
, (3.20)

[n]q := 1− qn
1− q . (3.21)
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The function (3.20) transforms as

(n)q,q−1ξ−1 = −(−n)q,ξ
= qnξ2n(n)q,ξ (3.22)

under (3.3). It follows that

[n]q = (1)q,1
(n)q,1

, (3.23)

(n)q,ξ + (−n)q,ξ = − (n)q,ξ
(n)qξ2,1

= −q
n
2 ξn − q−

n
2 ξ−n

q
n
2 − q−

n
2

, (3.24)

(n)2
q,ξ

(n)qξ,1
+

(−n)2
q,ξ

(−n)qξ,1
= −

(n)2
q,ξ

(n)qξ,1(n)qξ3,1
, (3.25)

where
1

(n)qξ2,1
= q

n
2 ξn(q

n
2 ξn − q−

n
2 ξ−n). (3.26)

These relations are useful to describe the correlation functions.
Let lmax be the maximal value of the integers {li}, i = 0, · · · , k for the function

Q({li}; {ni};u; ξ; q). For k > 0 the function Q({li}; {ni};u; ξ; q) can be decomposed into∑
i li parts, each of which is expressed in terms of the spectral zeta function Q(l; 0;u; ξ; q) =

Zl(u; ξ; q) with 1 ≤ l ≤ lmax and the function (3.20).
For example, for k = 1 we have

Q(l0, l1; 0, n;u; ξ; q)

=
l0−1∑
k=0

(
k + l1 − 1
l1 − 1

)
(−1)kqknξkn(n)k+l1

q,ξ Q(l0 − k; 0; ξ
l0+l1
l0−k ; q)

+
l1−1∑
k=0

(
k + l0 − 1

k

)
(−1)kq−knξ−kn(−n)k+l0

q,ξ Q(l1 − k; 0;u; ξ
l0+l1
l1−k ; q). (3.27)

Clearly, it follows that

Q(l1, l0; 0, n;u; ξ; q) = Q(l0, l1; 0,−n, u; ξ; q). (3.28)

Several examples are shown in appendix B.
For k = 2 with l0 = l, l1 = l2 = 1 one finds that

Q(l, 1, 1; 0, n1, n2;u; ξ; q)

=
l∑

m=1

m−1∑
k=0

∑
k1+k2=k

(
m

k + 1

)
(−1)k+m−1q(m−1)(n1+n2)−k1n1−k2n2ξ(m−1)(n1+n2)

× (n1)mq,ξ(n2)mq,ξQ(l −m+ 1; 0;u; ξ
l+2

l−m+1 ; q)
+ (−n1)lq,ξ(−n1 + n2)q,ξQ(1; 0;u; ξl+2; q)
+ (−n2)lq,ξ(−n2 + n1)q,ξQ(1; 0;u; ξl+2; q). (3.29)
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We have

Q(1, l, 1; 0, n1, n2;u; ξ; q) = Q(l, 1, 1; 0,−n1, n2 − n1;u; ξ; q), (3.30)
Q(1, 1, l; 0, n1, n2;u; ξ; q) = Q(l, 1, 1; 0, n1 − n2,−n2;u; ξ; q). (3.31)

Further examples for k = 2 are found in appendix B.2.
For general k with l0 = l1 = · · · = lk = 1 the multiple Kronecker theta series (3.15) can

be decomposed as

Q(1, · · · , 1; 0, n1, · · · , nk;u; ξ; q)

=
[ k∏
i=1

(ni)q,ξ +
k∑
i=1

∑
j 6=i

(−ni)q,ξ(−ni + nj)q,ξ
]
Q(1; 0;u; ξk+1; q). (3.32)

Likewise, the spectral zeta functions for the modified density matrices (3.11) and (3.12)
can be expressed in terms of the multiple Kronecker theta series (3.15). Noting that
σ = e2πiα is a translation operator

σ−nO(p)σn = e−2πinαO(p)e2πinα = O(p+ n), (3.33)

where O(p) is some p-dependent operator, the spectral zeta functions can be calculated by
taking traces of normal ordered operators (X(n1,n2,··· ,nk)

E/H (α)ρ(p))l.
We obtain the spectral zeta function associated with the modified density matrix (3.11)

of the form

ZEl (n1, n2, · · · , nk−1) = Tr
(
ρ

(n1,n2,··· ,nk)
E

l
)

= Zl(u; ξ; q) + Z
(k−1)
l;1 ({ni};u; ξ; q)

k∏
i=1

si

+
∏
m≥2

Z
E;(k−1)
l;m ({ni};u; ξ; q)

k∏
i=1

smi , (3.34)

where Zl(u; ξ; q) = Q(l; 0;u; ξ; q) which is independent of the fugacities {si} encodes the
Schur index without any insertion of the line operators. It is nothing but the spectral zeta
function (3.16) for the density matrix ρ0. The function Z(k−1)

l;1 which appears in the terms
with ∏i si captures the k-point functions of the charged Wilson line operators. It is given by

Z
(k−1)
l;1 ({ni};u; ξ; q) = l

k∑
j=1

∑
l1+···lj=l

∑
{NJi}

j
i=1

Q
(
{li}ji=1; {NJi}

j
i=1;u; ξ; q

)
, (3.35)

where

NJi =
∑
a∗∈Ji

na∗ (3.36)

and each Ji is a subset of integers labeling the charged Wilson line operators obeying the
condition

∅ = J1 ⊂ J2 ⊂ · · · ⊂ Jj ⊆ I = {1, 2, · · · , k − 1}. (3.37)
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Here A ⊆ B allows the case A = B while A ⊂ B excludes it. Since J1 is empty, NJ1 is 0.
For example, when k > 5 the subsets

J1 = ∅, J2 = {1, 2}, J3 = {1, 2, 3, 4, 5} (3.38)

are allowed so that we have

NJ1 = 0, NJ2 = n1 + n2, NJ3 = n1 + n2 + n3 + n4 + n5. (3.39)

The other terms ZE;(k−1)
l;m ({nj};u; ξ; q) in (3.34) encode the 2-point functions of the

Wilson line operators transforming in the rank-m antisymmetric representations. The
k-point function of N = 2∗ U(N) SYM theory can be constructed from the spectral zeta
functions ZEl (n1, · · · , nk−1) with l = 1, · · · , N .

Similarly, the spectral zeta function specified by the other modified density matrix (3.12)
takes the form

ZHl (n1, n2, · · · , nk−1) = Tr
(
ρ

(n1,n2,··· ,nk)
H

l
)

= Zl(u; ξ; q) + Z
(k−1)
l;1 ({ni};u; ξ; q)

k∏
i=1

si

+
∏
m≥2

Z
H;(k−1)
l;m ({ni};u; ξ; q)

k∏
i=1

smi . (3.40)

Again whereas the function Z(k−1)
l;1 appears as a coefficient of the terms with ∏j sj , the terms

Z
H;(k−1)
l;m ({nj};u; ξ; q) encode the 2-point functions of the Wilson line operators transforming

in the rank-m symmetric representations.

3.1.2 ZE
l

We show several examples of the spectral zeta functions. For simplicity we abbreviate
Q({li}; {ni};u; ξ; q) = Q({li}; {ni}).

For k = 2 the spectral zeta functions for the modified density matrix (3.11) are

ZE1 (n) = (1+s1s2)Q(1;0), (3.41)
ZE2 (n) = (1+s2

1s
2
2)Q(2;0)+2s1s2 [Q(2;0)+Q(1,1;0,n)] , (3.42)

ZE3 (n) = (1+s3
1s

3
2)Q(3;0)

+3(s1s2+s2
1s

2
2)
[
Q(3;0)+Q(2,1;0,n)+Q(1,2;0,n)

]
, (3.43)

ZE4 (n) = (1+s4
1s

4
2)Q(4;0)

+4(s1s2+s3
1s

3
2)
[
Q(4;0)+Q(3,1;0,n)+Q(2,2;0,n)+Q(1,3;0,n)

]
+s2

1s
2
2

[
6Q(4;0)+8Q(3,1;0,n)+10Q(2,2;0,n)

+8Q(1,3;0,n)+4Q(1,2,1;0,n,2n)
]
, (3.44)
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ZE5 (n) = (1+s5
1s

5
2)Q(5;0)

+5(s1s2+s4
1s

4
2)
[
Q(5;0)+Q(4,1;0,n)+Q(3,2;0,n)

+Q(2,3;0,n)+Q(1,4;0,n)
]

+(s2
1s

2
2+s3

1s
3
2)
[
10Q(5;0)+15Q(4,1;0,n)+20Q(3,2;0,n)+20Q(2,3;0,n)

+15Q(1,4;0,n)+5Q(2,2,1;0,n,2n)+10Q(1,3,1;0,n,2n)+5Q(1,2,2;0,n,2n)
]
.

(3.45)

These spectral zeta functions with k = 2 are the blocks of the 2-point functions. In
particular, we have

Z
(1)
l;1 (n) = lQ(l; 0) + l

l−1∑
k=1

Q(l − k, k; 0, n). (3.46)

For k = 3 we get

ZE1 (n1, n2) = (1 + s1s2s3)Q(1; 0), (3.47)

ZE2 (n1, n2) = (1 + s2
1s

2
2s

2
3)Q(2; 0) + 2s1s2s3

[
Q(2; 0) +Q(1, 1; 0, n1)

+Q(1, 1; 0, n2) +Q(1, 1; 0, n1 + n2)
]
, (3.48)

ZE3 (n1, n2) = (1 + s3
1s

3
2s

3
3)Q(3; 0)

+ 3(s1s2s3 + s2
1s

2
2s

2
3)
[
Q(3; 0) +

2∑
i=1

Q(2, 1; 0, ni) +Q(2, 1; 0, n1 + n2)

+
2∑
i=1

Q(1, 2; 0, ni) +Q(1, 2; 0, n1 + n2) +
2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2)
]
.

(3.49)

These spectral zeta functions are associated to the 3-point functions. The terms which are
associated with s1s2s3 describe the 3-point functions of the charged Wilson line operators.
They are given by

Z
(2)
l;1 = lQ(l; 0) + l

[ l−1∑
k=1

2∑
i=1

Q(l − k, k; 0, ni) +Q(l − k, k; 0, n1 + n2)
]

+ l
∑

0<k1,k2
2≤k1+k2≤l−1

2∑
i=1

Q(l − k1 − k2, k1, k2; 0, ni, n1 + n2). (3.50)

For k = 4 we find

ZE1 (n1, n2, n3) = (1 + s1s2s3s4)Q(1; 0), (3.51)
ZE2 (n1, n2, n3) = (1 + s2

1s
2
2s

2
3s

2
4)Q(2; 0)

+ 2s1s2s3s4

[
Q(2; 0) +Q(1, 1; 0, n1) +Q(1, 1; 0, n2) +Q(1, 1; 0, n3)

+Q(1, 1; 0, n1 + n2) +Q(1, 1; 0, n1 + n3) +Q(1, 1; 0, n2 + n3)

+Q(1, 1; 0, n1 + n2 + n3)
]
. (3.52)
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ZE3 (n1, n2, n3) = (1 + s3
1s

3
2s

3
3s

3
4)Q(3; 0)

+ 3(s1s2s3s4 + s2
1s

2
2s

2
3s

2
4)
[
Q(3; 0) +

3∑
i=1

Q(2, 1; 0, ni)

+
3∑
i=1

∑
i<j

Q(2, 1; 0, ni + nj) +Q(2, 1; 0, n1 + n2 + n3)

+
3∑
i=1

Q(1, 2; 0, ni) +
∑
i<j

Q(1, 2; 0, ni + nj) +Q(1, 2; 0, n1 + n2 + n3)

+
3∑
i=1

∑
j 6=i

Q(1, 1, 1; 0, ni, ni + nj) +
3∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2 + n3)

+
∑
i<j

Q(1, 1, 1; 0, ni + nj , n1 + n2 + n3)
]
. (3.53)

The 4-point functions of the charged Wilson line operators are captured by

Z
(3)
l;1 = lQ(l; 0) + l

[ l−1∑
k=1

{ 3∑
i=1

Q(l − k, k; 0, ni) +
∑
i<j

Q(l − k, k; 0, ni + nj)
}]

(3.54)

+ l
[ ∑

0<k1,k2
2≤k1+k2≤l−1

{ 3∑
i=1

∑
j 6=i

Q(l − k1 − k2; k1, k2; 0, ni, ni + nj)

+
3∑
i=1

Q(l − k1 − k2; k1, k2; 0, ni, n1 + n2 + n3)

+
∑
i<j

Q(l − k1 − k2, k1, k2; 0, ni + nj , n1 + n2 + n3)
]

+ l
∑

0<k1,k2,k3
3≤k1+k2+k3≤l−1

3∑
i=1

∑
j 6=i

Q(l − k1 − k2 − k3, k1, k2, k3; 0, ni, ni + nj , n1 + n2 + n3),

which appears in the terms associated with s1s2s3s4.

3.1.3 ZH
l

The 2-point function of the Wilson line operator in the symmetric representation and that
in its conjugate representation can be obtained from ZHl with k = 2. We find

ZH1 (n) =
∞∑
k=0

sk1s
k
2Q(1; 0), (3.55)

ZH2 (n) =
∞∑
k=0

sk1s
k
2

[
(k + 1)Q(2; 0) +

k∑
l=1

2(k − l + 1)Q(1, 1; 0, ln)
]
, (3.56)

ZH3 (n) =
∞∑
k=0

sk1s
k
2

[(k + 1)(k + 2)
2 Q(3; 0)

+
k∑
l=1

3(k − l + 1)(k − l + 2)
2 {Q(2, 1; 0, ln) +Q(1, 2; 0, ln)}

+
∑
l1=2

∑
0<l2<l1

3(k − l1 + 1)(k − l1 + 2)Q(1, 1, 1; 0, l2, l1)
]
. (3.57)

See appendix C for more examples.
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3.2 Closed-form formula

Let λ = (λm1
1 λm2

2 · · ·λmrr ) be a partition of integer N with ∑r
i=1miλi = N and λ1 > λ2

> · · · > λr > λr+1 = 0. Then we have

Z{nj}E/H(N ; {sj};u; ξ; q) =
∑
λ

(−1)N−r
r∏
i=1

1
λmii (mi!)

Z
E/H
λi

(n1, · · · , nk−1)
mi
. (3.58)

Now we can obtain the closed-form expressions for the Schur line defect correlation functions.
Since the Schur line defect correlation functions are independent of the variable u, it is
convenient to fix u to some special value.

When we set u to ξN/2, the canonical partition function of the Fermi-gas is identical to
the Schur index up to the overall factor (−1)N+1ξN

2/2. Besides, this specialization yields
the closed-form expressions for the Schur line defect correlators as multiple series which
generalize the nested sum of the Schur index obtained in [28]

IU(N) = −
∑

p1,··· ,pN∈Z
p1<···<pN

ξ
N2

2 −
∑

i=1 pi∏N
i=1(1− ξN2 qpi)

. (3.59)

It is closely related to the multiple q-zeta values (q-MVZs) [66–78] and q-multiple polyloga-
rithms (q-MPLs) [66, 70, 79]. We leave more detailed investigation of the relation to these
functions to future work.

