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shift-invariant dimension-5 interactions, we calculate how these interactions contribute to
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dipole moment of the top quark and comment on implications of electroweak precision
constraints on ALP couplings.
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1 Introduction

The absence of a discovery of new particles at the LHC suggests that additional degrees
of freedom not contained in the Standard Model (SM) of particle physics have masses far
above the scale of electroweak symmetry breaking. Existing hints of departures from the
SM, indicated for instance by recent data on semileptonic decays of B mesons [1] and the
anomalous magnetic moment of the muon [2], are in line with this expectation. Assuming
that the theory above the electroweak scale respects the full SM gauge symmetry and that
the Higgs is an SU(2)L doublet, the Standard Model Effective Field Theory (SMEFT) [3]
provides a systematic approach for describing the virtual effects of heavy new particles on
low-energy precision measurements (for a review, see [4]).
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On the other hand, there remains the possibility of the existence of light new particles
interacting very weakly with the SM, for instance because these interactions are mediated
by higher-dimensional operators. A prominent example are axions and axion-like particles,
to which we will collectively refer as ALPs in this work. The existence of such particles is
theoretically well motivated because of their potential relevance for solving the strong CP
problem [5–7]. More generally, ALPs are gauge-singlet pseudoscalar particles, which arise
in many theories beyond the SM as pseudo Nambu-Goldstone bosons of a global symmetry
spontaneously broken in the ultra-violet (UV) theory, and are thus naturally lighter than
other new states whose masses may be out of reach of current direct searches. While
the QCD axion is the original example of such a particle, ALPs with a variety of masses
and couplings can arise also more generally, for example in theories which address the
flavor [8, 9] and hierarchy [10–14] problems. Here we remain agnostic about the underlying
theory and study a general effective field theory, to which explicit models can be matched.
Since the ALP couplings to SM fields are constrained by a shift symmetry, these interactions
first appear at the level of dimension-5 operators in the effective theory.

The existence of a light ALP extends the SMEFT, because operators can now be built
out of SM fields and the ALP field. The most general effective Lagrangian above the
electroweak scale can then be written in the form

Leff = LSM + 1
2 (∂µa)(∂µa)− m2

a

2 a2 + LSM+ALP + LSMEFT , (1.1)

where the last two terms consist of higher-dimensional operators starting at dimension-5
order. By definition the term LSMEFT consists of operators not containing the ALP field.
We will refer to these operators as “SMEFT operators”, although of course the theory we
are working in is not the pure SMEFT, but rather the effective theory whose degrees of
freedom are the SM fields plus the ALP. Like any other new particle not contained in
the SM, an ALP can be searched for either directly or indirectly. Direct searches using
particle-physics detectors aim at detecting ALPs produced in a collider experiment by
reconstructing them in various possible decay modes [15–26]. Our focus in this work is on
indirect searches, which look for hints of the effects of virtual ALP exchange on precision
measurements. As long as the scale f suppressing the ALP couplings to the SM is not
excessively large,1 this opens up new, complementary ways to search for the effects of
an ALP and place bounds on its couplings to the SM. An advantage is that, contrary
to direct searches, indirect probes are independent of the way in which the ALP decays,
and if it is long- or short-lived. Prominent examples of such precision observables are the
anomalous magnetic moment of the muon and the electron [20, 21, 31–33], electroweak
precision observables [21], and various rates for flavor-changing decays of kaons, B-mesons
and charged leptons [34–42]. It has been observed in several of these studies that the
one-loop contributions to such quantities arising from virtual ALP exchange can be ultra-
violet (UV) divergent, but a consistent treatment of these divergences has so far not been
presented in the literature.

1Otherwise one needs to resort to cosmological and astrophysical bounds, see e.g. [27–30].
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The renormalization-group (RG) evolution of the dimension-5 ALP couplings in the
effective Lagrangian LSM+ALP has recently been studied in [43, 44]. Here we point out the
important fact that the existence of an ALP with couplings to the SM necessarily induces
non-zero Wilson coefficients of the dimension-6 SMEFT operators contained in LSMEFT,
which produce effects across a wide variety of observables. In general, there are three types
of such effects:

• Matching contributions at the scale Λ = 4πf of global symmetry breaking arise from
integrating out heavy new particles contained in the UV completion of the ALP
model. Examples are heavy vector-like fermions with different Peccei-Quinn charges,
by which the ALP interacts with SM gauge bosons. These matching contributions are
model dependent, and they can only be calculated within a specific UV completion.

• Loop diagrams involving virtual exchange of the ALP are generally divergent and
induce inhomogeneous source terms in the RG equations for the Wilson coefficients
of the SMEFT operators.

• At low energies, the time-ordered product with two insertions of the ALP effective
Lagrangian LSM+ALP yields non-zero contributions to scattering amplitudes describ-
ing processes involving SM particles only. These contributions can be systematically
calculated in the effective theory described by (1.1) as long as the ALP mass or the
characteristic scale of the observable are in the realm of perturbative QCD.

Of these three contributions, the second one is parametrically enhanced by large logarithms
arising from the evolution from the high scale Λ to low energies.2 For example, a contri-
bution of this sort underlies ALP explanations for the deviation of the muon anomalous
magnetic moment from its SM prediction [21, 31, 33], for which divergent diagrams in-
volving the ALP-photon coupling induce large logarithms in the coefficients of SMEFT
dipole operators.

In this work, we calculate for the first time the full set of ALP-induced terms in the
RG equations for the Wilson coefficients of the dimension-6 SMEFT operators in (1.1)
above the electroweak scale. Irrespective of its mass, which can even be much smaller than
the weak scale, the presence of an ALP generates inhomogeneous source terms in the RG
equations, which we write in the form

d

d lnµ C
SMEFT
i − γSMEFT

ji CSMEFT
j = Si

(4πf)2 (for µ < 4πf) . (1.2)

Here γSMEFT is the anomalous-dimension matrix of the dimension-6 SMEFT operators in
the Warsaw basis [45] (the transpose matrix governs the evolution of the Wilson coeffi-
cients), which has been calculated at one-loop order in [46–49]. The ALP source terms are
denoted by Si, and the overall suppression scale is set by the “ALP decay constant” f . The
presence of these source terms generates non-zero SMEFT Wilson coefficients irrespective

2It is important to keep in mind that the other two contributions must also exist, if only to cancel the
renormalization-scheme dependence of the second contribution.
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of the existence of any other source of new physics. We find that almost the entire set of
Wilson coefficients is sourced by ALP effects at one-loop order. As an important applica-
tion of our results, we present a study of the chromo-magnetic moment of the top quark
and briefly comment on constraints from electroweak precision observables.

In our calculations we adopt the notations and conventions introduced in [45], with
one exception: we define the covariant derivative in the fundamental representation of the
gauge group as Dµ = ∂µ − igsGaµ T a − ig2W

I
µ
σI

2 − ig1YBµ, where T a are the Gell-Mann
matrices, σI the Pauli matrices and Y the hypercharge generator. While this agrees with
most textbooks on quantum field theory, it corresponds to a different sign convention for
the three gauge couplings compared with [45, 49]. While the Warsaw basis defines the
standard choice of the SMEFT operators, it is convenient for many applications to redefine
the operators containing field-strength tensors by absorbing powers of the gauge couplings
into the operators (see e.g. [46]). In this way, odd powers of the gauge couplings gi and
mixed terms involving gigj with i 6= j can be avoided in the RG equations (1.2). In
appendix A we introduce such a basis of redefined operators {Q′i} and present our results
for the corresponding source terms {S′i}.

In section 2 we briefly review the effective Lagrangian describing the interactions of
ALPs with SM particles at dimension-5 order, following closely the presentation in [43]. In
section 3 we explain our method for calculating the ALP contributions to the RG equations
of the SMEFT operators. Our results for the complete list of ALP source terms Si in (1.2),
obtained at one-loop order in perturbation theory, are reported in section 4. In section 5
we briefly discuss two applications of our results, before concluding in section 6.

2 ALP couplings to the SM

An ALP provides a paradigmatic example of a new light particle, which interacts weakly
with the SM via effective interactions suppressed by a large scale f � ma. Concretely, we
consider a gauge-singlet, pseudoscalar resonance a, whose couplings to SM fields are pro-
tected by an approximate (classical) shift symmetry, possibly broken softly by the presence
of an explicit mass term ma in (1.1). This mass parameter is absent for the QCD axion. At
dimension-5 order, the most general effective Lagrangian for such a particle can be written
in the form [50]

LD=5
SM+ALP = cGG

αs
4π

a

f
Gaµν G̃

µν,a + cWW
α2
4π

a

f
W I
µν W̃

µν,I + cBB
α1
4π

a

f
Bµν B̃

µν

+ ∂µa

f

∑
F

ψ̄F cF γµψF .
(2.1)

Here Gaµν , W I
µν and Bµν are the field-strength tensors of SU(3)c, SU(2)L and U(1)Y , while

αs = g2
s/(4π), α2 = g2

2/(4π) and α1 = g2
1/(4π) denote the corresponding coupling parame-

ters. B̃µν = 1
2ε
µναβBαβ etc. (with ε0123 = 1) are the dual field-strength tensors. The sum

in the last term extends over the chiral fermion multiplets of the SM (F = Q,L, u, d, e).
The quantities cF are hermitian matrices in generation space. For the couplings of a to
the SU(2)L and U(1)Y gauge fields, the additional terms arising from a constant shift
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a→ a+ c of the ALP field can be removed by field redefinitions. For the coupling to glu-
ons, instead, the continuous shift symmetry is broken by instanton effects to the discrete
subgroup a→ a+nπf/cGG with integer n [6, 7]. In this process, the ALP receives a small
mass even if the Lagrangian parameter ma in (1.1) vanishes [51–53].

