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ABSTRACT: Classical subleading soft graviton theorem in four space-time dimensions de-
termines the gravitational wave-form at late and early retarded time, generated during a
scattering or explosion, in terms of the four momenta of the ingoing and outgoing objects.
This result was ‘derived’ earlier by taking the classical limit of the quantum soft graviton
theorem, and making some assumptions about how to deal with the infrared divergences
of the soft factor. In this paper we give a direct proof of this result by analyzing the
classical equations of motion of gravity coupled to matter. We also extend the result to the
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new conjecture on subsubleading corrections to the gravitational wave-form at early and
late retarded time.
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1 Introduction and summary

In a quantum theory of gravity, soft graviton theorem gives an amplitude with a set of

finite energy external particles and one or more low energy external gravitons, in terms

of the amplitude without the low energy gravitons [1-14]. However when we take the

classical limit, there is a different manifestation of the same theorem — it determines

the low frequency component of the gravitational wave-form produced during a scattering



process in terms of the momenta and spin of the incoming and outgoing objects, without
any reference to the interactions responsible for the scattering [15]. Although initially this
result was derived by taking the classical limit of quantum amplitudes, this has now been
proved directly in the classical theory [16] in five or more space-time dimensions.

In four space-time dimensions there are additional subtleties. In quantum theory these
are related to infrared divergences of the S-matrix. In the classical limit these manifest
themselves in the logarithmic corrections to the asymptotic trajectories of the objects
due to the long range force operating between these objects. Due to these logarithmic
corrections, the orbital angular momenta of external objects, that enter the expression
for the gravitational wave-form, become ill defined. Refs. [17, 18] proposed a specific way
of regulating these logarithmic divergences by suggesting that we use the wave-length of
the soft graviton as the infrared cut-off. This introduced terms proportional to Inw in
the soft graviton theorem where w is the angular frequency of the soft graviton. After
Fourier transformation, these terms control the gravitational wave-form produced during
a scattering at late and early retarded time [19].!

Our goal in this paper will be to prove the classical soft graviton theorem in four
space-time dimensions directly in the classical theory. In particular we prove the following
result. Let us consider a scattering process in which a set of m objects carrying four
momenta p/,- - ,p), come together, scatter via some (unknown) interactions and disperse
as n objects carrying momenta p1, - - - , p,. The special case m = 1 will describe an explosion
in which a single bound system fragments into many objects, including radiation. We shall
choose the origin of the space-time coordinate system so that the scattering takes place
within a finite neighborhood of the origin. Let us also suppose that we have a gravitational
wave detector placed at a faraway point 7, and define
z
R’
We shall consider the limit of large R and analyze only the terms of order 1/R in the

R=|i|, #= n=(1,7a). (1.1)

gravitational wave-form. We define the retarded time at the detector:

n
uEt—R+2GlnR2pb.n. (1.2)

b=1
Here t — R is the usual retarded time and the 2G In R, pp.n takes into account the
effect of the long range gravitational force on the gravitational wave as it travels from the
scattering center to the detector. GG denotes the Newton’s constant. We have used units
in which the velocity of light ¢ has been set equal to 1, — this is the unit we shall use
throughout the paper. We also define the deviation of the metric g,, from flat metric via:

1 g
hw = (Guv — M) /2, e = hyuy — 3 v N hpo . (1.3)

Let us first assume that the objects do not carry charge so that gravity is the only long
range force acting on the objects at late and early time, although during the scattering

LA possible explanation of these logarithmic terms using asymptotic symmetries has been discussed
recently [20, 21].



they may undergo complicated interactions. Then at late and early retarded time, our
result for the gravitational wave-form at the detector is given by:

. . 2G -
Late time: eW(t’R’n):f _ apa +Z o /y ]
a=1
4G% | ¢~ v Pa-Pb {3 2}71 p
— Pep — (Pa-Pb) (Pl —pyph)
Ru | &= {(pa.pp)2—p2p3}3/2 127" ¢ n.pg 0P PoPa
b#a
-3 pb.n{z e 1 U S np&’“‘pii’} +O(u™?), asu—oo
b=1 a=1 pa- a=1 pa.
; 4G2 p P} 3
Early time: e*”(t,R,n ZZ a b e pfpf (plph)?
a=1 b=1 { pa pb }
b#a
nppa /p, v v 1p -2
X (P pd =y pf) | +O(W™*), asu——oo, (1.4)

where O(u~2) includes terms of order u~2In |u|. The term on the right hand side of the first
line represents a constant jump in h,, during the passage of the gravitational wave, and is
known as the memory effect [22-31]. This is related to the leading soft theorem [32]. The
terms of order 1/u are related to logarithmic corrections to the subleading soft theorem.
These have been verified in various examples via explicit calculations [33-35]. The sum
over a in (1.4) also includes the contribution from finite frequency radiation emitted during
the scattering. Different limits of the Fourier transforms of these results have been studied
in section 2.3 of [18].

As already discussed in [18, 19], in case of decay (m = 1), if at most one of the
final objects is massive and the rest are massless, including radiation, then the terms
proportional to 1/u in the expression for e#” cancel. This will be the case for binary black
hole merger where the initial state is a single bound system, and the final state consists of
a single massive black hole and gravitational radiation. Therefore absence of 1/u tails in
such decays can be taken as a test of general theory of relativity.

If the objects participating in the scattering process are charged, with the incoming
objects carrying charges ¢}, - - , ¢}, and outgoing objects carrying charges qi,- - , ¢n, then
there are further corrections to (1.4) due to long range electromagnetic forces between the
incoming and the outgoing objects. These corrections have been given in (4.30).

A similar result can be given for the profile of the electromagnetic vector potential a,,
at the detector at late and early retarded time. The results are given in (4.23), (4.24).

Although these results are derived in this paper for the first time, they have been
conjectured earlier from soft graviton theorem following the chain of arguments given at
the beginning of this section. Emboldened by the success of these arguments, we describe
in section 5 a new conjecture for terms of order =2 In |u| at late and early retarded time.
These have been given in (5.7), (5.8) and (5.9).



2 Some useful results

In this section we shall set up some notations and collect some mathematical results that
will be used in our analysis. The derivation of these results can be found in appendix A.

We begin by setting up our notation for different Fourier transforms that we shall use
in our analysis. We shall deal with functions of four variables = = (t,7) = (2°, 2!, 22, 23)
describing the space-time coordinates. Given any such function F'(x), we shall introduce
the following different kinds of Fourier transforms:

~

F(k) = /d4a: e~ R P (t, ),
F(t,k) = /d3$ e*"E'fF(t, z), (2.1)

F(w, ) Z/dteWF(t,f).

The inverse relations are

(2m)*
Ft,7) = / (;ijf)g R (e, 7). (2.2)
F(t,7) = /621: W P(w, ©)
Note that we are using the convention k.x = n,, ktz" = k%20 + k.7,

Let us consider a differential equation of the form:
OF(z) = —j(z), O=n"0,0s, (2.3)

where j(z) is some given function. Then one can show that, at large distance R,

~ 1 . o~
F(w, ) e“Rik), R=|7, n=

~ o r kE=w(l,n), (2.4)

The derivation of this relation has been reviewed in appendix A.l.

We shall now give the results of Fourier transforms of some functions that are singular
at the origin. Let f(w) be some function that is analytic on the real axis with f(0) = 1,
and assume that it falls of sufficiently fast at large |w| so as to render finite the various
integrals that will appear below. Then we have the following results:

1 » 1

% dw e_uuumf(W) = —’l/ H(U) + O(e_u) s (25)
where H is the Heaviside step function. Changing the sign of the ¢¢ or using principal value
only adds a constant to the expression, so that the jump in the function as we change u



from large negative to large positive value remains unchanged. We also have,

1
d . —— f — 00,
/ e In(w-tie) f(w) — L for uw—oo

2m 0 for u— —o0,

for u— o0,

do . 0
/e_“"“ In(w—ie) f(w) =< 1 (2.6)
27 — for wu— —o0,

U

. —2iu2Inju|+OW2) for w—s oo,
/;lwe_’w“w{ln(w—i-ie)}Qf(w) — { tu™ nful+O(u™) for u—oo
m

0 for uw— —o0,

dw 0 for u— oo,
/ o iy n(w—ie))2 ) 4 O T (2.7)
2m 2iu"? In|u|+O(u"?) for u——oo0,
dw . —iu 2 In|u|+O(u"?) f — 00,
/we_“"“wln(w—l—ie) In(w—1e) f(w) — tu nful+O(u™) for u—oo (2.8)
2 iu=?In|ul+Ow=2) for u— —oo.

Egs. (2.5)—(2.8) have been proved in appendix A.2.

3 Proof of classical soft graviton theorem

We consider a scattering event in asymptotically flat space-time in which m objects carrying
masses {m,}, four velocities {v,} and four momenta {p/, = m/ v} for 1 < a < m come
close, undergo complicated interactions, and disperse as n objects carrying masses {mg},
four velocities {v,} and four momenta {p,} for 1 < a < n. We do not assume that
the interactions are weak, and they could involve exchange of energy and other quantum
numbers, fusion and splitting. Our goal will be to compute the gravitational wave-form
emitted during this scattering event at early and late retarded time. As discussed in
section A.2, this is related to the behaviour of the Fourier transform of the wave-form in
the low frequency limit.

Since we shall be interested in the long wavelength gravitational waves emitted by the
system, we can represent the leading contribution to the energy momentum tensor of the
incoming and outgoing objects by the energy momentum tensor of point particles, and
include the effect of internal structure of the objects by adding subleading contributions
involving higher derivative terms [37-45]. In fact, to the order at which we shall be working,
it will be sufficient to keep just the leading term. For this reason, we shall henceforth refer
to the incoming and outgoing objects as particles.

The strategy we shall follow will be to iteratively solve the coupled equations of motion
of matter and gravity using Feynman diagram like techniques. This method has been widely
used in recent years [46-50], most notably in [36, 51-53]. However the main difference
between our approach and the earlier ones is in setting up the boundary conditions. In
the usual approach we set the initial condition and evolve the system using the equations
of motion, computing both the trajectories and the emitted radiation during this process.



Figure 1. A scattering process in which the particles interact strongly inside the region R via
some unspecified forces, but outside the region R the only force operative between the particles is
the long range gravitational force.

In our approach we take the initial and final momenta as given, but allow the interactions
during the scattering to be arbitrary. Therefore while solving the equations we need to
evolve the initial particle trajectories forward in time and the final particle trajectories
backward in time, and compute the net gravitational wave emitted during the scattering.

For simplicity, in this section we shall consider the situation where the particles are
uncharged so that there are no long range electromagnetic interactions between the asymp-
totic particles. The effect of such interactions will be incorporated in section 4.4.

3.1 General set-up

We choose the origin of the space-time coordinate system to be somewhere within the
region where the scattering takes place and denote by R a large but finite region of space-
time so that the non-trivial part of the scattering occurs within the region R. In particular
we shall choose R to be sufficiently large so that outside the region R the only interaction
that exists between the particles is the long range gravitational interaction. This has been
shown in figure 1. We shall denote by L the linear size of R and analyze gravitational
radiation at retarded time wu for |u| > L.

We define:
1 1 po 1 po
h;u/ = 5(9#1/ - 77;11/)7 Cuv = h,ul/ - 577;uj n hpa ~ hw/ = €Curv — 577;1,V " €po - (31)

We denote by X,(0) for 1 < a < n the outgoing particle trajectories parametrized by
the proper time? o in the range 0 < o < oo, with o = 0 labelling the point where the
trajectory exits the region R. Similarly X/ (o) for 1 < a < m will denote the incoming
particle trajectories parametrized by the proper time ¢ in the range —oco < o < 0, with
o = 0 labelling the point where the trajectory enters the region R. We now consider the

2More precisely, o is a parameter labelling the trajectory, that is set equal to the proper time after
deriving the equations of motion.