When we choose u as ξ, the multiple Kronecker theta series Q(1; 0;u; ξ; q) vanishes

Q(1; 0;u = ξ) = 0, (3.60)

which can lead to the expression with fewer terms. For simplicity, here and in the following
we omit the dependence on ξ and q to write Q({li}; {ni}; u; ξ; q) as Q({li}; {ni};u).

Plugging the expression (3.34) or (3.40) for the spectral zeta function into (3.58) with
u = ξN/2 and reading off the coefficients of the terms with ∏k

j=1 sj , we find that the k-point
function of the Wilson line operators of charges {ni}ki=1 is given by

〈Wn1Wn2 · · ·Wnk〉
U(N)

= ξN
2/2∑

λ

(−1)r+1
r∏
i=1

1
λmii (mi)!

×
[
r∑
i=1

miλiQ(λi; 0; ξ
N
2 )mi−1


k∑
p=1

∑
l1+···lp=λi

∑
{NJi}

p
i=1

Q
(
{li}pi=1; {NJi}

p
i=1; ξ

N
2
)

×
r∏
j 6=i

Q(λj ; 0; ξ
N
2 )mj

]
, (3.61)

where ∑k
i=1 ni = 0. The terms for p = 1 in the third sum yield NIU(N). Thus we find an

exact closed-form expression for the k-point function of the charged Wilson line operators
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in terms of the Kronecker theta series

〈Wn1Wn2 · · ·Wnk〉
U(N)

= NIU(N) + ξN
2/2∑

λ

(−1)r+1
r∏
i=1

1
λmii (mi)!

×
[
r∑
i=1

miλiQ(λi; 0; ξ
N
2 )mi−1


k∑
p>1

∑
l1+···lp=λi

∑
{NJi}

p
i=1

Q
(
{li}pi=1; {NJi}

p
i=1; ξ

N
2
)

×
r∏
j 6=i

Q(λj ; 0; ξ
N
2 )mj

]
. (3.62)

The multiple Kronecker theta series (3.15) can be decomposed into the spectral zeta
functions (3.16) which are given by the twisted Weierstrass functions from the relations (3.17)
and (3.18). This implies that the Schur line defect correlation functions can be expressed in
terms of the twisted Weierstrass functions. Since the general expression is quite complicated,
we give several examples in the following.

3.3 Charged Wilson line correlators

3.3.1 U(2) 2-point functions

Consider the 2-point functions of the Wilson line operators with charge +n and with −n.
For N = 2∗ U(2) SYM theory the 2-point function can be constructed from Z

E/H
1 (n) and

Z
E/H
2 (n). It is given by

〈WnW−n〉U(2) = −ξ2
[
Q(1; 0; ξ)2 −Q(2; 0; ξ)−Q(1, 1; 0, n; ξ)

]
= ξ2 [Q(2; 0; ξ) +Q(1, 1; 0, n; ξ)] , (3.63)

where we have used Q(1; 0; ξ) = 0. Since the N = 2∗ U(2) Schur index is given by [28]

IU(2) = ξ2

2 Q(2; 0; ξ) = ξ

2P2

[
qξ2

1

]
(ζ, τ)

= −
∑

p1,p2∈Z
p1<p2

ξ−p1−p2+2

(1− ξqp1)(1− ξqp2) , (3.64)

we have

〈WnW−n〉U(2) = 2IU(2) + ξ2Q(1, 1; 0, n; ξ)

=

−2
∑

p1,p2∈Z
p1<p2

+
∑

p1,p2∈Z
p2=p1+n

 ξ−p1−p2+2

(1− ξqp1)(1− ξqp2) . (3.65)

When n = 0, Q(1, 1; 0, n) reduces to Q(2; 0) so that the 2-point function (3.65) becomes
4IU(2). From (3.17) and (B.1) we have6

ξ2Q(1, 1; 0, n;u; ξ; q) = ξ2
[
(n)q,ξ + (−n)q,ξ

]
P1

[
ξ2

1

]
(ν, τ), (3.66)

6The expression (3.66) is valid for n 6= 0.
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where u = e2πiν . The expression (3.66) which captures the 2-point function of the charged
Wilson line operators is invariant under the transformation (3.3).

It follows from (3.64), (3.65) and (3.66) that the 2-point function (3.65) is expressed in
terms of the twisted Weierstrass functions

〈WnW−n〉U(2) = ξP2

[
qξ2

1

]
(ζ, τ)− ξ2 (n)q,ξ

(n)qξ2,1
P1

[
ξ2

1

]
(ζ, τ)

= ξP2

[
qξ2

1

]
(ζ, τ)− ξ2 q

n
2 ξn − q−

n
2 ξ−n

q
n
2 − q−

n
2

P1

[
ξ2

1

]
(ζ, τ), (3.67)

where ξ = e2πiζ . Here we have used the relation (3.24).
A simple calculation also leads to another closed-form of the U(2) 2-point function

〈WnW−n〉U(2) = (q; q)2
∞

(ξ−2; q)∞(q2ξ2; q)∞
∑

m∈Z\{0,n}

q
m
2 ξm − q−

m
2 ξ−m

q
1
2 ξ − q−

1
2 ξ−1

q
m−1

2

1− qm . (3.68)

This can be simply obtained from the Schur index of N = 2∗ U(2) SYM theory of the form

IU(2) = (q; q)2
∞

(ξ−2; q)∞(q2ξ2; q)∞
∑
m>0

q
m
2 ξm − q−

m
2 ξ−m

q
1
2 ξ − q−

1
2 ξ−1

q
m−1

2

1− qm (3.69)

by modifying the domain of integers in the sum. By setting ξ to q− 1
2 we get the unflavored

2-point function

〈WnW−n〉U(2) ξ→q−1/2
−−−−−→

∑
m∈Z\{0,n}

mq
m−1

2

1− qm

= 2
∑
m>0

mq
m−1

2

1− qm −
nq

n−1
2

1− qn . (3.70)

3.3.2 U(3) 2-point functions

The 2-point function for N = 2∗ U(3) SYM theory can be obtained from the three spectral
zeta functions, ZE/H1 (n), ZE/H2 (n) and ZE/H3 (n). We first set u = ξ3/2. It is then given by

〈WnW−n〉U(3)

= ξ
9
2

2
[
Q(1; 0; ξ

3
2 )3 − 3Q(1; 0; ξ

3
2 )Q(2; 0; ξ

3
2 ) + 2Q(3; 0; ξ

3
2 )

− 2Q(1; 0; ξ
3
2 )Q(1, 1; 0, n; ξ

3
2 ) + 2Q(2, 1; 0, n; ξ

3
2 ) + 2Q(1, 2; 0, n; ξ

3
2 )
]
. (3.71)

Since the U(3) Schur index is given by [28]

IU(3) = ξ
9
2

6
[
Q(1; 0; ξ

3
2 )3 − 3Q(1; 0; ξ

3
2 )Q(2; 0; ξ

3
2 ) + 2Q(3; 0; ξ

3
2 )
]

= −
∑

p1,p2,p3∈Z
p1<p2<p3

ξ−p1−p2−p3+ 9
2

(1− ξ 3
2 qp1)(1− ξ 3

2 qp2)(1− ξ 3
2 qp3)

, (3.72)
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we can rewrite the correlation function (3.71) as

〈WnW−n〉U(3)

= 3IU(3) + ξ
9
2
[
−Q(1; 0; ξ

3
2 )Q(1, 1; 0, n; ξ

3
2 ) +Q(2, 1; 0, n; ξ

3
2 ) +Q(1, 2; 0, n; ξ

3
2 )
]

=

−3
∑

p1,p2,p3∈Z
p1<p2<p3

+
∑

p1,p2,p3∈Z
p3=p2+n

−
∑

p1,p2,p3∈Z
p2=p1,p3=p1+n

−
∑

p1,p2,p3∈Z
p2=p1+n,p3=p1+n


× ξ−p1−p2−p3+ 9

2

(1− ξ 3
2 qp1)(1− ξ 3

2 qp2)(1− ξ 3
2 qp3)

. (3.73)

The charge dependent term

ξ
9
2
[
−Q(1; 0; ξ

3
2 )Q(1, 1; 0, n; ξ

3
2 ) +Q(2, 1; 0, n; ξ

3
2 ) +Q(1, 2; 0, n; ξ

3
2 )
]

(3.74)

is invariant under the transformation (3.3).
Setting the fugacity u to ξ, we can find another expression with fewer terms. In this

case, Q(1; 0; ξ) vanishes so that the Schur index can be simply written as [28]

IU(3) = −ξ
9
2

3
θ(ξ)
θ(ξ−2)Q(3; 0; ξ), (3.75)

where θ(x) := θ(x; q) and the 2-point function is given by

〈WnW−n〉U(3) = −ξ
9
2
θ(ξ)
θ(ξ−2)

[
Q(3; 0; ξ) +Q(2, 1; 0, n; ξ) +Q(1, 2; 0, n; ξ)

]
= 3IU(3) − ξ

9
2
θ(ξ)
θ(ξ−2)

[
Q(2, 1; 0, n; ξ) +Q(1, 2; 0, n; ξ)

]
. (3.76)

When n = 0, both Q(2, 1; 0, n; ξ) and Q(1, 2; 0, n; ξ) reduce to Q(3; 0; ξ) so that the
U(3) 2-point function (3.73) becomes 9IU(3).

From (3.17), (3.18), (3.76) and (B.4) it can be expressed in terms of the twisted
Weierstrass functions

〈WnW−n〉U(3)

= ξ
5
2

2
θ(ξ)
θ(ξ2)

[
P2

[
q2ξ3

1

]
(ζ, τ) + 2P3

[
q2ξ3

1

]
(ζ, τ)

− 2ξ (n)q,ξ
(n)qξ2,1

P2

[
qξ3

1

]
(ζ, τ) + 2ξ2 (n)2

q,ξ

(n)qξ,1(n)qξ3,1
P1

[
ξ3

1

]
(ζ, τ)

]
. (3.77)
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3.3.3 U(4) 2-point functions

Next consider the 2-point function for N = 2∗ U(4) SYM theory. In this case there are four
spectral zeta functions which contribute to the correlator. If we set u to ξ2, we find

〈WnW−n〉U(4) = −ξ
8

6
[
Q(1; 0; ξ2)4 − 6Q(1; 0; ξ2)2Q(2; 0; ξ2)

+ 3Q(2; 0; ξ2)2 + 8Q(1; 0; ξ2)Q(3; 0; ξ2)− 6Q(4; 0; ξ2)
− 3Q(1; 0; ξ2)2Q(1, 1; 0, n; ξ2) + 3Q(2; 0)Q(1, 1; 0, n; ξ2)
+ 6Q(1; 0; ξ2)Q(2, 1; 0, n; ξ2) + 6Q(1; 0; ξ2)Q(1, 2; 0, n; ξ2)

− 6Q(3, 1; 0, n; ξ2)− 6Q(2, 2; 0, n; ξ2)− 6Q(1, 3; 0, n; ξ2)
]
. (3.78)

As the N = 2∗ U(4) Schur index is given by [28]

IU(4) = − ξ
8

24
[
Q(1; 0; ξ2)− 6Q(1; 0; ξ2)2Q(2; 0; ξ2)

+ 3Q(2; 0; ξ2)2 + 8Q(1; 0; ξ2)Q(3; 0; ξ2)− 6Q(4; 0; ξ2)
]

= −
∑

p1,p2,p3,p4∈Z
p1<p2<p3<p4

ξ−p1−p2−p3−p4+8

(1− ξ2qp1)(1− ξ2qp2)(1− ξ2qp3)(1− ξ2qp4) , (3.79)

it can be expressed as

〈WnW−n〉U(4)

= 4IU(4) − ξ8

2
[
−Q(1; 0; ξ2)2Q(1, 1; 0, n; ξ2) +Q(2; 0; ξ2)Q(1, 1; 0, n; ξ2)

+ 2Q(1; 0; ξ2)Q(2, 1; 0, n; ξ2) + 2Q(1; 0; ξ2)Q(1, 2; 0, n; ξ2)

− 2Q(3, 1; 0, n; ξ2)− 2Q(2, 2; 0, n; ξ2)− 2Q(1, 3; 0, n; ξ2)
]

=
(
−4

∑
p1,p2,p3,p4∈Z
p1<p2<p3<p4

+1
2

∑
p1,p2,p3,p4∈Z
p4=p3+n

−1
2

∑
p1,p2,p3,p4∈Z
p2=p1,p4=p3+n

−
∑

p1,p2,p3,p4∈Z
p3=p2,p4=p2+n

−
∑

p1,p2,p3,p4∈Z
p3=p2+n,p4=p2+n

+
∑

p1,p2,p3,p4∈Z
p2=p1,p3=p1,p4=p1+n

+
∑

p1,p2,p3,p4∈Z
p2=p1,p3=p1+n,p4=p1+n

+
∑

p1,p2,p3,p4∈Z
p2=p1+n,p3=p1+n,p4=p1+n

)

× ξ−p1−p2−p3−p4+8

(1− ξ2qp1)(1− ξ2qp2)(1− ξ2qp3)(1− ξ2qp4) . (3.80)

Again the charge dependent terms in (3.78) are invariant under the transformation (3.3).
Specializing the fugacity u to ξ, we have alternative expression

〈WnW−n〉U(4) = 4IU(4) + ξ8

2
θ(ξ)
θ(ξ−3)

[
Q(2; 0; ξ)Q(1, 1; 0, n; ξ)

− 2Q(3, 1; 0, n; ξ)− 2Q(2, 2; 0, n; ξ)− 2Q(1, 3; 0, n; ξ)
]
. (3.81)
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From (3.17), (3.18), (3.79) (3.81), (B.8) and (B.9) we can write the correlation function in
terms of the twisted Weierstrass function

〈WnW−n〉U(4)

=−ξ
5

6
θ(ξ)
θ(ξ3)

[
3ξP2

[
qξ2

1

]2

(ζ,τ)−2P2

[
q3ξ4

1

]
(ζ,τ)−6P3

[
q3ξ4

1

]
(ζ,τ)−6P4

[
q3ξ4

1

]
(ζ,τ)

−3ξ2 (n)q,ξ
(n)qξ2,1

P2

[
qξ2

1

]
(ζ,τ)P1

[
ξ2

1

]
(ζ,τ)+3ξ (n)q,ξ

(n)qξ2,1

(
P2

[
q2ξ4

1

]
(ζ,τ)+2P3

[
q2ξ4

1

]
(ζ,τ)

)

−6ξ2 (n)2
q,ξ

(n)qξ,1(n)qξ3,1
P2

[
qξ4

1

]
(ζ,τ)+6ξ3 (n)3

q,ξ

(n)qξ4,1(n)2
qξ,1

P1

[
ξ4

1

]
(ζ,τ)

]
. (3.82)

3.3.4 U(2) 3-point functions

Next consider the 3-point functions of the Wilson line operators which carry charges n1, n2
and n3 obeying the Gauss law condition n1 + n2 + n3 = 0.