Above we have indicated the suppression of the dimension-5 operators with the ALP
decay constant f , which is related to the relevant new-physics scale by Λ = 4πf . This is
the characteristic scale of global (Peccei-Quinn) symmetry breaking, which we assume to
be far above the electroweak scale. Higher-order interactions of ALPs with SM particles
also exist, an important example being the dimension-6 operator (∂µa)(∂µa)H†H, which
mediates a coupling to the Higgs boson. However, this operator is suppressed by 1/f2, and
hence it can only have an impact on the RG evolution of SMEFT operators of dimension 7
and higher.

Since our effective theory respects the SM gauge invariance and only contains the SM
particles and the ALP as degrees of freedom, it would need to be modified in scenarios
with a new-physics sector between the electroweak scale and the scale of global symmetry
breaking (v < MNP < 4πf). Even in this case, the effective Lagrangian (2.1) offers a
model-independent description of the physics below the intermediate scale MNP.

Note the important fact that the effective Lagrangian (2.1) does not contain a coupling
of the ALP to the Higgs field. The renormalizable portal interaction a2H†H is forbidden
by the shift symmetry, while a possible shift-symmetric dimension-5 coupling of ∂µa to
the Higgs current is redundant and can be removed by field redefinitions [50]. The free
parameters of the model are the ALP mass ma, the three ALP couplings cV V to gauge
fields (with V = G,W,B), and the 5 times 9 parameters of the hermitian matrices cF .3
It is well known that the derivative ALP couplings to fermions are only defined modulo
the generators of exact global symmetries of the SM [50], which are baryon number B and
the lepton numbers Le, Lµ and Lτ for each flavor (since the neutrinos are massless in the
SM). It follows that four model parameters are redundant and can be chosen at will. For
example, one can choose (cL)ii = 0 for i = 1, 2, 3 and Tr(cQ) = 0, or one can arrange that
either cWW = 0 or cBB = 0 (but not both) in addition with three constraints imposed on
the ALP-fermion couplings. The model thus contains 1 + 3 + 45− 4 = 45 free parameters,
most of them related to the flavor sector.

The form of the effective Lagrangian (2.1) is the one in which the shift symmetry is
most explicit. However, for our purposes it will be useful to consider an alternative but
equivalent form, in which the ALP couplings to fermions are of a non-derivative type [43].
Integrating by parts in the last term in (2.1) and using the SM equations of motion (EOMs)
along with the equation for the axial anomaly leads to (with H̃i = εijH

∗
j )

LD=5 ′
SM+ALP = CGG

a

f
Gaµν G̃

µν,a + CWW
a

f
W I
µν W̃

µν,I + CBB
a

f
Bµν B̃

µν

− a

f

(
Q̄H̃ ỸuuR + Q̄H Ỹd dR + L̄H ỸeeR + h.c.

)
,

(2.2)

where the three Yukawa-type matrices Ỹf (with f = u, d, e) are related to the SM Yukawa
3The scale f can be absorbed into the ALP couplings and hence does not add a new parameter.
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matrices and the five hermitian matrices cF by

Ỹu = i
(
Yu cu − cQYu

)
, Ỹd = i

(
Yd cd − cQYd

)
, Ỹe = i

(
Ye ce − cLYe

)
. (2.3)

Note the important fact that the ALP-boson couplings in (2.1) are also affected by the
field redefinitions. One finds

CGG = αs
4π

[
cGG+ 1

2 Tr (cd+cu−2cQ)
]
≡ αs

4π c̃GG ,

CWW = α2
4π

[
cWW −

1
2 Tr (NccQ+cL)

]
≡ α2

4π c̃WW ,

CBB = α1
4π

[
cBB+Tr

[
Nc

(
Y2
d cd+Y2

u cu−2Y2
Q cQ

)
+Y2

e ce−2Y2
L cL

]]
≡ α1

4π c̃BB ,

(2.4)

where the traces are over generation indices, Nc = 3 is the number of colors, and Yu = 2
3 ,

Yd = −1
3 , YQ = 1

6 , Ye = −1 and YL = −1
2 denote the hypercharge quantum numbers

of the SM quarks and leptons. Note that the couplings CV V and Ỹf in the effective
Lagrangian (2.2) are invariant under the redundancies mentioned above, i.e. the values of
these parameters do not change under the field redefinitions corresponding to the generators
of B, Le, Lµ and Lτ .

If the Lagrangian (2.2) were taken as the defining effective Lagrangian of the ALP
model, there would be no apparent reason for the complex matrices Ỹf to have any par-
ticular structure. The model would then be characterized by the ALP mass parameter
ma, the three ALP-boson couplings CV V , and three generic complex matrices containing
3 times 18 parameters, making for a total of 1 + 3 + 54 = 58 free parameters, 13 more
than in the effective Lagrangian (2.1). It is the shift symmetry encoded in the effective
ALP Lagrangian (2.1) that gives rise to the hierarchical structure of the matrices Ỹf , which
results from the appearance of the SM Yukawa matrices in (2.3). This feature distinguishes
an ALP from a generic pseudoscalar boson a.

Our definitions of the ALP couplings in (2.1) are such that the parameters cV V and
cF are expected to be of O(1) when one applies the counting rules of naive dimensional
analysis [54–56]. These rules imply, in particular, that the ALP-boson couplings cV V should
be accompanied by a loop factor [21]. This is natural in QCD axion models, because the
θ parameter, which is dynamically set to zero by a shift of the axion field in the Peccei-
Quinn mechanism [5], couples to the topological quantity αs

8π G
a
µν G̃

µν,a. In the literature
on ALPs, on the other hand, the couplings to gauge bosons are often defined as in (2.2),
without factoring out one-loop suppression factors, and the parameters CV V are treated
as phenomenological parameters. In our analysis we will be agnostic about the relative
size of the various coupling parameters in (2.2) and perform all calculations consistently to
one-loop order in the ALP interactions. This is in the spirit of the Warsaw basis, where one
avoids including loop factors in the definitions of the operators and making assumptions
about the relative size of Wilson coefficients.

In recent work, a detailed study of the RG evolution of the ALP couplings to SM
particles in the effective ALP Lagrangians (2.1) and (2.2) from the new-physics scale Λ down
to low energies has been performed [43, 44]. We summarize the one-loop RG equations in
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appendix B. In addition to the effects considered in these works, loop diagrams containing
ALPs as virtual particles require dimension-6 (and higher) operators built out of SM fields
as counterterms. The presence of an ALP, even if it is very light, thus generates non-zero
Wilson coefficients of many of the operators in the SMEFT. In this paper we present a
systematic study of these effects at one-loop order.

3 Green’s functions requiring SMEFT counterterms

In order to calculate the ALP source terms in (1.2) from the effective Lagrangian (2.2), we
study the UV divergences of all relevant amputated, connected Green’s functions involv-
ing a virtual ALP exchange, whose counterterms correspond to local dimension-6 SMEFT
operators. We work consistently at one-loop order and in a general covariant gauge. All
results shown below are gauge independent. To confine the analysis to one-particle irre-
ducible (1PI) diagrams, we work with a basis of SMEFT operators that is complete without
using the EOMs for the SM fields (this is sometimes called a Green’s basis [57]). After
identifying the relevant counterterms in this basis, we project the results onto the War-
saw basis by eliminating the redundant operators. Following [45], we differentiate between
purely bosonic operators, operators containing a single fermion current, and four-fermion
operators. Table 1 summarizes which of the operators in the extended basis are contained
in the Warsaw basis, and which of these operators are generated by ALP exchange either
directly (via one-loop diagrams) or indirectly after using the EOMs. In each case we refer
to the relevant figure for some representative Feynman diagrams.

For a given Green’s function, we express the sum over Feynman diagrams in the form∑
i

DALP
i ≡ iA

(4πf)2 , (3.1)

where the coefficient of the UV 1/ε pole, with ε = (4−d)/2 being the dimensional regulator,
is expressed in terms of matrix elements of operators in the extended basis. In order to
remove these poles in the process of renormalization, the SMEFT operators are required as
counterterms. This, in turn, implies that the ALP couplings appear as source terms in the
RG evolution equations for the SMEFT Wilson coefficients, as shown in (1.2). We prefer
to perform our calculations using the second form of the effective ALP Lagrangian shown
in (2.2) rather than the original form (2.1), which is completely equivalent. The reason is
that in (2.2) the ALP-fermion couplings always involve a Higgs field. It can then easily be
seen without explicit calculation that there do not exist one-loop Feynman diagrams with
ALP exchange that would require operators in the classes XH2D2, H2D4, ψ2XD, ψ2D3

and ψ2HD2 as counterterms.

3.1 Purely bosonic operators

We begin by considering SMEFT operators built out of field-strength tensors X (normal or
dual), Higgs doublets H and covariant derivatives D. The Warsaw basis contains operators
in the classesX3, X2H2, H6 andH4D2, whereas all operators in the classes X2D2, XH2D2

and H2D4 are redundant and can be reduced to the operators of the Warsaw basis using
the EOMs.
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Operator class Warsaw basis Way of generation Feynman graphs
Purely bosonic

X3 yes direct — Figure 1
X2D2 no direct Figure 1
X2H2 yes direct — Figure 2
XH2D2 no —
H6 yes — EOM Figure 1
H4D2 yes — EOM Figure 1
H2D4 no —

Single fermion current
ψ2XD no —
ψ2D3 no —
ψ2XH yes direct — Figure 3
ψ2H3 yes direct EOM Figures 4, 1, 5
ψ2H2D yes direct EOM Figures 5, 1
ψ2HD2 no —

4-fermion operators
(L̄L)(L̄L) yes — EOM Figure 1
(R̄R)(R̄R) yes — EOM Figure 1
(L̄L)(R̄R) yes direct EOM Figures 6, 1
(L̄R)(R̄L) yes direct — Figure 6
(L̄R)(L̄R) yes direct — Figure 6
B-violating yes — —

Table 1. Summary of the different classes of dimension-6 operators in the extended SMEFT basis.
X represents a field-strength tensor (normal or dual), H a Higgs field, ψ a chiral fermion, and D
a covariant derivative. Operators contained in the Warsaw basis are shown on white background,
while redundant operators are highlighted in blue. The third and fourth columns show which
operators are generated by one-loop ALP exchange, either directly or via the EOMs. The last
column refers to the figures showing the relevant Feynman diagrams. When more than one figure
is listed, the first number refers to the figure showing the direct contributions.