Einstein’s action coupled to these particles:

1 \ oo dxy axy "’
fd - - a - Z/X -
167G /dz\/Tth ;/0 dom { 9 (X)) g5 da}

To0 axim axmwy?
/ / a a
_ ;:1 /_ . dom!, {—gw,(X (0)) . } . (3.2)

Note that we have included in the action the contribution only from part of the particle

trajectories that lie outside the region R. We shall argue later that this action is sufficient
for determining the gravitational wave-form at late and early time. We now derive the
equations of motion for e, by extremizing the action (3.2) with respect to e,,. This takes

1
\/—detyg (R’“’ — 59" Ry g‘“’) =87 GTXW (3.3)

the form:

where,

H v
TX””E:ma/ do 6@ (z Xa(a))dj(a d;fa
g g

(3.4)

dXd dXxl
do 6 (z - X, s —a

+Zm [ st xy(on T
Note the factor of v/—det g and the raised indices on the left hand side of (3.3) — this
makes the right hand side independent of the metric. After imposing the de Donder gauge:

1
" Ophyy — 58)\ (M%hpe) =0 & N 0uen =0, (3.5)

and expanding the left hand side of (3.3) in power series in h,,,, we can express the equations
of motion of the metric as:

n°H 0P 1P 0,00e0p = —8T GTH (), W = TXmw 4 phiv (3.6)

where T denotes the gravitational stress tensor, defined as what we obtain by taking
all eq3 dependent terms on the left hand side of (3.3), except the terms linear in eyg, to
the right hand side and dividing it by 8 7 G. In all subsequent equations, the indices will
be raised and lowered by 7).

Our goal is to compute e, (t,Z) at a point far away from the scattering center. We
shall label ¥ as Rn where n is a unit vector and R = |Z|. It follows from (A.2) and (2.4)
that the retarded solution to (3.6) is given by [15]3

é(w, By 7) = 25 SRT (k) + O(R™), (3.7)
where
T (k) = / iz e T, (@), (3.9)
3(3.7) can also be written as
e (t, Ry 1) = %T (t— RE) + O(R™?).



is the Fourier transform of T),,(x) in all the variables and k = w(1,7) as defined in (A.8).
Therefore we need to compute fuy(k). Furthermore, it follows from the analysis of sec-
tion A.2 that to extract the late and early time behaviour of e, (t,Z) we need to examine
the non-analytic part of €,,(w, R,7) as a function of w — in particular terms of order 1/w
and Inw. For this, we can restrict the integration over x in (3.8) to outside the region R,
since integration over a finite region of space-time will give an infrared finite contribution
and cannot generate a singularity as w — 0. This justifies the omission of the contribution
to the action (3.2) from particle trajectories inside the region R.

We shall compute T}, by solving the following equations iteratively:
TH (x) = T (x) + T (x),
n 0 I v
dXg dX,
X (@) =Y m, / do 6D (z — X, (o)) 422 9Xa
— 0 do do

Ui dx* dxrw
+ Zm;/ do 6@ (z — X' (o)) a
gt do do

0
—00

Oew = —-81GTy,, = —87TG77W771,5T0‘5,

2Xl dXV dX? 22Xt dx"” dxur
_ = _1" X a — —F“ X/ a a )
with boundary conditions:
dxt 1
XH(o=0)=rk, lim a4 =l = —7pl,
oc—oo do Mg,
JXH ) (3.10)
/ / . a /, /
Xpe=0)=rlt, lm Gt == ool

Here I'), denotes the Christoffel symbol constructed from the metric 7,42 hy,,,. 74 denotes
the point where the trajectory of the a-th outgoing particle intersects the boundary of R
and 7/, denotes the point where the trajectory of the a-th incoming particle intersects the
boundary of R. T" is the stress tensor of gravity, as defined below (3.6). h, and hence ey,
is required to satisfy retarded boundary condition. The starting solution for the iteration
is taken to be

1 1
/ / / / /
euy:07 XC/;L(O-) :Tg—kvg()':’["g—{—im pgo', XaH(O'):’["a“—"'Ua“O':T‘aM_i_m/ pa'u‘O'.
a

a
(3.11)
We can give a uniform treatment of the incoming and the outgoing particles by defining;:

X5+n(0) = Xc/iu(_o-)v Magtn = miz? 7)5+n = _UZL“7 rg—l—n = Tg“? pg-‘,—n = _p;,u’
for1<a<m. (3.12)
In this case we can express (3.9) and (3.10) as:
TH (2) =T () + T (),
m-+n 00 M v
dXg dX,
X — ) a a
X () — z_:l m/o 4069 (2= X4 (o)) 5 -
Xl i dXY dX{ ¢
Oey =—87GT, e I, (X (o)) o 4o 0 o 1<a<m+n, (3.13)



and

XH(e=0)=rk, lim :vfl‘:m—pfl‘, for1<a<m-+n. (3.14)

Also the starting solution (3.11) for iteration may be written as

1
e =0, ij(a):rg—i—vgazrfj—i—m—pga, forl<a<m+n. (3.15)

a

From now on we shall follow this convention, with the understanding that the sum over a
always runs from 1 to (m + n) unless stated otherwise.

3.2 Leading order contribution

At the leading order in the expansion in powers of G, T vanishes, and we have:

m—+n
N ~ A o0 dXy dX?
THv — TXwuw _ 4,. —ik.x a/ ) (.. " a a
(k) (k) /d:ve a§1:m o8 (@ Xu(o)) T T
m—+n
e ; dX4 dXV
_ " d —ik.X (o) 4a a 1
ag_lm /0 oge o do (3.16)

where, as mentioned earlier, we have restricted the region of integration over x to outside
the region R. Using the leading order solution (3.15) we get

m+n 0o m+n 1
TH (k) = m do e~ tk-(aotra) 1w — o — L 4
(k) aZl a/O 7 a’a ; @ i(k.vg — ie) aa
m4n
7 —— (3.17)
g ara i(k.pg — i€)

The e prescription is obtained by noting that addition of a small negative imaginary part
to k.v, makes the o integrals convergent. Therefore the poles must be in the upper half
k.v, plane. Note that the ie prescription is independent of whether k.p, is positive or
negative, i.e. whether p, represents an ingoing or an outgoing momentum, since after the
redefinition (3.12), o always runs from 0 to co. A Feynman diagram like representation
of (3.17) in the spirit of [36, 51-53] can be found in figure 2.

Since we are looking for terms that are singular at w — 0, i.e. k* — 0, we can replace
the e %7 factors by 1. This gives the leading soft factor associated with the memory effect.

3.3 First order correction to the gravitational field

We now turn to the next order contribution. We first solve for e, satisfying the third
equation in (3.13) as

m-+n

~ s —ik.r ].
(k) = =87 G Gp(k) Ty (k) = =87 G Y pay pav e 7 G (k) hpn i)
a=1 Fa
1
Gr(k)= — = (3.18)

(KO +i€)2 — k2



Figure 2. A Feynman diagram like representation of (3.17), with the external thin line carrying
momentum k labelling the argument of THv (k), the external thick lines representing the incoming
and the outgoing particles and the internal propagator carrying momentum p, + k representing the
1/{i(pq.k —ie€)} factor. All momenta are labelled as outgoing, so an incoming particle is represented
with negative p?. The vertex where the lines representing incoming and outgoing particles meet
represent the interaction region R in figure 1. The vertex where the external thin line representing
f””(k) meets the a-th thick line carries the p#pY factor in (3.17).

One comment is in order here. The expression (3.16) for 7% (k), which we are using
in (3.18), ignores the contribution from the region of integration R. This was justified
earlier since we were computing the singular part of ﬁw. However, now we need the
contribution to €, from the full fW since our goal will be to use this to compute TLLV, and
also to compute the corrections to the particle trajectories, which, in turn, give corrections
to Tii. Once we compute these, we use (3.7) to compute €,,. At this stage, we can
again restrict the integration region to outside R while taking the Fourier transform to
compute the corrected fw- To address this issue, we first analyze the possible correction
5Tlff, to T/ff, due to gravitational fields generated from inside R. Since in four space-time
dimensions the retarded Green’s function has support on the future light-cone, the field
sourced by energy momentum tensor inside R will have support on the future light-cone
emerging from points inside R. These intersect the time-like trajectories of the outgoing
(or incoming) particles emerging from R only within a distance of order L — the size of
R. Therefore 5T/ff, is affected only inAthis region. Since integration over this region will not
produce a singular contribution to T/ff,(k) in the w — 0 limit, this effect may be ignored.
However the gravitational field produced from the sources inside R could give significant
contribution to 7", since we are not assuming the interactions inside R to be weak. We
take this into account by regarding the contribution to e, (k) = -87 G Gr(k:)fw,(k) from
inside the region R as a flux of finite wavelength gravitational waves produced by T}, (x)
inside R, and include this in the sum over a. Therefore the outgoing momenta {p,} not
only will include finite mass particles, but also the finite wave-length ‘massless gravitons’
emitted during the scattering process.
Using (3.18) we can calculate, at the next order,

d*e 1
(b) — l.(z—rp)
Cuy (l’) 87 G / (271')4 € GT(E) Pbu Pov Z'(e.pb _ ie)’
d 1 1
(b) = — [ ZZ.(Z‘—T’},) _ 2
h'u,y(x) 87T G / (27T)4 € GT‘(E) {pbupbu 2 pb T’MV} Z(gpb _ 'LE) ) (319)

~10 -



where e,(Lb,,) is the gravitational field due to the b-th particle. This gives

T () = e {éb h)

b b
+8,h) — 0, hyp)}
= 871G /Mei‘-@‘“)G (0) _r {60, pop + Lopl pow — O Prupsy §
(27r)4 r (f.pb—ie) vEp Fop pPEp Pov (2409
1
- 5])% {€,08 + 0,60 — ¢+ ny,,}} : (3.20)

These results will be used for two purposes. We shall substitute (3.20) into the last equation
in (3.13) to compute the correction to the outgoing particle trajectories and hence to le(,.
We shall also use (3.19) to compute the leading contribution to T IZ,.

Note that e&bg () given in (3.19) satisfies:

m+n m+n 4
Ope = 9P (x) = 871G > / (g;;éleiﬂﬂwar(e) oy (3.21)
b=1 b=1

As long as we restrict the integration range of ¢ to values for which ¢.(r. — r,) is small
for every pair a, ¢, we can take e *™ to be approximately independent of b, and the right
hand side of (3.21) vanishes due to momentum conservation law > ;" p' = 0. Therefore
e at this order satisfies the de Donder gauge condition:

ey =0. (3.22)

At the next order there is apparent violation of this condition due to the £.r, factors coming
from the expansion of the exponential factor. This can be compensated by some boundary
terms on JR coming from integration inside the region R [16], but since these terms will
not contribute to the singular terms that are of interest to us, we shall ignore them.

In the next two subsections we shall compute the correction to TX and T" using these
results. It is also possible to argue that in order to calculate the logarithmic terms of
interest, we can stop at this order. The natural dimensionless expansion parameter is
GMw where M denotes the typical energy of the incoming / outgoing particles. Since the
leading term (3.17) is of order 1/w, the subleading corrections that we shall compute will
be of order w® multiplied by powers of Inw. Higher order terms will involve higher powers
of w and will not be needed for our analysis.

