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1 Introduction

It has been proposed by West [1–3] that it should be possible to write (the bosonic part of)
D = 11 supergravity in a way that utilises the infinite-dimensional Kac-Moody symmetry
E11.1 The proposed construction involves a non-linear realisation of E11/K(E11) where
K(E11) ⊂ E11 denotes a subgroup that generalises the eleven-dimensional Lorentz group

1See [4, 5] for early discussions of Kac-Moody symmetries in supergravity and [6] for a different proposal
involving E10. See also appendix E for a discussion on the relation of our model to E10.
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SO(1, 10) and will be defined in more detail below.2 The fields of the non-linear realisa-
tion depend on space-time coordinates zM that also transform under E11 in an infinite-
dimensional highest weight representation [2] that we shall call R(Λ1) in this paper. The
Maurer-Cartan derivatives ∂MVV−1 of the E11/K(E11) coset field V are invariant under
rigid right multiplication of V by E11 and only transform under the K(E11) subgroup.3
In [3] a set of first-order ‘modulo equations’ were proposed for the coset field V. These
were constructed out of the Maurer-Cartan derivatives that transform into each other under
K(E11) and are generated from the matter duality equation F4 = ?F7. The terminology
of modulo equation means a (first-order) equation that is not gauge-invariant (for gauge
parameters depending on eleven coordinates) but only holds up to certain gauge transfor-
mations that can be eliminated by passing to a higher-order equation [3, 14, 15]. For the
graviton the gauge-invariant equations are second order, and for more complicated fields
gauge-invariance requires differential equations of arbitrarily high order [3, 14, 15]. The
gauge transformations and the intrinsic multiplet structure of the whole K(E11)-multiplet
of first-order modulo equations are not known to the best of our knowledge. Another
interesting feature of this proposal is that it involves infinite dualisations of the physical
fields [16], a bit in the spirit of unfolding of equations of motion [17–19]. A similar infinite
dualisation appears for the E9 symmetry of D = 11 supergravity reduced to two space-time
dimensions [20] and also plays a rôle in the E10 proposal via the gradient conjecture [6].

In a different, but not unrelated, strand of research, field theories with extended space-
time symmetries and exceptional symmetry groups have been constructed. These so-called
exceptional field theories (ExFT) [21–30] possess fields in a non-linear realisation of En
(for n ≤ 9) and these fields depend on extended (internal) coordinates YM involving rep-
resentations of En, see also [31–33]. Exceptional field theories have proved to be very
powerful tools in analysing Kaluza-Klein reductions in supergravity [31, 34–46]. Their
(pseudo-)actions are uniquely fixed by the symmetries of the ExFT and these symmetries
importantly include a generalised gauge symmetry called the generalised Lie derivative or
generalised diffeomorphisms [47–49].4 Closure of this gauge symmetry and consistency of
the whole procedure crucially depends on the section constraint (stated in (2.19)) that
restricts the dependence of all objects on the extended coordinates. Choosing a particular
solution to this section constraint renders ExFT fully equivalent to unreduced D = 11 su-
pergravity or type IIB supergravity [56]. However, while the formulation has En symmetry,
picking a solution to the section constraint breaks the En symmetry and one is left with
the known symmetries of the supergravity theory in question. Besides the generalised dif-
feomorphism invariance and the section constraint, another crucial feature of ExFT is the
occurrence of constrained fields that go beyond the K(En)/En coset fields and the usual
supergravity tensor hierarchy [57] but are central to the invariance of the theory [23, 24].
The fields are constrained in the sense of the section constraint and do not carry additional
degrees of freedom.

2It is (a spin cover of) this group that is relevant for the fermionic fields as has been discussed for E10

in [7–9] and for E11 in [10–13]. This subgroup is called Ic(E11) in [1–3].
3This transformation includes an inhomogeneous connection piece.
4This generalised similar structures in double field theory and generalised geometry [50–55].
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In an effort to define an exceptional field theory for E11 we have recently proposed a
non-linear set of first-order duality equations [13] that can be written as

MIJF
I = ΩIJF

J , (1.1)

where F I denotes an infinite collection of non-linear field strengths that transform under
E11 in a representation that is defined by its tensor hierarchy algebra [58]. This represen-
tation is neither highest nor lowest weight but can be shown to carry a symplectic form
that we write as ΩIJ and that generalises at the same time the usual Levi-Civita symbol
that appears in duality equations and the symplectic form familiar from electric-magnetic
duality relations in D = 4. The generalised metric MIJ on the left-hand side is the one
constructed from the E11/K(E11) coset acting in the representation of the field strengths
and a non-degenerate K(E11)-invariant bilinear form ηIJ .5 The existence of ηIJ is a key
assumption in our construction and we shall summarise evidence for it in section 2.1. The
definition of the field strengths F I crucially involves an infinite set of constrained fields
that go beyond the E11 coset fields. These fields are necessary from the construction of the
tensor hierarchy algebra and sit in an indecomposable representation with the E11 coset
fields [58].6 A similar feature was also observed in the context of E9 ExFT [61]. We em-
phasise that the E11-covariance of F I and the mere existence proof of the representation
labelled by I depends on the tensor hierarchy algebra T (e11) introduced in [58]. Besides the
use of the tensor hierarchy algebra our approach differs from West’s original E11 proposal
in other aspects, such as the section constraint, as discussed in more detail in [13, 58].

We showed in [13] that the duality equation (1.1) is invariant under E11 generalised
diffeomorphisms if an appropriate section constraint is obeyed. The argument in [13]
depended on a certain E11 group-theoretic identity, which we refer to as the master identity.
This was checked partially in the reference and in this paper we give a modified version of
this identity and provide strong evidence for its validity.

The duality equation (1.1) by itself is not sufficient to fully determine the dynamics
of E11 ExFT since one also requires equations of motion for the constrained fields, as
explained in [13]. In the present paper we shall provide these equations, thereby completing
the construction of the E11 exceptional field theory.

We shall arrive at these equations of motion by constructing a pseudo-Lagrangian
whose variation provides all equations for the constrained fields as well as a projection
(mediated by the constrained fields) of the duality equations (1.1). This situation is com-
pletely analogous to what happens for ExFTs in other dimensions as is the structure of the

5Since we are working in a metric formulation the local K(E11) invariance is automatic and all equations
are E11-covariant. We note, however, that in order to properly define MIJ we have to construct it from
a vielbein in a parabolic K(E11) gauge for the coset E11/K(E11). This will be discussed in more detail in
section 7.

6The need for additional fields can be seen most directly when considering linearised gauge-invariance for
the dual graviton equation where the trace of spin connection needs to be included [58]. Moreover, the latter
transforms indecomposably together with the dual graviton potential under the Poincaré algebra [59, 60]
and indecomposable representations of the Poincaré algebra also occur for unfolded formulations of gauge
fields [19].
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pseudo-Lagrangian [23, 30]. The pseudo-Lagrangian takes the schematic form

L = Lpot1 + Lpot2 + Lkin + Ltop . (1.2)

The terms occurring in this pseudo-Lagrangian are summarised in (3.19). For the purposes
of this introduction we shall only describe these individual pieces qualitatively.

• The (first) potential term Lpot1 is the standard one that appears in all ExFTs and
takes a universal form that is given for example in [62]. It depends only on the E11
coset fields.

• The (second) potential term Lpot2 generalises a similar term for E8 [24] and E9
ExFT [61] and is related to the non-closure of the algebra of generalised Lie derivatives
in the absence of ancillary parameters. It was generalised to any simply laced finite-
dimensional group G in [63]. For Kac-Moody groups Lpot2 depends on both the
E11 coset fields and the constrained field transforming indecomposably with the e11
current.

• The kinetic term Lkin generalises the usual field strength squared terms and involves
both the E11 coset fields and the constrained fields.7

• The topological term Ltop generalises the topological term of other ExFTs that does
not depend on the external metric. It depends on the E11 coset fields only through
the e11 current, without the explicit appearance of the generalised metric M. It is
defined as a rigid E11-invariant completion of the total derivative of a constrained
field transforming in an indecomposable representation together with the e11 current,
as does the topological term in E9 ExFT [30].

Each of the individual terms is invariant under rigid E11 but only a specific combination
of the four terms is invariant under E11 generalised diffeomorphisms. In En ExFT, the
invariant terms are invariant by themselves under En generalised diffeomorphisms and
connected by external diffeomorphisms. Here, all these diffeomorphisms are subsumed in
E11 generalised diffeomorphisms that therefore fix everything. All objects in this pseudo-
Lagrangian depend on generalised space-time coordinates zM in the R(Λ1) representation
of E11 and the construction crucially requires the associated section constraint. However,
when decomposing E11 into GL(D)×E11−D to make contact with exceptional field theory
in D dimensions, the actual kinetic, topological and potential terms will generically get
contributions from all the different parts of (1.2). In that sense the naming of the terms
in (1.2) is somewhat arbitrary and chosen because of structural similarities with those in
En ExFT.

The construction of the pseudo-Lagrangian (1.2) will be one of the central results
of this paper. Its gauge-invariance will depend on several new E11 identities that have

7Strictly speaking, the sign of the kinetic term is the opposite of the usual sign. In section 3.4, we
give an alternative form of the pseudo-Lagrangian where we combine the terms differently to bring out the
standard sign.
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not been known to the best of our knowledge. We can prove many of them and provide
supporting partial checks that cover complete E11 representations for the others.

The pseudo-Lagrangian (1.2) and the duality equation (1.1) are fairly formal ob-
jects since E11 is an infinite-dimensional algebra whose exact structure is not known.
The infinite-dimensionality in particular means that one has to be sure that the pseudo-
Lagrangian (1.2) is well-defined as it involves infinite, potentially ill-defined sums. We shall
address this issue in level decomposition of E11 where a finite-dimensional subgroup of E11 is
used as an organising principle [6, 59, 64, 65]. By employing an associated ‘semi-flat’ formu-
lation and partial gauge-fixing of the local K(E11)-invariance, we can show that the pseudo-
Lagrangian becomes a well-defined object. It is important to stress that our results do not
rely on a truncated level decomposition of the pseudo-Lagrangian, but hold to all levels.

To underline this point, we analyse in detail two cases. In the first, the finite-
dimensional subgroup is GL(11) ⊂ E11, corresponding to diffeomorphisms in eleven di-
mensions. The pseudo-Lagrangian (1.2) in that case will be shown to describe eleven-
dimensional supergravity and in particular its Euler-Lagrange equations include the non-
linear Einstein equation. Of course, this also requires choosing the corresponding solution
to the E11 section constraint. The pseudo-Lagrangian (1.2) can moreover be used to obtain
an infinite class of Lagrangians that describe the infinite set of dual fields in the theory.
We shall exhibit in particular the non-linear Lagrangian for the dual graviton and the
three-form potential gradient dual.8

The second case we analyse is for the finite-dimensional subgroup GL(3)×E8, associ-
ated to E8 exceptional field theory. We will show in this case that the pseudo-Lagrangian
reproduces the Lagrangian derived in [24]. Because the individual pseudo-Lagrangians
in (1.2) are not invariant under generalised diffeomorphisms, the reconstruction of the
covariant derivative and field strengths requires to recombine all contributions.

In general we expect the same to be true for any Levi subgroup LD associated to the
fundamental weight ΛD in the convention of figure 1, with9

LD = GL(D)× E11−D , for 3 ≤ D ≤ 8 , E11−D ExFT ,
L9 = GL(10)× SL(2) , type IIB ,
L10 = GL(1)× Spin+(10, 10) , double field theory ,
L11 = GL(11) , D=11 supergravity . (1.3)

Choosing a Levi subgroup of this type singles out a GL(1) ⊂ GL(D) factor that can be
used to define a Z-grading on E11 that we shall refer to as the ‘level’. For all LD, the
dynamical fields appear at level k ∈ Z in the range 0 ≤ k ≤ −(Λ1,ΛD) in terms of
the canonically normalised inner product between weights. For instance, for L11 one has

8Gradient duals generalise the (D−2)-form dual to scalar fields to arbitrary p-form potentials. E11

exceptional field theory as the E theory of [16] includes an infinite tower of successive gradient duals to the
three-form, its dual six-form and the dual graviton field.

9We here restrict to the standard GL(D)×E11−D subgroups that are obtained by deleting node D from
the Dynkin diagram. Choosing an E11 conjugate of such a subgroup can lead to theories with multiple
time directions [66]. Time-like T- und U-dualities and their effect on the signature of space-time have been
investigated in [67, 68], also in the context of exceptional field theory [69, 70].
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−(Λ1,Λ11) = 3
2 and thus only levels k = 0, 1 appear and they correspond to the usual

propagating fields, namely the metric and the three-form. The other propagating fields
are dual to the dynamical fields with a duality equation Ek = 0 between fields of level k
and fields of level −2(Λ1,ΛD) − k. Solving partly the section constraint in the LD level
decomposition, the pseudo-Lagrangian decomposes as

L = LLD −
1
4

∑
k>−(Λ1,ΛD)

|Ek|2 , (1.4)

up to total derivative terms, such that the corresponding Euler-Lagrange equations sub-
ject to the duality equation Ek = 0 are equivalent to the Euler-Lagrange equations of
the (pseudo-) Lagrangian LLD . Although L depends on the infinitely many fields of the
E11/K(E11) coset, LLD only depends on the fields of level k ≤ −(Λ1,ΛD), which are the
standard fields in the corresponding theory. For GL(3) × E8 we compute that LLD is the
exceptional field theory Lagrangian [24] and we expect that LLD is the exceptional field
theory Lagrangian for odd D between 2 and 8, and the pseudo-Lagrangian for even D.
Similarly LL9 is expected to be the type IIB pseudo-Lagrangian and LL10 the double field
theory pseudo-Lagrangian [71].

In the list (1.3), we have not included cases where the Levi subgroup is infinite-
dimensional. One of those cases is L2 = SL(2) × E9 whose ExFT version has been con-
structed recently [30] and has served as an inspiration for the present paper. The other
Kac-Moody group is L1 = GL(1) × E10 and we find that the same decomposition (1.4)
of our model applies to D = 1 for E10, although the content of the field strength repre-
sentation is more conjectural. We describe this in appendix E and also discuss a possible
relation to the E10 sigma model that arises in the analysis of the cosmological billiard [6].
The proposed relation constrains the sigma model conserved charge to lie in the E10-orbit
of its positive Borel subalgebra.10

The structure of the article is as follows. We first introduce the necessary group-
theoretic facts and notation for E11, its irreducible representations and the indecomposable
representation extending the adjoint e11 that is part of the tensor hierarchy algebra in
section 2. This section also contains the definition of the E11 coset and constrained fields as
well as their transformations under generalised diffeomorphisms. In section 3, we review the
duality equation (1.1) in more detail and construct the pseudo-Lagrangian (1.2). We verify
that the pseudo-Lagrangian is consistent with the duality equation (1.1) in section 3.3,
postponing the derivation of the equation for the constrained fields to section 5. In section 4,
we prove gauge invariance of the pseudo-Lagrangian under generalised diffeomorphisms.
In order to analyse the pseudo-Lagrangian for a given solution of the section condition
one has to choose a level decomposition and the necessary steps for performing such an
analysis are given in section 6. In section 7, we then study the pseudo-Lagrangian in level

10We did not include D = 9 supergravity [72] in the list (1.3), because it is associated to a non-maximal
parabolic with Levi L9,11 = GL(9)×GL(2). But we expect the same result with k > −(Λ1,Λ9+Λ11) in (1.4).
Another case that is not included in the list is that of massive type IIA which requires a background that
does not satisfy the section constraint, or alternatively, a deformation of the gauge structure [73]. Massive
IIA in the context of E11 was also discussed in [74, 75].
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Figure 1. Dynkin diagram of E11 with labelling of nodes used in the text.

decomposition under GL(11) and show that it gives exactly non-linear D = 11 supergravity.
Section 8 is devoted to studying the consequences of our model for the higher level fields
and how they relate to dual formulations of the theory. In section 9, we perform the
level decomposition for GL(3) × E8 and reproduce E8 ExFT. Appendix A contains the
many proofs and supporting evidence for the group-theoretic identities that are used in
the construction of the theory. In particular, in table 5, we summarise these identities and
recall in the conclusions the main assumptions stated above, namely the master identity
and the existence of ηIJ . In appendix B, we formalise some aspects of indecomposable
representations in the language of Lie algebra cohomology. Appendices C and D collect
details on the GL(11) and GL(3)×E8 level decompositions of the various fields and tensors.
Appendix E contains details of the GL(1)×E10 decomposition and remarks on the relation
to the E10 sigma model.

Since this is a rather long paper, readers primarily interested in seeing how eleven-
dimensional supergravity emerges from the proposed master exceptional field theory may
focus on sections 2, 3, 6 and 7.

2 Preliminaries

In this section, we introduce the basic group-theoretic building blocks, fields and transfor-
mations laws that will be essential for constructing the pseudo-Lagrangian of E11 excep-
tional field theory. Throughout this section several E11 objects will be introduced with
specific index conventions. These will be summarised at the end in section 2.4 in table
form for the convenience of the reader. The derivation of the group theoretical identities
is relegated to appendix A.

2.1 Building blocks from E11 and its tensor hierarchy algebra

The Lie algebra e11 is a Kac-Moody algebra defined from its Dynkin diagram depicted in
figure 1 and we consider its split real form, see [76]. This means in particular that the
subalgebra corresponding to nodes 1 to 10 of the diagram is the sl(11) (over R) that can
be extended to gl(11) by taking the Cartan generator associated with node 11.

For the development of the general formalism we shall denote the generators of E11 as
tα with commutation relations [

tα, tβ
]

= fαβγt
γ . (2.1)

There is a non-degenerate E11-invariant bilinear form on e11 that we shall denote by καβ
and that can be used to raise and lower indices on E11-tensors such as fαβγ . As usual fαβγ
is totally antisymmetric.

– 7 –
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One can define a ‘temporal involution’ on e11 that generalises the ‘minus-transpose’
operation on matrices [76, 77]. We shall denote the fixed-point algebra of this involution by
K(e11) ⊂ e11. Its intersection with gl(11) discussed above is so(1, 10) and therefore K(e11)
should be thought of as an infinite generalisation of the Lorentz algebra.11 We shall denote
the corresponding group byK(E11) and it is known that it has a two-fold cover K̃(E11) [78],
generalising the spin groups and that has finite-dimensional spinor representations [10, 13].
We shall not consider fermions in this paper.

Associated with the Lie algebra e11 is a tensor hierarchy super-algebra T (e11) that
was defined in [58], see also appendix A and [79]. The concept of tensor hierarchy super-
algebra was first introduced by Palmkvist in [80], see also [81–84] for related ideas. It is a
super-algebra with a Z-grading that is consistent with the Grassmann Z2-grading

T (e11) =
⊕
p∈Z
Tp (2.2)

and e11 is the maximal simple subalgebra of T0. The E11 modules Tp play a prominent rôle
in the construction of the theory and we will now discuss some of their properties.

Let us first introduce further notation. We use the symbol h to represent an indecom-
posable representation sum M1 hM2, meaning that M1 ⊂M1 hM2 is a proper submodule
while M2 ∼= M1\(M1 hM2) is only a quotient module, but not a submodule. Throughout
the paper we shall use the notation that R(λ) is the irreducible highest weight module of e11
with highest weight λ = ∑11

i=1 kiΛi, with Λi the ith fundamental weight in the numbering
convention of figure 1. We shall use instead L(λ) for a completely reducible bounded weight
module of e11 with highest weight λ, which is generally a specific countable direct sum of
irreducible highest weight modules R(λ′) with weights λ′ ≤ λ including R(λ).12 As we do
not know the full structure of the individual Tp as E11-representations, we shall sometimes
just list the first low-lying irreducible representations and use the notation L(λ) to include
all the lower weight modules that are not known.13

In particular T0, T±1 and T±2 play a special rôle in the construction of the theory. The
algebra T0 includes e11 as a proper subalgebra and decomposes into E11 representations as
the direct sum [58]

T0 = âdj⊕D0 , (2.3)

where âdj is an indecomposable representation that is built on the adjoint of e11 and that
we write as

âdj = e11 h L(Λ2) , (2.4)

11The split real Lie algebra e11 has a ‘maximal compact’ subalgebra that is fixed by the standard Chevalley
involution and whose intersection with gl(11) is so(11) rather than so(1, 10). We write K(e11) for the
subalgebra fixed by the temporal involution. For example, for the split real e7, the corresponding subalgebras
are su(8) as the maximal compact and su∗(8) as the fixed point algebra of a temporal involution.

12With λ′ ≤ λ we mean that λ − λ′ is a non-negative linear combination of simple roots. In addition,
λ′ < λ denotes the stronger two conditions λ′ ≤ λ and λ′ 6= λ.

13These can be ordered by the height of the highest weight λ, where height refers to the sum of the
coefficients of λ in a simple root basis.

– 8 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

whereas D0 is completely reducible. In (2.4), L(Λ2) = R(Λ2)⊕ . . . is a direct sum of highest
weight modules of E11 that form an indecomposable Lie algebra extension of e11 [58]. Which
representations occur exactly is fixed by the tensor hierarchy algebra. To the extent that
it has been analysed, the only known representation in L(Λ2) at present is the irreducible
module R(Λ2). The reader is invited to think of L(Λ2) as just R(Λ2) everywhere in this
paper. Our results do not depend on the exact knowledge of additional representations in
L(Λ2).14 From the investigations in [58] it is known that the completely reducible D0 is a
sum of highest weight modules and that its first summand is given by R(Λ10).

The e11 representation T1 is a bounded weight module of highest weight Λ1 given by

T1 = R(Λ1)⊕R(Λ1 + Λ10)⊕R(Λ11)⊕R(Λ1 + 2Λ3)⊕ . . . , (2.5)

where we recognise the irreducible module that was already mentioned in the introduction
for the space-time coordinates [2]. In the theory we shall only consider the generators PM
in R(Λ1) ⊂ T1.

Since T is a super-algebra, the level T2 is obtained by anticommutators {PM , PN}
and thus is contained in the symmetric product of T1 with itself. It is a bounded weight
module of highest weight Λ10 with

T2 = L(Λ10)⊕D2 , (2.6)

where
L(Λ10) = R(Λ1)∨R(Λ1)	R(2Λ1) , (2.7)

and D2 is a fully reducible module that can be ignored in our construction. Due to the
defining properties of the tensor hierarchy algebra T , R(2Λ1) is not part of T2. Since R(Λ1)
is the representation of the derivatives [2], L(Λ10) is recognised as the symmetric section
condition [58]. This will be discussed in more detail in section 2.2.

The construction of the theory as defined in [13] relies on the assumption that D0 =
L(Λ10)⊕D′0, where D′0 denotes a direct sum of further possible highest weight E11 repre-
sentations. In appendix A.2, we prove L(Λ10) ⊂ T2 and provide evidence for the conjecture
that L(Λ10) ⊂ T0 in appendices A.4 and A.5. Although this would make the algebraic con-
struction of the theory from the tensor hierarchy algebra more uniform, we do not require
this assumption in this paper.

We now discuss in more detail the indecomposable representation âdj in (2.4) and
introduce notation for its basis elements to be used throughout the paper. We write the
generators in âdj as

tα̂ = (tα, tα̃) , (2.8)

which besides the E11 generators tα, include the basis elements tα̃ in L(Λ2) that satisfy[
tα, tα̃

]
= −Tαα̃β̃t

β̃ −Kαα̃
βt
β , (2.9)

14The next potential candidate that we identified and that we could not rule out on cohomological grounds
is R(2Λ10).
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where Tαα̃β̃ are representation matrices of e11 and Kαα̃
β̃ is a Lie-algebra cocycle. It

represents the fact that the tα̃ are in an indecomposable representation with the adjoint of
e11 since the action of e11 on tα̃ gives back e11 generators. We give some more information
on Lie algebra cocycles in appendix B.

The action of E11 on the generators tα̃ leads via a Jacobi identity in T0 to the two
identities

Tαα̃γ̃T
βγ̃
β̃ − T

βα̃
γ̃T

αγ̃
β̃ = fαβγT γα̃β̃ , (2.10a)

Kαα̃
γf

βγ
δ −Kβα̃

γf
αγ
δ − Tαα̃γ̃Kβγ̃

δ + T βα̃γ̃K
αγ̃
δ = −fαβγKγα̃

δ . (2.10b)

The first identity expresses the fact that the Tαα̃β̃ are representation matrices of e11 and
thus transform as (invariant) tensors under E11. The second identity is the cocycle identity
and shows that Kαα̃

β is not a tensor under E11 when α̃ is viewed as an index of the
representation L(Λ2). The cocycle is defined modulo a redefinition of the generator tα̃ =
tα̃ +Kα̃

βt
β such that Kαα̃

β and K ′αα̃β satisfying

Kαα̃
β = K ′αα̃β + Tαα̃β̃K

β̃
β + fαγβK

α̃
γ (2.11)

are equivalent cocycles. We shall encounter several E11 invariant tensors with one index α̂
in the representation âdj, as for example the structure constants f α̂β̂ γ̂ for two generators
in âdj. Because of the indecomposable representation, their components written with
α̂ = (α, α̃) are not E11-invariant tensors for the indices α in the adjoint and α̃ in L(Λ2),
like fαβ̃γ = −Kαβ̃

γ for example. It will be convenient to define the failure to transform
under E11 according to the direct sum representation e11 ⊕ L(Λ2) as a ‘non-covariant’
variation ∆α. The notation we employ for an object O is

∆αO = (transformation of O under tα) - (naïve transformation suggested by the indices).
(2.12)

Equation (2.10b) can be written in this notation as

∆αKβα̃
δ = −Kαα̃

γf
βγ
δ − T βα̃γ̃Kαγ̃

δ , (2.13)

while (2.10a) is ∆αT βα̃β̃ = 0. The naïve transformation is simply given by the action of
the corresponding representation matrix; for the adjoint, the matrix representation of tα is
Tαβγ = −fαβγ .

It is important to note that due to the indecomposable structure of âdj there is no
invariant tensor κα̂β̂ that can be used for raising and lowering indices on âdj. The dual
module is instead âdj∗ = e∗11 i L(Λ2) ⊂ T−2.

We shall denote the generators of L(Λ10) ⊂ T2 collectively as PΛ. They transform
under E11 with representation matrices as[

tα, PΛ
]

= −TαΛ
ΣP

Σ , (2.14)

and there is no non-covariance associated with this action of E11, thus ∆αT βΛ
Σ = 0.
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The first negative level T−1 of the tensor hierarchy algebra T (e11) was identified in [58]
to be the one relevant for defining field strengths. For n ≤ 9, T−1(en) is the so-called
embedding tensor representation [57, 85] in supergravity in 11− n dimensions [80]. T−1 is
therefore the natural representation for the generalised fluxes in exceptional geometry [86–
88]. We shall label the generators of T−1 by tI and they transform as

[tα, tI ] = TαJItJ (2.15)

under E11 with proper tensors TαIJ . As generators of the Lie super-algebra T (e11), the tI
are Z2-odd. In [58] it was shown that T−1 admits a non-degenerate antisymmetric tensor
ΩIJ that we shall refer to as the symplectic form. The tensor ΩIJ is invariant under E11
(and T0) and is the restriction of the Z2-symmetric invariant bilinear form of degree p = −2
that implies T−2−p = T ∗p .

As a representation of E11, the space T−1 is neither a highest nor lowest weight repre-
sentation, but rather is expected to decompose as a vector space sum as

T−1 = R−1 ⊕
⊕
λ

R(λ)⊕
⊕
λ

R(λ) , (2.16)

where R−1 is the piece that does not admit a highest or lowest weight and R(λ) and
R(λ) denote a (possibly infinite) sequence of highest and lowest weight representations,
respectively. R−1 is the quotient of T−1 by the maximal proper submodule given by the
sum of highest and lowest weight representations.

Our construction crucially requires the existence of a non-degenerate K(E11)-invariant
bilinear form ηIJ , for instance for writing MIJ in the duality equation (1.1). If T−1 were
completely reducible, in which case R−1 would be an E11-submodule of T−1, the existence
of a K(E11)-invariant bilinear form ηIJ on T−1 would be guaranteed. However, there are
also examples where such a form exists without the requirement of complete reducibility.15

In the following we shall assume that ηIJ exists. Our investigations to date have not
unveiled any submodule R(λ) so that T−1 might be irreducible, but at present (2.16) is an
assumption and we do not have proof of the existence of ηIJ whose existence is crucial for
our model. We have evidence for the existence of ηIJ from considering subalgebras of e11.
In [58] we computed the explicit components of ηIJ in GL(11) level decomposition that are
K(E11)-invariant for the first seven gl(11) levels. Considering the e9 subalgebra of e11 as
in [30] establishes the existence of ηIJ on an infinite-dimensional submodule, including the
first three e9 levels.

Assuming ηIJ exists, one has the identity

ΩIJ ′η
J ′KΩKI′η

I′J = δJI , (2.17)

which allows for the definition of a twisted self-duality equation. This identity was also
checked in level decomposition.

15By analysing examples in the branching of T−1 under e9 or e10 (see (E.12)), we have checked that it
is possible to have indecomposable representations of en within (2.16) that still admit a K(en)-invariant
bilinear form.

– 11 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

2.2 Space-time, fields, currents and field strengths

In this section, we introduce the generalised space-time of E11 exceptional field theory,
define the fields of the theory and a set of currents and field strengths.

2.2.1 Space-time and section constraint

In order to define the fields and the pseudo-Lagrangian, we need to introduce a generalised
space-time on which they live. As West [2] we take this to be given by coordinates zM
transforming in the highest weight representation R(Λ1) of E11. This is also the natural
coordinate representation obtained by extrapolating the pattern of coordinate representa-
tions for other exceptional field theories [33, 48] or equivalently the vector fields of maximal
supergravity theories [57]. The representation also occurs in the tensor hierarchy algebra
component T1 as described in (2.5) [58]. We recall that T1 is completely reducible, and the
index M will always refer to the first direct summand R(Λ1) only.

The action of E11 in the R(Λ1) representation is through invariant tensors TαMN that
satisfy

TαMPT
βP

N − T βMPT
αP

N = fαβγT
γM

N . (2.18)

Partial derivatives with respect to the coordinates zM will be written as ∂M . Either by
considering a complex of functions from the tensor hierarchy algebra or by using the general
form of the section constraint of other exceptional field theories one is led to requiring that

καβT
αP

MT
βQ

N∂P ⊗ ∂Q = −1
2∂M ⊗ ∂N + ∂N ⊗ ∂M (2.19)

when the partial derivatives act on any pair of fields or parameters in the theory. The
equation above is the section constraint of E11 exceptional field theory and follows very
naturally as a Jacobi identity when considering the tensor hierarchy algebra T (e11) [58].
It will play a central rôle in our construction. Some of the group-theoretic identities we
write will only be valid ‘on section’ and we shall make this manifest by contracting the
corresponding indices with dummy derivatives as in (2.19).

In terms of representation theory, the section constraint (2.19) picks out specific pieces
of the symmetric (∨) and antisymmetric (∧) second powers of R(Λ1). As E11 representa-
tions these are given by [13, 58]16

R(Λ1)∨R(Λ1) = R(2Λ1)⊕
L(Λ10)︷ ︸︸ ︷(

R(Λ10)⊕R(Λ2 + Λ10)⊕ . . .
)
, (2.20a)

R(Λ1)∧R(Λ1) = R(Λ2)⊕
(
R(Λ4)⊕ . . .

)︸ ︷︷ ︸
L(Λ4)

. (2.20b)

16Tensor products of highest weight representations of E11 are completely reducible [76] but yield an
infinite sum of highest weight modules. These can be partially ordered by the height of the highest weight
Λ, where height refers to the sum of the coefficients of Λ in a simple root basis. When writing the result of
the tensor product, we only show the first few E11 representations in this order. Branching to subalgebras
gl(D)⊕ e11−D introduces a level that shall be used to organise the corresponding representations. This will
be explained in more detail starting from section 7. For many computations the SimpLie software [89] was
very useful.

– 12 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

The section constraint (2.19) is the statement that the components along the representa-
tions L(Λ10) ⊕ L(Λ4) have to vanish. Note that although L(Λ10) and L(Λ4) are infinitely
reducible, they should intuitively be thought of as being ‘small’ compare to R(2Λ1) and
R(Λ2). For example one can find two linearly independent XM and YM such that XMYN
vanishes in L(Λ10)⊕ L(Λ4), but one cannot find non-trivial vectors such that XMYN van-
ishes in R(2Λ1) and its vanishing in R(Λ2) implies that they are linearly dependent.

The action of the algebra T0 in the representation T1 (2.9) moreover implies that
TΛM

N = 0 and T α̃MN satisfies the following identity17

T α̃MPT
βP

N − T βMPT
α̃P

N = T βα̃β̃T
β̃M

N +Kβα̃
αT

αM
N (2.21)

that will be used when checking gauge-invariance of the pseudo-Lagrangian.

2.2.2 Fields

The fields of exceptional field theory will come from e∗11 iL(Λ2)⊕L(Λ10) ⊂ T−2, the dual
representation of T0 ⊃ e11. The fields of the theory are locally functions on the module
R(Λ1), and the generalised space-times is locally isomorphic to the module R(Λ1). They
include the representative V(z) ∈ E11 of the coset E11/K(E11), which is associated with a
non-linear realisation of E11. It transforms under rigid E11 and local K(E11) as

V(z)→ k(z)V(g−1z)g , (2.22)

where the rigid g ∈ E11 acts on the coordinates zM according to the R(Λ1) representa-
tion.18 One can consider V(z) in any representation of E11 and we shall typically suppress
the space-time dependence in the equations. For example, writing V in the R(Λ1) represen-
tation leads to VAM , where A is a flat tangent space index transforming under K(E11) and
V is to be thought of as the vielbein on the generalised space-time with local coordinates
zM .19 We also note that at the level of the coordinates zM there is no meaning to the usual
distinction between ‘external’ and ‘internal’ coordinates. This distinction arises only when
considering a level decomposition GL(D)× E11−D ⊂ E11 of the type we consider starting
from section 7.

Besides the vielbein V we will make ample use of the ‘generalised metric’

M = V†ηV , (2.23)

where η is aK(E11)-invariant symmetric tensor on the representation in which one wants to
evaluateM. For instance, the R(Λ1) representation possesses such an invariant tensor ηMN

(as do all highest or lowest weight representations [76]) and this leads to the generalised
metric MMN that is symmetric in its indices and transform only under rigid E11 but is

17Note that it makes sense to restrict the indices to R(Λ1) because e11 acts on R(Λ1). Therefore if all
the uncontracted T1 indices are in R(Λ1), all the contracted T1 indices are also in R(Λ1).

18In [2], this is expressed by saying that one considers a non-linear realisation of the semi-direct product
E11 nR(Λ1).

19We stress that this is only a local concept and, moreover, the generalised space-time dependence is
always restricted by the section constraint (2.19).
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inert under local K(E11). As we have explained above in section 2.1, we assume a similar
K(E11)-invariant metric ηIJ also exists on the field strength representation T−1 and we can
defineMIJ . We should stress that the generalised metricsM andMIJ are at the moment
formal objects and plagued with infinite sums and questions of being well-defined. We shall
explain in section 6 how to define properly the theory using the vielbein formulation in a
(parabolic) gauge for the coset E11/K(E11). The use of MMN is nonetheless very useful
to simplify the equations, and E11 representation theory ensures that all the identities
formally derived using MMN imply well-defined identities in a parabolic gauge. All the
expressions we shall write in the following are formal in the same sense but can be made
meaningful in level decomposition.20

Starting from the generalised metricM function of the fields in the coset E11/K(E11),
we define the current

M−1∂MM = JMαt
α =⇒ MPN∂MMNQ = JMαT

αP
Q , (2.24)

that takes values in the e11 Lie algebra. We have also given its expression in the fundamental
representation R(Λ1). Since the generalised metric MMN is symmetric in its indices we
note that the definition implies the identity

JMαT
αP

NMNQ = JMαT
αQ

NMNP . (2.25)

The current also satisfies the usual Maurer-Cartan equation

2∂[MJN ]α + fβγαJMβJNγ = 0 (2.26)

Since the current is valued in e11 we can use the Killing-Cartan metric καβ to raise and
lower the adjoint index and JM

α are the components of an element in the co-adjoint
representation e∗11.

Besides the fields in the coset E11/K(E11), E11 exceptional field theory also includes
additional constrained fields. A constrained (generalised) one-form wM is a field with an
index M in R(Λ1) that satisfies the section constraint with any derivative of any field Φ or
any other constrained one-form [23, 24], i.e.

καβT
αP

MT
βQ

N wP ∂QΦ = −1
2wM ∂NΦ + wN ∂MΦ . (2.27)

Examples of constrained (generalised) one-forms are JMα and ∂MΦ for any function Φ since
the form index is carried by an explicit derivative. Together with the current JMα, the con-
strained field χMα̃ parametrises a constrained one-form in the T0 co-adjoint representation
T−2 = T ∗0

dzM (JMαt̄α + χM
α̃t̄α̃) ∈ e11 i L(Λ2) ⊂ T−2 . (2.28)

The constrained field χM
α̃ does not belong to a representation of e11 by itself, but the

components
JM

α̂ ≡ (JMα, χM
α̃) (2.29)

20If one restricts all elements to the so-called minimal Kac-Moody group, defined in section 6.4, the
expressions are meaningful as they stand. We shall argue in section 6.4 that, for physical reasons, we need
to work with a completion of the minimal group and explain how the model remains well-defined.
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transform together in the representation R(Λ1)⊗âdj.21 It will be convenient to think of χMα̃

as transforming in the representation R(Λ1)⊗L(Λ2) with the non-covariant transformation

∆αχM
β̃ = Kαβ̃

γJM
γ . (2.30)

As will be justified in what follows, we also need to introduce two more constrained
fields. The first one, ζMΛ in the representation R(Λ1) ⊗ L(Λ10), was already assumed as
part of T0 in [13], while ζM Λ̃ in R(Λ1) ⊗ L(Λ4) was overlooked. We shall find that they
both are necessary for the duality equation to be gauge invariant.22 So we have

χM
α̃ constrained fields in L(Λ2) such that (dzMJMα, dzMχM

α̃) ∈ âdj ,
ζM

Λ constrained fields in L(Λ10) = R(Λ1)∨R(Λ1)	R(2Λ1) , (2.31)

ζM
Λ̃ constrained fields in L(Λ4) = R(Λ1) ∧R(Λ1)	R(Λ2) ,

where by ‘constrained field in L(λ)’ we mean fields in R(Λ1) ⊗ L(λ) with a constrained
index in R(Λ1). We will use the combined notation ζM Λ̂ for the constrained field

ζM
Λ̂ = (ζMΛ, ζM

Λ̃) , (2.32)

which is valued in the section constraint representation L(Λ10)⊕L(Λ4), and can schemat-
ically be thought of as ζMP ;Q with ζM

P ;Q∂P ⊗ ∂Q = 0. The semi-colon here is used to
denote a tensor product R(Λ1)⊗R(Λ1).

2.2.3 Field strengths

As explained in [58], the tensor hierarchy algebra implies the existence of an E11-invariant
tensor defining a map from T1⊗T−2 → T−1 which enters in the definition of a field strength
in T−1. In general there is a nilpotent differential operator acting on fields in Φ(z) ∈ Tp to
give fields in Tp+1 as

dΦ(z) = (adPM )(∂MΦ(z)) (2.33)

where ad(PM ) is the graded commutator with PM and nilpotency d2 = 0 follows from
the tensor hierarchy algebra [58]. This differential derived from the tensor hierarchy al-
gebra provides a projection of the current components JMα̂ (2.29) to the field strength
representation T−1

[PM , JMα̂t̄α̂] = CIM α̂ JM
α̂tI . (2.34)

As we shall see in the next section when discussing the duality equation, the appropriate
field strength requires additional terms and is defined as

F I = CIM α̂ JM
α̂ + C̃IM Λ̂ ζM

Λ̂

= CIMα JM
α + CIM α̃ χM

α̃ + C̃IMΛ ζM
Λ + C̃IM Λ̃ ζM

Λ̃ . (2.35)
21Note that the field components are in the dual representation of the fields themselves.
22The representation L(Λ4) is beyond the level truncation that has been considered in the literature, but

the all-level considerations in appendix A.2 show that it is needed.
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This includes an additional dependence on the constrained fields (ζMΛ, ζM
Λ̃). Compared

to [13], the definition of the field strength differ in two regards. First, as mentioned above,
the constrained field ζM Λ̃ in L(Λ4) were absent in [13]. Secondly, the constrained field ζMΛ

in L(Λ10) here appears with the tensor C̃IMΛ that is defined from T as the conjugate of the
commutator [T2, T−1] (see (A.34)) while in [13] we used the commutator [T1, T−2] similar
to (2.34). We have evidence that these two definitions might be equivalent, but this will
not be essential for the construction of the theory with the definition (2.35).

In the following we will drop the tildes on C̃IMΛ and C̃IM Λ̃ for ease of notation, thus
writing

F I = CIM α̂ JM
α̂ + CIM Λ̂ ζM

Λ̂ . (2.36)

The tensor CIM Λ̂ is not defined from the tensor hierarchy algebra T , but will be defined
in section 3.1 to ensure gauge-invariance of the duality equation and is discussed in detail
in appendix A.2.

Turning to the structure constants above that do arise in the T (e11) algebra, since the
index α̂ of the indecomposable representation is downstairs, we are dealing with the dual
representation e∗11 iR(Λ2) and thus the component CIM α̃ is an E11-tensor while CIMα is
not. Its non-covariant variation is given by

∆αCIMβ = −Kαα̃
βC

IM
α̃ . (2.37)

The field strength (2.36) transforms covariantly under rigid E11 in the T−1 representation,
using (2.30).

The tensors defined above satisfy a number of important identities when their gen-
eralised space-time indices are on section. In particular, T = ⊕pTp defines a graded
complex of functions satisfying the section with a nilpotent exterior differential defined
by (2.33). The first identity comes from d2ξ = 0 when acting on a gauge parameter
ξ ∈ R(Λ1) ⊂ T−3 = T ∗1

CIM α̂T
α̂N

P ∂M∂N = 0 . (2.38)

We have written dummy partial derivatives to emphasise the fact that the identity only
holds when the indices M and N are projected onto the irreducible representation R(2Λ1)
associated to the section constraint (2.19) on a symmetric tensor. It is important that here
there is no contribution from D0 since {PM , PN} = T α̂MN t̄α̂ ⊂ âdj∗ ⊂ T−2, as can be
checked by E11 representation theory since the bounding weight of D0 is Λ10.23

The same derivation from d2Φ = 0 for a field Φ ∈ T−2 gives

ΩIJC
IM

α̂C
JN

β̂
∂M∂N = 0 . (2.39)

23These standard methods rely on analysing the weight diagrams of highest weight modules and this is the
only methods we are aware of for general indefinite Kac-Moody algebras. For the case of affine algebras, one
could also use the Virasoro algebra that can be constructed in the universal enveloping algebra and make
its coset form act on tensor products [90–93]. A similar structure for E11 or other indefinite Kac-Moody
algebras is not known.
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It is proved in appendix A.3 that this generalises to the following identities when no
symmetry is assumed for the two derivatives:

ΩIJC
IM

αC
JN

β ∂M ⊗ ∂N = −2Πα̃
MNK(α

α̃
β) ∂M ⊗ ∂N , (2.40a)

ΩIJC
IM

α̃C
JN

β∂M ⊗ ∂N = −Πβ̃
MNTβ

β̃
α̃∂M ⊗ ∂N , (2.40b)

ΩIJC
IM

α̃C
JN

β̃ ∂M ⊗ ∂N = 0 , (2.40c)

where Πα̃
MN is the intertwiner for the injection R(Λ2) ⊂ R(Λ1)∧R(Λ1). The left-hand

side of (2.40a) does not need to be symmetrised in α and β since it is automatically
antisymmetric in M and N .

One checks by standard methods for E11 tensor products [76] that24

ΩIJC
IM

α̃C
JN

Λ̂ ∂M ⊗ ∂N = 0 , (2.41a)
ΩIJC

IM
Ξ̂C

JN
Λ̂ ∂M ⊗ ∂N = 0 . (2.41b)

2.3 Generalised diffeomorphisms

Besides the rigid E11 transformations of the fields we shall also require local gauge trans-
formations provided by the generalised diffeomorphisms. These were defined in [13, 58]
following the general pattern of any generalised Lie derivative for arbitrary groups and
representations [94] on a vector VM in R(Λ1) by

LξVM = ξN∂NV
M − καβTαPQ∂P ξQT βMNV

N + w ∂Nξ
NVM (2.42)

The subscript ξM represents the gauge parameter in the R(Λ1) representation of E11.
The vector representation R(Λ1) of E11 implies that the gauge parameter ξM has weight
w = −1

2 [94].
Closure of the algebra of generalised diffeomorphisms only holds when the section

constraint (2.19) is fulfilled [48] and only modulo ancillary transformations that arise for
the first time for E8 [24, 62, 95]. Computing the closure of the algebra here leads to the
relation

[Lξ1 ,Lξ2 ]VM−L[ξ1,ξ2]V
M

= 1
2
(
fαβγT

γP
RT

βQ
S−2δ(P

[R Tα
Q)
S]

)
ξR1 ∂P∂Qξ

S
2 T

αM
NV

N−(ξ1↔ξ2) , (2.43)

where the section condition was already used and [ξ1, ξ2] = 1
2Lξ1ξ2 − 1

2Lξ2ξ1. In order
to absorb this failure of closure one requires ancillary transformations. Extrapolating the
structure of the ancillary transformations from E8 and E9 [24, 61, 94] one expects that there
is a first gauge parameter in the representation R(Λ1)⊗R(Λ3), i.e., with the index structure
ΣM

N1N2N3 , where the upper R(Λ1) indices are completely antisymmetric and the lower
24Using the notation AMN∂M ⊗∂N = 0 means that the projection of MN in AMN to the representations

R(2Λ1) and R(Λ2) vanishes, see (2.20). In particular, if the solution to the section constraint is realised by
a linear subspace and the indices M and N belong to this linear subspace, the corresponding components
of AMN vanish.
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index is section constrained. One needs in fact a more general ancillary gauge parameter
ΣM

Ĩ with an index Ĩ that labels the completely reducible bounded weight representation

L(Λ3) = R(Λ1)⊗ L(Λ2)	R(Λ1 + Λ2) = R(Λ3)⊕R(Λ1 + Λ10)⊕ . . . (2.44)

We also impose the tracelessness condition

ΠĨ
Mα̃ΣM

Ĩ = 0 , (2.45)

where ΠĨ
Mα̃ is an E11 intertwiner tensor that projects out the R(Λ1 + Λ2) from the tensor

product

R(Λ1)⊗ L(Λ2) = R(Λ1 + Λ2)⊕R(Λ3)⊕R(Λ1 + Λ10)⊕R(Λ1 + Λ4)⊕R(Λ1 + 2Λ3)⊕ . . .
(2.46)

to the representation L(Λ3) in (2.44). There must be an extension of the theory for which
the scalar fields V(z) are defined in a bigger coset associated to (the conjugate e11 hL(Λ2)
under the Cartan involution of) âdj ⊂ T0 and the constraint (2.45) is relaxed since it can
be contracted with a generator T̄α̃MN in L(Λ2). This is important in the construction of
the supersymmetric theory including the fermions [13], but we shall not attempt to define
it in this paper.25

Here, we take ΠĨ
Mα̃ to be the direct sum of the canonically normalised projectors to

the individual representations in (2.44). We define its conjugate tensor by

C ĨMα̃ = ηĨ J̃ηMNηα̃β̃ΠJ̃
Nβ̃ , (2.47)

where, due to the reducibility of the Ĩ (and potentially α̃) indices there is some freedom in
the normalisation of the K(E11)-invariant tensors ηĨ J̃ (and ηα̃β̃). We will fix this freedom
below. We prove in appendix A that the tensor C ĨMα̃ is part of a larger structure constant
C ĨMα̂ = (C ĨMα, C

Ĩ
Mα̃) in L(Λ3) ⊗ R(Λ1) ⊗ âdj∗, whose component C ĨMα transforms

non-covariantly as

∆αC ĨMβ = −Kαα̃
βC

Ĩ
Mα̃ . (2.48)

We use this tensor to define an extended generalised Lie derivative

L(ξ,Σ)V
M = LξVM − ηĨ J̃η

PQηαβC J̃QαΣP
ĨTβ

M
NV

N . (2.49)

Even though only the non-tensorial part C J̃Qα appears in the extension of the generalised
Lie derivative, this expression is E11-covariant due to (2.45). One computes that the algebra
of generalised diffeomorphisms (2.49)[

L(ξ1,Σ1),L(ξ2,Σ2)
]
VM = L([ξ1,ξ2],Σ12)V

M , (2.50)

25For E9 this is equivalent to the formulation extending E9 by the generator L−1 and the associated field
ρ̃ in (bosonic) exceptional field theory [30, 61]. At the level of supergravity, the field ρ̃ transforms non-
trivially under supersymmetry [96, 97] and ρ̃ is necessary for K̃(E9) to commute with the supersymmetry
transformations.
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indeed closes with the parameter

Σ12M
Ĩ =Lξ1Σ2M

Ĩ+ 1
2C

Ĩ
Nα̂T

α̂P
Qξ

N
1 ∂M∂P ξ

Q
2 + 1

2Tβ
Ĩ
J̃Σ1M

J̃ηK̃L̃η
PQηβγCK̃PγΣ2Q

L̃−(1↔2) .
(2.51)

The Lie derivative of the weightless constrained parameter ΣM
Ĩ is

LξΣM
Ĩ = ξN∂NΣM

Ĩ − TαPQTαĨ J̃∂P ξ
QΣM

J̃ + TαPQTα
N
M∂P ξ

QΣN
Ĩ

= ξN∂NΣM
Ĩ − TαPQTαĨ J̃∂P ξ

QΣM
J̃ + ∂Mξ

QΣQ
Ĩ − 1

2∂Nξ
NΣM

Ĩ , (2.52)

where we have written the second line by using the section constraint (2.19) to make
it manifest that the result is again section constrained on the index M . Moreover, one
checks by E11-invariance of ΠĨ

Mα̃ that ΠĨ
Mα̃LξΣM

Ĩ = 0, i.e., the Lie derivative preserves
the tracelessness condition (2.45). To obtain the last term in (2.51) and show that it
satisfies (2.45), we use that Σ1M

Ĩ and Σ2M
Ĩ do and the identity

C ĨQα̂T
α̂P

Rη
QMηRN∂M ⊗ ∂N = 0 , (2.53)

which follows from the property that neither R(2Λ1) not R(Λ2) are contained in R(Λ1)⊗
L(Λ3). The structure on the upper indices is that of the tensor product L(Λ3)⊗R(Λ1) ⊂
R(Λ1)⊗R(Λ2)⊗R(Λ1) and we need to check that this does not contain the representations
R(2Λ1) and R(Λ2) that are non-trivial when the section constraint is fulfilled, see (2.20).

To show that the failure (2.43) of the generalised Lie derivative to form a
closed gauge algebra is indeed reabsorbed by the ancillary transformation of parameter
1
2C

Ĩ
Nα̂T

α̂P
Qξ

N
1 ∂M∂P ξ

Q
2 in (2.51), we use the identity

C Ĩ
P β̂
T β̂(M

Qη
N)RηĨ J̃η

αγC J̃Rγ ∂M ⊗ ∂N =
(
fαβγT

γ(M
PTβ

N)
Q − 2δ(M

[P TαN)
Q]
)
∂M ⊗ ∂N ,

(2.54)

which we demonstrate in appendix A. To moreover show that this second term in Σ12
satisfies the traceless condition (2.45), we use the additional identity

ηα̃γ̃ηIJηNPC
IP

γ̃C
JM

β̂
= ΠĨ

Mα̃C Ĩ
Nβ̂

, (2.55)

where we recall that β̂ = (β, β̃), which implies, together with (2.38), that Σ12 indeed
satisfies the tracelessness condition. Identity (2.55) links the representation L(Λ3) with
index Ĩ to the representation T−1 with index I. It is proved in appendix A.1 and fixes the
freedom in the definition of ηĨ J̃ .

As we shall see the tensor C Ĩ
P β̂

also plays a rôle in the construction of the pseudo-
Lagrangian of E11 exceptional field theory as it enters what was called the second potential
term in (1.2). This is not surprising since also for E8 the gauge algebra only closes when an
additional ancillary gauge transformation ΣM is introduced and also the potential acquires
a new term compared to En with n ≤ 7 [24]. The same identity also appears in the definition
of the potential for E9 [61]. More generally is was shown in [63] that the identity (2.54)
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appears in the closure of the algebra and the definition of the potential for all simply laced
finite-dimensional Lie groups G and any highest weight coordinate module R(λ).

Having discussed the general Lie derivative and its closure we shall now describe how
the fields of E11 exceptional field theory transform under generalised diffeomorphisms. In
this we shall focus on the parameter ξM only.26 We write the generalised Lie derivative of
any object O as

LξO = ξM∂MO − TαNP∂NξP tαO + w∂Mξ
MO , (2.56)

where tαO is the action of the E11 generator tα on O and w represents the weight of the
object.

