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ABSTRACT: We study the fragmentation function of the gluon to color-octet 3S; heavy
quark-antiquark pair using the soft gluon factorization (SGF) approach, which expresses
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sion. By deriving and solving the renormalization group equation of the SGD, threshold
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Introduction

Heavy quarkonium physics has been on the focus of much experimental and theoretical
attention since the discovery of the J/v in 1974. As the simplest bound state of strong
interactions, heavy quarkonium is an ideal system to study both perturbative and non-

perturbative aspects of QCD. Our current understanding of the decay and production of
quarkonium is mainly based on the non-relativistic QCD (NRQCD) factorization [1], which

factorizes physical quantities into summation of perturbatively calculable short-distance co-

efficients (SDCs) multiplied by nonperturbative long-distance matrix elements (LDMEs).

However, recent studies shown that NRQCD factorization encounters some difficulties

in describing inclusive quarkonium production data [2-25]. In ref. [26], it was argued that

these difficulties may come from the bad convergence of velocity expansion in NRQCD.



The velocity expansion suffers from large high order relativistic corrections due to ignor-
ing the effects of soft hadrons emitted in the hadronization process. For this reason, the
authors proposed a new factorization approach, called soft gluon factorization (SGF), to
describe quarkonium production and decay [26]. It was argued in ref. [27] that the SGF is
equivalent to the NRQCD factorization, but with a series of important relativistic correc-
tions originated from kinematic effects resummed. As a result, the SGF approach should
has a much better convergence in the velocity expansion. Indeed, it was found in ref. [26]
that the lowest order result in velocity expansion in NRQCD factorization can deviate from
the full SGF result by a factor of 4, but the lowest order velocity expansion in SGF can
deviate from its full result by only a small value.

In the SGF approach, the quarkonium production cross section can be expressed in
the following factorization formula

dog d4P
(277)3 Igd?’P Z/ nn’ P)F[nn’}%H(Pv PH)a (11)

where dﬁ[nnq(P) are perturbatively calculable short distance hard parts that produce a

25+1LEIC]JZ and n' = 2S'“L/[C L/ in the amplitude

QQ pair with quantum numbers n =
and the complex-conjugate of the amplitude, respectively, with ¢,¢’ = 1 or 8 representing
the color-singlet or color-octet state of the QQ pair. In general, n can be different from
n/. In the case of producing a polarization-summed quarkonium H, there are constraints
c=d,S=58,J=J,J,=J,and |[L—-L'| =0,2,4,--- [26, 28]. In eq. (1.1), P is the
total momentum of the intermediate QQ pair, which is different from the momentum of
the physical quarkonium Pp. The soft gluon distributions (SGDs), Flnn)—u (P, Pu), are
nonperturbative functions that describe the hadronization of the intermediate QQ(n,n’)
states to heavy quarkonium H. The factorization formula eq. (1.1) is called 4-dimensional
SGF (SGF-4d) in ref. [26], and it can be simplified to the so called SGF-1d and SGF-0d
formula by some further expansions. Using these SGF formulas, the authors studied the
J /¢ hadroproduction via gluon fragmenting into polarization-summed 3S£8] intermediate
state at tree level, and they found that the SGF-1d formula is a very good approximation
of full SGF-4d formula. The SGF approach has also been applied to exclusive quarkonium
processes [27, 29], in which the SGDs are reduced to local matrix elements.

In this paper we study quarkonium inclusive production using gluon fragmentation
function (FF) Dy, p (2, 1), where z is the longitudinal momentum fraction of the quarko-
nium state and g is the collinear factorization scale. To be concrete, we concentrate on the
3S£8] state production. In NRQCD framework, the SDC of gluon fragmenting to 3S£8] has
been calculated up to next-to-leading order (NLO) in perturbative expansion [30-32] (but
at the lowest order in velocity expansion). It was found that SDC in NRQCD suffers from

large (threshold) logarithms of the form

o {mﬂ'(l —2)

s J <2 (1.2)
1—2z L_

which spoils perturbative expansion in the region z — 1. Similar issues arise when ana-
lyzing the J/1 photoproduction and electroproduction, where the large logarithms were



resummed to all orders in a; [33-36] by combining the NRQCD with soft collinear effective
theory (SCET) [37—40]. Although the same technique can also be used to resum the large
logarithms appeared in FF, we choose to apply SGF instead of NRQCD+SCET to deal
with this problem. The reason is that, as we will show, the SGF can not only resum the
large logarithms but also resum a series of important relativistic corrections, which results
in better convergence for relativistic expansion.

The rest of the paper is organized as following. In section 2, we review the SGF formula
for quarkonium production, including the definition of SGDs, the perturbative matching
procedure and the velocity expansion of short distance hard parts. In section 3, we present
the perturbative calculation of the SGDs. In section 4, we discuss the renormalization
group equation (RGE) for the 3S£8] SGD. In section 5, we study the gluon FF in SGF and
calculate the short distance hard part in 3S£8] channel up to NLO. We conclude in section 6.
In appendix A we provide some details of solving the RGE of SGDs. In appendix B, we
provide some integral formulas used in our calculation. Finally, we list the expressions of
finite functions that enter the gluon FF in appendix C.

2 Soft gluon factorization

Before studying the gluon fragmentation function, we first briefly review the SGF formula
for quarkonium production cross section. We denote My and mg as the mass of the
heavy quarkonium H and the mass of the heavy quark @, respectively. Lorentz-vector a,
denoting as

at = (a07 a17 a2? a3) = (a()’ CL),
is sometimes also expressed in light-cone coordinates,
a* = (at,a",a',a®) = (aT,a",a,),
at = (a® +d®)/
a® —a?)/

The scalar product of two four-vector a and b then becomes

I

oY

o=

a-b=ab"+a b " +a, -b,.

We introduce a light-like vector I* = (0,1,0,) so that a -l =a™.
Following the discussion in [26], the factorization formula eq. (1.1) for producing a
quarkonium H with momentum Pp can be simplified to the following SGF-1d formula

dO’H dz N
(27T)32P2’d3PH = Z/nga[nn’](PH/zvaaMf)F[nn’]ﬁH(ZaMHmealuf)> (2.1)

which has similar good convergence in velocity expansion for our purpose, and at the same
time is more suitable in practical use. In the above formula, d6,,,(Pu/z,mq,py) are
the short-distance hard parts which, roughly speaking, produce a Q@ pair with momen-
tum Pp/z and quantum number n in the amplitude and n’ in the complex conjugate



of the amplitude, Fl,,—m (2, My, mq, py) are the one-dimensional SGDs which describe
the hadronization from the Q@ pair to quarkonium H, ps is the factorization scale and
z= P;} /P is the longitudinal momentum fraction with P denoting the total momentum
of the intermediate QQ pair.

SGDs are defined as

db_ —’L +7— z - = —_
Fot|os (2, Myt g, 1ig) = Py / e P 0|0, W] (0) a1, W) () 0)s,
(2.2)

where U stands for Dirac field of heavy quark and the subscript “S” means the field op-
erators in the above definition are the operators obtained in small momentum region. In
additional, in this paper we define “S” to select only leading power terms in threshold
(P — Py)*t = (1 —2)P* expansion, which is sufficient to factorize and then resum leading-
power large logarithms as z — 1. In eq. (2.2), the quarkonium state, created by aL, has
standard relativistic normalization and the projection operators C,, can be decomposed to
a spin operator, a color operator, and a gauge link [26]. For the case n = 3S£8])\, SD[S]A which
will be studied in this work, we have

VMg MH+PH 18]ty My — Py

f b 2.
'C“SF,‘L(T )= Myt 2m 20y N My (2:3)
VMg M i\ 2 My —

Dy '\ MH—|—2m 2M 2 2My
2(d—1) 1
2 —PPs + ——PusPu ), 2.3b
(d—2)(d+1)< WPov + 077 M) (2.3b)

s _ _
where D, is the gauge covariant derivative with ¥ D, = ¥(D,V) — (D,V)¥ and €y are
polarization vectors which satisfy the following relations

Py ey =0, €x- €y = —O\, Ze’;ef\” = (2.4)

The spin projection operator P,z is defined as

ProPrp
Pag = —Gap + 2215, (2.5)
Mg
The color operator is defined as
CB = V2T (rb™ ) ga. (2.6)

The gauge link ®;(rb™)g, is introduced to enable gauge invariance of SGD, which is defined
along the [* direction,

By(rb™) = Pexp [igs /0 Tagl Arb + €1)) | 2.7)

where P denotes path ordering and A*(z) is the gluon field in the adjoint representation:
(A (@)]qe = i f* A (2).