For N = 2∗ U(2) SYM theory the 3-point function can be obtained from the spectral
zeta functions ZE/H1 (n1, n2) and ZE/H2 (n1, n2). With the specialization u = ξ, we find

〈Wn1Wn2W−n1−n2〉U(2)

= −ξ2
[
Q(1; 0; ξ)2 −Q(2; 0; ξ)

−Q(1, 1; 0, n1; ξ)−Q(1, 1; 0, n2; ξ)−Q(1, 1; 0, n1 + n2; ξ)
]
, (3.83)

where Q(1; 0; ξ) = 0. This is consistent with the relation (2.26) and the expression (3.63) of
the U(2) 2-point function. According to the closed-form expression (3.64) of the U(2) Schur
index, we can write it as

〈Wn1Wn2W−n1−n2〉U(2)

=

−2
∑

p1,p2∈Z
p1<p2

+
∑

p1,p2∈Z
p2=p1+n1

+
∑

p1,p2∈Z
p2=p1+n2

+
∑

p1,p2∈Z
p2=p1+n1+n2

 ξ−p1−p2+2

(1− ξqp1)(1− ξqp2) . (3.84)

3.3.5 U(3) 3-point functions

Consider the 3-point function for N = 2∗ U(3) SYM theory. It is produced by three spectral
zeta functions ZE/H1 (n1, n2), ZE/H2 (n1, n2) and ZE/H3 (n1, n2). By taking u = ξ

3
2 , we obtain

〈Wn1Wn2W−n1−n2〉U(3) (3.85)

= ξ
9
2

2
[
Q(1; 0; ξ

3
2 )3 − 3Q(1; 0; ξ

3
2 )Q(2; 0; ξ

3
2 ) + 2Q(3; 0; ξ

3
2 )

− 2Q(1; 0; ξ
3
2 )

2∑
i=1

Q(1, 1; 0, ni; ξ
3
2 )− 2Q(1; 0; ξ

3
2 )Q(1, 1; 0, n1 + n2; ξ

3
2 )

+ 2
2∑
i=1

Q(2, 1; 0, ni; ξ
3
2 ) + 2Q(2, 1; 0, n1 + n2; ξ

3
2 )

+ 2
2∑
i=1

Q(1, 2; 0, ni; ξ
3
2 ) + 2Q(1, 2; 0, n1 + n2; ξ

3
2 ) + 2

2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ
3
2 )
]
.
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We can rewrite this as

〈Wn1Wn2W−n1−n2〉U(3)

=
(
−3

∑
p1,p2,p3∈Z
p1<p2<p3

+
2∑
i=1

∑
p1,p2,p3∈Z
p3=p2+ni

+
∑

p1,p2,p3∈Z
p3=p2+n1+n2

−
2∑
i=1

∑
p1,p2,p3∈Z

p2=p1,p3=p1+ni

−
∑

p1,p2,p3∈Z
p2=p1,p3=p1+n1+n2

−
2∑
i=1

∑
p1,p2,p3∈Z

p2=p1+ni,p3=p1+ni

−
∑

p1,p2,p3∈Z
p2=p1+n1+n2,p3=p1+n1+n2

−
2∑
i=1

∑
p1,p2,p3∈Z

p2=p1+ni,p3=p1+n1+n2

)

× ξ−p1−p2−p3+ 9
2

(1− ξ 3
2 qp1)(1− ξ 3

2 qp2)(1− ξ 3
2 qp3)

. (3.86)

According to the closed-form expression (3.72) of the U(3) Schur index, we have

〈Wn1Wn2W−n1−n2〉U(3) = −6IU(3) +
2∑
i=1
〈WniW−ni〉U(3) + 〈Wn1+n2W−n1−n2〉U(3)

+ ξ
9
2

2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ
3
2 ). (3.87)

Unlike the U(2) case, the 3-point function is not only given by the U(3) Schur index and
the U(3) 2-point functions. The remaining term is

ξ
9
2

2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ
3
2 ). (3.88)

From (B.10) the term (3.88) can be rewritten in terms of the twisted Weierstrass function as

ξ
9
2

2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ
3
2 )

= ξ
9
2

[∑
±

2∑
i=1

(±ni)q,ξ(±n1 ± n2)q,ξ +
∑
i 6=j

(−ni)q,ξ(nj)q,ξ
]
P1

[
ξ3

1

](3
2ζ, τ

)
. (3.89)

Note that this term is equal to

ξ
9
2
θ(ξ)
θ(ξ2)

2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ)

= ξ
9
2

[∑
±

2∑
i=1

(±ni)q,ξ(±n1 ± n2)q,ξ +
∑
i 6=j

(−ni)q,ξ(nj)q,ξ
]
P1

[
ξ3

1

]
(ζ, τ), (3.90)

which is obtained by setting u = ξ since P1
[
ξ3

1

]
(3

2ζ, τ) = (q)3
∞

θ(ξ−3) and P1
[
ξ3

1

]
(ζ, τ) =

(q)3
∞θ(ξ−2)

θ(ξ−3)θ(ξ) . Also the term (3.88) is invariant under the transformation (3.3).
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3.3.6 U(4) 3-point functions

For N = 2∗ U(4) SYM theory the 3-point function can be built up from the four spectral
zeta functions ZE/H1 (n1, n2), ZE/H2 (n1, n2), ZE/H3 (n1, n2) and ZE/H4 (n1, n2). With u = ξ2,
it is given by

〈Wn1Wn2W−n1−n2〉U(4)

= −ξ
8

6

[
Q(1; 0; ξ2)4 − 6Q(1; 0; ξ2)2Q(2; 0; ξ2)

+ 3Q(2; 0; ξ2)2 + 8Q(1; 0; ξ2)Q(3; 0; ξ2)− 6Q(4; 0; ξ2)
− 3Q(1; 0; ξ2)2 ∑

n=n1,n2,n1+n2

Q(1, 1; 0, n; ξ2) + 3Q(2; 0; ξ2)
∑

n=n1,n2,n1+n2

Q(1, 1; 0, n; ξ2)

+ 6Q(1; 0; ξ2)
∑

n=n1,n2,n1+n2

Q(2, 1; 0, n; ξ2) + 6Q(1; 0; ξ2)
∑

n=n1,n2,n1+n2

Q(1, 2; 0, n; ξ2)

− 6
∑

n=n1,n2,n1+n2

(Q(3, 1; 0, n; ξ2) +Q(2, 2; 0, n; ξ2) +Q(1, 3; 0, n; ξ2))

+ 6Q(1; 0)
2∑
i=1

Q(1, 1, 1; 0, ni, n1 + n2; ξ2)− 6
2∑
i=1

Q(2, 1, 1; 0, ni, n1 + n2; ξ2)

− 6
2∑
i=1

Q(1, 2, 1; 0, ni, n1 + n2; ξ2)− 6
2∑
i=1

Q(1, 1, 2; 0, ni, n1 + n2; ξ2)
]
. (3.91)

While the first five lines contain generalized terms appearing in the U(4) 2-point func-
tion (3.78), the last two lines are particular terms for the U(4) 3-point function. The
correlator (3.91) also can be written as multiple series

〈Wn1Wn2W−n1−n2〉U(4) =

 ∑
p1,p2,p3,p4∈Z

(1) +
∑

p1,p2,p3,p4∈Z

(2) +
∑

p1,p2,p3,p4∈Z

(3)


× ξ−p1−p2−p3−p4+8

(1− ξ2qp1)(1− ξ2qp2)(1− ξ2qp3)(1− ξ2qp4) , (3.92)

where ∑
p1,p2,p3,p4∈Z

(1) = −4
∑

p1,p2,p3,p4∈Z
p1<p2<p3<p4

(3.93)

is the sum producing a scalar multiple of the U(4) Schur index,∑
p1,p2,p3,p4∈Z

(2) =

1
2

2∑
i=1

∑
p1,p2,p3,p4∈Z
p4=p3+ni

+1
2

∑
p1,p2,p3,p4∈Z
p4=p3+n1+n2

−1
2

2∑
i=1

∑
p1,p2,p3,p4∈Z

p2=p1,p4=p3+ni

−1
2

∑
p1,p2,p3,p4∈Z

p2=p1,p4=p3+n1+n2

−
2∑
i=1

∑
p1,p2,p3,p4∈Z

p3=p2,p4=p2+ni

−
∑

p1,p2,p3,p4∈Z
p3=p2,p4=p2+n1+n2

−
2∑
i=1

∑
p1,p2,p3,p4∈Z

p3=p2+ni,p4=p2+ni

−
∑

p1,p2,p3,p4∈Z
p3=p2+n1+n2,p4=p2+n1+n2
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+
2∑
i=1

∑
p1,p2,p3,p4∈Z

p2=p1,p3=p1,p4=p1+ni

+
∑

p1,p2,p3,p4∈Z
p2=p1,p3=p1,p4=p1+n1+n2

+
2∑
i=1

∑
p1,p2,p3,p4∈Z

p2=p1,p3=p1+ni,p4=p1+ni

+
∑

p1,p2,p3,p4∈Z
p2=p1,p3=p1+n1+n2,p4=p1+n1+n2

+
2∑
i=1

∑
p1,p2,p3,p4∈Z

p2=p1+ni,p3=p1+ni,p4=p1+ni

+
∑

p1,p2,p3,p4∈Z
p2=p1+n1+n2,p3=p1+n1+n2,p4=p1+n1+n2

(3.94)

is the sum appearing in the U(4) 2-point function and

∑
p1,p2,p3,p4∈Z

(3) =
[
−

2∑
i=1

∑
p1,p2,p3,p4∈Z

p3=p2+ni,p4=p2+n1+n2

+
2∑
i=1

( ∑
p1,p2,p3,p4∈Z

p2=p1,p3=p1+ni,p4=p1+n1+n2

+
∑

p1,p2,p3,p4∈Z
p2=p1+ni,p3=p1+ni,p4=p1+n1+n2

+
∑

p1,p2,p3,p4∈Z
p2=p1+ni,p3=p1+n1+n2,p4=p1+n1+n2

)]
(3.95)

is the sum characterizing the U(4) 3-point function.
The expression (3.91) is reducible in that it contains the terms as a scalar multiple of

the U(4) Schur index and that of the U(4) 2-point function. We find that

〈Wn1Wn2W−n1−n2〉U(4)

= −8IU(4) +
2∑
i=1
〈WniW−ni〉U(4) + 〈Wn1+n2W−n1−n2〉U(4)

+ ξ8
2∑
i=1

[
−Q(1; 0; ξ2)Q(1, 1, 1; 0, ni, n1 + n2; ξ2) +Q(2, 1, 1; 0, ni, n1 + n2; ξ2)

+Q(1, 2, 1; 0, ni, n1 + n2; ξ2) +Q(1, 1, 2; 0, ni, n1 + n2; ξ2)
]
. (3.96)

By setting u = ξ, we get

〈Wn1Wn2W−n1−n2〉U(4)

= −8IU(4) +
2∑
i=1
〈WniW−ni〉U(4) + 〈Wn1+n2W−n1−n2〉U(4)

+ ξ8 θ(ξ)
θ(ξ3)

2∑
i=1

[
Q(2, 1, 1; 0, ni, n1 + n2; ξ) +Q(1, 2, 1; 0, ni, n1 + n2; ξ)

+Q(1, 1, 2; 0, ni, n1 + n2; ξ)
]
. (3.97)

To express the 3-point function (3.97) in terms of the twisted Weierstrass function, it suffices
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to rewrite the irreducible part as

ξ8 θ(ξ)
θ(ξ3)

2∑
i=1

[
Q(2, 1, 1; 0, ni, n1 + n2; ξ) +Q(1, 2, 1; 0, ni, n1 + n2; ξ)

+Q(1, 1, 2; 0, ni, n1 + n2; ξ)
]

=
[∑
±

2∑
i=1

(±ni)q,ξ(±n1 ± n2)q,ξ +
∑
i 6=j

(−ni)q,ξ(nj)q,ξ
]
P2

[
qξ4

1

]
(ζ, τ)

+
[∑
±

2∑
i=1

(±ni)q,ξ(±n1 ± n2)q,ξ
{
−(qξ)±ni±(n1+n2)c

(3)
1,±(±ni)q,ξ(±n1 ± n2)q,ξ

+ (±ni)q,ξ + (±n1 ± n2)q,ξ
}

+
∑
i 6=j

(−ni)q,ξ(nj)q,ξ
{
−(qξ)−ni+njc(3)

2 (−ni)q,ξ(nj)q,ξ

+ (−ni)q,ξ + (nj)q,ξ
}]
P1

[
ξ4

1

]
(ζ, τ), (3.98)

where

c
(3)
1,± = (2− q∓ni − q∓n1∓n2), c

(3)
2 = (2− qni − q−ni). (3.99)

3.3.7 U(2) 4-point functions

The 4-point function of the Wilson line operators of charges n1, n2, n3 and n4 is allowed
when the condition n1 + n2 + n3 + n4 = 0 holds. So we write n4 = −n1 − n2 − n3.

The 4-point function of the charged Wilson line operators for N = 2∗ U(2) SYM theory
can be obtained from the two spectral zeta functions ZE/H1 (n1, n2, n3) and ZE/H2 (n1, n2, n3).
With u = ξ it is given by

〈Wn1Wn2Wn3W−n1−n2−n3〉U(2) = −ξ2
[
Q(1; 0; ξ)2 −Q(2; 0; ξ)

−
3∑
i=1

Q(1, 1; 0, ni; ξ)−
∑
i<j

Q(1, 1; 0, ni + nj ; ξ)−Q(1, 1; 0, n1 + n2 + n3; ξ)
]

= ξ2
[
Q(2; 0; ξ) +

3∑
i=1

Q(1, 1; 0, ni; ξ) +
∑
i<j

Q(1, 1; 0, ni + nj ; ξ)

+Q(1, 1; 0, n1 + n2 + n3; ξ)
]
. (3.100)

This is consistent with the relation (2.27) where it is expressible in terms of the U(2) Schur
index and the 2-point functions. We can also write it as

〈Wn1Wn2Wn3W−n1−n2−n3〉U(2)

=
(
−2

∑
p1,p2∈Z
p1<p2

+
2∑
i=1

∑
p1,p2∈Z
p2=p1+ni

+
∑
i>j

∑
p1,p2∈Z

p2=p1+ni+nj

+
∑

p1,p2∈Z
p2=p1+n1+n2+n3

)

× ξ−p1−p2+2

(1− ξqp1)(1− ξqp2) , (3.101)

where the first sum leads to 2IU(2) and the others produce the U(2) 2-point functions.
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3.3.8 U(3) 4-point functions

For N = 2∗ U(3) SYM theory, the 4-point function is given by the three spectral zeta
functions ZE/H1 (n1, n2, n3), ZE/H2 (n1, n2, n3) and ZE/H3 (n1, n2, n3). Setting u = ξ

3
2 , we get

the 4-point function for N = 2∗ U(3) SYM

〈Wn1Wn2Wn3W−n1−n2−n3〉U(3) (3.102)

= ξ
9
2

2
[
Q(1;0;ξ 3

2 )3−3Q(1;0;ξ 3
2 )Q(2;0;ξ 3

2 )+2Q(3;0;ξ 3
2 )

−2Q(1;0;ξ 3
2 )

3∑
i=1

Q(1,1;0,ni;ξ
3
2 )−2Q(1;0;ξ 3

2 )
∑
i<j

Q(1,1;0,ni+nj ;ξ
3
2 )

−2Q(1;0;ξ 3
2 )Q(1,1;0,n1+n2+n3;ξ 3

2 )+2
3∑
i=1

Q(2,1;0,ni;ξ
3
2 )+2

∑
i<j

Q(2,1;0,ni+nj ;ξ
3
2 )

+2Q(2,1;0,n1+n2+n3;ξ 3
2 )+2

3∑
i=1

Q(1,2;0,ni;ξ
3
2 )+2

∑
i<j

Q(1,2;0,ni+nj ;ξ
3
2 )

+2Q(1,2;0,n1+n2+n3;ξ 3
2 )+2

3∑
i=1

∑
j 6=i

Q(1,1,1;0,ni,ni+nj ;ξ
3
2 )

+2
3∑
i=1

Q(1,1,1;0,ni,n1+n2+n3;ξ 3
2 )+2

∑
i<j

Q(1,1,1;0,ni+nj ,n1+n2+n3;ξ 3
2 )
]
.