Classes X3 and X2D2. The extended basis contains two types of operators in these
classes: the Weinberg operators QV and Q

Ṽ
containing three gauge fields (with V =

G,W ), and operators containing two gauge fields and two covariant derivatives. The latter
operators are redundant and can be eliminated using the EOMs, but they must be kept
in the extended operator basis. Those involving gluons fields can be defined as Q̂G,1 =
(DρGµν)a (DρGµν)a and Q̂G,2 = (DρGρµ)a (DωG

ωµ)a. Here and below, operators Qi are
contained in the Warsaw basis, while redundant operators in the extended basis are denoted

– 8 –
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Figure 1. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the classes X3 and X2D2 as counterterms. The 2-point functions (first graph)
exist for all three types of gauge bosons, while the 3-point functions (last two graphs) require non-
abelian vertices involving three gauge bosons.

by Q̂i. The Bianchi identity implies the relation

2gsQG + Q̂G,1 − 2Q̂G,2 = 0 , (3.2)

which can be used to eliminate Q̂G,1 from the extended basis. We are thus left with
the operators

Q̂G,2 = (DρGρµ)a (DωG
ωµ)a ,

Q̂W,2 = (DρWρµ)I (DωW
ωµ)I ,

Q̂B,2 = (DρBρµ) (DωB
ωµ) .

(3.3)

Analogous operators, in which one of the two field-strength tensors is replaced by a dual
tensor, are not needed as counterterms in our analysis.

At one-loop order, the 1PI Feynman diagrams with a virtual ALP exchange, which
require operators in the classes X3 and X2D2 as counterterms, are shown in figure 1. Here
and below, a red dashed line represents an ALP propagator, while red dots mark the 1/f -
suppressed ALP-SM vertices. In order to determine the coefficients of the counterterms
we study both the three-boson and two-boson Green’s functions with off-shell external
momenta. The three-boson amplitudes only exist for the non-abelian gauge fields. Starting
with the gluon case, we find that both the 3-gluon and the 2-gluon amplitude can be written
in the form

A
(
gg(g)

)
= −C

2
GG

ε

[
4gs 〈QG〉+ 4

3 〈Q̂G,2〉 − 2m2
a 〈GaµνGµν,a〉

]
+ finite , (3.4)

where the matrix element of QG requires three external gluons to be non-zero. In a com-
pletely analogous way, we find that

A
(
WW (W )

)
= −C

2
WW

ε

[
4g2 〈QW 〉+ 4

3 〈Q̂W,2〉 − 2m2
a 〈W I

µνW
µν,I〉

]
+ finite ,

A(BB) = −C
2
BB

ε

[4
3 〈Q̂B,2〉 − 2m2

a 〈BµνBµν〉
]

+ finite .
(3.5)

In all three cases, the presence of the contributions proportional to the ALP mass parameter
m2
a leads to a wave-function renormalization of the gauge fields, which affects the scale

evolution of the running couplings αs(µ), α2(µ) and α1(µ). This will be discussed in detail
in section 4.1.

Classes X2H2 and XH2D2. At one-loop order, the 1PI Feynman diagrams with a
virtual ALP exchange, which require operators in class X2H2 as counterterms, are shown
in figure 2. The vertices connecting Higgs and gauge bosons exist only for SU(2)L and
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Figure 2. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the class X2H2 as counterterms. Higgs doublets are represented by thick dotted
lines, with the arrow indicating the hypercharge flow.

U(1)Y gauge fields. We find that the UV divergences of the corresponding amplitudes
(with all particles incoming) can be written in the form

A(WWH∗H) = C2
WW

ε
g2

2 〈QHW 〉+ finite ,

A(BBH∗H) = C2
BB

ε
g2

1 〈QHB〉+ finite ,

A(WBH∗H) = CWW CBB
ε

2g1g2 〈QHWB〉+ finite .

(3.6)

Operators in the class XH2D2 are not generated by ALP exchange at one-loop order.

Classes H6, H4D2 and H2D4. The operators in the classes H6 and H4D2 are not
generated directly via one-loop diagrams involving ALP exchange, but they are generated
indirectly when the redundant operators are eliminated using the EOMs. The relevant
relations are derived in section 3.4. Operators in the class H2D4 are not generated by
ALP exchange at one-loop order.

3.2 Operators containing a single fermion current

Classes ψ2XD and ψ2D3. These operators are not generated by ALP exchange at
one-loop order.

Class ψ2XH. The operators in this class are generated by the one-loop Feynman graphs
shown in figure 3. We find that the UV divergences of these diagrams can be expressed as

A(L∗perWH) = ig2
2ε
(
Ỹe
)
pr
CWW

[
〈QeW 〉

]
pr

+ finite ,

A(L∗perBH) = ig1
ε

(YL + Ye)
(
Ỹe
)
pr
CBB

[
〈QeB〉

]
pr

+ finite ,

A(Q∗pur gH∗) = 2igs
ε

(
Ỹu
)
pr
CGG

[
〈QuG〉

]
pr

+ finite ,

A(Q∗purWH∗) = ig2
2ε
(
Ỹu
)
pr
CWW

[
〈QuW 〉

]
pr

+ finite ,

A(Q∗purBH∗) = ig1
ε

(YQ + Yu)
(
Ỹu
)
pr
CBB

[
〈QuB〉

]
pr

+ finite , (3.7)

A(Q∗pdr gH) = 2igs
ε

(
Ỹd
)
pr
CGG

[
〈QdG〉

]
pr

+ finite ,

A(Q∗pdrWH) = ig2
2ε
(
Ỹd
)
pr
CWW

[
〈QdW 〉

]
pr

+ finite ,

A(Q∗pdrBH) = ig1
ε

(YQ + Yd)
(
Ỹd
)
pr
CBB

[
〈QdB〉

]
pr

+ finite ,

where p, r = 1, 2, 3 are generation indices.
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Figure 3. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the class ψ2XH as counterterms. Thick (thin) solid lines represent left-handed
fermion doublets (right-handed fermion singlets). If the right-handed fermion is an up-type quark,
the arrows on the Higgs lines need to be reversed.

uQ Qddd Q Q uQ Qu

Figure 4. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the class ψ2H3 as counterterms. Graphs involving both Ỹu and Ỹd, such as
the third one, vanish after summing over the permutations of the Higgs fields.

Classes ψ2H3, ψ2H2D and ψ2HD2. Operators in the class ψ2H3 are generated by
the one-loop Feynman graphs shown in figure 4. We do not show a diagram analogous to
the first one involving leptons. We find that the UV divergences of these diagrams can be
expressed as

A(L∗perH∗HH) = 1
ε

(
ỸeY

†
e Ỹe

)
pr

[
〈QeH〉

]
pr

+ finite ,

A(Q∗purH∗H∗H) = 1
ε

(
ỸuY

†
u Ỹu

)
pr

[
〈QuH〉

]
pr

+ finite , (3.8)

A(Q∗pdrH∗HH) = 1
ε

(
ỸdY

†
d Ỹd

)
pr

[
〈QdH〉

]
pr

+ finite .

There exist diagrams such as the third one shown in the figure, which are proportional to
structures like (ỸuY †u Ỹd

)
pr
. However, we find that such graphs give vanishing contributions

after summing over the permutations of the two incoming (or outgoing) Higgs bosons.
For the operators in the class ψ2H2D, which are generated by the one-loop Feynman

graphs shown in figure 5, it is necessary to define the redundant operators

[
Q̂

(1)
Hl

]
pr

= H†H
(
L̄p i
←→
/DLr

)
,

[
Q̂

(3)
Hl

]
pr

= H†σIH
(
L̄p i
←→
/D σILr

)
,[

Q̂He
]
pr

= H†H
(
ēp i
←→
/D er

)
,[

Q̂
(1)
Hq

]
pr

= H†H
(
Q̄p i
←→
/DQr

)
,

[
Q̂

(3)
Hq

]
pr

= H†σIH
(
Q̄p i
←→
/D σIQr

)
,[

Q̂Hu
]
pr

= H†H
(
ūp i
←→
/D ur

)
,

[
Q̂Hd

]
pr

= H†H
(
d̄p i
←→
/D dr

)
,

(3.9)
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Q

Q Q

Q

Q Q

d

d

u

d u Q

u u

d

Figure 5. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the class ψ2H2D as counterterms. Analogous graphs exist in the lepton sector.

which are not part of the Warsaw basis. They will later be eliminated using the EOMs.
We find that the UV divergences of these diagrams can be expressed as

A(L∗pLrH∗H) = 1
8ε
(
Ỹe Ỹ

†
e

)
pr

([
〈Q̂(1)

Hl〉
]
pr

+
[
〈Q̂(3)

Hl〉
]
pr
−
[
〈Q(1)

Hl〉
]
pr
−
[
〈Q(3)