As the short distance hard parts d,, (P /z,mq, pus) do not depend on nonperturba-
tive physics, they can be perturbatively calculated. To this end, we replace the quarkonium
H in eq. (2.1) by an on-shell QQ pair with certain quantum number m in the amplitude
and m’ in the complex-conjugate amplitude, which results in

_ dz
dUQQ[mm'] = Z]\/22da[nn'](PH/Z’mQHU’f)F[nn’]*)QQ[mm’}(Z’MH’mQ’/’Lf)’ (2.8)

where do g Gmm = (QW)SQP][){dUQQ[mm/] /d3Py. We can determine the hard parts by com-
puting both sides of eq. (2.8) in perturbation theory. If the factorization eq. (2.1) holds,
the obtained hard parts will be free of infrared divergences. Momenta of the on-shell QQ
pair are chosen as

1 1
pe=g5Puta  pg=5Pu—q (2.9)

where ¢ is half of the relative momentum of the QQ pair. On-shell conditions p2Q = p% =

mé result in
Py-q=0, ¢ =mj—Pi/4 (2.10)

To perect the final state QQ pair to quantum number m(QSHL([]c’] -]z)7 we replace the spinors
of QQ by the following projector

2 Mg — Py~ Mg+ Py
[m] = - Ton . 2.11
] = ATy + 2mg) Pe M) 2a, oty Potmae)l (211
For m = 35'{%])\ or 3D[1%])\, we have
T,, = cl¥e (2.12)

The color operators and spin operator have similar definitions as those in eq. (2.3), which
are given by

clele = N;_ T, (2.13a)
fisg%; = €'y, (2.13b)
B _ @1+ ) ¢ s \/ d—1
DY 2 gt "V 2(d-2)(d+ 1)
X ( — Pu, P, — PouPs, + dflpaﬁpw), (2.13¢)

where the factor /N2 — 1 is to average over color-octet states.

According to the definition in eq. (2.2), with H replaced by QQ[mm/], and the projector
in eq. (2.11), it can be found that, at the lowest order in a, the free QQ SGDs have the
orthogonality relations [26]

Fr0 oG ) (5 MM, 1) = S 6(1 — ). (2.14)



By inserting perturbative expansions

_ _ plLO NLO N
Fin)@Qmm') = Flan5amm T Flan15@mm) T+
= — J=LO =NLO
daQQ[mml] = daQQ[mm} + daQQ[mm,} + ,
A AL ANL

into eq. (2.8) and using the orthogonal relations eq. (2.14), one obtains relations

d&[ITAL?'/] (PH/Z’ mq, :uf) = da—CIéOQ[nn/} (PH/Z, ’I?’LQ),
A6l (Pr [z,mq, pyp) = doge n(Prr/zmq)

dx
_ Z / dcrmm/] PH/(JL"z),mQ,uf)F[flI;?HQQ[m,](x,MH/z,mQ,uf), (2.16)

and so on, which express short-distance hard parts in terms of perturbative calculated
40 o) 2 Flp - @mm)-

Finally, we note that perturbative calculation with analytical ¢ dependence are not
very easy for complicated processes. There are at least two independent hard scales, mg
and Mpr/z in the hard parts. As suggested in [26], we can further simplify the hard parts
by expanding mé around M% /(42?), i.e

A6 (P /2, mq, piy) = d6jnn(Pr /2, My /(22), i)

0[d6 1 (Pr /2, mq, M
n [U[ ]( H/ZZ mQ ,Uf)] (mQQ 12{)+
omg) m,=M3 /(422) 4z
=" dol) (P /2 pup)d, (2.17)

=0

where §* = mQ M3 /(42?) = mQQUQ with v being the velocity of the heavy quark in the
rest frame of the pair. Then the SGF formula eq. (2.1) can be rewritten as

dop = Z/ Unn (Pr /2, 1)@ Flpnr— 1 (2, M, ma, ), (2.18)
=0

which defines a velocity expansion series in SGF. The tree level calculation in ref. [26] shows
that the convergence of velocity expansion in SGF is much better than that in NRQCD.
We will confirm this conclusion at one-loop level in this paper.

3 Perturbative calculation of soft gluon distributions

3.1 Definition

For the purpose of this paper, we are interested in the intermediate state n or n’ equals to

state 3S£])\ or 3D£8]/\ (denoted as S and D respectively). For convenient, we denote

[LL A = PLELLP, (3.1a)
(L] = PLEBLY). (3.1b)



The notations in the second line denote polarization-summed intermediate states. In gen-
eral, the SGD F; (LEN—H is A dependent even for polarization-summed H. This is different
to the polarized NRQCD LDMEs, which can be simplified to the usual unpolarized NRQCD
LDMES due to the rotation invariance [28, 41]. But in the case of SGD, the z-axis direction
needs to be specified because the longitudinal momentum of intermediate QQ pair is fixed,
thus the rotation invariance is broken. Similar to the polarized NRQCD LDMEs defined
in [28], it is convenient to construct the definitions of polarized SGDs as

1
Fiimon(z Ma,mq, pg) = 19 Y Fuiaon(zMg,mg, uy), (3.2a)
=1
F[LE,L}—>H(27 Mg, mq, /‘f) = Z F[Li,A}—>H(27 Mp,mq, Mf)' (3.2b)
IA|=0
(8]

But for the polarization-summed S-wave quarkonium H, such as J/1), the polarized 35;
SGDs can be reduced to following unpolarized SGD:

1

Fissj»u(z, Mg, mq, jiy) = p—

> Fissa—u(z Mg, mq, uy). (3-3)
X

And we have

Flssr—u (2 Mu,mq, pif) = Flss,pj—m (2, Mg, mq, iif) (3.4)
= Fiss)»u(z, My, mq, puy).

We will explain this later.
After replacing H with QQ[LL, \], the general form of b v-QQ[Li,y can be writ-
ten as

Fiopavsoamin(z Mu.mo, py) =Ts

P;IF/chAL/L(PH,P,mQ,ki,X,)\)
X A*Z/E(PHy P7 meq, kiu A/7 A):l ) (35)

where d® is the final-state phase space, k; denotes momenta of the final-state gluons or
light (anti-)quarks, and A/, (Pw, P, mg, ki, A', \) denotes the amplitude of transition from
a QQ pair in 3L/1[i]\, state into a QQ pair in 3L[f]/\ state which can be written as

dd—QQ _
Ap L (Pr, Pymg, ki, X', M) _/NQTr [ACL?/QH[BLE}A]} (3.6)

where Ag,Q is the amplitude to produce an open QQ pixir with spinors of the pair removed,
Q) is the solid angle of relative momentum q in the QQ rest frame, and Nq is given by

Nq = /dHQ. (3.7)

As pointed out in the last section, in addition to force loop momenta and light-parton
momenta k; in small-momentum region, the operator T's also selects only the leading power
contributions in the threshold expansion.



PQ |

PN
|

Figure 1. Feynman diagrams for the free QQ SGD at LO. The double solid line represents the
gauge link along [ direction.

Based on eq. (3.5), we find that, for polarization-summed final state, SGDs can be
decomposed as

Y Fuiasoamin (Mo, mg, uy) = (FIP#V + Faluly + F3(Pruly + Prly)
By

+ F4PHuPHu> eg,eil. (3.8)

For general SGDs, F> and F3 are nonzero and the existence of [# breaks the rotation
invariance. But for the S-wave case, F» and F3 are zero thanks to keeping only LP term
in threshold expansion, which results in

Flgsm-00(ss)(% Mu,mq, 1) = Fiss rj0q1ss)(% Mu, mQ; piy) (3.9)

= F[SS]%QQ[SS](Zv Mp,mq, i)
Thus we argue that for the polarization-summed S-wave quarkonium H, we have the
relations in eq. (3.4).
3.2 LO calculation

The LO Feynman diagram for F[SS} -0QQg[ss) 18 shown in figure 1, where the solid circles
represent the operator @Kss[g] U. Based on egs. (3.5), (2.3) and (2.11) we obtain
1,2

1
LO LO
F[SS]—>QQ[SS} (z, My, mq, ny) = d—1 Z F[SS,A’]%QQ[SS,A] (z, Mg, mq, py)
oA
Py [ dip o
= 5| Pt — ZH | 2m)45%4(P — Pyr)MEP MR, Ps, 3.10
5 oy ( 1) (@m) 85U (P — Pu) MY MY PagPsss  (310)
with
of _ AV e s8] B
MY = [ mlegny ), (3.11)
Q



where

Cy = V2r,
e — \/m MH+PH aMH_PH
37 My +2mg  2Myg | 2My
2 My — Py sMy+ Py
I = 5~ g . 3.12
Then we obtain
LO
Fi$s1-qarss) (@ Miymao, piy) = 0(1 — ), (3.13)

which is consistent with the result in eq. (2.14). Similarly we can derive

F[Ié%,THQQ[SD,T] (z, Mg, mq, py) = 6(1 — z),
F[%%,THQQ[DD,T] (z, My, mg, pig) = 6(1 — ). (3.14)

To obtain the above results, we have used the relations

PRIV + 0P, MEHIMY

2 : Moxv v 1
P# pPv P# i + »pY 7‘[2 [Hv
pxv - H H H H H
= — . 3.15b
IX[=0 e Mg Py -1 (P - 1)? ( )

The longitudinally polarized (A = L) SGDs can be calculated similarly, but they are
irrelevant for our purpose as we will show later, thus we do not consider their contributions
in our calculation.