This can be rewritten in terms of the U(3) Schur index, the 2- and 3-point functions as (2.30).
It is given by the multiple series

〈Wn1Wn2Wn3W−n1−n2−n3〉U(3)

=

 ∑
p1,p2,p3∈Z

(1) +
∑

p1,p2,p3∈Z

(2) +
∑

p1,p2,p3∈Z

(3)
 ξ−p1−p2−p3+ 9

2

(1− ξ 3
2 qp1)(1− ξ 3

2 qp2)(1− ξ 3
2 qp3)

, (3.103)

where the first sum ∑
p1,p2,p3∈Z

(1) = −3
∑

p1,p2,p3∈Z
p1<p2<p3

(3.104)

generates a scalar multiple of the U(3) Schur index, the second

∑
p1,p2,p3∈Z

(2) =
( 3∑
i=1

∑
p1,p2,p3∈Z
p3=p2=ni

+
∑
i<j

∑
p1,p2,p3∈Z

p3=p2+ni+nj

+
∑

p1,p2,p3∈Z
p3=p2+n1+n2+n3

(3.105)

−
3∑
i=1

∑
p1,p2,p3∈Z

p2=p1,p3=p1+ni

−
∑
i<j

∑
p1,p2,p3∈Z

p2=p1,p3=p1+ni+nj

−
∑

p1,p2,p3∈Z
p2=p1,p3=p1+n1+n2+n3

−
3∑
i=1

∑
p1,p2,p3∈Z

p2=p1+ni,p3=p1+ni

−
∑
i<j

∑
p1,p2,p3∈Z

p2=p1+ni+nj ,p3=p1+ni+nj

−
∑

p1,p2,p3∈Z
p2=p1+n1+n2+n3,p3=p1+n1+n2+n3

)
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yields the U(3) 2-point functions and the third

∑
p1,p2,p3∈Z

(3) =
3∑
i=1

∑
j 6=i

∑
p1,p2,p3∈Z

p2=p1+ni,p3=p1+ni+nj

+
∑
i<j

∑
p1,p2,p3∈Z

p2=p1+ni,p3=p1+n1+n2+n3

+
∑
i<j

∑
p1,p2,p3∈Z

p2=p1+ni+nj ,p3=p1+n1+n2+n3

(3.106)

gives rise to the U(3) 3-point functions.

3.3.9 U(4) 4-point functions

Similarly, the closed-form expression for the 4-point function for N = 2∗ U(4) can be found
by collecting the four spectral zeta functions. When we set u to ξ2,

〈Wn1Wn2Wn3W−n1−n2−n3〉U(4)

= 24IU(4)+
3∑
i=1
〈WniW−ni〉U(4)+

∑
i<j

〈Wni+njW−ni−nj 〉U(4)+〈Wn1+n2+n3W−n1−n2−n3〉U(4)

+
∑
i<j

〈WniWnjW−ni−nj 〉U(4)+
3∑
i=1

∑
j1 6=i,j2 6=i
j1<j2

〈WniWnj1+nj2W−n1−n2−n3〉U(4)

+ξ8
3∑
i=1

∑
j 6=i

Q(1,1,1,1;0,ni,ni+nj ,n1+n2+n3;ξ2), (3.107)

where the irreducible parts of the 3-point functions are defined by (2.31). The irreducible
part of the U(4) 4-point function

ξ8
3∑
i=1

∑
j 6=i

Q(1, 1, 1, 1; 0, ni, ni + nj , n1 + n2 + n3; ξ2)

=
∑

p1,p2,p3,p4∈Z
p2=p1+ni,p3=p1+ni+nj ,

p4=p1+n1+n2+n3

ξ−p1−p2−p3−p4+8

(1− ξ2qp1)(1− ξ2qp2)(1− ξ2qp3)(1− ξ2qp4) , (3.108)

which is given by the multiple Kronecker theta series can be written as

3∑
i=1

∑
j 6=i

[
−(ni)q,ξ(ni + nj)q,ξ(n1 + n2 + n3)q,ξ

(2ni + nj + n1 + n2 + n3)qξ2,1

+ (qξ2)ni (ni)q,ξ(nj)q,ξ(n1 + n2 + n3 − ni)q,ξ
(n1 + n2 + n3 − 2ni + nj)qξ2,1

]
P1

[
ξ4

1

]
(2ζ, τ) (3.109)

in terms of the twisted Weierstrass function.
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3.4 Antisymmetric Wilson line correlators

While the correlation functions of the Wilson line operators in the antisymmetric and
symmetric representations are given by those of the charged Wilson line operators by using
Newton’s identities, we can also obtain them from the spectral zeta functions. From the
generating function (3.9) the 2-point functions of the Wilson line operators in the rank-m
antisymmetric representation and in its conjugate representation can be also obtained by
reading off the coefficients of the terms with sm1 sm2 .

For N = 2∗ U(1) and U(2) SYM theory there is no non-trivial 2-point functions of the
Wilson line operators in the antisymmetric representation. We have

〈W(12)W(12)〉
U(2) = IU(2), (3.110)

and

〈W(12)W(12)〉
U(3) = 〈W1W−1〉U(3). (3.111)

3.4.1 U(4) 2-point function

The non-trivial 2-point function of the Wilson line operators in the rank-2 antisymmetric
representation appears for N = 2∗ U(4) SYM. Substituting the spectral zeta functions
ZE1 (n), ZE2 (n), ZE3 (n) and ZE4 (n) into (3.58), reading off the coefficients of the terms with
s2

1s
2
2 and setting u to ξ2, we obtain

〈W(12)W(12)〉
U(4)

= −ξ
8

4
[
Q(1; 0; ξ2)4 − 6Q(1; 0; ξ2)2Q(2; 0; ξ2)

+ 3Q(2; 0; ξ2)2 + 8Q(1; 0; ξ2)Q(3; 0; ξ2)− 6Q(4; 0; ξ2)
− 4Q(1; 0; ξ2)2Q(1, 1; 0, 1; ξ2) + 4Q(2; 0; ξ2)Q(1, 1; 0, 1; ξ2) + 2Q(1, 1; 0, 1; ξ2)2

+ 8Q(1; 0; ξ2)Q(2, 1; 0, 1; ξ2) + 8Q(1; 0; ξ2)Q(1, 2; 0, 1; ξ2)

− 8Q(1, 3; 0, 1; ξ2)− 8Q(3, 1; 0, 1; ξ2)− 10Q(2, 2; 0, 1; ξ2)− 4Q(1, 2, 1; 0, 1, 2; ξ2)
]
.

(3.112)
The expression (3.112) contains the U(4) Schur index and the U(4) 2-point function of the
Wilson line operators in the fundamental representation. It can be rewritten as

〈W(12)W(12)〉
U(4) = −2IU(4) + 2〈W1W−1〉U(4)

− ξ8

2
[
−Q(2, 2; 0, 1; ξ2)− 2Q(1, 2, 1; 0, 1, 2; ξ2)

]
, (3.113)

where we have eliminated the term involving Q(1, 1; 0, 1; ξ2) as it vanishes for u = ξ2.
We eventually get

〈W(12)W(12)〉
U(4)

= −2IU(4) + 2〈W1W−1〉U(4)

+ ξ8

2

[
ξ−2 (1)2

q,ξ

(1)2
qξ2,1

P2

[
qξ4

1

]
(2ζ, τ) + 2

{
qξ

(1)3
q,ξ

(1)qξ4,1
+ q(1)2

q,1 −
(1)2

q,ξ(2)q,ξ
(4)qξ2,1

}
P1

[
ξ4

1

]
(2ζ, τ)

]
.

(3.114)
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Equivalently,

〈W(12)W(12)〉
U(4) (3.115)

= −2IU(4) + 2〈W1W−1〉U(4)

+ ξ4

2

[
(1− qξ2)2

(1− q)2 P2

[
qξ4

1

]
(2ζ, τ)− 2(1− q2ξ2)(1− qξ2)(1− qξ4)

(1− q)3(1 + q) P1

[
ξ4

1

]
(2ζ, τ)

]
.

Note that this can be also obtained from the relation (2.16) and the previous results for the
2-, 3- and 4-point functions. Under S-duality the U(4) Wilson line operator in the rank-2
antisymmetric representation is expected to map to the U(4) ’t Hooft line operator TB of
magnetic charge B = (12, 0, 0). So the expression (3.114) or (3.115) should also be equal to
the dual 2-point function [10]

〈T(12,0,0)T(12,0,0)〉
U(4)(ξ; q)

= 1
2 · 2

(q)8
∞

(ξ−1; q)4
∞(qξ; q)4

∞

∮ 4∏
i=1

dσi
2πiσi

(σ±1 σ∓2 ; q)∞(qσ±1 σ∓2 ; q)∞
(qξσ±1 σ∓2 )∞(ξ−1σ±1 σ

∓
2 )∞

× (σ±3 σ∓4 ; q)∞(qσ±3 σ∓4 ; q)∞
(qξσ±3 σ∓4 )∞(ξ−1σ±3 σ

∓
4 )∞

2∏
i=1

4∏
j=3

(q 1
2σ±i σ

∓
j ; q)∞(q 3

2σ±i σ
∓
j ; q)∞

(q 3
2 ξσ±i σ

∓
j )∞(q 1

2 ξ−1σ±i σ
∓
j )∞

. (3.116)

While we have checked that they coincide by expanding the two expressions, it would be
interesting to analytically prove the equality.

3.4.2 U(5) 2-point function

For N = 2∗ U(5) SYM the 2-point function of the Wilson line operators in the rank-2
representation and its conjugate representation can be obtained from the five spectral zeta
functions (3.41)–(3.45). With u = ξ

5
2 we get

〈W(12)W(12)〉
U(5) = −5IU(5) + 3〈W1W−1〉U(5) + ξ

5
2

2

[
Q(1; 0; ξ

5
2 )Q(1, 1; 0, 1; ξ

5
2 )2

− 2Q(1, 1; 0, 1; ξ
5
2 )Q(1, 2; 0, 1; ξ

5
2 )− 2Q(1; 0; ξ

5
2 )Q(1, 2, 1; 0, 1, 2; ξ

5
2 )

+ 2Q(1, 2, 2; 0, 1, 2; ξ
5
2 ) + 4Q(1, 3, 1; 0, 1, 2; ξ

5
2 )

− 2Q(1, 1; 0, 1; ξ
5
2 )Q(2, 1; 0, 1; ξ

5
2 )−Q(1, 0; ξ

5
2 )Q(2, 2; 0, 1; ξ

5
2 )

+ 2Q(2, 2, 1; 0, 1, 2; ξ
5
2 ) + 2Q(2, 3; 0, 1; ξ

5
2 ) + 2Q(3, 2; 0, 1; ξ

5
2 )
]
,

(3.117)
where

IU(5) = ξ
25
2

12

[
Q(1; 0; ξ

5
2 )5 − 10Q(1; 0; ξ

5
2 )3Q(2; 0; ξ

5
2 )

+ 15Q(1; 0; ξ
5
2 )Q(2; 0; ξ

5
2 )2 + 20Q(1; 0; ξ

5
2 )2Q(3; 0; ξ

5
2 )

− 20Q(2; 0; ξ
5
2 )Q(3; 0; ξ

5
2 )− 30Q(1; 0; ξ

5
2 )Q(4; 0; ξ

5
2 ) + 24Q(5; 0; ξ

5
2 )
]

(3.118)
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is the U(5) Schur index and

〈W1W−1〉U(5) = 5IU(5) + ξ
5
2

2

[
−Q(1; 0; ξ

5
2 )3Q(1, 1; 0, 1; ξ

5
2 ) + 3Q(1; 0; ξ

5
2 )2Q(1, 2; 0, 1; ξ

5
2 )

− 6Q(1; 0; ξ
5
2 )Q(1, 3; 0, 1; ξ

5
2 ) + 4Q(1, 3, 1; 0, 1, 2; ξ

5
2 ) + 6Q(1, 4; 0, 1; ξ

5
2 )

+ 3Q(1; 0; ξ
5
2 )Q(1, 1; 0, 1; ξ

5
2 )Q(2; 0; ξ

5
2 )− 3Q(1, 2; 0, 1; ξ

5
2 )Q(2; 0; ξ

5
2 )

+ 3Q(1; 0; ξ
5
2 )2Q(2, 1; 0, 1; ξ

5
2 )
]

(3.119)

is the U(5) 2-point function of the fundamental Wilson line operators.

3.5 Symmetric Wilson line correlators

One can also find the 2-point functions of the Wilson line operators in the rank-m symmetric
representation and its conjugate representation by extracting the coefficients associated with
the terms of sm1 sm2 from the generating function (3.10). As opposed to the antisymmetric
Wilson line operators, the rank m of the representation can be larger than the rank N of
the gauge group.

3.5.1 U(2) 2-point function

For N = 2∗ U(2) SYM theory we set u = ξ. Substituting the spectral zeta functions ZH1 (n)
and ZH2 (n) into (3.58), we obtain from the coefficients of the terms with sm1 sm2 the 2-point
function of the U(2) 2-point function of the Wilson line operators in the rank-m symmetric
representation

〈W(m)W(m)〉
U(2)

= ξ2

2
[
(m+ 1)Q(2; 0; ξ) +

m∑
m1=1

2(m−m1 + 1)Q(1, 1; 0,m1; ξ)
]
. (3.120)

This can be rewritten as

〈W(m)W(m)〉
U(2)

= (m+ 1)IU(2) − ξ2
m∑

m1=1
(m−m1 + 1)q

m1
2 ξm1 − q−

m1
2 ξ−m1

q
m1

2 − q−
m1

2
P1

[
ξ2

1

]
(ζ, τ). (3.121)

It follows from the relation of symmetric functions that

〈W(m)W(m)〉
U(2)

= (1−m2)IU(2) +
m∑

m1=1
(m−m1 + 1)〈Wm1W−m1〉U(2). (3.122)

This is consistent with the formula (3.66) for the U(2) 2-point function of the charged
Wilson line operators.
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When we take the unflavored limit ξ → q−1/2, the 2-point function (3.120) in the large
m limit coincides with

〈W(m=∞)W(m=∞)〉
U(2) =

∑
n>0

n2q
n−1

2

1− qn

= 1 + 4q1/2 + 10q + 16q3/2 + 26q2 + 40q5/2 + 50q3

+ 64q7/2 + 91q4 + 104q9/2 + 122q5 + · · · , (3.123)

which is the generating function for the sum of squares of divisors d of n for which n/d
is odd.