The generalised diffeomorphism will be written as δξO and need not coincide with the
generalised Lie derivative as there can be non-covariant terms when additional derivatives or
constrained indices are involved. We shall write this non-covariant gauge transformation as

∆ξ = δξ − Lξ . (2.57)

The non-covariant gauge transformation defined above should not be confused with the
‘non-covariant’ rigid e11 transformation ∆α in (2.30) associated to the indecomposable
structure. In particular LξχMα̃ takes into account the indecomposable representation and
includes the term −TαNP∂NξP∆α according to (2.56).

For instance, the generalised metric transforms under generalised diffeomorphisms as
always in exceptional field theory

δξM = LξM = ξM∂MM+ καβT
αM

N∂Mξ
N (Mtβ + tβ†M) (2.58)

and this coincides with its Lie derivative as it is a fully covariant object. Therefore, ∆ξM =
0 in any E11 representation admitting a K(E11)-invariant bilinear form.

By contrast, the gauge transformation of the current JMα follows from (2.58) and using
its definition (2.24) as [13, eq. (3.18)]

δξJM
α = ξN∂NJM

α + Tβ
N
P∂Nξ

P fβαγJM
γ + Tβ

P
Q∂P ξ

QT βNMJN
α + 1

2∂Nξ
NJM

α

+ TαNP
(
∂M∂Nξ

P +MNQMPR∂M∂Rξ
Q
)
. (2.59)

The first line coincides with the Lie derivative of a weight w = 1/2 object (since the
derivative index is downstairs) but the second line is a non-covariant gauge transformation

∆ξJM
α = TαNP

(
∂M∂Nξ

P +MNQMPR∂M∂Rξ
Q
)
, (2.60)

26The gauge transformations of parameter ΣMĨ for the generalised metric M and the current JMα

follow from the definition, but the gauge transformations of the constrained fields (χMα̂, ζM
Λ̂) are not

straightforward to get. It is expected that the closure of the algebra of generalised diffeomorphisms on the
constrained fields requires introducing additional gauge transformations with two constrained indices and
under which all the covariant objects M, EI (where EI = 0 is the duality equation for F I) are strictly
invariant.
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proportional to second derivatives of the parameter ξ that appear in all exceptional field
theories.27

The gauge transformation of the constrained fields was established in [13, eq. (3.20)].
Since the constrained fields are in some sense completions of the currents according
to (2.36), their transformation is very similar. However, they have an additional non-
covariant piece due to the existence of additional invariant tensors. Their transformation
under generalised diffeomorphisms is28

δξχM
α̃ = ξN∂NχM

α̃ − TαNP∂NξP
(
Tαα̃β̃χM

β̃ +Kαα̃
βJM

β − TαQMχQα̃
)

+ 1
2∂Nξ

NχM
α̃

+ T α̃NP
(
∂M∂Nξ

P +MNQMPR∂M∂Rξ
Q
)

+ Πα̃
QPMNQ∂M∂Nξ

P , (2.61a)

δξζM
Λ̂ = ξN∂NζM

Λ̂ − TαNP∂NξP
(
TαΛ̂

Σ̂ζM
Σ̂ − TαQMζQΛ̂

)
+ 1

2∂Nξ
NζM

Λ̂

+ ΠΛ̂
QPMNQ∂M∂Nξ

P , (2.61b)

where compared to [13] we have used the section constraint (2.19). Moreover, we have
additionally used the fact that there is no tensor T Λ̂N

P as can be checked by E11 represen-
tation theory. This simplifies the gauge transformation of ζM Λ̂ compared to that of χMα̃.
It is important to note that the algebra of diffeomorphisms generated by (ξM ,ΣM

Ĩ) does
not close on the constrained fields χα̃ and ζΛ̂, but involves instead higher gauge transfor-
mations starting with a parameter involving two constrained indices. In particular, in the
commutation rules one finds terms involving ∂P ξR∂M∂NξQ + ∂Nξ

Q∂M∂P ξ
R which cannot

be interpreted as a ΣM
Ĩ variation. The precise form of these higher gauge transformations

remains to be determined. Nonetheless, they are not needed to demonstrate the gauge
invariance of the dynamics under generalised diffeomorphisms with parameter ξM only.

Turning to the ξ-transformations in (2.61a), the first lines of these transformations are
again the Lie derivatives so that we can read off the non-covariant gauge transformation as

∆ξχM
α̃ = T α̃NP

(
∂M∂Nξ

P +MNQMPR∂M∂Rξ
Q
)

+ Πα̃
QPMNQ∂M∂Nξ

P , (2.62a)

∆ξζM
Λ̂ = ΠΛ̂

QPMNQ∂M∂Nξ
P . (2.62b)

The extra E11-invariant tensors that occur in these transformations are Πα̃
MN and

ΠΛ̂
MN = (ΠΛ

MN ,ΠΛ̃
MN ). They correspond to the projections of the antisymmetric

and symmetric product of two R(Λ1) representations, see (2.20), onto the corresponding
representations R(Λ2) ⊂ L(Λ2), L(Λ4) and L(Λ10), respectively. Thus they have the
symmetry properties

Πα̃
MN = Πα̃

[MN ] , ΠΛ̃
MN = ΠΛ̃

[MN ] , ΠΛ
MN = ΠΛ

(MN) . (2.63)

27This is similar to the fact that Christoffel symbols transform non-covariantly under diffeomorphism
whereas the metric is covariant.

28The invariant tensors T α̃NP and TΛN
P appearing in the equations below correspond to the action of

T0 in the tensor hierarchy algebra on its level one representation T+1 [13].
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Index E11 representation Object

α̂ =
{
α

α̃
âdj

{
e11(adjoint)
L(Λ2)

JM
α̂ =

{
JM

α (current (2.24))
χM

α̃ (constr. field (2.31))

Λ̂ =
{Λ

Λ̃

{
L(Λ10) = R(Λ1)∨R(Λ1)	R(2Λ1)
L(Λ4) = R(Λ1) ∧R(Λ1)	R(Λ2)

ζM
Λ̂ =

{
ζM

Λ (constr. field (2.31))
ζM

Λ̃ (constr. field (2.31))

M R(Λ1) ∂M (space-time derivative (2.19))

I T−1 (2.16) F I (field strength (2.36))

Ĩ L(Λ3) = R(Λ1)⊗ L(Λ2)	R(Λ1+Λ2) ΣM
Ĩ (anc. parameter (2.45))

Table 1. Summary of the E11-representations that occur (up to conjugation) in the construction
of E11 exceptional field theory with some associated objects and where they were defined.

Using the generalised metric in the various representations, we can also define dual
tensors to the projector Πα̃

MN by

Πα̃
MN =Mα̃β̃M

MPMNQΠβ̃
PQ = ηα̃β̃η

MP ηNQΠβ̃
PQ (2.64)

where ηMN and ηα̃β̃ are uniquely defined for the irreducible representation R(Λ1) and
R(Λ2), respectively. We also note that we have the following identities involving the E11-
invariant projectors

Πβ̃
MNTαβ̃α̃ = −2Πα̃

P [MTαN ]
P , Πα̃

MNT
αβ̃

α̃ = −2Πβ̃
P [MT

αP
N ] . (2.65)

2.4 Summary of notation

Since we have introduced a fair number of E11 objects, we briefly summarise the most
relevant notation for the convenience of the reader in tables 1 and 2. The identities for
the various tensors mentioned in this section are summarised in appendix A. Here we call
tensors the invariant tensors in the fully reducible modules only, so the component of the
tensors involving the indecomposable representation âdj or its conjugate are not called E11
tensors when they are not invariant tensors for the fully reducible representation e11⊕L(Λ2)
or its conjugate.

3 Dynamics

Equipped with the preliminaries regarding all fields and their rigid and gauge transforma-
tions, we construct the pseudo-Lagrangian of E11 exceptional field theory in this section.
It will be a pseudo-Lagrangian in the sense that its Euler-Lagrange equations have to be
supplemented by duality equations. These duality equations were already constructed in
our last work [13] and we review them first to set the scene.
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Object occurs where E11 tensor?

fαβγ e11 structure constant (2.1) yes

Kαα̃
β cocycle for indecomposable representation (2.9) no (2.13)

 TαMN

T α̃MN

action of generators of âdj on coord. module R(Λ1) (2.21)

 yes
no



CIMα

CIM α̃

CIMΛ

CIM Λ̃

definition of field strength (2.36)



no (2.37)
yes
yes
yes

ΩIJ symplectic form on T−1 yes

C ĨMα

C ĨMα̃

anc. gauge transformation (2.49), (2.54)

 no
yes

Πα̃
MN intertwiner R(Λ1)∧R(Λ1)→ R(Λ2) (2.20), (2.63) yes

ΠΛ
MN intertwiner R(Λ1)∨R(Λ1)→ L(Λ10) (2.20), (2.63) yes

ΠΛ̃
MN intertwiner R(Λ1)∧R(Λ1)→ L(Λ4) (2.20), (2.63) yes

Table 2. Summary of some E11 objects that occur (up to conjugation) in the construction of
E11 exceptional field theory and whether they are covariant under rigid E11 for the fully reducible
representation.

3.1 Duality equation

The duality equation was already given in (1.1) in the introduction and we repeat it here
for convenience:

MIJF
J = ΩIJF

J , (3.1)

where the field strength F I with values in T−1 was defined in (2.36), the symplectic form
ΩIJ at the end of section 2.1 and MIJ = (V†ηV)IJ is obtained by using ηIJ defined also
in section 2.1 and evaluating the E11 vielbein V in the representation T−1. Its inverse is
MIJ . Note that we have ΩIJ ′MJ ′KΩKLMLJ = δJI .
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Following [13], where the gauge invariance of (3.1), albeit for the field strength F I0
in (2.34), was studied, we now compute the transformation of the field strength F I to be

δξF
I = ξM∂MF

I − TαNM∂NξMTαIJF J + 1
2∂Mξ

MF I

+
((
CIMαT

αR
Q + CIM α̃T

α̃R
Q

)
MQNMRP

+ CIM α̃Πα̃
QPMQN + CIM Λ̂ΠΛ̂

QPMQN
)
∂M∂Nξ

P , (3.2)

such that the non-covariant gauge transformation is

∆ξF
I =

((
CIMαT

αR
Q + CIM α̃T

α̃R
Q

)
MQNMRP

+ CIM α̃Πα̃
QPMQN + CIM Λ̂ΠΛ̂

QPMQN
)
∂M∂Nξ

P . (3.3)

As explained in [13], there is no gauge covariant field strength unlike for other En ExFTs.
Note that the E7 field strengths of the vectors are covariant under internal diffeomorphisms
but not under external diffeormorphisms, and only their duality equation is covariant under
both [23].

The gauge-invariance of the duality equation (3.1) requires the non-trivial equality of
the non-covariant gauge transformations of its two sides

MIJ∆ξF
J = ΩIJ∆ξF

J (3.4)

and this equality is equivalent to the conjectural tensorial identity

MIJC
JM

α̂T
α̂Q

RMQPMRN = ΩIJC
JN

α̃Πα̃
QPMQM + ΩIJC

JN
Λ̂ΠΛ̂

QPMQM ,

⇔ ΩIJC
JM

α̂T
α̂Q

RMQPMRN =MIJC
JN

α̃Πα̃
QPMQM +MIJC

JN
Λ̂ΠΛ̂

QPMQM .

(3.5)

In the above equation, we recall that CJN α̃ and Πα̃
QP are E11 invariant tensors and that

TΛN
P = 0. These equations can also be written without explicit reference to the scalar

matrixM, since they are tensorial, as follows

ΩIJC
JM

α̂T
α̂N

Q = CIQ
β̃Πβ̃

MN + CIQ
Λ̂ΠΛ̂

MN , (3.6)

where the conjugate tensors are defined as

CIP
α̃ ≡ ηIJηPQηα̃β̃CJQβ̃ =MIJMPQMα̃β̃CJQβ̃ , (3.7a)

CIP
Λ̂ ≡ ηIJηPQηΛ̂Ξ̂CJQΞ̂ =MIJMPQMΛ̂Ξ̂CJQΞ̂ . (3.7b)

We shall refer to the conjectured relation (3.6) as the master identity because of its central
rôle for gauge invariance of our model. Equations (3.2), (3.3) and (3.5), differ from those
given in [13] by extending the sum over the index Λ to one over Λ̂ and by the property that
Πβ̃

MN is the intertwiner in the irreducible representation R(Λ2) only. In appendix A.2 we
prove that, disregarding (3.7a), the identity (3.6) is guaranteed to be satisfied for some
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invariant tensors CIQΛ̂ and CIQ
β̃ . The non-trivial claim that we are making with (3.6)

is that CIQβ̃ can be identified with CIM α̃ according to equation (3.7a). We establish
this identification in appendix A.2 for the irreducible component of T−1 that contains the
supergravity duality equations. A sufficient, but not necessary, condition for the proof of
the master identity would therefore be the complete reducibility of T−1. If T−1 turned
out to be indecomposable instead, one may have to modify the definition of CIP α̃ for I
valued in the corresponding invariant subspace for (3.6) to hold. The validity of the master
identity beyond what we prove in appendix A.2 remains one of the key assumptions of our
construction.

Independent of the proof of the master identity, we note that CIPΛ in (3.7b) might
be structure constants of the tensor hierarchy algebra. We provide some evidence that
L(Λ10) ⊂ T0 in appendix A.2, a statement that is further supported when we construct a
T0-homomorphism from L(Λ10) ⊂ T2 to T0 in appendix A.4. We prove moreover in (A.45)
that the tensor CIMΛ that we use in (3.6) satisfies

ΩIJC
IM

αC
JN

Λ∂M∂N = 0 , (3.8)

just as it would if CIMΛ was identified with the structure constant of the tensor hierarchy
algebra, similarly as in (2.39).

Turning to CIQΛ̃, we prove in appendix A.2 that they cannot be structure constants
of T (e11), and in particular that

ΩIJC
IM

αC
JN

Λ̃∂M∂N 6= 0 . (3.9)

Thus, even though the tensor hierarchy algebra T (e11) is a very useful and comprehensive
tool for encoding the structure of E11 exceptional field theory, it does not provide all the
ingredients needed. We shall comment further on this in the conclusions.

3.2 The pseudo-Lagrangian of E11 exceptional field theory

In this section, we define the individual pieces of the schematic pseudo-Lagrangian

L = Lpot1 + Lpot2 + Lkin + Ltop (3.10)

stated in (1.2) of the introduction. We shall only show the rigid E11-invariance of the
individual pieces in this section but already put the correct relative coefficients for the
combination to be invariant under generalised diffeomorphisms. This invariance will be
checked in detail in section 4.

The first potential term. All exceptional field theories possess a contribution to the
potential term that takes the form

Lpot1 = −1
4καβM

MNJM
αJN

β + 1
2JMαT

βM
PMPQTαNQJNβ . (3.11)

It only uses the E11 current (2.24) and depends solely on the E11 fields, but not on any
of the constrained fields. It is manifestly E11-invariant as it is only constructed from E11
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tensors. We have taken the canonical coefficients for this generic term [62].29 They are
canonical in that they produce the Ricci scalar with unit coefficient, see section 7.

The second potential term. The second potential term is the generalisation of a sim-
ilar term in the E8 exceptional field theory [24], that has been generalised to any finite-
dimensional simply laced Lie group in [63]. Its presence is closely tied to the fact that there
are ancillary gauge transformations whose parameter we called ΣM

Ĩ in section 2.3, with
an associated tensor C ĨMα̂, see (2.54). Using this we can write the expression

Lpot2 = −1
2MĨ J̃C

Ĩ
P α̂C

J̃
Qβ̂
MQMMPNJM

α̂JN
β̂ , (3.12)

where we recall that Ĩ labels the reducible representation L(Λ3) defined in (2.44). Since α̂-
indices range over the âdj part of T0 only, this potential term depends only of the E11 fields
via the current JMα and of the constrained fields χMα̃ but not on of the other constrained
fields ζM Λ̂. The second potential term is manifestly E11-invariant. The tensor C Ĩ P α̂ was
already conjectured to exist in [58] in the analysis of the linearised equations. We prove
its existence and the relevant algebraic identities it satisfies in appendix A.1.

The E11-representation L(Λ3) ⊃ R(Λ3) is a bounded weight module of highest weight
Λ3. When this representation is branched to GL(3) × E8 ⊂ E11, its first element in
level decomposition is a singlet and the first component of the tensor C Ĩ Pα is the E8
Cartan-Killing form, such that (3.12) produces the new term that appears in the E8 ExFT
compared to En ExFT with n ≤ 7. We shall see this correspondence in much more detail
when we consider the E8 level decomposition in section 9.

Kinetic term. The kinetic term resembles a generalisation of the covariant field strength-
squared terms in other ExFTs. It uses the E11 tensors appearing in the covariant field
strengths F I defined in (2.36), but combines them in a slightly different way.

The kinetic term is given by

Lkin = 1
4MIJC

IM
α̂C

JN
β̂
JM

α̂JN
β̂− 1

2MIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂− 1
4MIJC

IM
Λ̂C

JN
Ξ̂ζM

Λ̂ζN
Ξ̂ ,

(3.13)
where we have fixed the overall coefficients knowing the result of the gauge invariance of
the full pseudo-Lagrangian that will be studied in section 4. The kinetic term depends on
the constrained fields χMα̃, ζM

Λ and ζM Λ̃.
Note that one might have expected to get the opposite sign for the first term in (3.13)

such that one would have obtained the expected kinetic term L̃kin = −1
4MIJF

IF J in the
democratic formulation of the theory, in which all fields and their duals appear at the same
time. In fact we shall see in section 3.4 below that there exists an alternative decomposition
of the pseudo-Lagrangian in which the kinetic term is L̃kin, but the potential term instead
does not take the expected form. This is a consequence of the fact that there is no natural
split of the E11 pseudo-Lagrangian into a kinetic term and a potential term given that the
coordinates do not split into internal and external ones.

29This potential term is more commonly written as 1
4cM

MN∂MMPQ∂NMPQ− 1
2M

MP ∂MMNQ∂NMPQ

for finite-dimensional groups En [21], with c defined such that TαPQTβQP = c καβ . However c diverges for
Kac-Moody groups.
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Topological term. The topological term in exceptional field theory for finite-dimensional
groups is the term that neither depends on the external nor the internal metric. There is
no such term for E11 exceptional field theory, but we call the topological term a term in
the pseudo-Lagrangian that does not depend explicitly on the generalised metric MMN ,
but only implicitly through the current JMα. We shall first explain how to obtain such a
term that is invariant under rigid E11 transformations.

For this we take inspiration from E9 exceptional field theory [30] and look for an
E11-invariant completion of the derivative of the constrained field χMα̃, i.e., we start from

Πα̃
MN∂MχN

α̃ . (3.14)

Recall that Πα̃
MN is antisymmetric in M and N , see (2.63), and that only the component

in R(Λ2) ⊂ L(Λ2) is non-vanishing because of the section constraint. The term above is
not E11-invariant because χMα̃ transforms indecomposably under E11 according to (2.30).
Since Πα̃

MN is an E11-tensor, we only have to parametrise the completion of ∂[MχN ]
α̃.

Making an ansatz in terms of the tensors at our disposal and requiring it to be E11-covariant
leads uniquely to the combination

ΘMN
α̃ = 2∂[MχN ]

α̃ + J[M
αTα

α̃
β̃χN ]

β̃ + JM
αK[α

α̃
β]JN

β , (3.15)

where adjoint E11 indices are raised and lowered freely using the Killing-Cartan form
καβ . Let us briefly check that this is indeed E11-covariant by computing its non-covariant
transformation

∆γΘMN
α̃ = 2∂[MJN ]

βKγα̃
β+J[M

αTα
α̃
β̃K

γβ̃
βJN ]

β−JMα(Kγβ̃
[βTα]

α̃
β̃−K

γα̃
δfαβ

δ)JNβ = 0
(3.16)

using (2.30), (2.13) and finally the Maurer-Cartan equation (2.26). Thus, ΘMN
α̃ is the

E11-covariantisation of ∂[MχN ]
α̃ that defines a two-form field strength. Projecting it with

Πα̃
MN turns it into an E11-invariant density.
Another term is required in the topological term for gauge-invariance of the total

pseudo-Lagrangian. This term involves the constrained fields ζM Λ̂ and will be needed in
order to use the master identity (3.5). The total topological term we shall consider is

Ltop = 1
2Πα̃

MNΘMN
α̃ − 1

2ΩIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂ . (3.17)

We chose the form (3.17) to make E11 invariance manifest, but note that if we write explic-
itly the dependence in the current JMα and the constrained field χMα̃ of the second term

ΩIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂ = ΩIJC
IM

αC
JN

Λ̂JM
αζN

Λ̂ + ΩIJC
IM

α̃C
JN

Λ̂χM
α̃ζN

Λ̂

= ΩIJC
IM

αC
JN

Λ̂JM
αζN

Λ̂ , (3.18)

one obtains that the field χMα̃ drops out because this contraction of C-tensors vanishes on
section according to (2.41a).

The topological term (3.17) does not depend on the generalised metricMMN explicitly
and we have fixed the coefficients by anticipating the gauge invariance that will be verified
in section 4.
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Summary. To summarise, the proposed pseudo-Lagrangian is given by the sum (3.10)
of the four terms

Lpot1 =−1
4καβM

MNJM
αJN

β+ 1
2JMαT

βM
PMPQTαNQJNβ ,

Lpot2 =−1
2MĨ J̃C

Ĩ
P α̂C

J̃
Qβ̂
MQMMPNJM

α̂JN
β̂ ,

Lkin = 1
4MIJC

IM
α̂C

JN
β̂
JM

α̂JN
β̂− 1

2MIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂− 1
4MIJC

IM
Λ̂C

JN
Ξ̂ζM

Λ̂ζN
Ξ̂ ,

Ltop = 1
2Πα̃

MNΘMN
α̃− 1

2ΩIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂ , (3.19)

where

ΘMN
α̃ = 2∂[MχN ]

α̃ + J[M
αTα

α̃
β̃χN ]

β̃ + JM
αK[α

α̃
β]JN

β . (3.20)

This decomposition of the pseudo-Lagrangian gives the expected potential term Lpot1 +
Lpot2 [63] but Lkin is not the expected kinetic term L̃kin. An alternative form of this
pseudo-Lagrangian will be given below in (3.29) with the expected kinetic term (3.30a),
but an alternative potential term L̃pot in (3.30b). We first present (3.10) because it is
more natural from the point of view of exceptional field theory and because we shall use
it to prove the invariance under generalised diffeomorphisms in the next section. The
alternative pseudo-Lagrangian (3.29) involves fewer terms and we will use it when we vary
the pseudo-Lagrangian with respect to the E11/K(E11) coset fields in section 5.

3.3 Consistency with the duality equation

The way we arrived at the pseudo-Lagrangian (3.10) was by considering E11 building
pieces such that the constrained fields’ Euler-Lagrange equations are compatible with the
duality equations that we described in (3.1), so that both can be imposed consistently.
This crucially requires to have both a topological term and a ‘kinetic term’. For obtaining
generalised diffeomorphism invariance one also has to consider terms that are independent
of the constrained fields, such as Lpot1 , which is a universal ExFT term. We postpone the
proof of gauge invariance to section 4 and first investigate the consistency with the duality
equation. This will also provide a first confirmation of the choice of coefficients in the
terms of the pseudo-Lagrangian. We shall discuss the Euler-Lagrange equations obtained
by varying with respect to the E11 generalised metricM in section 5.

Varying with respect to χ. There is χ-dependence in three of the four terms of the
pseudo-Lagrangian, namely the second potential term (3.12), the kinetic term (3.13) and
the topological term (3.17), in the former two cases via the component JMα̃ = χM

α̃.
Varying χMα̃ in the kinetic term leads to

δLkin = 1
2MIJC

IM
α̃

(
CJN

β̂
JN

β̂ − CJN Λ̂ζN
Λ̂
)
δχM

α̃ (3.21)

The χ-variation of the second potential term (3.12) is

δLpot2 = −MĨ J̃C
Ĩ
P α̃C

J̃
Qβ̂
MQMMPNJN

β̂δχM
α̃

= −MIJC
IM

α̃C
JN

β̂
JN

β̂δχM
α̃ . (3.22)
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Using equation (2.55), that can be written as

MĨ J̃C
Ĩ
P α̃C

J̃
Qβ̂
MQMMPN =MIJC

IM
α̃C

JN
β̂
, (3.23)

(3.22) combines with the first term in (3.21) to produce a variation proportional to the
field strength F I .

The χ-variation of the topological term (3.17) is, up to a total derivative,

δLtop = −1
2Πα̃

MNTα
α̃
β̃JN

αδχM
β̃

= 1
2ΩIJC

IM
β̃C

JN
αJN

αδχM
β̃

= 1
2ΩIJC

IM
α̃

(
CJN

β̂
JN

β̂ + CJN Λ̂ζN
Λ̂
)
δχM

α̃

= 1
2ΩIJC

IM
α̃F

JδχM
α̃ , (3.24)

where we have first used (2.40b) since both JNα and δχMα̃ are constrained objects. In the
next-to-last step we have added many terms that vanish by virtue of (2.40c) and (2.41a)
in order to identify the field strength.

Putting the variations (3.21), (3.22) and (3.24) together leads to the χ-variation of the
full pseudo-Lagrangian, up to a total derivative,

δL = −1
2C

IM
α̃
(
MIJ − ΩIJ

)
F JδχM

α̃ . (3.25)

So the Euler-Lagrange equations for the constrained field χMα̃ are a subset of the duality
equation (3.1).

Varying with respect to ζ. The constrained fields ζM Λ̂ appear in two places, namely
in the kinetic term (3.13) and the topological term (3.17). We immediately write the full
variation

δL = −1
2
(
MIJC

IM
α̂JM

α̂ +MIJC
IM

Ξ̂ζM
Ξ̂ + ΩIJC

IM
α̂JM

α̂
)
CJN Λ̂δζN

Λ̂

= −1
2
(
MIJF

J − ΩIJC
JM

α̂JM
α̂
)
CIN Λ̂δζN

Λ̂

= −1
2C

IN
Λ̂
(
MIJ − ΩIJ

)
F JδζN

Λ̂ . (3.26)

In the last step we have added a term −ΩIJC
JM

Ξ̂ζM
Ξ̂ that vanishes due to (2.41b), in order

to complete the second field strength F J . Therefore, all equations obtained by varying L
with respect to the constrained fields are a subset of the duality equation (3.1).

3.4 Alternative form of the pseudo-Lagrangian

In varying the pseudo-Lagrangian (3.10) with respect to the E11/K(E11) fields, it will
be convenient to use an alternative decomposition that will exhibit the expected kinetic
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term. For this purpose we first combine the kinetic term (3.13) and the second potential
term (3.12) into

Lkin + Lpot2 (3.27)

= −1
4MIJF

IF J + 1
2MIJC

IM
α̂C

JN
β̂
JM

α̂JN
β̂ − 1

2MĨ J̃C
Ĩ
P α̂C

J̃
Qβ̂
MQMMPNJM

α̂JN
β̂

= −1
4MIJF

IF J + 1
2MIJC

IM
αC

JN
βJM

αJN
β − 1

2MĨ J̃C
Ĩ
PαC

J̃
QβMQMMPNJM

αJN
β .

In obtaining (3.27), we have split the index α̂ = (α, α̃) in the last step and used iden-
tity (3.23) to cancel the terms containing summation over the index α̃. The first term is
the expected kinetic term L̃kin in a democratic formulation of the theory with the standard
sign. Since the two remaining terms in (3.27) do not depend on the constrained fields, it
is natural to combine them with the first potential term to obtain an alternative potential
term L̃pot. The resulting L̃pot simplifies remarkably upon using (A.22), which can also be
expressed as

MĨ J̃C
Ĩ
PαC

J̃
QβMQMMPN −MIJC

IM
αC

JN
β

=MMPTβ
R
PMRSTα

S
QMQN + Tα

M
PMPQTβ

N
Q −MMNMαβ . (3.28)

Using this identity, (2.25) and the fact that καβJNβ =MαβJN
β , we find that the pseudo-

Lagrangian (3.10) takes the alternative form

L = L̃kin + L̃pot + Ltop , (3.29)

where

L̃kin = −1
4MIJF

IF J , (3.30a)

L̃pot = 1
4καβM

MNJM
αJN

β − 1
2JM

αTα
M
PMPQTβ

N
QJN

β , (3.30b)

with F I is defined in (2.36) and Ltop as in (3.19). Note that the potential term L̃pot differs
from −Lpot1 in the contraction of the derivative indices.

4 Gauge invariance of the pseudo-Lagrangian

We now show that the E11 exceptional field theory pseudo-Lagrangian given in (3.10)
is gauge-invariant. For this we calculate the variation of each term in the pseudo-
Lagrangian (3.10) under generalised diffeomorphisms and then demonstrate that the com-
bination of these variations vanishes. As always in these checks in exceptional field theory
it is sufficient to show that the non-covariant gauge variation ∆ξ defined in (2.57) vanishes
up to total derivatives. The expressions for the non-covariant gauge transformations of the
fields were given in (2.60) and (2.62).

Our proof proceeds in two steps. In order to underline the necessity of including the
fields ζM Λ̂, we first consider the pseudo-Lagrangian for ζM Λ̂ = 0 and computes its non-
covariant gauge variation. As we shall see there are already many cancellations but some
terms are left over. Then we shall show that these terms are exactly cancelled by the
ζM

Λ̂-dependent terms in (3.10).
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4.1 Gauge variation at ζ = 0

As explained above, we compute first the non-covariant gauge variation of all the pieces of
L at ζM Λ̂ = 0.

First potential term. The first potential term (3.11), does not depend on ζM
Λ̂ and

we can immediately calculate the full non-covariant gauge variation. A standard excep-
tional field theory calculation involving the definition of the current JMα and the section
constraint gives the first step [62]

∆ξ

[
Lpot1

]
=
[
− TβRQMMN + Tβ

M
P δ

N
QMPR + fβαγT

γM
PT

αR
QMNP

]
∂M∂Rξ

QJN
β

=MĨ J̃C
Ĩ
P α̂C

J̃
QβT

α̂R
SMQMMPN∂M∂Rξ

SJN
β − 2∂[M

(
∂N ]∂P ξ

MMNP
)
.

(4.1)

In the second step we have used the identity (2.54) and simplified the terms with a single
representation matrix Tβ and a single inverseMMN into a total derivative.

It is worthwhile to remark that the E11-representation with index Ĩ has as lowest
component R(Λ3) according to (2.44). When decomposing E11 with respect to GL(11 −
n) × En the first time this representation enters the scalar sector is for E8 which is in
agreement with the fact that this is the first time the potential term (3.11) is not gauge-
invariant and also the first time ancillary transformations are needed. We shall show next
how the failure of gauge-invariance of the first potential term involving the index Ĩ is
accounted for by the second potential term.

Second potential term. The second potential term (3.12) does not depend on ζM
Λ̂

either. Calculating the full non-covariant gauge transformation yields

∆ξ

[
Lpot2

]
= −MĨ J̃C

Ĩ
P α̂C

J̃
Qβ̂
MQMMPNT α̂RS

(
∂M∂Rξ

S +MRUMST∂M∂T ξ
U
)
JN

β̂

−MĨ J̃C
Ĩ
P α̃C

J̃
Qβ̂
MQMMPNΠα̃

RSMTR∂M∂T ξ
SJN

β̂

= −MĨ J̃C
Ĩ
P α̂C

J̃
QβT

α̂R
SMQMMPN∂M∂Rξ

SJN
β

−MIJC
IM

α̃C
JN

β̂
Πα̃

QPMQR∂M∂Rξ
PJN

β̂ , (4.2)

where we have first written out the non-covariant variation ∆ξJM
α̂ using (2.60) and (2.62a).

In the next step we have distributed the parenthesis on the first line and used the iden-
tity (2.53) to cancel the second contribution(

MĨ J̃C
Ĩ
P α̂T

α̂R
SMPNMSTMRU

)
C J̃

Qβ̂
MQM∂M∂T ξ

UJN
β̂

=
(
ηĨ J̃C

Ĩ
Qα̂T

α̂P
R η

QMηRNηPS
)
C J̃

T β̂
MTU∂U∂Nξ

SJM
β̂ = 0 , (4.3)

where we split the β̂ index on the first contribution and used the identities (3.23) and (2.38)
to remove the χNβ̃ component. For the second term we have simply used (3.23) to convert
the C Ĩ tensor sum into a CI tensor sum.
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The first term we obtain in (4.1) cancels precisely the contribution from the first
potential term. This cancelation is the same one that ensures the invariance of the potential
for any finite-dimensional simply laced groups [63]. Consistently, the identity (2.54) that
was used in this cancelation is proved in appendix A.1 using a construction that generalises
the one of [63] to the Kac-Moody algebra e11. Here, we obtain the combined non-covariant
gauge variation

∆ξ

[
Lpot1+ Lpot2

]
= −MIJC

IM
α̃C

JN
β̂
Πα̃

QPMQR∂M∂Rξ
PJN

β̂ − 2∂[M
(
∂N ]∂P ξ

MMNP
)
.

(4.4)
Thus, compared to [63] where no Πα̃

MN appears, the combination for E11 is not gauge-
invariant and we shall invoke an additional ingredient to arrive at a gauge-invariant pseudo-
Lagrangian.

Kinetic term at ζ = 0. In order to determine the non-covariant gauge variation of the
kinetic term (3.13) we break it up into the parts that contain the constrained fields ζM Λ̂

(before variation) and those that do not, beginning with the latter:

∆ξ

[
Lkin

∣∣
ζ=0

]
= 1

2MIJ

(
CJMα̂T

α̂S
QMSPMQR + CJMα̃Πα̃

QPMQR
)
CIN

β̂
JN

β̂∂M∂Rξ
P (4.5)

where we have used the identity (2.38) to cancel the term in T α̂NP∂M∂Nξ
P from the

non-covariant gauge variations (2.60) and (2.62a).

Topological term at ζ = 0. We first compute the non-covariant gauge transforma-
tion of (3.17) at ζM Λ̂ = 0. An important first observation is that the total derivative
Πα̃

MN∂MχN
α̃ is not invariant under its non-covariant gauge transformation up to a to-

tal derivative. To compute ∆ξ = δξ − Lξ of Πα̃
MN∂MχN

α̃ we need to determine the Lie
derivative of the combined object ∂MχNα̃ which is given by

Lξ
(
∂MχN

α̃) = ξP∂P
(
∂MχN

α̃)+ ∂Mξ
P∂PχN

α̃ + ∂Nξ
P∂MχP

α̃

− TαPQ∂P ξQ
(
Tαα̃β̃∂MχN

β̃ +Kαα̃
β∂MJN

β) . (4.6)

This not a total derivative. Therefore the non-covariant gauge variation is

∆ξ

[
Πα̃

MN∂MχN
α̃
]

= Πα̃
MN

[
∂M
(
δξχ

α̃
N

)
− Lξ

(
∂MχN

α̃)]
= Πα̃

MN
[
− TαRPTαα̃β̃∂M∂Rξ

PχN
β̃

+
(
− TαRPKα

α̃
β − TβUQT α̃QSMUPMSR + T α̃UQTβ

Q
SMUPMSR

+ Πα̃
QPTβ

Q
SMSR

)
∂M∂Rξ

PJN
β
]

(4.7)

where we used the section constraint (2.19) on LξχMα̃ defined from (2.61a). The three last
terms come from ∂M (∆ξχ

α̃
N ) and therefore do combine into a total derivative, but it will

be convenient to distribute the derivative as above.
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The remaining terms in ΘMN
α̃ defined in (3.15) just pick up their non-covariant varia-

tions defined in (2.60) and (2.62a). We organise the calculation by looking first at all terms
varying into χ and then at terms varying into the current J . The sum of terms varying
into χ give

∆ξ

[
Ltop

∣∣
ζ=0

]∣∣∣
χ∂2ξ

= 1
2Πα̃

MN
[
− 2TαRPTαα̃β̃∂M∂Rξ

PχN
β̃

+ Tαα̃β̃Tα
R
P∂M∂Rξ

Pχβ̃N + Tαα̃β̃Tα
S
QMSPMQR∂M∂Rξ

PχN
β̃
]

= −Πα̃
U [MTαN ]

UTα
S
QMSPMQR∂M∂Rξ

PχN
α̃ , (4.8)

where we used the identity (2.65) on all terms and the fact that the first two vanish using
the section constraint.

The terms whose non-covariant gauge variation contains a current J are

∆ξ

[
Ltop

∣∣
ζ=0

]∣∣∣
J∂2ξ

= 1
2Πα̃

MN
[
−2TαRPKα

α̃
β−2TβUQT α̃QSMUPMSR+2T α̃UQTβQSMUPMSR

+2Πα̃
QPTβ

Q
SMSR−Tβα̃β̃T

β̃R
P−Tβα̃β̃T

β̃S
QMSPMQR−Tβα̃β̃Πβ̃

QPMQR

+2K[α
α̃
β]
(
TαRP +TαSQMSPMQR

)]
∂M∂Rξ

PJN
β

= 1
2Πα̃

MN
[
−2K(α

α̃
β)T

αR
P−Tβα̃β̃T

β̃R
P +

(
2K(α

α̃
β)T

αS
Q+Tβα̃β̃T

β̃S
Q

)
MSPMQR

−2TβS(QΠα̃
P )SMQR

]
∂M∂Rξ

PJN
β , (4.9)

=−1
2ΩIJC

IM
α̂C

JN
βT

α̂S
QMSPMQR∂M∂Rξ

PJN
β−Πα̃

MNTβ
S

(QΠα̃
P )SMQR∂M∂Rξ

PJN
β,

where in the first step we have used the commutation relation (2.21) and (2.65), in the
last step we have used the identities (2.40a) and (2.40b) to write the first line in terms of
the C-tensors and combined the α and α̃ components into an α̂ index. We finally used the
identity (2.38) to cancel theM independent term.

Combined non-covariant gauge variation at ζ = 0. Collecting all the terms from
above we therefore find

∆ξ

[
L
∣∣
ζ=0

]
+2∂[M

(
∂N ]∂P ξ

MMNP
)

(4.10)

= 1
2MIJC

JN
β̂

(
CIM α̂T

α̂S
QMSPMQR−CIM α̃Πα̃

QPMQR
)
∂M∂Rξ

PJN
β̂

−Πα̃
U [MTαN ]

UTα
S
QMSPMQR∂M∂Rξ

PχN
α̃

− 1
2ΩIJC

IM
α̂C

JN
βT

α̂S
QMSPMQR∂M∂Rξ

PJN
β−Πα̃

MNTβ
S

(QΠα̃
P )SMQR∂M∂Rξ

PJN
β

where the first line combines (4.5) and (4.4) while the remaining lines come from the
variation of the topological term given in (4.8) and (4.9).
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So far we have avoided using any identity that mixes âdj and L(Λ10) ⊕ L(Λ4). The
only equation that does this is the master identity (3.5) and we shall apply it now to the
first line above. Continuing from (4.10) we then obtain

∆ξ

[
L
∣∣
ζ=0

]
+2∂[M

(
∂N ]∂P ξ

MMPN
)

= 1
2ΩIJC

JN
β̂

(
CIM α̂T

α̂S
QMSPMQR−CIM α̃Πα̃

QPMQR
)
∂M∂Rξ

PJN
β̂

+ 1
2
(
MIJ+ΩIJ

)
CIN

β̂
CJM Λ̂ΠΛ̂

QPMQR∂M∂Rξ
PJN

β̂

−Πα̃
U [MTαN ]

UTα
S
QMSPMQR∂M∂Rξ

PχN
α̃

− 1
2ΩIJC

IM
α̂C

JN
βT

α̂S
QMSPMQR∂M∂Rξ

PJN
β−Πα̃

MNTβ
S

(QΠα̃
P )SMQR∂M∂Rξ

PJN
β

= 1
2
(
MIJ+ΩIJ

)
CIN

β̂
CJM Λ̂ΠΛ̂

QPMQR∂M∂Rξ
PJN

β̂

− 1
2Πα̃

MNTα
α̃
β̃T

αS
QMSPMQR∂M∂Rξ

PχN
β̃+ 1

2Πβ̃
MNTβ

β̃
α̃Πα̃

QPMQR∂M∂Rξ
PJN

β

−Πα̃
U [MTαN ]

UTα
S
QMSPMQR∂M∂Rξ

PχN
α̃−Πα̃

MNTβ
S

(QΠα̃
P )SMQR∂M∂Rξ

PJN
β

= 1
2
(
MIJ+ΩIJ

)
CJM Λ̂

(
∆ξζM

Λ̂)CIN
β̂
JN

β̂−∂N
(
Πα̃

MNΠα̃
RPMRQ∂M∂Qξ

P ) (4.11)

where we have used the identities (2.40c) and (2.40b) to remove most ΩIJ terms when going
to the second equality. In the final step we have used the identity (2.65) to cancel two terms
and have brought out a total derivative. Moreover we can use the identity (A.49) to obtain
that the derivative terms cancel. The remaining term can be written as the non-covariant
variation (2.62b) of ζM Λ̂ as shown. This result strongly suggests that one might be able
to obtain a pseudo-Lagrangian invariant under generalised diffeomorphisms by adding the
relevant ζM Λ̂ dependent terms. This is indeed what we will show next.

4.2 Gauge invariance

In order to demonstrate gauge-invariance of L, we now consider the ζM Λ̂ dependent terms.
These appear in the kinetic term (3.13) and in the topological term (3.17). Their non-
covariant gauge variation is given by

∆ξ

[
L−L|ζ=0

]
=−1

2(MIJ+ΩIJ)CIM α̂C
JN

Λ̂JM
α̂∆ξζN

Λ̂

− 1
2(MIJ+ΩIJ)

(
CIM α̂T

α̂S
QMSP +CIM α̃Πα̃

QP +CIM Λ̂ΠΛ̂
QP

)
MQR∂M∂Rξ

PCJN Λ̂ζN
Λ̂

=−1
2(MIJ+ΩIJ)CJM Λ̂

(
∆ξζM

Λ̂)CIN
β̂
JN

β̂ (4.12)

where in the first step we have written out the non-covariant variations of JMα̂, cancelled
one term using the identity (2.38), and used the identities (2.41b) to add one vanishing
term and group terms together into the non-covariant variation of F I . In the second step
we have then applied the master identity (3.5) twice to cancel the middle line.
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Now we can collect all terms contributing to the variation of the pseudo-Lagrangian
(3.10) and obtain from (4.11) and (4.12)

δξL = ∂M
(
ξML

)
(4.13)

where we used moreover that the total derivative terms in (4.11) cancel using equa-
tion (A.49). We have therefore proved that the pseudo-Lagrangian is gauge-invariant up
to a total derivative as claimed. Note moreover that it transforms under generalised dif-
feomorphisms as a density, whereas the non-covariant variation usually only vanishes up
to a total derivative.

5 Equations of motion for constrained fields

In section 3.3, we have already demonstrated that our pseudo-Lagrangian (3.10) is consis-
tent with the duality equation

EI := (MIJ − ΩIJ)F J = 0 (5.1)

that we impose on top of the Euler-Lagrange equations derived from L. These are the
equations of motion that the E11 fields have to satisfy and they are obtained by varying
with respect to the constrained scalar fields. The main virtue of the pseudo-Lagrangian
is that it also provides equations of motion for the constrained scalar fields and these are
obtained by varying with respect to the E11 fields in the pseudo-Lagrangian. This is what
we shall present in detail in this section, explaining first the procedure and then analysing
the result.

5.1 Covariance of the field equations for indecomposable representations

The first question we address is what implications the indecomposable structure of the
representation (2.4) involving the E11 coset fields has. To this end it suffices to consider
the general variation of the pseudo-Lagrangian with respect toM and χMα̃. We first define
the equations of motion following from varying the pseudo-Lagrangian by

δL = Eαδφα + EMα̃ δχM
α̃ , (5.2)

where δφα denotes the left-invariant infinitesimal variation of the E11 coset fields:

M−1δM = δφαt
α ⇒ δJM

α = ∂Mδφ
α + fβγ

αJM
βδφγ . (5.3)

From the dressing byM, δφα is not just the infinitesimal variation of the coset fields but
includes an infinite sequence of Baker-Campbell-Hausdorff-like terms. Note that because
χM

α̃ is a constrained field, EMα̃ is only defined modulo a term that vanishes when contracted
with a constrained vector. However, since we have obtained in section 3.3 that EMα̃ is
proportional to the duality equation, we know this equation has to be satisfied and we can
neglect this subtlety.
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The indecomposable representation is such that under an e11 transformation with
parameter Λβ , one has

δΛδχM
α̃ = Λβ

[
T βα̃β̃δχM

β̃ +Kβα̃
α
(
∂Mδφ

α + fγδ
αJM

γδφδ
)
− T βNMδχNα̃

]
, (5.4a)

δΛδφ
α = Λβfαβγδφγ . (5.4b)

Here, the definition of δφα from (5.3) implies that it transforms as above consistently with
the condition δφαM−1tα†M = δφαt

α.
As the pseudo-Lagrangian (3.10) is invariant under such rigid e11 transformations,

δΛL = 0, we get

δΛδL = δΛ
[
EMα̃ δχM

α̃ + Eαδφα
]

= Λβ
[(
T βα̃β̃δχM

β̃ +Kβα̃
α(∂Mδφα + fγδ

αJM
γδφδ)− T βNMδχNα̃

)
EMα̃

+ fαβγδφ
γEα

]
+ δχM

α̃δΛEMα̃ + δφαδΛEα

= 0 . (5.5)

This determines the E11-transformations of the equations of motion δΛEMα̃ and δΛEα as

δΛEMα̃ = −Λβ
[
T βα̃β̃E

M
α̃ − T βMNENα̃

]
, (5.6a)

δΛEα = −Λβ
[
− fβγαEγ −Kβα̃

α∂MEMα̃ +Kβα̃
γfδα

γJδMEMα̃
]
, (5.6b)

from which we see that the equation Eα obtained by varying the E11 coset fields transforms
with a cocycle under E11. This is to be expected as the Euler-Lagrange equations are in
the dual representation to that of the fields and thus the indecomposability is in the other
direction.

As we saw in section 3.3 we have

EMα̃ = −1
2C

IM
α̃EI (5.7)

in terms of the duality equation (5.1) and this is consistent with being an E11-covariant
object as the component CIM α̃ is a tensor under E11. By contrast, CIMα is not a tensor
and to obtain a covariant equation for the δφα variation we have to combine the non-
covariant equation Eα from (5.6b) with an appropriate projection of the duality equation.
The correct choice is

Êα = Eα −
1
2C

IM
α∂MEI + 1

2fγα
βJM

γCIMβEI (5.8)

and it transforms covariantly under e11: δΛÊα = ΛβfβγαÊβ .
In order to prove this, we use the notation of non-covariant E11 transformations intro-

duced in (2.12). First, (5.6b) can be rewritten as

∆βEα = Kβα̃
α∂MEMα̃ −Kβα̃

γfδα
γJM

δEMα̃ , (5.9)
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while the other parts of (5.8) transform as

∆β
[
−1

2C
IM

α∂MEI + 1
2fγα

δJM
γCIMδEI

]
= 1

2K
βα̃

αC
IM

α̃∂MEI −
1
2fγα

δKβα̃
δC

IM
α̃JM

γEI

= −Kβα̃
α∂MEMα̃ +Kβα̃

γfδα
γJM

δEMα̃ (5.10)

where we used (2.37) and (5.7). Combining this equation with the previous one shows
that (5.8) is E11-covariant and Êα is the equation we shall now determine from the pseudo-
Lagrangian (3.10).

5.2 Varying with respect to the E11/K(E11) fields

We consider the variation defined in (5.3) that implies in the various E11 representations

δMMN = −TαMPMPNδφα , δJMα = ∂Mδφα + fβγαJMβδφγ ,

δMIJ = TαKIMJKδφα , δMĨ J̃ = TαK̃ ĨMJ̃K̃δφα . (5.11)

We start with the pseudo-Lagrangian (3.29), and we first look at the combined variation
of L̃kin and Ltop as these are the only parts of the pseudo-Lagrangian where the indecom-
posable structure enters and for which the considerations from section 5.1 have to be taken
into account. The variation of L̃kin from (3.30a) with respect to the E11 fields, up to a
total derivative terms which we discard, gives

δ
[
L̃kin

]
= δφα

[ 1
2C

IM
α∂M

(
MIJF

J
)

+ 1
2MIJF

JCIMγfαβ
γJM

β− 1
4Tα

K
IMJKF

IF J
]

= δφα
[ 1

2C
IM

α∂MEI+ 1
2fαβ

γCIMγJM
βEI−

1
4Tα

K
IMJKF

IF J

+ 1
4ΩIJ

(
2F JCMI

γfαβ
γJM

β−CIMαC
JN

βfγδ
βJM

γJN
δ+2CIMαC

JN
β̃∂[MχN ]

β̃

+2CIMαC
JN

Λ̂∂MζN
Λ̂
)]
, (5.12)

where we have used the Bianchi identity from [13, eq. (3.42)]:

ΩIJC
IM

α∂MF
J = −1

2ΩIJC
IM

αC
JN

βfγδ
βJM

γJN
δ + ΩIJC

IM
βC

JN
β̃∂[MχN ]

β̃

+ ΩIJC
IM

αC
JN

Λ̂∂MζN
Λ̂ . (5.13)

The first two terms in (5.12) are the appropriate covariantisation terms in accordance
with (5.8).

The variation of Ltop from (3.17), up to total derivative terms which we discard, is
given by

δLtop = δφα
[
Πα̃

MN
(
− 1

2Tα
α̃
β̃∂MχN

β̃ + 1
2fγα

βTβ
α̃
β̃JM

γχN
β̃ + 1

2K[α
α̃
β]f

β
γδJM

γJN
δ

−K[β
α̃
γ]fδα

βJM
γJN

δ
)

+ 1
2ΩIJC

IM
βC

JN
Λ̂

(
δβα ∂MζN

Λ̂ − fγαβJMγζN
Λ̂
)]

.

(5.14)
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Combining the variations δL̃kin and δLtop leads to

δ
[
L̃kin+Ltop

]
= δφα

[ 1
2C

IM
α∂MEI+ 1

2fαβ
γCIMγJ

β
MEI−

1
4Tα

K
IMJKF

IF J (5.15)

− 1
2Πα̃

MNTα
α̃
β̃ΘMN

β̃+ΩIJC
IM

βC
JN

Λ̂

(
δβα ∂MζN

Λ̂− 1
2fγα

βJM
γζN

Λ̂
)

+ 1
2Πα̃

MNTγ
α̃
β̃JM

γ
(
Tα

β̃
γ̃JM

γχN
γ̃+Kα

β̃
δJN

δ
)

+ 1
2ΩIJF

JCIMβf
β
αγJM

γ
]
,

where (2.10a), (2.10b), (2.40a) and (2.40b) have been used.
There remains the variation of L̃pot defined in (3.30b). Adding its variation to (5.15)

gives the field equation Êα = 0 for the constrained fields, where

Êα = 1
2
(
Mαβ+καβ

)[
− 1

2Πα̃
MNTβ

α̃
β̃ΘMN

β̃+ΩIJC
IM

γC
JN

Λ̂

(
δγβ ∂MζN

Λ̂− 1
2fδβ

γJM
δζN

Λ̂
)

− 1
4Tβ

K
IMJKF

IF J+ 1
2ΩIJF

JCIMγf
γ
βδJM

δ+ 1
2Πα̃

MNTγ
α̃
β̃JM

γ
(
Tβ

β̃
γ̃χN

γ̃+Kβ
β̃
δJN

δ
)

− 1
2∂M

(
κMNPQβγMPQJN

γ
)
− 1

4
(
κMNPQγδ Tβ

P
SMSQ−2κMNPQεδMPQf εγβ

)
JM

γJN
δ
]
, (5.16)

and for brevity in notation we have defined the E11 invariant tensor

κMNPQαβ ≡ καβ δMP δNQ − 2TαMPTβ
N
Q , (5.17)

and the projector is required because δφα satisfies

Mαβδφ
β = καβδφ

β . (5.18)

The equation of motion (5.16) is indeed an E11 tensor. To see this we note that
ΩIJC

IM
βC

JN
Λ̂ is an invariant tensor and one checks that

∆γ
[1

2ΩIJF
JCIMβf

β
αδJM

δ + 1
2Πα̃

MNTγ
α̃
β̃JM

γ
(
Tα

β̃
γ̃χN

γ̃ +Kα
β̃
δJN

δ
)]

= 0 , (5.19)

using the identities (2.40c) and (2.40b).
To understand the implications of equation (5.16), it is useful to look at its linearised

approximation. At linearised order one gets with JMα = ∂Mφ
α that (5.16) simplifies to(

ηαβ + καβ
)

ΩIJC
IM

β

(
CJN α̃∂[MχN ]

β̃ − CJN Λ̂∂MζN
Λ̂
)

= (ηαγ + καγ)
(1

2η
MNκγβ − TβMPTγ

N
Q η

PQ
)
∂M∂Nφ

β , (5.20)

where the index α is explicitly projected to e11	K(e11). This equation, together with the
linearised duality equation

(ηIJ − ΩIJ)
(
CJNβ∂Nφ

β + CJN α̃χN
α̃ + CJN Λ̂ζN

Λ̂) = 0 , (5.21)

define the linearised equations of E11 exceptional field theory. One can anticipate that
the right-hand side of (5.20) looks like a propagating equation for the E11 coset fields,
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whereas its left-hand side takes the form of an integrability condition for the constrained
fields. One may have hoped that the linearised duality equation (5.21) allowed setting
both sides of (5.20) to zero, but the structure of these equations is more complicated than
this. To extract the propagating degrees of freedom of the theory one needs to consider a
particular solution to the section constraint and analyse these equations in an appropriate
level decomposition. We will carry out this analysis for the GL(11) level decomposition in
section 8.

