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ABSTRACT: A classical Ey4)-invariant Hamiltonian formulation of world-volume theories of
half-BPS p-branes in type IIb and eleven-dimensional supergravity is proposed, extending
known results to d < 6. It consists of a Hamiltonian, characterised by a generalised metric,
and a current algebra constructed s.t. it reproduces the Fyg) generalised Lie derivative.
Eq(q)-covariance necessitates the introduction of so-called charges, specifying the type of
p-brane and the choice of section. For p > 2, currents of p-branes are generically non-
geometric due to the imposition of U-duality, e.g. the Mb-currents contain coordinates
associated to the M2-momentum.

A derivation of the Ey-invariant current algebra from a canonical Poisson structure
is in general not possible. At most, one can derive a current algebra associated to para-
Hermitian exceptional geometry.

The membrane in the SL(5)-theory is studied in detail. It is shown that in a gen-
eralised frame the current algebra is twisted by the generalised fluxes. As a consistency
check, the double dimensional reduction from membranes in M-theory to strings in type Ila
string theory is performed. Many features generalise to p-branes in SL(p + 3) generalised
geometries that form building blocks for the Egg)-invariant currents.
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1 Introduction

O(d,d) generalised geometry and double field theory [1-14] has been very useful in the
study of world-sheet string theory in features like non-abelian and Poisson-Lie T-duality or
classical world-sheet integrability [15-27]. In both cases arranging the degrees of freedom
O(d, d)-covariantly was advantageous. For instance, a Hamiltonian formulation of strings
in generic backgrounds is possible, using only input from generalised geometry: the gen-
eralised metric determines the Hamiltonian and the invariant O(d, d)-metric the Poisson
structure [25, 28]. In case of generalised parallelisable spaces, this formulation has been
called £-model and appeared first in the study of Poisson-Lie T-duality [15, 16, 29, 30].
At the same time, exceptional field theory and Ey4) generalised geometry [31-41] has
been a powerful tool in organising compactifications of eleven-dimensional supergravity,
but not necessarily in understanding the underlying world-volume theories better. Addi-
tional complications in phrasing world-volume theories in an FEyg)-invariant way are to



be expected. That is, because U-duality acts, in general, non-perturbatively and maps
different world-volume theories to each other — in contrast to O(d, d) that maps a string
theory to a (not necessarily equivalent) string theory. For example, problems concerning
U-duality of the classical membrane have been studied in [42, 43].

The problem of FEjy)-invariant world-volume formulations has, so far, mainly been
studied at the level of construction of actions [44-49]. In all of these proposals the intro-
duction of charges, describing the kind of object one works with, was necessary in order to
achieve duality covariance.

Success in the strive for an £-model like formulation has, by now, only been achieved
for the F33)-theory and partly the Eyy-theory [32, 42, 43, 50-52]. Generalising [51], such
a formulation might — similar to Poisson-Lie T-duality as canonical transformation of
classical string theory — help to understand to which extent the recently discussed Poisson-
Lie U-duality, transformations of exceptional Drinfeld algebras or other interesting flux
configurations [51-63], can be understood as some kind of classical duality transformation
of world-volume theories in exceptional field theory.

The aim of this paper is to close that gap and propose an FEgy4)-covariant Hamiltonian
formulation of world-volume theories, building on previous attempts [50, 64, 65] and most
recently [66]. Besides the typical objects of Eq(q) generalised geometry an additional object,
the above mentioned charge, that specifies the type of world-volume, needs to be introduced
to ensure Fy4)-covariance.

Before an overview over the results is given, the string and its Hamiltonian formulation
in terms of O(d, d) generalised geometry is presented, in order to clarify the key points one
might strive for in a generalisation to the Fgyg)-case.

1.1 The string case

The classical dynamics of a string coupling to the NS-NS part of an arbitrary supergravity
background can be described by the Hamiltonian

H= % / doH™ (G(x(0)), B(x(0)))Er(0)Ey (o), (1.1)

where the embedding of the string into target space z(o) and the canonical momentum p(o)
are collected in Eps(0) = (pu(0), 0z#(0)), from now called current. o is the spatial world-
volume coordinate, 0 = d,. H is the generalised metric, encoding the o-model couplings,
metric G and the B-field, in the Hamiltonian and the indices I, J, K, ... are raised and
lowered by the O(d, d)-metric 7:

G- BG'B BG! 01
" ( —G'B G1>’ ! (11 0) (12)
The Virasoro constraints take the form H/E;E; =0 = T]IJE]EJ.

Current algebra and generalised Lie brackets. For a Hamiltonian description we
still need to specify the Poisson brackets of the currents E; — the current algebra. In this
article, we often discuss two types of current algebra brackets, the Dorfman current algebra

{E1(0),Es(o')}p = 11505(0 — o') (1.3)



and the Lie current algebra

1 1
{Ef(0),E;(0")}; = 17”5(8 —0)o(o - o)+ wU§(8 +0)o(0 — o) (1.4)
0 -1 . .
where wyy = 1o | The difference between these current algebra brackets is a total

world-sheet derivative term [ do 9(...). Depending on the boundary conditions on z(o)
such total derivative terms could be neglected, they correspond to boundary contributions
for the open string and winding contributions for the closed string. They have been shown
to be important on the quantum level [67] and, on the level of action, the difference
between the O(d, d)-invariant version and the standard non-linear o-model is a topological
term [2, 68, 69].

As functions on the phase space we consider functionals

la] = — / do¢! (2(0)Es(0) € (T & T*)LM. (1.5)

The Poisson brackets of these reproduce the generalised Lie derivative of O(d, d) generalised
geometry for (1.3) respectively the canonical Lie bracket for (1.4):

{01, 02} p = [v1,v2] + Lo, &2 — d(1,61), {01,062}, = [v1,v2] + Lo &2 — L1610 (1.6)
with ¢; = v; + & € (T @ T*)LM. A detailed discussion can be found in [25] and will be

revisited in section 3.1.

Deriving the current algebra. In a manifestly O(d,d)-covariant way, the current is
defined as E; = 17;0X for extended coordinates XM = (z#,%,). The current algebra
can be obtained non-covariantly by the identification p, = 0%,, as above, and applying
the canonical Poisson brackets

{pu(0),2"(0")} = =070(0 = '), {pu(0),pu(0')} = {a"(0),2"(0")} = 0. (1.7)

The O(d, d)-covariant way to derive the current algebra is as Dirac brackets [52, 70] for the
constraints
@[ZP[-E[ZP[-W}J@XJ (18)

on an extended canonical phase space with
{Pu(0), XV(0)} = —coid(0 — '), {Puni(0), Pn(0)} = {XM(0), XN (o)} = 0.
(1.9)
The Dirac procedure is necessary, because the constraints ®,; are second class, i.e.
{®p(0),®n(0")} = Cyun(o,0") = —2enpnd§(o — o) (1.10)

is invertible. The resulting Dirac brackets for the currents E are
{EM (O’), EN (O‘l) }D.B. _ —/dO'H dU/"{EM(O'), ‘I’K(O'”) } (C—I)KL (O,//, 0,///) {‘DL(U”/), EN (0'/)}

= Smundd(o—o'). (1.11)

{Bulo). XN} = —555\25(0——0—'). (1.12)



g O(d,d) | SL(3) x SL(2) SL(5) SO(5,5) Ege) SL(p + 3)
dim(M) d 3 4 5 6 p+2
object | string miscellaneous p-brane
R1 2d (3,2) 10 16 27 W)(pgw
Ra 1 (3,1) 5 10 27 (P+4)(P+321(!p+2)(p+1)
Rs (1,2) 5 16 78
Ry (3,1) 10 45 351

Table 1. The relevant representations of duality /generalised geometry groups G including the begin
of the tensor hierachy for the Ey4) groups.

{Ex(0),En(0’)} g coincides with (1.3) for ¢ = 2. As will be important later, the Dirac
procedure naturally constructs a Lie bracket (skewsymmetric and satisfying Jacobi identity)
but the calculation seems to work only when neglecting total spatial world-sheet derivative
terms. Hence, for the string one can derive the Dorfman current algebra (1.3) as a Dirac
bracket up to such terms.