3.3 NLO calculation

At NLO, the corresponding Feynman diagrams are shown in figure 2 and figure 3. Let us
first consider virtual corrections in figure 2. Following the calculation in ref. [27], we obtain

a+b 2
NLO _ag Ny —1/7 4 4
Flssisaqrss) (@ M mq, i) T an N, (EUV—GIR 6(1 — =), (3.16a)
¢ 1 4 4N\1+A%2 /1+A
Bamtesnrarn], 3] - ) ()
iss|qalss) (T Mt ma. i) . An2N\epy “ar/) 28 1A
2
o1+ AZ)H 5(1 - =), (3.16b)
FNLO v e a N, . Arp2e BN 1 [ 4 4
551 0a(ss) (@ M, mQ, i) o =5 b 2 ) lawlay "

+2<1 | 1+ A 1>(4 4)]
— In — - _ =
2A 1 —-A €UV €IR

x 6(1 — ). (3.16¢)



(a) (b) ()

I I
(d) ()

Figure 2. The virtual corrections of SGD at NLO. The complex conjugate diagrams are not
shown, but are included in the calculations.

9.9.0.000¢,
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K)0000000)

Figure 3. The real corrections of SGD at NLO.
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with

M12{ — 4mg2
A=t 1
My (3.17)
For real corrections in figure 3, we have
Fg) (2 Mp,mq,puy)| =T / %k (3.18)
[S5]=QQ[SS] H,MQ, 1 f ol S emi' |’ .
with
! PE + 2 + 04,30' *UVP 11—z +
I'=—t 15(k: — w)2m8(k*)O(KT) MG g M E PapPsu(—gpo), w = — Py, (3.19)
where
dd—QQ oBo, afo, afo.
MEE = <M5(1)+Mﬁ()+MB()>7
Na
MQBU( v T T (P + K+ mq)CEIIECELLY)
- 200 k1 )
pQ - K+ 1€
b1/ oma d178
Maﬂg,( )y  Tr[CETIE (—p 5 — J + m)y o TeCI 4Ty
= sk 2~ - k ] )
pQ + 1€
oeﬂa = € b fO‘AJ[S],d B abc
Msr™" = g5 Tr[CTIFC H3]( F k+28> (3.20)

Here k is the momentum of the emitted real gluon in the final state, which is restricted in
the soft domain. Applying Ts to I’, we obtain

Py

TsI' =
S -

15(l<:+ — )27 (k*)0(kT)PoPsy (— ng)TS{MQB"M*W”}, (3.21)

with

O‘BU( ) _ € abyy/es18],dyT8 (pa + 26]0)(2q ) k)]

T = gopu - Tr[TC1I II - —,
sMgr gsp Tr[TCTIZ'C 3] 2]: [poko + ic] 1+

0Bo(2) _ e ibrarmasshdps N — (07— 2¢7)(—2q - k)

TSMS,R = gslt Tr[CS H3 T H3] Z [pOkO + i€]1+j y

J

TsMe7® = gSMETr[cnggaéTBLdng]( gabe _* ) (3.22)
l- k: + 1€
Performing the ) and k integration, we obtain the following result
N, [4nz?p?e 78\
FNEO oors (o Mirmaunp)| =2 ( ) a1yt
[SS]-QQ[SS] real 4 M%
1 72
— =14 —€). 2
X<€UV + 126) (3.23)

- 11 -



Combing the virtual and real correction contributions shown in egs. (3.16) and (3.23), we
derive the Figq ,nggs) before renormalization
2
——0(1 —x)

Araule VE N\ €
(=2 o]
bare 0 H ov

+€i/<5(1—x)+(132)+)—(m4v—%> (;Alnl—i_i —1)5(1—95)

4z (1n(1—a;)> 1(2 2>(1+A2 1+A )
- 8z —) |+ — - — In —1
(1—$)+ 1—2z + Nc €Euv €IR 2A 1-A

x 6(1 —x)— (]\1[0(1+A2)A + N, 62>5(1—x)}. (3.24)

NLO
Flssiqqrss (® My mas piy)

The ultraviolet divergences in the above result can be removed by using the MS renormal-
ization procedure, and we get the renormalized SGD

dra? e E 4 1 1+ A
NLO He _
Flss001s8) (@ Mu,mQs i) = 47T< M2 ) {Nc €IR<2A1 A 1)

ln(l—x) 1. 1+A 1}

2 2

2 xufﬂ 2 1<1+A 1A )
— (1 — i 1
o1~ =) (,‘3) l—m <M em N, _A

1+

+
1 A2 1+A 15
xé(l—x)—i—N In N ) (1—-2)l <%)—51—1‘)

xd(1l—x)—

A
<]\lrc(1+A2)A2 N. ;)} (3.25)

Here we distinguish the dimensional regularization scale p. from the factorization scale p .
Similarly we can calculate the other SGDs by projecting the initial and finial QQ pair
into corresponding states, and we have

2
NLO _agNe 2(d—1) M% 1 I
Fispmoqaiss (@ Mmmans)| ==\ 04 1) 36\ an R dmpze
3(1-A%) 1+A
— 2 —
x( 3+2A°+ SA 1111_A>5(1 x), (3.26a)
2 2
NLO _asNe 2(d—1) 4mgH(2—-3T)+ My
Fisprqarss (@ M ma. i) el AT\ (d—2)(d+1) 18
x(47m2ﬂge_w)e[_1 d(1—z)— 4m22(9T_8)_M12{ i(1—x)
MZ, 2€1R 6(4mg)(2—3T) + M)
X
I 7 3.26b
i (326
NLO
F[DDTHQQ[SS](%MvaQ:Mf) . =0, (3.26¢)

- 12 —



asN, 2(d—1) (477%(2 —3T)+ M#%)?

FNLO
dr (d—2)(d+1) 108

10D, 11-Qq1ss) (@ M, mq; ki)
4 2,2, —vE\ € 1
x(” pee ) [ -z —
M3, 2€1R (1—x)4
16m, (18972 — 204T +52) — 8m, (87T —50) M +37Mj)
24(4m3) (2 —3T) + M)

real

s(1—z)|. (3.26d)

Here 7T is a hypergeometric function

_ 1 3 2
T — R (2,1,2_6,A), (3.27)

which can be expended as

1 1+A 1+A . [/ 2A 7 2A )
T = QA{ A+<_2IH1A_L12(A1) +L12<A+1>)6:| +0(e”). (3.28)

4 Renormalization group equation and models for SGDs

4.1 Renormalization group equation

Based the factorization formula in eq. (2.1), RGEs for SGDs have the following general
form

d Ydx (LN
dTWF[L’f,’7)\’]—>H(Z> MH,mQ,/.Lf Z / K[L’L’ N ( 7MH/x>mQHuf)
LL)\

X F[LL,,\]—>H($, My, mg, Mf), (4.1)

with 2 = z/x. The evolution kernel K can be perturbatively calculated by using the
matching procedure. At LO in ag, we have

LL,\],LO d NLO 2
K[8L0 (2, My, ma, ig) = T, TR saoin (5 Mufzma. ). (42)

For simplicity, in the following we only consider the evolution equation for Figg_,z and
ignore contributions from Fisp 11— g and Fipp 71, because they are v* suppressed.
From eq. (3.25), we have the evolution kernel
KIS0 an mo o < 22 N[ 2 e
[ss] VBT ) = T e (T Ty M

1. 1+A 1 /14+A%2 1+A
25(12)(2A1n A—1)] M( - lnl_A—l)é(l—z)}. (4.3)

The evolution equation with this kernel is difficult to be solved analytically. However, if
2

(1 —2)

we only want to resum large logarithms at leading order in v* expansion, we only need to

keep the leading power term in the evolution kernel, which reads

F z _nﬂf ) = AFS(1 - 2 )
M (g g0t -0) =S -2 @)

Qs

K 1SS1LO©) o
47

[5S] (2, Mu, pg) =
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where
It =8N., ~{ =-4N.. (4.5)
Then the evolution equation for F|gg)_, iz becomes

d Ldz _[s5],L0(0)
dhl,LLfF[SS}*)H(Z’MH’mQ’Mf) = . K[SS] (Z,MH/$,Mf)

X Figs)»u (7, P, mq, fiy)- (4.6)