Hl〉
]
pr

)
+finite ,

A(e∗perH∗H) = 1
4ε
(
Ỹ †e Ỹe

)
pr

([
〈Q̂He〉

]
pr

+
[
〈QHe〉

]
pr

)
+finite ,

A(Q∗pQrH∗H) = 1
8ε
(
Ỹu Ỹ

†
u

)
pr

([
〈Q̂(1)

Hq〉
]
pr
−
[
〈Q̂(3)

Hq〉
]
pr

+
[
〈Q(1)

Hq〉
]
pr
−
[
〈Q(3)

Hq〉
]
pr

)
+finite ,

+ 1
8ε
(
Ỹd Ỹ

†
d

)
pr

([
〈Q̂(1)

Hq〉
]
pr

+
[
〈Q̂(3)

Hq〉
]
pr
−
[
〈Q(1)

Hq〉
]
pr
−
[
〈Q(3)

Hq〉
]
pr

)
(3.10)

A(u∗purH∗H) = 1
4ε
(
Ỹ †u Ỹu

)
pr

([
〈Q̂Hu〉

]
pr
−
[
〈QHu〉

]
pr

)
+finite ,

A(d∗pdrH∗H) = 1
4ε
(
Ỹ †d Ỹd

)
pr

([
〈Q̂Hd〉

]
pr

+
[
〈QHd〉

]
pr

)
+finite ,

A(u∗pdrHH) = 1
2ε
(
Ỹ †u Ỹd

)
pr

[
〈QHud〉

]
pr

+finite .

Operators in class ψ2HD2 are not generated by ALP exchange at one-loop order.

3.3 Four-fermion operators

At one-loop order, ALP exchange between four fermions gives rise to the diagrams shown
in figure 6. Since the ALP coupling to fermions changes chirality, each diagram contains
two left-handed and two right-handed fermions. Four-fermion operators containing only
left-handed or only right-handed fields are therefore not generated directly in our model
at one-loop order. Nevertheless, as we will show later, almost all four-fermion operators in
the Warsaw basis are generated at one-loop order when the contributions from the EOMs
are taken into account.

Using Fierz identities for some of the operators and color structures, we find that the
amplitudes corresponding to the diagrams shown in figure 6 can be written as

A(L∗per e∗sLt) = − 1
2ε
(
Ỹe
)
pr

(
Ỹ †e
)
st

[
〈Qle〉

]
ptsr

+ finite ,

A(Q∗puru∗sQt) = −1
ε

(
Ỹu
)
pr

(
Ỹ †u
)
st

([
〈Q(8)

qu 〉
]
ptsr

+ 1
2Nc

[
〈Q(1)

qu 〉
]
ptsr

)
+ finite ,

A(Q∗pdrd∗sQt) = −1
ε

(
Ỹd
)
pr

(
Ỹ †d
)
st

([
〈Q(8)

qd 〉
]
ptsr

+ 1
2Nc

[
〈Q(1)

qd 〉
]
ptsr

)
+ finite ,
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Figure 6. Representative one-loop Feynman diagrams with ALP exchange (red dashed line), which
require operators in the class ψ4 as counterterms. Analogous graphs exist in the lepton sector.

A(L∗perd∗sQt) = 1
ε

(
Ỹe
)
pr

(
Ỹ †d
)
st

[
〈Qledq〉

]
prst

+ finite ,

A(Q∗pdrQ∗sut) = 1
ε

(
Ỹu
)
pr

(
Ỹd
)
st

[
〈Q(1)

quqd〉
]
prst

+ finite ,

A(L∗perQ∗sut) = −1
ε

(
Ỹe
)
pr

(
Ỹu
)
st

[
〈Q(1)

lequ〉
]
prst

+ finite . (3.11)

3.4 Elimination of redundant operators

In the next step, we must decompose the redundant operators Q̂i into SMEFT operators
in the Warsaw basis, using the EOMs for the SM fields. We find that the relevant relations
for the purely bosonic operators defined in (3.3) are

Q̂G,2∼= g2
s

(
Q̄γµT

aQ+ūγµT au+d̄γµT ad
)2

(3.12)

= g2
s

[ 1
4
([
Q(1)
qq

]
prrp

+
[
Q(3)
qq

]
prrp

)
− 1

2Nc

[
Q(1)
qq

]
pprr

+ 1
2
[
Quu

]
prrp
− 1

2Nc

[
Quu

]
pprr

+ 1
2
[
Qdd

]
prrp
− 1

2Nc

[
Qdd

]
pprr

+2
[
Q(8)
qu

]
pprr

+2
[
Q

(8)
qd

]
pprr

+2
[
Q

(8)
ud

]
pprr

]
,

Q̂W,2∼=
g2

2
4
(
H† i
←→
Dµ

IH+Q̄γµσIQ+L̄γµσIL
)2

= g2
2
4

[
−4m2

H

(
H†H

)2
+4λQH+3QH�+2

([
Q

(3)
Hl

]
pp

+
[
Q

(3)
Hq

]
pp

)
+2
[(
Yu
)
pr

[
QuH

]
pr

+
(
Yd
)
pr

[
QdH

]
pr

+
(
Ye
)
pr

[
QeH

]
pr

+h.c.
]

+2
[
Q

(3)
lq

]
pprr

+2
[
Qll
]
prrp
−
[
Qll
]
pprr

+
[
Q(3)
qq

]
pprr

]
,

(3.13)

and

Q̂B,2∼= g2
1

(
YHH† i

←→
DµH+

∑
F

YF ψ̄F γµψF
)2

= g2
1

[
Y2
H

(
4QHD+QH�

)
+2YH

(
YL
[
Q

(1)
Hl

]
pp

+YQ
[
Q

(1)
Hq

]
pp

+Ye
[
QHe

]
pp

+Yu
[
QHu

]
pp

+Yd
[
QHd

]
pp

)
+Y2

L

[
Qll
]
pprr

+Y2
Q

[
Q(1)
qq

]
pprr

+Y2
e

[
Qee

]
pprr

+Y2
u

[
Quu

]
pprr

+Y2
d

[
Qdd

]
pprr

+2YLYQ
[
Q

(1)
lq

]
pprr

+2YLYe
[
Qle
]
pprr

+2YLYu
[
Qlu

]
pprr

+2YLYd
[
Qld

]
pprr

+2YQYe
[
Qqe

]
pprr

+2YQYu
[
Q(1)
qu

]
pprr

+2YQYd
[
Q

(1)
qd

]
pprr

+2YeYu
[
Qeu

]
pprr

+2YeYd
[
Qed

]
pprr

+2YuYd
[
Q

(1)
ud

]
pprr

]
. (3.14)
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They are in agreement with corresponding relations derived in [57]. In relation (3.13),
m2
H is the Higgs mass parameter and λ the scalar self-coupling as defined via the scalar

potential [45]

V = λ

2
(
H†H

)2
−m2

H H
†H . (3.15)

The relevant relations for the operators containing a single fermion current defined
in (3.9) read

[
Q̂

(1)
Hl

]
pr
∼=
(
Ye
)
rs

[
QeH

]
ps

+
(
Y †e
)
sp

[
Q†eH

]
sr
,[

Q̂
(3)
Hl

]
pr
∼=
(
Ye
)
rs

[
QeH

]
ps

+
(
Y †e
)
sp

[
Q†eH

]
sr
,[

Q̂He
]
pr
∼=
(
Ye
)
sp

[
QeH

]
sr

+
(
Y †e
)
rs

[
Q†eH

]
ps
,[

Q̂
(1)
Hq

]
pr
∼=
(
Yd
)
rs

[
QdH

]
ps

+
(
Yu
)
rs

[
QuH

]
ps

+
(
Y †d
)
sp

[
Q†dH

]
sr

+
(
Y †u
)
sp

[
Q†uH

]
sr
,[

Q̂
(3)
Hq

]
pr
∼=
(
Yd
)
rs

[
QdH

]
ps
−
(
Yu
)
rs

[
QuH

]
ps

+
(
Y †d
)
sp

[
Q†dH

]
sr
−
(
Y †u
)
sp

[
Q†uH

]
sr
,[

Q̂Hu
]
pr
∼=
(
Yu
)
sp

[
QuH

]
sr

+
(
Y †u
)
rs

[
Q†uH

]
ps
,[

Q̂Hd
]
pr
∼=
(
Yd
)
sp

[
QdH

]
sr

+
(
Y †d
)
rs

[
Q†dH

]
ps
.

(3.16)

4 Derivation of the source terms

With the exception of the CP-violating bosonic operators as well as the baryon-number
violating four-fermion operators, which do not arise in our model because the ALP neither
has CP-violating couplings to gauge fields nor couplings that violate baryon number, almost
all of the 59 SMEFT operators in the Warsaw basis are sourced by ALP exchange at
one-loop order. There are only three special cases: the bosonic operator QHG and the
four-fermion operators Q(8)

quqd and Q(3)
lequ receive source terms starting at two-loop order.

Below we list our results for the ALP source terms in the RG equations (1.2) for the
Wilson coefficients of the dimension-6 SMEFT Lagrangian in the various operator classes of
the Warsaw basis. Before doing so, we consider ALP effects on the evolution equations for
the SM coupling parameters, i.e., the couplings of the renormalizable (D = 4) operators.

4.1 Renormalizable operators

The effective Lagrangian (1.1) contains two dimensionful parameters besides the scale f :
the Higgs mass parameter m2

H and the ALP mass parameter m2
a. One-loop diagrams with

a virtual ALP exchange can therefore generate divergent terms proportional to m2
H/f

2

or m2
a/f

2, which require the dimension-4 operators of the SM as counterterms. We have
seen two occurrences of this phenomenon: the contributions proportional to m2

a in (3.4)
and (3.5), and the term proportional to m2

H in (3.13). A careful inspection of the UV-
divergent Green’s functions requiring SM counterterms shows that these are indeed the
only such terms generated at one-loop order in the ALP model.