Generalised flux frame. A different choice of basis for the currents E4 = E4 ' E; with
E4!' €0(d, d) being a generalised vielbein, i.e. EA' Eg/H; = 64p, leads to a diagonalisa-
tion of the Hamiltonian H = 1 [ dodPE4(0)Ep(c) and a twist of the current algebra

{Ea(0),Ep(0")},, = 14pdé(c — o) — F 4p(a)d(c — o) (1.13)

by the generalised fluxes F o = (8[AEBI) E¢)r with O = EaAMOy = EAM(QL,O). In
case of a generalised parallelisable background the F spc can be chosen to be constant.
Then, this Hamiltonian formulation takes the form of an £-model.

1.2 Summary of results

All of the above points for the string are generalised to some extend to objects in Egyg),
and in part SL(d 4 1), generalised geometry. A duality invariant Hamiltonian formulation
of the %—BPS p-branes is proposed. For that we consider a generalised geometry to some
duality group G on a d-dimensional manifold M with coordinates z*, including;:

o two representations of G: Ry with indices K, L, M, ... and Ro with indices I, £, M, .. ..
The Ri-representation is the one of the generalised tangent bundle, e.g. (T'® N2 T )M
for the (M-theory section) SL(5)-theory, and of the extended coordinates X™ = (z#,...)
that are used in exceptional field theory. The representations to the duality groups G,
relevant in that paper, are collected in table 1.

MKL __ invariants of G: from these one can derive the Y-

yKL P.KL

o n-symbols naq 1, and n

tensor that defines the generalised Lie derivative, np,MmN, and the

MN =T
section condition 7”ME L9 fOrg = 0 on functions f, g of the extended coordinates X .



o w-symbols: defining a para-Hermitian generalised geometry (dicussed in section 3.1) and
characterising the difference of the standard Lie derivative on the generalised tangent
bundle to the generalised Lie derivative. Explicite expressions for 7- and w-symbols
(and their decomposition in M-theory and type IIb sections) in the conventions of this
paper can be found in appendix B.

e a generalised metric H

The fundamental objects of such a p-brane world-volume theory are currents Z € R that
are spatial top-forms on the world-volumes, i.e. (spatial) world-volume p-forms:

1
Zi(o) = ]—)nN,KLQN AdxE. (1.14)

1. ..,0P) always denote the spatial coordinates of the p-brane world-volume, [

o= (o
the integral of the p-dimensional spatial part of the world-volume and §(c — o') the
p-dimensional §-distribution.

In terms of this current the proposed Hamiltonian and (reducible) set of spatial dif-

feomorphism constraints are:
1
H= 5/ZKA*ZL’HKL, 0=nMELZ AXZp. (1.15)

The current Z is characterised by a (p — 1)-form charge Q € Ry and is supposed to satisfy
the fundamental current algebra

{Zri(0),Zn(0")} p =mun ANdO(o — o) = neunQF Add(o — o) (1.16)

such that the model exhibites G-invariance. Indeed, when applying this to functionals
¢ = — [ " Zk one reproduces the generalised Lie derivative of G-generalised geometry, if
the charge fulfils the condition

1
OMAAXNoy = —M NPy 1pQF A dX Foy. (1.17)
p
Alternatively, similar to the string, one could also consider the current algebra

{ZM(U),ZN(U,)}L = Qﬁ/\ ((T]L7MN "HU[J,(MN)) % (d—d/) +w£7[MNé (d+dl)> (5(0—0/)
(1.18)

that is a Lie bracket and corresponds to the standard Lie derivative on the generalised
tangent bundle. For Ey) with d > 5 the w-symbols are not skewsymmetric anymore and,
hence, the standard and generalised Lie derivatives on the generalised tangent bundle are
not equivalent up to total derivative terms anymore.

As a result, it will turn out that current representation for the ‘Lie’ current alge-
bra (1.18) generically takes a form like:

Zyr = (pu , da* AL A dat?) (1.19)



from which one can even derive (1.18) by means of the canonical Poisson brackets for p
and z. In case of the p-brane in the SL(p + 3) theory this will be equivalent up to total
world-sheet derivative terms to (1.16). Then, one can even generalise a derivation by Dirac
brackets, as in the string case. This is demonstrated in section 3.3

For exceptional currents, in which we are really interested, such a derivation is not
possible — (1.19) does not form an Egyg)-representation in general — and the currents
itself cannot be written in terms of canonical momenta p(c) and field z (o) alone. Solutions
to the charge condition (1.17) dictate, that current algebra representations of exceptional
symmetries must contain differentials of ‘non-geometric’ coordinates, i.e. those that are
not part of a section. These could be identified with momentum d.o.f.s of other objects
in the theory — for example for the M5-brane, the charge Q and the current Z seem to
contain a combination of geometric (z*) and ‘non-geometric’ (Z,,) coordinates, latter are
associated to the M2 momentum, i.e. schematically

Zyr ~ (py, dakt Adat? Adahs Adat AdZ,u, , da AL Ada!?) . (1.20)

Alternatively, the non-geometric coordinates could be identified with gauge fields associated
to M2-branes ending on the M5-brane. The solutions are presented also for all the other
%—BPS p-pranes in d < 6 in detail in section 3.4.

For the membrane in SL(5), all of this is shown explicitly in section 2, revisiting partly
known results in the literature. It is observed that the key point of the string generalise:
derivation of the current algebra from the canonical Poisson brackets and the £-model like
form of the current algebra in the generalised flux frame (section 2.4). The introduction of
charges in section 2.2 achieves manifest SL(5)-invariance of the current algebra and together
with the known Hamiltonian in that case [50] motivates the form of the Hamiltonian (1.15)

and the current algebra (1.16) that is conjectured here to hold more generally.

2 Membranes in the SL(5)-theory
Let us consider the bosonic part of the standard Polyakov-type action of an M2-brane
1 1 1
S = T/ <2d$“ A *deG’W(J,‘) + gdx/‘ Adz” A deC,wp(ﬂ?) + B * 1> (2.1)
X !

with tension T and coupling to the space-time metric G and a three-form gauge potential
C. For the target space, we restrict ourselves to work only on the internal part of some
compactification on a four-dimensional manifold, so that k, A\, i,... = 1,...,d = 4 and work
on a three-dimensional world-volume ¥ with coordinates £ = (7,0%) and a dynamical world-
volume metric. In the following we integrate out latter [71] and work in the Hamiltonian
formalism. It was shown that Hamiltonian and spatial diffeomorphism constraints take the
following form! [50]:

H= ;/ZK NZLHEL(G, ) (2.2)

0=n"ELZ AXZp ~ MNEE Zyexer NxZg . (2.3)

The a priori five diffeomorphism constraints (2.3) can indeed be reduced to two constraints, but only
in that redundant form the SL(5)-covariance is manifest.



Let us explain the notation. From here on all the differential geometric expressions, like A,
*, ‘d’ or integrals, are to be understood on the (two-dimensional) spatial part of the mem-

brane world-volume.? The indices K, £, M, ... =1,...,5 denote (fundamental) Ro-indices
and K, L, M, ... Ry = 10-indices of SL(5), with decompositions into the four-dimensional
M-theory target space indices &, A\, j1,... =1,...,4as VM = %VMM’ = (v“, %UW/) and

VM = (v*,0°).3 HEL is the (inverse) generalised metric of SL(5) generalised geometry
first introduced in [42], parameterised for example as

(2.4)

KA K,
HEL(G,C) = G5 ( ¢ —GHCux ) .

_Cnm/,uG'u)\ 2G/{[}\G>\I]H/ + Cﬁn’,uGu'ulC,u’)\)\’

M,KL)

The n-symbols naq, k1, (17 are nothing else than the invariant tensor of SL(5)

pMAKKLL — MEKILL" and can be used to define the Y-tensor and the section condition:

YLy = 0" v " ELY @ 9p, = 0. (2.5)

The currents Z € Ry are a collection of the canonical momenta p(o) and differentials of
the fields z(o):

1 1 /
Zy = —Zxxr = *1,dx“/\dx”> 2.6
= 5o = (per 5 (2.
in the form of spatial 2-forms on the M2-brane world-volume.