To solve the above evolution equation, we rewrite it as a function of the variable
w= Mg (1/z — 1), which results in

d
dinji; ———Fssj—m(w, My, mq, fif)
1

= a Fg( } —lnufd(w—w’))—’ygé(w—w')
/0 47 w—uw' "

X Figg»u (W', M, mq, i), (4.7)

with o’ = My (1/x —1). To derive the above equation, we have used the rescaling identity
for plus functions [42]

H[lnn(

KW

lnn—&-l(/{)
n+1

>

=0

In""(k) [ln(“) 5(w). (4.8)

W

_|l
(n—q)l! +

The plus functions of the dimensionful variable w are defined as

[ o[ s = [t (50— s0) + w00, @)

where f(w) is a smooth test function. To solve the RGE eq. (4.7), it is convenient to
perform a Laplace transformation [43-45], which, together with its inverse, is given by
[e's} 1 c+i00 ~
_ / dwe™ (o), and f(w) = — dses f(s), (4.10)
0 278 Je—ico
where the constant ¢ is chosen to be larger than the real part of the rightmost singularity
of f(s). Taking a Laplace transform in eq. (4.7) we have a simple multiplicative RGE

d
dlnpy

3 o .
Fissjsn(s, Mu,ma, pf) = = = (Fg In(5pp) + 75)
X F[SS]—>H(37 Mg, mq, jiyf), (4.11)

where s = seVE.
Solving the RGE in Laplace space is straight forward, details of which are given in
appendix A. We eventually obtain

F[SS}HH(S7 MH, meq, MH) = exp ho(X*) ln(MHE) + hl(X*) FﬁX(MH)FmOd(S), (4.12)
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where Fgy (M) is given in eq. (A.13) which recovers fixed-order perturbative results at
small s region, functions hg ; are given by eq. (A.9), and x* is defined as

« Do ., Bo ( 1 )
= 20 (M) In(M 20 (M) In( 1 _
X0 = s (Mu) In(Mys) + 5 as (M) In{ 1+ e
Bo ( 8>
P M) (14 2, 4.1
27T05( m)In +8* (4.13)
with
11N, — 2n
o = e 20y (4.14)

where ny represents the number of light flavors. We have introduced a “frozen” scale s5*
with

. 1

S = €
aMpy Xp{

s

4.15
50a8(MH):| (4.15)
to prevent Landau singularity, where a (with a 2 1) is a parameter and its dependence
should be compensated with a change of nonperturbative input. Therefore, we fix it as
a = 1.3 in the rest of this paper. Finally all nonperturbative information is included in the
model F™°4(s). Then SGD can be obtained by transforming eq. (4.12) back to momentum
space using

1

c+i00 ~
F[Ss]ﬁH(.’L',MH,mQ,MH) = %/ ) dseMH(l/xil)SF[SS]HH(S,MH,mQ,MH), (4.16)
Cc—100

where c is a constant that must be greater than the real part of all singularities of F[ SS)—H-

4.2 Sensitivity of nonperturbative model

We will demonstrate that SGD obtained above by solving RGE is only sensitive to two
parameters of the nonperturbative model. To this end, we will study various models, with
significant different shapes. We choose the model function used in [33-35, 46] as our first
class of models,

bb w/b—l —bw’/]\

Fmod / :M N _

Ww'=Mg(1/z—1), (4.17)

whose zeroth, first and second moments are MyNy, MyNyA and MHNHZ_\Q(% + 1),
respectively. Here Ny determines the normalization, A characterizes the average radi-
ated momentum, and b is related to the width of the model function. We vary A from
0.5GeV — 0.7GeV,! and b from 1 — 3. Other models are chosen to cover various possi-

ble shapes, but with the same normalization (Mg Ny) and average radiated momentum

!There is yet no first-principle way to determine A, but we can guess its order of magnitude. For the
transition from SSF] toa 17~ quarkonium, where a double color E1 transition should dominate, a good guess
is that A is at the order of mass splitting between 23 state and 1S state. Due to Myas) — My y =~ 0.59GeV
and My 25y — My(15) =~ 0.56GeV, we choose the central value of A at 0.6GeV, although it is adjustable.
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Figure 4. The first row shows the different models, the corresponding SGDs at LO are given in
the second row.

(0.6GeV). All models that we will study are listed in the following,

Model-1: F™Y(w')| 30 gcev sz Model-2: F™4(w)|5 0 6aev p=1s
Model-3: F mOd(w/)’f\:OﬁGeV,b:B? Model-4: F mOd(wl)\[\:o.scev,b:m
Model-5: Fmed (W) |]\=0.7Ge\/,b:27
19 29
Model-6: 4Mpy Ny[0(w' > E) — 0w > E)]’
) 6
Model-T7: EMHNH[Q(U)/ >0) — O(w' > 5)],
50 10 9
Models: § MNi(=5w'+ ), 0w <5, :
0, w > %,
200 ! ! 9
200 01y N/, 0 < < 2
Model-9: { 81 HIHW, B =1 =10 (4.18)

! 9
0, w >E

These input models are shown in the first row in figure 4, and the corresponding
SGDs obtained by solving RGE at LO are given in the second row, where we have taken
My = 3.1GeV, ny = 3, AS)CD = 0.25GeV and Ny = 1/3. From the plots we find that,
comparing with input models, SGDs are much broader and their peaks are shifted to smaller
x. More importantly, SGDs at moderate and small z, i.e., x < 0.65, are almost independent
of input models, as far as the models have the same normalization and average radiated
momentum. This is reasonable because small-z region is dominated by perturbative effects.
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Models

(91,92) | Model-1 | Model-2 | Model-3 | Model-4 | Model-5
Model-1 0 0190 | 0.107 | 0.093 | 0.078
Model-2 0 0.201 | 0.191 0.210
Model-3 0 0.160 | 0.122
Model-4 0 0.170
Model-5 0

SGDs

(91,92) | Model-1 | Model-2 | Model-3 | Model-4 | Model-5
Model-1 0 0.060 0.029 0.048 0.045
Model-2 0 0.089 0.061 0.083
Model-3 0 0.062 0.049
Model-4 0 0.093
Model-5 0

Models

(91,92) | Model-1 | Model-6 | Model-7 | Model-8 | Model-9
Model-1 0 0.777 0.204 0.144 0.366
Model-6 0 0.794 0.818 0.633
Model-7 0 0.146 0.371
Model-8 0 0.427
Model-9 0

SGDs

(91,92) | Model-1 | Model-6 | Model-7 | Model-8 | Model-9
Model-1 0 0.129 0.041 0.029 0.084
Model-6 0 0.119 0.148 0.056
Model-7 0 0.036 0.065
Model-8 0 0.098
Model-9 0

Table 1. The differences between the Models and the SGDs.

(91,92) =

Jo 191(z) = ga(w)|dx

17 -

fol(lgl(ﬂﬁ)\ + |g2(z)|)dz

At larger = region, values of SGDs depend on input models, but the sensitivity after RGE
running is much weaker than the original models. To see this more clearly, we introduce a
function to describe the difference between two functions g;(z) and go(x)

Differences between input models and that between corresponding SGDs are shown in
table 1. It is clear that differences are significantly decreased after performing resummation




using RGE. Especially for models with the same average radiated momentum, differences
have been typically reduced by a factor of 1/5.

The above phenomenon can be interpreted as following. The overall normalization of
a SGD is fully determined by the normalization of the input model. The shape of a SGD is
almost fully determined by perturbative calculation with all-order resummation, although
its peak can be affected by the average radiated momentum of the input model. In this
consideration, in practical use it is sufficient to choose a suitable parameter b in eq. (4.17),
and fit the parameters Ny and A by comparing with experiment data.

5 Gluon fragmentation function of quarkonium in SGF

5.1 SGF formula for gluon fragmentation function

The Collins-Soper definition for fragmentation function of a gluon fragmenting into a
hadron (quarkonium) H is given by [47]

d—3 —
— Gz d&™ _ipte-
Dione) = pre —pa—z ) 2t 06 #(0) 2] (0)er P ()
X (I)l(gi)bany(OagivoLNO% (51)

where G*¥ is the gluon field-strength operator, Py and P, are the momenta of the hadron
and initial virtual gluon, respectively, and z is the “4” momentum fraction defined as
z= PIJ{r /P . The projection operator Pr(py) is given by

Prpy) = »_ 1H(Pr) + X)(H(Pr) + X[, (52)
X

where X sums over all unobserved particles. The gauge link ®;(£7) is the same as the one
given in eq. (2.7). The definition of eq. (5.1) is gauge invariant and we use the Feynman
gauge in our calculation.