The divergent contributions proportional to m2
a in (3.4) and (3.5) are absorbed by a

wave-function renormalization of the gauge fields. The corresponding contributions to the
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Z factors defined by Gaµ,0 = Z
1/2
G Gaµ etc. are

δZG = 8m2
a

(4πf)2
C2
GG

ε
, δZW = 8m2

a

(4πf)2
C2
WW

ε
, δZB = 8m2

a

(4πf)2
C2
BB

ε
. (4.1)

These Z factors enter in the relation between the bare and the renormalized gauge cou-
plings, and consequently the presence of the ALP leaves an imprint on the β-functions
of the SM gauge couplings. For the case of the running QCD coupling, αs ≡ αs(µ), the
relation is αs,0 = µ2εZαs αs with Zαs = Z2

q̄qg Z
−2
q Z−1

G . The wave-function renormalization
factor Zq of the quark fields and the vertex renormalization factor Zq̄qg do not receive ALP
contributions at one-loop order. The fact that the bare coupling αs,0 is scale independent
implies the relation

1
αs

dαs
d lnµ = −2ε− 1

Zαs

dZαs

d lnµ , with Zαs = ZSM
αs
− 8m2

a

(4πf)2
C2
GG

ε
. (4.2)

In evaluating the derivative of Zαs one uses that dαs/d lnµ = −2εαs + . . . and
dC2

GG/d lnµ = −2εC2
GG + . . . up to higher-order corrections. The latter relation fol-

lows from the fact that the bare coupling CGG,0 in the effective Lagrangian (2.2) has mass
dimension [CGG,0] = ε. Taking the limit ε → 0 after the derivatives have been computed,
and defining dαs/d lnµ ≡ −2αsβ(3)({αi}), and similarly for the other gauge couplings,
we obtain

β(3)({αi}) = β
(3)
SM({αi}) + 8m2

a

(4πf)2 C
2
GG ,

β(2)({αi}) = β
(2)
SM({αi}) + 8m2

a

(4πf)2 C
2
WW ,

β(1)({αi}) = β
(1)
SM({αi}) + 8m2

a

(4πf)2 C
2
BB .

(4.3)

The notation {αi} indicates a dependence on all coupling parameters in the SM, which
enters starting at two-loop order.

The divergent contribution proportional to m2
H in (3.13) is absorbed by the renor-

malization of the quartic scalar coupling λ. The renormalization factor Zλ, defined by
λ0 = µ2εZλ λ(µ), receives a contribution

δZλ = 8g2
2

3λ
m2
H

(4πf)2
C2
WW

ε
. (4.4)

This generates an additive, ALP-induced contribution to the RG evolution equation for
the renormalized coupling λ(µ), such that

dλ

d lnµ = −16g2
2

3
m2
H

(4πf)2 C
2
WW + SM contribution . (4.5)

4.2 Source terms of purely bosonic operators

We now turn our attention to the derivation of the ALP source terms in the RG evolution
equation (1.2). The dimension-5 operators in the effective ALP Lagrangian LSM+ALP
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in (1.1) give rise to UV-divergent Green’s functions, which require the dimension-6 SMEFT
operators Qi as counterterms. More specifically, the bare Wilson coefficients Ci,0 in the
dimension-6 SMEFT Lagrangian

LD=6
SMEFT =

∑
i

Ci,0Qi,0 (4.6)

must contain divergent contributions, which cancel the 1/ε poles of the ALP contributions.
Consider the contribution proportional to the Weinberg operator QG in the 3-gluon ampli-
tude (3.4) as an example. In order to cancel the corresponding 1/ε pole, the bare Wilson
coefficient CG,0 must contain the contribution

CG,0 3
4gs

(4πf)2 C
2
GG

(
1
ε

+ ln µ2

M2 + . . .

)
, (4.7)

where M2 is a characteristic mass scale in the UV theory, and the combination of 1/ε
and lnµ2 is generic for one-loop integrals in dimensional regularization. When the Wilson
coefficient is renormalized, the 1/ε pole term is removed, but the scale-dependent term
remains. It follows that

d

d lnµ CG(µ) 3 8gs
(4πf)2 C

2
GG . (4.8)

In this way, the ALP source terms for the various Wilson coefficients can be derived from
the coefficients of the 1/ε poles in the expressions for the various divergent Green’s functions
considered in section 3.

Class X3. From the results for the 1/ε poles in the two- and three-point gauge-boson
amplitudes shown in (3.4) and (3.5), we obtain the ALP source terms

SG = 8gsC2
GG , S

G̃
= 0 ,

SW = 8g2C
2
WW , S

W̃
= 0 .

(4.9)

Class X2H2. From the results for the 1/ε poles in the amplitudes connecting two Higgs
bosons and two gauge fields shown in (3.6), we obtain the ALP source terms

SHG = 0 , S
HG̃

= 0 ,
SHW = −2g2

2 C
2
WW , S

HW̃
= 0 ,

SHB = −2g2
1 C

2
BB , S

HB̃
= 0 ,

SHWB = −4g1g2CWW CBB , S
HW̃B

= 0 .

(4.10)

Here and in (4.9), the source terms for the CP-odd operators (marked with a tilde) vanish at
one-loop order, because the ALP does not have any CP-violating couplings to gauge bosons.

Classes H6 and H4D2. The operators in these classes do not receive any direct contri-
butions from one-loop diagrams with ALP exchange, but they are generated via contribu-
tions from the EOMs due to the operators Q̂W,2 and Q̂B,2, see relations (3.13) and (3.14).
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We find
SH = 8

3 λg
2
2 C

2
WW ,

SH� = 2g2
2 C

2
WW + 8

3 g
2
1 Y2

H C
2
BB ,

SHD = 32
3 g2

1 Y2
H C

2
BB .

(4.11)

4.3 Source terms of single fermion-current operators

The Wilson coefficients of these operators are matrices in generation space. We present our
results for the corresponding source term using a matrix notation with boldface symbols.

Class ψ2XH. From the results for the 1/ε poles in the amplitudes connecting two
fermions to a Higgs field and a gauge field shown in (3.7), we obtain the ALP source terms

SeW = −ig2 ỸeCWW ,

SeB = −2ig1 (YL + Ye) ỸeCBB ,
SuG = −4igs ỸuCGG ,
SuW = −ig2 ỸuCWW ,

SuB = −2ig1 (YQ + Yu) ỸuCBB ,
SdG = −4igs ỸdCGG ,
SdW = −ig2 ỸdCWW ,

SdB = −2ig1 (YQ + Yd) ỸdCBB .

(4.12)

Class ψ2H3. The source terms for the operators in this class receive direct contributions,
as shown in (3.8), as well as contributions from EOMs, from the relations given in (3.13)
and (3.16). We find

SeH = −2ỸeY †e Ỹe −
1
2 Ỹe Ỹ

†
e Ye −

1
2Ye Ỹ

†
e Ỹe + 4

3 g
2
2 C

2
WW Ye ,

SuH = −2ỸuY †u Ỹu −
1
2 Ỹu Ỹ

†
u Yu −

1
2Yu Ỹ

†
u Ỹu + 4

3 g
2
2 C

2
WW Yu ,

SdH = −2ỸdY †d Ỹd −
1
2 Ỹd Ỹ

†
d Yd −

1
2Yd Ỹ

†
d Ỹd + 4

3 g
2
2 C

2
WW Yd .

(4.13)

Class ψ2H2D. The source terms for the operators in this class receive direct contribu-
tions, as shown in (3.10), as well as contributions from EOMs, from the relations given
in (3.13) and (3.14). We find

S
(1)
Hl = 1

4 Ỹe Ỹ
†
e + 16

3 g2
1 YHYLC2

BB 1 ,

S
(3)
Hl = 1

4 Ỹe Ỹ
†
e + 4

3 g
2
2 C

2
WW 1 ,

SHe = −1
2 Ỹ

†
e Ỹe + 16

3 g2
1 YHYeC2

BB 1 ,

S
(1)
Hq = 1

4
(
Ỹd Ỹ

†
d − Ỹu Ỹ

†
u

)
+ 16

3 g2
1 YHYQC2

BB 1 ,
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S
(3)
Hq = 1

4
(
Ỹd Ỹ

†
d + Ỹu Ỹ †u

)
+ 4

3 g
2
2 C

2
WW 1 ,

SHu = 1
2 Ỹ

†
u Ỹu + 16

3 g2
1 YHYuC2

BB 1 ,

SHd = −1
2 Ỹ

†
d Ỹd + 16

3 g2
1 YHYdC2

BB 1 ,

SHud = −Ỹ †u Ỹd . (4.14)

4.4 Source terms of four-fermion operators

The Wilson coefficients of these operators are 4-index tensors in generation space, and we
therefore present our results for the corresponding source term in component notation.
The direct contributions to the source terms are derived from the four-fermion amplitudes
collected in (3.11). In addition, there are several indirect contributions from the EOM
relations in (3.12), (3.13) and (3.14). The source terms for operators in the classes (L̄L)(L̄L)
and (R̄R)(R̄R) are entirely due to these EOM relations.