3.4 Subleading contribution to the matter stress tensor

We begin by computing correction to the particle trajectory (3.15). Let Y4' denote the
correction:

XH(o)=vo+rt+YF (o). (3.23)
Then Y/ satisfies the differential equation and boundary conditions:

Yy Iz VP jz dYq'
e I} (vao +1a) vy vh, Y —0aso—0, % 0Oaso — o0,  (3.24)

- 11 -



where?

m4+n
e, =y 1ihe, (3.25)
bra

captures the effect of the gravitational field produced by all particles other than a. Some
of these terms must vanish, e.g. the gravitational field produced by an outgoing particle
should not affect an incoming particle. This however will follow automatically from the
equations that we shall derive, and need not be imposed externally. Integrating (3.24)

we get
dYd (o)
do

o
= / do' T ,(va 0’ + 14) vy, Vf (3.26)

and " -
Vi (o) = /0 do’ / 0" Tl (va o ) vl (3.27)

Substituting (3.23) into (3.16) we get TX* to subleading order:

m+n
- oo 4 ay} ayy
TX},LZ/ k)= “ d —ik.(Va o+Ta) 1—ik.Y, i a v a 92
(k) aglm /0 oe {1—ik.Ya(o)} < v¥+ 7 Vat (3.28)

m+n 0o 1% v

; dY. dy,

= Zma/ do e~ (vaotTa) [v(’jvg—ik‘.Ya(a)vgv;’jL da vy ok da} .
) 0 o g
Using (3.26), (3.27), we can express this as,
m—+n 00
j:XW’(k;) _ Z My / do e—ik.(va o+7rq)
a=1 0
(o o0
X [vé‘vg — ik, do’ do” FZB (Vg 0" + 14)VEVE VY W (3.29)
0 o’

oo oo
+ / do' T 5(va 0’ +14) vl vl + / do' T 5(va 0’ +74) veP vfj] :
g o

Substituting (3.20) and (3.25) into (3.29), and dropping the leading term given in (3.17),

we get the first order correction to TX:
N m+n d4€ 1 o0 o 00
ATXM (k)= —-8n G o | mog— Gt d do' [ do”
() m sz /(2%)4 L.py—ie () /0 U/O 7 /U/ 4

e~ 1k-vac eié.vag// { —1Vq-Dp (2k.pb va.é—k.éva.pb)+%p§(2kz.va va.ﬁ—k.ﬁvg) } ’UZ vé‘

oo oo
+/ dU/ dO'/ e—ik.vaa eiﬁ.vaa’
0 o

{26.% Va-Pb (ngff—l—vfjplf) — (va.pp)? (E“UZ—FFIU(I;)

1 . .
_ 25-1)@]92 vh 4 3 ng% <€uvg —l—ﬁ”vfj) } o~ tkra—il.(ry—ra) (3.30)

“The self-force effects [54] will not be important at this order.
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After carrying out the integrations over o, 0’,0”, and using pl, = mqvl, we get
m-+n
AT\X,LW — 871G / G / e—ik.ra—iﬁ.(rb—ra)
(k) Z; ; 7)1 gpb #(0)

11 1
a kpa (€ —k).pa

<2pa-pb k.py Pa-l — kL (pa-po)* — Pi Pa-k pa-l + k épapb) P Dy o

- {2pa-pb 0.pq (pré‘ + phvy ) — (Pa-pb)* (f”‘pZ + f”pé‘) —2p; L.pa P DY,

+ %pﬁpg (WpZ + f”pﬁ)} X 6; (ﬁ—lk)pa] : (3.31)
For |rl — ri/| ~ L, the ultraviolet divergence in the integration over ¢ is cut-off at L1
due to the oscillatory phase factor e *-("—7"a)  This contribution can be interpreted as the
effect of first order correction to figure 2, induced by the correction to the trajectory of the
a-th particle due to the gravitational field of the other particles.

In order to evaluate the integral, we need to determine the ie prescription for the
poles in (3.31). The ie prescription for the 1/£.p, term has already been determined before.
Similarly, since the 1/£.p, factor comes from an integral in (3.30) of the form [ do” gil-vac”
or fgoo do’ €27’ the ie prescription will be to replace 1/£.p, by 1/(¢.p, + i€). The 1/k.py
factor comes from an integral of the form fooo do e Y% and the ie prescription will be
to replace 1/k.pg by 1/(k.pq — i€). Finally, the 1/(¢ — k).p, factor in (3.31) arises from
an integral of the form fooo do e!t=k)-vao "and the correct ie prescription for this term is
1/((¢£ — k).pq + i€). Therefore, (3.31) should be written as

m—+n

AXW/ _ —ik.rq—tl.(rp—7q)
AT 871G ZZ/ 27r4£p,, —Gr(0)e

a=1 b#a

<2pa-pb ke.pb Pa-L— kL (pa-pb) — D Pa-k Pa- €+ k fpm,) Pa Dl

» 1 1 1
C.pg+ie k.pg—ie (0—k).po+ie

1
- {2pa.pbe.pa (piph+hiph ) = (papo)? (£pi 40Dl ) =207 Lpapl b+ 200 (ﬁ“pZM”pét)}

1 1
" U patic ((—F)patic

(3.32)

Since we are interested in the singular term proportional to Inw, we can simplify the
analysis of the integral as follows. Since the expression is Lorentz covariant, we could
evaluate it in a special frame in which p, and pp have only third component of spatial
momenta. Let us denote by £, = (¢1,¢2) the transverse component of £. Now since p,./
and pp.¢ are both linear in /0 and ¢, we can use p,.¢ and py.¢ as independent variables
instead of £° and £3. Then, if we ignore the poles of G,.(£), we see that we have one pole in
the py.f plane and two poles on the same side of the real axis in the p,.f plane. Therefore
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we can deform the p,.£ and pp.¢ integration contours away from the poles. However due to
the presence of the G, (¢) factor there are also poles at

(00 +ie + 63)(° +ie — £3) =42 . (3.33)

Therefore, for small but fixed £, if we deform the (£° + ¢3) contour to a distance of order
|¢1 | away from the origin, a pole will approach the origin within a distance of order |/ |
in the complex (¢° — ¢3) plane. The integration contour could then be pinched between
this pole and one of the poles of the (£.p, + i€) " {(¢ — k).pa + i€}t (L.pp — i€) ™! factor.
However it is clear that in the complex ¢° and complex ¢3 plane, the integration contour
can be deformed so that the contour maintains a minimum distance of order |¢] | from all
the poles, which themselves are situated within a distance of order |¢ | of the origin. This
shows that while estimating the integrand to examine possible sources of singularity of the
integral, we can take all the components of ¢ to be of order £, and need not worry about
the regions where one or more components are smaller than the others. Since for ¢# ~ £
the integration measure gives a factor of |¢, |*, we see that in order to get a logarithmic
correction, the integrand must be of order |¢, |~%.

We now note that in both terms the integrand of (3.32) grow as ¢, |3 for [¢#| ~
01| < w and therefore there are no logarithmic corrections from this region. For |rj —
=1 ~ L= > |[¢*| > w we can replace (k — £).p, by —L.ps, and drop the e=#:(r=7a)
factor. In this case the integrand is of order |¢, |~ and the integral could have logarithmic
contributions. To compute this, we note that in this region of integration the integral may
be approximated as

% —ik.rg
AT (k) ~ 87 @ ZZ/ 2W4€pb_ZEGT(£)e

a b#a
1 1
0.pa +i€)? k.p, — i€

(2pa-pb k.py Dol — k.l (pa-pp)? — Di Da-k pa-l + k (p? pb> Py Dl (

- {2pa-pb L.pa (prﬁ,‘ +pé‘p§) — (pa-pb)z(ﬁ“pz + €”p’;> —2p; L.pa DL DY

1

(0.pg + i€)? (3:34)

1
+ 5173 i (f“pZ + f%‘)} X

It will be understood that in this integral the integration over v | is restricted to the region
Lt> ’ZJ_’ > w. Since for fixed £, the integration over £ and ¢3 are finite, we do not
need to impose separate cut-off on the ¢° and ¢3 integrals. All the terms in (3.34) can be
expressed in terms of the basic integral

de 1 1 o
/(27r)4 C.py — i€ Gr() (Cpatic)? bo = e Jab (3.35)
where ,
d*t 1 1
Jo = / @t tpy—ie O T ie (3.36)
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It has been shown in appendix B that J,;, vanishes when a represents an incoming particle
and b represents an outgoing particle or vice versa. On the other hand when a and b are
both ingoing particles or both outgoing particles, we have, from (B.6),

1 1
Jap = o In{L(w + ien,)} , (3.37)

(Pa-p)? — P20}

where 7, is a number that takes value 1 for outgoing particles (1 < a < n) and —1 for
incoming particles (n 4+ 1 < a < m +n).> Using (3.37) we can express (3.35) as

dAr 1 1 1 0 1
[ Gt (ien)
4 _ 2 o
2m)d Lpy—ie (£-patic) 4 P&\ [ (pa-po)?—p202

P} Pac— Da-Pb Do

1 .
=—— In{L(w+ien,)} {(Pa-pp)2—p2p2J3%

47

(3.38)

We now use this to evaluate the right hand side of (3.34). We can also replace ¥ by 1
since the difference is higher order in the small w limit. This gives

m-+n
~ In{L(w+ieng)} | k.po 3
ATXH (k) =2G PEDY Py § =Paph — (Pa-Pb)’
; ; {(Pa-pp)? — p2p2}3/2 [ kpg 47T | 270 ¢
nanp=1
1 wo v, 2 (0 2\2 o, v v, [ 3 2.2 2
+ 5PalaPa (Py)” — {Papy + Paby} Pa-Pb | 5PaPs — (Pa-pe)” |- (3.39)
The constraint 7,7, = 1 means that the sum over b runs over incoming particles if a

represents an incoming particle and runs over outgoing particles if a represents an outgoing

particle.

3.5 Subleading contribution from the gravitational stress tensor

Let us now turn to the computation of 7 defined via (3.6). A detailed calculation shows
that to quadratic order in h,,, it has the form:

1
ST GTh = —2 [28“ha58”h°‘5 +R PO hog—h PO Ogh ' —hP 0" Ogh, +h*P 0 05hH"
+3Ph e dgh t—P ™ Dyh ﬂ“} +RM 9,0Ph—2 h* 07 0y hP —2 b ,0° D b
3 1
+nt {Qaphaﬁaphaﬁ +2h°P9P0,hop—0° hapaahﬁp] +h [apaphw — 507 0h" |,
(3.40)

where we have used de Donder gauge condition to simplify the expression. To the order
that we shall be working, this is allowed due to the observation made below (3.21). This
expression differs from some of the more standard expressions given e.g. in [55], since

®This is opposite to the convention used in [18].

~15 —



Figure 3. A pictorial representation of (3.41). The internal thin lines marked by ¢ represent the
retarded graviton propagators G, (£) and G, (k — £) respectively. The vertex where the three thin
lines meet is proportional to F#**5:r7 encoding the contribution to the stress tensor due to the
gravitational field, and the vertices where the internal gravitons meet the thick lines correspond
to the leading contribution to the trace reversed stress tensors of these particles, proportional to

phpY — p2n*¥ /2 and plpy — pint /2 respectively.

we have defined 8w G TM¥ as the collection of the quadratic terms in the expansion of
—v/—detg (R" — g™ R/2). As already mentioned, all indices in (3.40) are raised and
lowered using the flat metric 7.

We shall manipulate (3.40) by expressing hqog in the momentum space as given in (3.19).
This gives a general expression of the form:

. . v 1 1
Th,uz/ k) = — —zk.'ra/ il.(rg—"p) (k- 0G4
(k) SWng:e (27r)4e G )G()pb.ﬁ—ie Pa-(k — ) — ie
1 1
X {pbapbﬁ - 5192%5} FHetpe () {pappaa - §p§npa} : (3.41)

where,
N (X))
1 v, pa, of v, pa, of v B,,po, o
=2| S (k=00 7+ (k= OF (k=0 10" = (k= )" (k=€) 00"
— (k=0 (k=) 05" + (k=) (k=) 7 + (k— )L Py
1
=0 (k=) = S (k=0 ™ ™ P ™ (k=) + 00 (k—0)®
3
[ SO 2 P )
(0% ov 1 (03 loa v
=™ (k=)0 + 50 (k=)™ (3.42)
In the £# — 0 limit the integrand diverges as [¢*|~* and therefore the integral has logarith-
mic infrared divergence. As discussed below (2.4), the lower cut-off on the ¢ integral in this
case is provided by R~! where R is the distance to the detector (measured in flat metric).

Formally, this can be achieved by adding to k* = w a small imaginary part proportional
to R7!. A diagrammatic representation of (3.41) has been shown in figure 3.
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Now in (3.41) the G, (¢) G, (k — £) factor takes the form:

1 |
Gl Grlk =6 = (00 1 ie)2 — 2 (K0 — 0 4 ie)2 — (k— 02 (3.43)

As a result the poles of the two denominators in the 0 plane are on the opposite sides of
the integration contour lying along the real axis. We shall express this as:

Gr(0)*Gr(k — 0) —2imo(¢*) {H(°) — H(—")} G, (k — 0), (3.44)

where H is the Heaviside step function. In this case in the first term the poles in both
factors are in the upper half 0 plane. This allows us to deform the ¢° contour away
from these poles till we hit the zeros of the other denominators. In particular, following
the argument given in the paragraph containing (3.33), one can argue that for |¢|| > w,
we can deform the contours such that it maintains a distance of order ¢, from all the
poles. We shall show in appendix C that the contribution from the terms proportional
to 6(¢2) in (3.44) represents the contribution to 7 from the gravitational radiation (real
gravitons) emitted during the scattering. Since this contribution has already been included
by including the radiation contribution in the sum over a, we shall not discuss them any
further in this section.