In eq. (5.1), p is the collinear factorization scale. The dependence of FFs on p is
controlled by the DGLAP evolution equations [48-50],

Ldz

d
ng—)H(ZaM) :/ ;PQQ(Z/'CL'aM)Dg—)H(:E7M)? (5.3)

where we have ignored contributions of quark fragmentation functions because they are
usually less important. Evolving FFs from a low scale p up to a high scale p by solving
the DGLAP evolution, one can resum large logarithms of 2/ ,u%L to all orders in perturbation
theory. The gluon splitting function P, has the perturbative expansion

2
Pz, p) = a‘;;’_u) PngO(m)_i_<a;(:)> P;\;Lo(x) 4+ (5.4)

where, e.g., PngO(a;) is given by

x n 11—z . Bo
(1—2)+ x 2N,

PO (z) = 2N, 5(1—2)|. (5.5)
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In the parton (initial virtual gluon) frame, the gluon FF to quarkonium has the form

Dg—)H (ZyMH7mQa/'L) :/

AP} d? Py | (Z_pg>(2 X gdamPC,PH,mé) (5.:6)

(2m)° 2P Pr d*Py

Using the SGF-1d formula eq. (2.18) and changing the variables from the parton to the
hadron frame, we have

AP} d?>P,
Dg—)H(Z7MH7mQ7:u’) :/Him(s <Z

(27)® 2P

- dr |
H) Z/ﬁda[nn’} (PH/'ramQa,uf)

P
P
X F[nn’]—)H (.%' MHamQaMf)

N [z [ARIEPL (L Pl
Z/ / )2P+6<P z/x A&y (Pr [, mQ, 1)

X F[nn’}—}H(maMHaanuf) (57)

By defining the short distance hard parts ﬁ[,m/](é, Mpy/x,mq, p, piy) as following

. . z dPFd?P. Prlz\ .
Dy (2, My [, mq, 1, pry) = —Pj/cii-d <P+ — zh;éf >da[nn/](PH/:n,mQ,uf),

x (2m)? 2P+
(5.8)
we obtain
dx A
Dg—)H(z MHme ,U / D[nn/] z MH/J; maq, M, Mf)F[nn/]%H(x MH7mQ ,Uf)
(5.9)

which is the general SGF formula for heavy quarkonium FF. Such a factorization formula

holds for any quarkonium state H, and the H dependence only appears in SGDs.

Then for the purpose of this paper, where we are only interested in 3S£8])\ and 3D[18])\

states, we have

Ldx
Dy u(z, Mg, mq, 1) Z /
A=T,L"*

ﬁ[SS](gvMH/l‘?mQ?,uvﬂf) X F[SS]—>H(5U7MH>mQ>Nf)
+2D(sp N (2, Mu /2, mq, i, i) X Fisp xj—m (@, M, mq, juy)

+ Dipp (2, My [z, mq, 1, 11f) X Fipp xu (@, My, mq, pis) |, (5.10)

where we have use the fact that polarized SGDs for S-wave states can be related
polarization-summed SGDs, as noted in eq. (3.4).
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Similar to eq. (2.8), we replace the quarkonium H in eq. (5.10) by an on-shell QQ
pair with specific quantum number and momenta Py. Then we have following matching

relations
‘D[LS(?S'}(27MH/x7mQ7/J’?Mf) gﬁQQ[SS](Z7MH/x7mQ7M)7
D[SD /\}(Za My [z, mq, p, ,uf) 9—QQ[SD )] (2, Mg /x,mq, 1),

D[DD7/\}(27 MH/.T,mQ,,LL,ILLf)

D
DO
DQQQQ[DD Al (Z’ MH/LU? mQ, :U’)v
D

R . Ldy
DES’ITS}O(ZaMH/xvaa%Nf) g—>QQ[SS](Z M/, mq, 1) Z /
A=T,L
+ 215[%5'01),)\] (2/3/, MH/(LU:[/), meQ, W, /Lf) X F[@%?A]%QQ[SS} (yv MH/xa mq, )uf)
+ b[LL?D,A](ZA’/yy Mg [(zy), mq, p, fiy) X F[IE%HQQ[SS](% MH/%mQ,Mf)]- (5.11)
These relations enable us to calculate ﬁ[ss] perturbatively to NLO.

5.2 Perturbative calculation of gluon fragmentation functions

For the fragmentation functions we have

d 3P+
Dg;)QQ[LZy)\](Z7MH?mQ7M):(62/d@MLp(PHJPC7mQ7kZJA)
. PLIP [, Pue
XMZU(Pva(:amQ’k’u)‘) <g P l) (g Pcl )7
(5.12)

where d® is the final state phase space, k; denotes momenta of the final-state gluons, and
M is projected amplitude using projector introduced in eq. (2.11), i.e

d2Q
0

M (Pi, Pormg, i 3) = [ S i (5.13)

9—QQ

where Ap -Q0 is the amplitude from a virtual gluon to a QQ pair plus light partons with

spinors of QQ removed.
At LO in ag, the phase space d®'C is given by

Ao = éi];;(%)dad (P.— Py)d (Pj — Pf)
- ]%5(1 —2). (5.14)
Then the calculation of perturbative FFs is straightforward, which gives
DS norss) (% Mi,mq, 1) =DC(Mpr,mq, p)d(1 — 2), (5.15a)
DySoaispm(* MH’mQ #) =Dy Sagipsr) (2 M, ma. k)
VA V@ D=2 progy, o s —2),  (515b)

~ My + 2mQ><MH<d —2) +2mg)
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Figure 5. Feynman diagrams for virtual correction of the FF at NLO in Feynman gauge. The
double solid line represents the gauge link along [ direction. The complex conjugate diagrams are
not shown, but are included in the calculations.

LO
Dg—)QQ[DD,T} (Z, MH7 mq, :U‘)

_ 8(d—2)(d+1)(d—1) _ . C
= (Mp +2mg)2(Mu(d—2) + zmQ)QDLO(Mm mq, 1)1 - 2), (5.15¢)

LO _ nLO
Dg—)QQ[SD,L](Z’ My, meq, #) _Dg—)QQ[DD,L} (Zv My, mq, M)
=0, (5.15d)

where

87 %€ (MH(d, —2)+ 2mQ)2

nLO _

(5.16)

As we have mentioned before, basing on egs. (5.15) and (5.11), we find the longitudinally
polarized (A = L) SGDs are irrelevant for calculating ﬁ%\ggv(])

At the NLO level, we only consider the FF D/ ~QOISS] which consists of virtual cor-
rections and real corrections. The diagrams with virtual-gluon corrections are shown in
figure 5. To compute the contributions of these diagrams, we rewrite the integral of solid

angle as

d2Q  2Mpy [ dY

— 2 2 .

We then change all delta functions to propagator denominators [51] by using

5(m):ilim( ! ! ) (5.18)

2w e—=0\x +1ie x — 1€
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Then the obtained new Feynman integrals can be calculated analytically by using estab-
lished multi-loop calculation techniques, like the IBP reduction [52-56] and differential
equations [57-62], which results in

a+b 9 9 _ .
NLO ALO as N2 —1 (dmp~e VB
DgaQQ[sg}(ZvMH7mQ7/J) e = D" (Mg, mgq, n)o(1 — z)i ;Nc ( m2Q
X{—3—4]7 (5.19a)
€
C 9 _ €
NLO ~1LO o 1 drpce VE
Dy Z0ass) (7 Muymo, p)| = D2 (Mu,mq, p)é(1 - 2)2;< - 2Nc> < "
1 1+A%2 14+A
-1 1 A 5.19b
(1 m TR ) A, (5.19b)
NLO ¢ LO as N, (4nple 7B\ €
Dy aaiss)(z My mas 1) _=b (Mm@, )d(1 = 2)5 -~ 2,
3
X L + B(A)], (5.19¢)
¢ - as (Ample BN\ C
DY sy (2 Mt mau )| = DM (Mg, m, p)d(1 — =) 3 (M%)
S5Ne—2ny1 31N, — 10nf}
= ) 5.19d
f 2e—E
NLO HLO « dTu‘e
Dy=oqiss) (5 M me, 1) T D™ ( My, mq, p)é(1 — z)Q;Nc(MIQ{)
2 1 T2
St t2-— 5.19
8 L2 + € + 6 }’ (5.19¢)
gth 2,-7E \ €
NLO ALO ol drpce
DQ%QQ[SS](ZjMH7mQ7N) vir B D (MH’mQ’M)(S(l o Z>27j'NC<A4I%I>
1 1. 1+A M3
— 5 —2(1- 1
X{ ¢ ( 28 T A T 120y + 2mo) (M + mg)

><<3_2A2_3(1—A2) 1+A)>1

om0 +C(A)} (5.19)
DNLO ‘

g%QQ[Ss](zaMHmenU’) . =0. (519g)

Vir.

In the above results we have dropped imaginary parts that are irrelevant for our pur-
pose. The functions A(A), B(A) and C(A) are infrared finite, but A(A) contains Coulomb

divergence.