Class (L̄L)(L̄L). For the source terms of the purely left-handed four-fermion operators
we obtain

[
Sll
]
prst

= 2
3 g

2
2 C

2
WW (2δptδsr − δpr δst) + 8

3 g
2
1 Y2

LC
2
BB δpr δst ,[

S(1)
qq

]
prst

= 2
3 g

2
s C

2
GG

(
δptδsr −

2
Nc

δpr δst

)
+ 8

3 g
2
1 Y2

QC
2
BB δpr δst ,[

S(3)
qq

]
prst

= 2
3 g

2
s C

2
GG δptδsr + 2

3 g
2
2 C

2
WW δpr δst ,[

S
(1)
lq

]
prst

= 16
3 g2

1 YLYQC2
BB δpr δst ,[

S
(3)
lq

]
prst

= 4
3 g

2
2 C

2
WW δpr δst .

(4.15)

Class (R̄R)(R̄R). For the source terms of the purely right-handed four-fermion opera-
tors we obtain

[
See
]
prst

= 8
3 g

2
1 Y2

e C
2
BB δpr δst ,[

Suu
]
prst

= 4
3 g

2
s C

2
GG

(
δptδsr −

1
Nc

δpr δst

)
+ 8

3 g
2
1 Y2

u C
2
BB δpr δst ,[

Sdd
]
prst

= 4
3 g

2
s C

2
GG

(
δptδsr −

1
Nc

δpr δst

)
+ 8

3 g
2
1 Y2

d C
2
BB δpr δst ,[

Seu
]
prst

= 16
3 g2

1 YeYuC2
BB δpr δst ,[

Sed
]
prst

= 16
3 g2

1 YeYdC2
BB δpr δst ,[

S
(1)
ud

]
prst

= 16
3 g2

1 YuYdC2
BB δpr δst ,[

S
(8)
ud

]
prst

= 16
3 g2

s C
2
GG δpr δst .

(4.16)
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Class (L̄L)(R̄R). For the source terms of the mixed-chirality four-fermion operators in
this class we obtain[

Sle
]
prst

=
(
Ỹe
)
pt

(
Ỹ †e
)
sr

+ 16
3 g2

1 YLYeC2
BB δpr δst ,[

Slu
]
prst

= 16
3 g2

1 YLYuC2
BB δpr δst ,[

Sld
]
prst

= 16
3 g2

1 YLYdC2
BB δpr δst ,[

Sqe
]
prst

= 16
3 g2

1 YQYeC2
BB δpr δst ,[

S(1)
qu

]
prst

= 1
Nc

(
Ỹu
)
pt

(
Ỹ †u
)
sr

+ 16
3 g2

1 YQYuC2
BB δpr δst ,[

S(8)
qu

]
prst

= 2
(
Ỹu
)
pt

(
Ỹ †u
)
sr

+ 16
3 g2

s C
2
GG δpr δst ,[

S
(1)
qd

]
prst

= 1
Nc

(
Ỹd
)
pt

(
Ỹ †d
)
sr

+ 16
3 g2

1 YQYdC2
BB δpr δst ,[

S
(8)
qd

]
prst

= 2
(
Ỹd
)
pt

(
Ỹ †d
)
sr

+ 16
3 g2

s C
2
GG δpr δst .

(4.17)

Classes (L̄R)(R̄L) and (L̄R)(L̄R). For the source terms of the mixed-chirality four-
fermion operators in these classes we obtain[

Sledq
]
prst

= −2
(
Ỹe
)
pr

(
Ỹ †d
)
st
,[

S
(1)
quqd

]
prst

= −2
(
Ỹu
)
pr

(
Ỹd
)
st
,[

S
(8)
quqd

]
prst

= 0 ,[
S

(1)
lequ

]
prst

= 2
(
Ỹe
)
pr

(
Ỹu
)
st
,[

S
(3)
lequ

]
prst

= 0 .

(4.18)

Class B-violating. The B-violating operators Qduq, Qqqu, Qqqq and Qduu are not gener-
ated in the ALP model, because the model does not contain any B-violating interactions.

4.5 Structure of the source terms

It is instructive to study the structure of the various ALP source terms in more detail.
For the bosonic ALP couplings CV V with V = G,W,B, we have presented in (2.4) the
relations which link them with the couplings in the underlying shift-symmetric ALP La-
grangian (2.1). Note that, besides the three original ALP-boson couplings cV V , also the
diagonal elements of all ALP-fermion couplings enter in these relations. In other words,
even in so-called gauge-phobic models, in which some or all of the original ALP-boson cou-
plings are assumed to vanish, the couplings CV V in the ALP source terms are nevertheless
non-zero as soon as the ALP has at least some couplings to the SM fermions.

The fermionic ALP couplings in the source terms are encoded in the complex matrices
Ỹf with f = u, d, e defined in (2.3). They inherit the hierarchies of the SM Yukawa matrices
Yf , which multiply the hermitian matrices cF in the original Lagrangian (2.1). We can
simplify the structure of the matrices Ỹf by choosing a convenient basis of the fermion
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fields. Without loss of generality, we work in the basis where the up-sector and lepton-
sector Yukawa matrices are diagonal, while the down-sector Yukawa matrix is given by Yd =
V Y diag

d with Y diag
d = diag(yd, ys, yb), where V denotes the CKM matrix. Following [21,

43], we denote the ALP-fermion couplings in this basis by kU = cQ, kE = cL, and kf = cf
for f = u, d, e. Moreover, we define kD = V †cQV . With these definitions, the matrices
ki specify the ALP-fermion couplings in the mass basis of the SM fermions. From (2.3), it
the follows that

−i
[
Ỹu]ij = yui

[
ku
]
ij
−
[
kU
]
ij
yuj ,

−i
[
Ỹd
]
ij

=
(
Vuidk

ydk

[
kd
]
kj
−
[
kU
]
ik
Vukdj

ydj

)
= Vuidk

(
ydk

[
kd
]
kj
−
[
kD
]
kj
ydj

)
,

−i
[
Ỹe
]
ij

= yei

[
ke
]
ij
−
[
kE
]
ij
yej .

(4.19)

The diagonal elements of these matrices are given by

−i
[
Ỹu]ii = cuiui yui ,

−i
[
Ỹd
]
ii

= Vuidk

(
ydk

[
kd
]
ki
−
[
kD
]
ki
ydi

)
,

−i
[
Ỹe
]
ii

= ceiei yei ,

(4.20)

where we have defined [21]
cfifi

=
[
kf
]
ii
−
[
kF
]
ii
. (4.21)

Further simplifications arise if one makes assumptions about the flavor structure of
the ALP-fermion couplings in (2.1). For example, assuming minimal flavor violation
(MFV) [58], and neglecting contributions quadratic in the Yukawa couplings of the light
SM fermions (f 6= t), one finds that the matrices cu and cQ are diagonal but in general have
non-universal 33 entries, whereas cd, ce and cL are proportional to the unit matrix [43].
The unitarity of the CKM matrix then implies that[

kD
]
11 =

[
kU
]
11 + |Vtd|2

([
kU
]
33 −

[
kU
]
11

)
,[

kD
]
22 =

[
kU
]
22 + |Vts|2

([
kU
]
33 −

[
kU
]
11

)
,[

kD
]
33 =

[
kU
]
33 −

(
1− |Vtb|2

) ([
kU
]
33 −

[
kU
]
11

)
.

(4.22)

In the Wolfenstein parameterization of the CKM matrix one has |Vtd|2 ∼ λ6, |Vts|2 ∼ λ4

and
(
1− |Vtb|2

)
∼ λ4, where λ ∼ 0.2. It follows that we can replace

[
kU
]
ii

=
[
kD
]
ii
to very

good approximation. Under the MFV hypothesis, the relations (4.19) then simplify to

−i
[
Ỹu]MFV

ij ' cuiui yui δij ,

−i
[
Ỹd
]MFV
ij

' cdidi
Vuidj

ydj
,

−i
[
Ỹe
]MFV
ij

' ceiei yei δij .

(4.23)

In matrix notation, these relations imply −iỸ MFV
f ' diag(cf1f1 , cf2f2 , cf3f3)Yf for all three

cases (f = u, d, e).
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5 Sample applications

The results obtained in this paper form the basis of a systematic analysis of the effects
of virtual ALP exchange on precision measurements. They also explain the origin of the
logarithmic divergences observed in some previous studies of ALP-induced loop corrections
to the anomalous magnetic moment of the muon [20, 21, 31–33] and electroweak precision
observables [21], and they provide a framework in which such logarithms can be resummed
by solving the RG evolution equations (1.2). Many of the dimension-6 operators which
receive contributions from ALP-induced RG evolution effects are strongly constrained, for
example by measurements of electroweak precision observables and of the properties of the
Higgs boson, the top quark and the gauge bosons at the LHC (see [59] for a comprehensive
global analysis and an exhaustive list of references to earlier SMEFT fits). This implies
that areas of the ALP parameter space which may still be unconstrained by direct searches
can be probed indirectly, using constraints on dimension-6 SMEFT operators implied by
precision studies. We now briefly illustrate the usefulness of our approach with two ex-
amples, leaving a more comprehensive analysis to future work. For the purposes of this
discussion we assume that the ALP mass is light, of order the electroweak scale or lighter.
In this first exploration we neglect the matching contributions to the SMEFT Wilson co-
efficients from heavy new states at the UV scale Λ = 4πf , which can only be assessed
within a concrete UV completion of the effective Lagrangian (1.1). We also omit one-loop
contributions to the observables arising from the low-energy matrix elements in the effec-
tive theory. As explained earlier, the effects from RG evolution which we calculate are
enhanced over these two contributions by a large logarithm. Our calculations have shown
that the same ALP couplings appear in the source terms for many different dimension-6
operators, so it is likely that more powerful constraints than the ones we discuss below can
be derived from a global analysis of precision observables.