6 Analysing the pseudo-Lagrangian in level decomposition

The definition of a Kac-Moody Lie group from a Kac-Moody algebra is subtle because
the formal exponential of generic Lie algebra elements diverges. In particular, the current
JM = M−1∂MM defining the theory is not well-defined for M = V†ηV and V a product
of exponentials of generators in the positive Borel subgroup. Likewise, the naïve duality
equation (3.1) is ill-defined since the matrix MIJ is the product of an infinite lower- and
an infinite upper-triangular matrix, leading to infinite sums that do not converge. We will
see that the theory is nonetheless well-defined in the unendlichbein formulation, modulo
mathematical subtleties related to the definition of the Kac-Moody group that we discuss
below. Since we want to recover (exceptional) field theory in D dimensions it will be more
convenient to use a hybrid formulation that was introduced in [13] and that we shall refer
to as the ‘semi-flat formulation’ here. In this section, we review this formulation and write
the E11 pseudo-Lagrangian (3.10) in a way that is appropriate for level decomposition.

6.1 The semi-flat formulation

For any Cartan generator of e11 with integer eigenvalues we can decompose the algebra e11
into eigenspaces of fixed (adjoint action) eigenvalue k ∈ Z that we call level

e11 =
−1⊕

k=−∞
u(−k) ⊕ l(0) ⊕

∞⊕
k=1

u(k) , (6.1)

where l(0) is a reductive Levi subalgebra and u = ⊕∞
k=1 u

(k) a ‘nilpotent’ subalgebra includ-
ing all strictly positive levels k.30 The typical example we have in mind is when the Cartan
generator is HΛD for the fundamental weight associated with some node D of the Dynkin
diagram and then (6.1) is the level decomposition of the type studied in [59, 64].

We work in an Iwasawa patch31 where any element of the Kac-Moody group can be
decomposed as

g = hlu , for h ∈ K(E11) , l ∈ L , u ∈ U , (6.2)
30The algebra

⊕
k>1 u

(k) is not strictly nilpotent as the level goes to infinity. However, this terminology
for the algebra is convenient and suggestive, as is ‘unipotent’ for its exponential image.

31Since the subalgebra K(e11) is fixed by the temporal involution, there is no global Iwasawa decom-
position. In particular, time-like U-dualities, mediated by Weyl reflections associated to compact coset
elements, do not preserve the Iwasawa patch connected to the identity. The resulting group element under
such an action has to be decomposed in a different patch which can also correspond to a different signature
of space-time [66]. An analogy with pure gravity is to write the metric in ADM form everywhere which is
possible only for globally hyperbolic space-times.
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with L the Levi subgroup with Lie algebra l = l(0) (that we assume finite-dimensional in
this section, for example GL(11) or GL(3)×E8) and U the unipotent subgroup associated
to u. We write V in this gauge as

V = v U (6.3)

with v ∈ L the coset representative of the finite-dimensional symmetric space K(L)/L and
U ∈ U . From the Levi element v we define

m = v†ηv , m−1∂Mm = v−1(∂Mvv−1 + η−1(∂Mvv−1)†η
)
v . (6.4)

Recalling thatM = V†ηV = U†mU , the E11 current JM introduced in (2.24) then becomes

JM =M−1∂MM = U−1(m−1∂Mm+ ∂M U U−1 +m−1(∂M U U−1)†m
)
U (6.5)

and is still ill-defined. Conjugating with U , however, produces the well-defined object

J̃M = UJM U−1 = m−1∂Mm+NM +m−1N †Mm (6.6)

with NM = ∂M U U−1. This is well-defined since NM can be expanded to any order in the
level associated to L using only polynomials and m acts on each level component as a finite-
dimensional L matrix. All the E11 modules we consider in this paper are integrable, and
the components of NM on an integrable module vanish at some finite order by definition.
In components we write

JM
α = U−1α

βJ̃Mβ . (6.7)

The corresponding field redefinition of the constrained fields is

χM
α̃ = U−1α̃

β̃χ̃M
β̃ + ωα̃β (U−1)J̃Mβ , ζM

Λ = U−1Λ
Ξζ̃M

Ξ , ζM
Λ̃ = U−1Λ̃

Ξ̃ζ̃M
Ξ̃ , (6.8)

with the indecomposable structure under the action of (the unipotent subgroup) of E11
entering for χ through the group cocycle ω whose infinitesimal version is Kαα̃

β introduced
in (2.9) (see [13, eq. (2.4)]). Note, in particular, that one can write JMα̂ = U−1α̂

β̂
J̃Mβ̂

with J̃Mα̃ = χ̃M
α̃. The semi-flat field strength, defined by F̃I = U−1I

JF
J , is

F̃I = U−1N
M

(
CIM α̂J̃N

α̂ + CIM Λ̂ζ̃N
Λ̂
)
. (6.9)

The point of all these redefinitions is that the duality equation (3.1) becomes

mIJ F̃J = ΩIJ F̃J (6.10)

and the bilinear form mIJ now acts as a well-defined block diagonal matrix level-by-level
on the level decomposition of the field strength representation T−1. Recall that m =
U−1†MU−1 = v†ηv can be simply computed level by level using the bilinear form η and
we have used invariance of the symplectic form UΩU† = Ω here.
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6.2 The pseudo-Lagrangian

The redefinition applied to the pseudo-Lagrangian (3.10) also gives a well-defined pseudo-
Lagrangian for m, U , χ̃Mα̃ and ζ̃M

Λ̂. For most terms of the pseudo-Lagrangian, E11
invariance allows us to simply substitute the tilde fields for the original ones, but some more
care is needed to obtain the topological term because its E11 invariance is not manifest
(see (3.16)). The main part (3.15) of the topological term involves the field strength

ΘMN
α̃ =

[MN ]
2∂M

(
U−1α̃

β̃χ̃N
β̃+ωα̃β (U−1)J̃Nβ

)
+U−1α

βJ̃MβTα
α̃
γ̃
(
U−1γ̃

β̃χ̃N
β̃+ωγ̃γ (U−1)J̃Nγ

)
+J̃Mγ U−1α

γK[α
α̃
β]U−1β

δJ̃Nδ , (6.11)

where the right-hand side is to be anti-symmetrised in [MN ]. To simplify this we note that
the indecomposable action of E11 implies from the non-tensorial nature of the cocycle that

U−1α̃
β̃ U
−1α

γ UδβKγβ̃
δ = Kαα̃

β + ωβ̃δ (U−1)U δβTαα̃β̃ + ωα̃γ (U−1)Uγδfαδβ

⇐⇒ U−1α̃
β̃K

αβ̃
β̃ = UαγK

γα̃
δ U−1δ

β + UαγT γα̃β̃ω
β̃
β (U−1) + ωα̃γ (U−1)fαγβ . (6.12)

This follows from exponentiation of (2.13).32

One can also check that this is the identity that is needed for ΘMN
α̃ to transform

covariantly when acting on the α̃ index, using

χM
α̃ → g−1α̃

β̃χM
β̃ + ωα̃β (g−1)JMβ , JM

α → g−1α
βJM

β (6.13)

and the Maurer-Cartan equation, similar to the infinitesimal calculation in (3.16).
Using (6.12) in the topological term (6.11) leads to

ΘMN
α̃ =

[MN ]
2∂M

(
U−1α̃

β̃χ̃N
β̃)+ 2∂M

(
ωα̃β (U−1)Uβγ

)
U−1γ

δJ̃Nδ

+ U−1α̃
β̃J̃M

α(Tαβ̃γ̃χ̃N γ̃ +Kα
α̃
βJ̃Nβ

)
. (6.14)

This can be further simplified by computing the derivative of the group cocycle as follows

∂M
(
ωα̃β (U−1)

)
= d

dt
ωα̃β
(
U−1 exp(−tNM )

)∣∣
t=0

= d

dt

[
ωα̃γ (U−1) exp(−tNM )γβ + U−1α̃

β̃ω
β̃
β

(
exp(−tNM )

)]
t=0

. (6.15)

Using NM = ∂M U U−1 in the first term, and that ωα̃β (exp(−tN )) = −tΛγKγα̃
β + O(Λ2)

in the second term, it follows that

∂M
(
ωα̃β (U−1)Uβγ

)
U−1γ

δ = −U−1α̃
β̃Kγ

β̃
δNMγ . (6.16)

Substituting this into (6.14) leads to

ΘMN
α̃ =

[MN ]
2∂M

(
U−1α̃

β̃χ̃N
β̃)+U−1α̃

β̃

[
J̃MαTα

β̃
γ̃χ̃N

γ̃+(J̃Mα−2NMα)Kα
β̃
βJ̃Nβ

]
. (6.17)

32We recall that the action of the group E11 on e11 h R(Λ2) is defined by g−1tαg = gαβt
β , g−1t̃α̃g =

gα̃β̃ t̃
β̃ +ωα̃β (g)tβ , such that gα1 βgβ2 γ = (g1g2)αγ and where ωα̃β (g) is a group 1-cocycle satisfying ωα̃β (g1g2) =

ωα̃γ (g1)gγ2 β + gα̃1 γ̃ω
γ̃
β(g2).
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The similar analysis for the other constrained fields ζM Λ̂ is simpler since they are not
in an indecomposable representation. Including their semi-flat version (6.8) leads to the
following semi-flat topological term

Ltop = 1
2Πα̃

PQ U−1M
P U−1N

Q

[
J̃MαTα

α̃
β̃χ̃N

β̃ + (J̃Mα − 2NMα)Kα
α̃
βJ̃Nβ

]
− 1

2ΩIJC
IP

α̂C
JQ

Λ̂ U
−1M

P U−1N
QJ̃Mα̂ζ̃N

Λ̂ + Πα̃
MN∂M

(
U−1α̃

β̃χ̃N
β̃) , (6.18)

where we have used the E11 invariance of the tensors appearing in the pseudo-Lagrangian.
Note that we could drop the last total derivative and the resulting pseudo-Lagrangian would
still be gauge invariant up to a total derivative.33 We shall nonetheless keep this term such
that the pseudo-Lagrangian transforms as a density under generalised diffeomorphisms.
Because

J̃M − 2NM = m−1∂Mm−NM +m−1N †Mm (6.19)

compared to (6.6), the sign of the positive level components changes and in this way the
cocycle Kα

α̃
β appears symmetrised in the adjoint indices for high enough levels, rather

than antisymmetrised as in (3.15).
The rewriting of all other terms in the pseudo-Lagrangian is straightforward and similar

to what we just saw for the fields ζM Λ̂.
We note that there is still an action of the unipotent matrix U on the constrained

space-time indices of the current and the constrained fields. U−1N
M∂N gives infinite

sums for an arbitrary unconstrained derivative, but we shall always consider the class of
solutions to the section constraint associated to a finite-dimensional Levi subgroup L, such
that only finitely many components of ∂M of bounded level are non-zero and U−1N

M∂N
is well-defined.34 This matrix action is important when considering the embedding of
GL(D)× E11−D exceptional field theory in E11 exceptional field theory as we shall see in
more detail in section 9. For GL(11) and the D = 11 solution of the section constraint for
which the fields only depend on the eleven coordinates xm, it has no effect since U does
not contain any GL(11) component and so leaves ∂m invariant and we have in this case

U−1N
M J̃Nα = δmM J̃mα , U−1N

M χ̃N
α̃ = δmM χ̃m

α̃ , U−1N
M ζ̃N

Λ̂ = δmM ζ̃m
Λ̂ . (6.20)

6.3 Gauge transformations and compensators

The action of the generalised diffeomorphisms on the fields m and U requires a compen-
sating K(e11) rotation as in [13], such that it preserves the parabolic gauge condition (6.3).
The general formula can be given in level decomposition (6.1) of e11. We write the genera-
tors appearing at level k as tα(k) and similarly for the associated structure constants. The

33If one instead drops 2∂[MχN ]
α̃, gauge invariance is only true up to a more complicated total derivative

mixing linear and non-linear terms.
34One can define the subgroup Uk ⊂ U associated to the Lie algebra u≥k =

⊕∞
`=k u`, and for some

finite k = ks we will have that U−1N
M∂N only depends on the finite-dimensional equivalence class of U in

U/Uks+1.
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generalised diffeomorphism acting on V with a K(e11) compensator to restore the parabolic
gauge (6.3) is then

δξV = ξM∂MV + Tα
M
N∂Mξ

NVtα −
∞∑
k=1

Tα(−k)
M
NV−1P

MVNQ∂P ξQ(tα(−k) − η−1tα(−k)†η)V

= ξM∂MV + U−1P
M UNQ∂P ξQ

( ∞∑
k=0

Tα(k)
M
Nvt

α(k) +
∞∑
k=1

Tα(−k)
M
Nη
−1v−1†tα(−k)†m

)
U .

(6.21)

For k ≥ 1, both tα(k) ∈ uk and η−1tα(−k)†η ∈ uk. For a choice of section adapted to the Levi
subgroup L, Tα(k)N

M∂N = 0 for k > ks for some finite ks, and the compensating K(e11)
transformation in the first line is a finite sum with k ≤ ks. For GL(11), ks = 0 and for
GL(D)× E11−D, ks = 1.

This gives the gauge transformations

δξm = ξM∂Mm+ Tα(0)
M
N U−1P

M UNQ∂P ξQ
(
mtα(0) + tα(0)†m

)
, (6.22a)

δξ U = ξM∂M U + U−1P
M UNQ∂P ξQ

∞∑
k=1

(
Tα(k)

M
N t

α(k) + Tα(−k)
M
Nm

−1tα(−k)†m
)
U . (6.22b)

One obtains as well for the current and the constrained fields

δξJ̃Mα = ξN∂N J̃Mα + ∂Mξ
N J̃Nα + U−1Q

N UPR∂QξRTγ(0)
N
P f

γ(0)α
βJ̃Mβ (6.23a)

+
ks∑
k=1
U−1Q

N UPR∂QξR
(
Tγ(−k)

N
P f

γ(−k)α
β −mNSmPUTγ(k)

U
Sf

γ(k)α
β

)
J̃Mβ

+ TαRS U−1N
R USP

(
∂M∂Nξ

P +mNQm
PU∂M∂Uξ

Q
)
,

δξχ̃M
α̃ = ξN∂N χ̃M

α̃ + ∂Mξ
N χ̃N

α̃ − U−1Q
N UPR∂QξRTα(0)

N
PT

α(0)α̃
β̃χ̃M

β̃ (6.23b)

−
ks∑
k=1
U−1Q

N UPR∂QξR
[
Tα(−k)

N
P

(
Tα(−k)α̃

β̃χ̃M
β̃ +Kα(−k)α̃

βJ̃Mβ
)

−mNSmPUTα(k)
U
S

(
Tα(k)α̃

β̃χ̃M
β̃ +Kα(k)α̃

βJ̃Mβ
)]

+ T α̃RS U−1N
R USP

(
∂M∂Nξ

P +mNQm
PU∂M∂Uξ

Q
)

+ Πα̃
QSm

RQ U−1N
R USP∂M∂NξP ,

δξ ζ̃M
Λ̂ = ξN∂N ζ̃M

Λ̂ + ∂Mξ
N ζ̃N

Λ̂ − U−1Q
N UPR∂QξRTα(0)

N
PT

α(0)Λ̂
Σ̂χ̃M

Σ̂ (6.23c)

−
ks∑
k=1
U−1Q

N UPR∂QξR
(
Tα(−k)

N
PT

α(−k)Λ̂
Σ̂ −m

NSmPUTα(k)
U
ST

α(k)Λ̂
Σ̂

)
ζ̃M

Σ̂

+ ΠΛ̂
QSm

RQ U−1N
R USP∂M∂NξP .

Here, we assumed that the sum over k can be bounded by some ks associated to a choice of
section, but the same formula holds generally if one takes ks →∞. We also used that one
can always choose Kα(0)α̃

β = 0 for a finite-dimensional L.35 One obtains in this way that
35This would not be the case for L = SL(2) × E9 or GL(1) × E10, where the indecomposability already

occurs at level zero [61].
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the transformations of the fields U−1N
M J̃ α̂ and U−1N

M ζ̃
Λ̂ that appear in the pseudo-

Lagrangian are finite and well-defined. The proof of the gauge invariance of the pseudo-
Lagrangian in section 4 is not affected by the similarity transformation with respect to U ,
so the formal manipulations carried out there apply to the well-defined pseudo-Lagrangian
in the semi-flat formulation.

6.4 Mathematical subtleties

The Lie algebra e11 is an infinite-dimensional (Lorentzian) Kac-Moody algebra that is
defined from its Chevalley-Serre presentation in terms of simple root generators and Cartan
generators satisfying a set of relations [76]. It is not known how to obtain a closed list of all
the infinitely generators with their multiplicities and structure constants from this implicit
definition. There are calculational methods to probe the structure of e11 at low levels in a
level decomposition and the most comprehensive results were obtained in [59, 64]. In the
same way that the algebra is defined, the existence and uniqueness of irreducible lowest
and highest modules can be proved from the implicit definition of e11. For our purposes
we typically only require existence and uniqueness of the modules and certain associated
invariant tensors.

In order to properly define the theory we need to be more precise about the Kac-Moody
group E11 and its modules. There are two natural Kac-Moody groups associated to the Kac-
Moody algebra e11: the minimal group Em

11 and its maximal positive completion Ec+
11 [98,

section 7, section 8].36 Any element g ∈ Em
11 of the minimal group can be written as a finite

product of one-parameter subgroup elements associated to real roots g = ∏
α real exp(xαtα)

(with xα ∈ R) acting on an integrable module. By contrast, elements gc+ ∈ Ec+
11 of

the (positive Borel) maximal group Ec+
11 are defined as products of one-parameter group

elements associated to roots gc+ = ∏
α exp(xαtα) in an integrable module, such that the

product involves finitely many negative real roots α ∈ ∆− ∩ ∆Re, but possibly infinitely
many positive (real or imaginary) roots α ∈ ∆+.37 Similar to the different notions of the
Kac-Moody group we can also consider different types of modules. Any integrable module
of the Kac-Moody Lie algebra e11 has a weight space decomposition into finite-dimensional
weight spaces. The two different types of ‘modules’ now differ by allowing only finite or
also specific infinite linear combinations of vectors from these weight spaces. To be more
precise, we define a minimal integrable module, such as em

11 or R(λ)m, as the set of elements
in these vector spaces that have only finitely many non-zero components in a weight space
decomposition. This means that, grading the weights by height, any element of a minimal
module has a bounded height. Equivalently, grading the weights by the level associated
to a finite-dimensional Levi subgroup as in (6.1), any element of a minimal module has
a bounded level. When one talks about the Kac-Moody algebra e11 one often means em

11

36In fact, there are different definitions of each of these groups but they are equivalent in our split real
form [98].

37An analogy to keep in mind for the definition of these groups is the affine case. The minimal loop group
Ĝm
` is defined as the group of Laurent polynomials in the spectral parameter w valued in the group G,

whereas its maximal positive extension Ĝc+
` is defined as the group of formal Laurent series

∑∞
n=−m cnw

n

in the spectral parameter w valued in the group G.
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and this vector space carries the Lie bracket defined in [76]. In particular, all elements
of the Lie algebra em

11 act finitely on minimal modules.38 One can define the exponential
map for the real root generators and the group generated by these one-parameter group
elements acting on all minimal modules, such as em

11 or R(λ)m for any dominant weight λ,
defines the minimal group Em

11. The minimal group Em
11 therefore acts on minimal modules.

The minimal lowest-weight module R(λ)m is defined in the same way as a module of the
minimal group Em

11.
Let us consider on which minimal modules one can act with the maximal group Ec+

11 .
Since the imaginary root generators are not locally nilpotent, an exponential of a positive
imaginary root generator can and will take a finite linear combination in em

11 to an infinite
linear combination, going infinitely far in the direction of positive height. Therefore, Ec+

11
does not act (finitely) on the (minimal) Lie algebra em

11. In the same way, Ec+
11 does

not act (finitely) on minimal lowest weight modules R(λ)m since it can produce infinite
combinations of weight vectors (for positive weight) from exponentials of imaginary roots.
However, it does act on highest weight modules R(λ)m since the heights of the weights in
R(λ)m are bounded above and therefore all exponential of positive (imaginary or real) root
generators evaluate to finite sums.

In order to define an action of the completed group Ec+
11 on more modules one can

consider positively completed modules where infinite linear combinations of weight vectors
of positive weights are allowed. We shall write these modules as ec+

11 and R(λ)c+ and now
the group Ec+

11 can act on them formally, since in order to compute the result of the action
of an exponential of a positive imaginary root generator on an element of R(λ)c+ is a finite
calculation for each fixed weight space. The group Ec+

11 cannot act on completed highest
weight modules R(λ)c− (including infinite linear combinations of weight vectors of negative
weights) since there would be infinitely many contributions to a fixed weight space.39 The
module R(λ)c+ is the (algebraic) dual of R(λ)m and the pairing is invariant under Ec+

11 .
With this more refined notion of group and modules, we can now be more precise as

to where the fields live and what the symmetry group of our model is.
If one defines the fields and the coordinates of the theory in minimal modules, and V ∈

Em
11, all the algebraic identities used in this paper are well-defined. However, including all

supergravity fields in a given Iwasawa gauge for the coset E11/K(E11) requires to consider
also the exponential of imaginary (or null) roots generators. This is the case for example
for the dual graviton field with all GL(11) indices different in eleven dimensions [59, 64, 99].
The physical fields must therefore be defined in the (positive Borel) completed group Ec+

11 .40

38‘Acting finitely on a module’ here means that any weight vector in the representation is mapped to a
finite linear combination of weight vectors in the representation. We assume a basis for the module adapted
to the weights with finite-dimensional weight spaces.

39In the analogy of Footnote 37, the action of Ec+
11 on R(λ)

c+
is like multiplying two formal Laurent

series around zero which is well-defined, whereas the action of Ec+
11 on R(λ)c− would be like multiplying a

Laurent series around zero with one around infinity which is not well-defined.
40When using the affine symmetry to study solutions, one also requires elements of a completed group to

describe black hole solutions [100], so physically the minimal group appears too small. But there are more
completions available in the affine case, and what appears relevant for black hole solutions is the group of
meromorphic functions of the spectral parameter on a Riemann surface valued in the group G and not the
full group of formal Laurent series.
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We thus define the fields of the theory such that

V ∈ Ec+
11 , χ ∈ R(Λ1)m ⊗ L(Λ2)c+

, ζ ∈ R(Λ1)m ⊗ L(Λ10)c+
, ζ̃ ∈ R(Λ1)m ⊗ L(Λ4)c+

(6.24)

and the derivative d = Pm∂m ∈ R(Λ1)m in general. With this definition, the field com-
ponents can be non-zero to arbitrarily large height (or level in a level decomposition),
whereas the coordinate dependence, prior to a choice of section, must be such that there
is always a maximal height for which all the derivative components vanish, and as well for
the constrained indices M of the constrained fields. This definition ensures that V acts
on the fields of the theory and their derivatives. It also ensures that the action of gen-
eralised diffeomorphisms is well-defined in the semi-flat formulation, because for any field
configuration there exists a finite maximal level ks in (6.23).

However, the Cartan involution is not defined on ec+
11 , because it maps an element of

ec+
11 to an element of ec−

11 , the Lie algebra extended along the negative Borel. For V ∈ Ec+
11 ,

we have by construction that dVV−1 ∈ R(Λ1)m ⊗ ec+
11 , but according to (6.6), J̃M takes

values in the doubly extended vector space ec+−
11 , in which elements can have infinitely

many non-zero components for both positive and negative roots. This vector space ec+−
11

is not a Lie algebra, because commutators are not well-defined, and it is not a module
of the completed group Ec+

11 either. Considering the minimal Kac-Moody group Em
11, it

is nevertheless well-defined as the co-adjoint Em
11-module ec+−

11
∼= em∗

11 , and there is a well-
defined Em

11-homomorphism from R(Λ1)m⊗ec+−
11 → R(Λ1)c−. The field strength F̃ I belongs

to the doubly extended module T c+−
−1 of Em

11.
The coset representative V transforms under (2.22) under the constant g ∈ Ec+

11 on the
right, and the compensating k(z) ∈ K(E11) ⊂ Em

11 ⊂ Ec+
11 on the left, so by construction

the coset projection of dVV−1 transforms under K(E11) ⊂ Em
11. It follows that Ec+

11 is a
symmetry of E11 exceptional field theory.

With the definitions (6.24), the pseudo-Lagrangian (3.10) remains a formal object. If
we consider for example the first term in (3.11), it involves the Killing-Cartan contraction
of two currents J̃Mα, which generally produces infinitely many terms for an element J̃Mα ∈
ec+−
11 . In the same way, the second term in (3.11) involves the scalar product of an element in
R(Λ1)c− with an element in R(Λ1)c+, which is again a formal infinite sum. Nevertheless,
this is not a problem for the definition of the theory. The pseudo-Lagrangian (3.10) is
an infinite sum of terms that depend on infinitely many fields and is well-defined as a
formal pseudo-Lagrangian that generates well-defined Euler-Lagrange equations.41 In the
next section, we shall show explicitly how to use the pseudo-Lagrangian and the duality
equations to obtain well-defined equations in a level decomposition when a solution to
the section constraint is chosen. The level decompositions in sections 7 and 9 use finite-
dimensional Levi subgroups. The analysis for infinite-dimensional Levi subgroups, such as
E10 ⊂ E11, is yet more subtle and we consider this in appendix E.

41To give an illustrative example, this is the same infinity of terms that would occur in the Lagrangian
of infinitely many free fields, which have well-defined equations of motion. For the E11 ExFT pseudo-
Lagrangian as well, the Euler-Lagrange equations are well-defined but it does not make sense a priori to
evaluate the pseudo-Lagrangian (3.10) for a particular solution of the equations of motion.
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upper index GL(11) level fields and representations
α(k) k adjoint of E11, labelling the current
α̃(k) k L(Λ2) module for constrained field χ̃
Λ̂(k) k constrained field ζ̃ in L(Λ10)⊕ L(Λ4)
m 3

2 only non-trivial part ∂m of derivatives ∂M on D = 11 section
I(k) −3

2 + k field strength components in T−1

Ĩ(k)
3
2 + k L(Λ3) representation

Table 3. Index assignments for the indices of the various representations in GL(11) level decom-
position. See also appendix C for details on the level decomposition.

To avoid unnecessary complications in the notation we chose to never specify in which
precise module or group the various objects used in the paper lie in. The reader can refer
to this section to obtain this information, but we shall ignore these precisions elsewhere in
this paper.

7 Recovering eleven-dimensional supergravity

In this section, we study the abstract pseudo-Lagrangian (3.10) of E11 exceptional field
theory in a level decomposition appropriate to the bosonic part of D = 11 supergrav-
ity. This means that we branch all representations of E11 with respect to the subgroup
GL(11) [2, 59, 64, 65, 101] and also consider the solution of the section constraint (2.19) that
corresponds to D = 11 space-time, so that we only retain derivatives ∂m withm = 0, . . . , 10
out of the infinitely may ∂M . We have collected results on E11 in GL(11) decomposition in
appendix C. The main result of this section is that the metric and the three-form gauge po-
tential, that appear at level 0 and 1, satisfy the eleven-dimensional supergravity equations
of motion [102].

7.1 Taming the infinity of fields on section

Before working out the individual terms in the pseudo-Lagrangian explicitly, we first discuss
the general structure of all terms in the level decomposition. As we shall see there are
(infinitely) many simplifications which make the explicit form amenable to study.

The pseudo-Lagrangian contains an infinite sum of terms, involving both the E11 coset
fields through the generalised metric M as well as the constrained fields χMα̃ and ζM

Λ̂.
In the GL(11) level decomposition this infinite sum is ordered by the GL(11) level and
we shall use a notation similar to the one in section 6.3, where we append a subscript to
(most) indices to keep track of their GL(11) level, sometimes with a shift to ease notation.
The level assignments we use are displayed in table 3.

We recall that the GL(11) level is the eigenvalue of the action of the Cartan subalgebra
element HΛ11 where Λ11 is the fundamental weight of node 11 in figure 1. The level for
an index upstairs or downstairs are opposite and we have indicated the counting for upper
indices only. All E11-invariant tensors preserve the GL(11) level, so that for instance

– 47 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

CI(k)m
α̂(`)

is only non-zero for k = `. The cocycle Kα
α̃
β is not E11-invariant but GL(11)-

invariant and therefore also preserves the GL(11) level.
With this notation, the kinetic term (3.13) expands as

Lkin = 1
4MIJF

IF J−MIJC
IM

α̂C
JN

Λ̂JM
α̂ζN

Λ̂− 1
2MIJC

IM
Λ̂C

JN
Ξ̂ζM

Λ̂ζN
Ξ̂

= 1
4
∑
k∈Z

mI(k)J(k)F̃
I(k)F̃J(k)

−
∞∑
k=4

mI(k)J(k)C
I(k)m

α̂(k)
CJ(k)n

Λ̂(k)
J̃mα̂(k) ζ̃n

Λ̂(k)− 1
2

∞∑
k=4

mI(k)J(k)C
I(k)m

Λ̂(k)
CJ(k)n

Ξ̂(k)
ζ̃m

Λ̂(k) ζ̃n
Ξ̂(k) ,

(7.1)

where in the last line we have used that the Λ̂ index starts at GL(11) level four, see (7.19)
below.

To write the topological term (6.18), we first observe that the last term in (6.17)
expands according to

Πα̃(3)
mn

∑
k∈Z

(J̃mα(−k) − 2Nmα(−k) )Kα(−k)
α̃(3)

β(3 + k)J̃n
β(3 + k)

= Πα̃(3)
mn

 ∞∑
k=0
J̃mα(−k)Kα(−k)

α̃(3)
β(3 + k)J̃n

β(3 + k) −
−∞∑
k=−1

J̃mα(−k)Kα(−k)
α̃(3)

β(3 + k)J̃n
β(3 + k)


= −Πα̃(3)

mn
(
J̃mα(1)Kα(1)

α̃(3)
β(2)J̃n

β(2) + J̃mα(2)Kα(2)
α̃(3)

β(1)J̃n
β(1)
)

+ Πα̃(3)
mn

∞∑
k=0

(
J̃mα(−k)Kα(−k)

α̃(3)
β(3 + k)J̃n

β(3 + k) − J̃mα(k + 3)Kα(k + 3)
α̃(3)

β(−k)J̃n
β(−k)

)
= −2Πα̃(3)

mnJ̃mα(1)K[α(1)
α̃(3)

β(2)]J̃n
β(2) + 2Πα̃(3)

mn
∞∑
k=0
J̃mα(−k)K(α(−k)

α̃(3)
β(3 + k))J̃n

β(3 + k) , (7.2)

using that Nmα(k) = J̃mα(k) for k ≥ 1 and zero otherwise. Moreover, we have used E11-
invariance of Πα̃

MN and the D = 11 solution to the section constraint to simplify the
unipotent matrices U , see the discussion below (6.18). Using this one obtains for the
complete topological term (6.18)

Ltop =−Πα̃(3)
mnJ̃mα(1)K[α(1)

α̃(3)
β(2)]J̃n

β(2)− 1
2

∞∑
k=4

ΩI(3−k)J(k)C
I(3−k)m

α̂(3−k)
J̃mα̂(3−k)CJ(k)n

Λ̂(k)
ζ̃n

Λ̂(k)

+ 1
2Πα̃(3)

mn
∞∑
k=0
J̃mα(−k)

(
Tα(−k)

α̃(3)
β̃(3+k)

χ̃n
β̃(3+k) +2K(α(−k)

α̃(3)
β(3+k))J̃n

β(3+k)
)
+Πα̃(3)

mn∂mχ̃n
α̃(3)

=−Πα̃(3)
mnJ̃mα(1)K[α(1)

α̃(3)
β(2)]J̃n

β(2)− 1
2

∞∑
k=0

ΩI(−k)J(3+k)F̃
I(−k)F̃J(3+k) +Πα̃(3)

mn∂mχ̃n
α̃(3) ,

(7.3)

where in the second step we used (2.40a) and (2.40b), and the property that the constrained
fields only contribute to F̃J(k) for k ≥ 3.
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It turns out that computing the pseudo-Lagrangian in level decomposition produces
an infinite number of terms that are quadratic in the duality equations at level k

EI(k) ≡ mI(k)J(k)F̃
J(k) − ΩI(k)J(3− k)F̃

J(3− k) = 0 . (7.4)

For k ≥ 2, we define Ok as the square of the duality equation in the form

Ok = −1
4m

I(k)J(k)EI(k)EJ(k)

= −1
4mI(k)J(k)F̃

I(k)F̃J(k) + 1
4mI(3− k)J(3− k)F̃

I(3− k)F̃J(3− k) − 1
2ΩI(3− k)J(k)F̃

I(3− k)F̃J(k) . (7.5)

For explicit expressions for O2 and O3 see (7.43) and (8.6) below. Varying Ok in a pseudo-
Lagrangian will not change the field equations since their variation is proportional to the
duality equations that are imposed in addition to the Euler-Lagrange equations. The
contribution of these terms for all k ≥ 3 will be seen to contain the full dependence on the
auxiliary fields χ̃mα̃, ζ̃mΛ̂.

The Euler-Lagrange equations for the fields χ̃mα̃, ζ̃mΛ̂ give (at least a subset of) the
duality equations (7.4) for all k ≥ 3 and k ≤ 0, see section 3.3. Because the section
condition is completely solved in eleven dimensions, the components of the constrained
fields χ̃mα̃, ζ̃mΛ̂ are independent and appear algebraically, hence we can integrate them
out by applying their equations of motion, which should be equivalent to subtracting the
pseudo-Lagrangian ∑k≥3Ok from the pseudo-Lagrangian L. Combining the first term in
Lkin from (7.1) with the last term in Ltop from (7.3) gives

1
4
∑
k∈Z

mI(k)J(k)F̃
I(k)F̃J(k) − 1

2

∞∑
k=0

ΩI(−k)J(3 + k)F̃
I(−k)F̃J(3 + k)

= 1
4

∞∑
k=1

mI(k)J(k)F̃
I(k)F̃J(k) + 1

4

∞∑
k=0

mI(3 + k)J(3 + k)F̃
I(3 + k)F̃J(3 + k) +

∞∑
k=0
O3+k

= 1
4

2∑
k=1

mI(k)J(k)F̃
I(k)F̃J(k) + 1

2

∞∑
k=3

mI(k)J(k)F̃
I(k)F̃J(k) +

∞∑
k=0
O3+k . (7.6)

The second term cancels precisely the dependence in ζ̃mΛ̂ in Lkin, and one gets in total

Lkin + Ltop = 1
4

2∑
k=1

mI(k)J(k)F̃
I(k)F̃J(k) −Πα̃(3)

mnJ̃mα(1)K[α(1)
α̃(3)

β(2)]J̃n
β(2) (7.7)

+ 1
2

∞∑
k=3

mI(k)J(k)C
I(k)m

α̂(k)
CJ(k)n

β̂(k)
J̃mα̂(k)J̃nβ̂(k) +

∞∑
k=3
Ok + Πα̃(3)

mn∂mχ̃n
α̃(3) .

Note that the first line contains only the field strengths and currents of levels 1 and 2. The
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first term in the second line can be combined with Lpot2 and identity (A.22) to give

Lpot2 + 1
2

∞∑
k=3

mI(k)J(k)C
I(k)m

α̂(k)
CJ(k)n

β̂(k)
J̃mα̂(k)J̃nβ̂(k)

= 1
2

∞∑
k=3

(
mI(k)J(k)C

I(k)m
α̂(k)
CJ(k)n

β̂(k)
−mĨ(k)J̃(k)

C Ĩ(k)
pα̂(k)

C J̃(k)
qβ̂(k)

mqmmpn
)
J̃mα̂(k)J̃nβ̂(k)

= 1
2

∞∑
k=3

(
mα(k)β(k)m

mn−mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pm−mα(k)γ(k)T
γ(k)Q

pTβ(k)
n
Qm

pm
)
J̃mα(k)J̃nβ(k)

= 1
2

∞∑
k=3

(
mα(k)β(k)m

mn−mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pm
)
J̃mα(k)J̃nβ(k) , (7.8)

where we used the highest weight property T γ(k)Q
p = 0 =Tβ(k)

m
Q for all k≥ 1 in the last step.

Similarly, one obtains

Lpot1 = −1
4
∑
k∈Z

κα(−k)β(k)m
mnJ̃mα(−k)J̃nβ(k) + 1

2
∑
k∈Z
J̃mα(k)Tβ(k)

m
Pm

PQTα(k)
n
QJ̃nβ(k)

= −1
4mα(0)β(0)m

mnJ̃mα(0)J̃nβ(0) − 1
2

∞∑
k=1

mα(k)β(k)m
mnJ̃mα(k)J̃nβ(k)

+ 1
2

∞∑
k=0

mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pmJ̃mα(k)J̃nβ(k) , (7.9)

where we have used m−1J̃ †mm = J̃m to get the factor of 2 for the second term, and the
E11-invariance of the structure constants to convert mPQ in mpm. We see that there will
be cancellations when combining these terms with those from (7.8).

Combining all the terms together we obtain eventually that the E11 exceptional field
theory pseudo-Lagrangian reduces to

L = −1
4mα(0)β(0)m

mnJ̃mα(0)J̃nβ(0) − 1
2

2∑
k=1

mα(k)β(k)m
mnJ̃mα(k)J̃nβ(k)

+ 1
2

2∑
k=0

mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pmJ̃mα(k)J̃nβ(k) + 1
4

2∑
k=1

mI(k)J(k)F̃
I(k)F̃J(k)

−Πα̃(3)
mnJ̃mα(1)K[α(1)

α̃(3)
β(2)]J̃n

β(2) + Πα̃(3)
mn∂mχ̃n

α̃(3) +
∞∑
k=3
Ok . (7.10)

We stress that the termsOk are not E11-invariant since we have chosen the GL(11)-invariant
solution to the section constraint. Note also that the Ok, being proportional to squares
of the duality equations, do not modify the dynamics implied by the pseudo-Lagrangian,
since by construction the Euler-Lagrange equations for the pseudo-Lagrangians Ok are
integrability conditions for the duality equations (7.4). It follows that there is no loss of
information in integrating out the fields χ̃mα̃, ζ̃mΛ̂, as long as we keep the duality equations.
In particular, the Euler-Lagrange equations of the E11 coset fields φα(k) for k ≥ 3 are
integrability conditions for the duality equations, and are consequences of the constrained
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fields’ Euler-Lagrange equations. In what follows, we shall next show that L−∑∞k=2Ok on
section is the (bosonic part of the) eleven-dimensional supergravity Lagrangian [102]. We
shall also analyse the duality equations at the linearised level, their integrability conditions,
and the rôle of the constrained fields. To this end, in section 7.2 below, we shall begin with
some preliminaries on the GL(11) decomposition.

We conclude this section by expressing the result (7.10) in an alternative form which
will be useful in the following. To do so, we define the restrictions of the pseudo-Lagrangian
components of (3.10) to level k as follows

Lkin|k =
k≤3

1
4mI(k)J(k)F̃

I(k)F̃J(k) ,

Lkin|k =
k≥4

1
4mI(k)J(k)F̃

I(k)F̃J(k)

−mI(k)J(k)C
I(k)m

α̂(k)
CJ(k)n

Λ̂(k)
J̃mα̂(k) ζ̃n

Λ̂(k) − 1
2mI(k)J(k)C

I(k)m
Λ̂(k)
CJ(k)n

Ξ̂(k)
ζ̃m

Λ̂(k) ζ̃n
Ξ̂(k)

Ltop|2 = −Πα̃(3)
mnJ̃mα(1)K[α(1)

α̃(3)
β(2)]J̃n

β(2) ,

Ltop|k =
k≥3
−1

2ΩI(3− k)J(k)F̃
I(3− k)F̃J(k) ,

Lpot1 |0 = −1
4mα(0)β(0)m

mnJ̃mα(0)J̃nβ(0) + 1
2mα(0)γ(0)T

γ(0)n
QTβ(0)

Q
pm

pmJ̃mα(0)J̃nβ(0) ,

Lpot1 |k =
k≥1
−1

2mα(k)β(k)m
mnJ̃mα(k)J̃nβ(k) + 1

2mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pmJ̃mα(k)J̃nβ(k) ,

Lpot2 |k =
k≥3
−1

2mĨ(k)J̃(k)
C Ĩ(k)

pα̂(k)
C J̃(k)

qβ̂(k)
mqmmpnJ̃mα̂(k)J̃nβ̂(k) . (7.11)

It follows that

Lkin =
∑
k∈Z
Lkin|k , Ltop =

∞∑
k=2
Ltop|k , Lpot1 =

∞∑
k=0
Lpot1 |k , Lpot2 =

∞∑
k=3
Lpot2 |k .

(7.12)
Using this notation, one can now resume the computation carried out in this section to the
property that for k ≥ 3 we have

Lkin
∣∣
3−k + Lkin

∣∣
k

+ Lpot1

∣∣
k

+ Lpot2

∣∣
k

+ Ltop
∣∣
k

= Lkin
∣∣
k
− Lkin

∣∣
3−k + Ltop

∣∣
k

= Ok , (7.13)

such that (7.10) can be written as

L =
∑
k=1,2

Lkin
∣∣
k

+
∑

k=0,1,2
Lpot1

∣∣
k

+ Ltop
∣∣
2 + Πα̃(3)

mn∂mχ̃n
α̃(3) +

∞∑
k=3
Ok . (7.14)

It is remarkable that the infinite number of terms in the total pseudo-Lagrangian
needed for the E11 symmetry boils down to the infinite sum over the ‘squares’ of the
duality equations, see (7.5), and only a finite number of terms remains outside this sum.
The emergence of the duality-equations squared terms is due to the relation (7.13). Since
this relation is central to the result (7.14), we illustrate how it works for k = 3 in detail in
appendix C.5, as an example.

– 51 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

7.2 GL(11) decomposition

For the GL(11) level decomposition we parametrise the unipotent element as

U = exp
( 1

3!An1n2n3E
n1n2n3

)
exp

( 1
6!An1...n6E

n1...n6

)
exp

( 1
8!hn1...n8,mE

n1...n8,m
)
· · · .

(7.15)

This is the usual GL(11) level decomposition of E11 up to level three involving the three-
form, its dual six-form and the dual graviton [2, 59, 64, 65, 101].42

The metric m on the Levi factor GL(11) is nothing but the eleven-dimensional space-
time metric gmn. From the way the semi-flat formulation was set up, the duality equa-
tion (6.10) contains the mIJ which is block diagonal in GL(11) level decomposition. There-
fore it acts just like the GL(11) metric on a given GL(11) field strength component by rais-
ing/lowering its indices, with an additional factor of √−g because the GL(11) components
of F̃I are GL(11) tensor densities of weight one-half. The duality equation (6.10), however,
becomes a set of GL(11) tensorial equations precisely because of this factor.

In the parametrisation (7.15) we obtain

NM = ∂M U U−1 = 1
3!∂MAn1n2n3E

n1n2n3 + 1
6!
(
∂MAn1...n6 +10A[n1n2n3∂MAn4n5n6]

)
En1...n6

+ 1
8!
(
∂Mhn1...n8,m+56A〈n1n2n3∂MAn4...n8,m〉 (7.16)

+140A‹n1n2n3An4n5n6∂MAn7n8,m›
)
En1...n8,m+. . . ,

where ‹ · · · , ·› denotes the projection on the (8, 1) Young symmetry:

A‹n1n2n3An4n5n6∂MAn7n8,m› = A[n1n2n3An4n5n6∂MAn7n8]m −A[n1n2n3An4n5n6∂MAn7n8m].

(7.17)
The R(Λ1) index M is not included in the anti-symmetrisation in this equation.

Besides the E11 fields v and U we also require the constrained fields (2.31). The L(Λ2)
index α̃ on the field χMα̃ decomposes as [13]

χM
α̃ →

(
χM ;n1...n9 , χM ;n1...n10,p1p2 , χM ;n1...n11,p, . . .

)
, (7.18)

where we use the same notation as in [13, 58] that a comma separates different columns of
an irreducible GL(11) tableau, while a semi-colon separates different columns of a reducible
tensor product.

The L(Λ10) index of the constrained field ζMΛ decomposes as

ζM
Λ →

(
ζM ;n1...n11,p, ζM ;n1...n11,p1...p4 , . . .

)
. (7.19)

The L(Λ4) index of the constrained field ζM Λ̃ decomposes as

ζM
Λ̃ →

(
ζM ;n1...n11,p1...p7 , ζM ;n1...n11,p1...p8;q1q2 , . . .

)
. (7.20)

42The GL(11) level equals the difference between the number of upper and lower GL(11) indices divided
by three, for the adjoint representation, and this number plus 11

6 in the R(Λ1) representation of E11. For
more details, see [2, 58, 59, 64]. This rule is only applicable if one keeps sets of 11 antisymmetric indices.
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We also choose the D = 11 solution of the section constraint (2.19) and therefore only
keep the ordinary space-time derivatives ∂m. Since the fields in (7.18) and (7.19) are also
constrained, we also keep only their first component χ̃mα̃, ζ̃mΛ̂, e.g.

χm;n1...n9 , (7.21)

where we recall that the semi-colon indicates that this is a reducible representation of
GL(11) obtained as a tensor product of a one-form with the components of a nine-form
and therefore has the irreducible pieces with Young symmetries (10) and (9, 1).

Currents, field strengths and tensors. As a preparation to the evaluation of the
pseudo-Lagrangian, we first describe how to obtain its various ingredients in GL(11) level
decomposition. We shall from now on leave out all tildes on the components of the redefined
fields, currents and field strengths for readability. However, we shall denote the components
in level decomposition with calligraphic latin letters.

Working out the components of the Levi current (6.4) and the semi-flat current (6.6)
using (7.16), we find (at non-negative GL(11) levels α(k))

k = 0 : Jp;nm = gms∂pgns ,

k = 1 : Jp;n1n2n3 = ∂pAn1n2n3 ,

k = 2 : Jp;n1...n6 = ∂pAn1...n6 + 10A[n1n2n3∂|p|An4n5n6] , (7.22)

k = 3 : Jp;n1...n8,m = ∂phn1...n8,m + 56
3
(
A[n1n2n3∂|p|An4...n8]m −Am[n1n2∂|p|An3...n8]

)
− 280

3 Am[n1n2An3n4n5∂|p|An6n7n8] .

All the indices occurring here are curved with respect to the Levi factor GL(11) which is
why we call the formulation semi-flat. We shall use the GL(11) metric gmn to raise and
lower indices on these and similar GL(11) tensor (densities).

The components of the semi-flat field strength can be obtained from the current com-
ponents (7.22) and the structure constants CIM α̂ given in (C.12) as

Fn1n2
m = 2J[n1;n2]

m ,

Fn1...n4 = 4J[n1;n2n3n4] ,

Fn1...n7 = 7J[n1;n2...n7] , (7.23)
Fn1...n9;m = 9J[n1;n2...n9],m + χm;n1...n9 ,

where in the last equation we have defined the GL(11) reducible field strength

Fn1...n9;m = Fn1...n9,m −Fn1...n9m . (7.24)

Separating its relation (7.23) to the current components into irreducible constituents yields

Fn1...n9,m = 9J[n1;n2...n9],m + χm;n1...n9 − χ[m;n1...n9] ,

Fn1...n10 = χ[n1;n2...n10] . (7.25)
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These field strengths components take the explicit form

Fn1n2
m = 2gmp∂[n1gn2]p ,

Fn1...n4 = 4∂[n1An2n3n4] , (7.26)
Fn1...n7 = 7∂[n1An2...n7] + 70A[n1n2n3∂n4An5n6n7] ,

Fn1...n9;m = 9∂[n1hn2n3n9],m + 840Am[n1n2An3n4n5∂n6An7n8n9]

+ 168
(
A[n1n2n3∂n4An5n6n7n8n9]m +Am[n1n2∂n3An4n5n6n7n8n9]

)
+ χm;n1...n9 .

As we have seen in the previous section, the pseudo-Lagrangian (7.10) only involves the
three first field strengths above.

The E11 representation matrices are most easily determined by reading them off from
the rigid e11 transformations of the fields and derivatives. These transformations are dis-
played in appendix C.1 in the conventions of [58]. In particular the components of the
matrices TαMN can be obtained from (C.6).

The components of Πα̃
MN can be determined from the explicit gauge transformation

of χMα̃ as given in [13, eq. (4.17e)]. The relevant lowest component of Πα̃
MN is fixed by

comparing [13]43

δξχm;n1...n9 = 24∂m∂[n1λn2...n8] −
1√
−g

gn1p1 . . . gn9p9grqε
p1...p9pr∂m∂pξ

q , (7.27)

to (2.61a). This implies that the relevant component Πα̃
MN is Πn1...n9p1p2 = −εn1...n9p1p2

and we take the summation over this α̃ component to include the canonical combinatorial
factor 1

9! .44

For the components of the cocycle Kαα̃
β we need to extend the results on the rigid e11

transformation given in [58, eq. (4.33h)] to a few more components. We write this here in
terms of the commutator (2.9) in the form

−
[
hm

nKm
n + 1

3!en1n2n3E
n1n2n3 + 1

6!en1...n6E
n1...n6 + 1

8!en1...n8,mE
n1...n8,m, F̃n1...n9

]
= 9h[n1

pF̃n2...n9]p − 28e[n1n2n3Fn4...n9] − 56e[n1...n6Fn7n8n9] + 9e[n1...n8,|p|h
p
n9] , (7.28)

where we recall that the lowest component tα̃ in R(Λ2) ⊂ T0 is a nine-form F̃9, see (7.18).
The tensors C Ĩ P α̂ can be determined conveniently from the auxiliary field strength

GĨ = C ĨMα̂M
MNJNα̂ = C ĨMαMMNJNα + C ĨMα̃MMNχN

α̃ (7.29)

that was defined in [58]. Expanding it out to lowest orders in the GL(11) level decompo-
sition leads to [58, eq. (5.26)]

Gn1...n8 = gpq(Jp;n1...n8,q + χp;n1...n8q) (7.30)
43Our convention is that ε01 ... 10 = +1 is the Levi-Civita symbol (with constant components) and its

indices are lowered with the metric, so that εn1...n11εm1...m11 = 11! det(g)δ[n1
[m1
· · · δn11]

m11].
44In general, the combinatorial factors are those in the K(E11) invariant bilinear form on the R(Λ2)

representation.
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where we have given only the components that are non-zero when choosing the D = 11
solution to the section constraint. From this we find the following components of C Ĩ P α̂

Cn1...n8;p
q1...q8,r = 8!

(
δq1...q8n1...n8δ

r
p − δ[q1...q8

n1...n8δ
r]
p

)
, Cn1...n8;p

q1...q9 = 9! δq1...q8q9n1...n8p . (7.31)

Note that we will not need the components of Πα̃
MN , Kαα̃

β and C Ĩ P α̂ defined above in
section 7.3 below, because all the corresponding contributions are already canceled in (7.14).
Nevertheless, they are important when considering the dual graviton field and they will be
used in section 8.2 and in appendices C.4 and C.5.

Expansion of the duality equation. Before considering the pseudo-Lagrangian (3.10)
in level decomposition, let us briefly comment on the expansion of the duality equations
as this underscores the rôle of the constrained fields.