We shall now analyze possible logarithmic contribution to (3.41) with G, (¢) replaced
by G,(¢)*. These can arise from three regions: R™! < [k — M| < w, R7! < |t/ < w
and L~! > |¢#] > w. Since each term in (3.42) has at least one power of (k — ¢), one
finds by simple power counting that there is no logarithmic contribution from the region
Rl < |k* — "] <« w. For R7! < |f#| < w the integrand has four powers of ¢ in
the denominator and could give logarithmic contribution. In this region we can replace
the integrand by its leading term in the ¢ — 0 limit. In particular F*7 (k,£) may be

ap;po
approximated as

Fiipo (ks 0) = 2K KY oy ngo — 25" kg tpa 08 — 2 kF kg npa 0y + 2ka kp 0405, (3.45)

where we have used £k, = 0. A further simplification is possible by noting that eventually
we shall use the 7" (k) computed from (3.41) to calculate its contribution to sublead-
ing correction to asymptotic €,, via (3.7). Since €, is determined only up to a gauge
transformation

e — e + k& + kuy — k& (3.46)

for any vector £, addition of a similar term to T [}V and hence to F (’;g o »(k,¢) will not have

any effect of €,,,. Using this we can simplify (3.45) to:

Fr (k) = =2k kg 1hpa 1" + 2 ka kg 016 . (3.47)

afipo
We can also make the approximations:

1 N 1 1
Pa-(k =) —ie  pa.k — i€’ (00 — je)2 — 72
1 N 1 N 1
2 2kt +iew)  2(kl+ i)

Gk — ) =

(3.48)

—
w
o
|
(S
(e}
_l’_
~.
(e
N—
[N}
|
—~
ol
|
)
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Substituting these into (3.41), we get the logarithmic contribution from the R~! < |##] < w
region, denoted by TMWH (k):

m—+n 4
d*? 1 1 1
Ty .y —
= 8G Z — i€ / (2m)* k.l + i€ py.l — i€ (00 — je)2 — 2
1
{pa-pb k-pa kopon™ = o vy (k-pa)® " = (k.po)* Pl pZ} : (3.49)

This integral, called Kj in (B.10), has been evaluated in (B.11), and gives:

d*¢ 1 1 1 1 1
=5 41 ’ — )
/ (27T)4 k.t + i€ pbf — e (KO o i6)2 _ £2 A1 b1 n{(w + ZG)R} kpb (3 50)

Using this, we get:

m+n n
. 1
T (k) = 2G 1 >
(k) = G’n{w—l—zeR}alb1 —zepbk—ze
1
{pa-pb k.pa k.py ' — 519? (k.pa)® 0" — (k.py)* Pl pZ} : (3.51)

The terms proportional to p,.k py.k and (k.p,)? inside the curly bracket cancel the denom-
inator factor of k.p,, and the result vanishes by momentum conservation after summing
over a. Therefore we have

m+n n

TOR (k) = —2G In{(w + i€) R} Z Z papa (3.52)

albl

Next we turn to the contribution from the region L=! > [¢#| > w. Simple power
counting shows that the integrand goes as |[¢|~* in this region. Therefore, in order to
extract the logarithmic term, we need to keep only the leading term in the integrand for
large ¢*. In particular, in the expression for F#5:r7 (L (), we need to keep only quadratic
terms in £. Therefore we need to evaluate the integral:

1 1

Ay :
ppl — i€ po.(0 — k) + i€ (3.53)

7%8 = / dit e ra=m) Gk — 0)G,(0)*
ab (271.)4 r T

Using L™ > |#*| > w, we can further approximate (3.53) by

4
Iaﬁw/ d' 1 1 L oy
1
2

(2m)* {(00 — ie)2 — 12}2 po.l —ic po.l +ic

a‘v a9 1 1 L
(2m)* Olo | (00 — i€)? — 2 ppl —ie py.l+ie

/ v 1 1 1 ap  DRC° pptP
(2m)% (00 — je)2 — 2 ppl — i€ pa.L + ie K pal +ie  ppl —ic

0 0 / d*e 1 1 1
— C!ﬁ « o
- +pd— + — - —. (3.54
{77 P pas " O } (2m)% (00 — je)2 — 2 pa-l +ic pp.l —ic (3:54)
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In the third step we have carried out an integration by parts.® We can now evaluate the
integral using the result for Jg; given in (B.1). The result vanishes when a represents an
ingoing particle and b represents an outgoing particle or vice versa. When both particles
are ingoing or both particles are outgoing, the result is given in (B.6). This gives

1 . 0 0 1
ij ~ - In{L (w+ ieng)} {n‘“5+p3+p§;a }
T Pap Pos )\ [ (pa-pp)? — p2D7
1 1
=% In{L (w+ ieng)}

{(pa-pn)? — p202}"°

X 1P (pa-py)? — D202} + D205 D) + DR D2 D5 — papy (DS D) + D p?)} . (3.55)

Note that the result diverges for ¢ = b. This can be traced to the fact that if we replace
the p,.(¢ — k) + ie factor in the denominator of (3.53) by p,.¢ + ie from the beginning, then
for b = a the contour is pinched by the poles from both sides with separation of order ¢, and
we shall get a divergence in the € — 0 limit. This shows that for a = b we have to be more
careful in evaluating the integral. We proceed by working with (3.53) without making any
approximation at the beginning. If we work in the rest frame of p,, then we can evaluate
the #° integral by closing the contour in the lower half plane, picking the residue at £° = 0
for outgoing p, = pp and at £° = kY for incoming p, = ps. Let us for definiteness consider
the case where the particle is outgoing, so that we pick up the residue from the pole at
¢Y = 0. This reduces the integral to

1 1 301 1
I =—2mi—; , / d’t e e T A A (3.56)
Da pa-k_le ( k.l — e

Since this is potentially linearly divergent from the region of large |€_], we expand the
integrand in power series expansion in inverse powers of £, keeping up to the first sublead-

3 .
[F o gpit 1 /(‘” 1 !1+ W] 0 (3.57)

ing term:

P pak —ie J (2m)t 2 |2 (12)2

The leading linearly divergent term, where we pick the ¢“¢® term from the numerator,
represents the usual infinite self energy of a classical point particle, and is regulated by the
intrinsic size of the particle. In any case, this does not lead to any logarithmic terms. The
potentially logarithmically divergent subleading contribution actually vanishes by P
symmetry since it has to be evaluated at 0 = 0. Therefore we conclude that Ig‘f does not
have any logarithmic correction. A similar analysis can be carried out for the incoming
particles, leading to the same conclusion.

5This can be justified as follows. First, following arguments similar to the one given below (3.32), we
can consider the integration region to be w < |1 | < L™, without any restriction on £° and £*. Integration
by parts will then give boundary contributions from |[¢,| = w and [£.| = L7!. These involve angular
integration and do not generate any logarithmic terms.
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Substituting (3.55) into (3.41) for a # b, we get the logarithmic contribution to 7" (k)
from the region w < [¢#| < L~!, which we shall denote by T (k):

m+n m+n
N 1
@ () = '
TOW (k) =G Z In{L(w + ieny)} Z {(Pa)? —p2p§}3/2
a=1 b=1 “ “
b#a,nany=1

3 ek - (pa.pw?}] . (3.58)

< | — ok (2)? (03) + {phiph + Piph} Pa-po { 5

3.6 Gravitational wave-form at early and late time

Adding (3.17), (3.39), (3.52) and (3.58) we get the net logarithmic contribution to 7 (k)

to the subleading order in the small w expansion:”
T (k)
— i
Zp pa'kp —ZE azpapa kpa—i-lé)
Pa-Pb 3 9 9 2 k’ppa v
+2G In{L(w+ie) } { ~PaPy — (Pa-Db) } (Pyps —Dpyrh)
;;{pam el O kpg 0T TPTE
b#a
p D 3 kopd' v
+2G In{L(w—ie }ZZ i e 3/2{ “plpi - (pg.pZ)Q} o v =)
a=1 b=1 { pa pb } 'pa
b#a
—2G1 ' k ——phpl— —_ : .
G In{(w+ie)R} ;pb LZ:; pa.k—iep“p“ az T pa pa] (3.59)

In (3.59) we can replace k by w n with n = (1,7). Comparing the second and last line
of (3.59) we see that the term proportional to In R exponentiates to a multiplicative factor of

exp [—inG lnRZpb.n] . (3.60)
b=1

Using (3.7), (2.5) and (2.6) we get the late and early time behaviour of the gravitational

wave-form:

Late time: e"”(t,R

Zpapa oy +Zpa Pi npa]

4G2 = p Db 3 5 5\ Mpph
ZZ = 373 oPalb— (Pap)” o ~E (0 py —phpl)
a=1 b=1 { pa pb papb} n’p
b#a

m
—Zpbn{zpp“pa Zpl pa}], as u— 00,

a=1

"The quantum computation of [18] gave rise to additional terms in the soft factor, but they do not seem
to play any role in the classical gravitational wave-form found here.
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4G2 SN P pb 3 12 1 /o IN2
Barly time: e (t,R.i)=—" | > oA “ PRI { 5Pa Py —(Pa-P) }
a: b

a=1 b=1

b#a

n,pd
X SLEL (il pé”p’a")], as u— —00, (3.61)

n.pl,

where, from (A.12) and (3.7), (3.60),
u:t—R—f—QGlnRZpb.n. (3.62)
b=1

In (3.61) we have adjusted the overall additive constant in the expression for e#” such that
it vanishes in the far past.

4 Generalizations

In this section we shall derive the classical soft photon theorem. We shall also generalize
the soft graviton theorem to include the effect of electromagnetic interactions among the
incoming and the outgoing particles. In order to simplify our formule we shall drop the
regulator factors of e*-("e=70)  ¢ik-7a etc. with the understanding that momentum integrals
have an upper cut-off L=! and a lower cut-off R,

4.1 Soft photon theorem with electromagnetic interactions

As in section 3, we consider a scattering event in asymptotically flat space-time in which
m particles carrying masses {m,;1 < a < m}, four velocities {v/,}, four momenta {p} =
m,, v} and charges {q¢,} come close, undergo interactions, and disperse as n particles
carrying masses {my;1 < a < n}, four velocities {v,}, four momenta {p,} and charges
{¢a}. Our goal will be to compute the early and late time electromagnetic wave-form
emitted during this scattering event. In this section we shall proceed by ignoring the
gravitational interaction between the particles, but this will be included in section 4.2.
Since the analysis proceeds as in section 3, we shall be brief, pointing out only the main
differences. In particular, as in section 3, we can treat the incoming particles as outgoing
particles with four velocities {—v],}, four momenta {—p/,} and charges {—¢,}. This allows
us to drop the sum over incoming particles by extending the sum over a from 1 to m + n.