5.1 Chromo-magnetic moment of the top quark

The chromo-magnetic and chromo-electric dipole moments of the top quark, µ̂t and d̂t, are
two important precision observables probing new physics above the electroweak scale [60–
62]. They can be defined in terms of the effective Lagrangian [61]

Ltt̄g = gs

(
t̄γµT a tGaµ + µ̂t

2mt
t̄ σµνT a tGaµν + id̂t

2mt
t̄ σµνγ5 T

a tGaµν

)
. (5.1)

The overall sign on the right-hand side has been chosen so as to be consistent with our def-
inition of the covariant derivative. Matching this expression with the dimension-6 SMEFT
Lagrangian at lowest order, we find

µ̂t = ytv
2

gs
<eC33

uG , d̂t = ytv
2

gs
=mC33

uG , (5.2)

where all quantities are evaluated at the scale µ = mt. The Wilson coefficient C33
uG ≡

[CuG]33 is defined in the up-quark mass basis (see section 4.5). Neglecting contributions
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proportional to electroweak gauge couplings and light-quark Yukawa couplings, one finds
that this coefficient obeys the RG equation [48, 49]

d

d lnµ C
33
uG = S33

uG

(4πf)2 +
(15αt

8π −
17αs
12π

)
C33
uG

+ 9αs
4π yt

(
CG + iC

G̃

)
+ gsyt

4π2

(
CHG + iC

HG̃

)
,

(5.3)

where S33
uG ≡ [SuG]33, and αt = y2

t /(4π). In the same approximation, the RG equations
for the other Wilson coefficients entering this relation read

d

d lnµ CG = SG
(4πf)2 + 15αs

4π CG ,

d

d lnµ CG̃ = 15αs
4π C

G̃
,

d

d lnµ CHG =
(3αt

2π −
7αs
2π

)
CHG + gsyt

4π2 <eC
33
uG ,

d

d lnµ CHG̃ =
(3αt

2π −
7αs
2π

)
C
HG̃

+ gsyt
4π2 =mC

33
uG .

(5.4)

The relevant ALP source terms,

S33
uG = 4gsyt cttCGG , SG = 8gsC2

GG , (5.5)

obtained from (4.9), (4.12) and (4.20), are both real-valued. It follows that C
G̃
, C

HG̃
and

=mC33
uG vanish in the ALP model, and the RG equations simply to

d

d lnµ <eC
33
uG = S33

uG

(4πf)2 +
(15αt

8π −
17αs
12π

)
<eC33

uG + 9αs
4π ytCG + gsyt

4π2 CHG ,

d

d lnµ CG = SG
(4πf)2 + 15αs

4π CG ,

d

d lnµ CHG =
(3αt

2π −
7αs
2π

)
CHG + gsyt

4π2 <eC
33
uG .

(5.6)

Solving these coupled equations would provide solutions for the Wilson coefficients in which
the large logarithms of the ratio 4πf/mt are resummed in leading logarithmic approxima-
tion. For our purposes, however, it will be sufficient to obtain a rough approximation
by keeping only the lowest-order logarithmic term for each ALP coupling and neglecting
contributions proportional to extra factors of αi ln(4πf/mt). Taking into account the RG
equation for the coefficient ctt that follows from (B.3), we find

µ̂t ≈ −
8m2

t

(4πf)2

[
cttCGG ln 4πf

mt
− 25αs

4π C2
GG ln2 4πf

mt

]
≈ −

(
5.87cttCGG − 5.50C2

GG

)
· 10−3 ×

[1TeV
f

]2
,

(5.7)

as well as d̂t ≈ 0. The ALP couplings ctt and CGG are defined at the scale Λ = 4πf . Note
that the term proportional to C2

GG contains an extra factor of αs ln(4πf/mt) compared with
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the first one, since it arises via the mixing of C33
uG with the coefficient CG. The numerical

result shown in the second line has been obtained using mt ≡ mt(mt) = 163.4GeV and
αs ≡ αs(mt) = 0.1084, and taking f = 1TeV in the argument of the logarithms. Which
one of the two contributions dominates depends on the relative size of the coefficients ctt
and CGG. The CMS collaboration has recently performed two independent measurements
of the chromo-magnetic dipole moment of the top quark, finding −0.014 < µ̂t < 0.004 at
95% confidence level [63], and µ̂t = −0.024+0.013

−0.009
+0.016
−0.011 [64]. Applying the (stronger) first

bound to the ALP model, we find under the approximations described above

− 0.68 <
(
cttCGG − 0.94C2

GG

)
×
[1TeV

f

]2
< 2.38 (95% CL) . (5.8)

With the current sensitivity, the measurements of the top-quark chromo-magnetic moment
probe the ALP couplings ctt/f and CGG/f at the level of roughly O(TeV−1).

5.2 Example of a Z-pole constraint

As a second example, we consider the constraint on the flavor-conserving part of the Wilson
coefficient of the dimension-6 SMEFT operator Q(3)

Hq. Focussing on light quark flavors, and
assuming flavor universality in the first two generations, one defines

C
(3)
Hq ≡

[
C

(3)
Hq

]
11 =

[
C

(3)
Hq

]
22 . (5.9)

The coefficient C(3)
Hq is tightly constrained by Z-pole measurements [65–69]. When marginal-

izing over all the other SMEFT coefficients in order to obtain the most conservative bound,
the global analysis presented in [59] yields

− 0.11TeV−2 < C
(3)
Hq < 0.012 TeV−2 (95% CL) . (5.10)

Neglecting again contributions proportional to electroweak gauge couplings and light-quark
Yukawa couplings, the RG equations for the coefficients

[
C

(3)
Hq

]
ii
with i 6= 3 are found to

be [48, 49]

d

d lnµ
[
C

(3)
Hq

]
ii

=
[
S

(3)
Hq

]
ii

(4πf)2 + 3αt
2π

[
C

(3)
Hq

]
ii
− 3αt

2π
([
C(3)
qq

]
ii33 +

[
C(3)
qq

]
33ii

)
− αt

4π
([
C(1)
qq

]
i33i +

[
C(1)
qq

]
3ii3 −

[
C(3)
qq

]
i33i −

[
C(3)
qq

]
3ii3

)
.

(5.11)

From (4.14), we find for the relevant ALP source terms
[
S

(3)
Hq

]
ii

= 4g2
2

3 C2
WW , (5.12)

where again we have set the light-quark Yukawa couplings to zero. The source terms for
the remaining operators in (5.11) are obtained from (4.15) and read (for i = 1, 2)

[
S(3)
qq

]
ii33 =

[
S(3)
qq

]
33ii = 2g2

2
3 C2

WW ,

[
S(1)
qq

]
i33i =

[
S(1)
qq

]
3ii3 = 2g2

s

3 C2
GG ,[

S(3)
qq

]
i33i =

[
S(3)
qq

]
3ii3 = 2g2

s

3 C2
GG .

(5.13)
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They are indeed flavor universal with respect to the first two generations. We observe
that the sum of all source terms (proportional to C2

GG) for the Wilson coefficients in the
second line of (5.11) vanishes. The source terms for the last two coefficients in the first
line are proportional to C2

WW and thus yield a higher-order logarithmic correction to the
contributions from the source term in (5.12), which we neglect. We thus find

C
(3)
Hq ≈ −

α

3π sin2 θw

C2
WW

f2 ln 4πf
mZ
≈ −0.0177 C

2
WW

f2 , (5.14)

where the numerical value in the last step has been obtained using α(mZ) = (127.95)−1,
sin2 θw = 0.2312 and setting f = 1TeV in the argument of the logarithms. The lower
bound in (5.10) implies the limit

|CWW | ×
[1TeV

f

]
< 2.50 (95% CL) . (5.15)

For ALPs in the mass range between 10MeV and 10GeV, and assuming that the ALP-
photon coupling arises only from the ALP coupling to SU(2)L gauge bosons (i.e. that
CBB = 0), one finds that this bound is of the same order of magnitude as the strongest
constraints on the ALP-photon coupling obtained from LEP-2 [18, 70] and Belle-II data [71]
(see also [21]). With a future high-luminosity lepton collider such as the FCC-ee, the
bound (5.15) could be improved significantly [24].

Clearly, using the marginalized bound (5.10) on a single operator as a proxy for a full
fit is a very crude approach, especially given that we expect effects from CWW in several
operators which enter into the same observables used in the fit. It is likely that a full
analysis will lead to a significantly stronger bound on CWW and allow for more robust
statements also in the case where several ALP couplings are non-zero. Performing such a
global analysis is beyond the scope of the current work but is an interesting direction for
future study.

6 Conclusions

While the Standard Model Effective Field Theory (SMEFT) is commonly used to describe
the effects of new particles, which are too heavy to be produced as on-shell resonances in
current high-energy physics experiments, we have shown that light new particles that are
weakly coupled to the SM via non-renormalizable interactions necessarily induce non-zero
Wilson coefficients in the SMEFT Lagrangian via renormalization-group evolution. The
reason is that loop diagrams involving a virtual exchange of such a light particle contain
UV divergences, which require higher-dimensional SMEFT operators (operators built out
of SM fields only) as counterterms.

For the well-motivated example of axions and axion-like particles (ALPs) interacting
with the SM via dimension-5 interactions, we have computed the one-loop divergences
of all Green’s functions with virtual ALP exchange. We have expressed the results in
terms of the matrix elements of dimension-6 SMEFT operators, carefully accounting for
the contributions of redundant operators, which are eliminated using the equations of
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motion. In this way, we have derived the complete set of ALP source terms in the one-
loop renormalization-group equations of the Wilson coefficients of the dimension-6 SMEFT
operators in the Warsaw basis, finding that almost all of these operators are sourced at
one-loop order in ALP interactions. Our results explain the origin of the UV divergences
observed in previous one-loop calculations of virtual ALP contributions to the anomalous
magnetic moment of the muon and to electroweak precision observables. More generally,
they capture in a model-independent way all possible UV divergences of ALP-induced
transitions between SM particles that can arise at one-loop order. Moreover, our formalism
provides a convenient tool for resumming the large logarithmic corrections remaining once
these UV divergences have been renormalized.