The duality equations (6.10) become for the first two instances [13, eq. (4.14)]

Fn1...n7 = 1
24√−g gn1p1 . . . gn7p7ε

p1...p7q1...q4Fq1q2q3q4 , (7.32a)

Fn1n2
m = 1

9!√−g gn1q1gn2q2ε
q1q2p1...p9gmqFp1...p9;q . (7.32b)

The first equation does not contain the constrained fields and is recognised as the usual
matter duality equation of D = 11 supergravity. An integrability condition of this equa-
tion is ∂m

(√
−gFmn1n2n3

)
= 1

1152ε
n1n2n3p1...p8Fp1...p4Fp5...p8 , where the familiar non-linear

term [102] is due to the Bianchi identity ∂[n1Fn2...n8] = 35
8 F[n1...n4Fn5...n8] of the seven-form

field strength that is implied by (7.26). The second equation is akin to the first-order
dual gravity relation [59, 60, 103–106]. It contains the additional field χm;n1...n9 that plays
the same rôle as the Stückelberg gauge field in the vielbein formulation [59, 60]. Equa-
tion (7.32) can be seen as simply determining the field χm;n1...n9 in terms of the other fields
and therefore imposes no condition on the gravitational dynamics. This is remedied by
the pseudo-Lagrangian (3.10) that we have put forward in this paper: it implies additional
equations for the constrained fields that we derived in section 5. As we shall see in this
section, we can alternatively use the pseudo-Lagrangian together with a choice of section
condition to integrate out the constrained fields, thereby solving their equations of motion.
The remaining dynamics for the E11 coset fields will then be seen to be equivalent to the
bosonic sector of D = 11 supergravity.

7.3 D = 11 supergravity from the GL(11) expanded pseudo-Lagrangian

We shall now explicitly write out the various terms in (7.10), using the notation introduced
in (7.14). The resulting pseudo-Lagrangian L − ∑∞k=2Ok is the (bosonic part of the)
eleven-dimensional supergravity Lagrangian [102], where we recall from (7.5) that Ok=−
1
4m

I(k)J(k)EI(k)EJ(k) .
Evaluating the first term in (7.14) requires knowledge of the representation-theoretic

contraction that can be extracted from the linearised analysis in [58, eq. (5.39)]. From this
we can immediately write down the resulting expression in GL(11) level decomposition for
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the components of the field strengths deduced above using (C.18)

∑
k=1,2

Lkin
∣∣
k

= 1
4

2∑
k=1

mI(k)J(k)F̃
I(k)F̃J(k) (7.33)

= 1
4
√
−g

( 1
7!Fn1···n7Fn1···n7 + 1

4!Fn1···n4Fn1···n4

)
.

The √−g comes from the weight of the R(Λ1) coordinate module (C.7). This contains all
the contributions to the kinetic term that remain after integrating out all the constrained
fields. Indices are raised and lowered with the GL(11) metric gmn. In particular the matrix
components mI(1)J(1) and mI(2)J(2) are given respectively by

mn1n2n3n4;p1p2p3p4 = 4!
√
−gg[n1|p1g|n2|p2g|n3|p3g|n4]p4 ,

mn1...n7;p1...p7 = 7!
√
−gg[n1|p1g|n2|p2 . . . g|n7]p7 . (7.34)

Next, we compute the terms from Lpot1 . For the first line of (7.9) we get

− 1
4mα(0)β(0)m

mnJ̃mα(0)J̃nβ(0)− 1
2

2∑
k=1

mα(k)β(k)m
mnJ̃mα(k)J̃nβ(k) (7.35)

=−1
4
√
−ggmn

(
Jm;p

qJn;q
p− 1

2Jm;p
pJn;q

q+ 2
3!Jm;p1p2p3Jn;

p1p2p3 + 2
6!Jm;p1...p6Jn;

p1...p6

)
,

where we used mmn = √−ggmn and the bilinear form mα(k)β(k) in the same normalisation as
in [58, appendix A.1], see also (C.16). For the second line of (7.9) we use (C.6) and (C.7)
with the rule

ΛβT βQp∂Q = δΛ∂m , ΛγT γmQ∂m = δΛ∂Q , (7.36)

so that for any parameters ξm, ζm, ψα, φβ

mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pmξmψ
α(k)ζnφ

β(k) = mpmξmδm−1ψ†mδφζp , (7.37)

where δφ and δm−1ψ†m act only on ζp as δΛ in (C.6) and (C.7). Performing these steps for
all terms, we find the following expression

2∑
k=0

mα(k)γ(k)T
γ(k)n

QTβ(k)
Q
pm

pmJ̃mα(k)J̃nβ(k)

=
√
−ggmn

(
Jq;npJm;p

q − Jp;qqJm;n
p+1

4Jm;p
pJn;q

q+1
2Jq;mp1p2Jn;

qp1p2+ 1
5!Jq;mp1...p5Jn;

qp1...p5

)(7.38)

where we used Jm;q
rgpqgrn = Jm;n

p. To combine these terms we use moreover the expan-
sion of the Einstein-Hilbert Lagrangian
√
−gR= ∂p

[√
−ggmngpq(∂mgnq−∂qgmn)

]
+
√
−ggmn

(1
2Jp;m

qJn;q
p− 1

4Jm;p
qJn;q

p+ 1
4Jm;p

pJn;q
q− 1

2Jp;q
qJm;n

p
)

(7.39)
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that can be checked by expanding everything out in the metric and its derivative. Com-
bining (7.35) with (7.38), and using (7.39) we find

∑
k=0,1,2

Lpot1

∣∣
k

=
√
−g

(
R− 1

2 · 4!Fn1...n4Fn1...n4 − 1
2 · 7!Fn1...n7Fn1...n7

)
− ∂p

[√
−ggmngpq(∂mgnq − ∂qgmn)

]
, (7.40)

where we have used the relation (7.23) for expressing the current components via field
strength components.

Finally, we use (7.28) to write (6.18)

Ltop
∣∣
2 = 1

2 · 9!ε
n1...n11Fn1...n4Fn5...n11 . (7.41)

Summing up the results for (7.33), (7.40) and (7.41), we get

L =
√
−g

(
R− 1

4 · 4!Fn1...n4Fn1...n4 − 1
4 · 7!Fn1...n7Fn1...n7

)
+ 1

2 · 9!ε
n1...n11Fn1...n4Fn5...n11

− ∂p
[√
−ggmngpq(∂mgnq − ∂qgmn) + 1

9!ε
pn1...n10χn1;n2...n10

]
+
∞∑
k=3
Ok . (7.42)

The first line describes the bosonic sector of eleven-dimensional supergravity in the
democratic formulation in which both three-form and six-form potentials occur.45 In order
to compare with the standard formulation of eleven-dimensional supergravity it is conve-
nient to exhibit that the terms involving the six-form potential also combine in a term
proportional to the square of its defining duality equation (7.32a)

O2 =−
√
−g

4·7!

(
Fn1...n7−

1
4!√−g εn1...n7

p1...p4Fp1...p4

)(
Fn1...n7− 1

4!√−g ε
n1...n7q1...q4Fq1...q4

)
.

(7.43)
Although O2 cannot be canceled by integrating out an auxiliary field, it does not affect the
equations of motion that include the duality equations. We obtain finally

L = Lsugra + ∂p(Up + Vp) +
∞∑
k=2
Ok , (7.44)

where

Lsugra =
√
−g
(
R− 1

2·4!Fn1...n4Fn1...n4

)
− 1

1442 ε
n1...n11An1n2n3Fn4...n7Fn8...n11 , (7.45a)

Up≡−
√
−ggmngpq(∂mgnq−∂qgmn) , (7.45b)

Vp≡− 1
9!ε

pn1...n10
(
4An1n2n3Fn4...n10 +χn1;...n10

)
, (7.45c)

45Though we are not aware of a worked out democratic formulation of D = 11 supergravity, it is similar
in spirit to the democratic formulation of supergravities in D = 10 [107].
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and we recall that Ok represents the square of the duality equations, as defined in (7.5).
This result shows that L −∑∞k=2Ok is the bosonic part of the eleven-dimensional super-
gravity Lagrangian, up to total derivative terms, as claimed at the beginning of this section.
We have denoted this Lagrangian by Lsugra, even though it represents only the bosonic sec-
tor, for brevity in notation. Given that ∑∞k=2Ok does not affect the equations of motion,
as a sum of squares of the duality equations, we proved that E11 exceptional field theory
reproduces eleven-dimensional supergravity dynamics on section.

Moreover, this result implies that the whole dynamics of E11 exceptional field theory
on the eleven-dimensional section is described by the duality equation (3.1) and the super-
gravity Einstein equation deriving from Lsugra. We shall now describe the dynamics of the
higher-level fields.

8 Higher level dualities and the constrained fields

In this section, we describe how the Euler-Lagrange equations of the pseudo-Lagrangian
provide integrability conditions for the constrained fields, such that the higher-level com-
ponents of the duality equation (3.1) are dynamical and describe the propagation of an
infinite sequence of dual fields, providing a rather explicit realisation of the proposal of [16].
As explained in the last section, this is equivalent to considering the duality equation (3.1)
together with the eleven-dimensional Einstein equation from (7.45a), nevertheless it will
sometimes be more convenient to consider other pseudo-Lagrangians that are equivalent
to the E11 exceptional field theory pseudo-Lagrangian (3.10).

8.1 Preliminaries

The Einstein equation that follows from the full pseudo-Lagrangian L includes by construc-
tion an energy-momentum tensor with an infinite sum of contributions from all positive
level fields. Using all the infinitely many duality equations (3.1) these infinitely many con-
tributions reduce to a finite expression. If one wants to obtain a finite energy-momentum
for a specific finite set of fields without using the duality equations, one has to consider
pseudo-Lagrangians of the form Lsugra +∑k∈I ckOk, where I is a finite set of integers k ≥ 2.
By construction, any such pseudo-Lagrangian produces an equivalent set of Euler-Lagrange
equations together with the duality equation (3.1). For some specific choice of ck ∈ {0, 1, 2}
for k ∈ I, one can moreover obtain an actual Lagrangian for a subset of the fields, as Lsugra
for the metric and the three-form potential. Although these pseudo-Lagrangians are not
invariant under generalised diffeomorphisms (up to a total derivative), the set of equations
of motion they produce transform into themselves and into the duality equations under
generalised diffeomorphisms. The reason for this is that they define the same set of equa-
tions as the Euler-Lagrange equations of the invariant pseudo-Lagrangian L and the duality
equations (3.1).

The field content of the E11 coset representative was analysed to all GL(11) levels
in [16] with the result that all generators fall into one of the following four classes of
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GL(11) Young tableaux46

longest column has length ≤ 8: generators that are part of E8

longest column has length 9: generators that are part of E9 but not of E8

longest column has length 10: generators that are part of E10 but not of E9 (8.1)
longest column has length 11: generators that are part of E11 but not of E10

The fields that include at least one column of either eleven or ten antisymmetrised in-
dices, i.e. belong to E10 or E11, appear in exponentially growing number in the GL(11)
decomposition, but they are non-propagating. The fields with one single column of ten an-
tisymmetrised indices correspond for example to non-geometric deformations of the theory,
such as massive type IIA [75, 89]. All the propagating fields instead appear with (outer)
multiplicity one at each level and stem from E9. These are the metric gµν at level 0, the
tensor of Young symmetry (9n, 3) at level 1+3n, of Young symmetry (9n, 6) at level 2+3n
and (9n, 8, 1) at level 3 + 3n, for all n ∈ N. Here we use the notation that (9n, p, q) is
the partition of 9n+ p+ q whose Young tableau includes n columns of 9 antisymmetrised
indices. The fields with n = 0 are the standard three-form, the six-form and the dual
graviton field.

It was shown in [108] that the fields with n ≥ 1 cannot be described in the general
framework of [109, 110] for unitary representations of the Lorentz group, in which the
field equations are in the same SO(1, 10) representation as the gauge field. This difficulty
was circumvented in [19], in which it was shown that there are consistent duality equa-
tions for the fields of Young symmetry (9n, 3), such that they propagate the same degrees
of freedom as the three-form gauge field. The field strength G10n,4 ∼ dn+1A9n,3 for the
potential of Young symmetry (9n, 3) is defined to be in the irreducible GL(11) representa-
tion of Young symmetry (10n, 4) [111]. This representation decomposes under the Lorentz
group SO(1, 10) into a tensor with Young symmetry (4, 1n) (i.e. of B5 weight nΛ1 + Λ4 in
Bourbaki numbering conventions) plus all possible traces. The next-largest representation
in the branching has Young symmetry (5, 1n−3) (B5 highest weight (n− 1)Λ1 + 2Λ5) and
corresponds to taking four traces.47 The field equation in [19] for the (9n, 3) potential is
that all SO(1, 10) components that are not in the largest SO(1, 10) representation (4, 1n)
have to vanish and this is the appropriate alternative generalisation of the usual ‘Riemann
equal Weyl’ equation for mixed symmetry fields. However, it is important that this requires
taking several traces and not only a single trace, so that the Weyl tensor is not defined by
the property that any possible trace vanishes. Therefore the field equation in [19] differs

46Since all generators are in representations of GL(11), any tensor necessarily will involve root spaces
that only exist for e11 and not for its en subalgebra with n = 8, 9, 10. In the table, we refer to the lowest
weight element of any GL(11) tensor generator, which is then a root of en. Equivalently one can think of
the GL(11) tensor with indices restricted to run from 1 to n.

47That this is the first non-trivial trace can be seen for example for G10,4 from the identity

Ga1...a10,b1...b4 = − 1
3!7!εa1...a10cεb1...b4

d1...d7Gd1...d7e1e2e3,
e1e2e3c − 1

4!6!εa1...a10cεb1...b4
d1...d6cGd1...d6e1...e4,

e1...e4

which implies that one does not project out any component of a (10, 4) tensor of GL(11) by contracting up
to three pairs of indices.
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from that in [108–110]. Similarly, for the potentials (9n, 6) and (9n, 8, 1) the field equation
requires keeping only the largest SO(1, 10) component of the corresponding field strengths.
The fact that the propagating degrees of freedom can be described alternatively using these
higher potentials is also in agreement with the fact that the E9 linear system for D = 2
supergravity provides an infinite cascade of fields dual to the propagating ones using E9
generators [4, 20].

The linearised duality equation (5.21) was recognised in [58] to relate fields of level
shifted by 3,

mI(k)J(k)F̃
J(k) = ΩI(k)J(3− k)F̃

J(3− k) (8.2)

such that a field of Young symmetry (9n+1, 3) is indeed dual to the one of Young symmetry
(9n, 3)

mI(4 + 3n)J(4 + 3n)

(
CJ(4 + 3n)m

α(4 + 3n)Jm
α(4 + 3n) + CJ(4 + 3n)m

α̃(4 + 3n)χm
α̃(4 + 3n) + CJ(4 + 3n)m

Λ̂(4 + 3n)
ζm

Λ̂(4 + 3n)

)
= ΩI(4 + 3n)J(−1− 3n)

(
CJ(−1− 3n)m

β(−1− 3n)m
β(−1− 3n)γ(−1− 3n)κα(1 + 3n)γ(−1− 3n)Jm

α(1 + 3n)

+ CJ(−1− 3n)m
α̃(−1− 3n)χm

α̃(−1− 3n) + CJ(−1− 3n)m
Λ̂(−1− 3n)

ζm
Λ̂(−1− 3n)

)
, (8.3)

and similarly for (9n, 6) and (9n, 8, 1). Moreover, assuming the constrained fields are total
derivatives, the duality equations reduce to

ηI(4 + 3n)J(4 + 3n)

(
CJ(4 + 3n)m

α(4 + 3n)∂mφ
α(4 + 3n) +CJ(4 + 3n)m

α̃(4 + 3n)∂mX
α̃(4 + 3n) +CJ(4 + 3n)m

Λ̂(4 + 3n)
∂mY

Λ̂(4 + 3n)

)
= ΩI(4 + 3n)J(−1− 3n)

(
CJ(−1− 3n)m

β(−1− 3n)η
β(−1− 3n)γ(−1− 3n)κα(1 + 3n)γ(−1− 3n)∂mφ

α(1 + 3n)

+ CJ(−1− 3n)m
α̃(−1− 3n)∂mX

α̃(−1− 3n) + CJ(−1− 3n)m
Λ̂(−1− 3n)

∂mY
Λ̂(−1− 3n)

)
, (8.4)

and the fields X α̃ and Y Λ̂ provide the correct set of fields to write gauge-invariant linearised
duality equations [13] consistently with [19]. In this section we shall describe how the use of
the pseudo-Lagrangian (3.10) allows us to define integrability conditions for the constrained
fields χmα̃ and ζmΛ̂ to obtain the non-linear duality equations.

We shall find in particular that Lsugra + O3 defines a Lagrangian for the metric, the
three-form potential, the dual graviton and the associated constrained field χ1;9, which
describes dual gravity at the non-linear level. The Euler-Lagrange equation for the metric
can then be interpreted as an integrability condition for the constrained field χ1;9, while
the constrained field Euler-Lagrange equation is the duality equation (7.32b) for the metric
that is algebraic in χ1;9. Injecting the algebraic solution of the latter equation into the
former gives back the Einstein equation, while solving first the integrability condition
for the constrained field produces a dynamical duality equation for the dual graviton.
This duality equation reproduces the expected dual graviton propagation in the linearised
approximation. As an aside, we shall show the relation between this dual graviton action
and that of [1, 59, 60] which gives an equivalent description of the dual graviton in the
vielbein formulation.
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After this, we shall examine Lsugra + 2O4, which provides a Lagrangian for the metric,
the three-form potential, the level 4 potential A9,3 and the associated constrained field
χ1;10;2. As for the dual graviton, the Euler-Lagrange equation of the three-form potential
gives an integrability condition for the constrained field χ1;10;2, while the Euler-Lagrange
equation of χ1;10;2 gives the level 4 duality equation. Solving first the duality equation for
χ1;10;2 one recovers the eleven-dimensional supergravity equation for the three-form, while
solving first the integrability condition for χ1;10;2 gives a dynamical duality equation for
the gradient dual A9,3.

We expect that this procedure can be generalised to all levels to give the infinite chains
of gradient dual fields as described originally in [19], along the lines of section 4.3 in [13].
The missing step for showing this equivalence to the chain of linearised duality equations
in [19] is to prove that the constrained fields χmα̃ that appear in the propagating duality
equations must be total derivatives ∂mX α̃ in the linearised approximation, up to terms that
do not contribute to the duality equations. The generalisation to the GL(11) level 5 field
A9,6 is straightforward, but things are more subtle starting from GL(11) level 6. We shall
only describe schematically the generalisation to higher levels, and explain in particular
that one must take additional curls of the gauge-invariant Euler-Lagrange equations as their
integrability conditions to deduce χmα̃ = ∂mX

α̃. In [3, 75, 112] additional derivatives were
required to get gauge-invariant higher-order duality equations, whereas here the higher
derivatives are rather a technical tool for proving from the duality equations and the
integrability conditions that the constrained fields are effectively total derivatives in the
way they appear in the field strengths to all levels. For the analysis of our system the
equivalence to the chain of linearised duality equations [19] is not a necessary property since
we already proved that our model propagates the correct degrees of freedom non-linearly.

8.2 The dual graviton

We will first analyse the dual graviton. We shall write down the full nonlinear Lagrangian,
the resulting equations of motion and relation to the vielbein formulation. In this section
we show that the E11-invariant pseudo-Lagrangian entails a Lagrangian for the (non-linear)
dual graviton in the metric formulation, which we will show, upon truncation to the gravita-
tional sector, to agree with the Lagrangian derived in [1, 59, 60] in the vielbein formulation.

The Lagrangian. As explained above, we shall now compute the Lagrangian

Ldual-gr ≡ L− ∂pVp −O2 −
∞∑
k=4
Ok = Lsugra + ∂p Up +O3 , (8.5)

that is appropriate for the description of the dual graviton. The explicit expression of O3 is

O3 =−
√
−g

4·8!

(
Fn1...n8p;q+ 1

2√−g εn1...n8p
s1s2gqmFs1s2m

)(
Fn1·n8q;p+ 1

2√−g ε
n1...n8qr1r2Fr1r2p

)
.

(8.6)
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Using the identity

√
−g

(
R+ 1

8Fn1n2
pFn1n2

p −
1
4Fnp

pFnqq
)
− ∂p

(√
−ggmngpq(∂mgnq − ∂qgmn)

)
= −1

2
√
−ggp[mgn]qgrs∂mgpr∂ngqs , (8.7)

we can now write the Lagrangian

Ldual-gr =
√
−g
(
−1

2g
p[mgn]qgrs∂mgpr∂ngqs−

1
2·4!Fn1...n4Fn1...n4− 1

4·8!Fn1...n8p;qFn1...n8q;p
)

− 1
1442 ε

n1...n11An1n2n3Fn4...n7Fn8...n11−
1

2·8!ε
n1...n11gpq∂n1gn2pFqn3...n10;n11 .

(8.8)

This Lagrangian depends only on the metric gmn, the three-form potential An1n2n3 and
the field strength Fn1...n9;m. Although the explicit expression of the field strength (7.26)
depends on both the three-form and the six-form potential through the current Jm;n1...n8,p,
all these terms can be absorbed in the constrained field χm;n1...n9 by a field redefinition.
So we can indeed consider that (8.8) is a Lagrangian for gmn, An1n2n3 and χm;n1...n9 .

Equations of motion. The Euler-Lagrange equation for the constrained field χm;n1...n9

is algebraic and gives

− 1
2 · 8!F

m[n1...n8;n9] = 1
4 · 8!√−g ε

q1q2m[n1...n8Fq1q2n9] , (8.9)

which is equivalent to the duality equation (7.32b), as has to be the case on the basis of
our general analysis in section 3.3. Integrating out the constrained field is by construction
equivalent to removing the term in O3, and so gives back the bosonic component of the
eleven-dimensional supergravity Lagrangian (7.45a).

The Euler-Lagrange equation for the metric field gives

1
2·8!√−g ε

p1...p11
(
g(m|p1∂p2F|n)p3...p10;p11−g(m|p1∂p2g|n)qFqp3...p10;p11−∂p1gp2(mFn)p3...p10;p11

)
= 1

12Fp1p2p3(mFn)
p1p2p3− 1

96gmnFp1p2p3p4Fp1p2p3p4

+ 1
4·7!F(m|p1...p7q;rF|n)

p1...p7r;q+ 1
2·8!Fp1...p8q;(mFn)

p1...p8;q− 1
8·8!gmnFp1...p8q;rFp1·p8r;q

− 1
4
(
2gprgqs−gpqgrs

)(
∂(m|grs∂pg|n)q−∂pgrs∂(mgn)q

)
− 1

2g
r[pgq]s∂pgr(m|∂qg|n)s−

1
4gmng

r[pgq]sgtu∂pgrt∂qgsu . (8.10)

Note that because (8.7) is a total derivative in the linearised approximation, this equation
does not depend on the metric in the linearised approximation and should be interpreted
instead as an integrability condition for the dual graviton field strength F9;1.

If one uses the Euler-Lagrange equation (8.9) for the constrained field to solve the field
strength Fn1...n9;m = − 1

2
√
−gεn1...n9

p1p2gmqFp1p2
q in the Euler-Lagrange equation for the
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metric field, one can combine all the terms involving the derivative of the metric on the
left-hand side to obtain the Einstein equation

Rmn −
1
2gmnR = 1

12Fp1p2p3(mFn)
p1p2p3 − 1

96gmnFp1p2p3p4Fp1p2p3p4 . (8.11)

This can be seen more easily in the linearised approximation starting from the left-hand
side of (8.10) and substituting (8.9)

1
2 · 8!ε

p1...p11η(m|p1∂p2F
(lin.)
|n)p3...p10;p11

= − 1
4 · 8!εr(m

p2...p10εq1q2n)p3...p10∂p2F (lin.)
q1q2

r

= −1
2η

qr∂rF (lin.)
q(m

pηn)p −
1
2∂(mF

(lin.)
n)p

p + 1
2ηmnη

rq∂rF (lin.)
qp

p

= R(lin.)
mn −

1
2ηmnR

(lin.) . (8.12)

To analyse the dual graviton we must first solve the integrability condition (8.10) for
the constrained field. This is a non-linear equation that one cannot solve in general, but
one may solve it perturbatively starting from a background metric solution to Einstein
equation. Here, we shall only consider the linearised approximation around Minkowski
space-time. In the linearised approximation, (8.10) reduces to the curl-free equation

∂[n1F
(lin.)
|m|n2...n9;n10] + 5δm[n1

(
∂n2F

(lin.)
n3...n10]p;

p − ∂pF (lin.)
p|n2...n9;n10]

)
= 0 . (8.13)

Using moreover the trace and the divergence of (8.9) one obtains that

gpqFn1...n8p;q = − 1√
−g

εn1...n8
p1p2p3∂p1gp2p3 = 0 ,

∂pF (lin.)p[n1...n8;n9] = −1
2ε

p1p2p3[n1...n8∂p1F (lin.)
p2p3

n9] = 0 , (8.14)

by symmetry of the metric and the Bianchi identity for Fn1n2
m. We have therefore the

integrability condition

∂[n1F
(lin.)
|m|n2...n9;n10] = ∂[n1χ

(lin.)
|m|n2...n9;n10] = 0 . (8.15)

According to the generalised Poincaré lemma [111],48 χ(lin.)
m;n1...n9 must be of the form

χ(lin.)
m;n1...n9 = ∂mXn1...n9 + 9∂[n1|Σm;|n2...n9] , (8.16)

and checking the first-order constraint (8.15) one finds that

∂[n1Σn2;n3...n10] = 0 ⇒ Σm;n1...n8 = Σm,n1...n8 + ∂mλn1...n8 . (8.17)

But λn1...n8 can be absorbed in a gauge transformation of Xn1...n9 , and Σm,n1...n8 can be
cancelled by a shift of hn1...n8,m → hn1...n8,m − Σm,n1...n8 so we get the linearised field
strength

F (lin.)
n1...n9;m = 9∂[n1hn2...n9],m + ∂mXn1...n9 , (8.18)

48For this we split χ1;9 = χ10+χ1,9 into irreducible components. One can take an additional curl on (8.15)
to obtain (∂∂χ)10,2 = 0 in which χ10 drops out and the generalised Poincaré lemma implies that χ1,9 takes
the form (8.16) projected to the irreducible component. The component (∂χ)11 implies that χ10 is also a
total derivative, so that we get (8.16).
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as in [58]. The trivial solution Σ1,8 can be traced back to the ancillary gauge transforma-
tion (2.49) of parameter ΣM

Ĩ , and condition (8.17) is the first component of (2.45). The
field X9 is then interpreted as the exact derivative that appears in integrating the standard
second-order duality equation for the linearised Riemann tensor [103, 104]

R(lin.)n1n2
p1p2 = −∂[n1F (lin.)

p1p2
n2] = − 1

9!εp1p2
m1...m9∂[n1F (lin.)

m1...m9;
n2]

= − 1
8!εp1p2

m1...m9∂[n1∂m1hm2...m9;
n2] , (8.19)

which follows from (8.9), and does not depend on the field Xn1...n9 . If one uses the Bianchi
identity Rq [p1p2p3] = 0, one gets

0 = εn1...n8
p1p2p3ηq[m∂p3]F (lin.)

p1p2
q = ∂qF (lin.)

n1...n8q;m − ∂mF
(lin.)
n1...n8q;pη

qp

= ∂p∂phn1...n8,m + 8∂p∂[n1hn2...n8]p,m − 8∂m∂[n1hn2...n8]p,qη
pq − ∂m∂phn1...n8,p , (8.20)

which is the propagating equation for the dual graviton. One can in principle solve the
non-linear equations (8.10) and (8.9) iteratively oder by order in the number of fields.
Because (8.10) depends on both the metric and the dual graviton, the dual graviton prop-
agating equation is highly non-local, and there is therefore no contradiction with the no-go
theorem of [113] that assumes locality. Note that although a natural guess for the non-linear
duality equation would have been to replace the left-hand side of (8.19) by the non-linear
Riemann tensor, this is not what shows up in this non-linear equation in which the dual
graviton field strength is not a tensor. Its gauge transformation includes the non-covariant
variation (C.13e)

∆ξFn1...n9;m = − 1√
−g

εn1...n9pqg
pr∂m∂rξ

q , (8.21)

that compensates the non-tensoriality of the gravitational flux Fn1n2
m = 2gmp∂[n1gn2]p.

Relation to the vielbein formalism. The non-linear metric formulation of dual grav-
ity, following from the Lagrangian (8.8), is very similar to the vielbein formulation of dual
gravity [1, 59, 60, 114]. The precise relation is obtained via the change of variable

Fn1...n9;m = em
bYn1...n9;b −

10
9 e[m

bYn1...n9];b − 9ebpgm[n1Yn2...n9]p;b

+ 1√
−g

gn1p1 . . . gn9p9ε
p1...p9pq(ema∂peqa − eqa∂pema) , (8.22)

where Yn1...n9;b is the field strength defined in [1, 59, 60, 114], that satisfies the duality
equation

Ωab;c − 2Ωc[a;b] + 4ηc[aΩb]d;
d = 1

9!εab
d1...d9Yd1...d9;c (8.23)

with the anholonomy coefficients

Ωab;
c = ea

meb
n(∂menc − ∂nemc) . (8.24)

The second line in the redefinition (8.22) is linear in the composite Maurer-Cartan so(1, 10)
connection

Qm
ab = −en[a∂men

b] , (8.25)
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of the GL(11)/SO(1, 10) symmetric space, and compensates for the property that Yn1...n9;b
does not transform homogeneously under SO(1, 10) gauge transformations. We have

ea
n1eb

n2em
cFn1n2

m = 2Ωab
c + 4Q[a;b]

c . (8.26)

Note that the change of variables (8.22) is a redefinition of the field χm;n1...n9 . We find
therefore that χm;n1...n9 can be identified with the Stückelberg gauge field constituting
Yn1...n9;b in [60].

Substituting (8.22) into the gravitational part of (8.8) one obtains after a tedious but
straightforward computation

√
−g

(
−1

2g
p[mgn]qgrs∂mgpr∂ngqs −

1
4 · 8!Fn1...n8p;qFn1·n8q;p

)
− 1

2 · 8!ε
n1...n11gpq∂n1gn2pFqn3...n10;n11

= − e

4 · 9!

(8
9Ya!...a9;bY

a1...a9;b − 9Ya1...a8b;
bY a1...a8c;

c + Ya1...a8b;cY
a1...a8c;b

)
(8.27)

− 1
2 · 9!ε

n1...n11Ωn1n2
bYn3...n11;b − 2∂m(eeamebnQnab)

− e

2 · 8!

(
Ya1...a8b;

b + 1
2εa1...a8

b1b2b3Ωb1b2;b3

)(
Y a1...a8c;

c + 1
2ε

a1...a8c1c2c3Ωc1c2;c3

)
,

which we recognise as the Lagrangian of [60] plus a total derivative and the last line that
is quadratic in the 3-form component of the duality equation (8.23). This last term does
not modify the equations of motion.49 By construction integrating out the Stückelberg
gauge field gives back Einstein-Hilbert Lagrangian, just as in [1, 59, 60]. The equation of
motion of the vielbein ema gives the same integrability condition as in [60], up to a term
proportional to the 3-form component of the duality equation (8.23).

We conclude that E11 exceptional field theory includes a non-linear dual graviton with
the expected dynamics. The Lagrangian (8.8) is not completely obvious to derive from
the Einstein-Hilbert Lagrangian by dualisation, because of its non-trivial dependence on
the metric. It is not possible to obtain the vielbein formulation [1] of the dual graviton
from the coset component of the Maurer-Cartan form, since the vielbein form requires the
anholonomy coefficients that involve the full Maurer-Cartan form with its inhomogeneous
K(E11) transformation [3]. Using the coset component of the Maurer-Cartan form makes
it clear how to write E11 invariant equations and we have shown in this section how to
obtain the dual gravity Lagrangian (8.8) from E11 exceptional field theory.

8.3 The gradient dual of the three-form

Similarly as for the dual graviton, one can derive a Lagrangian for the gradient dual
An1...n9;p1p2p3 of the 3-form gauge potential that has the same equations of motion as the
E11 exceptional field theory pseudo-Lagrangian using the duality equation.

49One may think that the last term in the Lagrangian can be reabsorbed by a redefinition of the Stück-
elberg gauge field constituting Yn1...n9;b, however, this is only possible for a complex coefficient. Still the
Lagrangian (8.27) is fully equivalent to the one in [60].
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In this case one considers the Lagrangian

Lsugra+2O4

=
√
−g
(
R+ 1

2g
q[mgn]pgr1s1gr2s2∂mApr1r2∂nAqs1s2 + 1

9!Fn1...n7p1p2p3;q1q2q3Fn1...n7q1q2q3;p1p2p3

− 1
2·11!Fp1...p11,m,nFp1...p11,m,n

)
− 1

1442 ε
n1...n11An1n2n3Fn4...n7Fn8...n11−

2
9!ε

n1...n11∂n1Ap1p2p3Fp1p2p3
n2...n8;n9n10n11 ,

(8.28)

where the field strengths with 13 indices above and their duals Fm,n and Fmn1n2n3 are
defined at the linearised level in (C.12). The Lagrangian (8.28) only depends on the
metric gmn, the three-form potential An1n2n3 and the field strengths Fn1...n10;p1p2p3 and
Fp1...p11,m,n. Although the definition of these field strengths involves the six-form poten-
tial and the dual graviton field through the level 4 component of the current J̃Mα, these
terms can be eliminated by a field redefinition of the constrained fields χm;n1...n10,p1p2 and
χm;n1...n11,p, so (8.28) defines a Lagrangian for the metric, the three-form potential and
these constrained fields.

The Euler-Lagrange equations for the constrained fields χm;n1...n10,p1p2 and χm;n1...n11,p

are the duality equations

Fn1...n10;p1p2p3 = − 1√
−g

εn1...n10
mgp1q1gp2q2gp3q3Fmq1q2q3 = 1√

−g
εn1...n10

m∂mAp1p2p3 ,

(8.29a)

Fn1...n11;m,p = 1
2√−g εn1...n11Fm,p = 0 , (8.29b)

where we used the property that the field strength Fm,n = 0 on section.50 As the fields
appear algebraically in the Lagrangian they can be integrated out to give the eleven-
dimensional supergravity Lagrangian. In particular, the field strength Fp1...p11,m,n decou-
ples and can be eliminated by integrating out the constrained field χ(m|;p1...p11,|n). The
three-form gauge field Euler-Lagrange equation

11∂[n1F
p1p2p3

n2...n8;n9n10n11] = − 1
20g εn1...n11∂m

(√
−ggp1[mgn]q1gp2q2gp3q3

)
∂nAq1q2q3

+ 1155
4 δp1p2p3

[n1n2n3
Fn4n5n6n7Fn8n9n10n11] , (8.30)

is not propagating and should rather be interpreted as an integrability condition for the
constrained fields.

50One can consider Fm,n 6= 0 in a non-geometric background that gives rise to massive type IIA similarly
as in [73, 115]. This requires however to use the semi-flat formulation associated to L = GL(1)×GL(10) ⊂
GL(11), and checking the consistency of this mild violation of the section constraint is beyond the scope of
this paper.
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As for the dual graviton, substituting the solution to (8.29a) into the integrability
condition (8.30) gives

11∂[n1F
p1p2p3

n2...n8;n9n10n11] (8.31)

= 1
5!g εn1...n11∂m

(√
−ggmngp1q1gp2q2gp3q3∂nAq1q2q3 − 3

√
−ggnq1gp1q2gp2q3gp3m∂nAq1q2q3

)
,

for the left-hand side and one obtains the three-form potential equation of motion of eleven-
dimensional supergravity.

To solve the integrability condition for the constrained fields first, we must analyse the
linearised approximation. The field strengths then reduce to

F (lin.)
n1...n10;p1p2p3 = 10∂[n1An2...n10],p1p2p3 +3χ(lin.)

[p1|;n1...n10,|p2p3]+
3
2
(
χ(lin.)

[p1|;n1...n10|p2,p3]+ζ
(lin.)
[p1|;n1...n10|p2,p3]

)
F (lin.)
n1...n11;m,p = 11∂[n1Bn2...n11],m,p + 2∂(m|Cn1...n11,|p) + 5

2χ
(lin.)
(m|;n1...n11,|p) + 1

2ζ
(lin.)
(m|;n1...n11,|p) .

(8.32)

They satisfy the duality equations (8.29a) and (8.29b). The second equation (8.29b) is a
flat curvature equation and implies that all the fields appearing in Fn1...n11;m,p are pure
gauge. As expected, the E11/K(E11) fields Bn1...n10,m,p and Cn1...n11,m do not propagate
degrees of freedom. We shall therefore concentrate on the first duality equation (8.29a).

To simplify the discussion we recombine the χ and ζ fields in F10;3 in the reducible field

χm;n1...n10;p1p2 = χm;n1...n10,p1p2 + 3
2χm;n1...n10[p1,p2] + 3

2ζm;n1...n10[p1,p2] , (8.33)

and we note that the field strength

F lin
n1...n10;p1p2p3 = 10∂[n1An2...n10],p1p2p3 + 3χ(lin.)

[p1|;n1...n10;|p2p3] (8.34)

does not depend on the component of χ1;10;2 with (10, 2, 1) Young symmetry. Therefore
this component χ10;2,1 in

χm;n1...n10;p1p2 = 1
3χn1...n10;mp1p2 + χn1...n10;p1p2,m , (8.35)

is pure gauge and we can write the integrability condition for χn1...n10;mp1p2 . The integra-
bility condition gives in the linearised approximation

11∂[n1F
(lin.)
|p1p2p3|n2...n8;n9n10n11] = 11∂[n1χ

(lin.)
|p1p2p3|n2...n8;n9n10n11] = 0 . (8.36)

Taking the curl of this equation in the (11, 4) Young tableau representation one obtains
from the generalised Poincaré lemma [111] that

χ(lin.)
n1...n10;p1p2p3 = 10∂[n1Σn2...n10];p1p2p3 + 3∂[p1Xn1...n10;|p2p3] , (8.37)

which reinserted in (8.36) implies that Σ9;3 is the sum of an arbitrary Σ9,3 and the curl of
a (9; 2) form. But the second can be absorbed in X10;2 so we get

χ(lin.)
n1...n10;p1p2p3 = 10∂[n1Σn2...n10],p1p2p3] + 3∂[p1Xn1...n10;|p2p3] , (8.38)
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and the linearised field strength reduces to

F (lin.)
n1...n10;p1p2p3 = 10∂[n1(An2...n10],p1p2p3 + Σn2...n10],p1p2p3) + 3∂[p1Xn1...n10;|p2p3] . (8.39)

The Σ9,3 is reabsorbed in A9,3 and we get the expected linearised field strength in which

χ(lin.)
m;n1...n10;p1p2 = ∂mXn1...n10;p1p2 , (8.40)

is a total derivative.
Using (C.13f), (C.13g) and (C.13h) in (8.32), one obtains the gauge transformation

∆ξF (lin.)
n1...n10;p1p2p3 = 3εn1...n10q∂

q∂[p1λp2p3] , (8.41)

that can be ascribed to the gauge transformation of X10;2 and which ensures gauge invari-
ance of the first order duality equation (8.29a). The dependence in the field X10;2 drops
out in the second-order duality equation

4∂[p1|F
(lin.)
n1...n10;|p2p3p4] = 4εn1...n10

m∂m ∂[p1Ap2p3p4] = εn1...n10
m∂mFp1p2p3p4 , (8.42)

which reproduces the duality equation introduced in [19], and X10;2 can be interpreted as
a constant of integration in integrating this second-order equation to (8.29a).

The Bianchi identity for the gradient of the gauge field gives the wave equation for the
(9, 3) form

0 = ∂qεn1...n9q
m∂mAp1p2p3 = ∂qF (lin.)

n1...n9q;p1p2p3

= −∂q∂qAn1...n9,p1p2p3 + 9∂q∂[n1An2...n9]q,p1p2p3 + 3∂q∂[p1|Xn1...n9q;|p2p3] , (8.43)

which depends on X10;2 because the second-order Bianchi identity is not manifestly gauge
invariant. One can write a propagating equation for the field A9,3 that does not depend
on X10;2, but it is then third order in derivatives

4∂[p1|
(
∂q∂qAn1...n9,|p2p3p4] − 9∂q∂[n1An2...n9]q,|p2p3p4]

)
= 0 . (8.44)

We find therefore that the E11 exceptional field theory reproduces the expected equations
for A9,3.

8.4 Higher levels

According to the analysis of section 4.3 in [13], we expect that the higher level dual fields
can be described in the linearised approximation by the field strength

F (lin.)I = CIMα ∂Mφ
α + CIM α̃ ∂MX

α̃ + CIMΛ ∂MY
Λ + CIM Λ̃ ∂MY

Λ̃ , (8.45)

and the gauge transformations

δξφ
α = TαNP

(
∂Nξ

P + ηNQη
PR∂Rξ

Q
)
, (8.46a)

δξX
α̃ = T α̃NP

(
∂Nξ

P + ηNQη
PR∂Rξ

Q
)

+ Πα̃
QP η

NQ∂Nξ
P , (8.46b)

δξYM
Λ̂ = ΠΛ̂

QP η
NQ∂Nξ

P , (8.46c)
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that leave the linearised duality equation

ΩIJF
(lin.)J = ηIJF

(lin.)J (8.47)

invariant, according to the analysis of section 3.1. To get these linearised equations from the
non-linear duality equations, we need to show that the pseudo-Lagrangian Euler-Lagrange
equations imply through the generalised Poincaré lemma that

χM
α̃ ≈ ∂MX α̃ , ζM

Λ ≈ ∂MY Λ , ζM
Λ̃ ≈ ∂MY Λ̃ , (8.48)

up to terms that do not contribute to the components of the field strengths F (lin.)I corre-
sponding to propagating degrees of freedom. We know that the linearised E11 exceptional
field theory equations do not impose directly that the constrained fields are total deriva-
tives, but we expect that this should be true up to ΣM

Ĩ gauge transformations and possibly
higher level shift symmetries that leave F (lin.)I invariant. We have indeed found in (8.18)
and (8.40) that F (lin.)I takes this form (8.45) at levels k = 3 and 4.

To derive this result for all k, we could in principle analyse the pseudo-Lagrangians
associated to the higher level fields in the same way, with for any n ≥ 0

for A9n,3 : L1,n = Lsugra + 2
n∑
j=1
O1+3j ,

for A9n,6 : L2,n = Lsugra + 2
n∑
j=0
O2+3j , (8.49)

for h9n,8,1 : L3,n = Lsugra +
n∑
j=0
O3+3j .

These pseudo-Lagrangians are not invariant under generalised diffeomorphisms, but since
they only differ from the invariant Lagrangian L by a total derivative and terms quadratic
in the duality equation, their Euler-Lagrange equations together with the duality equation
transform into each other under generalised diffeomorphisms. They are defined such that
for the fields A9n,3, A9n,6 or h9n,8,1 of level k = i + 3n, the pseudo-Lagrangians Li,n, with
i = 1, 2, 3, respectively, only depend on the fields of level ` between 0 and k. Moreover,
in the linearised approximation, L1,n only depends on the metric and the fields of level
k = 1 + 3j (as the propagating fields A9j ,3), L2,n on the metric and the fields of level
k = 2 + 3j (as the propagating fields A9j ,6) and L3,n on the three-form potential and the
fields of level k = 3 + 3j (as the propagating fields h9j ,8,1).51

Using (7.5) and (3.28) one obtains that the bilinear terms in the E11 fields of level `
almost cancel in O`+O`+3, and one is left with a term in −1

4mĨ(`)J̃(`)
C Ĩ(`)

pα̂(`)
C J̃(`)

qβ̂(`)
mqmmpn

J̃mα̂(`)J̃nβ̂(`) for ` ≥ 3. The computation follows the one below in (8.54). Schematically,
this remaining term is quadratic in the divergence of the level ` fields rather than their
curl, so that the corresponding equations of motion are not propagating. This is because

51The property that one needs more and more fields to obtain parent actions for the infinite sequence of
gradient duals was already observed in [116].
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for a fields φα(`) of level ` that carry 3` GL(11) indices, the components of CI(`)m
α(`)J̃mα(`)

have 3`+ 1 free GL(11) indices, as expected for a field strength, whereas the components
of C Ĩ(`)

nα(`)m
mnJ̃mα(`) have only 3`− 1 free GL(11) indices, corresponding to a divergence

with the explicit inverse metric mmn = √−ggmn. The sums in (8.49) eliminate in this way
the dependence on the propagating components52 of all fields of intermediate level in the
linearised approximation, and L1,n only depends on the propagating degrees of freedom of
the metric and A9n,3, L2,n on the propagating degrees of freedom of the metric and A9n,6,
and L3,n on the propagating degrees of freedom of A3 and h9n,8,1.

At the non-linear level these pseudo-Lagrangians still depend on all lower level fields
through the non-abelian terms in the current J̃mα. Nonetheless, the pseudo-Lagrangians
Li,n are defined such that their equations of motion are by construction linear combinations
of eleven-dimensional supergravity equations of motions and the duality equations EI(i+ 3j) .
It follows that the Euler-Lagrange equations for the lower level fields give a projection
of the Euler-Lagrange equations for the constrained fields, and therefore contain no new
information. In this way L1,n can be considered as Lagrangians for the metric, and all
the fields at level ` = 1 + 3j for 0 ≤ j ≤ n, and L3,n as Lagrangians for the metric, the
three-form gauge field, and all the fields at level ` = 3 + 3j for 0 ≤ j ≤ n.

The pseudo-Lagrangians L2,n associated to A9n,6 instead are not Lagrangians for a
subset of the fields. In particular for the six-form potential already, Lsugra + 2O2 does
not determine the dynamics of the three-form potential and one must keep the duality
equation (7.32a) as given. But this is not a major difficulty since we know how to describe
the dual six-form and we expect that the same analysis as in the preceding subsection
would allow us to prove (8.48) at level 5 and to get the correct non-linear equations for the
gradient dual field A9,6.

However, a more striking difficulty occurs starting from level 6 and above, for dual po-
tentials with a Young tableau with more than three columns. For a dual field at level k, with
a Young tableau of K=1+bk/3c columns, the standard field strength is obtained by taking
K derivatives [111]. The expected duality equation for this field strength will then have
K derivatives. The associated integrability conditions can either be a projection, therefore
involving K derivatives in total, or a divergence, therefore involving K + 1 derivatives. On
the contrary, the Euler-Lagrange equations of the fields at level k−3 will only be first order
in derivatives. So we expect that one needs to take K−1 or K derivatives of the Euler-
Lagrange equations projected to the appropriate representations to obtain the relevant
integrability conditions. We shall now describe succinctly how we anticipate this to work.

In this discussion we shall work directly with the duality equation in the linearised
approximation, including the linearised Einstein equation. The equations we derive are also
Euler-Lagrange equations for the pseudo-Lagrangians (8.49). We drop the (lin.) superscript
to simplify the notation, but all the equations below are understood to be in the linearised
approximation. The starting point is to use

ΩIJC
Im

α∂mF̃J = ηIJC
Im

α∂mF̃J (8.50)
52Here, ‘propagating’ generalises the notion of transverse traceless degrees of freedom. See also the

beginning of section 8 and [19] for a related discussion.
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as an integrability condition. From level 6 and higher, the field ζM Λ̃ can contribute a term
on the left-hand side that is not a curl, starting with level 6, as follows

ΩIJC
Im

α∂mF̃J = ΩIJC
Im

α

(
CJnβ̃∂[mχn]

β̃ + CJnΛ∂[mζn]
Λ + CJnΛ̃∂mζn

Λ̃
)
. (8.51)

Note that the symmetric derivative vanishes for the field ζnΛ because of equation (A.45).
Moreover, the right-hand side of (8.50) is not an equation of motion for level higher than
6. To see this, let us analyse the right-hand side of (8.50) for different k. Because the field
strength F̃I(k) does not involve constrained fields for level k < 3, we have that for k > 0

ηI(k)J(k)C
I(k)m

α(k)∂mF̃
J(k) = ΩI(k)J(3− k)C

I(k)m
α(k)∂mF̃

J(3− k)

= ΩI(k)J(3− k)C
I(k)m

α(k)C
J(3− k)n

β(3− k)∂m∂nφ
β(3− k) = 0 . (8.52)

The last equality is due to d2 = 0 as implied by the tensor hierarchy algebra, and the
property that F̃J(3− k) is the total derivative of the E11/K(E11) coset fields for 3− k < 3 in
eleven dimensions. For k = 0 we need the Euler-Lagrange equation to get the linearised
Einstein equation (8.12), which gives (8.52) for k = 0, i.e.

ηI(0)J(0)C
I(0)m

α(0)∂mF̃
J(0) = 0 . (8.53)

For k < 0, F̃J(3− k) does depend on the constrained field χmα̃ and (8.52) does not vanish.
One can nonetheless use (A.23) to show that

(
ηI(k)J(k)C

I(k)m
α(k)C

J(k)n
β̂(k)
− ηĨ(k)J̃(k)

C Ĩ(k)
pα(k)C

J̃(k)
qβ̂(k)

ηqmηpn
)
J̃nβ̂(k) (8.54)

=
(
ηα(k)β(k)η

mn − ηα(k)γ(k)T
γ(k)m

QTβ(k)
Q
pη
pn
)
J̃nβ(k)

= ηα(k)
δ(−k)

(
ηδ(−k)β(−k)η

mn − ηβ(−k)γ(−k)Tδ(−k)
m
QT

γ(−k)Q
pη
pn
)
J̃nβ(−k)

= ηα(k)
γ(−k)

(
ηI(−k)J(−k)C

I(−k)n
γ(−k)C

J(−k)m
β̂(−k)
− ηĨ(−k)J̃(−k)

C Ĩ(−k)
pγ(−k)C

J̃(−k)
qβ̂(−k)

ηqnηpm
)
J̃nβ̂(−k) ,

where we introduced
ηα

γ = ηαδκ
δγ , (8.55)

and used ηαβJ̃nβ = καβJ̃nβ in the third step. For k ≥ 0 one has C Ĩ(−k)
nα(−k) = 0 in eleven

dimensions (the non-zero components are C Ĩ(k)
nα(k) for k ≥ 3), so one can use the curl

of (8.54) to get

ηI(−k)J(−k)C
I(−k)m

α(−k)∂mF̃
J(−k) = ηI(−k)J(−k)C

I(−k)m
α(−k)C

J(−k)n
β(−k)∂m∂nφ

β(−k)

=
(
ηI(−k)J(−k)C

I(−k)n
α(−k)C

J(−k)m
β̂(−k)
− ηĨ(−k)J̃(−k)

C Ĩ(−k)
pα(−k)C

J̃(−k)
qβ̂(−k)

ηqnηpm
)
∂mJ̃nβ̂(−k)

= ηα(−k)
γ(k)
(
ηI(k)J(k)C

I(k)m
γ(k)C

J(k)n
β̂(k)
− ηĨ(k)J̃(k)

C Ĩ(k)
pγ(k)C

J̃(k)
qβ̂(k)

ηqmηpn
)
∂mJ̃nβ̂(k)

= −ηα(−k)
γ(k)∂m

(
ηI(k)J(k)C

I(k)m
γ(k)C

J(k)n
Λ̂ζn

Λ̂ + ηĨ(k)J̃(k)
C Ĩ(k)

pγ(k)C
J̃(k)

qβ̂(k)
ηqmηpnJ̃nβ̂(k)

)
, (8.56)
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where we used (8.52) in the last step. Therefore, the integrability condition for the field
strength of level k ≥ 0 gives

ΩI(−k)J(3 + k)C
I(−k)m

α(−k)

(
CJ(3 + k)n

β̃(3 + k)
∂[mχn]

β̃(3 + k) + CJ(3 + k)nΛ(3 + k)∂[mχn]
Λ(3 + k)

)
(8.57)

= −∂m
(
ηα(−k)

γ(k)ηĨ(k)J̃(k)
C Ĩ(k)

pγ(k)C
J̃(k)

qβ̂(k)
ηqmηpnJ̃nβ̂(k) + ηI(k)J(k)C

I(k)m
γ(k)C

J(k)n
Λ̂ζn

Λ̂

+ ΩI(−k)J(3 + k)C
I(−k)m

α(−k)C
J(3 + k)n

Λ̃(3 + k)
ζn

Λ̃(3 + k)

)
,

where the last line vanishes for k = 0, 1, 2 but does not for k ≥ 3. Note that for k = 0
we used the linearised Einstein equation. At this stage it is not yet clear that the solution
to equation (8.57) will be (8.48) as we would like. We shall now argue that we must take
additional curls to get an integrability condition for the constrained field ζnΛ̃(3 + k) .