NLO
. ) Dg%QQ[SS] '
only diagrams on the left-hand side of the cut are shown. For real corrections, the final

Feynman diagrams for the real corrections to are shown in figure 6, where

state phase space in eq. (5.12) reads

ddP ddk P+
AW = i famya (28" (Pe = Prr — k)6 <Pc ! >2ms(k; (),  (5.20)
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¥

Figure 6. Feynman diagrams for real correction of the fragmentation function at NLO.

(a) (0) (0) (d) (e)

where k is the momentum of the final-state gluon. In the calculation, we first integrate out
the solid angle. To do this, we decompose the amplitude M/ into the following form

M (Ph, Pe,mq, k, A) = M, d‘;;Q (Py +12q) 5T M di\_fig (Pu —12q) -k
+ Mﬁ’f di\_fiﬂ (Pu quq) -k + Mjllplu/ d{j\_f;Q (Pw _¢1u2q) -k
+ Mfgy/ di\_[:zﬂ (pH(iI_AqQI;I) iy + MZ)QMV d{;;Q (pH%L(IQVq) Tk
n MLpgw/ d‘;\‘;ﬁ (pjféij) — Mj/:ﬂguw/ dd]\_]:zﬂ (p,j“—qyzqu) - (5.21)

where the functions Mp; and M}, are ¢ independent. Then the integral over € can be per-

formed by using equations provided in appendix B. After that, we carry out the integration

PNLO | which results in

=10 47’[’;1,267’YE ¢ asN.
=D (MHaanu)( M[Z{ ) p

over the phase space d

NLO
DgHQQ[SS} (2, My, mq, 1)

real

y Cd(1l-2) 1 46(1 — 2)
2€2 2€ 3(MH +2mQ)2(MH +mQ)2

<m4Q(972 9T 1)

3 39 13
+ 5moMu (3T — 8) — 10mg My — TmoMjr — mM},)

1 1 (Z2—z+1)?
+E(1—z)+ z +R(Z’MH’A) ’

where R(z, My, A) is infrared finite.
Combining the virtual and real corrections in eq. (5.19) and eq. (5.22), we obtain NLO

(5.22)

correction for the FF D, ~QOISS]> which contains ultraviolet and infrared divergences in
the form of single poles in € as shown below

T g —
DgN—L>(c)2Q[551<Z’MvaQ7M) . ZDLO(MvaQaM)?MWz@ e
1 N, (z2 —z+ 1)2 1
B P S R

1 1+ A ME 9 31-A%H, 14+A
x{l2A1n1A+12(2m2Q+3mQMH+MIQ{)(32A A LA

1 2N:5(1 - 2) 4 e 3 4 o
T €3(Mpy +2m)2(Mu + mq)? [mQ(9T — 9T = 1) + 5mMpu (3T —8) — 10mg My

39 3 13,4 N. 1 [1+A%, 1+A 1
~ YoM - 16MH} 51— =) [2 o ( Aty LA 1)] } (5.23)

~ 93 -



Ultraviolet divergences in the above equation are canceled by the renormalization of the
coupling constant a, and the operator defining the FF. The renormalization of ay in the
MS scheme can be carried out by making the following replacement in eq. (5.15)

1
s — Qg (1 — 045(471'6_’”3)650), (5.24)
2m €

and the operator renormalization in the MS scheme can be carried out by further making
the following replacement

LO LO o —ypye L
D% 0615515 M, mq, 1) =D = 051552 Mu, ma, 1) — 2*;(4776 )
L dx
x / S PLO @)D s (27 Mit, g, ). (5:25)

Then the renormalized D 9—QO[SS] reads

_ Qg e 1
DY atss) (2 Mir g, w) = DX (Mg ma, )~ (4mpiZe %) { - Neb(1-2)
1. 14+A M? 1-A%) 1+A
x|[1— =2y 5 2 5 (3—2A2—3( )1 1F )}
20 T 1—A 7 12(2md, + 3moMpy + MF) 2A 1-A
1 2N06(1 —Z) 4 ) 3 3
- = 972 — 9T — 1) + —m}b Mg (3T — 8
€IR, 3<MH + ZmQ)2(MH +mQ)2 [mQ( T T )+ 2mQ H( T )
39 13 1 [N, 1 /14+A%2 14+A
—10mi M3 — — M3—M4}—c ( 1 —1”
OmigMig = ~gmeMiy = 3eMu| =15 Ton \Taa B1-A
< 5(1— 2) +}"(z,MH,A,,u)}. (5.26)

Here we have distinguished between the dimensional regularization scale u. and the
collinear factorization scale u. All remaining divergences in the above equation are in-
frared divergences, and they should be absorbed into the definition of SGDs if the SGF is
valid at NLO. The infrared finite functions A, B,C, R, F in above equations are listed in
appendix C. They also can be read from the supplementary material.

5.3 Matching the short-distance hard part

Inserting egs. (5.15), (5.26), (3.13), (3.14), (3.25) and (3.26) into the matching equation
eq. (5.11), we obtain the hard part ZA?[ ss) up to NLO. The result is listed in appendix C and
we also provide it in the supplementary material. In the result we have chose puy = pu. We
find that all infrared and Coulomb divergences in eq. (5.26) can be correctly subtracted
by the SGDs. Thus we conclude that the SGF formula eq. (5.10) holds at least at the
one-loop level.

— 24 —



Based on ﬁ[sg}, we can easily obtain the short distance hard part at leading order in
the velocity expansion, which reads

~ALO,(0) /A TOs 83 N

D[SS]( )(Z,MH/anua Mf) = m@é(l - Z), (527&)
ANLO,(0) /5

D[SS] ( )(Z7MH/xa/*L7/1’f)

402N 1 2 w?pge! wpze”!
_ AoiNer” [5(1_,@)(2A<M,Mg/w)+ : °1n< " )““2(%)

(N2 —1)M3, |2 N, \ M M2,
+ 7: — 1) + ]\1[CP;§)(2) ln<£>+(2(1;2) +2(4+28%) + ?(5 + 2))
X <ln<$2§§;§_l> —oln(1 - 2)) + 2(1; ’2)—(14_242 - 454(5 + 2)) lné}, (5.27b)
where
A(p, My /x) :]/é\);j:{ln (3?5) —1—133] —i-]ég—i—&—l;an. (5.28)

The factorization scale py should be chosen at the order of My in order to avoid the
appearance of large logarithms of M /uy. Besides, we find the hard part is also free of
the threshold logarithms in the Z — 1 limit with the scale choice puy = pu = Mpy. The
dependence of p and gy in hard part can be recovered by RGEs obeyed by the gluon FF
and the color-octet 357 SGD.

We eventually obtain gluon FFs in SSF] channel

Dy (z, Mg, mq, My) = /Z1 %D[SS]@ Mg /2, mq, My, Mg)

x Fissju(, My, mg, M), (5.29a)
DO (2, My, mag, M) _/: dfﬁfg)s](g,MH/x, My, M)

x Figs)m (2, My, mq, Mp). (5.29D)

Using the DGLAP equation (5.3) and initial condition eq. (5.29), we can obtain the gluon
FFs at any larger scale.

5.4 Numerical results

We now present our numerical results for the gluon FFs given in eq. (5.29). We use the
model function eq. (4.17) with overall normalization Ny = <OH(3S£8])>/3 =1/3and b= 2.
We choose mg = 1.4GeV, My = 3.1GeV, Ag)CD = 0.217GeV (Agl)CD = 0.338GeV) for LO
(NLO), and ny = 3 in p which means contributions from virtual or initial heavy quarks are
ignored. In the following, in not specified we refer to fully NLO FF Dy, (2, My, mq, My)
calculated in SGF with A = 0.6GeV. We note that, as NLO evolution kernel for SGD is
still not available, all results presented in this paper are obtained by using the LO evolution
kernel (4.4).
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Figure 7. Left figure: comparison of the gluon FF obtained in different approximations. Right
figure: A dependence of gluon FF at NLO.

In the left figure of figure 7 we show the gluon FF obtained by different approximations,

where LO(0) and NLO(0) represent the lowest order in v? expansion Déo_{ g at the corre-

sponding o order. We find that DE(](E g is a good approximation to Dy, p, with deviation
smaller than 20%. This implies that the convergence of velocity expansion in SGF is good
and that D,y is insensitive to the input of heavy quark mass mq. For comparison, we
also provide plots of FFs obtained by setting = 1 in hard part (5.27) everywhere except
in the delta function §(1 — z/x). This is clear a bad approximation because it overshoots
original results by at least a factor of 2, which indicates big corrections at high orders in
2 This can be easily understood because the hard part are proportional
to 23 and SGD is peaked around = = 0.75. We note that, if one uses the NRQCD+SCET
method [33-36] to calculate the gluon FF, one should take x — 1 in hard part, which will
result in large relativistic corrections as discussed above.