2.1 The SL(5) generalised Lie derivative on the membrane phase space

We revisit the study in [50] of the Poisson structure of the above Zj; in the following, in
order to clarify the appearance of the generalised derivative in the sense of [25] by neglecting
a topological contribution. The aim is to see how the generalised Lie derivative

(1, p2] s = dLOLOY — dFoLet — VEE vt 0Ll (2.7)

is encoded in the current algebra of an M2-brane. From the canonical (equal time) Poisson
brackets of the p(c) and x(c) one derives the current algebra®

1 1
{Zk(0),Z1(c")} =dat (o) A (2(d —d)é(o—0o')eurr + 5(d+d’)5(a — U')w#,KL) . (2.8)
As in the string case we can consider the corresponding ‘Dorfman’ and ‘Courant’ brackets:

{ZK(0),Z1(0")} p = eurrdat (o) Adé(o — o), (2.9)

(Zx(0), Z1(0")} o = eurcpdat(0) A % (d = d)8(c — o), (2.10)

2The original world-volume metric is integrated out already. A x-operator w.r.t. to a flat metric on the
spatial world-sheet is introduced here to simplify the notation. Alternatively Zx A+Z; = ZxZr = ZxZ71,
where Z denotes the scalar dual to the top-form Z.

3The general conventions for E4(ay n-symbols are collected in appendix B.

4Using the conventions and identities from appendix A.



the SL(5)-invariant contribution to (2.8), when neglecting total spatial derivatives. These
names are appropriate because, indeed, they lead to the generalised Lie derivative:

{01, 02}p = _2/¢[116L¢§ZK6;LKL + /ﬁb{(au’ﬁb%dﬂ?“ A da (2.11)
/ ! ]_ ! ! ]_ ! !
oot da” A da¥ 9,y = 56”“ wrda” Ndx” 0, = Ze“mm g, 1Oy = “MNZn 00
= {61,02}p (0) = 0V Ondy — &3 Ondy — Y MN kot Orrgy (2.12)

for local functionals ¢ = — [ ¢* (0)Zx (c), by use of the section condition I** H(X) = 0
and the canonical Poisson brackets in R-indices, {ZK(J), XL(J/)} = —0ks(o — o).

The second term in (2.8), including

1 0 —eu™
w#,KL=2<%m, “(; ) (2.13)

breakes the SL(5)-invariance of (2.8), but makes it a Lie bracket. In fact it will be, as in
the O(d, d) case, simply the canonical Lie bracket on (T’ @ A?T*)M. To summarise

{p1, 02} p = [v1, v2] + Lo, &2 — dA(10p61), {o1, 2}, = [v1,v2] + Lo, & — L& (2.14)

with ¢, = v; + & = — [¢XZx € (T @ A?T*)M. Again, as in the string case, the w-term
corresponds to a boundary/topological contribution, i.e. treated as a distribution

meL/dx“ A de, (2.15)

giving rise to wrapping contributions ~ [ dz* A dz*. So, the difference between Courant
and Dorfman bracket is of this form of a total differential under a spatial world volume
integral. This result is completely analogous to the string resp. O(d,d) case [25]. There
the winding contribution was equivalent to a topological term in the action, necessary for
its O(d, d)-invariance. The will be discussed further, also for other generalised geometries,
in section 3.1.

2.2 Charges and SL(5)-covariance

One can write the current algebra in a manifestly SL(5)-invariant way with the use of a
charge qu € R2. E.g. the Dorfman current bracket can be written as

(Zk(0),Z1.(0")} p = epmrramdX MM (0) A dé(o — o) (2.16)

or with help of a 1-form valued (SL(5)-invariant) ‘metric’, that can be used to lower the
indices,
NKL = EMKLqM/dXMM/, s.t. dnp =0, (2.17)

{ZK(U),ZL(U/)}D:nKL/\dfs(O'—O'/). (2.18)



Acting on local functionals ¢ = — [ ¢® Zf this gives
{¢1,92}p = — / (26110585 Z1 — eprcrane o Onek dXMM A dx ). (2.19)
The generalised Lie derivative is reproduced if we identify
AXMM A QXN Qe Oy = %dXW‘M’AdXWN’}qM,aNM = MNVN'E 7 Ohar, (2.20)

with the consistency condition quOpn 7 = 0, that was used in the first step. In that way
the charge qaq was already introduced in [47].

In the string case we had that the currents E; = (p;, Ox') are related to the doubled
coordinates like E; = 1;;0X 7. This allowed to derive the (Dorfman, Courant, Lie) brackets
of the doubled coordinates X(o) and study non-geometric on the string phase space [25,
28, 70]. In a similar fashion the ‘extended coordinate fields’ X™ of SL(5) exceptional
field theory are related to the membrane currents Zp; by lowering the index with nyn
and taking the spatial world-sheet differential, leading to the following objects and their
M-theory decompositions

1
0-forms (coordinates): XM — <:U“, :EW/)

V2

1-forms: XM = T]MNXN = EgMNqEIXﬁﬁldXN, ZM dXM

| =

1 1 /
2-forms (currents): Zy = inMN AdXY = ie;CLMq,C/dXKK AdXxT (2.21)
1 /
—dz* A dz# ) ,
V2

when using the choice of charge q5 = 1 (with all other components vanishing) that corre-

1
= <2d:%w, Adz”,

sponds to the choice of M-theory section used before.”

2.3 Double reduction of membrane current algebra

As a consistency check for the logic behind identifying the current algebra with objects of
exceptional generalised geometry and exceptional field theory, we study the reduction of
the membrane to the type Ila string. For that, we perform the usual double dimensional
reduction [72]:

(ot 0% = 0%, 2t(ol,0?) = 2h(o!) = 22(0), (2.22)
for k,A,...=1,2,3. The membrane current (2.6) becomes
Zyp = (d:cﬁ Adz? | dat A dat, Pu s p4) = (0, dzt A do?, Pu s O) (2.23)

5The last identification of Zy; with dX A dXT is equivalent to (2.20):

’ ’ 1 ’ ’ ’ ’
ENRR KK ZICIC’ — Ze./\/"R”R KK GMCL’IC)C’qM’dXMM /\Xmll:

1 ’ ’ ’ / ’ ’
=723 SAOF 65 apr dX MM AAX S =3 quud X VM AdXIRR (:2 HNRR KzK)

and then as above in (2.20). For that reason the extra factor 3 was needed in the definition of Z in (2.21).



such that with Z vy — ZMM’(01> A do?

!
ZMM = (GMZ%/ y ZH5’ Zﬁ4’ Z45) = (dxﬁ, pﬁ’ 07 0) (224)
—_— s ——
Zm Zmn

At the same time the membrane current algebra (2.8) reduces to

(25(0),20(0")}, = nm%(d _d)o(o — o)+ %WKL(d +d)o(o — o) (2.25)
{ZK(U),ZL(O'/)}D :T]KLdfs(O'—U,), (2.26)

with nxr, = eaxr and wi = wa k. The only non-vanishing components are:

Nup'vs = 77g5L,LL’ = Wup'vs = _wZ5L}L, = €up'v (2'27)

or in the conventions of (2.24)

_ (10 (0 Is). _ (Wm0 _ (0 13
NKL (00>77l<ﬂ307 WKL OO’Q Iy 0

which, restricted to the k,[,... = (4, %), (), A, ... indices, is the canonical O(3, 3) metric and
the components of the canonical symplectic form w as expected from the string discussion.
T-duality transformations are defined by My~ e€SL(5) with MMKMNLnKL = NMN-

String charges and SL(5)-covariance. The type Ila discussion above motivates
1 1
{zk(0),zL(c")} = gM (nM’KLQ(d—d,)(S(O'—O'/)—F2WM7KL(d+d/)5(J—J/)> (2.28)

{zx(0),20(0")} p = a™na k1dé(o—0"), (2.29)

as the SL(5) string current algebra using the string charge q™ € R, fulfilling
aMOyvar = 0 [47]. The SL(5)-invariant M—ITa reduction condition would be something
like

aMo? = qup XMM. (2.30)

Let us proceed in the same way as for the membrane current algebra, and try to reproduce
the generalised Lie derivative form the Dorfman current algebra (2.29)

(01,00} = — [ (20 Ol — PupacrotOrobdx™) (2.31)

We need to make a similar identification as in the membrane case. Let us define
NKL = %qpepK r in an SL(5)-invariant way. Then it is natural to define

zre = nrrd X’ =y rgMdx’, (2.32)
from which

PMM NN

1 I ! / ! / 1 / /
ZNN/:fEPMMNN K ICLENNdXLL 213!2!q[PdXMM}:3q[PdXMM]

1 4
3qPaxMMI9, e =P dX MM O
follows, making use of the charge condition g9y = 0. Then, as wished, (2.31) becomes

{d1, 02} = —/ <2¢[I1(8K¢é\][ - YMNKL¢{<3M¢§) zZy. (2.33)

~10 -



2.4 Twist by generalised vielbein and the embedding tensor

In analogy to the string case [25], we aim to diagonalise the Hamiltonian and all the
constraints via Za(0) = Es%(0)Zk (o) in order to characterise the model via a twist
of the current algebra and to bring the model into the form of an &-model. E4X are
generalised frame fields® of the SL(5)-theory. For the canonical (Lie) current algebra (2.8)
we have

{Z4(0), Z5(0")}, = 5 ((0) Add(o — ') = (') A db(0 — o)) meas (2:34)

2
1A S+ )50 — o' Jwe,ap(o, o)
—FC4p)(0)Zc(0)d(0 — o).