Let us look at the first non-trivial example. At level 6 we get for k = 3 that the
right-hand side of (8.57) gives

∂m
(
εn1...n11∂

q(hp1...p8,q +Xp1...p8q) + 8ζ(lin.)
[p1|;n1...n11,|p2...p8]

)∣∣∣
(8,1)

, (8.58)

which is in the irreducible (8, 1) representation in the indices ‹p1 . . . p8,m›. Using
ηm[n1F

(lin.)
n2n3]

m = 0 one gets that
ηqrF (lin.)

p1...p8q;r = 0 , (8.59)

so that this term can be rewritten as

8 ∂m
(
−εn1...n11η

qr∂[p1hp2...p8]q,r + ζ(lin.)
[p1|;n1...n11,|p2...p8]

)
. (8.60)

This suggests that one must take an additional curl in ∂p9 to get an integrability condition
for the field ζ1;11,7 above. We conclude that rather than taking the component of Young
symmetry (8, 1) from (8.57) as a first-order Bianchi identity at level 6, one must take a
second-order Bianchi identity of Young symmetry (9, 1) to derive that the constrained fields
are total derivatives as in (8.57). This is something that one may expect because the gauge-
invariant duality equation for the E11/K(E11) fields are third order at level k = 6, 7, 8. We
have for example for k = 6

F (lin.)
n1...n10;p1...p8,m = 10∂[n1hn2...n10],p1...p8,m+χ(lin.)

n1...n10;p1...p8,m = εn1...n10
q∂q hp1...p8],m , (8.61)

where χ10;8,1 combines all the constrained fields that contribute to this field strength.
Using (8.20) one obtains the integrability condition for F10;8,1

∂[n1F
(lin.)
n2...n11];p1...p8,m

+ 8∂[p1|F
(lin.)
[n1...n10;n11]|p2...p8],m

+ 8ηm[n1∂[p1F
(lin.)
|n2...n11];|p2...p8]q,rη

qr − ∂mF (lin.)
[n1...n10|;p1...p8,|n11] = 0 . (8.62)

However, this integrability condition still depends on h9,8,1 so in order to eliminate it, one
needs to take a second-order integrability condition by taking an additional curl

∂[p1|∂[n1F
(lin.)
n2...n11];|p2...p9],m − ∂m∂[p1|F

(lin.)
[n1...n10|;p2...p9],|n11] = 0 . (8.63)
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E11 object
rep. `=−3

2 `=−1 `=−1
2 `=0 `=1

2 `=1 `=3
2 `=2

e11 · · · gµν , MAB AAµ B́AB
µν , Bµν , hAµ,ν

R(Λ1) ∂A ∂µ — —
L(Λ2) — — Xν XA

µν

T−1 · · · Fµνρ, FµA Fµ;ν , FAµν · · ·

Table 4. The lowest level components of the various objects of E11 exceptional field theory in
GL(3) × E8 decomposition. Dashes indicate that there is no GL(3) × E8 representation at that
level (since these are parts of highest/lowest weight e11 representations), while ellipses indicate that
there are representations but they play no rôle in our discussion.

This gives indeed an integrability condition of Young symmetry (11, 9, 1) as for the curl
of (8.60).

We expect similarly that the fields at level k will generally involve order bk/3c Bianchi
identities for their field strengths. Further analysis is required to understand how these
higher order integrability conditions can systematically be constructed at all levels and
how one can prove (8.45) from the pseudo-Lagrangian Euler-Lagrange equations in the
linearised approximation. Note that since the Bianchi identity (8.63) is not the lowest
weight component of a lowest weight E11 representation, these higher-order integrability
conditions cannot be organised in lowest weight representations of E11. As we discussed
in section 8.1, the need for these higher order equations appears to be unrelated to the
approach in [3, 14, 15].

9 Relation to E8 exceptional field theory

In this section, we shall show how E8 exceptional field theory [24] can be recovered from
the E11 pseudo-Lagrangian (3.10) and the self-duality equation (3.1). To this end we will
consider the level decomposition of all E11 objects under GL(3)×E8 in section 9.1 and in
section 9.2 demonstrate a simplification pattern similar to the one exhibited in 7.1.

9.1 GL(3)× E8 level decomposition

The GL(3) × E8 level decompositions of the adjoint representation of E11 and its R(Λ1)
representation were deduced originally in [89, 117, 118]. The tensor hierarchy algebra
T (e11) and the duality equations (3.1) in GL(3) × E8 basis were studied in [13] and we
briefly recall the salient points to fix the notation. A short summary of objects is in table 4,
for more details see appendix D and [13].

In this section, we use the indices µ, ν, . . . to denote (2+1)-dimensional external space-
time indices and indices A,B, . . . to denote internal coordinate indices that are valued in
the adjoint of E8 and thus take 248 different values. The corresponding derivatives ∂A
satisfy the usual E8 section constraints [24]

κAB∂A ⊗ ∂B = 0 , fBCA∂B ⊗ ∂C = 0 , PCDAB∂C ⊗ ∂D = 0 , (9.1)
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where κAB is E8 Killing-Cartan form and fABC the E8 structure constants. The E8-
invariant tensor (see [119] for conventions)

PABCD = 1
7δ

(A
C δ

B)
D −

1
56κ

ABκCD + 1
14f

AE
(CfD)E

B (9.2)

is the projector onto the 3875 representation in the symmetric tensor product of two adjoint
248. One finds indeed that if the fields are not constant in the (2+1)-dimensional external
space-time, the E11 section condition (2.19) implies that their derivatives of levels ` ≤ −5

2
vanish identically while their level ` = −3

2 derivative ∂A satisfy the section constraint (9.1).
Throughout this section, we shall adopt this GL(3)×E8 partial solution to the E11 section
constraint (2.19), so we shall only consider the derivatives ∂µ and ∂A, where ∂A still needs
to satisfy (9.1).

The E8 scalar matrix is written as MAB and the external space-time metric gµν
parametrises the GL(3) subgroup. The `-form fields at level 1 ≤ ` ≤ 3 in the decom-
position of the adjoint of E11 appear also in the usual tensor hierarchy algebra of D = 3
maximal supergravity [57, 80]. The one-form field AAµ are dual to the scalar field E8 cur-
rents. The two-form field B́AB

µν at level ` = 2 is in the 3875 representation and sometimes
we will combine it with the singlet Bµν into the reducible field BAB

µν = B́AB
µν +κABBµν . We

note that in D = 3 there is no dual graviton since the metric does not propagate degrees
of freedom. The field hAµ,ν sitting at level ` = 2 in the adjoint is symmetric in µ and ν and
is a gradient dual to the vector field AAµ similar to the eleven-dimensional field discussed
in section 8.3.

We shall use the semi-flat formulation introduced in section 6.1 with m(MAB, gµν) ∈
GL(3) × E8 and U(AAµ , BAB

µν , h
A
µ,ν , . . .) in the positive level components. As alluded to in

that section, the formalism involves derivatives in the form U−1N
M∂N , where U is the

unipotent matrix associated with the positive level fields in the level decomposition under
consideration, see (6.3). While for the GL(11) level decomposition, where the section
constraint was fully solved, the effect of U could be ignored since U−1N

m∂N = ∂m, we
here have to take it into account which means that the external space-time derivatives will
typically appear in the combination

U−1N
µ∂N = ∂µ −AAµ ∂A , U−1N

A∂N = ∂A . (9.3)

We shall use the same convention as in section 7 that the components of the semi-flat
currents and field strengths are written with calligraphic letters and we omit the tilde on
the semi-flat components of the constrained fields

U−1N
M J̃Nα = (. . . ,Jµ;ν

σ,JA;ν
σ,Jµ;A,JA;B,J A

µ;ν ,J B
A;ν , . . . ) (9.4)

where we also use the convention that these components include the factor U−1N
M∂N on

the derivatives. In particular

Jµ;ν
σ = gσρ(∂µ −AAµ ∂A)gνρ , Jµ;Af

AB
C = −MBD(∂µ −AEµ ∂E)MCD . (9.5)

The current Jµ;A should not be confused with the external E8 current jµA of [24] that we
shall define below.
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The constrained fields χMα̃ are described in the table using the elements X α̃ ∈ L(Λ2),
which is also used in appendices C.2 and D. According to the partial solution to the section
constraint, the constrained index M of χMα̃ can be either µ at level −1

2 or A at level −3
2 ,

which leads to the constrained field components

U−1N
M χ̃N

α̃ = (χµ;ν ;χA;µ, χ
A

µ;νρ;χ B
A;µν , . . .) . (9.6)

We shall not display the level decomposition of the constrained fields ζM Λ̂, because their
components only appear at higher level.

The field strengths given in table 4 at ` = −1
2 were worked out in [13] and take the

form

Fµνσ = 2J[µ;ν]
σ + 2δσ[µJ A

A;ν] = 2gσρ(∂[µ −AA[µ∂A)gν]ρ + 2δσ[µ∂AAAν] ,

FµA = Jµ;A + fAC
D∂DA

C
µ + χA;µ . (9.7)

Similarly, the field strengths at ` = +1
2 are

FAµν = 2J A
[µ;ν]−J

AB
B;µν −fABCχB;

C
µν

= 2∂[µA
A
ν]−2AB[µ∂BAAν]−∂BB

AB
µν +

(
14PABCD+ 1

4κ
ABκCD

)
AC[µ∂BA

D
ν]−f

AB
CχB;

C
µν ,

Fµ;ν =−J A
A;µν+χµ;ν+χA;

A
µν =−∂AhAµ,ν−

1
2fBC

AAB(µ∂AA
C
ν)+χµ;ν+χA;

A
µν . (9.8)

The duality equation (3.1) implies now that [13]

FAµν = 1√
−g

gµσgνρε
σρλMABFλB , (9.9a)

Fµ;ν = − 1
2√−g gµκgνλε

λσρFσρκ . (9.9b)

Let us first discuss how the duality relation (9.9a) between scalars and vectors relates to
the one given in [24, eq. (3.26)]. In order to do this we need to first identify our constrained
field with the ones that appear in [24] according to53

χA;µ = BµA , (9.10a)

χB;
A
µν = CµνB

A + 1
2f

A
CDA

C
[µ∂BA

D
ν] + 1√

−g
gµσgνρε

σρλ∂BA
A
λ . (9.10b)

Identifying moreover the external E8 current covariant under internal E8 diffeormorphisms
defined in [24] as

jµ
A = MABFµB + κAB

(
fBC

D∂DA
C
µ + χB;µ

)
= κABJµ;B + (κAB +MAB)(fBCD∂DACµ +BµB) , (9.11)

53Note that BµA has the opposite sign as in [24].
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and the E8 two-form field strength as54

FAµν = FAµν − fABC
1√
−g

gµσgνρε
σρλ∂BA

C
λ (9.12)

= 2∂[µA
A
ν] −A

B
[µ∂BA

A
ν] + fCE

AfBEDA
C
[µ∂BA

D
ν] +AA[µ∂BA

C
ν] − ∂BB

AB
µν − fABCCB;

C
µν ,

we see that (9.9a) can be written as

FAµν = 1√
−g

gµσgνρε
σρλ(jλA − κABBλB) . (9.13)

This equation is consistent with the Euler-Lagrange equation of the constrained field BµA
in E8 exceptional field theory [24, eq. (3.26)], and is satisfied without further projection in
E11 exceptional field theory. The results of section 7 imply that it is also consistent with
eleven-dimensional supergravity.55

The other duality equation (9.9b) can be identified with the dual graviton equation,
even though there is no dual graviton field. Similar to the GL(11) decomposition, this
equation is not dynamical by itself and only determines the field χµ;ν algebraically. As we
saw in section 8.2 there are two ways of looking at this. Either the integrability condition
for the Einstein equation of [24] to be satisfied determines the first-order equation for χµ;ν .
Or one can derive the first-order equation for χµ;ν from the pseudo-Lagrangian of E11
exceptional field theory derived in this paper.

The only other duality equation that cannot be solved algebraically for the constrained
fields is

FABµνσ = 1√
−g

gµρgνλgνκε
ρλκMACMBDFCD , (9.14)

where
FAB =

(
14PABCD + 1

4κABκ
CD
)
JC;D , (9.15)

and FABµνσ is the field strength of the two-form field BAB
µν that involves the three-form

potential in the 248⊕ 3875⊕ 147250 and the constrained fields in the 1⊕ 248⊕ 3875⊕
30380.

9.2 From infinitely many to finitely many fields

Before analysing the pseudo-Lagrangian in GL(3) × E8 level decomposition in detail, we
first repeat the general consideration of section 7.1 to show that one only has to consider a
finite number of terms on the chosen solution of the section condition. In particular, this
illustrates how to treat the infinitely many constrained fields in the GL(3)×E8 decomposi-
tion of E11. In this section we choose to use the alternative form of the Lagrangian (3.29).
This turns out to slightly simplify the computation.

54Note that we use FAµν for the E8 field strength including 2-form components, which was written calli-
graphic F in [24], whereas here FAµν refers to the component of the E11 field strength.

55If one further breaks E8 covariance to a Levi subgroup one can show that this additional term in BµA
can be reabsorbed by an additional redefinition of CµνBA such that one gets FA = ?jA.
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We must now treat the two derivatives ∂µ and ∂A of GL(3) × E8 level −1
2 and −3

2 ,
separately (see table 4). We first introduce a convenient index k on E11 indices referring
to the GL(3) × E8 level. We shall use α̂(k) to refer to an index of âdj at level k, as does
Λ̂(k) for L(Λ10) ⊕ L(Λ4). The lowest level for a constrained field χM

α̃ is k = 1 on the α̃
index while for ζM Λ̂ it is k = 3 on the Λ̂ index. The (upper) index Ĩ labelling the L(Λ3)
components (see (2.44)) will be written as Ĩ(k) when referring to a component at level 1

2 +k

with k ≥ 1. An (upper) field strength index I(k) denotes a field strength component at level
−1

2 +k. These two one-half shifts are defined such that the non-vanishing invariant tensors
components are CI(k)µ

α̂(k)
and C Ĩ(k)

µα̂(k)
for an external derivative index. The non-vanishing

components with an internal derivative index are instead CI(k)A
α̂(k + 1)

and C Ĩ(k)
Aα̂(k − 1)

. Note
that although Kα

α̃
β is not an E11 invariant tensor alone (only fα

α̂
β̂
is) its components

under level decomposition are GL(3) × E8 invariant tensors and in particular it preserves
the level.

According to the convention of section 6 we shall also absorb the U matrix in the
definition of Jµα(k) and χµα(k) according to

U−1N
µJ̃Nαtα =

∑
k∈Z
J̃µα(k)tα(k) , U−1N

µχ̃N
α̃t̄α̃ =

∞∑
k=1

χ̃µ
α̃(k) t̄α̃(k) , (9.16)

and identically for ζµα(k) .
Because the Lagrangian is second order in derivatives, there are three classes of terms

according to the derivative (or constrained indices) MN taking the values µν, µA and AB.
The topological term (6.18) involving the projector Πα̃

MN expands accordingly into three
blocks with α̃(k) with k = 1, 2, 3. We write first the term involving Kα

α̃
β in the topological

term (6.17) and expand it using (6.19)(
J̃Mα−2NMα

)
U−1M

P U−1N
QΠα̃

PQKα
α̃
βJ̃Nβ

=
∑
k∈Z

Πα̃(1)
µν
(
J̃µα(−k)−2Nµα(−k)

)
Kα(−k)

α̃(1)
β(1+k)J̃ν

β(1+k)

+
∑
k∈Z

Πα̃(2)
µA
(
J̃µα(−k)−2Nµα(−k)

)
Kα(−k)

α̃(2)
β(2+k)J̃A

β(2+k)

+
∑
k∈Z

Πα̃(2)
Aν
(
J̃Aα(−k)−2NAα(−k)

)
Kα(−k)

α̃(2)
β(2+k)J̃ν

β(2+k)

+
∑
k∈Z

Πα̃(3)
AB
(
J̃Aα(−k)−2NAα(−k)

)
Kα(−k)

α̃(3)
β(3+k)J̃B

β(3+k)

=−2Πα̃(2)
µAJ̃µα(1)K[α(1)

α̃(2)
β(1)]J̃ A

β(1)−2Πα̃(3)
ABJ̃Aα(1)K[α(1)

α̃(3)
β(2)]J̃ B

β(2) (9.17)

+2
∞∑
k=0

Πα̃(1)
µνJ̃µα(−k)K(α(−k)

α̃(1)
β(1+k))J̃ν

β(1+k) +2
∞∑
k=0

Πα̃(2)
µAJ̃µα(−k)K(α(−k)

α̃(2)
β(2+k))J̃A

β(2+k)

+2
∞∑
k=0

Πα̃(2)
AνJ̃Aα(−k)K(α(−k)

α̃(2)
β(2+k))J̃ν

β(2+k) +2
∞∑
k=0

Πα̃(3)
ABJ̃Aα(−k)K(α(−k)

α̃(3)
β(3+k))J̃B

β(3+k) .

We find therefore that for all but finitely many levels, the tensor Kα
α̃
β appears symmetrised

on its adjoint indices α and β, such that we will be able to use (2.40a). Using this equation
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and (2.40b) and the fact that F̃I(−k) does not depend on the constrained field ζM Λ̂ for k ≥ 0,
one obtains eventually that the total topological term can then be written as

Ltop =−Πα̃(2)
µAJ̃µα(1)K[α(1)

α̃(2)
β(1)]J̃ A

β(1)−Πα̃(3)
ABJ̃Aα(1)Kα(1)

α̃(3)
β(2)J̃ B

β(2)

+ΩI(0)J(1)C
I(0)A

α̃(1)χ̃A
α̃(1)

(
CJ(1)ν

β̂(1)
Jν

β̂(1) +CJ(1)B
β̂(2)
JB

β̂(2)

)
+Πα̃

MN∂M
(
U−1α̃

β̃χ̃N
β̃)

+ 1
2ΩI(0)J(1)C

I(0)A
α(1)J̃A

α(1)CJ(1)ν
β(1)J̃ν

β(1)− 1
2

∞∑
k=0

ΩI(−k)J(k+1)F̃
I(−k)F̃J(k+1)

= Πα̃(2)
µAJ̃µα(1)Kβ(1)

α̃(2)
α(1)J̃ A

β(1)−Πα̃(3)
ABJ̃Aα(1)Kα(1)

α̃(3)
β(2)J̃ B

β(2) (9.18)

+ΩI(0)J(1)C
I(0)A

α̃(1)χ̃A
α̃(1)F̃I(1)− 1

2

∞∑
k=0

ΩI(−k)J(k+1)F̃
I(−k)F̃J(k+1) +Πα̃

MN∂M
(
U−1α̃

β̃χ̃N
β̃) ,

where we used (2.40a) and (2.40b). The total derivative evaluates explicitly to

Πα̃
MN∂M

(
U−1α̃

β̃χ̃N
β̃) = ∂M

(
U−1M

µ
(
Πα̃(1)

µνχ̃ν
β̃(1) + Πα̃(2)

µBχ̃B
β̃(2)
))

+ ∂A
(
Πα̃(2)

Aν χ̃ν
β̃(2) + Πα̃(3)

ABχ̃B
β̃(3)
)
, (9.19)

showing that it evaluates to a finite number of terms on section that can be discarded
safely.

We define now the square of the duality equation at GL(3)×E8 level k ≥ 1 as (cf. (7.5))

Ok = −1
4mI(k)J(k)

(
F̃I(k) −mI(k)K

′
(k)ΩK′(k)K(1− k)F̃

K(1− k)
) (
F̃J(k) −mJ(k)L

′
(k)ΩL′(k)L(1− k)F̃

L(1− k)
)

= −1
4mI(k)J(k)F̃

I(k)F̃J(k) + 1
4mI(1− k)J(1− k)F̃

I(1− k)F̃J(1− k) − 1
2ΩI(1− k)J(k)F̃

I(1− k)F̃J(k) . (9.20)

With this notation we can combine the last term of the topological term (9.18) with the
alternative kinetic term L̃kin of (3.30a) as

−1
4
∑
k∈Z

mI(k)J(k)F̃
I(k)F̃J(k)

︸ ︷︷ ︸
L̃kin

−1
2

∞∑
k=0

ΩI(−k)J(1+k)F̃
I(−k)F̃J(1+k) =−1

2

∞∑
k=0

mI(−k)J(−k)F̃
I(−k)F̃J(−k) +

∞∑
k=1
Ok .

(9.21)

The field strengths F̃I(−k) simplify for k ≥ 0 as follows. From the general formula restricted
to the E8 solution of the section condition we have

F̃I(−k) =CI(−k)µ
α̂(−k)
J̃µα̂(−k) +CI(−k)A

α̂(−k+1)
J̃Aα̂(−k+1) +CI(−k)µ

Λ̂(−k)
ζ̃µ

Λ̂(−k) +CI(−k)A
Λ̂(−k+1)

ζ̃A
Λ̂(−k+1)

=


CI(−k)µ

α(−k)J̃µα(−k) +CI(−k)A
α(−k+1)J̃Aα(−k+1) , for k > 0,

CI(0)µ
α(0)J̃µα(0) +CI(0)A

α(1)J̃Aα(1) +CI(0)A
α̃(1)χ̃A

α̃(1) , for k= 0.
(9.22)

Thus, there is only the single component χ̃Aα̃(1) of all the constrained fields remaining in
the infinite sum over field strengths squared. We can rewrite this sum using (3.28), where

– 78 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

Ĩ only contributes for k ≤ 1 in one of the following three combinations

mI(−k)J(−k)C
I(−k)µ

α(−k)C
J(−k)ν

β(−k) −mĨ(−k)J̃(−k)
C Ĩ(−k)

σα(−k)C
J̃(−k)

ρβ(−k)m
σνmρµ , (9.23)

mI(−k)J(−k)C
I(−k)µ

α(−k)C
J(−k)B

β(−k + 1) −mĨ(−k + 1)J̃(−k + 1)
C Ĩ(−k + 1)

Cα(−k)C
J̃(−k + 1)

ρβ(−k + 1)m
CBmρµ ,

mI(−k)J(−k)C
I(−k)A

α(−k + 1)C
J(−k)B

β(−k + 1) −mĨ(−k + 2)J̃(−k + 2)
C Ĩ(−k + 2)

Cα(−k + 1)C
J̃(−k + 2)

Dβ(−k + 1)m
CBmDA

as

− 1
2

∞∑
k=0

mI(−k)J(−k)F̃
I(−k)F̃J(−k)

=−1
2mI(0)J(0)F̃

I(0)F̃J(0)− 1
2

∞∑
k=1

mI(−k)J(−k)

[
CI(−k)µ

α(−k)C
J(−k)ν

β(−k)J̃µ
α(−k)J̃νβ(−k)

+2CI(−k)µ
α(−k)C

J(−k)A
β(−k+1)J̃µ

α(−k)J̃Aβ(−k+1) +CI(−k)A
α(−k+1)C

J(−k)B
β(−k+1)J̃A

α(−k+1)J̃Bβ(−k+1)

]
=−1

2mI(0)J(0)F̃
I(0)F̃J(0)− 1

2mĨ(1)J̃(1)
C Ĩ(1)

Cα(0)C
J̃(1)

Dβ(0)m
CBmDAJ̃Aα(0)J̃Bβ(0)

+Tβ(0)
κ
σm

ABmκλm
µσTα(−1)

λ
BJ̃ µα(−1)J̃Aβ(0)

+ 1
2Tβ(0)

E
Dm

BCmEFm
ADTα(0)

F
CJ̃Aα(0)J̃Bβ(0) + 1

2Tβ(−1)
µ
Dm

BCmµνm
ADTα(0)

ν
CJ̃Aα(−1)J̃Bβ(−1)

− 1
2

∞∑
k=1

[
mα(−k)β(−k)m

µνJ̃µα(−k)J̃νβ(−k) +mα(−k)β(−k)m
ABJ̃Aα(−k)J̃Bβ(−k)

]
− 1

2mα(0)β(0)J̃A
α(0)J̃Aβ(0)

+ 1
2

∞∑
k=1

[
Tβ(−k)

ν
Qm

PQTα(−k)
µ
P J̃µα(−k)J̃νβ(−k) +2Tβ(1−k)

B
Qm

PQTα(−k)
µ
P J̃µα(−k)J̃Aβ(1−k)

+Tβ(1−k)
B
Qm

PQTα(1−k)
A
P J̃Aα(1−k)J̃Bβ(1−k)

]
, (9.24)

where we used that Tα(−k)
Q
µ = 0 for k ≥ 1 and Tα(−k)

Q
A = 0 for k ≥ 2, as well as (3.28).

The final term to be added to this is the alternative potential term L̃pot of (3.30b)
that evaluates in E8 decomposition to

L̃pot = 1
4
∑
k∈Z

[
mα(k)β(k)m

µνJ̃µα(k)J̃νβ(k) +mα(k)β(k)m
ABJ̃Aα(k)J̃Bβ(k)

]

− 1
2
∑
k∈Z

[
Tα(k)

µ
Rm

RQTβ(k)
ν
QJ̃µα(k)J̃νβ(k) + 2Tα(k)

µ
Rm

RQTβ(k + 1)
A
QJ̃µα(k)J̃Aβ(k + 1)

+ Tα(k + 1)
A
Rm

RQTβ(k + 1)
B
QJ̃Aα(k + 1)J̃Bβ(k + 1)

]
= 1

4mα(0)β(0)m
µνJ̃µα(0)J̃νβ(0) + 1

4mα(0)β(0)m
ABJ̃Aα(0)J̃Bβ(0)

+ 1
2

∞∑
k=1

[
mα(k)β(k)m

µνJ̃µα(k)J̃νβ(k) +mα(k)β(k)m
ABJ̃Aα(k)J̃Bβ(k)

]

− 1
2

∞∑
k=0

[
Tα(−k)

µ
Pm

PQTβ(−k)
ν
QJ̃µα(−k)J̃νβ(−k) + 2Tα(−k)

µ
Pm

PQTβ(1− k)
A
QJ̃µα(−k)J̃Aβ(1− k)

+ Tα(1− k)
A
Pm

PQTβ(1− k)
B
QJ̃Aα(1− k)J̃Bβ(1− k)

]
, (9.25)

where we again used the highest weight property of the module R(Λ1).
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Combining all the terms therefore leads to

L=Ltop+L̃kin+L̃pot

= Πα̃(2)
µAJ̃µα(1)Kβ(1)

α̃(2)
α(1)J̃ A

β(1)−Πα̃(3)
ABJ̃Aα(1)Kα(1)

α̃(3)
β(2)J̃ B

β(2) +ΩI(0)J(1)C
I(0)A

α̃(1)χA
α̃(1)F̃J(1)

− 1
2mI(0)J(0)F̃

I(0)F̃J(0) + 1
4mα(0)β(0)m

µνJ̃µα(0)J̃νβ(0)

− 1
2mĨ(1)J̃(1)

C Ĩ(1)
Cα(0)C

J̃(1)
Dβ(0)m

CBmDAJ̃Aα(0)J̃Bβ(0)− 1
4mα(0)β(0)m

ABJ̃Aα(0)J̃Bβ(0)

+ 1
2

[
Tβ(0)

E
Dm

ADTα(0)
B
EJ̃Aα(0)J̃Bβ(0) +2Tβ(0)

ρ
σTα(1)

A
ρm

µσJ̃ µα(1)J̃Aβ(0)

+Tβ(1)
A
µm

µνTα(1)
B
νJ̃Aα(1)J̃Bβ(1)

]
− 1

2

[
Tα(0)

µ
ρm

ρσTβ(0)
ν
σJ̃µα(0)J̃νβ(0) +2Tα(0)

µ
ρm

ρσTβ(1)
A
σJ̃µα(0)J̃Aβ(1)

+Tα(1)
A
µm

µνTβ(1)
B
νJ̃Aα(1)J̃Bβ(1)

]
+
∞∑
k=1
Ok+Πα̃

MN∂M
(
U−1α̃

β̃χ̃N
β̃) (9.26)

where we used E11 invariance of the structure constants and m−1J̃ †m = J̃ which amounts
to mαβJ̃ β = καβJ̃ β .

Anticipating the comparison with E8 exceptional field theory, we now group the terms
according to

L = L3D
pot + L3D

top + L3D
kin +

∞∑
k=1
Ok + Πα̃

MN∂M
(
U−1α̃

β̃χ̃N
β̃) , (9.27)

with

L3D
pot = −1

4mα(0)β(0)m
ABJ̃Aα(0)J̃Bβ(0) + 1

2Tβ(0)
E
Dm

ADTα(0)
B
EJ̃Aα(0)J̃Bβ(0)

− 1
2mĨ(1)J̃(1)

C Ĩ(1)
Cα(0)C

J̃(1)
Dβ(0)m

CBmDAJ̃Aα(0)J̃Bβ(0) , (9.28a)

L3D
top = Πα̃(2)

µAJ̃µα(1)Kβ(1)
α̃(2)

α(1)J̃ A
β(1) −Πα̃(3)

ABJ̃Aα(1)Kα(1)
α̃(3)

β(2)J̃ B
β(2)

+ ΩI(0)J(1)C
I(0)A

α̃(1)χ̃A
α̃(1)F̃J(1) , (9.28b)

L3D
kin = −1

4mα(0)β(0)m
µνJ̃µα(0)J̃νβ(0) + 1

2Tβ(0)
µ
ρm

ρσTα(0)
ν
σJ̃µα(0)J̃νβ(0)

−mI(0)J(0)C
I(0)µ

α(0)C
J(0)B

β̂(1)
J̃µα(0)J̃Bβ̂(1) − 1

2mI(0)J(0)C
I(0)A

β̂(1)
CJ(0)B

β̂(1)
J̃Aα̂(1)J̃Bβ̂(1)

+ Tβ(0)
ρ
σTα(1)

A
ρm

µσJ̃ µα(1)J̃Aβ(0) − Tα(0)
µ
ρm

ρσTβ(1)
A
σJ̃µα(0)J̃Aβ(1)

+ 1
2Tβ(1)

A
µm

µνTα(1)
B
ν(J̃Aα(1)J̃Bβ(1) − J̃Bα(1)J̃Aβ(1) ) , (9.28c)

where we expanded −1
2mI(0)J(0)F̃I(0)F̃J(0) and used (3.28) on the terms Jµα(0)Jνβ(0) . The first

term L3D
pot contains the terms in J̃Aα(0) , i.e. internal derivatives of either the E8 scalar fields

or the external metric. The second term L3D
top contains all terms involving the Levi-Civita
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symbol (signalled by either Π or Ω) and do not depend on the E8 scalar fields and the
external metric. The last term includes all terms involving the external derivatives of the
E8 scalar fields or the external metric, as well as the internal derivative of the vector field
and the constrained field χ̃Aα̃(1) through J̃Aα̂(1) . Varying with respect to χ̃Aα̃(1) leads to the
equation of motion

CI(0)A
α̃(1)

[
ΩI(0)J(1)F̃

J(1) −mI(0)J(0)F̃
J(0)
]

= 0 , (9.29)

which is a projection of the duality equation (9.9), consistently with the general consider-
ation in section 3.3.

9.3 Recovering E8 exceptional field theory

We now give the various parts of (9.28) in an explicit parametrisation. Many steps parallel
those in section 7.3, so we shall be rather brief. Expressions for the various tensors can be
found in appendix D. Starting with the kinetic term L3D

kin, the first line of (9.28c) becomes

− 1
4mα(0)β(0)m

µνJ̃µα(0)J̃νβ(0) + 1
2Tβ(0)

µ
ρm

ρσTα(0)
ν
σJ̃µα(0)J̃νβ(0)

=
√
−g
(
−1

4g
µνJµ;σ

ρJν;ρ
σ + 1

2g
σµJµ;ρ

νJν;σ
ρ + 1

4g
µνJµ;σ

σJν;ρ
ρ − 1

2g
νρJµ;σ

σJν;ρ
µ

− 1
4g

µνκABJµ;AJν;B

)
, (9.30)

using (9.5), see table 4 for the fields on different levels.
The second line is more conveniently combined with the last term above to give

−mI(0)J(0)C
I(0)µ

α(0)C
J(0)B

β̂(1)
J̃µα(0)J̃Bβ̂(1)− 1

2mI(0)J(0)C
I(0)A

α̂(1)
CJ(0)B

β̂(1)
J̃Aα̂(1)J̃Bβ̂(1)

− 1
4
√
−ggµνκABJµ;AJν;B

=
√
−g
(
−1

2M
ABgµνFµAFνB+ 1

4g
µνκABJµ;AJν;B+

(
gµσJµ;σ

ν−gµνJµ;σ
σ)J A

A;ν +gµνJ A
A;µJ B

B;ν

)
=
√
−g
(
−1

4κABg
µνjµ

Ajν
B+ 1

2κ
ABgµν(fACD∂DACµ +χA;µ)(fBEF∂FAEν +χB;ν)

+
(
gµσJµ;σ

ν−gµνJµ;σ
σ)J A

A;ν +gµνJ A
A;µJ B

B;ν

)
=
√
−g
(
−1

4κABg
µνjµ

Ajν
B+

(
gµσJµ;σ

ν−gµνJµ;σ
σ)J A

A;ν + 1
2g

µν(3∂AAAµ ∂BABν +∂BAAµ ∂AABν )
)
,

(9.31)

where we introduced the E8 current (9.11) and the E8 section constraint (9.1). Note also
that J B

A;µ = ∂AA
B
µ for the level one current component along the adjoint α(1).
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The last two lines of (9.28c) give

Tβ(0)
ρ
σTα(1)

A
ρm

µσJ̃ µα(1)J̃Aβ(0) − Tα(0)
µ
ρm

ρσTβ(1)
A
σJ̃µα(0)J̃Aβ(1)

+ 1
2Tβ(1)

A
µm

µνTα(1)
B
ν(J̃Aα(1)J̃Bβ(1) − J̃Bα(1)J̃Aβ(1) )

=
√
−g
((

gµσJA;σ
ν − 1

2g
µνJA;σ

σ
)
J A
µ;ν −

(
gµσJµ;σ

ν − 1
2g

µνJµ;σ
σ
)
J A
A;ν

+ 1
2g

µν(J B
A;µ J A

B;ν − J A
A;µ J B

B;ν
))

(9.32)

such that in total

L3D
kin =

√
−g
(
−1

4κABg
µνjµ

Ajν
B

− 1
4g

µνJµ;σ
ρJν;ρ

σ+ 1
2g

σµJµ;ρ
νJν;σ

ρ+ 1
4g

µνJµ;σ
σJν;ρ

ρ− 1
2g

νρJµ;σ
σJν;ρ

µ

+
(
gµσJA;σ

ν− 1
2g

µνJA;σ
σ
)
J A
µ;ν −

1
2g

µνJµ;σ
σJ A

A;ν +gµν
(
J B
A;µ J A

B;ν +J A
A;µ J B

B;ν
))

=
√
−g
(
−1

4κABg
µνjµ

Ajν
B+R̂

)
−Dµ

(√
−ggµν

(
gσρ
(
Dσgρν−Dνgσρ

)
−JA;

A
ν

))
−∂A

(√
−ggµνJ A

µ;ν
)

(9.33)

where R̂ defines the covariant Einstein-Hilbert Lagrangian as

√
−gR̂ =

√
−g
(
−1

4g
µνgσρgκλDµgσκDνgρλ + 1

2g
µσgνρgκλDµgρκDνgσλ

+ 1
4g

µνgσρgκλDµgσρDνgκλ −
1
2g

µσgνρgκλDµgκλDνgσρ

)
+Dµ

(√
−ggσρgµν

(
Dσgρν −Dνgσρ

))
, (9.34)

and Dσgµν = ∂σgµν − AAσ ∂Agµν − 2gµν∂AAAσ . The kinetic term L3D
kin therefore matches

the kinetic terms in [24, eqs. (3.2) and (3.5)] up to the last line of (9.33) which is a total
derivative.56

The topological term (9.28b) gives using (D.4)

L3D
top = ΩI(0)J(1)C

I(0)A
α̃(1)χA

α̃(1)F̃J(1) +Πα̃(2)
µAJ̃µα(1)Kβ(1)

α̃(2)
α(1)J̃ A

β(1)−Πα̃(3)
ABJ̃Aα(1)Kα(1)

α̃(3)
β(2)J̃ B

β(2)

=−1
2ε

µνσ
(
FAµνχA;σ+fABCJ A

µ;ν JC;
B
σ + 1

3fCD
[AJA;

B]C
µν JB;

D
σ

)
=−1

2ε
µνσ

(
FAµνBσA+fABC(∂µAAν −ADµ ∂DAAν )∂CABσ + 1

3fGEF f
EA

Cf
FB

DA
G
µ ∂[AA

C
ν ∂B]A

D
σ

)
− 1

6ε
µνσfCD

[A∂A
(
BB]C
µν ∂BA

D
σ −ACµADν ∂BAB]

σ

)
, (9.35)

56It follows from the weight 2 of the metric and the weight 0 of ∂AAAµ that Dµ(
√
−gXµ) = ∂µ(

√
−gXµ)−

∂A(AAµ
√
−gXµ) in the last lines of (9.33) and (9.34).
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which reproduces the Chern-Simons term of [24, eq. (3.8)] up to a total derivative using [24,
eq. (A.1)].

The potential term (9.28a) produces immediately [24, eq. (3.18)]: the component of
J̃Aβ(0) along e8 is the E8 internal current JAB and the one along gl(3) the internal derivative
of the external metric JAµν = gνσ∂Agµσ, while C Ĩ(1)

Aβ(0) reduces to C1
AB = κAB since Ĩ(1) =

1 belongs to a singlet under E8 from (D.19a). Consequently, the potential term (9.28a)
takes the form

L3D
pot =

√
−g
(1

4M
ABgµσgνρ

(
∂Agµσ∂Bgνρ − ∂Agνσ∂Bgµρ

)
+ 1

2M
ABgµν∂Agµνf

CD
BJC;D

− 1
4M

ABκCDJA;CJB;D + 1
2M

EF fADEf
BC

FJA;CJB;D −
1
2JA;

BJB;
A
)
. (9.36)

In summary, our E11 exceptional field theory pseudo-Lagrangian and duality equations
produce exactly the Lagrangian of E8 exceptional field theory [24]. In addition to the E8
exceptional field theory Euler-Lagrange equations, E11 exceptional field theory includes an
infinite series of duality equations, starting with (9.9b), (9.13) and (9.14), whose rôle is to
determine redundant or non-propagating higher-form fields.

10 Conclusions

In this paper, we have constructed a pseudo-Lagrangian (3.10), consisting of the terms
displayed in (3.19), that is invariant under rigid E11 transformation and that complements
a set of E11-invariant first-order duality equations that were given in a previous publi-
cation [13]. A summary of all the fields and the relevant E11 representations is given in
table 1. Imposing the E11-covariant section condition (2.19), makes the pseudo-Lagrangian
transform as a density under E11 generalised diffeomorphisms such that the Euler-Lagrange
equations derived from the pseudo-Lagrangian are gauge-invariant, as are the first-order
duality equations. This theory therefore deserves to be called E11 exceptional field theory.

We stress that, while our pseudo-Lagrangian, the duality equation and the section con-
straint have rigid E11 symmetry, choosing a particular solution of the section constraint
breaks the E11 symmetry to a subgroup, so that there is no rigid E11 symmetry in D = 11
supergravity for example. This is a property of all exceptional field theories, namely that
En is only a rigid symmetry for field configurations that do not depend on the internal
coordinates and then agrees with the Cremmer-Julia symmetry of ungauged maximal su-
pergravity in 11− n dimensions.

A crucial ingredient in our construction is the appearance of constrained fields that go
beyond the usual tensor hierarchy of fields that are predicted by E11. These constrained
fields are familiar from En exceptional field theory for n ≤ 9 [24, 30, 61] and, importantly
and in analogy with the E9 case, some of them transform indecomposably with the ten-
sor hierarchy fields under rigid E11 [58], see (2.9). The construction of the topological
term (3.17) in our pseudo-Lagrangian, as the E11-invariant derivative of the constrained
field χM

α̃, was in particular inspired by a similar construction in E9 exceptional field
theory [30].
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To prove gauge-invariance of our theory, a number of group-theoretic identities are
required to hold, as summarised in table 5 in appendix A. Many of these identities can be
deduced either from E11 representation theory or from using an enveloping tensor hierar-
chy algebra structure [63, 80, 120], based on e11 or even e12. The tensor hierarchy algebra
T (e11) provides naturally the aforementioned indecomposable representation. Among the
required identities there is one, namely the master identity (3.6), that we have only been
able to derive partially for some of the E11 representations involved. Its full proof re-
mains an outstanding problem of our derivation. Another conjecture that needs to be
proved is the existence of the non-degenerate K(E11)-invariant bilinear form ηIJ , which
is crucial for the definition of the duality equation and the pseudo-Lagrangian, see the
discussion after (2.16). We have not seen any sign of reducibility of the module T−1 to
the levels we have checked, which include all levels up to the level of D-form potentials
in the tensor hierarchy in D ≥ 3. If T−1 turned out to be completely reducible, it would
follow then that ηIJ exists and that the master identity (3.6) is satisfied. However, com-
plete reducibility is not a necessary condition for its existence. Let us note moreover that
our checks of the master identity cover the infinitely many components of the sub-module
R(Λ10) ⊕ R(2Λ3) ⊂ L(Λ10) and in particular all possible checks for any GL(D) × E11−D
level decomposition up to the level of the D-form potentials for D ≥ 3 (i.e. of fields with
D external indices in general, including in particular the dual graviton). It is worth noting
that while we do expect that our pseudo-Lagrangian is the unique one compatible with
both E11 generalised diffeomorphism invariance and the duality equation, our incomplete
knowledge of E11 tensor calculus precludes a proof of uniqueness.

We have presented two main checks of E11 exceptional field theory. The first one,
described in section 7 is that, upon choosing the D = 11 solution of the section constraint
and performing the associated GL(11) level decomposition, we recover exactly the bosonic
part of D = 11 supergravity at the non-linear level. No level truncations by hand are
necessary for this analysis as the higher level fields arrange themselves automatically as
squares of duality equations in the pseudo-Lagrangian so that their contribution to the
equations of motion can be ignored consistently. The second check is a similar analysis
for the GL(3) × E8 decomposition that is performed in section 9 where we show that our
theory also contains the well-known E8 exceptional field theory of [24].

The pseudo-Lagrangian (3.10) can be considered as a master Lagrangian since it con-
tains all En exceptional field theories (n ≤ 8) for maximal supersymmetry upon choosing
appropriate level decompositions and associated solutions to the section condition. We
expect that it also reproduces the (minimal) pseudo-Lagrangian of E9 exceptional field
theory [30]. This behaviour is well-known from E11 level decompositions at the kinematic
level from previous investigations [74, 89, 117, 121] and, based on our examples, we expect
this to hold dynamically and non-linearly when using the semi-flat formulation of sec-
tion 6. Of particular interest might be to see the relation to type IIB supergravity [58, 121]
or massive type IIA supergravity [74, 75]. Massive type IIA supergravity will require a mild
violation of the section constraint along the lines of [73, 115]. The mild violation will only
occur in the construction of the semi-flat pseudo-Lagrangian in intermediate steps and the
final massive theory will not violate the section constraint.
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We also consider the decomposition of E11 exceptional field theory to its GL(1) ×
E10 subgroup in appendix E. This defines E10 ExFT and we discuss how it relates to
the E10 sigma model introduced in [6] that emerged from considerations of the Belinskii-
Khalatnikov-Lifshitz limit of D = 11 supergravity [122]. This one-dimensional sigma-model
only depends on a worldline parameter (to be thought of as time) and is conjectured to
encode the spatial dependence of all supergravity fields via ‘gradient representations’ [6]
that are the E10-analogues of the E11 dual fields of type A9n,3, A9n,6 and A9n,8,1. The E10
sigma model does not contain any constrained fields. One may have naïvely thought that
the restriction of E10 ExFT to fields that do not depend on the E10 internal coordinates
would reproduce the E10 sigma model. However, we know already from E9 ExFT that it is
necessary to keep the constrained field χMα̃ with the constrained index in the E9 internal
coordinate module in order to obtain ungauged maximal supergravity [30].57 We argue in
appendix E that considering the D = 1 exceptional field theory in which the E11 ExFT
fields only depend on the time coordinate, but with non-zero constrained field χMN subject
to the E10 section constraint (withM and α̃ = N in the coordinate module R10(Λ1) of E10),
one indeed reproduces the E10 sigma model, with an additional algebraic constraint on the
E10 current. We suggest that this algebraic constraint may be useful for resolving some of
the puzzles in the E10 sigma model conjecture [6].

As mentioned in the introduction, one can also perform a GL(1)×Spin+(10, 10) ⊂ E11
level decomposition. This should produce the double field theory (DFT) formulation of
type II theories [71] and in particular includes the Ramond-Ramond fields in a spinor
representation of Spin+(10, 10) [71, 123]. One can also envisage performing a construction
similar to the one of the present paper for theories without maximal supersymmetry. This
would involve DFT itself, but also cases such as pure general relativity in D = 4 space-
time dimensions by replacing E11 by other very-extended Kac-Moody algebras such as
A+++

1 [15, 101]. For previous work on non-pure supergravity theories see for example [124,
125]. For subalgebras g of e11, one obtains a consistent truncation of E11 exceptional field
theory by restricting all fields and tensors to the singlets of a commuting subgroup, as e.g.
E7 for g = A+++

1 or more generally E8−n for g = A+++
n with n ≤ 5.

Besides reproducing the known exceptional field theories, our system also provides an
explicit form of the duality equations for the infinitely many higher level fields. This is
discussed in detail in section 8. The constrained fields are again central for this mechanism
and we have exemplified this in detail for the dual graviton and the first gradient dual
of the three-form gauge field in eleven dimensions. We have in particular derived non-
linear Lagrangians for these fields that descend directly from the E11 pseudo-Lagrangian.
Our analysis of the higher duality equations in eleven dimensions remains nonetheless
incomplete and we have only described schematically the equations for all higher level
fields that are dual to the propagating degrees of freedom. It would be interesting to
analyse the complete set of gauge transformations to solve systematically the linearised
duality equations. We have argued in particular that the Σ gauge parameters mentioned

57There is a component BµAB of χMα̃ that cannot be set to zero. In particular BµAA = 0 would imply
that the two-dimensional dilaton ρ is constant, whereas it is an arbitrary harmonic function.
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in section 2.3 generalise the Stückelberg shift gauge parameters introduced in [60] for the
dual graviton to all higher dual fields. A complete analysis of the gauge transformations
and the propagating degrees of freedom in E11 exceptional field theory should permit us
to derive a completely explicit realisation of the proposal [16], with all duality equations
for the higher gradient duals described as in [19]. The precise relation to the modulo
equation of e.g. [112] remains open. Note nevertheless that all higher dual fields with more
than one column can be consistently eliminated as they are algebraic equations for the
constrained fields components that define Stückelberg potentials similarly as in [1, 59, 60].
Only the tensor-hierarchy p-forms in exceptional field theory satisfy equations that are not
tautological in this sense. The higher p-forms are not normally considered in exceptional
field theories, but their duality equations are by construction components of the E11 duality
equation. The simplest instances were given in (9.13) and (9.14) for the GL(3) × E8
decomposition, as well as the equivalent of the dual graviton equation in (9.9b). Although
these higher forms do not need to be introduced in exceptional field theory in order to
write a (pseudo)-Lagrangian for the dynamical fields, they are naturally defined as dual
potentials. The three-form and four-form field strengths were for example introduced in
E7 exceptional field theory in [126], and it is clear from representation theory that the
corresponding duality equations would be part of the E11 exceptional field theory duality
equation in the GL(4)× E7 decomposition.

While the tensor hierarchy algebra T (e11) is an excellent tool for deriving results about
the algebraic structure of E11 exceptional field theory and in particular for demonstrat-
ing group-theoretic identities, the symmetries of the theory are the usual rigid E11, local
K(E11) and E11 generalised diffeomorphisms. Thus, there are no symmetries associated
with the tensor hierarchy algebra itself. Understanding whether it can be made to play
a more direct rôle in the theory is an interesting question. As was hinted at in [13] and
commented on in section 2.3, the extension to a supersymmetric theory seems to require
making more direct use of the tensor hierarchy algebra.

The first steps for the inclusion of fermions into the duality equations were undertaken
in [13], building on the finite-dimensional spinor representations of K̃(E11), the double
cover of K(E11) [78], that were found in [10, 12]. While we have proposed a supersym-
metric version of the duality equation extended by fermion bilinears in [13], adding a
Rarita-Schwinger-like term to the pseudo-Lagrangian and employing a Noether procedure
appears to be an interesting challenge. As there does not appear to be a K̃(E11)-invariant
quartic fermion term, the quartic term in the fermions of eleven-dimensional supergravity
would have to come from the infinite sum of quadratic terms On in the duality equation
in (7.44), as anticipated in [13]. However, because the spinor is in a finite-dimensional
representation, the sum of the quartic terms in the fermion diverges and it is unclear to
us whether a pseudo-Lagrangian with finite order fermionic terms exists or can be defined
unambiguously. The resulting theory should have local supersymmetry on the extended
space-time R(Λ1) modulo the section constraint and we hope to report on this in the future.

One main property of the K̃(E11) representation is that the bilinear in the superym-
metry parameter and the gravitino field is not in e11 	K(e11) but in the quotient of the
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module L(Λ2)he11 hL(Λ2) by K(e11) [13].58 To define the supersymmetry transformations
one must therefore extend the E11 coset fields to include a new field φα̃ ∈ L(Λ2) for the
second L(Λ2), that may be consistently set to zero using field dependent (and traceful)
ΣM

Ĩ ancillary gauge transformations. One needs to analyse the extension of the theory
including these fields to derive the correct supersymmetry transformations.

This problem is also related to the definition of the general ancillary gauge trans-
formation of the constrained fields that we have not derived in this paper. By con-
struction, the pseudo-Lagrangian and the duality equation are invariant under the an-
cillary gauge transformations generated by the commutator of two generalised diffeormor-
phisms. In particular it is invariant under the ancillary gauge transformations of parameter
ΣM

Ĩ = C Ĩ P α̂T
α̂N

QΣ(MN)
[PQ] with MN constrained, as in the second term of (2.51). But

this does not cover the whole space of traceless parameters ΣM
Ĩ . The general ancillary

gauge transformation of the constrained fields should be defined such that it reproduces
the known one when it is generated by the commutator of two generalised diffeomorphisms
and such that the duality equation is invariant. The commutator of two generalised diffeo-
morphisms acting on the constrained fields does not only generate a gauge transformation
of parameter ΣM

Ĩ , but also an additional ancillary gauge transformation of parameter
ΥMN

P Λ̂ with two constrained indices M and N , which remains to be defined as a symme-
try of the duality equation. Note moreover that the algebra of generalised diffeomorphisms
is infinitely reducible, and only closes on itself up to trivial parameters. In D ≥ 2 ex-
ceptional field theory, these trivial parameters give rise to 1-form gauge transformations
that act on the gauge fields of the theory [24, 30]. Since there is no external p-form in
E11 exceptional field theory, the trivial parameters do not define gauge symmetries of the
theory. It would only be necessary to introduce them to determine the infinite chain of
ghosts for ghosts of the BRST algebra of E11 generalised diffeomorphisms.

E9 exceptional field theory admits a Virasoro-extended formulation, which involves
all negative Virasoro generators L−n that transform indecomposably with the adjoint of
E9 [30]. This formulation allows reproducing the E9 linear system of two-dimensional su-
pergravity as a consistent truncation of exceptional field theory, whereas the relation to the
linear system remains unclear in the non-extended (minimal) formulation. As mentioned
above, the construction necessary for the supersymmetric theory includes an additional
field φα̃ ∈ L(Λ2). In the case of E9, this fields is commonly called ρ̃ and is the one associ-
ated to the Virasoro generator L−1 in E9 exceptional field theory. The Virasoro-extended
formulation of [30] has similar fields for all L−n. Whether a ‘Virasoro-extended form’ of
E11 exceptional field theory, including all fields φα̃1...α̃n ∈ L(nΛ2), exists, is not clear to
us. We have verified in appendix B using local algebra techniques, see (B.13), that one
can adjoin the representation ⊕n>0 L(nΛ2) to E11 in an indecomposable manner, such
that the algebra extension exists. If such a Virasoro-extended version of E11 exceptional
field theory existed, it might permit understanding more systematically the infinite chain
of dualities with higher level fields and possibly lead to new integrability structures.

58Note that the same doubly indecomposable (‘socle length 3’) representation of E11 also features in our
derivation of some E11 identities in (A.11), therefore proving its existence which was conjectured in [13].
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Another approach to supersymmetrisation of the E11 exceptional field theory may be
a suitable extended superspace approach. This has been studied for the E7 exceptional
field theory in [126] where only the four-dimensional (external) geometry was elevated to
(4|32)-dimensional superspace, see also [127–129]. Should a suitable generalisation of this
construction be found for the E11 exceptional field theory, it could provide a framework for
the construction of an action for M-branes propagating in the resulting generalised target
superspace. An additional and very powerful method that could be utilised is based on the
superembedding principle for which superspace is essential [130].

The previous points addressed mainly the formal development of E11 exceptional field
theory and we now turn to some potential applications.

One interesting avenue is to explore the connection to exotic branes and non-geometric
backgrounds [131–144]. Depending on the co-dimension of the exotic brane, it couples to
different generators from the list (8.1), where we restrict to the GL(11) decomposition and
an M-theory discussion for concreteness. Ordinary branes correspond to the generators of
E8 and are the KK-momentum, the M2, the M5 and the KK-monopole solutions. Their
co-dimension is greater than two. Co-dimension two objects are associated with genuine E9
generators, co-dimension one objects with genuine E10 generators and space-filling objects
with genuine E11 generators. As these are related by rigid E11 symmetries one can consider
the transformation of the solutions. But, as the rigid E11 transformation typically changes
the solution of the section constraint, the transformed solutions tend to be solutions of
a different model. Exceptions to this statement occur when the solution has isometries
that are preserved by the rigid E11 transformation and this is the framework of U-duality
as a solution generating technique [145]. The non-geometricity of a transformed solution
arises when higher-level fields and coordinates are formally turned on in the solution. A
famous example in the context of DFT is the twisted torus [146] and we refer the reader
to [140, 147] for more examples and references. These non-geometric solutions can in
principle be thought of as coupling electrically to higher level dual fields [148], and it would
be interesting to see whether our model provides a means to constructing the corresponding
geometric theory. The considerations of section 8.4 appear relevant for this.