3.5.2 U(3) 2-point function

Next consider the 2-point function of the rank-m symmetric Wilson line operators for
N = 2∗ U(3) SYM theory. It can be constructed from the three spectral zeta functions
ZH1 (n), ZH2 (n) and ZH3 (n). If we set u to ξ 3

2 , we obtain

〈W(m)W(m)〉
U(3)

= ξ
9
2

6
[(m+ 1)(m+ 2)

2
(
Q(1; 0; ξ

3
2 )3 − 3Q(1; 0; ξ

3
2 )Q(2; 0; ξ

3
2 ) + 2Q(3; 0; ξ

3
2 )
)

+
m∑

m1=1
3(m−m1 + 1)(m−m1 + 2)

× {−Q(1; 0; ξ
3
2 )Q(1, 1; 0,m1; ξ

3
2 ) +Q(2, 1; 0,m1; ξ

3
2 ) +Q(1, 2; 0,m1; ξ

3
2 )}

+
m∑

m1=2

∑
0<m2<m1

6(m−m1 + 1)(m−m1 + 2)Q(1, 1, 1; 0,m2,m1; ξ
3
2 )
]
. (3.124)

This can be expressed as

〈W(m)W(m)〉
U(3)

= −
(
m+ 2

2

)(
m+ 1

1

)
IU(3) + 1

2

m∑
m1=1

(m−m1 + 1)(m−m1 + 2)〈Wm1W−m1〉U(3)

+ ξ
9
2

m∑
m1=2

∑
0<m2<m1

(m−m1 + 1)(m−m1 + 2)Q(1, 1, 1; 0,m2,m1; ξ
3
2 ). (3.125)

4 Grand canonical correlators

We consider the Wilson line correlation functions in the grand canonical ensemble. We define
the normalized grand canonical Schur correlation function of the Wilson line operators by

〈WR1 · · ·WRk〉
GC(u;µ; ξ; q)

:= 1
Ξ(u;µ; ξ; q)

∞∑
N=1

(−1)Nξ−N2/2 θ(uξ−N ; q)
θ(u; q) 〈WR1 · · ·WRk〉

U(N)(ξ; q)µN

= 1
Ξ(u;µ; ξ; q)

∞∑
N=1

∮
|σi|=1

N∏
i=1

dσi
2πiσi

det
i,j
F

(
σi
σj
ξ−1, u; q

)
k∏
j=1

χRj (σ)

µN , (4.1)
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where

Ξ(µ;u; ξ; q) =
∞∑
N=0
Z(N ;u; ξ; q)µN

=
∏
p∈Z

1− uqp − µξ−p
1− uqp (4.2)

is the grand canonical partition function of the Fermi-gas.
The grand canonical correlation function (4.1) and the partition function (4.2) are

invariant under the following transformation:

ξ → q−1ξ−1,

u→ u−1,

µ→ −u−1µ, (4.3)

which extends the transformation (3.3). This transformation turns out to be useful to
deform the expressions of the grand canonical correlators.

For the modified density matrix (3.11) or (3.12), we introduce a function

G(n1,n2,··· ,nk)
E/H (µ; {sj};u; ξ; q) =

det(1 + µρ
(n1,n2,··· ,nk)
E/H )

det(1 + µρ0) , (4.4)

where the functions

Ξ(n1,··· ,nk)
E/H := det(1 + µρ

(n1,··· ,nk)
E/H ) =

∞∑
N=1
Z{nj}E/Hµ

N (4.5)

appearing in the numerator are the grand canonical partition functions which applies to the
grand canonical ensembles of the Fermi-gas systems whose canonical partition functions are
given by (3.9) and (3.10). Analogous to (3.9) and (3.10), the function (4.4) can be regarded
as a generating function for the normalized grand canonical correlation functions (4.1) by
reading off the coefficients of the terms with equal powers of sj with j = 1, · · · , k.

We can write (4.4) as

G(n1,n2,··· ,nk)
E/H (µ; {sj};u; ξ; q) = det(1 + X (n1,n2,··· ,nk)

E/H %(p))

= exp
[ ∞∑
m=1

(−1)m+1

m
Tr(X (n1,n2,··· ,nk)

E/H (σ)%(p))m
]
, (4.6)

where

X (n1,n2,··· ,nk)
E (σ) =

k∏
j=1

(1 + sjσ
nj )− 1 (4.7)

and

X (n1,n2,··· ,nk)
H (σ) =

k∏
j=1

1
1− sjσnj

− 1 (4.8)
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are the position-dependent operators and

%(p) = µρ0
1 + µρ0

= −µξ−p

1− uqp − µξ−p (4.9)

is the momentum-dependent operator. Then a further analysis follow exactly the same
line as the discussion in section 3.1. The normalized grand canonical correlation func-
tions can be obtained by expanding (4.6) and evaluating the normal ordered operators
(X (n1,n2,··· ,nk)

E/H (σ)%(p)) and their traces.

4.1 Generating functions for multiple Kronecker theta series

Again it is useful to observe the relation (3.33) and to define a function

R({ni};µ;u; ξ; q) :=
∑
p∈Z

(−µ)kξ−kp−
∑k

i=1 ni∏k
i=1(1− uqp+ni − µξ−p−ni)

(4.10)

in the calculation of the traces of the normal ordered operators. Under (4.3) the func-
tion (4.10) transforms as

R({ni};−u−1µ;u−1; q−1ξ−1; q) = R({−ni};µ;u; ξ; q). (4.11)

As we will see, the functions (4.10) show up in the exact expression of the normalized
grand canonical correlators as building blocks since they are generating functions for the
multiple Kronecker theta series (3.15)

R(n1, · · · , nk;µ;u; ξ; q)
= (−1)k

∑
m1≥1

· · ·
∑
mk≥1

Q(m1, · · · ,mk;n1, · · · , nk;u; ξ; q)(−µ)m1+···+mk . (4.12)

The simplest example is

R(0;µ;u; ξ; q) =
∑
p∈Z

−µξ−p

1− uqp − µξ−p . (4.13)

The function (4.13) is invariant under the transformation (4.3). It is a generating function
for the spectral zeta function Zl(u; ξ; q) or Q(l; 0;u; ξ; q) given by (3.16)

R(0;µ;u; ξ; q) = −
∞∑
l=1

Zl(u; ξ; q)(−µ)l

= −
∞∑
l=1

Q(l; 0;u; ξ; q)(−µ)l. (4.14)

4.2 Closed-form formula

The normalized grand canonical correlation functions of the Wilson line operators of fixed
charges can be obtained from either G(n1,··· ,nk)

E or G(n1,··· ,nk)
H by finding the coefficients of

the term with ∏j sj .
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4.2.1 2-point functions

In terms of the function (4.10) we can express the traces of the normal ordered operators
(X (n,−n)

E %)m. It is convenient to abbreviate (4.10) as R({ni}) = R({ni};µ;u; ξ; q). We have

Tr(X (n,−n)
E %) = s1s2R(0), (4.15)

Tr(X (n,−n)
E %)2 = 2s1s2R(0, n) + s2

1s
2
2R(0, 0), (4.16)

Tr(X (n,−n)
E %)3 = 3s2

1s
2
2

(
R(0, 0, n) +R(0, n, n)

)
+ s3

1s
3
2R(0, 0, 0), (4.17)

Tr(X (n,−n)
E %)4 = 2s2

1s
2
2

(
R(0, 0, n, n) + 2R(0, n, n, 2n)

)
+ 4s3

1s
3
2

(
R(0, 0, 0, n) +R(0, 0, n, n) +R(0, n, n, n)

)
+ s4

1s
4
2R(0, 0, 0, 0), (4.18)

Tr(X (n,−n)
E %)5 = 5s3

1s
3
2

(
R(0, 0, 0, n, n) +R(0, 0, n, n, n) +R(0, 0, n, n, 2n)

+ 2R(0, n, n, n, 2n) +R(0, n, n, 2n, 2n)
)

+ 5s4
1s

4
2

(
R(0, 0, 0, 0, n) +R(0, 0, 0, n, n)

+R(0, 0, n, n, n) +R(0, n, n, n, n)
)

+ s5
1s

5
2R(0, 0, 0, 0, 0), (4.19)

Tr(X (n,−n)
E %)6 = 2s3

1s
3
2

(
R(0, 0, 0, n, n, n) + 3R(0, 0, n, n, n, 2n)

+ 3R(0, n, n, n, 2n, 2n) + 3R(0, n, n, 2n, 2n, 3n)
)

+ 3s4
1s

4
2

(
3R(0, 0, 0, 0, n, n) + 4R(0, 0, 0, n, n, n)

+ 3R(0, 0, n, n, n, n) + 2R(0, 0, 0, n, n, 2n)
+ 4R(0, 0, n, n, n, 2n) + 6R(0, n, n, n, n, 2n)
+ 2R(0, 0, n, n, 2n, 2n) + 4R(0, n, n, n, 2n, 2n)

+ 2R(0, n, n, 2n, 2n, 2n)
)

+ 6s5
1s

5
2

(
R(0, 0, 0, 0, 0, n) +R(0, 0, 0, 0, n, n)

+R(0, 0, 0, n, n, n) +R(0, 0, n, n, n, n) +R(0, n, n, n, n, n)
)
. (4.20)

The normalized grand canonical 2-point function of the Wilson line operators of charges
±n is obtained from the terms with s1s2. These terms only appear from (4.15) and (4.16).
Plugging them into (4.6), we obtain the normalized grand canonical 2-point function of the
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Wilson line operators of charges ±n

〈WnW−n〉GC = R(0)−R(0, n)

= −
∑
p∈Z

[
µξ−p

1− uqp − µξ−p + µ2ξ−2p−n

(1− uqp − µξ−p)(1− uqp+n − µξ−p−n)

]

= −
∑
p∈Z

µξ−p(1− uqp+n)
(1− uqp − µξ−p)(1− uqp+n − µξ−p−n) . (4.21)

From (4.12) it can be also expressed as

〈WnW−n〉GC

= −
∑
m≥1

Q(m; 0)(−µ)m −
∑

m1,m2≥1
Q(m1,m2; 0, n)(−µ)m1+m2 . (4.22)

By multiplying the normalized grand canonical 2-point function (4.22) by the grand canonical
partition function Ξ(µ;u; ξ; q) and expanding (4.21) in powers of µ, we can rederive the
previous exact expressions of the canonical 2-point functions of the charged Wilson line
operators.

By using the transformation (4.3), the grand canonical 2-point function (4.21) can be
also written as

〈WnW−n〉GC = −
∑
p∈Z

µξ−p(1− uqp−n)
(1− uqp − µξ−p)(1− uqp−n − µξ−p+n)

= −
∑
p∈Z

µξ−p−n(1− uqp)
(1− uqp − µξ−p)(1− uqp+n − µξ−p−n) , (4.23)

where in the second line we have shifted the integer p → p+ n. Multiplying (4.21) by ξ−n
and subtracting it by (4.23), we find

〈WnW−n〉GC = − 1− qn
1− ξ−n

∑
p∈Z

uµqpξ−p−n

(1− uqp − µξp)(1− uqp+n − µξ−p−n) . (4.24)

4.2.2 3-point functions

While there are two relevant traces for the normalized grand canonical 2-point function of
the charged Wilson line operators, there are three relevant traces for the 3-point functions.
They are given by

Tr(X (n1,n2,−n1−n2)
E %) = s1s2s3R(0), (4.25)

Tr(X (n1,n2,−n1−n2)
E %)2 = 2s1s2s3

(
R(0, n1, n1 + n2) +R(0, n2, n1 + n2)

)
+ s2

1s
2
2s

2
3R(0, 0),

(4.26)

Tr(X (n1,n2,−n1−n2)
E %)3 = 3s1s2s3

(
R(0, n1, n1 + n2) +R(0, n2, n1 + n2)

)
+ 3s2

1s
2
2s

2
3

(
R(0, 0, n1) +R(0, n1, n1) +R(0, 0, n2) +R(0, n2, n2)

+R(0, 0, n1 + n2) +R(0, n1 + n2, n1 + n2)

+R(0, n1, n1 + n2) +R(0, n2, n1 + n2)
)

+ s3
1s

3
2s

3
3R(0, 0, 0).

(4.27)
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Substituting (4.25)–(4.27) into (4.6) and extracting the terms with s1s2s3, we can get the
normalized grand canonical 3-point function of the Wilson line operators with charges n1,
n2 and −n1 − n2.

We find

〈Wn1Wn2W−n1−n2〉GC

= R(0)−R(0, n1)−R(0, n2)−R(0, n1 + n2)
+R(0, n1, n1 + n2) +R(0, n2, n1 + n2).

= −
∑
p∈Z

[
µξ−p

1− uqp − µξ−p +
3∑
i=1

µ2ξ−2p−ni

(1− uqp − µξ−p)(1− uqp+ni − µξ−p−ni)

+
2∑
i=1

µ3ξ−3p−ni−n1−n2

(1− uqp − µξ−p)(1− uqp+ni − µξ−p−ni)(1− uqp+n1+n2 − µξ−p−n1−n2)

]
, (4.28)

where n3 = −n1 − n2. In terms of the multiple Kronecker theta series (3.15) it is given by

〈Wn1Wn2W−n1−n2〉GC

=−
∑
m≥1

Q(m;0)(−µ)m−
∑

m1,m2≥0

[ 2∑
i=1

Q(m1,m2;0,ni)+Q(m1,m2;0,n1+n2)
]
(−µ)m1+m2

−
∑

m1,m2,m3≥0

2∑
i=1

Q(m1,m2,m3;0,ni,n1+n2)(−µ)m1+m2+m3 . (4.29)

All the canonical 3-point functions of the charged Wilson line operators can be obtained by
multiplying the normalized grand canonical 3-point function (4.29) by the grand canonical
partition function (4.2) and expanding (4.28) in powers of µ.

From (4.28) we get

〈Wn1Wn2W−n1−n2〉GC

= −
∑
p∈Z

µξ−p(1− uqp+n1+n2)
[
(1− uqp+n1)(1− uqp+n2)− µ2ξ−2p−n1−n2

]
(1− uqp − µξ−p)∏2

i=1(1− uqp+ni − µξ−p−ni)(1− uqp+n1+n2 − µξ−p−n1−n2)
.