The e-symbol is SL(5)-invariant, whereas w, ap(o,0’) = Ea"(0)Ep”(0')w, k1 is not
SL(5)-invariant but again necessary for (2.34) to be a Lie bracket. The twist is char-
acterised by the SL(5) generalised fluxes [73, 74] [E4, Eg|p = FC spFEc, i.e.

FCup = 2ENCO4EpN — Y spEn"OpER". (2.35)

From this definition it is quite obvious to see, why they should appear generically in the
current algebra that reproduces the generalised Lie derivative. The twists can also be
defined for the Courant algebroid brackets

{Z4(0),Z5(c")}, =j(0)Ndd(0—0")ecan —FC 4p(0)Zc(0)d(0—0) (2.36)

, 1
{Z4(0),ZB(c")} o =5%(0) A 3 (d—d)6(c —0")ecan —FC ap(0)Zc(0)d(o—0’).  (2.37)
Some kind of Courant algebroid conditions will put conditions on the F 45, corresponding
to a (dynamical) Bianchi identity of these fluxes.
The type of finite-dimensional algebras, as for example the recently discussed excep-

tional Drinfeld algebras [51, 52, 56-63], are contained in the current algebra as the algebra
of the zero modes z4 = — [ Z 4 in case F is constant:

{za,2B}D = /FCAB(U)ZC(U) = F4p2c
{za,2B}c = FC[AB]Z(j, (2.38)

{za, 28} = F up2c + /ng’CDOD (we,aB) Zc.

5The SL(5)-vielbeine and their invariance conditions, used here, are:
little vielbein:  E, ML By Mot A = Mo Ms
‘big’ vielbein:  Ea™ = %EAA/’C’C/ = Bu"EA™,  EAXEs"EmCENCYMN i, =YD ap.
In a frame, defined by such a vielbein, also the following object, a ‘little’ current, appears:
§¢ = E°,dz*  with d(ne,apj®) = d(euxr Ea® Egtdzt) = =YY k10 (Ea® Eg™)Z .

A, B, ... are the flat (generalised flux frame) Rz SL(5)-indices and A = [AA'],... flat (generalised flux
frame) R1 SL(5)-indices.
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The boundary/winding contribution to the zero mode algebra ensures (similarly to [25] for
the string case) that this zero mode algebra in the last line is indeed a Lie algebra. The
{z4, zp}p bracket is the one appearing in the recent discussions on exceptional Drinfeld
algebras.

3 Canonical and exceptional currents

We aim to apply the same concepts as in section 2 to the world-volume theories of all the
%—BPS objects in string and M-theory, and investigate how their current algebra can be
understood to incorporate generalised geometry structures.

There are two generalisations that we will be concerned with. Of course, the key
interest lies in an Fy)-invariant description of world-volume theories of objects in type II
string and M-theory. However, some features are shared by the simpler case of p-branes in
SL(p + 3) generalised geometry, considered in [39, 75]. In all cases here, the Y-tensor can
be defined in terms of n-symbols

YMNKL — UP’MNU’P,KL- (31)

R1-indices are denoted by K, L, M ... and Re-indices by IC, L, M, ..., see table 1. Let us
first settle our conventions for the appearing duality groups, here.

SL(p + 3) generalised geometry is the geometry on the generalised tangent bundle
(T ® \PT*) M. The n-symbol and the corresponding w-symbol, that will be used in the
following, are

0 K1-Kp_1H 0 _ 9R1mpp
7! NG
Mt ooy 1, MN = | gh1-ip P s Weiekpo 1, MN = | s P
V/p! VP!

(3.2)

where other components are supposed to vanish and the following decompositions of Ri-
and Re-indices into spacetime indices k, A\, u = 1,...,d = p + 2 are made:

T Qulm,up—l Q#1M2#3M4
XM:(xM’“l“P>€R7 oM — , € R
Vel )< V- VA i

R1 and Ry correspond to the three- resp. four-fold skewsymmetric representation of

SL(p+ 3). That generalises the p = 2-case, that is the membrane case from section 2. The
generalised Lie derivative [¢1, ¢2|p takes the same form as for O(d, d) and SL(5) for all p:

[(blv ¢2]D = [Uly U2] + £v1§2 - d(L”Uz‘El) (3'3)

with ¢; = v; + & € (T ® AP T*) M.
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E4(4) generalised geometry. The 7-symbols and conventions for decomposition of the
R1- and Ro-representation Eyg) for d < 6 in the type IIb and M-theory section are collected
in appendix B. The representations of the duality groups that will be revelant are collected
in table 1. Mainly the representations R; and Rs will matter in the following, whereas the
higher representations of the tensor hierarchy will not appear in the following. For d < 6
the generalised Lie derivative always takes the form (in the M-theory section):

(61, P2]p = [v1,v2] + (Loyw2 — d(ty,w1)) + (Lo &a — d(L0,61) + w1 A dwa) (3.4)
with é; = v; +w; + & € (T@/\2T*69/\5T*) M.

The general setup. The proposition of this section is a Hamiltonian formulation of
any p-brane object in a duality covariant way. The obvious conjecture, generalising the
membrane in SL(5), for the Hamiltonian and spatial diffeomorphism constraints is

1
H= 5/ZKA*ZLHKL, 0=nMELZp AXZ, (3.5)

for the generalised metric H and the n-symbols naq rr, of that theory. The currents Zs
are spatial world-volume p-forms. In the following, these currents Z and their algebra will
be the main focus having two main questions in mind:

e How should the currents Z and a currents algebra look, such that they form some
kind of representation of the exceptional symmetry? I.e. how must the currents and
their algebra look, such that bracket of ¢ = — [ ¢MZ); will reproduce generaslied
Lie brackets (3.3) or (3.4)?

e Can these currents be constructed by means of the canonical Poisson structure? IL.e.
Will the currents be in generality derivatives of coordinate fields z(¢) and their canon-
ical momenta p(c), arranged into representations of the duality group as in (2.21) for
the membrane?

3.1 Para-Hermitian generalised geometries

In order to answer the above questions we first go a step back, and reconsider why the
construction of the generalised Lie derivative from the canonical Poisson structure (up to
total derivative terms) worked for the string and the membrane.

In these constructions a non duality-invariant w-symbol appeared, ensuring the Lie
bracket properties of the current algebra. Let us investigate how the invariants na x 1, and
the w-symbols combine to produce a Lie bracket. This is part of so-called para-Hermitian
geometry [76-81].

3.1.1 0O(d,d)
We define the projector

1
PELy N = 3 (YKLMN + QKLMN)
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with YEL v = nflnyn and Q8L v = nflwyn for O(d, d) generalised geometry. This
notation is chosen in a way that it directly generalises to exceptional generalised geometry.
The projector has the following properties:

PEL v =PME . PEE NGk @ 0L =0 (section condition)

Using this section condition, one can derive the identities:

0

PEL Y NPNF pedp = PR g <5m> ~ 0, (3.6)
0,

PEL PP psdp = PEL g ( (’)”) ~ PEL oo (3.7)

In comparison to the standard Courant algebroid structure, there are now two total deriva-
tive” bilinear objects:

(61.6:)% = V¥ awon (6¥0}),  [onoal = S0 unan (616))  (38)

Besides the standard Dorfman bracket [¢1, $2]%, which is defined in terms of the Y-tensor,
one can define a bracket in terms of the projector P:

(61, b2t = STOLGY — TOLes + 2P*F yn o Ore) (3.9)

By the identities (3.6) and (3.7) this is indeed a Lie bracket and in fact

(91, P2l = [v1,v2] + Loy &2 — Lon§1 = [, P D + [61, 2] = [¢1, ¢2le + [é1, ¢2], (3.10)

the standard Lie derivative on (T ® T*) M with ¢; = v;+& € (T @ T*) M. Also, [¢1, p2]r ~
(61, d2]c up to total derivative terms in the O(d,d) case.