DFT can be understood as a low-energy limit of the string field theory classical ac-
tion [53]. One may therefore hope to get some hints on what should be the M-theory ef-
fective action from E11 exceptional field theory. Our construction is limited to the bosonic
two-derivative sector. The tree-level string theory effective action is expected to admit the
continuous Spin+(10, 10) symmetry to all orders in α′ [149], so one can possibly construct
higher-derivative couplings in DFT [150–154], see however [155] for a recent puzzle in this
context. On the contrary, U-duality is a symmetry of the quantum theory [156], and there
is no higher-derivative coupling with the continuous symmetry E11(R). It was already
understood in the original conjecture of [1] that only a discrete symmetry could remain at
the quantum level. One may only expect to be able to construct higher derivative cou-
plings with the discrete symmetry [157], which would necessarily involve E11(Z)-invariant
Kac-Moody automorphic forms [158]. Moreover, the M-theory low energy effective ac-
tions strongly depends on the background. So an effective action with E11(Z) symmetry
could only be viewed as a formal object, which upon reduction by taking various limits
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would reproduce the effective action of string theory on different backgrounds. One may
expect for example the effective action of string theory on R1,D−1 × T 10−D (see e.g [159])
to be captured by such a formal E11(Z)-invariant effective action. It seems unlikely that
the requirement of E11(Z) symmetry, together with supersymmetry, will determine such a
formal effective action uniquely to all orders in derivatives, but a more detailed study of
these questions could provide interesting insights. An alternative option would be to try to
quantise directly the effective theory. However it is not clear that one can bypass the prob-
lem of the strong section constraint. Double field theory, for example, is not a consistent
truncation of string field theory that can be quantised independently. In exceptional field
theory one has the same problem, there is no integrated action because of the strong section
constraint, and quantum effects allow two 1/2-BPS excitations to produce 1/4-BPS and
non-BPS states in string theory. The effective theory quantum loops considered in [160]
are in this spirit defined such that the internal space is a generalised torus. For E11 one
must necessarily consider a non-compact space-time, so a discrete Fourier expansion on the
module R(Λ1) is not a physically meaningful option.
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A Identities for E11 tensors

In this appendix, we summarise and prove the identities of the various E11 objects that
appear in the pseudo-Lagrangian and the check of gauge-invariance. These objects were
summarised in table 2 and we collect the salient identities in table 5. The only identity
for which we do not have a full proof is (3.6), although in appendix A.2 we show it on an
infinite-dimensional E11 representation.

In the table, we have also indicated the method of proof that will be used for demon-
strating the identities and there are two principal methods

• THA techniques. This method relies on constructing a consistent (super-)algebra
extending e11. This can be either the tensor hierarchy algebra T (e11) already en-
countered in section 2.1 or the tensor hierarchy algebra T (e12) based on e12. The
identity will then be implied by Jacobi identities in the tensor hierarchy algebra. An
important additional identity that follows from T (e12) is (A.22).
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Identity Proof

(2.54) C Ĩ
P β̂
T β̂(M

QC Ĩ
N)α∂M∂N=

(
fαβγT

γ(M
PTβ

N)
Q−2δ(M

[P TαN)
Q]
)
∂M∂N Section A.1, THA

(3.6) ΩIJC
JM

α̂T
α̂N

P = CIP
α̃Πα̃

MN + CIP
Λ̂ΠΛ̂

MN [Section A.2, THA]

(2.40c) ΩIJC
IM

α̃C
IN

β̃∂M ⊗ ∂N = 0 Section A.3, E11

(2.41a) ΩIJC
IM

α̃C
IN

Λ̂ ∂M ⊗ ∂N = 0 Section A.3, E11

(2.41b) ΩIJC
IM

Λ̂C
IN

Ξ̂ ∂M ⊗ ∂N = 0 Section A.3, E11

(2.40b)
(
Πβ̃

MNTβ
β̃
α̃ + ΩIJC

IM
α̃C

JN
β

)
∂M ⊗ ∂N = 0 Section A.3, E11

(2.40a)
(
Πα̃

MNK(α
α̃
β) + 1

2ΩIJC
IM

(αC
JN

β)
)
∂M ⊗ ∂N = 0 Section A.3, E11

(2.55) CIP
α̃CIQ

β̂
= ΠĨ

Qα̃C Ĩ
P β̂

Section A.1, E11

(2.53) C ĨMα̂T
α̂P

N ∂̄
M ⊗ ∂̄N = 0 Section A.1, E11

Table 5. Summary of identities satisfied by the various E11 objects. Identities that are only valid
on a solution to the section constraint (2.19) are shown contracted with partial derivatives. The
identity (3.6) plays a crucial rôle in gauge invariance of the duality equation, and we sometimes
refer to it as the master identity. It is the only identity in the table for which we do not have a
complete proof.

• E11 representation theory. This means that one can analyse the identity either using
highest weight methods for E11 or by constructing appropriate homomorphisms be-
tween E11 representations. Some of the explicit calculations for these proofs will be
done in GL(11) level decomposition which is reviewed in appendix C.

Some proofs also combine both methods and in the table we have indicated the one
that is more prominent in the given proof.

A.1 T (e12) and the proof of (2.54)

An important ingredient in the second potential term (3.12) and the ancillary gauge trans-
formations (2.49) is the tensor C ĨMα̂ and its relation to the tensor CIM α̂ introduced
in (2.36) and that appears as structure constants of the tensor hierarchy algebra T (e11). In
this section we will find that C ĨMα̂ is defined as structure constants of the tensor hierarchy
algebra T (e12). Using this observation, we prove identity (2.54) that we reproduce here for
convenience

C Ĩ
P β̂
T β̂(M

Qη
N)RηĨ J̃η

αγC J̃Rγ∂M∂N =
(
fαβγT

γ(M
PTβ

N)
Q − 2δ(M

[P TαN)
Q]
)
∂M∂N . (A.1)

We have written the partial derivatives without ⊗ to emphasise thatM and N are symmet-
ric. Our proof uses the tensor hierarchy algebra T (e12) extending the Kac-Moody algebra
e12 and follows ideas developed in [63]. In [63], it was shown that for a finite-dimensional al-
gebra g and an irreducible coordinate representation R(λ), one can construct a Lagrangian
for the fields in G/K(G) that is invariant under the generalised diffeomorphisms for coor-
dinates in R(λ). This Lagrangian takes the form of (3.11) plus (3.12) and its invariance
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uses the equivalent of (A.1), which is shown to be a Jacobi identity for the tensor hierarchy
algebra T (gλ) for the Kac-Moody extension gλ of g by the weight λ. In our context, the
further Kac-Moody extension of e11 by the weight Λ1 is e12 [65], in which an extra node is
attached at node 1 in figure 1.

Indeed by using the tensor hierarchy algebra T (e12) we can realise the e11 tensors
appearing in (A.1) as structure constants in a Lie super-algebra and use its Jacobi identities
to deduce new identities for the e11 tensors. We first note that the proof of the existence
of the tensor hierarchy algebra T (en) in [58] applies to any n ≥ 3, and therefore to T (e12).
This proof is based on a local super-algebra construction as defined in [161]. We can either
use the local super-algebra associated to the GL(12) decomposition introduced in [58], or
the one associated to the GL(4)×E8 decomposition introduced in [13] and further analysed
in section A.5 below.59

The algebra T (e12) has e12 as a subalgebra and a grading analogous to (2.2). One finds
that T0(e12) decomposes as

T0(e12) = e12 h L12(Λ3)⊕ L12(Λ1 + Λ11) (A.2)

with the bounded weight modules

L12(Λ3) = R12(Λ3)⊕ . . . (A.3a)
L12(Λ1 + Λ11) = R12(Λ1 + Λ11)⊕R12(Λ12)⊕R12(Λ1 + 2Λ4)⊕ . . . (A.3b)

This decomposition is analogous to (2.3), (2.4) and we have written R12 (resp. L12) for all
highest weight (resp. bounded weights) representations to distinguish e12-representations
from the e11-representations. By the same mechanism as [58, eq. (B.50)] we deduce that
L12(Λ3) ⊃ R12(Λ3) mixes under e12 with e12 in an indecomposable manner, while the other
highest weight modules in L12(Λ1 + Λ11) are proper submodules that appear as a direct
sum. This is also discussed in (A.101) below. Similar to T0(e11), it is plausible that
L12(Λ3) = R12(Λ3).

Branching these e12-representations in T0(e12) under e11, one has60

e12 = · · ·⊕R(Λ1)(−1)⊕(gl(1)⊕e11)(0)⊕R(Λ1)(1)⊕. . . ,
R12(Λ3) = . . .⊕

(
R(Λ3)⊕R(Λ1+Λ10)⊕R(Λ11)⊕R(Λ1+Λ4)⊕R(Λ5)⊕R(Λ1+Λ2+Λ10)

⊕2×R(Λ3+Λ10)⊕R(2Λ1+Λ11)⊕2×R(Λ2+Λ11)⊕R(Λ1+2Λ3)⊕. . .
)(−1)

⊕R(Λ2)(0) ,

R12(Λ1+Λ11) = . . .⊕
(
R(Λ1+Λ10)⊕R(Λ11)⊕R(Λ5)⊕. . .

)(−1)⊕R(Λ10)(0) , (A.4)
R12(Λ12) = . . .⊕

(
R(Λ9)⊕. . .

)(−2)⊕R(Λ11)(−1) ,

R12(Λ1+2Λ4) = . . .⊕
(
R(Λ1+2Λ3)⊕R(Λ3+Λ4)⊕R(Λ2+Λ3+Λ10)⊕. . .

)(−1)⊕R(2Λ3)(0) .

59The generalisation from T (e11) to T (en) is simply obtained by considering superfields depending on n
Grassmann variables instead of 11. One easily verifies that none of the computations depend on the number
of Grassmann variables.

60We note that the complete reducibility of a representation of E12 implies the complete reducibility
under E11 as can be seen by fixing the GL(1) eigenvalue as we do here.
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The superscripts here refer to the eigenvalues under the adjoint action of gl(1) when branch-
ing to gl(1)⊕ e11 ⊂ e12 and we shall refer to this as the w1-degree. We recognise at degree
w1 = 1 only EM ∈ R(Λ1) and at degree w1 = 0 the generators tα̂, tΛ ∈ T0(e11).61 At
degree w1 = −1 there are the generators FM ∈ R(Λ1) as well as F Ĩ ∈ L(Λ3) as given
in (2.44) and realising these latter in an algebra was one of the main reasons for going from
T (e11) to T (e12). We define L(Λ3) inside the module L12(Λ3), such that it transforms in-
decomposably together with e11. This is indeed possible because one finds from (A.4) that
R(Λ1)⊗R(Λ2)	R(Λ1 + Λ2) is contained in R12(Λ3) ⊂ L12(Λ3). We call the decomposable
part D1 ⊂ L12(Λ1 + Λ11). Note that it includes the representations in T1(e11)	R(Λ1) dis-
played in (2.5) and we shall therefore write F M̃ ∈ D1. In summary, we deduce from (A.4)
that the branching of T0(e12) under e11 gives

T0(e12) = · · · ⊕ (R(Λ1)⊕ L(Λ3)⊕D1)(−1) ⊕ T0(e11)(0) ⊕R(Λ1)(1) ⊕ . . . (A.5)

Note that the indecomposable structure induced from e12 h R(Λ3) is necessarily trivial in
the category O of Kac-Moody representations, such that R(Λ1) h L(Λ3) = R(Λ1)⊕ L(Λ3)
as follows from [76].

Restricting to L(Λ3), the algebra of T0(e12) can be written in BRST form as

δhα = 1
2f

βγ
αhβhγ −Kβγ̃

αhβhα̃ − TαMNfMe
N + C ĨNαfĨe

N ,

δhα̃ = −T βγ̃ α̃hβhγ̃ + C ĨNα̃fĨe
N , δhΛ = −T βΞ

ΛhβhΞ + ΠM̃
NΛfM̃e

N ,

δeM = T β̂MNhβ̂e
N , (A.6)

δfM = −T β̂NMhβ̂fN , δf
M̃

= −T β̂Ñ
M̃
h
β̂
f
Ñ
,

δfĨ = −T β̂J̃ Ĩhβ̂fJ̃ ,

where we have omitted the terms bilinear in hα̃, hΛ and fĨ , fM̃ and we write the structure
constants as C ĨNα anticipating that we have identified L(Λ3) such that it agrees with the
representation that appears in (A.1). The structure of the algebra is constrained by T0(e11)
covariance and the branching of e12 modules under e11, such that all the structure constants
are fixed with C ĨNα̂ an invariant tensor under e11.

To see this we look at the Jacobi identity in T0(e12) corresponding to the terms pro-
portional to hαfĨeN in δ2hα = 0. This gives

T βPNC
Ĩ
Pα − T βĨ J̃C

J̃
Nα − fβγαC ĨNγ +Kβγ̃

αC
Ĩ
Nγ̃ = 0 . (A.7)

From this identity we conclude that C ĨNα̂ is an e11-invariant tensor. In particular C ĨNα̃
is a non-zero intertwiner that can be computed explicitly and the relation then gives some
non-trivial components C ĨNα, leading to a non-trivial tensor C ĨNα̂. This reasoning applies
to all irreducible constituents of L(Λ3), giving in particular that C ĨλNα̃ = cλΠĨλ

Nα̃ on any
irreducible e11-representation R(λ) inside L(Λ3).

61For ease of notation we use the same index Λ for the reducible part D0 of T0 in (2.3), as we do for
the generator PΛ ∈ T2, even though D0 may turn out to do not include the entire bounded weight module
L(Λ10) ⊂ T2. The proof given in this appendix does not rely on the assumption that L(Λ10) ⊂ D0.
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We now consider the branching of T1(e12) under e12

T1(e12) = R12(Λ1)⊕R12(Λ2 + Λ11)⊕R12(Λ2 + 2Λ4)⊕R12(Λ1 + Λ12)⊕ . . . (A.8)

that further branches under e11 as

R12(Λ1) = · · · ⊕ (L(Λ10)⊕ L(Λ4))(− 4
3 ) ⊕R(Λ1)(− 1

3 ) ⊕ 1( 2
3 ) ,

R12(Λ2 + Λ11) = · · · ⊕R(Λ1 + Λ10)(− 1
3 ) ,

R12(Λ2 + 2Λ4) = · · · ⊕R(Λ1 + 2Λ3)(− 1
3 ) , (A.9)

R12(Λ1 + Λ12) = · · · ⊕R(Λ11)(− 1
3 ) ,

which shows that the e11-representation R(Λ1) arises together with all other components
of T1(e11) in T1(e12) at w1 = −1

3 . It is possible that there is more than the module T1(e11)
at w1 = −1

3 , but this will not be relevant for the arguments of this appendix since we
shall only be interested in the identities one can derive from the algebra T (e12) for the
submodule R(Λ1) ⊂ T1(e11), i.e. M̂ restricted to M , where M̂ refers to all of T1(e11).

Using the local super-algebra of T (e12) in [58] one deduces that the branching of
T−1(e12) under e11 gives62

T−1(e12) = · · · ⊕ L(Λ3)(− 5
2 ) ⊕ (adĵ̂ ⊕ L(Λ10)⊕ L(Λ10))(− 2

3 ) ⊕ (T−1(e11)⊕R(Λ1))( 1
3 )

⊕ (L(Λ2)⊕ L(Λ10)⊕ L(Λ4))( 4
3 ) ⊕ . . . (A.10)

where63

adĵ̂ = L(Λ2) h e11 h L(Λ2) (A.11)

is a double extension of the adjoint representation e11 that includes both indecomposable
structures. The decomposition (A.10) can be established by starting from the GL(12)
version of the local super-algebra of T (e12) and branching the GL(12) representations to
GL(11) and then reassembling them into the structure of T (e11). In particular, there are
two nine-forms of GL(11) arising in the process from the field strength component Fmnp
in the GL(12) decomposition of T−1(e12). The defining relations of T (e12) then implies the
double indecomposability (A.11).

The double extended module (A.11) is defined such that F ̂̂α = (F́ α̃, Fα, F α̃) ∈ L(Λ2)h

e11 h L(Λ2) admits the non-covariant transformation

∆αF β̃ = Kαβ̃
γF

γ +Kαβ̃
γ̃F́

γ̃ , ∆αF β = −ηαιKι
γ̃
δη
βδηγ̃η̃F́

η̃ , ∆αF́ β̃ = 0 . (A.12)

Some of the generators of T (e12) in e11 language are summarised in table 6, where we
also introduce names for the various elements of the representations discussed above.

62We assume here for simplicity that D0 = L(Λ10) in (2.3). In principle one should write different L`(Λk)
with a label ` for different bounded weight modules extending the irreducible modules R(Λk) and take into
account that Λ (or more precisely Λ`) may be an index of different extensions L`(Λ10) of R(Λ10)⊕R(2Λ3).
This will not affect our conclusions in this appendix and we chose to avoid the label ` for brevity.

63In this equation, we do not need to put parentheses since L(Λ2)he11 hL(Λ2) = L(Λ2)h
(
e11 hL(Λ2)

)
=(

L(Λ2) h e11
)

h L(Λ2). This module was already conjectured to exist in [13], see footnote 16 there for its
first levels in the GL(3)× E8 decomposition.
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w1 + p12
3 = −1 w1 + p12

3 = 0 w1 + p12
3 = 1

p12 = 1 QΛ, QΛ̃ P M̂ p

p12 = 0 FM , F Ĩ , F M̃ h, tα̂, tΛ EM

p12 = −1 F ̂̂α, FΛ, F́Λ tI , tM Eα̃, EΛ, EΛ̃

Table 6. Decomposition of T (e12) generators under e11, with p12 the level of Tp12 (e12) and w1 the
GL(1) weight under E11. They are related to the degrees p = 2p12

3 − w1 and q = −p12
3 − w1 of [63,

table 3]. α̂̂ is for adĵ̂ and Λ̃ for L(Λ4). The involution for T (e12) is centred around p12 = − 3
2 and

q = 1
2 but we shall not use this.

We now use the T (e12) machinery and ingredients just introduced to prove (A.1), fol-
lowing [63]. The starting point is the Jacobi identity involving the generators F ̂̂α, EM and
PM . Using the known commutators of T (e11) and using T0(e11) covariance, one determines
the following commutators within T (e12)

[h,p] =−2
3p, [p,FM ] =−PM , {p,F α̂}= tα̂ , {p, F́ α̃}= 0 , {p,tM}=−EN ,

[PM ,EN ] = δMN p, {PM , tN}= 3
2δ

M
N h+TαMN t

α ,

[EM ,FN ] = 3
2δ

N
Mh−TαNM tα , [EM ,F Ñ ] = ΠÑ

MΛt
Λ ,

{PM , tI}=−ΩIJ

(
CJMα̂t

α̂+CJMΛt
Λ
)
, [EM ,F Ĩ ] =C ĨMα̂t

α̂ . (A.13)

For {PM , tN}, one can check using the GL(12) local super-algebra that it does not produce
the generator tα̃ ⊂ R(Λ2). It follows by representation theory that this anti-commutator
with PM ∈ R(Λ1) cannot produce generators in L(Λ2)⊕ L(Λ10). It is consistent with the
Jacobi identity

[FM , {p, tN}] = {p, [FM , tN ]} − {tN , [p, FM ]} (A.14)

provided we define

{FM , tN} = −2TαMNF
α − 2ηα̃β̃T

β̃P
Qη

QMηPN F́
α̃ (A.15)

that can be checked to be E11-covariant using

ηαβT
βP

Qη
QMηPN = Tα

M
N . (A.16)

Even though the two terms on the right-hand side are not individually E11-covariant due
to (A.12), their combination is.

We make now the following ansatz for the remaining (anti-)commutators of F ̂̂α that
we need for the Jacobi identity involving F ̂̂α, EM and PM :

[EM , F ̂̂α] = ΩIJCIM
̂̂αtJ + δ

̂̂α
β̂
T β̂NM tN , (A.17a)

{PM , F ̂̂α} = C Ĩ
M̂̂αF Ĩ + δ

̂̂α
β̂
T β̂MNF

N + C
Ñ
M̂̂αF Ñ , (A.17b)
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where we used that there is a unique homomorphism from e11 ⊗R(Λ1)→ R(Λ1) to deter-
mine the structure coefficients multiplying respectively tN and FN ,64 while CIM ̂̂α, C ĨM̂̂α,
and C

Ñ
M̂̂α are defined on adĵ̂. The latter satisfy the non-covariant transformations induced

by the ones of F ̂̂α = (F́ α̃, Fα, F α̃) ∈ L(Λ2) h e11 h L(Λ2), see (A.12). The way they have
been introduced above, CIM ̂̂α and C ĨM̂̂α are a priori new objects and we shall argue in the
final step of the proof how they are related to the tensors in (A.1). The tensor C

Ñ
M̂̂α 6= 0,

but this will be irrelevant for us. The components of these objects are denoted by

CIM
̂̂α =

(
CIM

α̃, CIM
α, ĆIM

α̃
)

and C Ĩ
M̂̂α =

(
C Ĩ

Mα̃, C Ĩ
Mα, Ć Ĩ

Mα̃
)
. (A.18)

For the second terms (A.17) we note that the projection δ
̂̂α
β̂

is consistent with the non-

covariant transformation (A.12) because âdj is the quotient of the module adĵ̂ by the
submodule L(Λ2).

We now consider the Jacobi identity

[EP , {PM , F ̂̂α}] = {PM , [EP , F ̂̂α]}+ {F ̂̂α, [EP , PM ]} (A.19)

which reduces to the following expression along tα̂ when we use the commutators above:65

C Ĩ
M̂̂αC Ĩ

P β̂
tβ̂ − δ̂̂α

γ̂
T γ̂MRTβ

R
P t
β = CIP

̂̂αCIM
β̂
tβ̂ + δ

̂̂α
γ̂
T γ̂RPTβ

M
Rt
β − δMP δ

̂̂α
β̂
tβ̂ . (A.20)

If one takes the Jacobi identity involving F́ α̃, one has δα̃
β̂

= 0 and this identity reduces to

Ć Ĩ
Mα̃C Ĩ

P β̂
= ĆIP

α̃CIM
β̂
, (A.21)

which is already similar to (2.55) with Ć Ĩ
Mα̃ = ΠĨ

Mα̃ the canonically normalised inter-
twiners. If one takes the Jacobi identity involving Fα, one gets

C Ĩ
MαC Ĩ

P β̂
tβ̂ = CIP

αCIM
β̂
tβ̂ + TαMRTβ

R
P t
β + TαRPTβ

M
Rt
β − δMP tα . (A.22)

Replacing tβ̂ by the invariant tensors T β̂NQ and contracting with derivatives ∂M∂N to
enforce the section constraint one obtains

C Ĩ
MαC Ĩ

P β̂
T β̂NQ∂M∂N =

(
fαβγT

γM
PT

βN
Q − 2δM[P TαNQ]

)
∂M∂N (A.23)

where we have used (2.38) to eliminate the first term on the right-hand side as well as (2.18)
and the section condition (2.19) to simplify the remaining terms into the form given. This

64The uniqueness of the homorphism can be proved in the GL(11) level decomposition by solv-
ing the highest weight condition for the vector Xn = c0hn

m∂m + c′0hm
m∂n + c1Anp1p2∂

p1p2 +∑∞
k=2 c

α(k)M(− 3
2 − k)

nAα(k)∂M(− 3
2 − k) for free coefficients cαMn. One finds that c1 = 1

2 c0 and c′0 = − 1
2 c0 and

because the module R(Λ1) is generated from the highest weight vector Xn we conclude that all the coeffi-
cients cα(k)M(− 3

2 − k)
n are determined as well as cαMn = c0T

αM
n and the homomorphism is unique. The proof

applies to all en.
65The component along tΛ gives C

Ñ

M̂̂
αΠÑ

PΛ = CIP
̂̂
αCIMΛ, that we will not use, it implies C

Ñ

M̂̂
α 6= 0.
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consequence of the Jacobi identity is already very close to the claimed identity (A.1), or
equivalently (2.54).

As the final step in the argument we must identify the relevant components of the
tensors CIM ̂̂α and C ĨM̂̂α with the unbarred ones that appear in the actual identities (2.54)
and (2.55). This is only possible for the components in L(Λ2) h e11 ⊂ adĵ̂ and the identifi-
cation is

CIM
̂̂α =

(
CIM

α̃,CIM
α, ĆIM

α̃
)

=
(
CIM

α̃,ηαβηIJηMNC
JN

β ,η
α̃β̃ηIJηMNC

JN
β̃

)
,

C Ĩ
M̂̂α =

(
C Ĩ

Mα̃,C Ĩ
Mα, Ć Ĩ

Mα̃
)

=
(
C Ĩ

Mα̃,ηαβηĨ J̃η
MNC J̃Nβ ,η

α̃β̃ηĨ J̃η
MNC J̃Nβ̃

)
, (A.24)

leaving CIM α̃ and C ĨMα̃ untouched as they have no correspondence with the tensors that
arise in E11 exceptional field theory.

To show this identification, we start from the component of (A.21) along β̃. We replace
ĆIM

α̃ on the left-hand side, and identify the right-hand side as the Clebsch-Gordan series
for the tensor product R(Λ1)⊗ L(Λ2)

ηα̃γ̃ηIJηPQC
JQ

γ̃C
IM

β̃ = ΠĨ
Mα̃ηĨ J̃ηPNηβ̃γ̃ΠJ̃

Nγ̃ (A.25)

with the canonically normalised intertwiners ΠĨ
Mα̃ corresponding to the tensor prod-

uct (2.44)

L(Λ3) = R(Λ1)⊗ L(Λ2)	R(Λ1 + Λ2) , (A.26)

and the K(E11)-invariant tensors ηĨ J̃ and ηα̃β̃ defined such that the equation holds. Of
course we assume again that the bilinear form ηIJ exists to make this ansatz. These
bilinear forms admit one free coefficient for each irreducible representation in L(Λ3) and
L(Λ2), that can be chosen such that (A.25) holds, provided the left-hand side vanishes
in the irreducible representation R(Λ1 + Λ2) not included in L(Λ3). That this choice of
normalisation is possible can be verified explicitly for the first few E11 representations
in the tensor product by going through GL(11) and GL(3) × E8 level decompositions,
where we find explicitly that the left-hand side vanishes upon projection to the irreducible
representation R(Λ1 + Λ2), see (C.20) and (D.26). This equation reproduces (A.21) along
β̃ provided we identify

Ć Ĩ
Mα̃ = ΠĨ

Mα̃ , C ĨMα̃ = ηMNηα̃β̃η
Ĩ J̃ΠJ̃

Nβ̃ . (A.27)

With the identification above, (A.21) ensures that

CIP
α̃CIQ

β̂
= ΠĨ

Qα̃C Ĩ
P β̂
. (A.28)

Now taking (A.22) along tβ̃ gives exactly the conjugate of (A.21), which implies that

CIM
α = ηαβηIJηMNC

JN
β , C Ĩ

Mα = ηαβηĨ J̃η
MNC J̃Nβ . (A.29)

This concludes the proof that (A.24) is indeed the correct identification and we obtain
therefore that (A.23) is indeed equation (A.1) that we wanted to prove. Moreover, we

– 96 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

checked in appendices C.4 and D.4 below that at low levels the tensors (A.24) satisfy (2.54),
which permits us to identify the relevant identities following from (A.1) in eleven dimensions
and in E8 exceptional field theory. So we conclude that the claimed identities are satisfied
in E11 exceptional field theory.

A.2 On the master identity

In this section, we shall investigate the central group-theoretic master identity (3.6) that
we recall here

ΩIJC
JM

α̂T
α̂N

Q = CIQ
β̃Πβ̃

MN + C̃IQ
ΛΠΛ

MN + C̃IQ
Λ̃ΠΛ̃

MN . (A.30)

It is needed for gauge-invariance of the duality equation [13] and of the Lagrangian (3.10).
In this equation CJQβ̃ is the conjugate of the tensor hierarchy algebra structure constants
CIM α̃, whereas C̃JQΛ and C̃JQΛ̃ are new tensors defined such that (A.30) holds. The tensor
Πα̃

MN is restricted to R(Λ2), while the tensors ΠΛ̃
MN and ΠΛ

MN include a normalisation
constant for each irreducible component contained in L(Λ4) and L(Λ10), respectively. The
same is true for the K(E11)-invariant metrics ηΛ̃Ξ̃ and ηΛΞ. These constants have to be
fixed for each irreducible component such that (A.30) holds.

We will prove that this equation necessarily holds for some invariant tensor CIQβ̃ and
the non-trivial proposition to prove is that

CIQ
β̃ = ηIJηQP η

β̃γ̃CJP β̃ (A.31)

for β̃ restricted to the irreducible module R(Λ2). We will find that there is a unique
homomorphism from R−1 ⊗ R(Λ1) → R(Λ2) where R−1 is the irreducible component of
T−1 including the duality equation representations in supergravity. If T−1 was completely
reducible, we could always define the theory by restricting the index I to the irreducible
module R−1, ηIJ would then exist on R−1, and the uniqueness of the homomorphism above
would imply (A.30). So the assumption of complete reducibility T−1 = R−1 ⊕D−1 as an
e11 module is a sufficient condition for all our identities to be satisfied. However, these
identities could still be correct if T−1 was not the direct sum of an irreducible module R−1
and another module D−1, so we will not assume it is the case. The general structure of an
indecomposable module compatible with the existence of a K(E11)-invariant form is

J−1 hR−1 h J−1 ⊂ T−1 , (A.32)

where R−1 is irreducible and J−1 is a possibly indecomposable module which decomposes
as a vector space as the direct sum of a highest weight module L and a lowest weight
module L. The existence of ηIJ requires that L is the conjugate module to L, justifying
the notation. The uniqueness of the homomorphism does not determine the structure
constants CIQβ̃ for I valued in J−1, but we expect that we might still be able to redefine
the corresponding structure constants to satisfy (A.31). In this appendix we will only
consider the module R−1.
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Let us now describe the proof of (A.30) for I valued in R−1. We first consider the
symmetric component in MN

ΩIJC
J(M

α̂T
α̂N)

Q = C̃IQ
ΛΠΛ

MN . (A.33)

This equation can be defined as a Jacobi identity for the tensor hierarchy algebra T (e11),
see also [13]. The commutator of a generator of degree 2 and a generator of degree −1
takes the form

[PΛ, tI ] = 2 C̃IMΛPM (A.34)

for some E11-invariant tensor C̃IMΛ. The Jacobi identity

2[P (M , {PN), tI}] = [{PM , PN}, tI ] (A.35)

gives the identity for the structure constants

ΩIJC
J(M

α̂T
α̂N)

Q = C̃IQ
ΛΠΛ

MN , (A.36)

just like in (A.33). Therefore this equation (A.33) holds for all indices I in T−1 provided
we define C̃IMΛ from the tensor hierarchy algebra structure constants (A.34).

Let us now consider the antisymmetric component in MN of eq. (A.30)

ΩIJC
J [M

α̂T
α̂|N ]

Q = CIQ
β̃Πβ̃

MN + C̃IQ
Λ̃ΠΛ̃

MN . (A.37)

Written in this form, the right-hand side is simply the Clebsch-Gordan series for the tensor
product R(Λ1)∧R(Λ1) of the indicesMN . The components C̃JQΛ̃ are defined by projection
of the left-hand side. Its conjugate is given by

C̃IM Λ̃ = ηIJηMNηΛ̃Ξ̃C̃JN
Ξ̃ . (A.38)

The only non-trivial equation that remains to check then is that CJQβ̃ is indeed the con-
jugate (A.31) of the tensor hierarchy structure constants CIM α̃ on R(Λ2).

To show this for I valued in R−1 we prove that there is a unique homomorphism from
R−1 ⊗R(Λ1)→ R(Λ2) determined by the map to the lowest weight vector in R(Λ2). This
lowest weight vector must be annihilated by δf in the GL(11) decomposition, similar to
above. Writing the ansatz for the lowest weight vector as66

Xn1n2 = ∂pFn1n2
p + 2c0∂[n1Fn2]p

p + c1
2 ∂

p1p2Fn1n2p1p2 + . . . , (A.39)

the lowest weight condition is

δfXn1n2 = 1
2(c1 − 1)fp1p2p3∂p1Fn1n2p2p3 + 1

9(c0 − 1)∂[n1Fn2]p1p2p3 + · · · = 0 (A.40)

66Note that for the highest weight module R(Λ2), the set of components is generated from the lowest
weight component Xn1n2 .

– 98 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

which can only vanish if c0 = c1 = 1, so that

Xn1n2 = ∂pFn1n2
p + 2∂[n1Fn2]p

p + 1
2∂

p1p2Fn1n2p1p2 + . . . (A.41)

Just like the coefficient c1 is uniquely fixed by the coefficients c0 and 1, all the coefficients cn
associated to the terms involving the derivative of weight −3

2 − n are uniquely determined
by the equation δfXn1n2 = 0 because the module R(Λ2) is generated from the lowest weight
vector. We conclude that the homomorphism is unique so that

CIP
α̃ = ηIJηPQη

α̃β̃CJQβ̃ , (A.42)

on R(Λ2). We conclude that (A.37) is indeed satisfied on the whole irreducible component
R(Λ2). Since the L(Λ4) components work by construction due to (A.38) we thus have
shown (A.37) on the whole antisymmetric part in [MN ] for I restricted to R−1.

Now that we have proved (A.30) for I restricted to R−1 ⊂ T−1, we would like to
describe in more detail this identity. In particular, we shall find that all structure constants
C̃IP

Λ̂ are non-zero, so we must consider the complete module L(Λ10) ⊕ L(Λ4) and not a
submodule. We will moreover discuss the possibility that C̃IMΛ is the same tensor as the
tensor hierarchy algebra structure constants CIMΛ appearing in the commutator [PM , t̄Λ] =
CIMΛtI for Λ valued in T−2. This assumption is not necessary for the consistency of the
theory, but would make the relation to the tensor hierarchy algebra more direct and would
therefore be aesthetically pleasing.

We shall start by proving the complete module L(Λ10) ⊕ L(Λ4) is required. For this
we can use the consistency of (A.30) with (A.22), which gives

C Ĩ
MαC Ĩ

P β̂
T β̂NQ∂̄

P ⊗ ∂̄Q

=
(
CIP

αCIM
β̂
T β̂NQ + TαMRTβ

R
PT

βN
Q + Tβ

M
RT

αR
PT

βN
Q − δMP TαNQ

)
∂̄P ⊗ ∂̄Q

= −ΩIJCIP
α
(
CJQ

β̃Πβ̃
MN + C̃JQ

ΛΠΛ
MN + C̃JQ

Λ̃ΠΛ̃
MN

)
∂̄P ⊗ ∂̄Q

+
(
−fαβγT γMPTβ

N
Q + 2δN[PTαMQ] − 2δ[M

P TαN ]
Q

)
∂̄P ⊗ ∂̄Q

= 0 , (A.43)

because the first line vanishes according to (2.53). One can check the consistency of (A.43)

ΩIJCIP
α
(
CJQ

β̃Πβ̃
MN + C̃JQ

ΛΠΛ
MN + C̃JQ

Λ̃ΠΛ̃
MN

)
∂̄P ⊗ ∂̄Q

=
(
−fαβγT γMPTβ

N
Q + 2δN[PTαMQ] − 2δ[M

P TαN ]
Q

)
∂̄P ⊗ ∂̄Q , (A.44)

by projecting MN on both sides onto possible irreducible representations. One finds that
when projectingMN to R(2Λ1), both sides vanish consistently. The symmetric component
of the second line in MN is antisymmetric in PQ, which implies that the symmetric
component in both MN and PQ of the first line vanishes, i.e.

ΩIJC
IP

αC̃
JQ

Λ∂P∂Q = 0 , (A.45)
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after conjugation, with by definition

C̃JQΛ = ηJIηQMηΛΞC̃IM
Ξ . (A.46)

Note that (A.45) would be satisfied if C̃IMΛ was identified with the tensor hierarchy algebra
structure constant CIMΛ

[PM , t̄Λ′ ] = CIMΛ′tI , (A.47)

because of the Jacobi identities. Here we defined Λ′ the index of D0 ⊂ T0, that we identify
with Λ in the common submodule of D0 and L(Λ10). We shall give evidence that L(Λ10) ⊂
D0 such that we could identify Λ′ = Λ and that the structure constants are equal

C̃IMΛ = CIMΛ (A.48)

As explained before, this identification is not essential for the consistency of the theory,
but it would make the algebraic structure more pleasing and it might be useful when
considering additional gauge symmetries of the theory.67 For ease of notations we drop the
tilde and write CIMΛ and CIM Λ̃ for C̃IMΛ and C̃IM Λ̃ in the body of the paper.

Projecting MN to R(Λ2) one finds that the first line in (A.44) equals the second using
the identity

Πα̃
PQΠα̃

MN∂P ⊗ ∂Q = −2∂[M ⊗ ∂N ] . (A.49)

However, if one takes MN in another irreducible component R(λ) of R(Λ1)∧R(Λ1), one
can check that it satisfies

Tβ
M
PT

βN
QX

[PQ]
λ = −(3

2 + nλ)XMN
λ (A.50)

which corresponds to the ‘cross-term’ in the action of the quadratic Casimir on the tensor
product such that68

nλ = −1
2(λ, λ)− (%, λ) + (Λ1,Λ1) + 2(Λ1, ρ)− 3

2 = −1
2(λ, λ)− (%, λ)− 30 (A.51)

and nλ is a strictly positive integer for XMN
λ in an irreducible submodule of

R(λ) ⊂ L(Λ4) = R(Λ1)∧R(Λ1)	R(Λ2) . (A.52)

For example nΛ4 = 36. To prove the positivity of nλ, one uses that λ = niΛi is a dominant
weight with ni ∈ N and also λ = Λ2 − α with α positive in the root lattice. Therefore
one gets

nλ = nΛ2−α =
(
α,

1
2(λ+ Λ2) + %

)
> 0 . (A.53)

If one takes [MN ] in R(λ) and PQ symmetric one obtains then

ΩIJCIP
αC̃JQ

Λ̃λΠΛ̃λ
MN ∂̄P ∂̄Q = −nλTα[M

P δ
N ]λ
Q ∂̄P ∂̄Q 6= 0 (A.54)

67One could wonder if the additional gauge parameter in T−3	R(Λ1) could also define gauge symmetries
of the theory, and in this case it would be useful to have the identification such that (CIM

α̂
T α̂N P̃ +

CIMΛT
ΛN

P̃ )∂M∂NξP̃ = 0.
68With this we mean that καβtαv ⊗ tβw = 1

2καβt
αtβ(v ⊗ w)− 1

2 [καβtαtβv]⊗ w − 1
2v ⊗ [καβtαtβw].
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where [MN ]λ denotes the projection to R(λ). It follows that for all R(λ) ∈ L(Λ4) the
left-hand side does not vanish and C̃JQΛ̃λ

is not part of the T (e11) structure constants

CJQΛ′ (A.47). This is why we have to introduce the additional constrained field ζM
Λ̃

valued in L(Λ4), which was not found to be necessary for gauge-invariance in [13] because
it does not contribute at low-levels that were analysed.

One can use the same argument to analyse the component symmetric in MN and
antisymmetric in PQ. One has in this case

Tβ
M
PT

βN
QX

(PQ)
λ =

(1
2 − nλ

)
XMN
λ (A.55)

where

nλ = −1
2(λ, λ)− (%, λ) + (Λ1,Λ1) + 2(Λ1, ρ) + 1

2 = −1
2(λ, λ)− (%, λ)− 28 (A.56)

and nλ is a strictly positive integer for XMN
λ in an irreducible submodule of R(λ) ⊂

L(Λ10) = R(Λ1)∨R(Λ1)	R(2Λ1). One obtains then

ΩIJCIP
αC̃JQ

ΛλΠΛλ
MN ∂̄P ⊗ ∂̄Q = −nλTα(M

[P δ
N)λ
Q] ∂̄P ⊗ ∂̄Q 6= 0 , (A.57)

from which we find that C̃JQΛλ and ΠΛλ
MN do not vanish for any R(λ) ⊂ L(Λ10). This

justifies the definition of the constrained fields ζMΛ in L(Λ10).
To summarise, we have obtained that Λ and Λ̃ must range over the complete modules

L(Λ10) and L(Λ4) and that ζM Λ̃ is not a field valued in T0 whereas it seems plausible that
ζM

Λ would be defined in D0 ⊂ T0. Note that we have proved that R(Λ10)⊕R(2Λ3) ⊂ D0
and we will show below that one can identify the structure coefficients as in (A.48) for Λ
valued in R(Λ10)⊕R(2Λ3).

Let us first consider the irreducible components R(Λ10). The tensors C̃IPΛ and CIPΛ
define E11-homomorphisms from R−1 ⊗ R(Λ1) → R(Λ10) and are therefore uniquely de-
termined by the map to the lowest weight vector in R(Λ10). We recall from (2.16) that
R−1 denotes the irreducible submodule of T−1. Written in GL(11) level decomposition,
this lowest weight vector must be annihilated by the lowering operators δf with negative
GL(11) level. By GL(11) grading, the general ansatz for the lowest weight vector is

Y m = ∂nF
n,m + c0∂nFp

mnp + c1∂
n1n2Fn1n2

m + c′1∂
mnFnp

p + . . . (A.58)

and it must satisfy the condition under GL(11) level −1

δfY
m =

(1
4−

c0
8

)
fp1p2m∂nFp1p2

n+
(1

4 + c0
8 +c1

)
fp1p2n∂nFp1p2

m+(c0−c′1)fmnp∂nFpqq+. . .

!= 0 . (A.59)

This implies by linear independence that

c0 = 2 , c1 = −1
2 , c′1 = 2 , (A.60)
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leading to

Y m = ∂nF
n,m + 2∂nFpmnp −

1
2∂

n1n2Fn1n2
m + 2∂mnFnpp + . . . (A.61)

Just like the coefficients c1 and c′1 are uniquely fixed by the coefficients c0 and 1, all the
coefficients cn associated to terms in the ansatz involving the derivative of weight −3

2 − n
are uniquely determined by the equation δfY m = 0 because the module R(Λ1) is generated
from the lowest weight vector. We conclude that the homomorphism is unique (up to an
overall factor) so that we have indeed C̃IMΛ = CIMΛ for this irreducible component.

The same argument allows us to prove that there is a unique E11-homomorphism from
R−1 ⊗ R(Λ1) → R(2Λ3), as we show in (D.17). This extends the proof of (A.48) to the
reducible submodule R(Λ10)⊕R(2Λ3) ⊂ L(Λ10).

We moreover argue in appendix A.4 using a Casimir homomorphism that we have
L(Λ10) ⊂ T0(e11), so that we can consistently identify the index Λ′ in (A.47) with Λ of
L(Λ10) on both sides of (A.48). Moreover we have seen from (A.45) that C̃IMΛ = CIMΛ is
compatible with the Jacobi identity. However, unlike for the R(Λ10)⊕R(2Λ3) component,
we do not have a full proof, and this identification is not necessary for the consistency of
the theory.

A.3 Proof of ΩIJC
IM

α̂C
JN

β̂
identities

In this section, we prove the identities (2.40c), (2.41a), (2.41b), (2.40b) and (2.40a), see the
summary in table 5. A first observation for all these identities is that by (2.39) it is sufficient
to consider the parts of these identities where M and N are antisymmetrised, which means
we only have to consider the antisymmetric part of the section constraint (2.19).

The first three identities are simple consequences of tensor products of E11 highest
weight representations when we look at their structure in the M and N indices. As the
identities are to be valid only on section, we have to make sure that the tensor products do
not contain the representation R(Λ2) that is the only non-trivial one on the antisymmetric
section according to (2.20). For this we look at the structure of the lower indices.

For the first identity

ΩIJC
IM

α̃C
JN

β̃∂M ⊗ ∂N = 0 (A.62)

we therefore need to consider the tensor product L(Λ2) ⊗ L(Λ2). A quick check of the
dominant weights that can occur shows that it is sufficient to consider the part R(Λ2) ⊗
R(Λ2) as all other products can never contain the non-trivial section representations. The
tensor product is69

R(Λ2)⊗R(Λ2) = R(2Λ2)⊕R(Λ4)⊕R(2Λ1 + Λ10)⊕R(Λ1 + Λ3)⊕R(Λ2 + Λ10)⊕ . . .
(A.63)

69Such tensor products can be computed using the character formulas for highest modules. Any product of
two integrable highest weight representations is completely reducible as an infinite sum of integrable highest
weight representations and the terms can be (partly) ordered by the height of their highest weights [76,
section 10.7].
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showing that it includes neither R(2Λ1) nor R(Λ2). From this we can conclude based on
E11 representation theory that (A.62) holds.

A similar calculation of the tensor products R(Λ2) ⊗ R(Λ10) and R(Λ10) ⊗ R(Λ10)
shows by the same argument that (2.41a) and (2.41b) hold. Again the arguments can be
extended from R(Λ2) and R(Λ10) to L(Λ4) and L(Λ10), giving also (2.41a) and (2.41b) in
full generality.

We now turn to proving (2.40b). A first observation is that the combination

ΩIJC
IM

α̃C
JN

β∂M ⊗ ∂N (A.64)

transforms covariantly under E11 even though it contains the non-covariant object CJNβ .
Its non-covariance (2.37) is indeed contracted in such a way as to yield (A.62) and thus
disappears.

Since the symmetric part (MN) vanishes according to (2.39), we can view (A.64) as
an e11-homomorphism e11 ⊗ R(Λ2) → R(Λ2), where the target R(Λ2) is the only non-
trivial component of [MN ] on section. The representation matrices Tββ̃α̃ are similarly the
components of a homomorphism from e11 ⊗ R(Λ2) to R(Λ2) and we shall prove that this
homomorphism is unique (up to a multiplicative constant) which will then imply (2.40b)
after fixing the constant on one component.

Any homomorphism e11 ⊗ R(Λ2) → R(Λ2) defines a highest weight representative in
the target for which we make the following ansatz in the GL(11) level decomposition

X ′n1...n9 = c09h[n1
pXn2...n9]p + c′0hp

pXn1...n9 + c1Ā
p1p2p3Xn1...n9p1,p2p3

+ c′1Ā
p1p2p3Xn1...n9p1p2,p3 + . . .

=
∞∑
k=0

ck(φ(−k), X (3+k)) . (A.65)

To be highest weight, the δe variation (C.3) must cancel X ′n1...n9 . Checking the terms in
Āp1p2p3Xn1...n9 one finds

c′0 = 0 , c1 = −c0
2 , c′1 = c0 . (A.66)

To show that it is the unique solution, one uses the general variation

δeX
′
n1...n9 =

∞∑
k=0

(
ck(δeφ(−k), X (3+k)) + ck+1(φ(−k−1), δeX

(4+k))
)

= 0 (A.67)

which implies by the GL(11) grading

ck(δeφ(−k), X (3+k)) + ck+1(φ(−k−1), δeX
(4+k)) = 0 (A.68)

for all k. But the module R(Λ2) is generated from the highest weight, so

ck+1(φ(−k−1), δeX
(4+k)) = 0 (A.69)

for k ≥ 0 if and only if ck+1(φ(−k−1), X (4+k)) = 0. We conclude that there is no solution with
c0 = 0, and since the solution with c0 6= 0 is unique up to a multiplicative constant, the
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homomorphism is unique up to a multiplicative constant. Fixing this constant by using
the explicit expressions for the lowest components of tensors in GL(11) decomposition
proves (2.40b).

We now prove (2.40a). Since (2.40b) is true, we deduce that(
Πα̃

MNK(α
α̃
β) + 1

2ΩIJC
IM

(αC
JN

β)

)
∂M ⊗ ∂N (A.70)

is an invariant E11 tensor despite appearances. The reason is that its non-covariant E11
variation is proportional to (2.40b) which was just shown to vanish. Therefore, (A.70)
defines a homomorphism from (e11 ⊗ e11)sym to R(Λ2). We are now going to prove that
there is no non-trivial such homomorphism.

The existence of any such homomorphism would imply that one can define a highest
weight vector of R(Λ2) for which we make the ansatz

X ′n1...n9 = c0A[n1n2n3An4...n9] + c1h[n1
phn2...n9],p + c2Ā

p1p2p3An1...n9,p1p2p3 + . . .

=
∞∑
k=0

ck(φ(1−k), φ(2+k)) (A.71)

in GL(11) level decomposition. The E11 variation of the ansatz is

δX ′ =
∞∑
k=0

(
ck(δeφ(1−k), φ(2+k)) + ck+1(φ(−k), δeφ

(3+k))
)

(A.72)

which implies by GL(11) grading that

ck(δeφ(1−k), φ(2+k)) + ck+1(φ(−k), δeφ
(3+k)) = 0 (A.73)

for all k ≥ 0 and c0(φ(1), δeφ
(2)) = 0. Once again, e11 is generated by the local subalgebra,

and therefore

ck+1(φ(−k), δeφ
(3+k)) = 0 ⇒ ck+1(φ(−k), φ(3+k)) = 0 (A.74)

for all k ≥ 0, so c0 must be different from zero, and then all the ck are uniquely determined
by c0. In order to fix c0 we look at the terms in eh1

1A6 obtained by varying the ansatz

δX ′ = −(3c0 + 56c1)ep[n1n2hn3
pAn4...n9]

+ 28c1h[n1
p
(2

3en2n3n4An5...n9]p + 1
3e|p|n2n3An4...n9]

)
+ . . . (A.75)

This expression can only vanish for zero coefficients which implies c0 = 0. This concludes
the proof that there is no non-trivial homomorphism from (e11 ⊗ e11)sym to R(Λ2), and
therefore that (2.40a) is true.

A.4 Casimir and homomorphic image of L(Λ10) in T0

In this appendix, we study the T0-homomorphism ω1 : T2 → T0 in order to provide evidence
that L(Λ10) ⊂ T0. This question arises in view of the constrained fields ζMΛ appearing
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in the field strength (2.35). We define ζMΛ as being valued in L(Λ10) ⊂ T2 in this paper,
but as we explained in appendix A.2, it would be more satisfactory, but not essential, to
also be able to identify them in T0. One can check at low levels that the components
R(Λ10)⊕R(2Λ3) ⊂ L(Λ10) and the decomposable part D0 of T0 are indeed the same. This
is done explicitly in GL(3)× E8 decomposition in appendix A.5 below, see (A.95).

The T0-homomorphism ω1 : T2 → T0 is defined from the quadratic Casimir ω for
T (e11) [58]. To show L(Λ10) ⊂ T0 we would require this homomorphism to be injective as
a T0-homomorphism on L(Λ10) ⊂ T2. We check explicitly that R(Λ10) ⊂ T2 is not in the
kernel of ω1. It is plausible that the T0 module generated from R(Λ10)⊕R(2Λ3) is the whole
L(Λ10), in which case we would indeed have that ω1 is injective on L(Λ10), establishing the
isomorphism.

The Casimir ω defines a T (e11)-homomorphism that acts on the category O of T (e11)-
modules. We will not use such modules, but they could be defined as highest weight
modules for example. The quadratic Casimir ω decomposes in the sum of T0-invariant
quadratic operators ωp according to (2.2). ωp can also be defined on some of the modules
of the category O of T0-modules that are not inside modules of the category O of T (e11)-
modules. In particular, one can act with ωq on Tp for p > q.

Recall the standard quadratic Casimir of e11 in the GL(11) decomposition

c = 1
2K

p
qK

q
p −

1
18K

p
pK

q
q + 13

3 K
p
p + 1

6Fp1p2p3E
p1p2p3 + . . . (A.76)

The second component ω2 can be defined in the same way by pairing T0 with its conjugate:

ω2 = 1
2K

p
qK̄

q
p + 1

2K̄
p
qK

q
p −

1
18K

p
pK̄

q
q −

1
18K̄

p
pK

q
q + 26

3 K̄
p
p

+ 1
6Fp1p2p3Ē

p1p2p3 + 1
6 F̄p1p2p3E

p1p2p3 + . . . (A.77)

One defines similarly ω1 as

ω1 = −35
3 K̄

n
n + 1

24 t
n1n2n3n4 t̄n1n2n3n4 −

1
2 t
n1n2

mt̄n1n2
m + 1

9 t
np
pt̄nq

q

− 1
2 tm,nt̄

m,n − 1
6 t
m
n1n2n3 t̄m

n1n2n3 + 1
16 t

p
n1n2pt̄q

n1n2q + . . . (A.78)

which is a normal-ordered form of 1
2ΩIJ tItJ where all the positive GL(11) weight generators

are on the right.70 We have written them as t̄I = ΩIJ tJ to simplify the expressions. They
are defined such that the field strength as an element of T−1 reads

F = · · ·+ 1
2 · 9!ε

n1...n9p1p2Fn1...n9;mt̄p1p2
m + 1

4! · 7!ε
n1...n7p1p2p3p4Fn1...n7 t̄p1p2p3p4

+ 1
4!Fn1n2n3n4t

n1n2n3n4 + 1
2Fn1n2

mtn1n2
m + 1

6Fm
n1n2n3tmn1n2n3 + Fm,ntm,n + . . .