In the right figure of figure 7 we show the A dependence by choosing it to 0.05GeV,
0.5GeV, 0.6GeV and 0.7GeV. We find that the gluon FF at small z is much less affected
by the parameter A than those at large z, which indicates that gluon FF at small z is
dominated by perturbative effects while that at large z is sensitive to nonperturbative
dynamics. This sensitivity provides a possibility to extract A using experimental data.

We note that the plot with A = 0.05GeV in figure 7 is to mimic the case with A — 0.
Although nonperturbative input models with A = 0.6GeV and 0.05GeV have normalized
to the same value, they result in significantly different FFs, mainly due to the significantly
different A. To quantify the difference, we calculate the n-th moment of FFs and define
the following ratios,

1 — = expansion.

I dzz"DggH(z, Mp,mqg, i)

RX(n) = (5.30)

f()l dZZan%H(Za MH7 mq, /’L) ’

with numerical results given in table 2 for n = 2,3,4,5,6. By taking D,y as “exact”
result, the values of R indicate that the lowest order in velocity expansion in SGF (denoted

2These are also velocity corrections when 1 — z &~ v or v?>. Resumming this series of velocity corrections
is the main motivation of SGF.
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2 3 4 5

Factor z z z z 6

z

RO 1.18 | 1.18 | 1.17 | 1.16 | 1.16

RO-05 2.68 | 2.91 | 3.16 | 3.42 | 3.69

RO-05(pert) | 781 | 7.71 | 7.36 | 6.70 | 5.63

RNRQCD | 754 | 748 | 7.16 | 6.49 | 5.34

Table 2. The ratios of moments of fragmentation functions in different approaches defined in
eq. (5.30). RO represents FF with lowest order in v? expansion, R%® represents FF with A =
0.05GeV, RO-05(pert) represents perturbative expansion of FF with A = 0.05GeV and also replacing
My by 2mg, and RNRQCD represents FF calculated in NRQCD.

0.08 - 1
---. N=0.05Gev 1

- == N=0.05Gev(pert.) i
—— NRQCD i

0.06 -

I I I I
0.2 0.4 0.6 0.8 1.0

Figure 8. Comparison of the gluon FFs obtained in SGF and NRQCD, where “pert.” means
expanding D;\j(}}%Gev to NLO in a, and replacing My by 2mg.

as R(")) is a good approximation, while changing A from 0.6GeV to 0.05GeV (denoted as
RY05) results in large deviation, about a factor of 3.

As shown in figure 8, by perturbatively expanding D;}_z)%%(}c\/ to NLO in a4 and
replacing My by 2m¢ (denoted as “pert.”), we can nicely recover NRQCD result [30-32].
Their deviations at end points of z are due to the nonzero A, but they have almost the
same moments as shown in table 2, where RNRQCD means that the numerator of the ratio
is the NRQCD FFs. We thus find that the NRQCD results overshoot SGF results with
our prefered treatment by a factor about 5 — 7, which is consistent with the conclusion in
ref. [26]. One of the main reasons for deviation is due to the large logarithm resummation,

and the other one is due to the choice of A = 0.6GeV instead of zero.

6 Summary

In this paper we studied the FF from the gluon to color-octet 3S; heavy quark-antiquark
pair in SGF approach, which is expressed as the convolution of perturbative short-distance
hard part with the one-dimensional color-octet 3S; SGD in eq. (5.9). We calculated the
color-octet 357 SGD to NLO in eq. (3.25) and derived a RGE for it in eq. (4.1). By solving
the RGE, we resummed the threshold logarithms to all order in perturbation theory. Based
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on this, we perturbatively calculated the short distance hard part of the gluon FF up to
NLO in a; and all orders in velocity expansion in eq. (C.6). With a natural scales choice,
the hard part is free of threshold logarithms, which has been resummed by the RGE of
SGD. This demonstrated the validity of SGF at NLO.

Our numerical results shown that velocity expansion in the SGF has a good conver-
gence, and the lowest order approximation can already capture most physics. By a specific
choice of parameters (but not prefered), the SGF can reproduce the NRQCD results. But
then we get a big deviation, as large as a factor of 6, from our prefered results. This implies
that velocity expansion in NRQCD has a very slow convergence. We also show that if the
large threshold logarithms are resumed in NRQCD+SCET approach, there should be still
significant velocity corrections as discussed below figure 7.

Our results may provide a new insight to understand the mechanisms of quarkonium
production, especially for quarkonium production at high energy colliders and quarkonium
production within a jet [63, 64].
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A Solving RGE of SGD

Here we give the details of solving the RGE in eq. (4.11). Integrating eq. (4.11) from a
initial scale 9 to 1y by changing variables to as with dln pu = das /(o) gives the solution

Fissu(s, My, mq, py) = exp [n(py, o) In(5po) | ¥ W :40)

F[SS]*)H(S,MH,TTLQ,,LLO), (Al)

the evolution functions are given by

as(po) Bla) 4 ,

asnf) da agyd as(nf) da a,TE do/
V(g :_/ 7 " _/ : / Az
W) =7 ) B@) A7 oy B@) 47 Sy By A

Defining r = 1 — as(pf)/cs(po) and inserting B(as) = —Boa? /7 + O(a2) into eq. (A.2), we
obtain following expression for the evolution functions

aser) da o, TE
77<va MO) - - / g

FF
nuy, po) = ﬁ In(1 —r),

Y] —47T7“ —r)In(1—r —Fn —r
V000 = G| g (=m0 )|+ frma—n. - aa)
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With the help of the relation eq. (A.1), the color-octet 2S; SGD can be evolved to the scale
py from a reference scale 9, at which a nonperturbative model for the SGD is provided.
And the exponential in eq. (A.1) resums the single and double logarithms of s /0.

To determine the initial scale ug, we expand the mé in perturbative SGD F; [$5]-QQ[SS]
around M% /4, we have

2

N, 1 72
asc{<4ln2,uf 41nuf+7;+]v21>
c

Flos-qaiss) (@, M, mq, juf) = MH{5(W) i

4 1
< S(w)+|=| + s[n(“’/“f) } FO(asd),  (A4)
w + w +
which result in
~ asN, _ _ 572 1 72
+ O(asA). (A.5)

We can find, in the Laplace space, the fixed-order perturbative expansion of F [5S]+Q0ISS]
contains single and double logarithms of sug and these large logarithms can be minimized
by the choice of scale

o = 1/s. (A.6)
Making the above characteristic scale choice in eq. (A.1), we can resum those large loga-
rithms of s and obtain the resummed SGD, which reads

Fissism(s, My, mq, py = M) = Figg) (s, M, mg,1/5)

x exp [ho(x) In(Mys) + hi(x)|, (A7)

where

X = %QS(MH)IH(MHg). (A.8)

The functions hg 1 are given by

hi(x) = 7~ In(1 — 2x). (A.9)
Note that the term In(1 —2x) in above expressions gives rise to a cut singularity that start
at the branch point

1
Mpy

T ]N 1
Boas(My)] — Aqep’

This singularity, as a result of the divergence of the running coupling (1) near the Landau

s5p = exp { (A.10)

pole at © = Aqcp, signals the onset of nonperturbative phenomena at very large s or,
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equivalently, when x is very close to the value x = 1. To deal with the Landau singularity,
we introduce a cut-off 5* above which the functions hg; remained constant, i.e. “frozen”
at 5*. Additionally, a nonperturbative model was introduced to correct the formalism for
nonperturbative effects at very large s. Following [65], we make the replacement

s s :EL/a (A.ll)

in eq. (A.9). Here a is a parameter not smaller than one, but of order one. Such a
replacement prevents x from entering the nonperturbative regime. Then we model the
initial SGD F[SSHH(S, Mg, mg,1/5) in following form

Fissjsm(s, M, mq,1/5) = Fu(Mpg)F™(s), (A.12)
with
FéJXO(MH) = ]-) (A13a)
FNLO _ _QS(MH)NCE
Foo P (My) = . = (A.13b)

Here FﬁX(M 1) is introduced to recover the perturbative calculated F [SS]—~QO[SS] with the
Coulomb divergences and IR divergences (if they exist) be subtracted, as we have

as N, (57r2 1 72

F[SS}HQQ[SS}(S’MH’mQ’ 1/5) = MH{ = 5 + WA)} + O(asA). (A.14)

And the model F™°4(s) is introduced to describe the nonperturbative effects.