In the Lorentz gauge n®° Onap = 0, the equations replacing (3.13) are:

axt )
an /d05 — Xq(0)) T Oay = —jpu,

Y on (4.1)

d= X5 dX¥?
a = af?'u Xa -

mo SO = (X))
We introduce the Fourier transforms via:
d4k ik.x ~ . d4k ik.x Y

a“(:v):/(27r)4ek' a,(k), Ju($):/(27r)4ek' Ju(k). (4.2)
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This gives:

/d4xe—zkm an /do_e—sz(a e a '

The generalization of (3.7) for the asymptotic electromagnetic field is

it(w, R,7) = —— e i (k) + O(R™?). 4.4
(w0, Ry) = o S E) + O(R?) (44)
We proceed to find iterative solutions to (4.1) in a power series expansion in the

charges, beginning with the leading order solution for X* given in (3.11). Substituting this
into (4.3) we find the leading order expression for j#(k)

m4+n

Z qa pa ]{ Do — ’LE) (4.5)

This is the leading soft factor. Using this we can get the analogs of (3.19) and (3.20)

i(l.pp — i€)’ (4.6)

il.x v
— L (lupry — Lop) s 4.
e GO ey (epon = o) (4.7)

where aL) and F, ;51) denote the gauge field and field strength produced by the b-th particle
The analogs of (3.26), (3.27) take the form:

dyﬂ o)
;J(G) = 7% / do’ F" (vg 0’ +14) 02,
a o

/ da/ do” F* (vg 0" +14) v (4.9)

Using these results we can proceed as in section 3.4 to compute the next order correction
/T:U' /.\u N

(4.8)

and

AjH(k) to j#(k). Since the analysis is identical to those in section 3.4 we only quote the
analog of (3.32):

m~+n m+n

Zanqb/dg !

— G,
p it 4 0.pp — e 0
b#a

P 1 1 L
P (k —0).pg — i€ k.pg — i€ L.pg + i€ vPop
- ! (Lopy, — 0o )Py
(k —0).pg — i€ lpg +ie" "0 Ve

— Lopvy) P DY

(4.10)
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This can be evaluated exactly as in section 3.4, leading to the final result analogous
o0 (3.39):

~ 1
AjH(k) = — In(w+ie) 42 PaDh PoplPl —Dapply } (4.11)
;; T L (pa-pv)? pap2}3/2k‘p (PPt ot} }
b#a

—i——ln w—1i€ q?q, P pi? oy i —pl plY
;; CET () =0 Y R hptld oo’}
b#a
4.2 Gravitational contribution to the soft photon theorem

We shall now study the effect of gravitational interaction on the soft photon theorem. This
modifies the last two equations in (4.1) as follows. First of all the equation for a, get
modified to:

8, ( ~det gg”pg“UFpg) — _jm (4.12)

Using Lorentz gauge condition 17°?9d,a, = 0, this may be written as

77“” "7'00 8p O ay = —j" — ]}/f , (4'13)

jr =0, {naﬂ hapg 0’0" Fpe — 2 (K"P01° + 0"PhH7) F), } + higher order terms. (4.14)
The equation for X* is modified to:

Xk axv axv dxkt
— =q,F* (X —a _ T# (X, a .
d0'2 da l/( a(O')) do Mg I/p( Q(U)) do do

Mg (4.15)

We shall now expand the above equations in powers of h,s and then raise and lower
all indices by the flat metric . We begin with the analysis of (4.15). To the order that
we are working, we can study the effect of the two terms on the right hand side of (4.15)
separately. The effect of the first term on ;“ has already been analyzed in section 4.1. The
effect of the Asecond term on fjf, has been stuc/i\ied in section 3.4, but this can be easily
extended to j#. The additional contribution to j* is given by:

1 m+n m+n d4€ 1

AV P (k) = —8nG a/

7" (k) azl ; q ) P
b#a

{2k-pb€-papa-pb—k'ﬁ(pa-pb)Q—5(%-pa@-pa—k-ﬁpi)p%}pﬁ

[k pa — i€] [(k =€) - pa — i€] [( - pa + i€]

2080 - Do Pa - Dy — 0 (- pp)° — L (20 € po — 0 p2) P}
[(k—f) 'pa_iﬁ] [E'pa‘i‘iﬁ]

(4.16)

~ 93 -



This integral can be evaluated as in section 3.4 and yields the result:

AMGH (k) (4.17)
=— G log(w+ie ZZ(] pa L (prZ—prZ‘) {2(pa-pb)2—3p2pg}
a=1 o {(p pb papb}
B B DDl a2 72
G log(w—ie Zan (Pa pb p Pb ) {2 (Pa Pb) 3D Py
a=1 b 1 {(pa pb) papb

We now turn to the evaluation of ji" given in (4.14). Using the expressions for hj,, and
F,, given in (3.19) and (4.7), we get:

oy d* 1
T (0) = 87G 3 an [ G (0 Gy (k= ) ot P ).

(4.18)

Fh = pl {pa (k—40)—2pg.(k—10)pg. k} + (kF — 1) {2l<:.papa.pb —p? k.pb}
+ Py {2pa-(k — O) k.py — 2k.(k — £) pa-pp} - (4.19)

We shall analyze this by expressing G,(¢) G,(k — ¢) as in (3.44). The term proportional
to 6(¢2) can be analyzed as in appendix C, and one can show that in this case there is no
contribution from this term. This gives

- B m-+n d4€ i 1 "
]}l: (k) = SﬂGaélqb/WGr ()" Gr (k—10) [0 pa — i€l [(k—0) - py —ie]f (k,0) .

(4.20)
This integral could give logarithmic contributions from three regions: R™! < |[/#| < w,
R < |k — ' < wand w < |[¢#| < L~1. However, since F” vanishes as k — ¢ — 0, there
is no logarithmic divergence from the R~! < |k* — f#| < w region. Furthermore, since
F* does not have any quadratic term in ¢, this rules out logarithmic contribution from the
region w < |#| < L~!. Therefore the only possible source of logarithmic divergence is the
region R™! < |¢#| < w. In this region,

J'"”ﬁ—2{(k-pa)2pz—k-pak~pbp5}- (4.21)
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We have ignored the terms proportional to k¥ because such terms can be removed by
gauge transformation a, — a, + 9,¢ for appropriate function ¢. We can now evaluate the
logarithmic contribution to the integral using the method described below (3.47), and the
result is

jﬁ(k):_2Glnw+“ kaa Zprb qup ) (4.22)

a=1 b=1

after using charge conservation Zb 1 q=0.

4.3 Electromagnetic wave-form at early and late time

Adding (4.5), (4.11), (4.17) and (4.22), and using k = wn and (4.4), (2.5), (2.6) we get

4w Ra"(t,R,n) anpai—i-anpginp

a

1
b;ﬁa
+GZZ {( pa-pb } 5 (phioh —piph) {2 (pa-ps)” —3p2ps }
1b L Pa Pb papb

+2G2npa{2%pb 7 Zq;}p;”np}] as u— 00, (4.23)

and

1 1 nf
4 R”tRAzf 12 0,12 12 [ R ) 1)
Tiia ( ) 7n u [471’ Z Z qq 9y Pa Py {( / 2 pffp?}gﬂ np/a {pbppa pappb }

a=1 b=1 pa'pé)
b#a
’oo
SOX Ry o ey Ol ) (20 - 9 ]
a=1 b 1 pa 'pb papb
as u — —00. (4.24)

This gives the wave-form of the electromagnetic field at early and late time. The term on
the right hand side of the first line gives the constant shift in the vector potential, and is
responsible for electromagnetic memory [56-58]. The rest of the terms are tail terms.

4.4 Electromagnetic contribution to the soft graviton theorem

We shall now analyze the effect of electromagnetic interaction on the soft graviton theorem.
This affects our earlier analysis of soft graviton theorem in two ways. First of all, the
Lorentz force on the outgoing and incoming particles changes the particle trajectories,
producing an additional contribution to TXn, Analysis of this follows the same procedure
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that led to (3.32), (4.16), and the final result is given by:

()/\ m-+n m+n d f 1
AWTH () = “ 7Gr ¢
2;(1%/2%46% ()
a= b#a
1 1 1
ol kpy — kA pg. HpY
[(k;—z).pa—ie o ic Tpo tic Palkp Pa-Pb) PaPa

1 1
N alpl — 0 pg. v
(k —€).po — i€ L.pg + i€ (Pa-Cpy Pa-Pb) Py

1
(k= 0).pa — i€ L.pg+

- (pa-Lpy —0© pa-pb)péf] : (4.25)

Evaluation of this using the method described below (3.32), gives

~ 1 k.py
AT (B = ln L (w +ie qaqb pgp kol
() = { )} ;; {(pa-pr)? — 2033372 | K ’
b#a

+ Pj Pa-po P DY — D2 D} (PEDY + Dapl )]

1 k.pj 9
—|——ln{L (w—ie)} qu bp p{,p’“p
;; (o))t — PR Rl T T T
b#a
+ i PPy P Dl — P2 o (i py + oy )] (4.26)

Second, there is an additional contribution to the stress tensor due to the electromag-
netic field. Using the form of the electromagnetic field produced by the charged particle as
given in (4.7), this additional contribution takes the form:

~ : 1
A(2)T/,Lu(k) — /d4ﬂf efzk.a: |:T],up 771/0 naﬁ Fpa Fgﬁ o Z ’I’]‘U‘U npo naﬁ Fpa Fcfﬁ

+ higher order terms

m—+n m+n 4

d*( 1 1
o~ a r(0) Gr(k— 1
;;q%/%“ﬁpb—%(k D —ie OG- E—D

[E’“‘(k — 0) pa.pp — 0"pl; py.(k —£) —plf (k — 0)" L.pq + vl L.(k —0)

- %77“” {€.(k =€) pa.pp — L.pa (k — f)-pb}] : (4.27)

We shall analyze this by expressing G, (¢) G,(k —{) as in (3.44). The term proportional to
§(¢£%) can be analyzed as in appendix C, and one can show that the contribution from this
term can be interpreted as the soft graviton emission from electromagnetic wave produced
during scattering. Since this is included in the sum over « in the soft factor, we do not need
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to include its contribution. This allows us to replace G, (¢) by G,(£)* in (4.27). Since each
term in the numerator of the integrand carries a factor of ¢ and a factor of (k — /), there
is no logarithmic contribution from the |#| < w and |[k* — /#| < w regions. Therefore we

focus on the |¢#| > w region, and analyze the contribution using (3.53), (3.55). The final
result is:

. 1
AT (k) = n(w + ie Gadb Pa-Pb 7 PPy Pl — Pa-Db DY)
;; T {(papp)? - p2ppy3aten e T
b#a

1
~In(w — e d.d,p. pb P (pE Py = PPy DY)
Ar ;; T Wy )P - ey T T T

b#a

1 1
— — In(w + ¢) q qb pt p¥
4w ;; T {(pa-py)? — P20 20
b#a

1 /
— —ln w — i€ q qb pl ol . (4.28)
DS e
b#a

Adding (4.26) and (4.28) we get the net electromagnetic contribution to the soft graviton
theorem:

ADTH (k) + AT (k)

papb kpy
—lnw+ze qu Pl Py — DDy
PRI ~ R R
b;ﬁa

12,12

p pb kp, ,
+Z Infw —de) quaQb ) — ; /2}3/2[ R pi{‘pé”]- (4.29)

a=1 b 1

From (3.7), (2.6), we can read out the additional contribution to the gravitational wave-
form at early and late retarded time due to electromagnetic interactions:

1 k.py
Aem e = = Qs 7 P2 P} Pk Y — p2 pE pipl
o 27TRu ;bz; “ p -pb)Q—p?Lpg}g/z k.pa a aFa a a
b#a
as u — 00,

m m

- 57 DD dudh : kpb Pa vy D0 — 0 i vy

2r Ru = P A(pLp,)? — /2}3/2 P, e a Pa a a
b#a

as u — —0o0. (4.30)

5 New conjectures at the subsubleading order

Emboldened by the success of soft theorem in correctly predicting the tail of the gravi-
tational wave-form at the subleading order, we shall now propose new conjectures at the
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subsubleading order. It is known that in quantum gravity, the subsubleading soft factors
are not universal. Nevertheless there are some universal terms that we could utilize [8].
These are terms that are quadratic in the orbital angular momenta. Our goal will be
to make use of these universal terms to arrive at new conjectures on the late and early
time tail of gravitational radiation. The non-universal terms do not involve orbital angular
momenta and therefore do not have logarithmic divergences. Hence they will not affect
our analysis.