To summarise: the para-Hermitian geometry connected to the pair (n,w) defines a
(standard) Lie algebroid over TM @ T*M. Connected to that, Lie bracket by total deriva-
tive terms, are other algebraic entities with interesting properties, including the standard
Courant algebroid over M.

w-term and the section. The crucial point of the ‘w-geometry’ is that it, in contrast
to the standard approach to generalised geometry or double field theory, allows for a
reconstruction of the section from the choice of w and vice versa.

"Contracting these with the O(d, d)-currents E makes it obvious that they correspond to total derivatives
under the spatial world-volume integrals:

(¢1,02) = /((¢1,¢2))K Ex = 277MN/d A 2/d(¢1 ®$2)
[[qzsl,abz]]:/[[¢1,¢2HKEK:2wMN/d(¢1M¢éV) :z/d(¢1o¢2).
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We choose the PX% )y as the fundamental object obeying the identities (3.14) and
start with the standard section Oy ~ (8,,,0). Then, as PEXLyn = %T]KL(V]MN +wumnN), the

identities (3.14) imply
o= (23 —1> (3.11)
1 0

for some skewsymmetric matrix B. If we took an arbitrary section 9y, = M wNoN, w
transforms as w’' = M -w - MT, for M € O(d,d). Up to a (constant) B-shift, the choice of
section determines the form of w and vice versa. This B-shift symmetry is also a well-known
property of a Courant algebroid.

A conceptual consequence is that one can reconstruct the Lie algebroid structure of
the current algebra from the standard Courant algebroid plus a choice of section.

Para-Hermitian and para-Kihler geometries. The current algebra is characterised
by the pair (n,w) and could be completed to a compatible triple (n,w,I) by IMy =
nME . If I is a real structure, 12 = 1, the geometry is called para-Hermitian, if dw = 0
para-Kdhler [76, 78, 80].

In addition, a string model is defined by a generalised metric H in the Hamiltonian
formalism. Recently, Born geometry was introduced as para-K&hler geometry of the tripel

(n,w,H), subject to the conditions [77]
n'H=H"y wl'H=-H'w. (3.12)

A central result of [77, 78] was that, following from this, there exists a frame in which all
the defining structures take a canonical form:

0 -1 01
H=1, w-(l 0), 77—<]10>. (3.13)

The input that we obtain from the Hamiltonian formulation of the string is different,
though. In the generalised metric formulation, in which we worked so far, — meaning
canonical coordinates on the phase space and background information encoded in the
Hamiltonian via the generalised metric — we get 1 and w in their canonical form and
H(G, B) in a general background dependent form. So, unless we are in flat (or toroidal)
space, where we can choose H = 1, the classical phase space geometry of the string o-model
is not described by Born geometry.

3.1.2 SL(p + 3) and E44)

In total analogy to the O(d, d) case, we study the role that the w-term plays in exceptional
generalised geometry. The main question will be whether a similar relation to (3.10)
holds, i.e. whether generalised and standard Lie derivatives are the same up to total
derivative terms.

We use the definitions of 7- and w-symbols in (3.2) and appendix B in order to de-
fine the projector PXL N = % (YKLMN + QKLMN> = %nP’KL (np MmN + wp pmn). This
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projector® has the following properties:

PELy v = PEE iy, PELyNOK @01, =0 (section condition)

Working on a solution to the section condition one derives

PEE NP ped @ 0p ~ 0

PKLNMPNPRSG(L & 8p) ~ PKLRSa(L ® 8M) (3.14)
cg Py PN rs (000! ) (9r6s) ~ P rs (000f;) (0p3) (3.15)

As is also the case in the usual exceptional generalised geometry in identities regarding the
Y-tensor [35], these identities involing the projector P are a weaker than in the string case.
Instead of taking a given section and computing these identities, one could again
take the opposite route and choose the PX%,;n as the fundamental object obeying the
identities (3.14). Then one sees that a choice of w is equivalent to a choice of (M-theory or
IIb) section up to a gauge-transformation of the three-form gauge fields.
Again, one can define a total derivative object

o1, 621 = 505 auwon (61763 (3.16)

and, besides the standard Dorfman brackets (3.3) and (3.4), a bracket in terms of the
projector P:

(1, 02]F = ¢1OL5 — d7OLdy + 2P arn ol Dre. (3.17)
By the identities (3.14) this is a Lie bracket. From here on, the stories slightly diverge:
 For the SL(p + 3)-theory, we have

(01, P2]1, = [v1,02] + Lo &2 — L&1 = [¢1, P2]c + [¢1, ¢2] (3.18)
with ¢; =v; +& € (T'® AP T*) M as in the O(d, d)-case.
+ For the Ey-theory, on the other hand, we have
(61, P2l = [v1,va] + (Loywz — Lyywi) + (Lo §2 — L4y61) (3.19)

with ¢; = v; +w; + & € (T eNET*a N\ T*) M. So, essentially, the para-Hermitian
Eg(q)-geometry is basically the same as multiple copies of para-Hermitian SL(p + 3)-
geometry put together. But, the key difference is that the generalised Lie derivative of
Eq(q)-generalised geometry and the standard Lie derivative on the extended tangent
bundle do not only differ by a total derivative term: [¢1, p2]r, # [é1, d2]c + [@1, 2]
The reason is, that the ‘interaction’ term wj; A dwy in (the Courant bracket version
of) (3.4) is not a total derivative. On the level of the w-symbol this has also the con-
sequence that the w-symbols are in general not skewsymmetric: wa k1, # —WM, LK,
see appendix B for the explicite expressions.

8This object should not be confused with the background dependent projector in [82]. Instead the term
‘projector’ for the background independent PXL N here is justified by the form of (np, N + wp, mN), cf.
appendix B, and first of the identity in (3.14). As such, it appeared already in [49].
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3.2 Charges, currents and the (generalised) Lie derivatives

As currents of p-branes we postulate, motivated by our investigation of the M2-brane and
the type Ila and type IIb string in the SL(5)-theory in section 2, spatial top-forms on the
world-volumes, i.e. (spatial) world-volume p-forms:

1
Zk(o) = EUN,KLQN AdXE. (3.20)
For sake of simplicity of notation, o = (¢!,...,oP) always denote the spatial coordinates

of the p-brane world-volume, [ the integral of the p-dimensional spatial part of the world-
volume and §(o — o’) the d-distribution in p-dimension. The p, for which o, [, 6 and the
spatial world-volume differential d are to be understood, should be clear from context.

The currents (3.20) are characterised by a charge Q : AP Ry — Ry, an Ro-valued
(p — 1)-form on the extended space, parameterised by coordinates X M We define

1
NKL = UN,KLQN = = 1),77N,KLQ§\V/1...NP,1dXN1 Ao AdX NP

in term of constants q{\_/t Ny and consequentially assume that dQ = 0 resp. dn = 0. In

1

such a form a charge appeared already in [46, 49].
Again, the aim is that the algebra of sections ¢[X]| = — [ ¢ (X (0)) Zx (o), satisfying
the section condition, is the standard exceptional generalised Lie derivative

{o1.00hp = = [ (6h0u0k — oot - Y<hunollood )2 (321)

respectively the para-Hermitian exceptional generalised Lie derivative {¢1,¢2}; for PELy v
instead of Y&, n. This will be the case if we assume {ZM(O'), XN(O'/)} =03 0(0—0') and

the current algebra
{ZM(U),ZN(O'I)}D :’I’[MN/\d(s(U—O'/) (3.22)

respectively

/ 1 / 1 / /
{ZM(O'),ZN(O' )}L = QL/\ ((nﬂ,MN+w£,(MN)) 5 (d_d)+w£,[MN}§ (d-l-d )) (5(0’—0’ ),

(3.23)
and if the charge QM fulfils the charge condition
oM ndxNoy = MNP Zpoy. (3.24)
In terms of the Q alone it is, using (3.20), given by’
OMAAX NN = ;nMvNPn,C,LPQ’C AdXTEoy. (3.25)

9f multiplied by na, k1 the charge condition can be put in terms of the nxr as
1
nrr AdX Moy = YN g1 Zndn = I;Y]MNKLTIMP AXFon.

As such, the condition already appeared for the string (p = 1) in [47].
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In order to find a solution for the charge QM, it seems that the section condition needs to
be imposed first. Only in special cases like SL(5), it seems that one can solve the charge
condition first and derive a section condition from a concrete charge.