(A.79)

One can prove that ω1 and ω2 commute with e11 by showing that they commute with
En1n2n3 and Fn1n2n3 and we give the relevant commutators at the end of this section. All

70The normal ordering is responsible for the term K̄n
n.
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the terms in the ellipses are determined by the invariant symplectic form on T (e11) and are
automatically invariant because their invariance does not require to modify the ordering
of the generators.

For p > 2, T−p admits a lowest weight and one can define the corresponding Casimir by
the pairing ωp = P (p−2) · P̄ (−p). Its T0 invariance does not require reordering, so the linear
terms in K̄n

n only appear in ω1 and ω2. Note that for the total Casimir ω = ∑∞
p=1 ωp,

these linear terms sum up to −3K̄n
n.

One checks that ω is indeed a Casimir of T (e11) by proving it commutes with T1 and
T−1. We use GL(11) level decomposition to show

[Pm,ω] =−3tmnp+ 1
6[Fn1n2n3 , t

mn1n2n3 ]+ 1
2[Kp

q, t
mq

q]−
1
18[Kp

p, t
mq

q]−
1
2[K̄m

n,P
n] = 0 ,
(A.80)

where we have only written the commutators that appear in putting all the generators
with the same ordering. Because [t̄p1p2p3p4 , K̄

m
n] = 0 we do not need to check the ordering

ambiguity to obtain that [t̄p1p2p3p4 , ω] = 0. Using commutation with T0 we generate the
whole local algebra [58, section B.3.1], T (e11), which concludes the proof that ω is indeed
a Casimir of T (e11).

Because ω is invariant under T (e11), it follows that ωp are invariant under T0 and
not only under e11. This is important because it means that ω1T2 ⊂ T0 is an ideal of T0,
and so the quotient T0/ω1T2 is an algebra. Since ω1Pm = 356Fm ∈ T0 in GL(11) level
decomposition (see (A.88)), R(Λ10) is not in the kernel of ω1. In particular, L(Λ10) is a
subalgebra T0 that admits a highest weight Λ10. It follows that its action on Tp for p ≥ 1
and it own commutation relations are consistent with highest weight representation theory
of e11. So in particular it is a solvable algebra and its representation matrices are e11 highest
weight module intertwiners.

To prove the results of this section, we had to compute some commutation relations
of T (e11) that we now display. The representation T−1 of e11 is defined through the com-
mutators

[En1n2n3 , t̄p1p2p3p4 ] = −36δ[n1n2
[p1p2

t̄p3p4]
n3] − 8δn1n2n3

[p1p2p3
t̄p4]q

q , (A.81a)

[En1n2n3 , tp1p2p3p4 ] = − 1
24ε

n1n2n3p1...p4q1...q4 t̄q1q2q3q4 , (A.81b)

[En1n2n3 , tp1p2
m] = −3δ[n1

m tn2n3]p1p2 , (A.81c)

[En1n2n3 , tmp1p2p3 ] = 18δ[n1n2
[p1p2

tn3]m
p3] + 2δn1n2n3

p1p2p3 t
mq

q , (A.81d)

[En1n2n3 , tm,p] = 6δ[n1
(m t

p2p3]
n) , (A.81e)

[Fn1n2n3 , t̄p1p2
m] = −3δm[n1

t̄n2n3]p1p2 , (A.81f)

[Fn1n2n3 , t̄p1p2p3p4 ] = 1
24εn1n2n3p1...p4q1...q4t

q1q2q3q4 , (A.81g)

[Fn1n2n3 , t
p1p2p3p4 ] = −36δ[p1p2

[n1n2
tp3p4]

n3] − 8δ[p1p2p3
n1n2n3t

p4]q
q , (A.81h)

[Fn1n2n3 , t
p1p2

m] = 6δp1p2
[n1n2

tn3],m + 6δ[p1
[n1
tp2]

n2n3]m −
3
2δ

p1p2
[n1n2

tqn3]mq . (A.81i)
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The commutators of T−1 with itself are

{tn1n2n3n4 , tp1p2p3p4} = 1
6ε

n1n2n3n4p1p2p3p4q1q2q3F̄q1q2q3 (A.82a)

{t̄n1n2n3n4 , t̄p1p2p3p4} = −1
6εn1n2n3n4p1p2p3p4q1q2q3Ē

q1q2q3 (A.82b)

{t̄n1n2n3n4 , t
p1p2p3p4} = 96δ[p1p2p3

[n1n2n3
K̄p4]

n4] − 8δp1p2p3p4
n1n2n3n4K̄

m
m . (A.82c)

These relations allows checking the invariance of ω1 under e11.
We also need the commutators involving Pm and Pn1n2n3n4 of R(Λ10) ⊂ T2

[Fn1n2n3 , Pm] = Pmn1n2n3 , [En1n2n3 , Pp1p2p3p4 ] = −24δn1n2n3
[p1p2p3

Pp4] , (A.83a)

[tn1n2n3n4 , Pm] = 1
7!ε

n1n2n3n4p1...p7(−Pp1...p7,m + 5Pp1...p7m) (A.83b)

[t̄n1n2n3n4 , Pm] = Pn1n2n3n4m , [t̄p1p2
m, Pn] = 4δm[p1

Pp2]n − δmn Pp1p2 , (A.83c)

[t̄p1p2
m, Pn1n2n3n4 ] = −4δm[n1

Pn2n3n4]p1p2 + 4δm[p1
Pp2]n1n2n3n4 , (A.83d)

[t̄mp1p2p3 , Pn] = 12δ[p1p2
nm P p3] , [t̄m,p, Pn] = −6δ(m

n Pn) (A.83e)

and

[K̄p
n, Pm]− 4δp(mFn) + . . . , (A.84)

where Fn is the generator of T0 in R(Λ10) and we omit the other terms. The commutators
with the T1 module are the ones written in [58] and we do not display them here. We have
the following anti-commutator of {T−1, T1} ⊂ T0

{t̄n1n2n3n4 , P
m} = 4δm[p1

Fp2p3p4] , {t̄p1p2
n, Pm} = −4δ[m

[p1
Kn]

p2] , (A.85a)

{t̄n1n2n3n4 , Pp1p2} = −Fn1n2n3n4p1p2 , (A.85b)
{t̄p1p2

m, Pn1n2} = 2δm[n1
Fn2]p1p2 − 2δm[p1

Fp2]n1n2 , (A.85c)

{tn1n2n3n4 , Pm} = − 1
6!ε

mn1n2n3n4p1...p6Fp1...p6 , (A.85d)

{tn1n2n3n4 , Pp1p2} = − 1
7!δ

[n1
[p1|ε

n2n3n4]q1...q8Fq1...q8,|p2] + 12δ[n1n2
p1p2 F̂

n3n4] , (A.85e)

{tp1p2
m, P

n} = 1
8!ε

np1p2q1...q8Fq1...q8,m + 3δ[n
mF̂

p1p2] , (A.85f)

where F̂n1n2 is the highest weight generator in R(Λ2). After this level it becomes more
difficult to obtain all terms, but since we know that ω1Pn, if non-zero, must give Fn ∈
R(Λ10), we shall only write the generators in R(Λ10). Obtaining other generators would
be inconsistent with the property that ω1 is a homomorphism. We determine these terms
by consistency with the property that L(Λ10) is an e11-submodule of T0, and in particular
[e11, L(Λ10)] ⊂ L(Λ10). We use ellipses for the generator in âdj with

{tmp1p2p3 , P
n} = −60δmn[p1p2

Fp3] + . . . , (A.86a)

{tm,p, Pn} = −1
2δ

n
(mFp) + . . . , (A.86b)

{tp1p2p3p4 , Pn1n2n3n4n5} = 60δp1p2p3p4
[n1n2n3n4

Fn5] + . . . , (A.86c)

{tp1p2
m, Pn1n2} = δp1p2

n1n2Fm − 4δp1p2
m[n1

Fn2] (A.86d)
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and

{tn1n2
m, Pq1...q5} = −10δn1n2

[q1q2Fq3q4q5]m − 10δn1n2
m[q1 Fq2q3q4q5] + . . . , (A.87a)

{tn1n2n3n4 , Pp1...p7,m} = 210δn1...n4
[p1...p4

Fp5p6p7]m + 210δn1...n4
m[p1p2p3

Fp4p5p6p7] + . . . , (A.87b)

{tn1n2n3n4 , Pp1...p8} = −420δn1n2n3n4
[p1...p4

Fp5p6p7p8] + . . . (A.87c)

The latter are needed to compute [K̄n
p, Pm]. With this, one has all the information to

compute

ω1Pm = 280Fm + 1
4!{t

n1n2n3n4 , Pmp1p2p3p4}+ 1
2{t

n1n2
m, Pn1n2}+ 1

3{t
np
p, Pmn}

+ 3{tm,n, Pn} −
1
4{t

q
mnq, P

n}

=
(

280 + 105 + 5
2 −

63
2

)
Fm = 356Fm , (A.88)

which completes the proof that R(Λ10) is not in the kernel of ω1. We do not have a proof
that ω1 is injective on all of L(Λ10) ⊂ T2, however T0-equivariance may imply that it is.

A.5 T (e11) under gl(3)⊕ e8

The local super-algebra of T (e11) associated to gl(3)⊕ e8 has been defined in [13]. Here we
shall compute the next level of superfields to obtain more information about the irreducible
modules that appear in Tp. For this we recall that T admits a Z2 grading

T (e11) =
∑
p∈Z
Tp =

∑
p∈Z

∑
q∈Z
Tp,q =

∑
q∈Z
Sq , (A.89)

where q − 1
2p is the weight under GL(1) ⊂ GL(3)×E8 ⊂ E11. q is not consistent with the

Z2 grading of the super-algebra, but each component Sq at fixed q is finite-dimensional.
The algebra can be defined using a BRST complex, with superfields of fixed q degree

that expand as superfields of Grassmann coordinates ϑµ of p-degree 1. The components
of degree q = 0 are parametrised by a bosonic vector superfield Vµ(ϑ) generating the
reparametrisation in three Grassmann variables ϑµ, and scalar fermionic superfield ΦA(ϑ)
in e8. We use ιµ = ∂

∂ϑµ
. The components of degree q = 1 are parametrised by the fermionic

superfield ψAµ and the bosonic superfield TAB in the 3875⊕ 1. The components of degree
q = −1 are parametrised by the bosonic superfield SA and the fermionic superfield Θµ.
The BRST differential is then

δVµ = Vνι
νVµ + ψAµ SA , (A.90a)

δΦA = 1
2fBC

AΦBΦC + Vµι
µΦA + TABSB + fBC

A
(
ψBµ ι

µSC − 1
2 ι
µψBµ S

C
)

+ ψAµ Θµ ,

(A.90b)
δSA = Vµι

µSA + ιµVµS
A + fBC

AΦBSC , (A.90c)
δΘµ = Vνι

νΘµ − ιµVνΘν + ινVνΘµ − ιµΦASA, (A.90d)
δψAµ = Vνι

νψAµ + ινVµψ
A
ν − ινVνψAµ + fBC

AΦBψCµ , (A.90e)
δTAB = Vνι

νTAB − ινVνTAB + 2ΦCfCD
(ATB)D − 2ιµΦ(AψB)

µ −fE(A
CfED

B)ιµΦCψDµ .

(A.90f)
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One checks indeed that δ2 = 0 on Vµ and ΦA and vanishes up to terms quadratic in the
degree q = ±1 on the components of degree q = ±1 respectively, showing that this defines
a local super-algebra in the sense of Kac [161]. The tensor hierarchy algebra is defined
as the quotient of the super-algebra freely generated from this local super-algebra by its
maximal ideal. The super-algebra associated to Vµ is the Kac super-algebraW (3) of super-
diffeormorphisms in three dimensions, while φA is the super-algebra G3(e8) of functions of
three Grassmann variables in e8, and

S0 =
1∑

p=−3
Tp,0 = W (3) iG3(e8) . (A.91)

Now we want to determine the superfields that appear at q = 2. We know from e11
that at level p = 0 we must have ψABµν in the 1 ⊕ 3875 and ψAµ,ν in the 248. Checking
the generators that they include at p = −2, one obtains ψν1ν2AB

µ1µ2 that gives one (2, 1)-form
and one three-form whereas ψσ1σ2A

µ,ν gives one symmetric (1, 1, 1) tensor and one (2, 1)-form.
Together T0 ⊂ e11 hR(Λ2)⊕R(Λ10) at level 3 include these representation and more71

e11|3 = (1,1,1;Λ1)⊕(2,1;Λ1)⊕(3;Λ1)⊕(2,1;Λ7)⊕(3;Λ7)⊕(2,1;Λ2)⊕(3;Λ8)⊕(2,1;0)
R(Λ2)|3 = (2,1;Λ1)⊕(3;Λ1)⊕(2,1;Λ7)⊕(3;Λ7)⊕(3;Λ2)⊕(3;Λ8)⊕(2,1;0)⊕(3;0)
R(Λ10)|3 = (3;Λ7) (A.92)

so we need new superfields for the remaining components

(2, 1; Λ1)⊕2×(3; Λ1)⊕(2, 1; Λ7)⊕2×(3; Λ7)⊕(2, 1; Λ2)⊕(3; Λ2)⊕(3; Λ8)⊕(2, 1; 0) (A.93)

To have a (2, 1) form one must either have a new superfield Tµ at p = −1, or a new
superfield λµ

ν at p = −2. One checks, however, that the second would lead to (2, 2, 1)
forms at level −3 that are incompatible with the level decomposition of T−3. We must
therefore introduce the superfields T [AB]

µ in the antisymmetric tensor product of two 248
and TABµ in 1 ⊕ 3875 at p = −1. However, TABµ includes one more E8 singlet and
we conclude that T0 ⊃ e11 h R(Λ2) ⊕ R(Λ10) ⊕ R(2Λ3). We must moreover include the
superfields λA8 in R(Λ8) of E8, λ́AB in the 3875 and λA in the 248 at p = −2 to get all
the irreducible representations. To remove the R(2Λ3) representation one would need to
constrain the superfield Tµ = 1

248κABT
AB
µ to ιµTµ = 0. But the W (3) representation

δTµ = Vνι
νTµ + ινVµTν − 2ινVνTµ (A.94)

is incompatible with this constraint. (One would need weight +1 and not −2.) There
cannot be any other superfield starting at p = −3 because it would contribute to T4 ⊃ R(Λ9)
that only starts at q = 3. Together this set of superfields implies

T0 ⊃ e11 hR(Λ2)⊕R(Λ10)⊕R(2Λ3)
T1 ⊃ R(Λ1)⊕R(Λ1 + Λ10)⊕R(Λ11)⊕R(Λ1 + 2Λ3)
T2 ⊃ R(Λ10)⊕R(2Λ3)⊕R(Λ2 + Λ10)⊕R(Λ1 + Λ11)⊕R(Λ2 + 2Λ3)
T3 ⊃ R(Λ11)⊕R(Λ3 + Λ10)⊕R(Λ3 + Λ4)⊕R(Λ2 + Λ11) (A.95)

71Here we use the convention that Λ1 of E8 is the 248, Λ2 the 30 380, Λ7 the 3875 and Λ8 the 147 250.
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This consistency check shows that at least these representations are in T (e11), but one
may in principle have more already at q = 2. We shall now check that there is no extra
superfield. We shall see moreover that the only indecomposable sum is the e11 hR(Λ2) at
this order.

At the next order one computes the following BRST variations

δψAµ =Vνι
νψAµ +ινVµψAν −ινVνψAµ +fBCAΦBψCµ

−TA;B
µ SB+ψAµ,νΘν+ 1

2fBC
AψBµ,νι

νSC+ψABµν ινSB ,

δψABµν =Vσι
σψABµν −2ισV[µψ

AB
ν]σ −2ισVσψABµν −2ΦCfCD

(AψB)D
µν +2ψ(A

µ ψB)
ν +fCE(AfB)E

Dψ
C
µ ψ

D
µ ,

δψAµ,ν =Vσι
σψAµ,ν+2ισV(µψ

A
ν),σ−2ισVσψAµ,ν+fBCAΦBψCµ,ν+fBDAψBµ ψCν ,

δTA;B
µ =Vνι

νTA;B
µ +ινVµTA;B

ν −2ινVνTA;B
µ +fCDAΦCTD;B

µ +fCDBΦCTA;D
µ

+
(
ψABµν −

1
2f

AB
Cψ

C
µ,ν

)
ινισVσ−ψAµ,νινΦB− 1

2fCE
AfBEDψ

C
µ,νι

νΦD+fCDBψACµν ινΦD

+ψAµ ινψBν + 1
2fCE

AfBEDψ
C
µ ι

νψDν −2ψ[A
ν ι

νψB]
µ +fCDATBCψDµ , (A.96)

where TA;B
µ = T

[AB]
µ + TABµ is in R(Λ1) ⊗ R(Λ1) 	 R(2Λ1) of E8. One can compute

similarly the terms bilinear in (Θµ, SA) and (ψABµν , ψAµ,ν , TA;B
µ , λAB;C) in δTAB by requiring

nilpotency of δ. But the only terms involving λAB;C is of the form

δTAB = −λAB;CSC + . . . (A.97)

and so all the remaining superfields must be included in λAB;C . The general decomposition
of λAB;C is

λAB;C = ΠA8
AB;CλA8 + fC(A

Dλ́
B)D + 2PAB,CDλC + 1

4κ
ABΛ̃C , (A.98)

where we used the property that there is no E11 highest weight representation that would
start at w3 = 3 with an E8 representation R(Λ2) or R(Λ1 + Λ7) to disregard these pos-
sibilities. We have introduced two adjoint superfields to allow a priori for the need of an
extra superfield Λ̃A. To check the variation of λAB;C , we shall only consider monomial in
TABψCµ S

D in δ2TAB. We use that

κBCλ
AB;C = 125

4 λA + 1
4Λ̃A , κABλ

AB;C = 62Λ̃C (A.99)

to project in the same way the terms in δ2TAB, after having removed all we could from
the variation of bilinear in TA;B

µ SC . One obtains

δλA = −δΛ̃A = TABιµψµB + 1
31κBCι

µTBCψAµ . (A.100)

This is the only term that could require a new adjoint field and we conclude therefore that
Λ̃A = −λA and there is no more irreducible representation at degree q = 2.

Using (A.96) one moreover checks the E11 variation of the scalar superfields and one
obtains that

EσA(ιµινψµν + 4ιµTµ) = 0 , (A.101)
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so the module R(Λk + 2Λ3) ⊂ Tk do not mix with lower level module and one can write a
direct sum, which proves that one has only direct sum in (A.95).

This provides a non-trivial consistency check that L(Λ10) ⊂ T0 with

L(Λ10) = R(Λ10)⊕R(2Λ2)⊕ . . . . (A.102)

We have also obtained that there is no R(Λ4) in T0, consistently with the property that
it belongs to L(Λ4). In terms of the decomposition of T2 given in (2.6), we have checked
that R(Λ1 + Λ11) is not part of L(Λ10) but is part of T2 so that D2 6= 0. This is not in
contradiction with our claim of a homomorphic image of L(Λ10) in T0.72

B Representation extensions and cohomology

In this appendix, we take a slightly more formal look at the indecomposable structure of
âdj as described in section 2.1. In particular, we spell out the sense in which the cocycle
Kαα̃

β̃ is an element of degree one in the Chevalley-Eilenberg cohomology of e11 in a certain
module. We shall return to the conjecture that L(Λ2) = R(Λ2) in this context at the end.

Generally, an extension of the adjoint of e11 by a module R to an indecomposable
e11-representation e11 h R is determined by a linear map73 K : e11 → Hom(R, e11) such
that the action of tα ∈ e11 on e11 hR is defined by

tα ·
(
φβt

β +Xβ̃t
β̃
)

= φβf
αβ

γ −K(tα)
(
Xβ̃t

β̃)−Xβ̃T
αβ̃

γ̃t
γ̃

=
(
φβf

αβ
γ −Xβ̃K

αβ̃
γ

)
tγ −Xβ̃T

αβ̃
γ̃t
γ̃ (B.1)

where we denote the basis elements of e11 by tγ and those of R by tγ̃ and have used
arbitrary coefficients. The notation is motivated by E11 exceptional field theory and (2.9).
The matrix components of the map K(tα) ∈ Hom(R, e11) are written as Kαα̃

γ and these
off-diagonal terms go beyond the e11 action on the direct sum of the two modules. For this
action to define a representation we must have

2t[α · tβ] ·
(
φγt

γ +Xγ̃t
γ̃
)

= tα ·
[(
φγf

βγ
δ −Xγ̃K

βγ̃
δ

)
tδ −Xγ̃T

βγ̃
δ̃t
δ̃
]
− (α↔ β)

=
(
φγf

βγ
δf
αδ
ε −Xγ̃f

αδ
εK

βγ̃
δ +Xγ̃T

βγ̃
δ̃K

αδ̃
ε

)
tε

+Xγ̃T
βγ̃
δ̃T

αδ̃
ε̃t
ε̃ − (α↔ β)

!=
(
φγf

αβ
δf
δγ
ε −Xγ̃f

αβ
δK

δγ̃
ε

)
tε −Xγ̃f

αβ
δT

δγ̃
ε̃t
ε̃ (B.2)

for all φγ and Xγ̃ . After renaming dummy indices, this leads to the e11 Jacobi identity, the
representation property

Tαα̃β̃T
ββ̃
γ̃ − T βα̃β̃T

αβ̃
γ̃ = fαβγT

γα̃
γ̃ , (B.3)

72We thank M. Cederwall for discussions related to this point.
73K is only a linear map, not an e11 homomorphism. The target Hom(R, e11) is the space of e11-

homomorphisms between the modules, however.
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on the module R and the identity

−fαδγKβα̃
δ + fβδγK

αα̃
δ + T βα̃β̃K

αβ̃
γ − Tαα̃β̃K

ββ̃
γ = −fαβδKδα̃

γ (B.4)

that was already given in (2.10b). The linear map K is only defined up to a choice of basis,
such that

K ′αα̃β = Kαα̃
β + Tαα̃β̃K

β̃
β + fαγβK

α̃
γ , (B.5)

in the basis t′α̃ = tα̃ −Kα̃
βt
β with

φαt
α +Xα̃t

α̃ = (φα +K β̃
αXβ̃)tα +Xα̃(tα̃ −Kα̃

βt
β) = φ′αt

α +Xα̃t
′α̃ . (B.6)

This can be reformulated in the language of Lie algebra cohomology [162] as follows.
Rewriting Hom(R, e11) ∼= R ⊗ e11, where R is the dual representation to R, gives us an
interpretation of K as a map from e11 to the e11-module M = R⊗ e11 and therefore as an
element of degree one in the Chevalley-Eilenberg complex H(Λ•(e11),M). The nilpotent
differential on this complex is defined for an element f of degree n by (hat means omission
of the corresponding argument)

df(x1, . . . , xn+1) =
n+1∑
i=1

(−1)i+1xi · f(x1, . . . , x̂i, . . . , xn+1)

+
∑
i<j

(−1)i+jf([xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . , xn+1) , (B.7)

with · denoting the action on the module R⊗ e11. The cocycle condition for an element K
of degree one means therefore

dK(x1, x2) = x1 ·K(x2)− x2 ·K(x1)−K([x1, x2]) != 0 . (B.8)

Writing this equation in a basis with K(tα) = Kαα̃
β t̄α̃ ⊗ tβ leads to

Kβα̃
δ

(
Tαβ̃α̃t̄β̃⊗t

δ+fαδγ t̄α̃⊗tγ
)
−Kαα̃

δ

(
T ββ̃α̃t̄β̃⊗t

δ+fβδγ t̄α̃⊗tγ
)
−fαβδKδα̃

γ t̄α̃⊗tγ = 0 ,
(B.9)

which is equivalent to (B.4).
An exact cocycle of degree one in the Chevalley-Eilenberg complex is the differential

of a degree zero element λ ∈ M , viewed as a linear map from the one-dimensional vector
space Λ0(e11) ∼= R to M = R⊗ e11,

dλ(x) = x · λ . (B.10)

Writing this element as λ = Kα̃
β t̄α̃ ⊗ tβ , an exact cocycle expands in components as

dλ(tα) = tα ·Kα̃
β t̄α̃ ⊗ tβ = Kα̃

βT
αβ̃

α̃t̄β̃ ⊗ t
β + fαβγK

α̃
β t̄α̃ ⊗ tγ , (B.11)

which means we have to identify

Kαα̃
β ∼ Kαα̃

β + Tαα̃β̃K
β̃
β + fαγβK

α̃
γ , (B.12)

in agreement with (B.5).
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The existence of the tensor hierarchy algebra T (e11) gives the existence of a non-
trivial cocycle for the case of R = R(Λ2). We see directly that condition (B.8) is satisfied.
To check that there is no trivialisation Kα̃

α one can resort to level decomposition: the
structure constants are invariant under the Levi subgroup L ⊂ E11 associated to a level
decomposition, and one finds that the irreducible representations of L in R(Λ2) do not all lie
in e11. Therefore no Kα̃

α can trivialise the cocycle, given that by Schur’s lemma there are
no non-trivial homomorphisms between non-isomorphic irreducible representations of L.

It would be interesting to investigate which representations can be added indecom-
posably to the adjoint e11. There is a non-trivial cocycle mixing e11 with R(nΛ2) for all
n ≥ 1. They are direct generalisations of the Virasoro extensions Ln of affine Lie algebras.
To prove the existence of these cocycles, one defines an algebra Vn(e11) ⊃ e11 h R(nΛ2)
extending e11 for any n ≥ 1 using the local algebra construction [161]. The local algebra of
Vn(e11) is defined in the branching under e9 ⊕ sl(2) such that the grading is the e9 central
charge, with

Vn(e11)⊃
(
2⊗R(Λ0)−3

2

)(−1)⊕
(
e9h〈Ln〉⊕sl(2)

)(0)⊕
(
2⊗R(Λ0)−3

2
⊕2⊗R(Λ0)n− 3

2

)(1)
, (B.13)

and

e11 ⊃
(
2⊗R(Λ0)−3

2

)(−1) ⊕
(
e9 ⊕ sl(2)

)(0) ⊕
(
2⊗R(Λ0)−3

2

)(1)
,

R(nΛ2) ⊃ 〈Ln〉(0) ⊕
(
2⊗R(Λ0)n− 3

2

)(1)
, (B.14)

such that the subscripts w = −3
2 or n− 3

2 are the eigenvalues of the e9 derivation d = L0 +w
on the highest weight vector. One moreover checks that the commutation relations are
uniquely fixed by solving Jacobi identities.74 Preliminary checks suggests that there might
be many more possibilities, and we have evidence for a non-trivial cocycle mixing e11 with
R(2Λ10).75

In the context of the tensor hierarchy algebra, our conjecture is that for âdj we have
L(Λ2) = R(Λ2). From the analysis of the tensor hierarchy algebra in GL(3) × E8 we can
show that there is no R(2Λ2) inside âdj, suggesting that there is no R(nΛ2). The structure
of the Virasoro algebra indeed requires that if R(nΛ2) is present, all R(mΛ2) for m > n

must also be. It would be rather disturbing to have such an infinite sequence with a gap
between R(Λ2) and the first occurring R(nΛ2). Moreover, we have partly checked the local
algebra construction of T (e11) based on the degree zero component V1(e11), which would
prove that none of the R(nΛ2) with n ≥ 2 appear in T0. Nevertheless, the statement
L(Λ2) = R(Λ2) remains conjectural.

74One can combine all modules with n ≥ 1 to obtain an algebra V+(e11) ⊃ e11 h
(⊕

n≥1 R(nΛ2)
)
.

Performing a level decomposition of the latter with respect to the grading element HΛ2 , the degree zero
subalgebra is e9 h

(⊕
m>0〈Lm〉

)
⊕ sl(2) where the Virasoro generators Lm with m ≥ 0 satisfy the Virasoro

algebra [Lm, Ln] = (m− n)Lm+n.
75We have checked that it is consistent with the positive Borel subalgebra b+ ⊂ e11. For discussions of

Lie algebra cohomology for Kac-Moody algebras see [163, 164].
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C GL(11) formulae

In this appendix we collect some relevant reference expressions for the GL(11) level de-
compositions of the various objects of E11 exceptional field theory. The GL(11) level
decomposition of E11 was originally studied in [59], see also [64, 101]. The extension to the
tensor hierarchy algebra T (e11) and in particular the field strength representation was given
in [13, 58]. E11 is generated by the level ±1 generators En1n2n3 and Fn1n2n3 , respectively.

C.1 E11 transformations

In order to describe the adjoint of e11, we introduce formal fields that are not projected
to the coset component, with a + superscript for positive or null GL(11) level and a −
superscript for negative level. More specifically we need to describe the indecomposable
representation âdj, so we define this formal field in T−2 as explained in [58, eq. (4.30)]

φα̂t̄α̂ = . . .+ 1
8!h

n1...n8,m
− F̄n1...n8,m + 1

6!A
n1...n6
− F̄n1...n6 + 1

3!A
n1n2n3
− F̄n1n2n3 + h+

n
mK̄n

m

+ 1
3!A

+
n1n2n3Ē

n1n2n3 + 1
6!A

+
n1...n6Ē

n1...n6 + 1
8!h

+
n1...n8,mĒ

n1...n8,m (C.1)

+ 1
8!Xn1...n9Ē

n1...n9 + 1
9!Xn1...n10,p1p2Ē

n1...n10,p1p2 + 1
9!Xn1...n11,mĒ

n1...n11,m + . . . .

Under the E11 generator

Λ = 1
3!en1n2n3E

n1n2n3 + 1
3!f

n1n2n3Fn1n2n3 , (C.2)

these components transform in our conventions as [58]

δΛh
n1···n8,m
− = −56f‹n1n2n3An4···n8,m›

− + . . . , (C.3a)

δΛA
n1···n6
− = −20f [n1n2n3A

n4n5n6]
− + 1

2ep1p2qh
n1···n6p1p2,q
− , (C.3b)

δΛA
n1n2n3
− = 1

6ep1p2p3A
n1n2n3p1p2p3
− + 3fp[n1n2h+

p
n3] , (C.3c)

δΛh
+
n
m = 1

2enp1p2A
mp1p2
− − 1

2f
mp1p2A+

np1p2

− 1
18δ

m
n

(
ep1p2p3A

p1p2p3
− − fp1p2p3A+

p1p2p3

)
, (C.3d)

δΛA
+
n1n2n3 = −1

6f
p1p2p3A+

n1n2n3p1p2p3 − 3ep[n1n2h
+
n3]

p , (C.3e)

δΛA
+
n1···n6 = 20e[n1n2n3A

+
n4n5n6] −

1
2f

p1p2qh+
n1···n6p1p2,q , (C.3f)

δΛh
+
n1···n8,m = 56e‹n1n2n3A

+
n4···n8,m› + . . . , (C.3g)

δΛXn1···n9 = −1
2f

p1p2p3Xn1...n9p1,p2p3 + fp1p2p3Xn1...n9p1p2,p3 − 28e[n1n2n3A
+
n4···n9] + . . . ,

(C.3h)

where ‹n1 . . . nk,m› denotes the projection to the irreducible representation of Young sym-
metry (k, 1).
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The derivatives ∂M belong to the R(Λ1) module, see section 2.2. Their level decom-
position was first analysed in [2], see also [65]. At lowest GL(11) levels they are

∂M = (∂m; ∂n1n2 ; ∂n1...n5 ; ∂n1...n7,m, ∂n1...n8 ; . . .) . (C.4)

Under the E11 generator

Υ = 1
8!e

n1...n8,mEn1...n8,m + 1
6!en1...n6E

n1...n6 + 1
3!en1n2n3E

n1n2n3

+ 1
3!f

n1n2n3Fn1n2n3 + 1
6!f

n1...n6Fn1...n6 + 1
8!f

n1...n8,mFn1...n8,m (C.5)

they transform in our conventions as [58]

δΥ∂m = 1
2emn1n2∂

n1n2 + 1
5!emn1...n5∂

n1...n5 + 1
7!emn1...n7,p∂

n1...n7,p+ 3
7!emn1...n7p∂

n1...n7p

δΥ∂
n1n2 = fn1n2p∂p+ 1

6ep1p2p3∂
n1n2p1p2p3 + 1

5!ep1...p5q∂
n1n2p1...p5,q+ 1

3·5!ep1...p6∂
n1n2p1...p6

δΥ∂
n1...n5 = 10f [n1n2n3∂n4n5]−fn1...n5p∂p+ 1

2ep1p2q∂
n1...n5p1p2,q+ 1

6ep1p2p3∂
n1...n5p1p2p3

δΥ∂
n1...n7,m = 35f 〈n1n2n3∂n4...n7,m〉−7f 〈n1...n6∂n7,m〉+fp〈n1...n7,m〉∂p

δΥ∂
n1...n8 =−7f [n1n2n3∂n4...n8]+7f [n1...n6∂n7n8]− 3

8f
n1...n8,p∂p , (C.6)

while they transform under gl(11) as tensors of density weight 1
2 . For instance, one has the

gl(11) transformation with h ·K = hm
nKm

n

δh·K∂m = hm
p∂p −

1
2hp

p∂m + . . . , δh·K∂
n1n2 = 2hp[n1∂n2]p − 1

2hp
p∂n1n2 + . . . , (C.7)

and similarly for the lower level components. We need these components to write the
potential terms (3.11) and (3.30b) in GL(11) level decomposition, this is why we give them
explicitly.

The E11 transformation rules of the components of the field strengths F I in T−1 un-
der (C.2) are given by [13, 58] (see for example [58, table 3])76

δΛFm,n = 1
2f

p1p2(mFp1p2
n)− 1

6ep1p2p3Fp1p2p3(m,n) , (C.8a)

δΛFmn1n2n3 =−3fp[n1n2Fmpn3]+ 3
4f

p1p2[n1δn2
m Fp1p2

n3]− 1
6ep1p2p3Fmn1n2n3p1p2p3

−empqFn1n2n3p,q+ 3
8δ

[n1
m ep1p2qFn2n3]p1p2,q , (C.8b)

δΛFn1n2
m = ep1p2[n1Fn2]

mp1p2− 1
9ep1p2p3δ

m
[n1
Fn2]

p1p2p3 +epn1n2Fm,p

− 1
2f

mp1p2Fn1n2p1p2−
1
9f

p1p2p3δm[n1
Fn2]p1p2p3 , (C.8c)

δΛFn1n2n3n4 =−6ep[n1n2Fn3n4]
p− 1

6f
p1p2p3Fn1n2n3n4p1p2p3 , (C.8d)

76The last two field strengths transformations were not given in eq. (4.37) of [13], and here we choose to
represent Fn1...n9;m = Fn1...n9,m + Fmn1...n9 in the reducible representation.
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δΛFn1...n7 =−35e[n1n2n3Fn4...n7]−
1
2f

p1p2p3Fn1...n7p1p2;p3 , (C.8e)

δΛFn1...n10 = 4e[n1n2n3Fn4...n10]+
1
18f

p1p2p3Fp1[n1...n9,n10]p2p3 , (C.8f)

δΛFn1...n9;m =−28e[n1n2n3Fn4...n9]m−24em[n1n2Fn3...n9] (C.8g)

− 1
2f

p1p2p3Fn1...n9p1;p2p3m+ 1
18f

p1p2p3Fn1...n9m;p1p2p3

+fp1p2p3Fn1...n9p1p2;p3,m ,

δΛFn1...n10;p1p2p3 = 15ep1p2][n1Fn2...n10];[p3−
135
2 ep1][n1n2Fn3...n10][p2;p3 +fp1p2p3(. . .) , (C.8h)

δΛFn1...n11;p,q = 55
2 ep)[n1n2Fn3...n11];(q+fp1p2p3(. . .) , (C.8i)

where we use the notation that two sets of indices separated by a semi-column are in the
tensor product of the two respective antisymmetric tensor representations, while two sets
of indices separated by a comma are in the biggest irreducible component of the same
tensor product, excluding further antisymmetrisation. For example, Fm,n is a symmetric
tensor while Fn1...n9;m includes both the hooked irreducible representation (9, 1), written
as Fn1...n9,m, and the antisymmetric rank 10 tensor, written as Fn1...n10 .

We also need to describe the module L(Λ3), which we write with an auxiliary field
strength GĨ . The first components of GM3 ∈ R(Λ3) ⊂ L(Λ3) are

GM3 = (Gn1...n8 ;Gn1...n9,p1p2 ; . . . ) , (C.9)

and they transform under (C.2) as

δGn1...n8 = −1
2f

p1p2p3Gn1...n8p1;p2p3 , δGn1...n9;p1p2 = −9ep1p2[n1Gn2...n9] + fp1p2p3(. . . ) .
(C.10)

C.2 Field strengths and gauge transformations

An important rôle is played by the tensor CIM α̂ arising from the tensor hierarchy algebra
since it defines the field strengths out of the currents according to (2.36). To display the
components CIM α̂ it is convenient to write the linearised field strength

F I(lin.) = CIMα∂Mφ
α + CIM α̃∂MX

α̃ + CIMΛ∂MY
Λ + CIM Λ̃∂MY

Λ̃ , (C.11)

in terms of the field φα̂ = (φα, X α̃) and Y Λ̂, where we use χMα̃ = ∂MX
α̃ and ζM Λ̂ = ∂MY

Λ̂

to simplify notations. These linearised field strength F I(lin.) are given by [13, 58]77

(−5
2 )Fn1,n2

(lin.) = ∂q(n1hq
n2) + 1

6!∂
p1p2p3p4p5p6(n1,n2)Ap1p2p3p4p5p6 + . . . , (C.12a)

77The last two field strengths, the ∂n1...n5 terms in ( 1
2 )F (lin.)

m1...m7 and the ∂pq terms in ( 3
2 )F (lin.)

n1...n9;m were not
given in eq. (4.36) of [58]. Note that there is a typo in eq. (4.36g) of [58] where the correct coefficient of
the last term should be 48

9! instead 1
12·9! . Note that the tensor CIMΛ defined in this paper agrees with the

one defined in [58] for Λ valued in R(Λ10) which is all that enters here.
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(−5
2 )Fmn1n2n3

(lin.) = −ηn1p1ηn2p2ηn3p3∂mAp1p2p3 + 3∂[n1n2hm
n3] + 1

2∂
n1n2n3p1p2Amp1p2

+ 1
4!∂

n1n2n3p1p2p3p4,qAmp1p2p3p4q −
1
5!∂

n1n2n3p1p2p3p4p5Amp1p2p3p4p5

+ 3
2δ

[n1
m

(
∂n2|qhq

n3] − 1
6∂

n2n3]p1p2p3Ap1p2p3 −
3

2 · 5!∂
n2n3]p1...p5,qAp1...p5q

+ 1
6!∂

n2n3]p1...p6Ap1...p6

)
+ . . . , (C.12b)

(−3
2 )F (lin.)

n1n2
m = 2∂[n1hn2]

m + ∂mpAn1n2p + 1
3δ

m
[n1
∂p1p2An2]p1p2 + . . . , (C.12c)

(−1
2 )F (lin.)

m1...m4 = 4∂[m1Am2m3m4] −
1
2∂

n1n2Am1...m4n1n2 −
1
24∂

n1...n5hm1...m4n1...n4,n5

+ 1
5!∂

n1...n5Xm1...m4n1...n5 + . . . , (C.12d)

(1
2)F (lin.)

m1...m7 = 7∂[m1Am2...m7] + ∂n1n2hm1...m7n1,n2 −
1
2∂

n1n2Xm1...m7n1n2

− 1
12∂

n1...n5Xm1...m7n1n2n3,n4n5 −
1
24∂

n1...n5Xm1...m7n1...n4,n5

− 1
24∂

n1...n5Ym1...m7n1...n4,n5 + . . . , (C.12e)

(3
2)F (lin.)

n1...n9;m = 9∂[n1hn2...n9],m + ∂mXn1...n9 + 1
2∂

p1p2An1...n9,mp1p2 (C.12f)

+ 9
10
(
∂pqXpn1...n9,mq + ∂pqXpm[n1...n8,n9]q

)
+ 1

15∂
pqXn1...n9m,pq

+ 27
20
(
∂pqXpqn1...n9,m + ∂pqXpqm[n1...n8,n9]

)
+ 1

30∂
pqXn1...n9mp,q

+ 9
20
(
∂pqYpqn1...n9,m + ∂pqYpqm[n1...n8,n9]

)
+ 7

30∂
pqYn1...n9mp,q + . . . ,

(5
2)F (lin.)

m1...m10;n1n2n3 = 10∂[m1Am2...m10],n1n2n3 + 3∂[n1|Xm1...m10,|n2n3]

+ 3
2∂[n1|Xm1...m10|n2,n3] + 3

2∂[n1|Ym1...m10|n2,n3] + . . . , (C.12g)
(5

2)F (lin.)
m1...m11;n,p = 11∂[m1Bm2...m11],n,p + 2∂(m|Cn1...n11,|p)

+ 5
2∂(n|Xm1...m11,|p) + 1

2∂(n|Ym1...m11,|p) + . . . . (C.12h)

Note that compare to [13, 58] we find convenient to use the reducible field strength
(3

2)F (lin.)
n1...n9;m = (3

2)F (lin.)
n1...n9,m + (3

2)F (lin.)
mn1...n9 , instead of its irreducible components.

We now write out the linearised gauge transformations of the coset potentials using
the coset element (7.15) together with the linearised metric gmn = ηmn+ηp(mhn)

p. We also
present the corresponding formulas for the lowest level constrained fields (7.18) and (7.19).
According to (2.61a), these gauge variations contain the tensors Tαα̃β̃ , Πα̃

MN and ΠΛ
MN

δξhn
m = ∂nξ

m−∂mpλnp+∂mξn−∂npλmp+ 1
3δ

m
n ∂pqλ

pq+. . . , (C.13a)

δξAn1n2n3 = 3∂[n1λn2n3]+
1
2∂

p1p2λn1n2n3p1p2 +3∂[n1n2ξn3]+. . . , (C.13b)

δξAn1···n6 = 6∂[n1λn2···n6]−∂p1p2ξn1···n6p1,p2 +∂p1p2λn1···n6p1p2 +· · · , (C.13c)
δξhn1···n8,m = 8∂[n1ξn2···n8],m+24∂‹n1λn2···n8,m›+· · · , (C.13d)
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δξχM ;n1...n9 = 24∂M∂[n1λn2···n9]−εn1...n9pq∂M∂
pξq+. . . , (C.13e)

δξχM ;m1...m10,n1n2 = εm1...m10p∂M

(
∂pλn1n2 + 1

5δ
p
[n1
∂qλn2]q−∂n1n2ξ

p− 1
5δ

p
[n1
∂n2]qξ

q
)

+. . . ,

(C.13f)

δξχM ;m1...m11,n = 1
10εm1...m11∂M (∂pλnp−∂npξp)+. . . , (C.13g)

δξζM ;m1...m11,n =−1
2εm1...m11∂M (∂pλnp+∂npξp)+. . . , (C.13h)

where indices are lowered and raised with the Minkowski metric ηmn, and we distinguished
ξn1...n7,m from λn1...n8 at level 9

2 .
We finally write the first components of GĨ appearing in (7.29) that defines the tensor

C ĨMα̂ through GĨ(lin.) = C ĨMα̂η
MN∂Nφ

α̂.78 The components of GM3 ∈ R(Λ3) are given
by [58]

G(lin.)
n1...n8 = ∂̄q(hn1...n8,q +Xn1...n8q)− 28∂̄[n1n2An3...n8] − 56∂̄[n1...n5An6n7n8] (C.14a)

+ 8∂̄[n1...n7|,qhn8]
q − 24∂̄q[n1...n7hn8]

q

G(lin.)
n1...n9;p1p2 = ∂̄p1p2Xn1...n9 − ∂̄mXn1...n9m,p1p2 + 2∂̄mXn1...n9m[p1,p2] + . . . (C.14b)

while the highest weight components in R(Λ1 +Λ10)⊕R(Λ11) are combined in the reducible
tensor

G̃(lin.)
n1...n10;m = 10∂̄m[n1Xn2...n10] − ∂̄pXn1...n10,mp − 2∂̄pXn1...n10[p,m] + . . . , (C.15)

where we only give the components C ĨMα̃η
MN∂NX

α̃ at level 11
2 .

C.3 Bilinear forms

One defines the following invariant bilinear forms. The Killing-Cartan form expands as

καβΦ+
αΦ+

β = h+
m
nh+

n
m − 1

2h
+
m
mh+

n
n + 1

3A
+
n1n2n3A

n1n2n3
−

+ 2
6!A

+
n1...n6A

n1...n6
− + 2

8!h
+
n1...n8,mh

n1...n8,m
− + . . . (C.16)

One can also check that the K(E11) invariant bilinear forms on R(Λ1) and T−1 respectively
expand as

ηMN∂M∂N = ηmn∂m∂n+ 1
2ηn1p1ηn2p2∂

n1n2∂p1p2 + 1
5!ηn1p1 · · ·ηn5p5∂

n1...n5∂p1...p5

+ 1
7!ηn1p1 · · ·ηn7p7ηmq∂

n1...n7,m∂p1...p7,q+ 1
7!ηn1p1 · · ·ηn8p8∂

n1...n8∂p1...p8 +. . . ,
(C.17)

78Recall that there is no direct use of this field strength GĨ = C Ĩ
Mα̂
MMNJN

α̂ in the theory, but it is
simply convenient to use GĨ(lin.) to write the components of the tensor C Ĩ

Mα̂
.
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and

ηIJF
IF J = · · · − 1

3 · 10!Fn1...n10;p1p2p3Fn1...n10;p1p2p3 − 1
2 · 9!Fn1...n10;p1p2p3Fp1n1...n9;n10p2p3

+ 1
11!Fn1...n11;m,pFn1...n11;m,p + 1

8!Fn1...n9;mFmn1...n8;n9 + 1
7!Fn1...n7Fn1...n7

+ 1
4!Fn1···n4Fn1···n4 + 1

2Fn1n2
mFn1n2

m −FnppFnqq

+ 4
6F

n4
[n1n2n3Fn4]

n1n2n3 + Fm,nFm,n + . . . . (C.18)

We have the E11 invariant symplectic form

ΩIJF
IF ′J

= 1
4!7!ε

n1...n11

(1
6Fn1n2

mF ′n3...n11;m−
1
3Fn1m

mF ′n2...n10;n11−Fn1n2n3n4F ′n5...n11

− 1
180Fn1

p1p2p3F ′n2...n11;p1p2p3 + 1
60Fq

p1p2qF ′n1...n10;n11p1p2−
1

165F
m,pF ′n1...n11;m,p+. . .

)
,

(C.19)

where we included in the ellipses the terms with F and F ′ exchanged that can be deduced
by antisymmetry of the symplectic form.

One compute that (A.28) is satisfied at this level provided the K(E11) invariant bilinear
form ηĨ J̃ expands as

ηĨ J̃G
ĨGJ̃ = 1

8!Gn1...n8G
n1...n8 + 1

2 · 9!Gn1...n9;p1p2G
n1...n9;p1p2

− 1
10!G̃n1...n10;mG̃

n1...n10;m + 11
4 · 10!G̃[n1...n10;m]G̃

n1...n10;m . (C.20)

This exhibits in particular that the module L(Λ3) must indeed include R(Λ1+Λ10)⊕R(Λ11).
We note also that the coefficients of the irreducible components of the bilinear form ηĨ J̃ are
not all positive, it is positive for R(Λ3), negative for R(Λ1 + Λ10) and positive for R(Λ11).

C.4 Closure of gauge transformations on the dual graviton

Here, we shall verify the first non-trivial component of the identity (2.54) in GL(11) level
decomposition and show how it relates to the closure of gauge transformations on the dual
graviton. The first non-trivial component of this identity in the GL(11) decomposition is
when Ĩ is at level 9

2 and it corresponds to an eight-form. Let us write it as it appears in
the closure of the algebra of generalised diffeomorphisms

hαC
Ĩ
P β̂
T β̂MQC̄Ĩ

NαξP∂M∂Nξ
Q =hα

(
fαβγT

γM
PTβ

N
Q−2δM[P TαNQ]

)
ξP∂M∂Nξ

Q , (C.21)

in which case the level 9
2 component Ĩ of ΣM

Ĩ corresponds to the Stückelberg gauge pa-
rameter Σm,n1...n8 that allows us to reabsorb the dual graviton field in a redefinition of the
constrained field χm;n1...n9 .

For the left-hand side we observe that

C Ĩ
P β̂
T β̂MQξ

P∂Mξ
Q = C Ĩ

P β̂
ξP δ+

ξ h
α̂ , (C.22)
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where we have introduced the notation

δ+
ξ h

α̂ = T α̂MN∂Mξ
N , (C.23)

so for the eight-form component one gets

ξqδ+
ξ (hn1...n8,q +Xn1...n8q)− 28λ[n1n2δ

+
ξ An3...n8] − 56λ[n1...n5δ

+
ξ An6n7n8]

+ 8ξ[n1...n7|,qδ
+
ξ hn8]

q − 24λq[n1...n7δ
+
ξ hn8]

q

= 8
(
ξq∂[n1(ξn2...n8],q + 3λn2...n8]q)− 21λ[n1n2∂n3λn4...n8] − 21λn1...n5∂n6λn7n8

+ (ξ[n1...n7|,q + 3λ[n1...n7|q)∂n8]ξ
q . (C.24)

Using then the eight-form component of C̄ĨNα∂Nhα

∂mh̄
n1...n8,m (C.25)

one obtains for the left-hand side of (C.21)

Ln1...n8 = 1
7! h̄

n1...n8,m
(
ξq∂m∂[n1(ξn2...n8],q + 3λn2...n8]q) + (ξ[n1...n7|,q + 3λ[n1...n7|q)∂n8]∂mξ

q

− 21λ[n1n2|∂m∂n3λn4...n8] − 21λn1...n5|∂m∂n6λn7n8

)
. (C.26)

For the right-hand side of (C.21) one first identifies

fαβγhαT
γM

P ξ
PTβ

N
Qξ

Q = −δe11(δe11(Tβ)h)ξM × δe11(T β)ξN (C.27)

and we expand this component for M = m and N = n

δe11(δe11(Tβ)h)ξm × δe11(T β)ξn

= δe11(δe11(Kq
p)h)ξm × δe11(Kp

q)ξn −
1
9δe11(δe11(Kp

p)h)ξm × δe11(Kq
q)ξn

+ 1
6δe11(δe11(F p1p2p3)h)ξm × δe11(Ep1p2p3)ξn + . . .

= δe11(δe11(Kn
q)h)ξm × ξq + 1

2δe11(δe11(Fnq1q2)h)ξm × λq1q2 + . . .

= − 1
7!
(
δe11(Kn

q)h̄mp1...p7,r(ξp1...p7,r + 3λp1...p7r)× ξq

+ 21δe11(Fnq1q2)Āmp1...p5λp1...p5 × λq1q2 + . . .
)

= − 1
7!
(
h̄np1...p7,r(ξp1...p7,r + 3λp1...p7r)× ξm + 7h̄mnp2...p7,r(ξp1...p7,r + 3λp1...p7r)× ξp1

+ h̄mp1...p7,n(ξp1...p7,r + 3λp1...p7r)× ξr − 3× 21h̄mp1...p5[q1q2,n]λp1...p5 × λq1q2 + . . .
)

(C.28)

Then one uses that
hαT

αN
Qξ

Q = δe11(h)ξN (C.29)

to write
δe11(h)ξn = − 1

7! h̄
np1...p7,r(ξp1...p7,r + 3λp1...p7r) , (C.30)
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for the second term. Combining the two terms in the right-hand side (C.21) one finds
indeed the left-hand side (C.26) as computed above.

This shows in particular from (C.26) that the 3-form and 6-form potential gauge trans-
formations do not close on themselves on the dual graviton field at the non-linear level,
but they close up to a Stückelberg gauge transformation of parameter

Σn1...n8,m = −21λ[n1n2|∂m∂n3λn4...n8] − 21λn1...n5|∂m∂n6λn7n8 , (C.31)

that does not affects the dual graviton field strength. The same is true for the commutator
of a dual-graviton gauge transformation and a diffeomorphism, with

Σn1...n8,m = ξq∂m∂[n1(ξn2...n8],q + 3λn2...n8]q) + (ξ[n1...n7|,q + 3λ[n1...n7|q)∂n8]∂mξ
q , (C.32)

similarly as in the vielbein formulation [60].