(4.30)

Using the transformation (4.3), it can be written as

〈Wn1Wn2W−n1−n2〉GC

= −
∑
p∈Z

µξ−p−n1−n2(1− uqp)
[
(1− uqp+n1)(1− uqp+n2)− µ2ξ−2p−n1−n2

]
(1− uqp − µξ−p)∏2

i=1(1− uqp+ni − µξ−p−ni)(1− uqp+n1+n2 − µξ−p−n1−n2)
.

(4.31)
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Multiplying (4.30) by ξ−n1−n2 and subtracting it by (4.31), we get

〈Wn1Wn2W−n1−n2〉GC

= µu
(qn1+n2 − 1)

(ξ−n1−n2 − 1)

×
∑
p∈Z

qp+n1+n2ξ−p−n1−n2
[
(1− uqp+n1)(1− uqp+n2)− µ2ξ−2p−n1−n2

]
(1− uqp − µξ−p)∏2

i=1(1− uqp+ni − µξ−p−ni)(1− uqp+n1+n2 − µξ−p−n1−n2)
.

(4.32)

4.2.3 4-point functions

There are four traces which encode the normalized grand canonical 4-point function of the
charged Wilson line operators. Since only the terms with s1s2s3s4 are required to find the
exact expression of these correlation functions, we only show them for simplicity. We get

Tr(X (n1,n2,n3,−n1−n2−n3)
E %)

∣∣∣
s1s2s3s4

= s1s2s3s4R(0), (4.33)

Tr(X (n1,n2,n3,−n1−n2−n3)
E %)2

∣∣∣
s1s2s3s4

= 2s1s2s3s4
(
R(0,n1)+R(0,n2)+R(0,n3)

+R(0,n1+n2)+R(0,n1+n3)

+R(0,n2+n3)+R(0,n1+n2+n3)
)
, (4.34)

Tr(X (n1,n2,n3,−n1−n2−n3)
E %)3

∣∣∣
s1s2s3s4

= 3s1s2s3s4
(
R(0,n1,n1+n2)+R(0,n1,n1+n3)

+R(0,n2,n1+n2)+R(0,n2,n2+n3)
+R(0,n3,n1+n3)+R(0,n3,n2+n3)
+R(0,n1,n1+n2+n3)+R(0,n2,n1+n2+n3)
+R(0,n3,n1+n2+n3)+R(0,n1+n2,n1+n2+n3)
+R(0,n1+n3,n1+n2+n3)

+R(0,n2+n3,n1+n2+n3)
)
, (4.35)

Tr(X (n1,n2,n3,−n1−n2−n3)
E %)4

∣∣∣
s1s2s3s4

= 4s1s2s3s4
(
R(0,n1,n1+n2,n1+n2+n3)

+R(0,n1,n1+n3,n1+n2+n3)
+R(0,n2,n1+n2,n1+n2+n3)
+R(0,n2,n2+n3,n1+n2+n3)
+R(0,n3,n1+n3,n1+n2+n3)

+R(0,n3,n2+n3,n1+n2+n3)
)
. (4.36)

Plugging these traces into (4.6) and reading the terms with s1s2s3s4, one can find the
normalized grand canonical 4-point function of the charged Wilson line operators. It is
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given by

〈Wn1Wn2Wn3W−n1−n2−n3〉GC

= R(0)−
3∑
i=1

R(0, ni)−
∑
i<j

R(0, ni + nj)−R(0, n1 + n2 + n3)

+
3∑
i=1

∑
j 6=i

R(0, ni, ni + nj) +
3∑
i=1

R(0, ni, n1 + n2 + n3)

+
∑
i<j

R(0, ni + nj , n1 + n2 + n3)−
3∑
i=1

∑
j 6=i

R(0, ni, ni + nj , n1 + n2 + n3). (4.37)

In terms of the multiple Kronecker theta series (3.15) we can also write it as

〈Wn1Wn2Wn3W−n1−n2−n3〉GC

=
∑
m≥0

A1(−µ)m +
∑

m1,m2≥0
A2(−µ)m1+m2

= +
∑

m1,m2,m3≥0
A3(−µ)m1+m2+m3 +

∑
m1,m2,m3,m4≥0

A4(−µ)m1+m2+m3+m4 , (4.38)

where

A1 = Q(m; 0), (4.39)

A2 =
3∑
i=1

Q(m1,m2; 0, ni) +
∑
i 6=j

Q(m1,m2; 0, ni + nj) +Q(m1,m2; 0, n1 + n2 + n3),

(4.40)

A3 =
3∑
i=1

∑
j 6=i

Q(m1,m2,m3; 0, ni, ni + nj) +
3∑
i=1

Q(m1,m2,m3; 0, ni, n1 + n2 + n3)

+
∑
i<j

Q(m1,m2,m3; 0, ni + nj , n1 + n2 + n3), (4.41)

A4 =
3∑
i=1

∑
j 6=i

Q(m1,m2,m3,m4; 0, ni, ni + nj , n1 + n2 + n3). (4.42)

4.2.4 k-point functions

It is now straightforward to find the exact expression for the general normalized grand
canonical k-point functions of the charged Wilson line operators by calculating the relevant
traces of the normal ordered operators. We have

〈Wn1Wn2 · · ·Wnk−1W−n1−···−nk−1〉
GC

=R(0)+
k−1∑
j=1

∑
λ=(λ1,··· ,λr)
|λ|=j

∑
{I1,··· ,Ir}

(−1)rR

0,
⊕

i(1)∈I1

ni(1) ,
⊕

i(2)∈I1,I2

ni(2) , · · · ,
⊕

i(r)∈I1,··· ,Ir

ni(r)

 .
(4.43)

Again we have used the notation of the set {I1, · · · , Ir} of integers with cardinality |Ii| = |λi|
for a given partition λ = (λ1, λ2, · · · , λr).

– 42 –



J
H
E
P
0
6
(
2
0
2
3
)
1
6
9

4.2.5 Antisymmetric representations

The normalized grand canonical 2-point function of the Wilson line operators transforming
in the rank-2 antisymmetric representation and its conjugate are associated to the terms
with s2

1s
2
2 in (4.6). They are contained in the traces of (X (n,−n)

E %)l with l = 1, 2, 3, 4, which
are given by (4.15)–(4.18). Inserting them into (4.6) and setting n = 1, we find

〈W(1,1)W(1,1)〉
GC

= −1
2R(0, 0) +R(0, 0, 1) +R(0, 1, 1)− 1

2R(0, 0, 1, 1)−R(0, 1, 1, 2)

+ 1
2(R(0)−R(0, 1))2. (4.44)

For the grand canonical 2-point function of the Wilson line operators transforming in the
rank-3 antisymmetric representation, one needs the traces of (X (n,−n)

E %)l with l = 1, · · · , 6,
which are given by (4.15)–(4.20). We get

〈W(1,1,1)W(1,1,1)〉
GC

=−1
3R(0,0,0,1,1,1)+ 1

3R(0,0,0)+R(0,0,0,1,1)+R(0,0,1,1,1)

−R(0,0,1,1)−R(0,0,0,1)−R(0,1,1,1)−R(0,0,1,1,1,2)−R(0,1,1,1,2,2)
+R(0,0,1,1,2)+R(0,1,1,2,2)+2R(0,1,1,1,2)−R(0,1,1,2,2,3)

+(R(0)−R(0,1))
(
−1

2R(0,0)+R(0,0,1)+R(0,1,1)
)

+ 1
6 (R(0)−R(0,1))3 . (4.45)

4.2.6 Symmetric representations

The normalized grand canonical correlation functions of the Wilson line operators trans-
forming in the symmetric representation are described by the matrix (4.8). The traces of
the normal ordered operators read

Tr(X (n,−n)
H %) =

∞∑
k=1

sk1s
k
2R(0), (4.46)

Tr(X (n,−n)
H %)2 =

∞∑
k=1

sk1s
k
2

[
(k − 1)R(0, 0) +

k∑
l=1

2(k − l + 1)R(0, ln)
]
, (4.47)

Tr(X (n,−n)
H %)3 =

∞∑
k=1

sk1s
k
2

[(k − 1)(k − 2)
2 R(0, 0, 0)

+
k−1∑
l=1

3(k − l)(k − l + 1)
2 (R(0, 0, ln) +R(0, ln, ln))

+
k−1∑
l1=1

l1−1∑
l2=1

3(k − l1)(k − l1 + 1)R(0, l2n, l1n)
]
. (4.48)
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The normalized grand canonical 2-point function of the Wilson line operators in the
rank-2 symmetric representation is given by

〈W(2)W(2)〉
GC

= R(0)− 1
2R(0, 0)− 2R(0, 1)−R(0, 2)

+R(0, 0, 1) +R(0, 1, 1) + 2R(0, 1, 2)− 1
2R(0, 0, 1, 1)−R(0, 1, 1, 2)

+ 1
2(R(0)−R(0, 1))2. (4.49)

4.3 Recursion formula

We observe that the grand canonical partition function (4.4) obeys a differential equation

∂

∂µ
Ξ(µ;u; ξ; q) = R(0;µ;u; ξ; q)Ξ(µ;u; ξ; q). (4.50)

Recalling that R(0;µ;u; ξ; q) is the generating function for the spectral zeta function
Zl(u; ξ; q), we obtain a recursion relation7

Z(N) = 1
N

N∑
l=1

(−1)l+1ZlZ(N − l). (4.51)

For example,

Z(1) = Z1, (4.52)

Z(2) = 1
2(Z1Z(1)− Z2), (4.53)

Z(3) = 1
3(Z1Z(2)− Z2Z(1) + Z3), (4.54)

Z(4) = 1
4(Z1Z(3)− Z2Z(2) + Z3Z(1)− Z4). (4.55)

Also we have the differential equation (4.50) for the Schur line defect correlation functions.
It follows that

∂

∂µ
Ξ(n1,··· ,nk)
E/H =

[
−
∞∑
l=1

Z
E/H
l (n1, · · · , nk)(−µ)l

]
Ξ(n1,··· ,nk)
E/H . (4.56)

This leads to a recursion relation for the canonical partition function of the line defect
correlation function

ZE/H(N){nj} = 1
N

N∑
l=1

(−1)l+1Z
E/H
l ZE/H(N − l){nj}. (4.57)

5 Large N correlators

In this section we study the large N limits of the Schur line defect correlators in N = 4
U(N) SYM theory. They are interesting in the context of the AdS/CFT correspondence [92]

7Similar recursion relations for the unflavored Schur indices have been discussed in [7, 8].
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as they should capture the spectrum of the fundamental string and the excitations around
the D-brane configuration in string theory. The Wilson loop operator in the fundamental
representation for N = 4 U(N) SYM theory is proposed to be dual to a fundamental
string [35, 36] (also see [93–96]). It was argued in [37] that the Wilson loop operators in
higher-dimensional representations would be dual to certain D-brane configurations, as
the D-branes can be viewed as the effective description of multi-string configurations. For
the antisymmetric (resp. symmetric) representations they are conjecturally dual to the
configuration with D5-branes [38–41] (resp. D3-branes [37, 39, 40, 42, 43]).

5.1 Closed-form formula

5.1.1 Charged Wilson lines

For the flavored 2-point function of the Wilson line operators of charges n and −n we find
that the large N limit is simply given by

〈WnW−n〉U(∞) = −n
(n)

q
1
2 t2,1

(n)
q

1
2 t−2,1

(n)q,1
IU(∞)

= n(1− qn)
(1− q n2 t2n)(1− q n2 t−2n)

IU(∞), (5.1)

where IU(∞) is the large N limit of the Schur index of N = 4 U(N) SYM theory [2]

IU(∞) =
∞∏
n=1

1− qn

(1− q n2 t2n)(1− q n2 t−2n)
. (5.2)

We do not have a direct derivation of this expression, but have checked it for various n by
using our exact closed-form expression.

In particular, the flavored 2-point function of the Wilson line operators of unit charge,
i.e. transforming as the fundamental representation for N = 4 U(N) SYM theory in the
large N limit is

〈W1W−1〉U(∞) = 1− q
(1− q 1

2 t2)(1− q 1
2 t−2)

IU(∞). (5.3)

The expression (5.3) can be also found in [10]. The half-BPS Wilson loop in the fundamental
representation in N = 4 U(N) SYM theory is holographically dual to a fundamental string
wrapping AdS2 in AdS5. The large N index (5.3) counts the fluctuation modes of the
fundamental string wrapping AdS2 in AdS5 [97].

More generally, we find that all the large N odd-point functions vanish

〈Wn1 · · ·Wn2k+1〉
U(∞) = 0 (5.4)

and that the most even-point functions also vanish except for the following form:
1

IU(∞) 〈(Wn1W−n1)m1 · · · (WnkW−nk)mk〉U(∞)

= m1!
(〈Wn1W−n1〉U(∞)

IU(∞)

)m1

· · ·mk!
(〈WnkW−nk〉U(∞)

IU(∞)

)mk
, (5.5)

where 0 < n1 < n2 < · · · < nk.
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It is also intriguing to study the large charge limit as the holographic dual of the large
representations have been also investigated e.g. in [96, 98–101]. For example, when n→∞
while keeping N finite, we find that

〈W∞W−∞〉U(N) = NIU(N). (5.6)

5.1.2 Antisymmetric Wilson lines

For the large N correlation function of the Wilson line operators in the rank-m antisymmetric
representation in N = 4 U(N) SYM theory, we start with Newton’s identity (2.12).
Combining our observations (5.4) and (5.5), the antisymmetric correlation function at large
N behaves as

〈W(1m)W(1m)〉
U(∞) =

∑
λ

|λ|=m

∑
λ′

|λ′|=m

〈 r∏
i=1

r′∏
j=1

(−1)r+r′

λmii λ′
mj
j (mi!)(m′j !)

Wmi
λi
W

m′j
−λ′j

〉U(∞)
(5.7)

=
∑
λ

|λ|=m

r∏
i=1

1
λ2mi
i mi!

(〈WλiW−λi〉U(∞)

IU(∞)

)mi
IU(∞), (5.8)

where λ is a partition of m with m = ∑r
i=1 λimi, λ1 > λ2 > · · · > λr and λ′ is that

with m = ∑r′
j=1 λ

′
jm
′
j , λ′1 > λ′2 > · · · > λ′r. Using (5.1), we finally obtain the closed-form

expression

〈W(1m)W(1m)〉
U(∞) =

∑
λ

|λ|=m

r∏
i=1

1
λmii (mi!)