Connecting to the previous results for SL(5). For the 1- and 2-branes we can make
contact with section 2 and [47]

p=1: M=qMeR, (3.26)
P=2: G = AN,y = TN M with  qu €R2=R;3 (3.27)
p=3: q{\\fﬂ\b = MMsMag o nrenoanan N2, with V2 6/\2 Ro=R4. (3.28)
The charge condition (3.25) implies
A =0 € Ry, A, Optonts] = 0 € Ray @M 0, =0 €Rs,  (3.29)

using the SL(5) representations R,. Motivated by that one might suggest that also for
general d the charges of p-branes are elements of representations R,11 appearing in the
tensor hierarchy, cf. table 1, Q) € Rp+1 and their charge conditions to be elements in R 12
as was already done in [47]. This claim is true for the SL(5)-theory as demonstrated above.

Apart for the p = 3-case, D3-branes in the IIb theory, for which a similar embedding
Qur =Ra € A2 R1 ® Rs seems possible for arbitrary d, and the obvious Q1) € Ry, there
seems no necessity in our approach to the current algebra to assume that the charges or
their charge condition should fit into the tensor hierarchy. We worked so far purely from
the point of view of the theory in the internal space. Furthermore, the charges should
exist also in cases, which are normally not considered to be part of the tensor hierarchy, as
for example for the 5-brane multiplet in the Fg), for which the charges then would take
values in Rg. So, in the following, we will continue to consider the charges to be rather
Q) € (/\ p—1 ﬁ1> ® Ro as before, and not elements of Rp41.

3.3 Canonical p-form currents, their current algebra and SL(p + 3)

The obvious generalisation of the type II string in d = 3 and membrane in d = 4 cases is

the p-brane current in a p + 2-dimensional target space!'’

Zoi(o) = (pu(a) ., \/:lﬁd:c“l Al A dx“?’) . (3.30)

Using the canonical Poisson structure, one obtains
1 1
{Zp(0),Zn(0))} = Q5 A <77£,MN2 (d—d) +twrmng (d+ d/)) §(o —d’) (3.31)

with 7- and w-symbols of the SL(p + 3)-group (3.2) and

1
Q./\/l — <(p_1)'Qu1.A.up1’0> , OH1-Hp=1 — (Pt A . A dxPr1, (3.32)

10Gimilar nice looking expressions can be obtained for any d > p + 1, but only for d = p + 2 the currents

form a representation of an SL group, SL(p + 3). The occurring currents have been investigated already
in [75] in the strive for topological theories.
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This is a solution to the charge condition (3.25) to the SL(p+ 3) n-symbols and indeed the
form of the current fits into the above system Zj,; = ]%TIIC,LM oK AndXT:

_ (L Fp— 7 L e
Zy = (pldac YA AT P AN A Bk k s ﬁdm VAL A datr (3.33)

with coordinates Zy,. s, corresponding to the p-brane momentum (cf. the string case:
p = Ox). When neglecting total derivative contributions (3.31) becomes

{Zwn(0),Zn(0")} = neunQF A do(o — o), (3.34)

as wished, and gives the SL(p + 3) generalised Lie derivative (3.3), when applied on
¢ = — [ % Zy. If, instead, one used (3.31), one reproduces the standard Lie derivative of
the para-Hermitian generalised geometry on (7' @ AP T*)M (3.18).

Dirac brackets. As for the O(d,d) string, an alternative derivation of (3.34) exists.
This again employs Dirac brackets on an extended phase space with R; momenta and
coordinates

{Pa(0), XV(0)} = —(p + 1)6}8(c — o) (3.35)
(Pu(0),Py(o))} = {XM(J),XN(J’)} =0

for constraints ®y; = Py — Zy = Py — I%TIK;,LM OK AdXL. One finds, neglecting total
world-volume derivatives,

Agr(o,0") = {Zk(0), ®1(c")} = {ZKk(0),PL(d")}

Ao O Ap_1]

o Or P QAL

= (p+1) ( Sl ijpiﬂ ) Adé(o — o)
po,"Q 0

(p+1)?

Bg(o,0") = {®k(0), ®1(0")} = — nmxrL QM Add(o — o)

with a,\ = —a),. The Dirac brackets on (3.35) are, as striven for,

{ZK(O’), ZL(U/)}D'B' — _ /” /”/ AKM(O-a O'”)(B_I)MN(O'”, O'”/)ANL(O'W, O'/)
= mxr Q' Add(o — o), (3.36)
{zM(a), XN(U/)}D.B = —6N5(c — o).

3.4 Exceptional currents for d < 6

The previous setting was quite restrictive and only in part related to the exceptional duality
groups that we want to geometrise. In particular, one can find solutions to the charge
condition (3.25) for each %—BPS object in type IIb and eleven-dimensional supergravity
and construct potential currents of world-volume theories, such that their algebras respect
the exceptional symmetries.
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Solutions to the charge condition in E4). In the following, solutions of the charge
condition and their corresponding currents Z; = %HIC,LM QX AdX T in an M-theory or type
IIb section in Ey) are collected.!! In contrast to the previously discussed p = 1,2 cases
in the SL(5)-theory, it does not seem possible to solve the condition without specifying the
section first.

o In the M-theory section, we have directly from (3.24):

Zy = <Zﬂ, \/%Q[“l A da2)) \}QQ[‘““Q“BM A dx“ﬂ> (3.37)
— M2-brane:
oM = ¢ dat, QHIK213HA — () (3.38)
Zy=q (;!dxA Adiy,, \%daz‘“ Adz2, 0 )
— Mb5-brane:

oF — f% da# Adzh AdzH AdZ,
Qrak2bsis — g Akt Adzh? AdaHs AdzHd (3.39)

1 1
ZM:q(E)'da;’“/\.../\dx““/\dcﬁmnmu—Md:c‘“/\.../\dat“S/\dfcmm/\da?Mw,
1 1d M1 d H2 d n3 d Ha d~ 1
——dz™ Ada™ Adx™ Adx /\mmm,ﬁ

V216

dx“l/\.../\da:“5>

o In the type IIb section one derives from (3.24):

Q[Hlﬁz /\dxﬁs},i VNN /\dx”S}) (3.40)

V5!

1

_ L
ZM - (Z/.u Qm/\diﬂ 7\/5

— F1/D1-system resp. (p, q)-string

Om = Gm = (p ) L Qb =0,  gmtRfi— (3.41)
q

Zos = Gm (d;z;”, dz, 0, o)

"The currents and charges for the type Ila theory objects — F1, D2, D4, NS5 — can be obtained
dimensional reduction analogous to section 2.3:
e M2 = F1, M5 — D4: 2% =0?, zt=2a4(c",...,0?7 "), p= (1, d)

e M2 — D2, M5 — NS5: dz¢ =0

The point particle, p = 0, exists as well (Q = 0) [46], but has no spatial world-volume and, hence, there is
also no interesting current algebra defined on it.
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— D3-brane: 2

1
Q,, = 54 Emmdrt: A di‘", Oty — g dak A da¥, %1&2&3&4 =0
Zy =q <3'emndaj Adzy A d$ — —dx”l A dx¥2 A d:nu e (3.42)
1 -
iemndxﬁ A dz? A dxz, ﬁdxﬁl A data A dats 0)
— NS5/D5-brane:
1 - N -
O, = ad (3 Emnda® A ATy A da? A da:lA — 5£,Ldazﬁl A dzte A dats A dxﬁlﬁﬂ?))
1
Oty = 3 dm daz?r A dae A dats A dz;;
s
NN " u p "
Om = ¢m dotr Adafe Adats A data (3.43)
1 - iy yflglt

1

~ qlda:“/\dazﬂl/\dx%/\(Bemnd:z: /\dx —I—(5l dx“3/\dxuuus)
11
NG

1
gm dzfr AL A daBa AdET D —= g dx“lA.../\dx‘%)

NG

Suggested by these charge solutions, we see the typical decomposition of R1 and Ry in the
M-theory and type IIb sections

ZN1U2 Zﬂ1M2M3M4N5 M QN1N2N3H4 Ql”l/”2/‘/3l‘4“5”6»“
ZM = <Z ) Q - #

TN - Va7 V6!
\_1\\/[,2-/ M5 M2 M5 KKM
7. <Z 7t Ttk giitaliskals ) B ( 0 Bty QEikebsla ou sk, By H)
Mz 20 s 0 e ) T\ Ve VI
F1/D1 D3 NS5/D5 FI/DI Y NS5/D5 KKM
(3.44)

The already existing place for the Kaluza-Klein monopole (KKM) in the Ro-representation
is empty in the above collected list of currents. It is simply not a solution to the charge
condition (3.25) for d < 6 yet. The decomposition of the Z is similar to the one of the
generalised coordinates in X™. For both sections the z# and Z,, = py-components are
shared in all currents.