Using the relation between quantum soft factors and classical gravitational wave-forms
derived in [15], and ignoring the non-universal terms, we can write down the following form
of the gravitational wave-form to subsubleading order:®

2 . n
& (w, &) = fG e“Mexp | =20 G In{R(w +ie)} Zpb-’f]
b=1
« szr:n _.pﬁpZ _ Ljp(l/ u)k + 2 Lk k_ JHP JVO (5 1)
a=1 "k pak o Pale o g et e e | '

where k has been defined in (A.8) and J£7 is the sum of the orbital and spin angular
momenta of the a-th external particle:

Jo7 = Xavg — Xqpg + 207 (5:2)

The second term in the last line of (5.1) differs by a sign from the expressions used e.g.
in [15]. This can be traced to the fact that in [15] we treated the charges / momenta /
angular momenta carried by ingoing particles as positive and of the outgoing particles as
negative, whereas here we are following the opposite convention. Following (3.12), the spin
Y for incoming particles are given by:

o =3t forl1<a<m. (5.3)
The phase factor exp [-2¢G In{R(w +i€)} >, pp.k] in (5.1) is not determined by soft
theorem, but is determined by independent computation [33, 47, 59], and is consistent
with the term in the last line of (3.59). Due to the long range gravitational force between
the outgoing / incoming particles, X} has logarithmic corrections at late / early time [17],
leading to [18]

DPb-Pa 2 2, 2
Pl _ XO P — _ P00 P _
Xa P Xa Po = G gﬁ; In ‘0—11’ {(pb-pa>2 _pgpz}3/2 (pbpa pbpa) {2(pb'pa) 3papb}
nNanp=1
+ (rfpg —rapa) (5.4)

where o, denotes the proper time of the a-th particle, and r, is the constant that appeared
in (3.23). The contribution proportional to In|o,| arises from the correction term Y,
in (3.23). The conjecture of [17, 18] was that the In|o,| factor should be replaced by

8 A non-trivial test of this formula for the scattering of massless particles can be found in [34].
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Inw~! in (5.1). After including the ie prescription described in this paper, this conjecture
translates to the rule that in (5.1), J” should be replaced by:

. Pv-Pa
J7 =@ In(w + ieng) (pppg — pipl) {2(po-pa)® — 3p2p
’ ; “H{(po-pa)? - p2pgyP2 0 e ) 2 obt}
Nanp=1
+ (rhpg —raph) + X507 (5.5)

We now substitute (5.5) into (5.1) and expand the expression in powers of w, including
the exp [-2¢ G In{R(w + i€)} > p_; pp.k] term. Terms proportional to In(w + i€) reproduce

correctly (3.59). We shall focus on terms proportional to w(Inw)?.

In the w space these
terms are subdominant compared to the order w® terms that we have left out from the
subleading terms in the gravitational wave-form. However after Fourier transformation,
polynomials in w produce local terms in time, while terms involving Inw produce tail
terms that survive at late and early retarded time. Therefore the corrections to (3.61)
at late and early time will be dominated by the terms proportional to w(Inw)? in the
expression for e, The order w° terms may have other observational signature, e.g. the
spin memory discussed in [60].

Expanding (5.1) in powers of w, with J£° given by (5.5), we get the corrections pro-
portional to w(Inw)?. These take the form:

. Y n G
Asubsubleading oY — esz 2iwGInR Y5 _{pq-n i ? w

m+n
4{In(w+ie)}? Zpb anc Zpap“

m+n m—+n

+4 In(w+1e) chnz Z In(w+ien,) ! Da-Db

Pa-1 {(pa-pp)? —p2pi }3/?

bia nanb 1

{2(pa-pv)® —3p2p; Hn.py ph Pl —n.pa PE DY }

m—4n m+n m+n

ST Y ey e

a-1 {(Pa-pp)? papb}3/ 2

b#a,nanp=1 c#a,nanc=1

Pa-Pc
2(pa-py)? —3p2p?
{2(pa-pe) b}{(pap) —p2p2}3/2

{2(pa-pe)” —3p2r2}

{n.py ph —n.pa P} } {n.pe Pl —1-pa D }] : (5.6)

Using (2.7), (2.8), we now get,

u?In|ulF, as u— o0
Asubsubleading Cuy — _9
v Injul/G, as u— —o0
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where

42":%_”2?%”{219@% Zpa Py }

a=1 pa
Pu
+4 ch ”ZZ = 575 12(pa-py)* = 3pap Hn-popl v —n.pa vl vy }
et {(pa-pv)>—p2p2}
b#a
PP}
+2 chnZZ ab . 573 1200-9)* = 39 o Hneph ol vl —np ol pf)
= = {(0,p)? Py}
b#a
pa Db Pa-Pc
+ {2(pa-pe)” —3p2p;
Z;bz;czgpa n{(pa-pe)? —p2ppy32 " P {(pa-pe)? —p2p2}3/2
b#a c#a
{2(pa-pe)® —3p2p2 Hn.pypl —n.pa P} {n.pep’, —n.papl}| . (5.8)
and

y pa v}
G" ch n Z Z b PRARTE {20-91)° — 3vepy;

e 1pan{pa
b#a

{n.py ot pi — n.p, ¥ vy

2 e e ph-pj, 2 pl-p!
a” / / /' /' a‘t’c
- {2(pl,11)* — 3
; ; Z P {(pl-p))? — p2py32 " {(l,-pl)? — p2p2}3/2
b#a c#a
{2(p],.pL)? = 3p2p2 Hnpp ¥ — npl p' {nplpll — nplp 3] - (5.9)

One can check that in case of binary black hole merger, regarded as a process in which a sin-
gle massive object decays into a massive object and many massless particles (gravitational
waves), F* and G* vanish.

One could attempt to prove these results following the same procedure employed in
this paper. For this we need to iteratively solve the equations of motion to one order
higher than what has been done in this paper. Terms of order wlnw would also receive
contributions from the expansion of the factors of e?*" in various expressions in this paper,
e.g. in (3.32), to first order in k, and will therefore depend on the additional data {r,}.
However the w(Inw)? terms given in (5.6) do not suffer from any such ambiguity.

It may be possible to find higher order generalization of these results using the expo-
nentiated soft factor discussed in [45, 61].

6 Numerical estimate

Before concluding the paper, we shall give estimates of the coefficient of the 1/u term
in (1.4) in some actual physical processes.

1. Hypervelocity stars: When a binary star system comes close to the supermassive
black hole at the center of the milky way, often one of them gets captured by the
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black hole and the other escapes with a high velocity, producing a hypervelocity
star [62]. This can be taken as a two body decay of a single bound object. Using the
mass of the central black hole to be of order 10° M), the mass of the hypervelocity
star to be of order My, its velocity to be of order 3 x 1073¢, and the distance of
the earth from the galactic center to be of order 25000 light-years, one can estimate
the coefficient of the 1/u term in (1.4) to be of order 10722 days. The minimum
value of u needed for (1.4) to hold — namely when the kinetic energy dominates
the gravitational potential energy [19] — in this case is about a day. This gives a

0722

strain of order 1 , which is at the edge of the detection sensitivity of the future

space-based gravitational wave detectors.

. Core collapse supernova: This case was already discussed in [19]. During this process
the residual neutron star often gets a high velocity kick which could be of the order of
1000 km/sec, balanced by ejected matter in opposite direction at a speed up to 5000
km/sec. [63]. Taking the neutron star to have a mass of order Mg and the supernova
to be in our galaxy so that its distance from the earth is of the order of 10° light
years, the coefficient of the 1/u term was computed to be of order 10722 sec. The
minimum value of u for which the asymptotic formula holds was found to be of order

0—22

1 sec. Therefore the strain at this time will be of order 1 , which is at the edge

of the detection limit of the current gravitational wave detectors.

. Binary black hole merger: As already pointed out, for binary black hole merger,
the coefficient of the 1/u term vanishes due to cancellation between various terms.
However the individual terms in (1.4) have the same order of magnitude as the
memory effect when the asymptotic formula can be trusted, which is of the order of
the light crossing time of the horizon. Therefore the observation of the memory effect
without observation of the 1/u tail is a prediction of general theory of relativity that
can be tested in future gravitational wave experiments.

. Bullet cluster: The bullet cluster [64] consists of a pair of galaxy clusters, each with
mass of about 10'* Mg, [65], passing through each other at a speed of about 1072 c.
The system is situated at a distance of about 4 x 10° light-years from the earth. Using
this data we get the coefficient of the 1/u term in (1.4) to be of the order of 1076
year. The retarded time u for this system, — the time that has elapsed since the
centers of the two clusters passed each other, — is about 1.5 x 10® years. This gives
the current value of the strain produced by the bullet cluster in our neighborhood
to be about 107, While this is much larger than the sensitivity of the current
gravitational wave detectors, what the latter detect is not the strain but the change
in the strain — more precisely its second u derivative that enters the expression for
the Riemann tensor. For the bullet cluster this is too small an effect to be observed
by the conventional gravitational wave detectors.

~ 31—



Acknowledgments

We would like to thank Alok Laddha for collaboration at the initial stages of this work,
many useful discussions, and comments on an earlier version of the manuscript. We would
also like to thank Alfredo Guevara, Dileep Jatkar and Justin Vines for useful discussions.
The work of A.S. was supported in part by the J.C. Bose fellowship of the Department of
Science and Technology, India and the Infosys chair professorship.

A Derivation of some useful mathematical results
In this appendix we give the derivation of the results described in section 2.

A.1 Radiative field at large distance

Let us consider a differential equation of the form:
OF(z) = —j(z), O=n%09,0s, (A.1)
where j(x) is some given function. The retarded solution to this equation is given by
F(a) == [ ' Gulo) i(0). (A2)

where G,(z,y) is the retarded Green’s function:

Gr(z,y) = / AT N S (A.3)
nEYT ) ey (O 12— |
Using (2.1) we get
~ 30 o 1
Flw,@)=— [ d*j /e“’y R A4
@)= [ i) [ 55 TR (A1)

For large \x! we can evaluate this mtegral using a saddle point approximation as follows [15].
Defining 6” and £, as components of v along ¥ — ¢ and transverse to & — ¥ respectively,
we get

~ ) dzfj_ CMH 0Ly e 1
r = N d4 iwy +il) |Z—7] ) A.
@) == [avi) [ GGl o

First consider the case w > 0. We now close the ¢ integration contour in the upper half

plane, picking up residue at the pole at {/(w + i€)? — 573_ This gives

i - . . d2 iwyO+i |E—if] y/ (wtie)2—2 1
F(w, @) =1 /d4yj(y) / (27T)L2 W T (tie)P~E] . (A.6)
24/ (w +i€)2 — 2

For large |Z — 4] the exponent is a rapidly varying function of 7 1 and therefore we can carry
out the integration over £/, using saddle point approximation. The saddle point is located
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at 1 = 0. Expanding the exponent to order Ei and carrying out gaussian integration over

ZJ_ we get:
~ o0 (i) g W€ 1 1, i
F 2\ d4 . iwy0+i (wie) |T—g] W ~ sz/d4 ik.y
(w, ) Z/ yi(y)e S ilF—7 Awtic) ~ AnR ye "Yiy),
(A.7)
where we have made the approximation |Z| > |y], and,
kE=w(l,n), n=2/|¥], R=|7. (A.8)

A similar analysis can be carried out for w < 0, leading to the same final expression.
Using (2.1), eq. (A.7) may be written as

Fw,7) ~ ﬁ R (k). (A.9)

This is a known formula (see e.g. [36]), but the derivation given above also gives its
limitations. In arriving at the right hand side of (A.7) we used the approximation |Z| > |].
Therefore in the integration over ¢ there is a natural infrared cut-off given by |Z| = R. If
the y integral is convergent then there is no need of such a cut-off, but in case the y
integral diverges from the large y region, we need to explicitly impose the cut-off. We can
implement the cut-off by putting a cut-off on 3°, since typically the source j(y) will have
support inside the light-cone || < |y°| for large y. For example, for positive y° we can
implement the infrared cut-off by adding to k° an imaginary part i A R~! for some fixed
number A. In that case for y° < R/A this additional factor has no effect on (A.7), but for
¥ > R/A there is an exponential suppression factor that cuts off the integration over y.
For negative 3° the corresponding modification of k corresponds to adding an imaginary
part —i A R~ to k0.