(
(1− qλi)

(1− q
λi
2 t2λi)(1− q

λi
2 t−2λi)

)mi
IU(∞). (5.9)

For example, we have

〈W(12)W(12)〉
U(∞)

= 1
2

[(
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)

)2

︸ ︷︷ ︸+ 1− q2

(1− qt4)(1− qt−4)︸ ︷︷ ︸
]
IU(∞), (5.10)

〈W(13)W(13)〉
U(∞)

= 1
6

[(
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)

)3

︸ ︷︷ ︸+ 3 1− q2

(1− qt4)(1− qt−4)
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)︸ ︷︷ ︸

+2 1− q3

(1− q 3
2 t6)(1− q 3

2 t−6)︸ ︷︷ ︸
]
IU(∞), (5.11)
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〈W(14)W(14)〉
U(∞)

= 1
24

[(
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)

)4

︸ ︷︷ ︸+ 6 1− q2

(1− qt4)(1− qt−4)

(
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)

)2

︸ ︷︷ ︸

+ 3
(

1− q2

(1− qt4)(1− qt−4)

)2

︸ ︷︷ ︸+ 8 1− q3

(1− q 3
2 t6)(1− q 3

2 t−6)
1− q

(1− q 1
2 t2)(1− q 1

2 t−2)︸ ︷︷ ︸
+6 1− q4

(1− q2t8)(1− q2t−8)︸ ︷︷ ︸
]
IU(∞). (5.12)

Also we find that it can be expressed as

〈W(1m)W(1m)〉
U(∞)

=
[
m∑
n=0

1
(q 1

2 t2; q 1
2 t2)n(q 1

2 t−2; q 1
2 t−2)m−n

−
m−1∑
n=0

1
(q 1

2 t2; q 1
2 t2)n(q 1

2 t−2; q 1
2 t−2)m−n−1

]
IU(∞).

(5.13)

The half-BPS Wilson loop in the rank-m antisymmetric representation in N = 4 U(N) SYM
theory is holographically dual to a D5-brane with AdS2 × S4 geometry and m fundamental
strings, D5-brane giant [38]. The number m of fundamental strings cannot be greater than
N , the amount of electric flux. The large N indices should compute the spectra of the
fluctuation modes of the D5-brane giant [102].

When the representation of the Wilson line operators is very large, they will be
appropriately described by a D5-brane with fluxes. We also find that the large m limit of
the flavored 2-point function (5.13) agrees with

〈W(1m=∞)W(1m=∞)〉
U(∞) =

∞∏
n=1

1− qn

(1− q n2 t2n)2(1− q n2 t−2n)2
. (5.14)

In fact, the expression (5.14) can be also found in [10] and shown to agree with the
holographic calculation in [102].

5.1.3 Symmetric Wilson lines

We also find that the large N limit of the flavored 2-point function of the Wilson line
operators in the rank-m symmetric representation for N = 4 U(N) SYM theory is that in
the rank-m antisymmetric representation:

〈W(m)W(m)〉
U(∞) = 〈W(1m)W(1m)〉

U(∞). (5.15)

This follows from the vanishing theorem (5.4) and Newton’s identities (2.12) and (2.14).
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Figure 2. The graphical representation of the large N rank-2 (anti)symmetric 2-point function.
There is a unique way for each of contractions.

The half-BPS Wilson loop in the rank-m symmetric representation in N = 4 U(N)
SYM theory is holographically dual to a D3-brane with the geometry AdS2 × S2 and m
fundamental strings, D3-brane dual giant [37, 39]. Unlike the D5-brane giant, there is no
upper bound on the fundamental string charge m for the D3-brane dual giant.

As the large N correlators of the symmetric Wilson line operators coincide with those
of the antisymmetric Wilson line operators, the spectra of the fluctuation modes of the D3-
brane dual giant will match with that for the D5-brane giant. This would demonstrate the
large N duality between a particle outside the droplet corresponding to the D5-brane giant
and a hole inside the droplet corresponding to the D3-brane dual giant [103]. The large N
(anti)symmetric 2-point functions (5.15) admit a graphical notation for contracted tensors.
For rank-m 2-point function, we consider a tensor product of m copies of 〈W1W−1〉U(∞)

and take a trace of it by closing the m in-arrows and m out-arrows. We identify the trace
of n products with the normalized large N 2-point function of the charged Wilson line
operators 〈W∞n W∞−n〉 = 1

n〈WnW−n〉U(∞). There exist m! contractions. The large N rank-m
(anti)symmetric 2-point function is obtained by summing over all possible permutations.
We illustrate examples in figure 2 for m = 2 and figure 3 for m = 3. We leave it future work
to examine the fluctuation modes on the D3-brane dual giant in detail and compare them
with those from the gravity side as studied in [97].

Using the conjectures (5.9) and (5.15), the generating function for the large N limit of the
2-point functions of the Wilson line operators in the rank-m (anti)symmetric representation
is given by

∞∑
m=0

(s1s2)m
〈W(m)W(m)〉

U(∞)

IU(∞) =
∞∑
m=0

(s1s2)m
〈W(1m)W(1m)〉

U(∞)

IU(∞) (5.16)
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Figure 3. The graphical representation of the large N rank-3 (anti)symmetric 2-point function.
While for the top diagram there is a unique contraction, there are three for the middle and two for
the bottom. These combinatorial factors determine the coefficients in (5.11).

= exp
[ ∞∑
n=1

(s1s2)n
n

1− qn
(1− qn/2t2n)(1− qn/2t−2n)

]
(5.17)

= 1− s1s2

(s1s2; q 1
2 t2)∞(s1s2; q 1

2 t−2)∞
. (5.18)

In the unflavored limit t→ 1, our result precisely reduces to the previous result in [11].

5.2 Plane partition diamonds

The large N limit of the unflavored Schur index of N = 4 U(N) and SU(N) SYM theory
are identified with a generating function for the overpartition [104] and the 3-colored
partitions [105]. Here we discuss the combinatorial interpretation of the Schur line de-
fect correlator.

When the flavored fugacity t is turned off, the 2-point function (5.14) can be written as

〈W(m=∞)W(m=∞)〉
U(∞)(t = 1; q) =

∞∏
n=1

1− qn

(1− q n2 )4
= (−q 1

2 ; q 1
2 )∞

(q 1
2 ; q 1

2 )3
∞

. (5.19)
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This admits an expansion

〈W(m=∞)W(m=∞)〉
U(∞)(t = 1; q) =

∑
n=0

d(n)q
n
2

= 1 + 4q1/2 + 13q + 36q3/2 + 90q2 + 208q5/2 + 455q3 + 948q7/2 + 1901q4 + · · · . (5.20)

The coefficient d(n) is identified with the number of the Schmidt type partitions referred to
as the plane partition diamonds of n [44, 45], that is the partitions of n = a1 + a4 + a7 + · · ·
whose parts ai lie on the graph which is made up of chains of rhombi in such a way that
the set (a3i−2, a3i−1, a3i, a3i+1) corresponds to the four vertices of the i-th rhombus with
the conditions

a3i−2 ≥ a3i−1 ≥ a3i+1, a3i−2 ≥ a3i ≥ a3i+1. (5.21)

For example, d(1) counts the 4 plane partition diamonds {a1 = 1}, {a1 = 1, a2 = 1},
{a1 = 1, a3 = 1} and {a1 = 1, a2 = 1, a3 = 1} and d(2) counts the 13 plane partition
diamonds {a1 = 1, a2 = 1, a3 = 1, a4 = 1}, {a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1},
{a1 = 1, a2 = 1, a3 = 1, a4 = 1, a6 = 1}, {a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1, a6 =
1}, {a1 = 2}, {a1 = 2, a2 = 2}, {a1 = 2, a3 = 2}, {a1 = 2, a2 = 2, a3 = 2}, {a1 =
2, a2 = 1}, {a1 = 2, a3 = 1}, {a1 = 2, a2 = 1, a3 = 1} {a1 = 2, a2 = 2, a3 = 1} and
{a1 = 2, a2 = 1, a3 = 2}.

Let us study the degeneracy of the excitation modes of the D3-branes wrapping the
AdS2 × S2 (or equivalently the D5-branes wrapping the AdS2 × S4). The growth of the
number d(n) of operators with large scaling dimension can be studied from the infinite
product (5.19). Making use of the Meinardus Theorem [106], we get the asymptotic growth

d(n) ∼ 7
96n3/2 exp

[
71/2

31/2πn
1/2
]
. (5.22)

The exact numbers d(n) and the values dasymp(n) obtained from the formula (5.22) are
listed as follows:

n d(n) dasymp(n)
10 6955 8982.37
100 4.66051× 1016 5.05848× 1016

1000 1.80784× 1060 1.85552× 1060

5000 4.77308× 10140 4.82904× 10140

10000 1.86714× 10201 1.88260× 10201

(5.23)

It should be compared with the asymptotic growth of the number of the states in the absence
of the line operators, which is equal to the number of the overpartitions is given by [28]

p(n) ∼ 1
8n

(
1− 1

πn1/2

)
exp

[
πn1/2

]
. (5.24)

It would be interesting to elucidate the combinatorial aspects of the enumeration of the
operators in the large N limit and their asymptotic behaviors from the holographically
dual supergravity.
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A Definitions and notations

A.1 q-shifted factorial

We have used the following notation of q-shifted factorial:

(a; q)0 := 1, (a; q)n :=
n−1∏
k=0

(1− aqk), (q; q)n :=
n∏
k=1

(1− qk), n ≥ 1,

(a; q)∞ :=
∞∏
k=0

(1− aqk), (q; q)∞ :=
∞∏
k=1

(1− qk),

(a±; q)∞ := (a; q)∞(a−1; q)∞, (A.1)

where a and q are complex variables.

A.2 Twisted Weierstrass functions

We define the twisted Weierstrass function by8

P1

[
θ

φ

]
(z, τ) = −

∑
n∈Z

′ xn+λ

1− θ−1qn+λ , (A.2)

and

Pk

[
θ

φ

]
(z, τ) = (−1)k

(k − 1)!
1

(2πi)k−1
∂k−1

∂zk−1P1

[
θ

φ

]
(z, τ)

= (−1)k
(k − 1)!

∑
n∈Z

′ (n+ λ)k−1xn+λ

1− θ−1qn+λ , (A.3)

where φ = e2πiλ.

B Multiple Kronecker theta series

The multiple Kronecker theta series (3.15) plays a role of elementary blocks of the Schur
index and the Schur line defect correlators. They can be written in terms of the twisted
Weierstrass functions. In this appendix, we show several examples.

8The Pk
[
θ
φ

]
(z, τ) defined here is the same as Pk

[
θ
φ

]
(2πiz, τ) in [34].
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B.1 Q(l0, l1; n0, n1)

In general the multiple Kronecker theta series (3.15) for k = 1 is expandable from the
equation (3.27). They show up in the closed-form expression of the Schur line defect
2-point functions.

The simplest example is l0 = l1 = 1. We have

Q(1, 1; 0, n;u; ξ; q) =
∑
p∈Z

ξ−2p−n

(1− uqp)(1− uqp+n)

= 1
1− qn

∑
p∈Z

(
ξ−2p−n

(1− uqp) −
qnξ−2p−n

1− uqp+n

)

=
[
(n)q,ξ + (−n)q,ξ

]
Q(1; 0;u; ξ2; q)

=
[
(n)q,ξ + (−n)q,ξ

]
P1

[
ξ2

1

]
(ν, τ), (B.1)

where we have assumed that n is non-zero integer.
When l0 = 2, l1 = 1 and n 6= 0 we have

Q(2, 1; 0, n;u; ξ; q)

= − ξ−n

1− qn
∑
p∈Z

ξ−3p

(1− uqp)2 + qnξ−n

(1− qn)2

∑
p∈Z

ξ−3p

1− uqp −
q2nξ−n

(1− qn)2

∑
p∈Z

ξ−3p

1− uqp+n

= (n)q,ξQ(2; 0;u; ξ
3
2 ; q) + (1− q−nξ−3n)(−n)2

q,ξQ(1; 0;u; ξ3; q), (B.2)

Q(1, 2; 0, n;u; ξ; q)

= − ξ−2n

(1− qn)2

∑
p∈Z

ξ−3p

1− uqp + qnξ−2n

1− qn
∑
p∈Z

ξ−3p

(1− uqp+n)2 + qnξ−2n

(1− qn)2

∑
p∈Z

ξ−3p

1− uqp+n

= (−n)q,ξQ(2; 0;u; ξ
3
2 ; q) + (1− qnξ3n)(n)2

q,ξQ(1; 0;u; ξ3; q). (B.3)

It follows that

Q(2, 1; 0, n;u; ξ; q) +Q(1; 2; 0, n;u; ξ; q)

= 1
u

[
(n)q,ξ + (−n)q,ξ

]
P2

[
qξ3

1

]
(ν, τ)−

[
(n)2

q,ξ

(n)qξ,1
+

(−n)2
q,ξ

(−n)qξ,1

]
P1

[
ξ3

1

]
(ν, τ). (B.4)

For l0 + l1 = 3 there are three types. When n 6= 0, we have

Q(3,1;0,n;u;ξ;q)

= (n)q,ξQ(3;0;u;ξ
4
3 ;q)−q−nξ−3n(−n)2

q,ξQ(2;0;u;ξ2;q)
+(1−q−nξ−4n)(−n)3

q,ξQ(1;0;u;ξ4;q)

= (n)q,ξQ(3,0;u;ξ
4
3 ;q)−qnξn(n)2

q,ξQ(2;0;u;ξ2;q)−q2nξ2n (n)3
q,ξ

(n)qξ4,1
Q(1;0;u;ξ4;q), (B.5)
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Q(2,2;0,n;u;ξ;q)

=
[
(n)2

q,ξ+(−n)2
q,ξ

]
Q(2;0;u;ξ2;q)−2q−nξ−n(1−q−nξ−4n)(−n)3

q,ξQ(1;0;u;ξ4;q)

=
[
(n)2

q,ξ+(−n)2
q,ξ

]
Q(2;0;u;ξ2;q)−2

[
qnξn(n)3

q,ξ+q−nξ−n(−n)3
q,ξ

]
Q(1;0;u;ξ4;q), (B.6)

Q(1;3;0,n;u;ξ;q)

= (−n)q,ξQ(3;0;u;ξ
4
3 ;q)−qnξ3n(n)2

q,ξQ(2;0;u;ξ2;q)

+
[
(n)2

q,ξ+(−n)2
q,ξ

]
Q(2;0;u;ξ2;q)

(
1−qnξ4n

)
(n)3

q,ξQ(1;0;u;ξ4;q)

= (−n)q,ξQ(3,0;u;ξ
4
3 ;q)−q−nξ−n(−n)2

q,ξQ(2;0;u;ξ2;q)−q−2nξ−2n (−n)3
q,ξ

(−n)qξ4,1
Q(1;0;u;ξ4;q).

(B.7)
In terms of the twisted Weierstrass function they can be written as

Q(3,1;0,n;u;ξ;q)+Q(1,3;0,n;u;ξ;q)

= (n)q,ξ+(−n)q,ξ
2u2

(
P2

[
q2ξ3

1

]
(ν,τ)+2P3

[
q2ξ3

1

]
(ν,τ)

)
−
qnξn(n)2

q,ξ+q−nξ−n(−n)2
q,ξ

u
P2

[
qξ4

1

]
(ν,τ)−

(q2nξ2n(n)3
q,ξ

(n)qξ4,1
+
q−2nξ−2n(−n)3

q,ξ

(−n)qξ4,1

)
P1

[
ξ4

1

]
(ν,τ),

(B.8)
Q(2,2;0,n;u;ξ;q)

=
(n)2

q,ξ+(−n)2
q,ξ

u
P2

[
qξ4

1

]
(ν,τ)+2qnξn

(n)3
q,ξ

(n)qξ4,1
P1

[
ξ4

1

]
(ν,τ). (B.9)

B.2 Q(l0, l1, l2; 0, n0, n1, n2)

We present several examples of the multiple Kronecker theta series (3.15) for k = 2. They
appear in the Schur line defect 3-point functions of the charged Wilson line operators. We
assume that n1 and n2 are non-zero integers.