B Integration over solid angle

In this appendix, we give the expressions that integrate over the solid angle €2 of ¢ in the
QQ rest frame. For the momentum k which satisfies k2 = 0, we have following equations,

1 1 T
20— = /dd_QQ = /dd_QQ, B.1
/ (PH—Qq)'k (PH—|—2q)-k Py -k ( a)
H gk
AT M S—— /dHQ—q —F P””k,,/dd‘QQ, B.1b
[0 (Pat2g) % (B.1b)
HoP H P
B T M /dd*QQL
/ (Pg—2q) -k (Py +2q) -k
= (FoPHP 4 GoPH PPk, k) / di=2Q, (B.1c)
K P —agtaP o
gi2q 199 ¢"¢’q* :/dd—QQ a"d"q
/ (P —2q) -k (Pg +2q) -k

— <f3(IF’“pIP’\"kU + PHAPPT k4 PPAPHO k)

- QgIPWIP’p"IP’ATkaUkT> / d=2Q. (B.1d)
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Where

T =2k (; L g —a A2) ) (B.2a)
7= m (B.2b)
F2=g i 2 P%(Z;;).Z 4q2T? (B.2c)
G2 = 4q2P%4Td+—(;)z;;(.7;); DEi (B.2d)
Fa= 50 2])3(%3H R K;; + D(T— 1)+ dilgg, (B.2¢)
g3:Ztég(p];gky{(dilé+i)(T—1)+di“?,22} (B.2f)

C Finite results

In this appendix, we provide the expressions of functions A(A), B(A), C(A), R(z, My, A),
F(z, My, A, n) and the NLO hard part in section 5.2:

1
A(m+1)(@+2)4
><<<A2+1)((@+9)A4—2(17@+37)A2

+81 (VI—A2+1) ) (8P — 4P, +41n (4 (1 - A?)) tanh ™' (A) + 47?)
— 16(A° (—\/1—A2+\/1—A21n(2)—10+9ln(2)>

+ A (41V1— A%+ (331 — A4 65) (—In(2)) + 94)

+a2 (- 108(M+1)+47m1n )+ 7In(2))

+81 (VI= A2+ 1) In(2)) tanh—l(A)>. (1)

A(A) =

1
_m(mﬂ)(m@‘*

x ((N — 1) (—A2 +4y1 = A2 +5) (2132 —In (fji) In (—Af_ 1))
+8V1 A2A3ln( (1—A2)>+8A(A4+36(\/1—A2+1)
—AZ(S\/ —AZ+25+9In(2 ) (14\/1—A2+13)ln )

+4(942 - 14V1- A~ 13) Aln (1 - AZ)). (C.2)
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C(A)
1

" 360 (VIi—a7+1) (m+2)4
x <—36P1 (3(VI—A2+8) A% —2(41V/1— AZ+84) A2 +175v/1 — A2 +176)
+18P, (VI = A2 +9) AT =2 (181 — A% 4+ 43) A? + 1071 — A% +109)
+ A3 (VI—AZ+9)AT—2(1TV1 - A2 4+ 37) A2+ 81 (VI - A%+ 1))
=8 ((47V1 = A2 4+369) A* — (1211v/1 = A% 4 2371) A% 4 2340v/1 — A? 4 2358) )
— 18tanh ™' (A)( — 4( (3v1— A%+ 22) A* — 4 (16v/1 — A? 4 27) A?
+85V1— A2+ 86) — (5 (VI - A2 +9) A"~ 2(86V1 — A% +191) A?
+431V/1— A 4 433) In (—4> + 8A< (Vi—a2+9)al

AT 1
—2(17V1— A2 4+37) A2+ 81 (VI - A%+ 1) ) tanhl(A))). (C.3)
R(z, Mg, A)
(1 —2)

(16md (3T (29T — 46) + 47 4 60) My

96 (My +mo)® (Mg + 2mg)°
+ dmy (—114T + 257 + 96) M7 + 4 (—90T + 197 4 66 ) M,
+ (15 + 287) moMy + (15 + 4n%) M, + 16mf (3T (5T — 8) + 7 + 12))
. 1

3(My 4+ mg)* (My + 2mg)*
+T7(6—3(z—1)2(132 — 14)) — 12) + iméMé (27T2(z — 1)2(22 — 3)

<3m22MH (9T2(z —3)(z — 1)z + 2(2(202 — 27) + 3)

— 54T (2 —1)(2(52 — 2) + 2) + 2(72(8z +9) — 159) — 120)
27

- ?mQ(T —1)(z—1)In(1 - 2) <]W2H + mQ> (2mQMH(T(—z) +T+2+1)

+ M+ 4my(~T (2= 2) + 2 — 1)) - %mQM};, (37(=—1) (322 +4)

+ 2(2(172 — 45) + 48) + 6) + L 2(13(9 = 42)2 — 141) + 24) M

16
+m (z(36T2((z —3)z+3) — 18T (2(52 — 12) + 9) + 2(50z — 99) + 57) — 12))
1 2((z — 1)z +1)?[In(1 — 2)
X{l—er_ z [ 1—2z |, (C-4)
F(z, A, My, )
— R(z, My, AN, — ! 51— 2)

36AN, (MH + mQ) 2 (MH + ZmQ)2
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« <(MH +mg)? (My +2mg) (A (9A(A) + Ne(20ny — No(9B(A) + 18C(A)
— 2172+ 62)) + 181n (1 — A?) + 12 ((3P; + 8)NZ — 20y N, + 3) In (Mp)

+ 6N, In (/ﬂ) (2ny —11N,) —36(1 + ln(2)))

—18 (1 + AQ) tanh ™1 (A) (m (1 _4A2) +2In (MH)> )

+ 480ANZ Mprme) In (Mp) + 234ANZ Mjrmq In (Mp)
+48ANZ(1 = 9(T — D)T)m In (M) + T2ANZ (8 — 3T)Mymigy In (M)

2 2 2
+39AN2ME In (MH)> _E ) <M§> { !
W

z 1—=z2

R
DS (2, My, mq, p, p1p = 1)

320 (My +mg)? —In(4np2e7F)

o (NZ_1) M), {]:(z,A,MH,u)—F&(l—z)[

24A2N, (Mg + mQ)2 (Mpg + QmQ)Q
« (12A ((1+A2) tanh=(2) = A) (Myr +m)? (M +2mg)?
— N2(4A%(39P5 + 1) MEmd + 6A%(12P5 + 1) Mjymg

+ 24AMpm} (24 — 3tanh ™! (A) + 6APy ) + A2(12P; + 1) M},
+16mg (9 (A — tanh™'(A)) tanh ™ (A) + A%(3P; — 2)) ))

1
i 9288 A2 (@+ 1)2 (er 2)3NC

. <18 (1-87) (VI= 8% +1) A%+ VI~ A% — 1) NIn <X2>

+ 61n(47re7E)< (A2 1) ((VI-A2+8) A= 27(V1- A2 +2) A
+54(VI-A74+1) ) —2(3 (VI—A%+4) A' - 32 (V1 - A%+ 2) A?
+5TVI— A2 4 60)N3) + N2 (14 4%) (247 (41 = A2 4 65)

-3 (231 A2+ 76) )) +4A<6AN2 In <M22 ) (3( (Vi—a%+38)at

(24A tanh~1(A)

—27 (VI-A2+2) A%+ 54 (VI—A2+1) )In (;;)
2((\/1—A2+26)A4—9(10\/1—A2+19)A2+9(20\/1—A2+19))>
+ A(lzln(zm—w) (A4 (2(5v1-A2+28) N2-3(V1- A2 +3))
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—3 (V1= A2 42) A? (58N - 27) +9v/1 — A? (37NZ - 18) )
+ (4 (5v1 = A% 4 82) A — 12 (28v/1 — A% + 89) A% 4 369v/1 — A?) Nf)

+18A ((228In(4me™77) +4T)N? — 108 In(4rme %)) + 372 ( (V1 — A%+ 8) A

—27<m+2)A2+54(m+1)>(A(6A+Nf)+6)>

-
+9(A2—1)2N31n2 (HA) (5\/1—A2+12 (VI=A%42)n (4“‘ c E)

)

224N, (My + zmg)? [ln(l —z) AN, (Mg + zmg)?
(M + mg)? L=z | 12(My +mq)* (Mp +2mq)°

2,2 -1
4 ez 9 L (1+A tanh™" (A)
_16mQ<3ln<Mé>+4A2ln (1—A -9 A -1

2,2 ~1
uz tanh™ (A) ,u 22

+

H
2.2
— (6M}mg + M) <l2ln </]sz2> - 13)] } (C.6)
H
where tanh™'(A) = 1(In (1 + A) — In (1 — A)) and we defined:
P1 = ng(—A) — LIQ(A), (C?a)
Py = Lis (1_2A> ~ Liy (”f) , (C.7h)
Py = 3A3(A12+3) <(9A4 + (9V1 =A%+ 6) A2 = 9v/1 = A2 +9) tanh (A
— A (8A%+ (6v1 - A%+ 9) A2—9\/1—A2+9)). (C.7¢)

In deriving above expressions, we have used the PolyLogTools [66] package.
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