A.2 Late and early time behaviour from Fourier transformation

In our analysis we shall encounter functions F (w, ¥) that are non-analytic as w — 0, —
having singularities either of the form 1/w or of the form Inw. On general grounds we expect
these singular small w behaviour to be related to the behaviour of F'(¢,Z) as t — ftoo. We
shall now determine the precise correspondence between the small w behaviour of f(w, z)
and large |t| behaviour of F'(t,Z). Since the analysis will be carried out at fixed Z, we shall
not display the Z dependence of various quantities in subsequent discussions.

First we shall consider singularities of the form 1/w for small w. For this consider a
function of the form:

F(w) = Ce“? % fw). (A.10)

Here C and ¢ are constants that could depend on Z. f(w) is a function of w that is smooth
at w = 0 with f(0) = 1 and falls off sufficiently fast as w — oo so as to make the Fourier
integral over w well defined. Our final result will not depend on f(w), but for definiteness
we shall choose

flw) = . (A.11)

— 33 —



This gives

F(t):/;l: “WLE (4 C/ e W f(w), u=t—¢. (A.12)

In order to define the integral around w = 0, we need to choose an appropriate ie prescrip-
tion. However since 1/(w + i€) and 1/(w — ie) differ by a term proportional to é(w), whose
Fourier transform is a u independent constant, the difference will not be of interest to us.
For definiteness, we shall work with 1/(w + i€). Then we have

F)=C - / o e_mwiief(w) =—iCH(u)+0(e™), (A4.13)

where H is the Heaviside step function. This result is obtained by closing the contour in
the lower (upper) half plane for positive (negative) u, and picking up the residues at the
poles. The order e contribution comes from the residues at the poles of f(w). The step
function H(u) gives a jump in ey, between u — —oo and u — oo, leading to the memory
effect [22-25].
Let us now turn to the Fourier transform of the logarithmic terms. We consider
functions of the form:
F(w)=Ce“? Inw f(w). (A.14)

Again we need to consider the different ie prescriptions, and this time the difference between
the two choices is not trivial. Therefore we consider?

Fi(t)y=C / ;lw —Wt o9 In(w =+ de) =C / e”“ In(w + i) f(w).  (A.15)
T

For u > 0 we can close the contour in the lower half plane. In this case F_ gets contribution
u

only from the poles of f(w) and therefore is suppressed by factors of e™*. Similarly for

u

u < 0, Fy is suppressed by powers of e~
27i H(—w), we have

. Furthermore, using In(w + ie) = In(w — i€) +

O .
F+—F_:iC/ dweﬂ”"f(w)z—g, for u— +oo. (A.16)
oo U
Using these results we get

d ) —— for wu— oo,
F.=C /2w e " In(w + i€) f(w) — u
g 0 for u— —o0,

dw . ‘ 0 for wu— oo,
F_EC/%e In(w —ie) f(w) = § ¢ (A.17)

— for u— —o0.
n

9If F(t) is real, we must have from (2.1) F(w) = F(—w)*. Now since In(—w + i€)* = In(—w — ie) =
In(w + i€) — im, we see that In(w + i€) is not a good candidate for F(w). This can be rectified by averaging
over In(w + i€) and In(—w — i€). However since the two differ by a constant, whose Fourier transform, being
proportional to d(u), does not affect the behavior at large |u|, we shall ignore this complication. A similar
remark holds for In(w — ie).
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Next we shall consider the integrals:
T N2
GL=C o € w{ln(w £ i)} f(w). (A.18)

As before, G4 vanishes for large negative u and G_ vanishes for large positive u up to
exponentially suppressed corrections. Furthermore we have

G+—G_—47TZC/ —e‘“"“w{ln(w—ze)—i—m} f(w)

— anc L Od“’*ml j€) + i A19
=—4nC %e {In(w —i€) +ir} f(w). (A.19)

Changing integration variable to v = wwu we can express this as

Gy —G_ = —2Ci [u_l /0 dve ™ {In(v — i€) — Inu + i} f(v/u)

du —oo Xsignu

=-2C % [—i ul Inwu + O(u_l)} = 2iCu"?Inlu|+O(u™?). (A.20)
This gives

) —2iCu 2 Inlu| for wu— oo,
Gr=C [ G2 ullnw+ i) f(w) -

0 for u— —o0,

do . 0 for u— oo,
G_=C / e U fln(w — i€)}? f(w) — (A.21)
2r 2iCu~2In|ul for u— —oo,

up to corrections of order u 2.

Finally we consider the integral:
dw _,; . )
H=C / 5 € U In(w + i€) In(w — i€) f(w). (A.22)
m
For evaluating this we use the result:

Gy+G_—-2H=C /62&7: e {In(w + i€) — In(w — 7€) }? f(w)

0
=-27C / dwe ™"y flw) = O(u™?). (A.23)
Using (2.7) we now get:
dw —iCu ?Inlul for u—so0,
H= C/ “wln(w+ie) In(w—ie) f(w) — (A.24)
iCu~2In|u| for u— —oo.
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B Evaluation of some integrals

In this appendix we shall review the evaluation of several integrals following [18].
We begin with the integral

J:/d‘% 1G(€) 1 N/d‘% 1 1 1
ab 2m)* Lpy—ie 7 (0—k).patie ) (2m)* Lpp—i€ (00 +ie)2— 2 L.pa+ti€’
(B.1)
with the understanding that the integration over £ is restricted to the region L= > ]F 1>
w. Simple power counting, together with the contour deformation arguments given in the
paragraph containing (3.33), then shows that the logarithmic contribution can come only
from the region |¢#| ~ || for all u. However, since the /° and ¢3 integrals converge for
fixed £, we shall take the range of these integrals to be unrestricted.

First consider the case where a represents an incoming particle and b represents an
outgoing particle. In this case p) = —p/¥ = < 0 and pg > 0. In the ¢° plane the poles of
G, (0) are in the lower half plane, and the zeroes of £.p, + ie and f.p, — ie are also in the
lower half plane. Therefore we can close the ¢° integration contour in the upper half plane
and the integral vanishes.

If a represents an outgoing particle and b represents an incoming particle, then the
zeroes of £.p, + i€ and £.p, — ie are in the upper half plane. Therefore the ¢ integral does
not vanish automatically. We can evaluate this by choosing a special frame in which p,
and —p, both carry spatial momenta along the third direction, with velocities £, and 3
respectively. Then the integral takes the form:

/ ¥ 1 1 1 1 (B.2)
(2m)% pY p) €0 — Bal® —ier £0 — By 03 — ey (40 4 je)2 — P2 '

_Z/ a3l 1 1 B 1 N 1
) @y (Ba— BB tiler—e) | 1-B)(B32+B  (1-B)B2+2 |’

where £, = (¢1,£2). In the second step we have evaluated the ¢° integral by closing its
integration contour in the upper half plane. Since B4,y < 1, the denominators of the
terms inside the square bracket never vanish and we have dropped the ie factors in that
term. If we now express {(f, — Bp) £3 +i(e1 — €2)} ~! as a sum of its principal value and a
term proportional to 6((8, — 3) £3), then the contribution to the integral from the principle
value term vanishes due to £3 — —¢3 symmetry. The term proportional to §((8, — ) £3)
forces 3 to vanish, in which case the two terms inside the square bracket cancel. Therefore
Jup vanishes also in this case.

If @ and b both refer to outgoing particles, then the zero of £.p, + i€ is in the upper half
plane and the zero of £.p, — i€ is in the lower half plane. Therefore if we close the contour in
the upper half plane so as to avoid contribution from the residues at the poles of G,(¢), we
only pick up the residue at £.p, + ie = 0. If we choose a frame in which p, = p2(1,0,0, 8,)
and p, = py(1,0,0,Bp), then the pole is at €0 = 3,3 +ie, and the resulting integrand takes

the form Y
. 1 1 1
_Z/(27r)3 0pY) (Ba— Bp) €3 +ic (1—B2)(£3)2+ 2 (B:3)
pOpy (Ba — By) €2 +ie (1—B2)(03)2 + 7
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If we express ((8,—B) £3+i€)~! term as a sum of its principal value and —imd((B,— Bp) £3),
then the contribution from the principal value part vanishes due to 3 — —¢3 symmetry.
The term proportional to 6((8, — By) £3) forces £3 to vanish. Integration over £, = (¢!, ¢2)
in the range w < |, | < L~! now generates a factor of 27 In(w L)~!. This gives

1 1 1 1 1
Jp=—h(wl)— ——=—In(wlL ) B.4
b = g )pgpl? [Ba = Bol 47 wh (Pa-py)? — P20} o

where in the last step we have reexpressed the result in the covariant form.

If @ and b both refer to incoming particles, then the zero of £.p, + i€ is in the lower half
plane and the zero of £.py, — i€ is in the upper half plane. Therefore if we close the contour
in the upper half plane, we only pick up the residue at £.p, — ie = 0. The integral can be
evaluated similarly using the same frame as used above and yields the same result (B.4).

We can also determine the ie prescription for the Inw term by noting that in (B.1),
the factor

{(k = 0).pa —ie} " = {—plw + fa.k — L.pg — i€} (B.5)

preserves the ie prescription under addition of a positive (negative) imaginary part to w for
positive (negative) pU. Therefore the singularity in the complex w plane must be located in
the lower (upper) half plane for positive (negative) p2. This shows that Inw in (B.4) stands
for In(w + ien,) where n, = 1 for outgoing particles and 1, = —1 for incoming particles.
The final result may be written as:

1 1
Orqm, I{(w +7€na) L}

Jap = (B6)

Next we consider the integral:
d*e 1 ¢ 1 1 1
Ky=2 | —5 Gk —0) —— G, ({) ~ , , —,
b / (2m)4 ( )pb.é — i€ () / (2m)* k.l + i€ py.l — i€ (00 4 je)2 — 2
(B.7)

with w providing the upper cut-off to the integral and R~! providing the lower cut-off. The
last expression is obtained by making the approximation |[/#| < w since the logarithmic
contribution arises from this region. This integral has the same structure as (B.1) with p,
replaced by k and can be evaluated similarly. There are however a few differences:

1. Due to the changes in the cut-off, In(w L) factor in (B.4) will be replaced by — In(wR).

2. The ie prescription for the integral can be determined by noting that in the expression
for Gy (k —0) = {(K° — 0 +i€)2 — (k— £Y2}~! in (B.7), if we add a positive imaginary
part to kO = w then it does not change the ie prescription for the poles, but adding a
negative imaginary part will change the ie prescription. Therefore the factors of In w
will correspond to In(w + ie).

3. Since k represents an outgoing momentum, it follows from the arguments given be-
low (B.2) that in order for the integral in (B.7) to be non-vanishing, p, must also
represent an outgoing momentum.
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4. Since k% = 0, the denominator factor in (B.6) simplifies to

(k.pp)? — k2 p? = —k.py, (B.8)

with the minus sign arising from the fact that when &k and p; both represent outgoing
momenta, k.py is negative.

With these ingredients we can express the final result for K3 as:

1 1
Ky=—06p11 e) R} — . B.9
Finally we shall analyze the integral
dte 1 ¢ 1 1 1
Ki=2 [ —Gk—t) ———G,.(0)" ~ —
b / (2m)4 ( )pb.é — i€ () / (2m)* kL + i€ py.l — i€ (00 — je)2 — 2

(B.10)
with w providing the upper cut-off to the integral and R~! providing the lower cut-off.
To evaluate this integral, note that (K})* is formally equal to K} with (k,py) replaced by
(—k, —pp). The latter result can be read out for those of J,; with incoming momenta. This
gives
1 1

K = 8 1 In{(w +i€) R
= G Il i) R)

= (B.11)

C Contribution from real gravitons

In the analysis in section 3.5, we had left out the contribution of the second term of (3.44)
in (3.41). This is given by:

Y ) d'v 2 0 0
T (k) =16in GZ/W G (k—0)5(¢2) { H(1) — H (~£)} (1)
a,b

1 1 1 1
% f,uu,aﬁ,po k¢ { .2 }{ 2 } ’
ool—ic pa(h—t)—ic (K, €) PraPvs = 5PiNas [ | PapPac ~ 5Pallpo

where FH:5:07 (k. () has been defined in (3.42), and it is understood that the integration
over the momenta ¢ is restricted to the range much below the cut-off L™!, so that we can
drop the exponential factors of e~7a and e®("e=") that regulate the ultraviolet diver-
gence in (3.41). We shall now analyze possible logarithmic contributions to this term from
different regions of integration.