For l0 = l1 = l2 = 1 the function (3.15) is given by

Q(1, 1, 1; 0, n1, n2;u; ξ; q)

=
[
(n1)q,ξ(n2)q,ξ + (−n1)q,ξ(−n1 + n2)q,ξ + (−n2)q,ξ(−n2 + n1)q,ξ

]
Q(1; 0;u; ξ3; q)

=
[
(n1)q,ξ(n2)q,ξ + (−n1)q,ξ(−n1 + n2)q,ξ + (−n2)q,ξ(−n2 + n1)q,ξ

]
P1

[
ξ2

1

]
(ν, τ). (B.10)

When l0 = 2, l1 = l2 = 1 we have the expansion

Q(2, 1, 1; 0, n1, n2;u; ξ; q)
= (n1)q,ξ(n2)q,ξQ(2; 0;u; ξ2; q)
− q−(n1+n2)ξ−3(n1+n2)(−q−n1 − q−n2 + 2)(−n1)2

q,ξ(−n2)2
q,ξQ(1; 0;u; ξ4; q)

+ (−n1)2
q,ξ(−n1 + n2)q,ξQ(1; 0;u; ξ4; q)

+ (−n2)2
q,ξ(−n2 + n1)q,ξQ(1; 0;u; ξ4; q). (B.11)
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This leads to

Q(2, 1, 1; 0, n1, n2;u; ξ; q)

= (n1)q,ξ(n2)q,ξ
1
u
P2

[
qξ4

1

]
(ν, τ) +

[
−qn1+n2ξn1+n2(2− q−n1 − q−n2)(n1)2

q,ξ(n2)2
q,ξ

+ (−n1)2
q,ξ(−n1 + n2)q,ξ + (−n2)2

q,ξ(−n2 + n1)q,ξ
]
P1

[
ξ4

1

]
(ν, τ). (B.12)

For l0 = 3, l1 = l2 = 1

Q(3,1,1;0,n1,n2;u;ξ;q)
= (n1)q,ξ(n2)q,ξQ(3;0;u;ξ 5

3 ;q)
−q−(n1+n2)ξ−3(n1+n2)(−q−n1−q−n2 +2)(−n1)2

q,ξ(−n2)2
q,ξQ(2;0;u;ξ 5

2 ;q)
+q−(n1+n2)ξ−4(n1+n2)(−3q−n1−3q−n2 +q−2n1 +q−2n2 +q−n1−n2 +3)(−n1)3(−n2)3Q(1;0;u;ξ5)
+(−n1)3

q,ξ(−n1+n2)q,ξQ(1;0;u;ξ5)
+(−n2)3

q,ξ(−n2+n1)q,ξQ(1;0;u;ξ5). (B.13)

For l0 = 4, l1 = l2 = 1

Q(4,1,1;0,n1,n2;u;ξ;q)
= (n1)q,ξ(n2)q,ξQ(4;0;u;ξ 3

2 ;q)
−q−(n1+n2)ξ−3(n1+n2)(−q−n1−q−n2 +2)(−n1)2

q,ξ(−n2)2
q,ξQ(3;0;u;ξ2;q)

+q−(n1+n2)ξ−4(n1+n2)(−3q−n1−3q−n2 +q−2n1 +q−2n2 +q−n1−n2 +3)(−n1)3(−n2)3Q(2;0;u;ξ3)
−q−(n1+n2)ξ−5(n1+n2)(−6q−n1−6q−n2 +4q−2n1 +4q−2n2 +4q−n1−n2

−q−3n1−q−3n2−q−2n1−n2−q−2n1−n2 +4)(−n1)4
q,ξ(−n2)4

q,ξQ(1;0;u;ξ6;q)
+(−n1)4

q,ξ(−n1+n2)q,ξQ(1;0;u;ξ6)
+(−n2)4

q,ξ(−n2+n1)q,ξQ(1;0;u;ξ6). (B.14)

For l0 = 2, l1 = 2, l2 = 1

Q(2, 2, 1; 0, n1, n2;u; ξ; q)

= (n1)2
q,ξ(n2)q,ξQ(2; 0;u; ξ

5
2 ; q)

− q−(2n1+n2)ξ−3(n1+n2)−2n1(q−n1 + 2q−n2 − 3)(−n1)3
q,ξ(−n2)2

q,ξQ(1; 0;u; ξ3; q)

+ (−n1)2
q,ξ(−n1 + n2)q,ξQ(2; 0;u; ξ

5
2 ; q)

+ qn2−n1ξn2−2n1(−3q−n1 + 2q−2n1 + 1)(−n1)3
q,ξ(−n1 + n2)2

q,ξQ(1; 0;u; ξ5)
+ (−n2)2(−n2 + n1)2Q(1; 0;u; ξ5; q). (B.15)
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For l0 = 3, l1 = 2, l2 = 1

Q(3, 2, 1; 0, n1, n2;u; ξ; q)
= (n1)2

q,ξ(n2)q,ξQ(3; 0;u; ξ2; q)
− q−(2n1+n2)ξ−3(n1+n2)−2n1(q−n1 + 2q−n2 − 3)(−n1)3

q,ξ(−n2)2
q,ξQ(2; 0;u; ξ3; q)

− q−(2n1+n2)ξ−4(n1+n2)−2n1(−4q−n1 − 8q−n2 + q−2n1 + 3q−2n2 + 2q−n1−n2 + 6)
× (−n1)4

q,ξ(−n2)3
q,ξQ(1; 0;u; ξ3; q)

+ (−n1)3
q,ξ(−n1 + n2)q,ξQ(2; 0;u; ξ3; q)

+ qn2−n1ξ2n2−3(n1+n2)(−4q−n1 + 3q−n2 + 1)(−n1)4
q,ξ(−n1 + n2)2

q,ξQ(1; 0;u; ξ6; q)
+ (−n2)3(−n2 + n1)2Q(1; 0;u; ξ6; q). (B.16)

For l0 = 4, l1 = 2, l2 = 1

Q(4, 2, 1; 0, n1, n2;u; ξ; q)

= (n1)2
q,ξ(n2)q,ξQ(4; 0;u; ξ

7
4 ; q)

− q−(2n1+n2)ξ−3(n1+n2)−2n1(q−n1 + 2q−n2 − 3)(−n1)3
q,ξ(−n2)2

q,ξQ(3; 0;u; ξ
7
3 ; q)

− q−(2n1+n2)ξ−4(n1+n2)−2n1(−4q−n1 − 8q−n2 + q−2n1 + 3q−2n2 + 2q−n1−n2 + 6)

× (−n1)4
q,ξ(−n2)3

q,ξQ(2; 0;u; ξ
7
2 ; q)

− q−(2n1+n2)ξ−5(n1+n2)−2n1(10q−n1 + 20q−n2 − 5q−2n1 − 15q−2n2 − 10q−n1−n2

+ q−3n1 + 4q−3n2 + 3q−n1−2n2 + 2q−2n1−n2 − 10)(−n1)5
q,ξ(−n2)4Q(1; 0;u; ξ7; q)

+ (−n1)4
q,ξ(−n1 + n2)q,ξQ(2; 0;u; ξ

7
2 ; q)

+ qn2−n1ξn2−2n1(−5q−n1 + 4q−n2 + 1)(−n1)5
q,ξ(−n1 + n2)2

q,ξQ(1; 0;u; ξ7; q)
+ (−n2)4

q,ξ(−n2 + n1)2
q,ξQ(1; 0;u; ξ7; q). (B.17)

For l0 = 2, l1 = 2, l2 = 1

Q(2, 2, 2; 0, n1, n2;u; ξ; q)
= (n1)2

q,ξ(n2)2
q,ξQ(2; 0;u; ξ3; q)

+ 2q−(2n1+2n2)ξ−5(n1+n2)(q−n1 + q−n2 − 2)(−n1)3
q,ξ(−n2)3

q,ξQ(1; 0;u; ξ2; q)
+ (−n1)2

q,ξ(−n2)2
q,ξQ(2; 0;u; ξ3; q)

+ 2qn2−n1ξn2−2n1(−2q−n1 + q−n2 + 1)(−n1)3
q,ξ(−n2)3

q,ξQ(1; 0;u; ξ6; q)
+ (−n1)2

q,ξ(−n2)2
q,ξQ(2; 0;u; ξ3; q)

+ 2qn1−n2ξn1−2n2(−2q−n2 + q−n1 + 1)(−n1)3
q,ξ(−n2)3

q,ξQ(1; 0;u; ξ6; q). (B.18)

B.3 Q(1, 1, · · · , 1; {ni})

The multiple Kronecker theta series with l0 = l1 = · · · = lk = 1 appears in the U(k + 1)
(k + 1)-point function of the charged Wilson line operators. It can be expanded in terms of
the Kronecker theta function (3.17) by the relation (3.32).
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For example,

Q(1, 1; 0, n;u; ξ; q) = [(n)q,ξ + (−n)q,ξ]Q(1; 0;u; ξ2; q), (B.19)

Q(1, 1, 1; 0, n1, n2;u; ξ; q) =
[
(n1)q,ξ(n2)q,ξ + (−n1)q,ξ(−n1 + n2)q,ξ

+ (−n2)q,ξ(−n2 + n1)q,ξ
]
Q(1; 0;u; ξ3; q), (B.20)

Q(1, 1, 1, 1; 0, n1, n2, n3;u; ξ; q) =
[
(n1)q,ξ(n2)q,ξ(n3)q,ξ

+ (−n1)q,ξ(−n1 + n2)q,ξ(−n1 + n3)q,ξ
+ (−n2)q,ξ(−n2 + n1)q,ξ(−n2 + n3)q,ξ
+ (−n3)q,ξ(−n3 + n1)q,ξ(−n3 + n2)q,ξ

]
×Q(1; 0;u; ξ4; q). (B.21)

C Spectral zeta functions

C.1 ZE
l

The 2-point functions of the Wilson line operators transforming in the antisymmetric
representation for N = 2∗ U(N) SYM theory are captured by the spectral zeta functions
ZEl (n), l ≤ N . For l = 6 we have

ZE6 = (1+s6
1s

6
2)Q(6;0)+6(s1s2+s5

1s
5
2)
[
Q(6;0)+Q(5,1;0,n)+Q(4,2;0,n)

+Q(3,3;0,n)+Q(2,4;0,n)+Q(1,5;0,n)
]
+(s2

1s
2
2+s4

1s
4
2)
[
15Q(6;0)+24Q(5,1;0,n)

+33Q(4,2;0,n)+36Q(3,3;0,n)+22Q(2,4;0,n)+24Q(1,5;0,n)+6Q(3,2,1;0,n,2n)
+12Q(2,3,1;0,n,2n)+18Q(1,4,1;0,n,2n)+6Q(2,2,2;0,n,2n)+12Q(1,3,2;0,n,2n)

+6Q(1,2,3;0,n,2n)
]
+s3

1s
3
2

[
20Q(6;0)+36Q(5,1;0,n)+54Q(4,2;0,n)

+62Q(3,3;0,n)+54Q(2,4;0,n)+36Q(1,5;0,n)+12Q(3,2,1;0,n,2n)
+30Q(2,3,1;0,n,2n)+36Q(1,4,1;0,n,2n)+12Q(2,2,2;0,n,2n)

+30Q(1,3,2;0,n,2n)+12Q(1,2,3;0,n,2n)+6Q(1,2,2,1;0,n,2n,3n)
]
. (C.1)

C.2 ZH
l

For the 2-point functions of the Wilson line operators transforming in the rank-k symmetric
representation for N = 2∗ U(N) SYM theory, we need the terms with sk1sk2 in the spectral
zeta functions ZHl (n), l ≤ N .

For l ≥ 4 and k = 0, 1, 2 we have

ZH4 = Q(4; 0) + 4s1s2
[
Q(4; 0) +Q(3, 1; 0, n) +Q(2, 2; 0, n) +Q(1, 3; 0, n)

]
+ s2

1s
2
2

[
10Q(4; 0) + 16Q(3, 1; 0, n) + 18Q(2, 2; 0, n) + 16Q(1, 3; 0, n)

+ 4Q(3, 1; 0, 2n) + 4Q(2, 2; 0, 2n) + 4Q(3, 1; 0, 2n)

+ 12(1, 2, 1; 0, n, 2n) + 8(2, 1, 1; 0, n, 2n) + 8(1, 1, 2; 0, n, 2n)
]
, (C.2)

– 56 –



J
H
E
P
0
6
(
2
0
2
3
)
1
6
9

ZH5 = Q(5; 0) + 5s1s2
[
Q(5; 0) +Q(4, 1; 0, n) +Q(3, 2; 0, n)

+Q(2, 3; 0, n) +Q(1, 4; 0, n)
]

+ s2
1s

2
2

[
15Q(5; 0) + 25Q(4, 1; 0, n) + 30Q(3, 2; 0, n)

+ 30Q(2, 3; 0, n) + 25Q(1, 4; 0, n) + 5Q(4, 1; 0, n) + 5Q(3, 2; 0, n)
+ 5Q(2, 3; 0, n) + 5Q(1, 4; 0, n) + 15Q(2, 2, 1; 0, n, 2n) + 15Q(1, 2, 2; 0, n, 2n)
+ 10Q(2, 1, 2; 0, n, 2n) + 20Q(1, 3, 1; 0, n, 2n) + 10Q(3, 1, 1; 0, n, 2n)

+ 10Q(1, 1, 3; 0, n, 2n)
]
, (C.3)

ZH6 = Q(6; 0) + 6s1s2
[
Q(6; 0) +Q(5, 1; 0, n) +Q(4, 2; 0, n) +Q(3, 3; 0, n)

+Q(2, 4; 0, n) +Q(1, 5; 0, n)
]

+ s2
1s

2
2

[
21Q(6; 0) + 36Q(5, 1; 0, n) + 45Q(4, 2; 0, n)

+ 48Q(3, 3; 0, n) + 45Q(2, 4; 0, 1) + 36Q(1, 5; 0, n) + 6Q(5, 1; 0, 2n)
+ 6Q(4, 2; 0, 2n) + 6Q(3, 3; 0, 2n) + 6Q(2, 4; 0, 2n) + 6Q(1, 5; 0, 2n)
+ 24Q(1, 3, 2; 0, n, 2n) + 24Q(2, 3, 1; 0, n, 2n) + 18Q(3, 2, 1; 0, n, 2n)
+ 18Q(1, 2, 3; 0, n, 2n) + 12Q(3, 1, 2; 0, n, 2n) + 12Q(2, 1, 3; 0, n, 2n)
+ 30Q(1, 4, 1; 0, n, 2n) + 12Q(4, 1, 1; 0, n, 2n) + 12Q(1, 1, 4; 0, n, 2n)

+ 18Q(2, 2, 2; 0, n, 2n)
]
. (C.4)
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