The non-geometric coordinates of XM | i.e. the ones that do not belong to a section,
could be associated to the momenta of the corresponding objects — in the same decompo-
sition as the one for the Z. This is analogous to the string in O(d, d) generalised geometry,
where p, = dz, [25, 28, 70].

12As suggested by (3.28) there might be an embedding of R4 = /\2 Ro of this charge solution. This
is indeed the case — the only non-zero component of g2 is Amims = % q €my;m, in the IIb section.
With (3.28) one reproduces Q™ of the D3-brane.
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The non-geometry of the currents. As already noted previously [46, 49], where o-
model constructions of such world-volume theories were considered, we observe that for
the ‘higher’ (p > 2) world-volume not only the corresponding @-component but also all
the ‘lower’ ones are turned on — e.g. for the M5-brane (3.39) not only Q*1#4 but also
QF. In the end, the reason for that is E;4)-covariance.

In [46, 49] and, from a current algebra approach for the M5-brane, [65] this was done by
introducing the gauge fields, that typical for M5-brane actions [83, 84]. Here, instead, these
components contain differentials of non-geometric coordinates, that are associated to the

momenta of the lower dimensional branes. In the example of the NS/D5-brane (3.43), the

m
I

of the extended coordinates could be to account f(?ll‘ these d.o.f.s.

D3-charge and current contain the differential dZ’" and so on. Hence, one interpretation
Consequentially, from the point of view of such a higher brane, whose phase space coor-
dinate normally just would be 2# and p, = Z,,, the currents itself already are non-geometric
as also the additional non-geometric coordinates & appear inevitably. Finally, such terms
are logical to appear if one strives for an Ejy4)-covariant setup: as for example the M2- and
Mb5-brane or the D-branes are connected by duality, in general M5 currents can’t appear
alone in such a setup. Another way to understand that fact is, that in the generalised Lie
derivative for d > 4 (in the M-theory picture) a ‘coupling’ of two-forms appears: |[wy,ws|p =
wi A dwe for two-forms w;. Hence, the current algebra bracket of two M2-currents forms
an M5-current, necessitating that in presence of an M5-current also M2-currents have to
be present. Interestingly, the converse does not seem to be true: one can formulate an
M2-brane current algebra, by consistently setting the (canonical) M5-current to zero.

Relation to supersymmetry and superalgebras? Before the advent of exceptional
generalised geometry in the study of M-theory, algebraic considerations on p-brane world-
volume theories have been done in terms of certain superalgebras [85-89]. Recently, these
have been reconsidered in terms with help of exceptional generalised geometry [41, 90].

A priori, the present construction takes only input from exceptional generalised ge-
ometry. Therefore, it is in fact rather astonishing that the solutions of the charge con-
dition (3.25) are exactly the half-BPS p-branes, as there is no role of supersymmetry in
the construction at all. This correspondence between charge and the BPS-condition gives
further evidence for the conjecture that both supersymmetry and the duality symmetry
are both equivalent geometric tools to organise string and M-theory.

Looking for further connections of the construction of this article to the superalgebra
approach [90] one notices that the condition on massless presentation are the Hamiltonian
and diffeomorphism constraints (3.5). Another coincidence is that supersymmetry for the
supersymmetric p-brane actions only holds up to total derivative terms [89], whereas in the
construction of this paper either the exceptional symmetry or the Jacobi identity of the
current algebra only holds up to similar total derivative terms.

Deriving the current algebra? As the generalised Lie derivative for Eyq) for d > 5
is not equivalent to the standard Lie derivative up to total derivatives, one cannot hope
to derive this current algebra in a similar way to the p-brane in SL(p + 3) or the string
in O(d, d). Neither starting from canonical Poisson brackets nor the Fg)-invariant Dirac
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bracket approach lead to a non-Lie bracket. The only reason, why one could make it work
in the previous cases, is that there the difference is always only a total-derivative term on
the spatial world-volume, that would not contribute classically.

It is possible to derive a para-Hermitian Fjg4) current, though. For example, for
d = 5,6, it could simply be realised as a ‘sum’ of the p = 2- and p = 5-currents resp. their
corresponding SL(p + 3)-theory

Zar = 257 (0) + 2 (p) ~ (p2(0) + PP (p), ™ () A da? (), da? (p) A ... A da (p))

in the M-theory section. They correspond to decoupled M2 and M5 world-volume theories,
without exhibiting the exceptional symmetry at the classical level.

Comparison to the Hatsuda-Kamimura Mb5-current. As a consistency check, we
compare the M5-currents (3.39) to the Mb5-current of the SO(5,5) theory in [65] that
were shown to encode the Hamiltonian formulation of the Pasti-Sorokin-Tonin M5-brane
action [83, 84].

If we make the identifications
1 /
pp=2, and F = EdSL’M Adat A dz,, (3.45)

in (3.39) we reproduce the currents from [65]. The charge corresponding to this current is
the one from [46, 49]
Qf\}él] = (F Ada*, dzMt Ao Adat,0) (3.46)

when plugged into (3.20). From (3.22) we derive the formal expression
{F(0),F(c")} =ddé(c — o) (3.47)

or {F‘O‘a/(o),pﬁﬁl(a')} = 0,8(0 — ') for Fajasas = S€aranasmpt 2. As
shown in [65] this is indeed the Dirac bracket of a self-dual two-form gauge field A with
field strength F' = dA (on the M5-brane world-volume) and canonical momentum E:
{E‘m/ (o), Aﬁgf(a/)} = —5%5%, w.r.t. to the constraints ® = £ — F = 0. Hence, one can
derive from the canonical phase space (p,(c),z"(0); E(c), A(o)) a current algebra

1 1
{Zr(0), Zn (o)} = Ay A (UL,MNQ (d—d) W mMNg (d+ dl)) oo —a'), (3.48)

without the previously unwanted w, (p7n)-terms and, hence, it corresponds to the striven
for Dorfman current algebra up to total world-volume derivative terms. However, it does
only satisfy the Jacobi identity up to such total-derivative terms and, resultantly, does not
correspond to para-Hermitian exceptional geometry.

Of course, another price for deriving the Dorfman current algebra (3.22) here was the
loss of Eyg)-invariance, due to the identifications (3.46). The formalism presented in this
paper allows encode such degrees as the gauge field A in an Eg4)-covariant form in form
of the extended coordinates Z,,,,. One could expect that the gauge field momentum E is a
(non-local) incarnation of the extended momentum P+ .
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4 Outlook

There are several conceptual questions left open in this article. The main result, the
Eq(q)-covariant current algebra

{Zr(0), Zn ()} = neunQF Add(o — o) (4.1)

of a p-brane current was postulated but could not be derived from some underlying prin-
ciple, like a canonical (Poisson) structure, in general, when also imposing a Eq(q)-invariant
definition of the current Z. It would be nice to change that by considering higher algebraic
structures, like aspects of dg-symplectic geometry, Lo, algebras or AKSZ constructions, see
for example [91] for similar approaches in the context of exceptional generalised geometry.
Another interesting direction would be the relation of the current algebra approach based
on Ejg)-symmetry to an approach based on supersymmetry and superalgebras [41, 90]. As
discussed in the main text, there are many similarities but the most pressing question is the
relation of the charge condition (3.25) to the BPS-condition. On a fundamental level, one
might further ask whether a canonical (Poisson) phase space structure could ever capture
the symmetries of M-theory (either in form of exceptional or supersymmetry), or whether
a structure like (4.1) is fundamental.