First of all, since each term in F**#r7 (k. ¢) defined in (3.42) has a factor of (k — £),
a simple power counting shows that there are no logarithmic contributions from the region
|k# — ¢#| < w. Therefore we need to analyze contributions from the regions R~! <
[l < w and w < || < L1, Power counting shows that in order to analyze logarithmic
contribution from the region R~ < |¢#| < w, we can replace the numerator by its £ — 0
limit. Therefore we need to analyze an integral of the form

B d*e 1 1 B ) o
50_/(%)4 ol —ic pofh— ) — g Crik -0l J{H() - H(-)} . (C2)
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This can be reexpressed as:

b= [ 28 L G- 0G0 -Gy (C3)
2mi ) (27)% pp.l —ie po.(k—0) —ie " " ’ ’
For |(#| < w the contribution reduces to one of the integrals defined in (B.7) or (B.10)
and can be evaluated using (B.9) or (B.11). The result vanishes due to the cancellation
between the contributions coming from the G, (¢) and G,(¢)* terms. Therefore there is no
logarithmic contribution from the |[¢#| < w region.

We now focus on the region |[¢#| > w. Power counting shows that the integral has
linear divergence in this region. So we have to evaluate it carefully by keeping also the
subleading terms in this limit. First let us consider the subleading contribution arising
from the terms in F#*5:7(k ¢) that are linear in £. These involve integrals of the form:

B d*v 1 1 B 5 O 11 Ny gm
51_/(%)4 ol e =D e Gk — 0803 {H(®) — H(—*)} ¢, (C.4)

In the region |/#| > w, we can approximate the integral as:

d*e 1 1 1

b1 _/ (2m)* py.l — i€ pg.l+ie 2k.L — iel® OF) {H(E) — H(=0)} . (C5)
Now, since §(¢?) factor puts the momentum ¢ on-shell, p,.¢ and py.¢ never vanish in the
integration region of interest and therefore we can drop the ie factors.'® k.¢ can vanish only
when £ is parallel to k, but by examining the numerator factor (3.42) we find that there are
always additional suppression factors in this limit that kill potential singularity at k. = 0.
Therefore the ief” factor can be dropped from this term as well. For example the presence
of a pg.k or py.¢ factor in the numerator will mean that the ratio py.k/py.f or pa.l/pq.l
becomes a independent in the limit when £ is parallel to k, and the result then vanishes after
summing over a using momentum conservation ), p, = 0. A similar result holds for terms
proportional to pp.k or pp.£. Also, a combination of terms of the form k#&¥ 4+ &Vk* — k.& ntv
will produce a term in the gravitational wave-form that is pure gauge and therefore can
be removed. Therefore we can remove such terms appearing at the level of the integrand
itself. Once the ie factors are removed from all the denominators, the integrand of (C.5)
becomes an odd function of ¢ and therefore vanishes after integration over /.

We now turn to the contribution from terms in F*” ’O‘ﬁ’p"(k, ¢) that are quadratic in £.
The corresponding integrals take the form:

dit 1 1
= Pk —0) (%) {H(®) — H(—")} 707 :

& /(27r)4 py-l — i€ pg.(k —0) —ie Gl ) o ){ (&) ( )} (C.6)
This has potential linear divergence from the region |[¢#| > w. Therefore we need to expand
the (pq.(k — £) —ie)~! factor in powers of py.k to the first subleading order:

1 1 Da-k
pa.(k—0) —ie  pal+ic (pal—+i€)?’ (C.7)

10The only exception is when p, and / or p, represents a massless particle and £ becomes parallel to p,
and / or p, producing a collinear divergence; but such divergences are known to cancel in gravitational
theories [66].
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We can argue as before that due to the presence of the §(¢2) factor we can drop all the ie
factors in the denominator. In this case the contribution from the last term in (C.7) to the
integral (C.6) vanishes by ¢ — —¢ symmetry. On the other hand, when we substitute the
first term on the right hand side of (C.7) into (C.6), the integrand is an even function of
¢. In this case terms proportional to H(¢°) and —H (—¢°) give identical contributions, and
we get:

de 1 1 1 )
=~ — H 0\ pk T )
© /(27T)4 po-l — i€ po.l +ie k.l —ie o) H(ED) €2 (C.8)

Note that we have kept the ie factors even though the presence of §(¢?) makes them
irrelevant.

Now from (C.1) and (3.42) we see that the indices x and 7 must either be free indices
1, v, or be contracted with the index of p, or py, or be contracted with each other. If they
are contracted with each other then we have a factor of £? and the contribution vanishes
due to the 6(¢?) factor. If any one of them is contracted with py, then we have a factor of
pp-£ in the numerator that kills the denominator factor of py.£ — ie. After summing over
b and using momentum conservation law ), p, = 0, this contribution also vanishes. A
similar argument can be given for terms where either ¢% or £7 is contracted with p,. The
only term that survives is where (k,7) take values (u,v). Using this we can bring the
contribution to (C.1) to the form

m—4n

Tl [0S HE)S S

a,b=1

1 9 1 54 orer
(Pal—ic) (pp.L+ic) {(pa'pb) _zpapb} ik l—ie)
(C.9)

We shall now show that this contribution can be interpreted as the effect of soft
emission from the gravitational radiation produced during the scattering, and is therefore
already accounted for when we include in the sum over a in the soft factor the contribution
from the gravitational radiation produced during the scattering. For this we note that
the flux of radiation in a phase space volume &(¢%) H(£°) d*¢ carrying polarization ¢, is

given by
¢ {d*es(*)H (")} wingpg mfpfpf? (enr) Epo - (C.10)
2 = pa.l —ie — Pyl + i€ ’

This equation can be derived by using the relation between the leading soft factor (3.17)
and the flux of radiation [15]. In this case the first factor inside the curly bracket gives the
phase space volume, and the rest of the factors gives the flux of radiation produced in the
scattering. Since we shall be interested in only the total flux, we can sum over polarizations
using the formula

(nK,pnTO' + NkoNrp — nnTnpa) , (C'll)

N

Z(EHT)*ng' -

£
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yielding the standard result for the total flux of gravitational radiation given e.g. in
eq. (10.4.22) of [55]:

G 4 2 0 o= papy axy Py 1
p {d 65(6 )H(g )} Z ﬁ T 5 (nlﬁpnra + nman’rp - 77/4/7'7];00') .
a=1 19 b=1

L —ie
(C.12)
The leading soft theorem (3.17), applied to this radiation flux, now shows that the contri-
bution to the 7" due to the radiation is obtained by multiplying (C.12) by —i/(l.k — ie)
and integrating over ¢. This gives the net leading contribution to the soft factor due to
radiation to be

fR/Jl/ G d4€6 62 H EO =~ 1 2 1 2,2 ey
— o [ @ROR 3 {er 3ot} s
(C.13)
This agrees with (C.9), showing that the extra contribution (C.1) is already accounted for

by including in the sum over a in the soft factor the contribution due to radiation.'!

D Position space analysis of TXnv

In section 3, section 4 we have carried out our analysis in momentum space. This has
the advantage that the expressions we obtain are similar to the ones that appear in the
evaluation of Feynman diagrams, and various general techniques developed for computing
amplitudes in quantum field theory may find applications here. Nevertheless it is instructive
to see how some of these computations can also be performed directly in position space.
In this appendix we shall show how to carry out the analysis of sections section 3.3 and
section 3.4 directly in position space.

Our first task will be to compute the gravitational fields produced by the incoming and
outgoing particles during a scattering, and study their effect on the motion of the other
particles. At the leading order, the incoming and outgoing particle trajectories are given
by (3.11), or equivalently (3.15). Using retarded Green’s function in flat space-time, we
get the following expression for the gravitational field produced by the b-th particle on the
forward light-cone of the trajectory of the particle [18]:

) () — T N () W () W SN ()
6lul/ (.’1}') - 2Gmb (,be)Q + x27 h/»“/ - e/—“/ 2 nluy € p (D]')

The associated Christoffel symbol is given by, in the weak field approximation,

1 1
ba _ «
I‘EJT) (x)=-2Gmy CWSLEaTE N+ [{UbuvbT"‘QnW} {x,+vp.zvp,}

1 1
+ {vbuvbp—k QT]W} {zr+vp.z 05 } — {vbpvb7+2npr} {zy+vp.x vbu}} . (D.2)

M As in [15], this can also be expressed as angular integrals over appropriate functions of the radiative
gravitational field and its derivatives, but we shall not describe this here.
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Since the field has support on the forward light-cone of the trajectory, it follows that in
sufficiently far future and far past of the scattering event, the outgoing particles are affected
by the gravitational field of the outgoing particles and the incoming particles are affected
by the gravitational field of the incoming particles.

Let Y denote the correction to the particle trajectory (3.15) due to the gravitational
field produced by the other particles:

XP(o)=vlo+rl + Y} (o). (D.3)

We shall use the compact notation described in (3.12), and define 7, to be a number
that takes value 1 for outgoing particles (1 < a < n) and —1 for incoming particles
(n+1<a<m+n). Then Y} satisfies the differential equation and boundary conditions:

djl:;” =T, (vao +1a)vhvy, Y/ —=0aso—0, d)j“ —0as o — 0, (D.4)
where
m-+n
Y, = Z NS (D.5)
btamany—1

The constraint 1,7, = 1 reflects that the outgoing particles are affected by the gravitational
field of the outgoing particles and the incoming particles are affected by the gravitational
field of the incoming particles. Using (D.2), (D.4) and (D.5) we get, for o > |r,| ~ L:

P2Yo(o) 26 "X 1 1 1 5
b#a,nanpy=1
(D.6)
This gives
aye(o) 26 "X 1 1, 1., 5
D DR e i el R R S M
b#a,namp=1
(D.7)
Now in (3.28) we have the expression for ij, to subleading order:
. m+n 0o " dYaﬂ dYY
TXm (k) = Z:m /O do e (Vaotra) [vgvg_zk.ya(a)vgvg+ v vl d;} .
(D.8)

As discussed below (3.17), the integration over o is made well defined by replacing w by
w + ie for outgoing particles and by w — ie for incoming particles. We now manipulate the
second term by writing

i d
k., do

e~ h-(vaotra) _ e~ k- (va o+7a) (D.Q)

and integrating over ¢ by parts. The boundary term at infinity vanishes due to the re-
placement of w by w + ien,, while the boundary term at o = 0 gives a finite contribution
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in the w — 0 limit and is not of interest to us. With this (D.8) can be expressed as

m-+n

-~ > ; 1 dY; vy ayy

X pv _ —ik.(va 0+74q) v a v a v a

T (k) = agl ma/o doe vhvy o k. o vhvy + 7o la + vl I
(D.10)

After integration over o the first term gives the leading term. In the other terms we
can substitute the expression (D.7) for dY,/do. Since the integrand is proportional to
1/0 in the range L < 0 < w™!, we get contribution proportional to In((w + ieny)~!/L).
Therefore, with the help of (D.7), the logarithmic correction to TX , given by the last three
terms in (D.10), takes the form:

m—+n m+n

o~ v ) 1
ATX (k) =2G > ma In{L(w +iena)} > my {(vp.v4)% — 1}3/2
o b=1 e
b#a,nanp=1

Ugvg 1 for 1 a 3
X [— . ka{—2va +§vb {2(vp.va) —3vb.va}}

-Uq
1 o 1 17 3 v
+ vt 5 {2(vpva)? — Bvpva} ¢
1 v 1 v 3 “w
+ ~5%% + 3% {2(vp.va)? — Bup.va} p V¥ | . (D.11)

After using the relations p, = mgv, and some simplification we get:

m—+n m-+n

. 1
ATX™ (k) =2G In{L(w + ieny)}
; ; {(pa-ps)? — P2pE}3/
ba,nanp=1
k.pp wov 399 2
X F PaPa Pa-Pb | 5PaPh (Pa-pv)

1 3
+ SPapL P2 (p3)? — {phpy + PPl pa-pb {Qpﬁpi - (pa-pb)Q} (D.12)

This is in perfect agreement with (3.39).
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