As two important applications of our method, we have studied the ALP contributions
to the chromo-magnetic dipole moment of the top quark and to electroweak precision tests
performed at the Z pole, finding that these observables provide interesting constraints
on the ALP couplings to gauge bosons and top quarks if the ALP decay constant lies in
the TeV region, and hence the scale Λ = 4πf is of order 10TeV. A more comprehensive
analysis of virtual ALP effects based on a global fit to precision data is left for future work.
More generally, our formalism offers a model-independent framework for studying virtual
ALP effects on a large variety of precision measurements, thus opening up new, indirect
ways to search for ALPs and place bounds on their couplings to the SM. This approach is
complementary to direct searches and independent of the way in which the ALP decays.
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A ALP source terms in an alternative operator basis

In order to avoid odd powers of the gauge couplings gi and mixed terms involving gigj
with i 6= j in the RG evolution equations (1.2), it is useful to redefine the operators in
the Warsaw basis containing field-strength tensors by absorbing appropriate powers of the
gauge couplings. This is particularly convenient, because in background-field gauge the
combinations gsGµ, g2Wµ and g1Bµ are not renormalized [72]. We denote the redefined
operators by Q′i and their source terms by S′i. All operators not listed here are defined as
in the Warsaw basis.

Class X3. We introduce new operators

Q′G = gsf
abcG ν,a

µ G ρ,b
ν G µ,c

ρ ,

Q′W = g2 ε
IJKW ν,I

µ W ρ,J
ν W µ,K

ρ ,
(A.1)
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and similarly for the operators Q′
G̃
and Q′

W̃
. The non-vanishing source terms for the new

operators are given by
S′G = 8C2

GG ,

S′W = 8C2
WW .

(A.2)

Class X2H2. We introduce new operators

Q′HG = g2
s H
†H GaµνG

µν,a ,

Q′HW = g2
2 H
†HW I

µνW
µν,I ,

Q′HB = g2
1 H
†H BµνB

µν ,

Q′HWB = g1g2H
†σIHW I

µνB
µν ,

(A.3)

and similarly for the operators Q′
HG̃

, Q′
HW̃

, Q′
HB̃

and Q′
HW̃B

. The non-vanishing source
terms for the new operators are given by

S′HW = −2C2
WW ,

S′HB = −2C2
BB ,

S′HWB = −4CWW CBB .

(A.4)

Class ψ2XH. We introduce new operators

Q′eW = g2 L̄pHσµνWµν er ,

Q′eB = g1 L̄pHσµνBµν er ,

Q′uG = gs Q̄pH̃ σµνGµν ur ,

Q′uW = g2 Q̄pH̃ σµνWµν ur ,

Q′uB = g1 Q̄pH̃ σµνBµν ur ,

Q′dG = gs Q̄pHσµνGµν dr ,

Q′dW = g2 Q̄pHσµνWµν dr ,

Q′dB = g1 Q̄pHσµνBµν dr ,

(A.5)

where Wµν = W I
µν

σI

2 and Gµν = GaµνT
a. Their source terms are given by

S′eW = −2iỸeCWW ,

S′eB = −2i (YL + Ye) ỸeCBB ,
S′uG = −4iỸuCGG ,
S′uW = −2iỸuCWW ,

S′uB = −2i (YQ + Yu) ỸuCBB ,
S′dG = −4iỸdCGG ,
S′dW = −2iỸdCWW ,

S′dB = −2i (YQ + Yd) ỸdCBB .

(A.6)
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B RG evolution of ALP couplings

A detailed study of the RG evolution of the ALP couplings to SM particles in the effective
ALP Lagrangians (2.1) and (2.3) has been performed in [43, 44]. In order to meaningfully
derive the one-loop approximations to the RG equations, one needs to make an assumption
about the relative size of the ALP-boson and ALP-fermion couplings. We find it convenient
to distinguish the scenarios of i) a “natural ALP”, whose couplings respect the counting
rules of naive dimensional analysis (see section 2), and ii) a “gauge-philic ALP”, whose
couplings to gauge fields are parametrically enhanced by approximately a one-loop factor.
Such an enhancement could arise, for example, from a parametrically large number Nf � 1
of new heavy fermions, by which the ALP couples to gauge fields. More specifically,
we assume

Natural ALP: |cV V | ∼ |cF | , |CV V | � |cF | ,
Gauge-philic ALP: |cV V | � |cF | , |CV V | ∼ |cF | .

(B.1)

Gauge-philic ALP. When translated to the notation used in (2.2), and under the as-
sumption that the ALP couplings CV V and Ỹf in this effective Lagrangian are of the same
order, the one-loop evolution equations for the ALP-boson couplings derived in [43] take
the form

d

d lnµ CGG = −β(3)
0

αs
2π CGG ,

d

d lnµ CWW = −β(2)
0

α2
2π CWW ,

d

d lnµ CBB = −β(1)
0

α1
2π CBB ,

(B.2)

where β(i)
0 are the one-loop coefficients of the β-functions of the three gauge groups, which

above the electroweak scale are given by β(3)
0 = 7, β(2)

0 = 19
6 and β(1)

0 = −41
6 . The one-loop

evolution equations for the ALP-fermion couplings read
d

d lnµ Ỹu = 1
16π2

[
2ỸuY †uYu + 5

2 YuY
†
u Ỹu −

3
2 YdY

†
d Ỹu − 2YdỸ †d Yu − ỸdY

†
d Yu

]
+ iYu

[6αs
π

C
(3)
F CGG + 3α2

π
C

(2)
F CWW + 3α1

π

(
Y2
u + Y2

Q

)
CBB

]
− Ỹu

(3αs
2π C

(3)
F + 3α2

4π C
(2)
F + 17α1

48π −
T

16π2

)
− Yu

T̃

8π2 ,

d

d lnµ Ỹd = 1
16π2

[
2ỸdY †d Yd + 5

2 YdY
†
d Ỹd −

3
2 YuY

†
u Ỹd − 2YuỸ †uYd − ỸuY †uYd

]
+ iYd

[6αs
π

C
(3)
F CGG + 3α2

π
C

(2)
F CWW + 3α1

π

(
Y2
d + Y2

Q

)
CBB

]
− Ỹd

(3αs
2π C

(3)
F + 3α2

4π C
(2)
F + 5α1

48π −
T

16π2

)
+ Yd

T̃

8π2 ,

d

d lnµ Ỹe = 1
16π2

[
2ỸeY †e Ye + 5

2 YeY
†
e Ỹe

]
+ iYe

[3α2
π

C
(2)
F CWW + 3α1

π

(
Y2
e + Y2

L

)
CBB

]
− Ỹe

(3α2
4π C

(2)
F + 15α1

16π −
T

16π2

)
+ Ye

T̃

8π2 , (B.3)

– 27 –



J
H
E
P
0
6
(
2
0
2
1
)
1
3
5

where C(N)
F = N2−1

2N denotes the eigenvalue of the quadratic Casimir operator in the fun-
damental representation of SU(N), and

T = Tr
[
Nc
(
Y †d Yd + Y †uYu

)
+ Y †e Ye

]
,

T̃ = Tr
[
Nc
(
Y †d Ỹd − Y

†
u Ỹu

)
+ Y †e Ỹe

]
.

(B.4)

Note that we treat the SM Yukawa couplings as O(1) quantities, even though in practice
their entries are highly hierarchical.

Natural ALP. In this case the ALP-boson couplings CV V are one-loop suppressed, and
hence we prefer to work with the coupling parameters c̃V V defined in (2.4). Then the
one-loop evolution equations for the ALP-boson couplings take the form

d

d lnµ c̃GG = − i

8π2 Tr
(
ỸuY

†
u + ỸdY †d

)
,

d

d lnµ c̃WW = − i

32π2 Tr
[
Nc
(
ỸuY

†
u + ỸdY †d

)
+ ỸeY †e

]
, (B.5)

d

d lnµ c̃BB = − i

8π2 Tr
[
Nc
(
Y2
u + Y2

Q

)
ỸuY

†
u +Nc

(
Y2
d + Y2

Q

)
ỸdY

†
d +

(
Y2
e + Y2

L

)
ỸeY

†
e

]
.

The one-loop evolution equations for the ALP-fermion couplings read

d

d lnµ Ỹu = 1
16π2

[
2ỸuY †uYu + 5

2 YuY
†
u Ỹu −

3
2 YdY

†
d Ỹu − 2YdỸ †d Yu − ỸdY

†
d Yu

]
− Ỹu

(3αs
2π C

(3)
F + 3α2

4π C
(2)
F + 17α1

48π −
T

16π2

)
− Yu

T̃

8π2 ,

d

d lnµ Ỹd = 1
16π2

[
2ỸdY †d Yd + 5

2 YdY
†
d Ỹd −

3
2 YuY

†
u Ỹd − 2YuỸ †uYd − ỸuY †uYd

]
− Ỹd

(3αs
2π C

(3)
F + 3α2

4π C
(2)
F + 5α1

48π −
T

16π2

)
+ Yd

T̃

8π2 ,

d

d lnµ Ỹe = 1
16π2

[
2ỸeY †e Ye + 5

2 YeY
†
e Ỹe

]
− Ỹe

(3α2
4π C

(2)
F + 15α1

16π −
T

16π2

)
+ Ye

T̃

8π2 . (B.6)
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