The current algebra was constructed as a simple way to write down an Ejy)-invariant
world-volume theory, motivated by the membrane and string in the SL(5)-theory where it
could be derived from the standard Polyakov type action, when neglecting total world-sheet
derivatives. A similar clean path to an action could be possible for D-branes, following [64].
For p > 2 the difference between the canonical and the Ey(g)-current algebra is not a total
world-volume differential anymore (as in the string and the membrane case). This relates
directly to discussions at the level of the action, where such topological contributions
have been shown to appear as well, as difference between duality invariant and standard
versions of actions [2, 67-69]. Hence, for p > 2 severe modification of actions in contrast
to the normal Polyakov Nambu-Goto type ones are to be expected, when demanding Eg(q)
covariance. Several candidates of such Fyg)-invariant world-volume actions have been
discussed in the literature [44-47, 49]. It would be interesting to study whether they would
correspond to the Hamiltonian settings presented in this paper. This would also clarify,
whether the conjectured Hamiltonian and spatial diffeomorphism

1
= / Zo A*ZHED, 0= MELg A (4.2)

make sense for p > 2 and d > 4 as well on the extended space, also in cases apart from
the M5-brane. The Hamiltonian formulation of membranes in a duality invariant way
might be helpful in context of the recent study of exceptional Drinfeld algebras [51, 52, 56—
63], in particular in the question whether certain transformations, e.g. polyvector shifts
a.k.a. generalised Yang-Baxter deformations, of Drinfeld algebras really correspond to
dualities of some world-volume theory, generalising work of [51] to generic objects and
d > 4. But one should not forget that the current algebra (4.1) is, in general, not a
Lie algebra. Tools of conventional classical field theory, like Legendre transformations or
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canonical transformations, have to be reconsidered. Generalising techniques of geometric
quantisation from the recently studies O(d, d) case [92] could be necessary, as well.

The fact, that all the p > 2 exceptional currents in section 3.4 are manifestly non-
geometric, is a puzzling results. Perhaps one must consider multiple interacting world-
volume theories at once, e.g. M2- and Mb5-branes, to make sense out of that Hamiltonian
theory. Potentially this might help resolving the famous membrane duality problem [1, 43].
In the string case, the study of the current algebra was feasible in order interpret back-
grounds as non-commutative and non-associative ones [25, 70]. Integrating (4.1) could give
a similar picture for M-theory backgrounds. The picture should be more involved, as one
would expect all kinds of higher brackets to appear.

Generalisations of the present setup to Fr(7) and Fg(g) generalised geometry should be
possible as well. The additional duality group invariants, that appear in the generalised
Lie derivatives there, have to be introduced into the current algebra (4.1). In particular in
the Eg(g) case, it would be interesting to investigate how the gauge transformations of the
dual graviton [93] are encoded in the current algebra. Extending the analysis to include
the exterior space and tensor hierarchies seems straightforward.

For the membrane in the SL(5)-theory it was recently shown [94] that the solution
to the classical world-volume theory can be interpreted as generalised geodesics in SL(5)
generalised geometry, based on earlier ideas in [82, 95]. Studying the equations of motion
for the Egg)- and SL(p + 3)-currents with the above Hamiltonian, might extend that
picture to higher dimensional objects and higher space-time dimension. This might give a
geometric interpretation of the charge Q. So far, it only appears as a auxiliary object to

ensure manifest E4)-covariance.
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A Conventions and identities

We define the generalised Kronecker symbols as follows:

1.k J1 e Jn—k .. . — Il J1e-Jn—k — L _ | J1 Jn—k
€ 611"'Zkk1'~'kn7k: - k. 5klkn7k - k. (Tl k). 5[k1 P 5kn—k}

The standard d-distribution f(o) = [do’f(0")d(0—0’) behaves in a maybe unexpected
way, when applied to functions on compact spaces. In particular (01 + 02)d(c2 — 1) # 0,
but instead

/ dordoy ¢(o1,02) (1 + 2)6(02 — 1) = / do 8(6(0,0)) . (A1)

As discussed in the main text, this term is not vanishing in general. Strings and membranes
can have non-trivial winding around a non-trivial cycle in target space. In that case, the
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coordinate fields z(o) are not smooth, such that in particular [do dz(c) # 0. For open
world-volumes there are boundary contributions, as well.

In many calculations it is helpful to write
§(o9 — o) = /daa(a —01)8(0 — ), (A.2)

to see for example that (01 + 02)d(02 — 01) = [dodd(oc — 01)d(0 — 02). The following
distributional identities follow:

/daf(a)(81 b 00— 1) (0 — o))
_ /da ((0f(0)) + (n— 1)f(0)3) (6(0 — 1) - ...~ 6(0 — o))

%e(al) e (02)(1 — D) (8(0 — 1) (0 — 02)) (A.3)
= %(81 —02)(8(o — 01)d(0 — 02))1 — ((Oe) - 6_1)(0)5(0 —01)0(0 — 09)

(f(02)81 + f(O'l)ag)(S(J — 0'1)(5(0' — 02)
= (0f(0))é(0 — 01)0(0 — 02) + O(f(0)d(0 — 01)d(0 — 02))

for arbitrary (matrix-valued) functions e and f which hold without any additional boundary
terms.

The higher world-volume currents are written directly as forms (on the spatial world-
volume). Typical important identities are

dz* (o) Add(o — o') = dat (') Adé(o — o)

w(o"YAdé(o —0') = w(o) Add(o — 0') + (dw)(0)d(0 — o') for (p — 1)-forms w.
B The E44) n- and w-symbols for d < 6
For d < 6 the Y-tensor can be written in terms of the n-symbols:
YE N = 0" e v (B.1)

when we choose the normalisation

MKy k= 2(d — 1)o7 (B.2)

Indices K,L, M, ... resp. K,L, M,... denote Ri-resp. Ro-indices of the duality group Eyg).
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In the following, we give the n- and w-symbols explicitly in the conventions in which
contractions of the totally antisymmetric multi-indices #!#» receive a factor 1%‘ Let us

note, that for d > 4 the w-symbols are not skewsymmetric anymore: wa k1, # —WM,LK-

e M-theory decomposition with target space indices k, A\, u,... =1,...,d:

z z
XM — (:L‘“ Hap2 M1u2#3u4#5) c Rl

) \/T ’ \/?

M " 62“1“2“3”4 Q2M1u2u3u4u5ue,u
Qv =(Q € Ro
? )
V4! V6!
0 g
. _ 5%1%2 \/i
77M,KL . T]M7KL = uX 0 0
V2!
0 0 O
A1A2A3 A4 A5
0 0 Opipanzugr
V5!
AP
n KL = 0 Op1pmapaiig 0
12 3 a s V22!
% 0 0
0 0 0
A1 AgAgAg A5 v
— 0 0 5u1u2u3u4usua52fm2
(nM1U2M3N4N5M6#J}(L - NGV
SELRQRIRAREY  cvp
H1H2H3HAHEHE " X1 Ao 0
V5IV2!
0 g
5%1&2 ﬁ
WMKL Wy, KL = | %A 0 0
V2!
0 0 0
A1A2A37A4 A5
BB P31 K
0 0 __§4L4%7;4g47
5
R1R2A] A
Wy popsps, KL = 0 _ Owipon3ry 0
i, VAV
% 0 0
0 0 0
A1A2A3 A4 A5v cvp
( ) =10 0 _ Ouimopangpuspe Oy no
Wi papspapspe ) KL = NGV
6”1“2”3“4”51’ v
0 — K213 1456 X Ny 0

V5lV2!
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o Type IIb decomposition with SL(2)-indices k,l,m,... = 1,2 and target-space indices
By Ay =1,...,d =1

~ ~m
T x
~ |22y VNN NG
XM _ (a}“, ‘T/T’ 15283 12345> c Rl

QM 0 Qﬁ1ﬁ2 Qrﬁnlﬁzﬁ:sﬁzl Qﬁ1ﬁ2ﬁ3ﬁ4ﬁ5 o R
= , s y €
LTIV V5! 2

A
0 6%z 00
MY 0 00
m k Y\
ML (") g = 2
KL 0 0 00
0 0 00
(5&1&2&3
HiBol
0 0)\ Ve 0
0  edy, 0 0
(nﬁ1ﬁz> KL 5%1%2%3
v L 0 0
0 0 0 O
m 521222304 A5
L B ByBgHy R
0 0 0 NGl
6m§'€—>‘1A2A3
0 0 % 0
m = 3!
(nﬁlﬁgﬁgﬁ4)KL Sm A1tk
0 L B BokgBy 0 0
3!
smgE1E2R3E Ky val
kﬁlﬁ%m 0 0 0
5!
0 0 0 0
5£5§112A3A4§5
0 0 0 otk D0k ooty ity
5!
(nm ) = . 1531 L ilézij
BBy s 1 THEqBoHghyHs " Liok
15228384 85 KL 0 0 5 NGET +(ﬁ<—>A) 0
6A K1kokgkyky
0 ekl L2 Eakolghyls 0 0

V5!

The w-symbols are given by the same terms as the n-symbols, but with different signs
similar to the M-theory section:

We,MN =

+ + + ©
|
|
o
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