C.5 On the cancelations in the pseudo-Lagrangian

In this appendix we illustrate the general proof of section 7.1 by showing explicitly how the
cancelation (7.13) occurs for k = 3. The case k = 3 is particularly relevant to construct
the dual graviton Lagrangian (8.8) in section 8.2.

We expand the terms in (7.13) for k = 3, using (C.18). From the kinetic term we find

∑
k=0,3

Lkin
∣∣
k

= 1
4
√
−g

(1
2Fn1n2

mFn1n2
m −FnmmFnpp −

1
8!Fn1...n8p;qFn1·n8q;p

)
. (C.33)

The potential term (7.9) gives

Lpot1

∣∣
k=3 = −1

2mα(3)β(3)m
mnJ̃mα(3)J̃nβ(3) + 1

2mα(3)γ(3)T
γ(3)n

QTβ(3)
Q
pm

pmJ̃mα(3)J̃nβ(3)

= − 1
2 · 8!

√
−ggmnJm;p1...p8,qJn;

p1...p8,q

+ 1
2 · 8!

√
−ggmn

(
Jq;mp1...p7,rJn;

qp1...p7,r − Jq;mp1...p7,rJn;
p1...p7r,q

)
=
√
−g

(
− 9

2 · 8!J[n1;n2...n9],qJ n1;n2...n9,q + 1
2 · 8!Jq;n1...n8,pJ p;n1...n8,q

)
. (C.34)

Finally, using (C.20), (7.27) and (7.28) we compute

Lpot2

∣∣
k=3 = −

√
−g

2 · 8!
(
Jp;n1...n8,qJ q;n1...n8,p + 2J[n1;n2...n9],pχ

p;n1...n9 + χp;n1...n9χ
n1;n2...n9p

)
,

Ltop
∣∣
k=0,3 = − 1

4 · 9!ε
n1...n11Fn1n2

s(Fn3...n11,s + 9Fn3...n11s
)
. (C.35)

Combining the results for k = 3 given above allows us to check that

2Lkin
∣∣
k=3 + Lpot1

∣∣
k=3 + Lpot2

∣∣
k=3 = 0 , (C.36)
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as proved for all k ≥ 3 in section 7.1, such that the sum of all terms gives O3 as in (7.13)

Lkin
∣∣
k=0 + Lkin

∣∣
k=3 + Lpot1

∣∣
k=3 + Lpot2

∣∣
k=3 + Ltop

∣∣
k=0,3

=
√
−g

(1
8Fn1n2

mFn1n2
m −

1
4Fnm

mFnpp −
1

4 · 8!Fn1...n8p;qFn1·n8q;p
)

− 1
4 · 8!ε

n1...n11Fn1n2
pFpn3...n10;n11

= O3 . (C.37)

D GL(3)× E8 formulae

Many details for the E8 decomposition and the tensors appearing in the tensor hierarchy
can be found in [13]. We recall the salient features here and refer to table 4 for a summary of
the representations. We use the conventions and the explicit projectors onto E8 irreducible
representations of [119].79

D.1 E11 transformations

In order to describe the adjoint of e11 in this basis, we introduce formal fields that are not
projected to the coset component, with a + superscript for positive or null level and a −
superscript for negative level. These transform under the adjoint action of the elementary
level ±1 e11 element

Λ = fµAF
A
µ + eAµE

µ
A , (D.1)

as

δΛh
+
µ
ν = eAµA

−ν
A − f

ν
AA

+
µ
A − δνµ

(
eAσA

−σ
A − f

σ
AA

+A
σ

)
, (D.2a)

δΛΦ+
A = fAB

CeBµA
−µ
C − fAB

CfµCA
+B
µ , (D.2b)

δΛA
+A
µ = −eAν h+

µ
ν + fCABe

B
µ Φ+

C − f
ν
BB

+
µν
AB − fABCfνBh+

µ,ν
C , (D.2c)

δΛB
+AB
µν = 28PABCDeC[µA+

ν]
D + 1

2κ
ABκCDe

C
[µA

+
ν]
D + fσC(. . . ) , (D.2d)

δΛh
+A
µ,ν = −fBCAeB(µA+

ν)
C + fσB(. . . ) . (D.2e)

To write the relevant structure constant components of Tαα̃β̃ and Kαα̃
β we introduce a

more general element

Υ = fµAF
A
µ + kµ

νKµ
ν + kAK

A + eAµE
µ
A + 1

28 é
AB
µν É

µν
AB + 2eµνEµν + eAµ,νE

µ,ν
A , (D.3)

and the formal field X α̃ in L(Λ2) with the indecomposable transformation

δΥXµ = kµ
νXν + fνA(XA

µν + hAµ,ν) + eAµΦA − 2eAµνA−νA ,

δΥX
A
µν = −2k[µ

σXA
ν]σ − f

CA
BkCX

B
µν − 2eA[µXν] − fBCAeB[µA

C
ν] − e

AB
µν ΦB − 2eAσ,[µhν]

σ

+ fσB(XAB
µνσ + . . . ) ,

δΥX
AB
µνσ = 3k[µ

ρXAB
νσ]ρ + 2fC[A

DkCX
B]D
µνσ − 6e[A

[µX
B]
νσ] + fCD

[Ae
|C|
[µ B

B]D
νσ] − 2fCD [Ae

B]C
[µν A

D
σ]

+ fABC

(
2eC[µBνσ] + 1

2κDEe
CD
[µν A

E
σ]

)
+ fρC(. . . ) , (D.4)

79We here use capital latin letters A,B,C for the adjoint instead of lower case.
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where XAB
µνσ is a reducible antisymmetric tensor in AB. It is not the only level 3 component

(see eq. (A.92) for the exhaustive list), but the others structure coefficients do not appear
in the topological term.

The module R(Λ1) of derivatives transforms under e11 as

δΛ∂µ = eAµ ∂A , (D.5a)
δΛ∂A = fµA∂µ + eBµ ∂

µ
AB + fAB

CeBµ ∂
µ
C , (D.5b)

δΛ∂
µ
AB = 14PCDABfµC∂D + 1

4κABκ
CDfµC∂D + eCν (. . . ) , (D.5c)

δΛ∂
µ
A = 1

2f
BC

Af
µ
B∂C + eBν (. . . ) , (D.5d)

which determines the structure constants TαMN . More specifically, we need the transfor-
mation δΦ∂M = −ΦαT

αN
M∂N for the coset element Φα in order to write the potential

terms (3.11) and (3.30b). One computes that

δ 2
Φ∂µ =

((
hµ

σ− 1
2δ

σ
µhρ

ρ
)(

hσ
ν− 1

2δ
ν
σhλ

λ
)

+AAµ ĀνA+ 1
14B́

AB
µσ

´̄Bνσ
AB+4BµσB̄νσ+2hAµσh̄νσA

)
∂ν

+
((

hµ
ν− 1

2δ
ν
µhσ

σ
)
AAν −

1
2A

A
µhν

ν−fABCACµΦB+BAB
µν Ā

ν
B+fABChCµνĀνB

)
∂A

δ 2
Φ∂A =

(
fCEAf

DB
EΦCΦD−fCBAΦChµ

µ+ 1
4hµ

µhν
ν

+ĀµAA
B
µ +ABµ Ā

µ
A+δBAACµ Ā

µ
C−f

ED
CfAE

BACµ Ā
µ
D

+fEABfECD
( 1

14B́
DF
µν

´̄Bµν
CF +hDµ,ν h̄

µ,ν
C

)
+
( 1

14B́
CD
µν

´̄Bµν
CD+4BµνB̄µν+2hCµ,ν h̄

µ,ν
C

)
δBA

)
∂B

+
(
fCBAΦCĀ

µ
B+ĀνA

(
hν

µ− 1
2δ

µ
νhσ

σ
)
− 1

2hν
νĀµA+ABν B̄

µν
AB−fAB

CABν h̄
µν
C

)
∂µ (D.6)

where we keep track of the ordering of the fields to recall on which term the derivative acts
in the potential terms. Here we used the notation that

ĀµA = δABη
µνABν , B̄µν

AB = δACδBDη
µσηνρBCD

σρ , h̄µ,νA = δABη
µσηνρhBσ,ρ . (D.7)

The dual module of gauge parameters can be obtained by invariance of the bilinear
form

ξM∂M = ξµ∂µ + λA∂A + 1
14 λ́

AB
µ ∂́µAB + 4λµ∂µ + 2ξAµ ∂

µ
A . (D.8)

The transformations are simply obtained by using that the two modules induce the same
K(E11) representations.
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The field strength F I in the representation T−1 decomposes into components that
transform as

δΛFµA = eBµ FAB + eBν fAB
CFµ

ν
C − fABCfνCFBµν + fνAFν;µ , (D.9a)

δΛFµν
σ = −2eA[µFν]

σ
A + 2eAρ δσ[µFν]

ρ
A − f

σ
AF

A
µν − 2fρAδ

σ
[µF

A
ν]ρ , (D.9b)

δΛF
A
µν = −eAσFµνσ + 2fABCeC[µFν]B + fBµ (. . . ) , (D.9c)

δΛFµ;ν = eAν FµA + fσA(. . . ) , (D.9d)

δΛFAB =
(

14PCDAB + 1
4κABκ

CD
)
fµCFµD + eCµ (. . . ) , (D.9e)

δΛFµ
ν
A = fσAFµσ

ν + fBCA

(
fνBFµC −

1
2δ

ν
µf

σ
BFσC

)
+ eBσ

(
. . .
)
, (D.9f)

and the auxiliary field strength GĨ in L(Λ3), have components in R(Λ3) transforming as

δΛG = −fµAG
A
µ , δGAµ = −eAµG+ fνB(GA;B

µν +GA;B
µ,ν ) , (D.10a)

δΛG
A;B
µν = eA[µG

B
ν] − 3eB[µGAν] − fCE

BfAEDe
C
[µG

D
ν] + fσC(. . . ) , (D.10b)

δΛG
A;B
µ,ν = 2e(A

(µG
B)
ν) + fCE

BfAEDe
C
(µG

D
ν) + fσC(. . . ) , (D.10c)

where GA;B
µν belongs to the 1⊕ 3875⊕ 248⊕ 30380, with

GA;B
µν = G[A;B]

µν + ǴABµν + κABGµν , (D.11)

while GA;B
µ,ν belongs to the 1⊕ 3875⊕ 248 with

GA;B
µ,ν = ǴABµ,ν + κABGµ,ν + fABCG

C
µ,ν . (D.12)

D.2 Gauge transformations and field strengths

In this section we give the linearised gauge transformations and field strengths. We intro-
duce the notation that bar fields or derivative are understood to be conjugated with the
backgroundM matrix as

∂̄µ = ηµν∂ν , ∂̄A = δAB∂B , ∂̄ABµ = δACδBDηµν∂
ν
CD , ∂̄µ = ηµν ∂̄

ν , (D.13)

and in particular the level 5
2 derivative ∂̄µ should not be confused with the level −1

2 deriva-
tive ∂µ.

Using this notation, the linearised gauge transformations of the e11 fields read

δξhµ
ν = ∂µξ

ν − 1
14 ∂́

ν
ABλ́

AB
µ − 4∂νλµ + 2∂νAξAµ + 2δνµ

(
∂Aλ

A + 1
7 ∂́

σ
ABλ́

AB
σ + 8∂σλσ

)
+ ∂̄ν ξ̄µ −

1
14

´̄∂ABµ
´̄λνAB − 4∂̄µλ̄ν + 2∂̄Aµ ξ̄νA + . . . , (D.14a)

δξΦA = (fABC − δADfDCB)
(
−∂CλB −

1
7∂

µ
CDλ

BD
µ + 2∂µCξ

B
µ

)
+ . . . (D.14b)

δξAµ
A = ∂µλ

A + ∂Bλ
AB
µ − fABC∂BξCµ + ∂̄Aξ̄µ + ∂̄ABµ λ̄B − fABC ∂̄Cµ λ̄B + . . . (D.14c)

δξB
AB
µν = 2∂[µλ

AB
ν] − 2∂̄AB[µ ξ̄ν] + . . . , (D.14d)

δξh
A
µ,ν = 2∂(µξ

A
ν) + 2∂̄A(µξ̄ν) + . . . (D.14e)
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whereas the ones of the constrained fields χMα̃ = ∂MX
α̃ are defined by the variations of

X α̃ as

δξXµ = 2∂AξAµ + 2∂̄Aµ λ̄A − εµνσ∂̄νξσ + . . . ,

δξX
A
µν = −2∂[µξ

A
ν] + 2∂̄A[µξ̄ν] − εµνσ(∂̄ρλA − ∂̄Aξρ) + . . . ,

δξX
AB
µνσ = −2εµνσ∂̄[AλB] + . . . . (D.15)

We define the linearised field strengths in the same way as

(3
2)FABµνσ = 3∂[µB

AB
νσ] , (D.16a)

(3
2)FAµν;σ = 2∂[µh

A
ν],σ+∂σXA

µν , (D.16b)
(1

2)FµνA = 2∂[µA
A
ν]−∂BB

AB
µν −fABC∂BXC

µν ,

(1
2)Fµ;ν = ∂µXν+∂AXA

µν−∂AhAµ,ν (D.16c)

(−1
2 )Fµνσ = 2∂[µhν]

σ+ 1
14 ∂́

σ
ABB́

AB
µν +4∂σBµν+2∂σAXA

µν+2δσ[µ
(
∂AA

A
ν]+

1
7 ∂́

ρ
ABB́

AB
ν]ρ +8∂ρBν]ρ

)
,

(−1
2 )FµA = ∂µΦA+fABC∂CABµ +∂AXµ

+ 1
7fAB

C∂νCDB
BD
µν −∂νAB(hBµ,ν+XB

µν)−fABC∂νC(hBµ,ν−XB
µν)+. . . (D.16d)

(−3
2 )FAB =

(
14PCDAB+ 1

4κ
CDκAB

)
∂CΦD = 2∂(AΦB)+fECAfEBD∂(CΦD) ,

(−3
2 )FµνA = ∂µĀ

ν
A−∂Ahµν−∂νABABµ −fABC∂νCAAµ−

1
2δ

ν
µf

BC
A∂BΦC+δνµ∂σABABσ , (D.16e)

(−5
2 )F µν

σAB = ∂σB̄
µν
AB+2∂[µ

ABhσ
ν]−2δ[µ

σ

((
14PCDAB+ 1

4κ
CDκAB

)
∂
ν]
CΦD+fCD(A∂́

ν]
B)CΦD

)
,

(D.16f)
(−5

2 )F̀µAB =
(

14PCDAB+ 1
4κ

CDκAB

)
(∂CĀµD+∂µCΦD)−2∂νABhνµ−fCD(A∂́

µ
B)CΦD ,

(D.16g)
(−5

2 )F µ,νσA = ∂σh̄
µ,ν
A −2∂(µ

A hσ
ν)+δ(µ

σ

(
∂
ν)
ABΦB+4∂ν)ΦA+3fBCA∂ν)

B ΦC

)
, (D.16h)

(−5
2 )F̌µAB = 2∂[AĀ

µ
B]−2∂µ[AΦB]+fCD [A∂́

µ
B]CΦD−

1
6fAB

C ∂́µCDΦD+ 1
6fAB

C∂µΦC , (D.16i)

which determine the coefficients CIM α̂. One obtains the coefficient CIMΛ up to a normal-
isation constant using the same construction as in appendix A.2, by proving that there is
a unique highest weight vector in the module R(Λ10) and a unique highest weight vector
in the module R(2Λ3) of the form Y Λ = ΩIJC

IM
Λ∂MF

J given together by

Y AB = ∂µ
((−5

2 )F µν
νAB−

(−5
2 )F̀µAB

)
+∂C

((
14PCDAB+ 1

4κ
CDκAB

)
(−3

2 )FµµD−f
CD

(A
(−3

2 )FB)D

)
+. . .

(D.17)
Moreover, it follows from (A.96) that the coefficient CIMΛ for the irreducible representation
R(2Λ3) is non-zero. This allows us to extend the proof of (A.48) to the submodule R(Λ10)⊕
R(2Λ3) ⊂ L(Λ10).
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In this paper we also need the structure coefficients C ĨMα̂ that are conveniently com-
bined on the auxiliary field strength in L(Λ3)

GĨ = C ĨMα̂M
MNJNα̂ ∼ C ĨMα̂∂̄

MΦα̂ . (D.18)

The R(Λ3) component GM3 of GĨ can be defined in the linearised approximation as

G = ∂̄µXµ + ∂̄AΦA − 2∂̄Aµ Ā
µ
A + . . . , (D.19a)

GAµ = ∂̄ν(XA
µν − hAµ,ν) + ∂̄AXµ + fBC

A∂̄BACµ − 2∂̄Aν hµν + ∂̄ABµ ΦB − fABC ∂̄Cµ ΦB + . . . .

(D.19b)

GA;B
µν = 2∂̄[AXB]

µν − fBCA∂̄CBBD
µν − 4∂̄A[µABν] − 2fCE(AfB)E

D∂̄
C
[µA

D
ν] + 2fCD [A∂̄

B]C
[µ ADν]

+ ∂̄AB[µ Xν] − fABC ∂̄C[µXν] (D.19c)

GA;B
µ,ν = 2∂̄(AhB)

µ,ν + fCE
AfBED∂̄

ChDµ,ν − 2fCD(A∂̄
B)C
(µ ADν) . (D.19d)

At level 7
2 , GĨ also includes components in R(Λ1 + Λ10) starting with ´̃GABµν , components in

R(Λ1 + 2Λ3) starting with G̃µν and components in R(Λ1 + Λ4) starting with G̃Aµν that are
given by

G̃ABµν = 2∂̄(AXB)
µν +fCE(AfB)E

D∂̄
CXD

µν−fCD(A∂̄CBB)D
µν −2fCD(A∂̄

B)C
[µ ADν] (D.20)

−4∂̄(A
[µ A

B)
ν] −2fCE(AfB)E

D∂̄
C
[µA

D
ν]−2∂̄AB[µ Xν] ,

G̃Aµν = fBC
A∂̄BXC

µν−
1
3 ∂̄BB

AB
µν −

4
3 ∂̄

ABµν−4∂̄A[µXν]−
2
3 ∂̄

AB
[µ Aν]B−

8
3 ∂̄[µA

A
ν]−2fBCA∂̄B[µACν] ,

where we have combined G̃ABµν = ´̃GABµν + κABG̃µν .

D.3 Bilinear forms

One defines the following invariant bilinear forms. The Killing-Cartan form expands as

καβΦ+
αΦ+

β = h+
µ
νh+

ν
µ − 1

2h
+
µ
µh+

ν
ν + κABΦ+

AΦ+
B + 2A−µA A+A

µ

+ 1
14B́

−µν
AB B́+AB

µν + 4B−µνB+
µν + 2h−µ,νA h+A

µ,ν + . . . (D.21)

One can also check the K(E11) invariant bilinear form on R(Λ1) and T−1 respectively
expand as

ηMN∂M∂N = ηµν∂µ∂ν + δAB∂A∂B + 1
14δ

ACδBDηµν ∂́
µ
AB ∂́

ν
CD

+ 4ηµν∂µ∂ν + 2δABηµν∂µA∂
ν
B + . . . (D.22)

and

ηIJF
IF J = 1

2η
µρηνλησκFµν

σFρλ
κ − ηµνFµσσFνρρ + ηµνδABFµAFνB

+ 1
2η

µσηνρδABF
A
µνF

B
σρ + ηµσηνρFµ;νFρ;σ

+ 1
14δ

ACδBDF́ABF́CD + 4F 2 + δAB(FµνAFν
µ
B − Fµ

µ
AFν

ν
B) + . . . , (D.23)

with FAB = F́AB + κABF and F́AB in the 3875.

– 126 –



J
H
E
P
0
6
(
2
0
2
1
)
1
8
5

We have the E11 invariant symplectic form

ΩIJF
IF ′J = 1

2ε
µνσ
(
−FσAF ′Aµν + Fµν

ρF ′σ;ρ − 2FµρAF
′ A
ρν;σ −

1
3 · 14 F́ABF́

′AB
µνσ −

4
3FF

′
µνσ

+ FAµνF
′
σA − Fσ;ρF

′ ρ
µν + 2F A

ρν;σF
′
µ
ρ
A + 1

3 · 14 F́
AB
µνσ F́

′
AB + 4

3FµνσF
′ + . . .

)
.

(D.24)

We have also

ηM3N3G
M3GN3

= G2 + ηµνδABG
A
µG

B
ν + 1

14Ǵ
AB
µ,ν

´̄Gµ,νAB + 4Gµ,νḠµ,ν + 2GAµ,νḠ
µ,ν
A

+ 1
14Ǵ

AB
µν

´̄GµνAB + 4GµνḠµν + 1
4G

[A;B]
µν Ḡµν[A;B] + 1

272fAB
EfCDEG

[A;B]
µν Ḡµν[C;D] + . . . .

(D.25)

Here, we have used the indices M3, N3 to denote the representation R(Λ3) ⊂ L(Λ3). One
checks that (2.41a) is satisfied to this level for the bilinear form ηĨ J̃

ηĨ J̃G
ĨGJ̃ = ηM3N3G

M3GN3 − 1
28

´̃GABµν
´̃̄
GµνAB − 2G̃µν ¯̃Gµν + 9

34G̃
A
µν

¯̃GµνA . (D.26)

As in (C.20), we see that the irreducible components of ηĨ J̃ come with alternating sign,
positive for R(Λ3), negative for R(Λ1 + Λ10) and R(Λ1 + 2Λ3) and positive for R(Λ1 + Λ4).
One also consistently finds that both R(Λ3) and R(Λ1 + Λ10) appear with the canonical
normalisation.

D.4 Consistency checks of the identities

In order to give a consistency check of various E11 identities that we have introduced in
this paper, it is useful to check the results of section 9 by doing an explicit level expansion
of the various terms up to level 2 fields.

In particular, one can check identities (2.40a) and (2.40b) from the computation of the
topological term. The explicit expansion up to level 2 fields gives

Πα̃
MNΘMN

α̃ = εµνσ
(

2∂µχν;σ−Jµ;ν
ρχσ;ρ+MABg

ρλJµ;
B
λ (χ A

ν;σρ−J A
ν;σ,ρ)+J A

µ;ν Jσ;A

+∂µχA;
A
νσ−Jµ;ν

ρχA;
A
σρ−

1
2Jµ;Cf

CA
BχA;

B
νσ−J A

µ;ν χA;σ

+ 1
2fBC

AJ B
µ;ν JA;

C
σ + 1

2J
AB

µ;νσ JA;B+J A
µ;ν,ρJA;σ

ρ

−∂Aχ A
µ;νσ−JA;µ

ρχ A
ν;σρ+ 1

2JA;Cf
CA

Bχ
B

µ;νσ−JA;
A
µχν;σ

+ 1
2fBC

AJA;
B
µJ C

ν;σ −
1
2JA;

AB
µν Jσ;B+JA;

A
ρ,µJν;σ

ρ

+ 1
3∂AχB;

AB
µνσ−JA;

[A
µ χB;

B]
νσ+ 1

6fAB
[CJC;

D]A
µν JD;

B
σ +. . .

)
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= εµνσ
(

2∂µχν;σ+∂µχA;
A
νσ−∂Aχ A

µ;νσ+ 1
3∂AχB;

AB
µνσ

− 1
2(2Jµ;ν

ρ+2δρµJA;
A
ν )(χσ;ρ+χB;

B
σρ−JB;

B
σ,ρ)

+
(
MABg

ρλJ B
µ;λ −JA;µ

ρ− 1
2δ

ρ
µf

BC
AJB;C

)
(χ A

ν;σρ−J A
ν;σ,ρ)

+ 1
2(2J A

µ;ν −JB;
AB
µν )(Jσ;A−χA;σ)− 1

2f
AB

CχB;
C
µν(Jσ;A+fADEJE;

D
σ +χA;σ)

+ 1
2J

AB
µ;νσ JA;B−

1
6fAB

DJC;
CA
µν JD;

B
σ +. . .

)
= εµνσ

(
2∂µχν;σ+∂µχA;

A
νσ−∂Aχ A

µ;νσ+ 1
3∂AχB;

AB
µνσ

− 1
2Fµν

ρFσ;ρ+ 1
2F

A
µνFσ;A+FµρAF

A
ρν;σ+ 1

6·14 F́
AB

µνσ F́AB+ 2
3FµνσF+. . .

−F A
µν χA;σ−fABCJ A

µ;ν J B
C;σ+ 1

3fAB
DJC;

CA
µν JD;

B
σ

)
(D.27)

which indeed matches the results in (9.18) using (D.24). The explicit level expansion of the
other terms in the pseudo-Lagrangian is more complicated and we won’t display it in this
paper. We have computed them and we obtain indeed the same resulting E8 Lagrangian
provided the E8 tensor identity(1

2δ
B
Aδ

E
C δ

F
D + 7δEAδBC δFD + fGA

BfGECδ
F
D

)
B́CD ´̄BEF

=
(
−2fACGfBEGδFD − 7κACκBEδFD + 3

2fAC
EfBFD

)
B́CD ´̄BEF (D.28)

for B́CD and ´̄BEF in the 3875 is satisfied. This identity must therefore be a consequence
of (A.22).

We can also check explicitly the first level component of Identity (A.1). The first
non-trivial component in the E8 decomposition is when Ĩ is the highest weight singlet.
At first-order one can take all the indices to be in the adjoint of E8, with C ĨQA → κQA
and (2.54) reduces to

− κPBfBMQκ
NA∂M∂N =

(
fABCf

CM
P f

N
QB + 2δM[P fANQ]

)
∂M∂N (D.29)

which is indeed equivalent to equation (A.1) of [24]. This identity is necessary for the
invariance of the potential and the closure of the algebra in [24], so that it is satisfactory that
it appears exactly as the simplest component of the generalised identities required for E11.

E E10 exceptional field theory and the E10 sigma model

The GL(1) × E10 level decomposition of E11 exceptional field theory as put forward in
this paper should correspond to E10 exceptional field theory in the same way that the
GL(D) × E11−D level decompositions correspond to E11−D exceptional field theory as
we have shown for D = 11 (meaning usual D = 11 supergravity) in section 7 and for
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D = 3 in section 9. As such E10 exceptional field theory is expected to be able to describe
D = 11 supergravity, but this requires the internal coordinates and extra constrained fields.
By contrast, the one-dimensional E10 sigma model, proposed by Damour, Henneaux and
Nicolai and studied in [6, 165, 166], has no internal coordinates and no extra constrained
fields but is also conjectured to describe full D = 11 supergravity [6]. In this appendix,
we develop some initial ideas on the relationship between the GL(1)× E10 decomposition
of our model and the one-dimensional E10 sigma model. For the comparison we have to
make a number of assumptions that will be highlighted along the way.

E.1 E10 exceptional field theory from E11

To obtain E10 exceptional field theory from our model we must branch all the relevant
E11 representations under GL(1)×E10. This branching is more involved because e10 is an
indefinite Kac-Moody algebra and generically all GL(1) levels will be infinite direct sums
of irreducible e10 modules. We shall write irreducible modules of e10 as R10(λ) and bounded
weight modules L10(λ), similar to e11. The numbering conventions for the e10 fundamental
weights are such that Λ10 denotes the exceptional fundamental weight while Λ1, . . . ,Λ9 are
the fundamental weights along the ‘gravity line’ gl(10) ⊂ e10.

The branching of the adjoint of e11 under gl(1)⊕ e10 gives [167]

e11 = · · · ⊕ L10(Λ3)(−2) ⊕R10(Λ1)(−1) ⊕
(
gl(1)⊕ e10

)(0) ⊕R10(Λ1)(1) ⊕ . . . (E.1)

where superscripts are the gl(1)-grading and L10(Λ3) is given by

L10(Λ3) = R10(Λ1) ∧R10(Λ1)	R10(Λ2) . (E.2)

This module is the representation in which antisymmetric derivatives ∂[MA∂N ]B must
vanish according to the section constraint. We define similarly for the symmetric section
constraint the module

L10(Λ9) = R10(Λ1)∨R10(Λ1)	R10(2Λ1) (E.3)

such that ∂(MA∂N)B|L10(Λ9) = 0. The module R(Λ2) ⊂ L(Λ2) of the first rung of con-
strained fields χMα̃ branches similarly as

R(Λ2) = R10(Λ1)(0) ⊕ (R10(Λ2)⊕ L10(Λ3)⊕ L10(Λ9))(−1) ⊕ . . . (E.4)

and the constrained fields ζMΛ and ζM Λ̃ branch as

L(Λ10) = L10(Λ9)(−1) ⊕ . . . , L(Λ4) = L10(Λ3)(−1) ⊕ . . . (E.5)

The module for the coordinates branches as

R(Λ1) = 1( 1
2 ) ⊕R10(Λ1)(− 1

2 ) ⊕
(
L10(Λ9)⊕ L10(Λ3)

)(− 3
2 )
. . . (E.6)

The interpretation of this branching is that the singlet corresponds to the external time
direction t (that will be identified with that of the one-dimensional E10 model below) while
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R10(Λ1) is the first set of internal coordinates subject to the section constraints that two
derivatives vanish in the representations (E.2) and (E.3).

The branching of the field strength module T−1(e11) under e10 is more complicated
to obtain. Checking the representations that appear under the GL(10) and GL(2) × E8
decompositions shows that

T−1(e11) ⊃
(
R10(Λ1) h e10 hR10(Λ1)

)(− 1
2 ) ⊕

(
R10(Λ1) h e∗10 hR10(Λ1)

)( 1
2 )
. (E.7)

This is consistent with the property that the weight 1
2 component must include the dual

of T0(e10) ⊃ e10 h R10(Λ1) as T (e10) ⊂ T (e11). It is conjectured in [79] that T0(e10) =
e10 h R10(Λ1). In analogy with (A.11), we use the following notation for this doubly inde-
composable module

adĵ̂10 = R10(Λ1) h e10 hR10(Λ1) . (E.8)

We do not have a proof that these representations exhaust the field strength representations
at levels −1

2 and 1
2 , but we will assume in this section that if any other bounded weight

representation L10(λD) appears, it does as a direct sum, such that

T−1(e11) = · · · ⊕
(
adĵ̂10 ⊕ L10(λD)

)(− 1
2 ) ⊕

(
adĵ̂
∗
10 ⊕ L10(λD)

)( 1
2 ) ⊕ . . . . (E.9)

It follows that the duality equation for the hypothetical field strengths in the modules
L10(λD) and L10(λD) do not mix with the equations for adĵ̂ and its conjugate. We assume
that the duality equation for L10(λD) does not impose additional constraints on the E10
fields, and we shall therefore ignore the corresponding hypothetical field strengths. Using
the results of appendix A.5 one obtains that (Λ2, λD) < −3 and so (Λ10, λD) < −6.80

We write the level 1
2 derivative ∂t with a 0 index when convenient, and the weight −1

2
derivative ∂M where M is now understood as an E10 index in R10(Λ1). The E10 section
constraint can be written as

TαPMTα
Q
N∂P ⊗ ∂Q = ∂N ⊗ ∂M − ∂M ⊗ ∂N . (E.10)

We will ignore all the derivatives appearing at lower levels. The part of the level 1
2 field

strength in adĵ̂10 decomposes as

F ( 1
2 ) = (F́M , Fα , FM ) , (E.11)

where α is an adjoint e10 index. This field strength transforms indecomposably under an
e10 transformation with parameter Λα as

δΛF́
M = ΛαTαMN F́

N ,

δΛF
α = ΛγfαγβF β + ΛγKγM

αF́M ,

δΛF
M = ΛαTαMNF

N + ΛγKγM
αF

α + ΛαKαM
N F́

N . (E.12)

80This excludes the module R10(2Λ1) and R10(3Λ1) that define indecomposable extensions of e10 hR10(Λ1).
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The indecomposable part âdj10 = e10hR10(Λ1) of T0(e10) is the quotient submodule that can
be obtained by setting F́M = 0 in these transformations. The acute accent distinguishes
F́M in the submodule R10(Λ1) from FM in the quotient module R10(Λ1) = adĵ̂10/âdj10. The
existence of the invariant bilinear form ηIJ in T−1(e11) implies that

KγM
α = ηγδη

αβηMNK
δN

β . (E.13)

From T (e10) we also have the T0(e10) representation matrices T α̂P Q = (T αPQ, T MP
Q). We

shall use α̂ = (α,M) as an index for âdj10 and α̂̂ = (M,α,M) for adĵ̂10, with F ̂̂α at gl(1)
level 1

2 and F̂̂α at level −1
2 .

In order to derive the E10 exceptional field theory duality equations and pseudo-
Lagrangian, we use the semi-flat formulation as defined in section 6. In this case the
Levi subgroup GL(1)× E10 is also infinite-dimensional, so the expressions we write below
are only defined for the minimal group Em

10, and should be written in a specific level de-
composition to be extended to the maximal group Ec+

10 , as discussed in section 6.4. We
shall only briefly discuss this subtlety in the next section.

At level −1
2 we have the field strengths

F (− 1
2 ) = (F́M , Fα , FM ) (E.14)

that we can parametrise explicitly using (E.1) with the help of an einbein e (a.k.a. lapse) for
the GL(1) component, a generalised metricMMN for the adjoint of E10 and a Kaluza-Klein
vector AM in R10(Λ1) for level +1. This leads to

F̂̂α = Ĉ̂αMβ̂
JM

β̂ + δM̂̂α (e2MMN∂tA
N − 2e−1∂Me

)
(E.15)

with explicit components

F (− 1
2 ) =

(
ĆM

N
β̂
JN

β̂ , Cα
N
β̂
JN

β̂ , CM
N
β̂
JN

β̂ + e2MMN∂tA
N − 2e−1∂Me

)
. (E.16)

As for F ̂̂α, we distinguish the element F́M (respectively the tensor ĆMN
β̂
) that transforms

in the submodule R10(Λ1) from the element FM that transforms indecomposably. The
relative coefficient in the last term is determined by linearised gauge invariance with81

δ+
ξ ĀM = ∂Mξ

0 , δ+
ξ e = 1

2∂tξ
0 , (E.17)

with the notation of (C.23). By representation theory it is consistent to include a vector of
R10(Λ1) as e2MMN∂tA

N −2e−1∂Me in the definition of the field strength FM . By contrast,
trying to construct a linear combination of this field in R10(Λ1) that transforms according
to (E.12), shows that there can be no such terms for F́M and Fα.

We now study the constraints on the remaining components Ĉ̂αMβ̂
appearing in (E.16)

imposed by the doubly indecomposable structure. Firstly, F́M is a tensor in the submodule
81The true gauge transformation is δξe = ∂t(ξ0e) but the coefficient is halved when we do not consider

the conjugate non-covariant term.
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R10(Λ1), so ĆMN
P must be an invariant tensor. But there is no such invariant tensor since

R10(Λ1)⊗R10(Λ1) 6⊃ R10(Λ1), so we conclude that ĆMN
P = 0. Then it follows that ĆMN

α

is an invariant tensor because ∆γĆM
N
α = −KγP

αĆM
N
P , and using that there is a unique

homomorphism from R10(Λ1)⊗ e10 → R10(Λ1) (see footnote 64), one obtains that up to an
overall coefficient

ĆM
N
β̂
JN

β̂ = Tβ
N
MJN

β . (E.18)

For simplicity we assume that the coefficient is 1. The indecomposable structure is then
consistent if one takes

Cα
N
β̂
JN

β̂ = 2K(α
N
β)JN

β + Tα
M
NχM

N . (E.19)

Indeed, as in (2.13) and (2.30)

∆αKβM
γ = −KαM

δf
βδ
γ − T βMNK

αN
γ , ∆αχM

N = KαN
βJM

β , (E.20)

so that

∆γ(CαMβ̂
JN

β̂) = ∆γ(2K(α
N
β)JN

β + Tα
M
NχM

N)
=
(
2KγM

δf(αβ)
δ − 2T(α

M
NK

γN
β) + Tα

M
NK

γN
β

)
JM

β

= −KγM
α(TβNMJNβ) = −KγM

α
(
ĆM

N
β̂
JN

β̂) . (E.21)

Using the same argument as in equation (A.71) and below one proves that there is no
homomorphism from e10 ⊗ e10 → R(Λ1), so the structure coefficients CαN β̂ are uniquely
fixed to (E.19). The structure coefficients CMN

β̂
are uniquely determined by the indecom-

posable representation as well, up to a term in Tβ
N
M as we saw in (E.18). We will not

attempt to write these last coefficients in terms of other known coefficients as they will
turn out to be irrelevant for the E10 exceptional field theory.

In summary, we conclude that the level −1
2 field strength (E.16) decomposes as

F (− 1
2 ) =

(
Tβ

N
MJN

β , 2K(α
N
β)JN

β+TαNPχNP , CMN
β̂
JN

β̂+e−2MMN∂tA
N−2e−1∂Me

)
.

(E.22)
We shall now determine the level 1

2 field strength (E.11). Because F́M is a tensor in
R10(Λ1), it does not depend on Jt

α and ∂MA
N by representation theory. Therefore we

conclude that

F́M = χN
M ;N (E.23)

for the constrained field χPM ;N , whose symmetric component in MN vanishes in R10(2Λ1).
In principle, we can write the same term for the ζPM ;N field, but we assume that the
field χP

M ;N has been redefined in order to absorb it. We can always do this because
L10(Λ3) ⊕ L10(Λ9) ⊂ R10(Λ2) ⊕ L10(Λ3) ⊕ L10(Λ9) trivially. We define the fields such that
the free coefficients in this expression are all 1, i.e. that there is no relative coefficient for
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each irreducible representation in R10(Λ2)⊕L10(Λ3)⊕L10(Λ9).82 Then the indecomposable
structure implies that the remaining component of the weight 1

2 field strength is

F α̂ = Jt
α̂ + T α̂MN∂MA

N + Cα̂PM ;NχP
M ;N + δα̂MζN

M ;N . (E.24)

The coefficients Cα̂PM ;N are determined by the indecomposable structure such that

∆γCαPM ;N = κγδKδM
αδPN − κγδKδ(M

αδPN)2Λ1
, (E.25)

where one removes the component MN in R(2Λ1) as indicated by the notation (MN)2Λ1 .
The duality equation M̂̂α̂̂βF ̂̂β = F̂̂α relating F ( 1

2 ) and F (− 1
2 ) is therefore

MMPχN
P ;N = eTβ

N
MJN

β , (E.26a)

e−1
(
Jtα + Tα

M
NM

NPMMQ∂PA
Q +MαβC

βP
M ;NχP

M ;N +MαMχN
M ;N

)
= 2K(α

N
β)JN

β + Tα
M
NχM

N (E.26b)

MMα̂

(
Jt
α̂ + T α̂P N∂PA

N + Cα̂P Q;NχP
Q;N

)
+MMNζP

N ;P + ḾMNχP
N ;P

= eCM
N
β̂
JN

β̂ + e−1MMN∂tA
N − 2∂Me . (E.26c)

This last equation determines χtM = Jt
α̂=M in terms of the other fields. Note that MMN

is identical to the same matrix for the module R(Λ1), and so is invertible, while ḾMN only
appears through the indecomposable structure

Ω̂̂α̂̂γM̂̂γ̂̂β =

MMN MMβ ḾMN

0 Mαβ MαN

0 0 MMN

 , Ω̂̂α̂̂β =

 0 0 δNM
0 δβα 0
δNM 0 0

 . (E.27)

So we can indeed invert MMN in MMNχt
N to solve this last equation (E.26c) by fixing

χt
M . Therefore we define the E10 exceptional field theory to only depend on the fields

MMN , AM , χMM and χMN ;P , which satisfy the duality equations (E.26a) and (E.26b).
We have checked that these equations in the GL(10) level decomposition are indeed

compatible with (C.12).
We shall now determine the E10 exceptional field theory pseudo-Lagrangian. Using

the same procedure as in section 9.2, one computes that, up to a total derivative, the E11
exceptional field theory pseudo-Lagrangian (3.10) can be rewritten as a pseudo-Lagrangian
for the E10 exceptional field theory plus the infinite sum of the squares of the duality
equations

L =
∞∑
k=0
Ok + Πγ̃

MN∂MχN
γ̃ + LE10 (E.28)

82Representation theory only gives that it is the sum over irreducible representations
∑

λ
cλχN

(M ;N)λ ,
but by a choice of normalisation we can set cλ = 1 for all irreducible representations, unless some of
them vanish.
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with

LE10 = Πγ̃(0)
0NJt

α(0)Kα(0)
γ̃(0)

β(0)JN
β(0) + ΩI(−1

2)J(1
2)C

I(−1
2)A

α̃(0)χA
α̃(0)F J(1

2)

− 1
4κα(0)β(0)m

MNJM
α(0)JN

β(0) + 1
2JM

α(0)Tβ(0)
M
Pm

PQTα(0)
N
QJN

β(0)

− 1
2mĨ(1

2)J̃(1
2)
C Ĩ(1

2)
Pα̂(0)

C J̃(1
2)
Qβ̂(0)

mPNmQMJM
α̂(0)JN

β̂(0)

+ 1
4
(
κα(0)β(0) − 2Tα(0)

0
0Tβ(0)

0
0
)
m00Jt

α(0)Jt
β(0) − Tα(0)

0
0m

00Tβ(1)
N

0Jt
α(0)JN

β(1)

−m00Tα(1)
(M

0Tβ(1)
N)

0JM
α(1)JN

β(1) , (E.29)

and where we use mMN = eMMN and m00 = −e−1 to distinguish the GL(1) × E10 ma-
trices in E11 from the E10 matrix MMN and the lapse e. Note that α(0) includes both the
e10 adjoint index and the gl(1) index for the lapse. The pseudo-Lagrangian (E.29) only
depends on the fields MMN , AM and χMN , but not on χMN ;P , and can be written out in
the explicit form

LE10 = Jt
αKα

M
βJM

β + Tα
M
PχM

P (Jtα + TαNQ∂NA
Q)

− 1
4eκαβM

MNJM
αJN

β + 1
2eJM

αTβ
M
PM

PQTα
N
QJN

β

− 1
2eMĨ J̃C

Ĩ
P α̂C

J̃
Qβ̂
MPNMQMJM

α̂JN
β̂ + 2∂Me∂NMMN

− 1
4e
−1καβJt

αJt
β − ∂te−1∂MA

M + e−1∂MA
(M∂NA

N) . (E.30)

Here, we have dropped the subscript 1
2 on the Ĩ index, that is valued in R10(Λ1)⊗R10(Λ1)	

R10(2Λ1) with C ĨMα̂=P = C ĨM ;P the E10 intertwiner and the bilinear form ηĨ J̃ determined
such that

TαMPTα
N
Q = C ĨQ;P ηĨ J̃η

MRηNSC J̃R;S . (E.31)

The non-invariant coefficients C ĨMα are related to the field strength structure coeffi-
cients (E.25) through

C ĨMα = −ηαβηMNCβNP ;Qη
QRηPSC ĨR;S . (E.32)

One recognises the second and the third line in (E.30) as the expected potential term for
the internal current and the internal derivative of the lapse e. The first line is a topological
term while the last line gives a kinetic term −1

4e
−1καβJt

αJt
β . Note, however, that it has

the opposite sign compared to a standard sigma model, but this is due to the mixing with
the topological term. The K(E10)/E10 coset fields are the only ones that are dynamical,
whereas the Euler-Lagrange equations for the lapse e and the generalised shift AM can be
interpreted respectively as a Hamiltonian constraint and a generalised (spatial) momentum
constraint. Although the latter is a total internal derivative

∂M
(
∂te
−1 − e−1∂NA

N + χN
N)− ∂N(e−1∂MA

N + χM
N) = 0 , (E.33)

the fact that it transforms in R10(Λ1) is consistent with the proposed momentum constraint
for the E10 sigma model [166].
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Note that the duality equations (E.26) do not follow from the Euler-Lagrange equa-
tions, and the pseudo-Lagrangian LE10 is not a bona fide Lagrangian, unlike the case of
exceptional field theories in odd dimensions greater than one. This difference can be un-
derstood as follows. The Euler-Lagrange equations of exceptional field theory Lagrangians
never determine the equations for the non-propagating higher-form fields, so in this sense,
could be considered as pseudo-Lagrangians even in odd dimensions. In higher dimensions,
one separates the equations for the propagating and non-propagating fields and thus ob-
tains a proper Lagrangian for the propagating fields. For D = 1, however, the K(E10)/E10
coset fields already include non-propagating fields and there is no E10-covariant distinction
between propagating fields and non-propagating ones, so one cannot have a Lagrangian for
the propagating fields alone.

E.2 Relation to the E10 sigma model

The E10 exceptional field theory gives an E10-covariant formulation of maximal supergrav-
ity theories, so it is natural to ask how it may relate to the E10 sigma model [6] that is
conjectured to describe eleven-dimensional supergravity. Note that because of the section
constraint, E10 exceptional field theory does not provide an E10-invariant formulation of
eleven-dimensional supergravity, whereas the sigma model has E10 symmetry. In order to
recover the sigma model, it seems therefore necessary to remove the dependence on the
internal coordinates for all the fields. In the spirit of to the ‘gradient representation’ con-
jecture [6], it is natural to consider a gradient expansion of all fields in E10 exceptional
field theory.

The gradient expansion is valid in the limit in which the spatial gradients of the metric
and the three-form are much smaller than their time derivative. So the corresponding small
gradient approximation in E10 exceptional field theory is to consider

|Jtα| � |JMα| , |Jtα| � |∂MAN | , (E.34)

and to take fields that only depend on the time-coordinate at zeroth order in the gradient
expansion. We remark that such a small gradient approximation is inconsistent with the
duality equation in eleven dimensions, because

F0ijk � Fijkl ⇔ F0i1...i6 � Fi1...i7 , (E.35)

and similarly for higher level duality equations. Nevertheless, we shall assume in this
section that the approximation (E.34) makes sense prior to a choice of section thanks to
the constrained fields. Looking at (E.26b) one finds that it may indeed be consistent to
have (E.34) as long as |χMN | is of the same order as |Jtα|. To prove the sigma model
conjecture [6] using E10 exceptional field theory, one would need to prove that such a
gradient expansion can systematically be solved iteratively as a formal power series such
that the zeroth order fields MMN |y=0 determine the full dynamics unambiguously, where y
denotes the internal coordinates. The first order duality equation (E.26) may be solvable
iteratively in this way, but we leave this question for future investigations. We shall only
discuss here the zeroth order dynamics in the gradient expansion as an E10 sigma model
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in which MMN is a function of time only. To define this sigma model we must determine
at which order the constrained fields contribute, so in particular how |χMN | and |χMN ;P |
compare to |Jtα| and |JMα| in the small gradient approximation.83

If we considered that |χMN | and |χMN ;P | were both of the same order as the E10
gradients |JMα|, the duality equation (E.26b) would give e−1Jtα|y=0 = 0 at the zeroth
order in the gradient expansion, and the corresponding sigma model would be trivial. To
get a non-empty sigma model we must therefore keep some constrained fields. To determine
which ones, let us first consider the truncation in which one sets all internal derivatives to
zero and takes fields that only depend on the time coordinate, while keeping both χM

N

and χMN ;P as time-dependent fields satisfying the section constraint. With this definition,
the duality equations truncate to

χN
M ;N = 0 , e−1(Jtα +MαβC

βP
M ;NχP

M ;N) = Tα
M
NχM

N , (E.36)

where the first equation comes from (E.26a) and the second one from (E.26b), and we
have set to zero all dependence of the E11 coset fields on the internal coordinates, i.e.
JN

α = ∂PA
Q = ∂Ne = 0. The pseudo-Lagrangian (E.29) plus the square of (E.36)

simplifies to84

L(0)
E10

=LE10

∣∣
∂M=0

+ 1
2e
−1(Jtα+MαγC

γR
M ;NχR

M ;N−eTαMNχM
N)(Jtα+CαSP ;QχS

P ;Q−eMαβTβ
P
QχP

Q)
= 1

4e
−1καβJtαJtβ+e−1JtαC

αP
M ;NχP

M ;N+ 1
2e
−1MαβC

αR
M ;NχR

M ;NCβSP ;QχS
P ;Q ,

(E.37)

for fields that do not depend on the internal coordinates, but where we have kept the
internal M component of the constrained fields. Note that CαPM ;NχP

M ;N is an E10 tensor
on-shell using (E.25) since χNM ;N = 0 according to (E.36). The corresponding quadratic
term in (E.26b) would not be E10 invariant without the truncation JMα = ∂MA

N = 0.
We now argue that this model cannot describe the full eleven-dimensional super-

gravity dynamics. After having shown this, we will neglect χMN ;P at zeroth order and
will only keep χM

N in the sigma model. We begin by solving the section condition for
χM

N ;P and χMN in the GL(10) level decomposition of E10. Then χMN ;P contributes to
Fα = Jt

α + CαPM ;NχP
M ;N starting from level k = 3 and above. This means that we can

rewrite (E.37) as

L(0)
E10

= 1
4

2∑
k=−2

e−1κα(k)β(k)Jtα(k)Jtβ(k)

+ 1
2

∞∑
k=3

e−1Mα(k)β(k)

(
Jt
α(k) + Cα(k)R

M ;NχR
M ;N)(Jtβ(k) + Cβ(k)S

P ;QχS
P ;Q) , (E.38)

83The components χtN are fixed by duality from (E.26c) and thus χMN are the lowest components
to consider.

84By construction the kinetic term for e vanishes with h0
0h0

0 − 1
2h0

0h0
0 − 2(h0

0 − 1
2h0

0)2 = 0, and the
equation of motion of χMN being the duality equation, one gets that the term 1

4e
−1καβJtαJtβ in the duality

equation changes sign.
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where we also used the Cartan involution to double the Mα(k)β(k)Jt
α(k)Jt

β(k) terms for k ≥ 3.
Because Tα(k)

M
NχM

N only contributes to negative levels k ≤ 0 in (E.36), the second line
in (E.38) is quadratic in the duality equation (E.36) and can be consistently disregarded
in the pseudo-Lagrangian. Moreover, one gets from (E.36) that Jtα(1) = Jt

α(2) = 0 and the
only remaining field is the metric, with

L(0)
E10
≈ 1

4e
−1(gikgjl∂tgij∂tgkl − gij∂tgijgkl∂tgkl) . (E.39)

We conclude that the constrained field χMN ;P has the effect of truncating the sigma
model to the GL(10) subgroup, so if we want the sigma model to describe the full eleven-
dimensional dynamics we need to consider instead that |χMN ;P | � |Jtα| in the gradient
approximation and to only keep χMN non-zero at zeroth order in the gradient expansion.
By construction this simply corresponds to set χMN ;P = 0 in the duality equation (E.36)
and the pseudo-Lagrangian (E.37).

Doing so, one obtains the standard E10 sigma model Lagrangian

L = 1
4e
−1καβJtαJtβ , (E.40)

in one (time) dimension, together with the duality equation

e−1Jtα = Tα
M
NχM

N . (E.41)

This gives precisely the Lagrangian L of the sigma model of [6] with the additional con-
straint (E.41). The sigma model Lagrangian and the duality equation (E.41) determine the
dynamics for the time-dependent fields MMN of E10, the lapse e and the constrained fields
χM

N . Note that the section constraint for the constrained fields χMN is now algebraic, and
therefore the dynamics of this mechanical model is truly E10 invariant. The quadratic con-
straint χMN satisfies is an algebraic constraint similar to Berkovits’ pure spinor constraint
in [168].

Solving explicitly the section constraint in the GL(10) decomposition one obtains
that (E.41) implies that e−1Jtα = Qα is in the E10 orbit of an element in the positive
Borel subalgebra b+ ⊂ e10, i.e. there exists a time-independent g ∈ E10 such that

g−1Qg ∈ b+ . (E.42)

This condition would be trivially satisfied for a finite-dimensional Lie algebra [169], but
it is a priori a non-trivial constraint for a hyperbolic Kac-Moody algebra. This problem
depends on the precise definition of the Kac-Moody groups in which V and g are defined.
Equation (E.42) is well-defined for V and g valued in the minimal group Em

10 and b+ the
minimal module according to the terminology introduced in section 6.4, see [170] for some
results. However, physically interesting solutions require a priori to consider V in a non-
trivial extension of the minimal group. For V ∈ Ec+

10 , the projection of the Maurer-Cartan
form is valued in ec+−

10 and the charge Q is generally not defined. It seems therefore that
one may need an intermediate completion of Em

10 that is yet to be discovered in order to
properly define the model.
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The analysis above made a number of assumptions whose validity and consistency
would need to be investigated further. First, keeping only the constrained fields that
are independent of the internal coordinates may be justifiable through a gauge-fixing of
generalised diffeomorphisms (including ancillary transformations) which would not break
E10 symmetry. The consistency of the gradient expansion might require to introduce an
additional momentum constraint as proposed in [166], that could be a consequence of the
generalised momentum constraint (E.33). Second, the duality equation (E.41) restricts
the E10 current through the surviving field χM

N . This could be related to the analysis
of additional constraints to be imposed on the E10 sigma model according to [166] that
are related to null (or potentially) imaginary roots of the E10 root lattice. The first such
constraint appears for the null root Λ1 of E10, see also (E.33).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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