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ABSTRACT: We investigate neutrinoless double beta decay (Ov3/3) in the presence of ster-
ile neutrinos with Majorana mass terms. These gauge-singlet fields are allowed to interact
with Standard-Model (SM) fields via renormalizable Yukawa couplings as well as higher-
dimensional gauge-invariant operators up to dimension seven in the Standard Model Effec-
tive Field Theory extended with sterile neutrinos. At the GeV scale, we use Chiral effective
field theory involving sterile neutrinos to connect the operators at the level of quarks and
gluons to hadronic interactions involving pions and nucleons. This allows us to derive an
expression for Ov(B3 rates for various isotopes in terms of phase-space factors, hadronic
low-energy constants, nuclear matrix elements, the neutrino masses, and the Wilson coef-
ficients of higher-dimensional operators. The required hadronic low-energy constants and
nuclear matrix elements depend on the neutrino masses, for which we obtain interpolation
formulae grounded in QCD and chiral perturbation theory that improve existing formulae
that are only valid in a small regime of neutrino masses. The resulting framework can
be used directly to assess the impact of Ov3/ experiments on scenarios with light sterile
neutrinos and should prove useful in global analyses of sterile-neutrino searches. We per-
form several phenomenological studies of O3 in the presence of sterile neutrinos with and
without higher-dimensional operators. We find that non-standard interactions involving
sterile neutrinos have a dramatic impact on Ov3( phenomenology, and next-generation
experiments can probe such interactions up to scales of @(100) TeV.
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1 Introduction

The observation of neutrino oscillations implies that neutrinos are massive particles. The
absence of a right-handed neutrino and SU(2);, x U(1)y gauge invariance forbid a renor-
malizable neutrino mass term within the context of the Standard Model (SM) of particle
physics. Beyond-the-SM (BSM) physics is thus required to account for neutrino masses. A
minimal solution is to extend the SM with a right-handed gauge-singlet neutrino field, often
called a sterile neutrino, that can couple to the left-handed neutrino field and the Higgs field
via a Yukawa interaction. Electroweak symmetry breaking then generates a neutrino mass
term in the same way the SM generates mass terms for the charged fermions. However, no
gauge symmetry forbids a Majorana mass term for the sterile neutrino. Adding this term,
in combination with the Yukawa interaction, leads to Majorana mass eigenstates and the
violation of Lepton number (L) by two units. Such scenarios involving sterile neutrinos
can affect neutrinoless double beta decay (Ov3/3) experiments, which are excellent probes
of lepton number violation (LNV). Current experimental limits on OvS3 half lives are at
the level of 1026 years [1-27] and next-generation ton-scale experiments aim for one or two
order-of-magnitude improvements [28-37].

If sterile neutrinos are heavy with respect to the electroweak scale v ~ 246 GeV, they
can be integrated out and their contributions to LNV processes can be described by local
gauge-invariant effective operators that appear in the SM effective field theory (SMEFT).
LNV operators have odd dimension [38] and start at dimension five. The single dimension-
five operator, the Weinberg operator [39], provides, after electroweak symmetry breaking
(EWSB), the first contribution to the neutrino Majorana mass. In the well-known “type-I



seesaw” scenario [40-42], the Weinberg operator originates from integrating out a heavy
right-handed neutrino. Assuming Yukawa couplings of O(1) indicates a scale of BSM
physics around A ~ 10'° GeV. Higher-dimensional operators are then greatly suppressed
by additional powers of v/A ~ 10713 and thus negligible.

This is not necessarily the end of the story. In several BSM scenarios, the dimension-
five operator is forbidden by imposing additional symmetries or is suppressed by small
couplings and higher-dimensional operators can become competitive or even dominant.
These scenarios include radiative neutrino models [43-48], where the Weinberg operator
is only generated at loop level, models with flavor symmetries, reviewed for example in
ref. [49], and models such as the left-right symmetric model, in which the light neutrino
mass is proportional to small Yukawa couplings [42]. In recent work, we studied 0v3
arising from such higher-dimensional operators up to dimension nine [50, 51|, see also
refs. [52-54]. Starting from the gauge-invariant SMEFT operators at the scale A, nuclear
Ovpp rates are calculated in a systematic way. In a first step, the SMEFT operators
are evolved to the electroweak scale where heavy SM particles (top, Higgs, W, Z) are
integrated out of the EFT. The resulting operators are evolved to the GeV scale, after
which they are matched to LNV hadronic operators in chiral perturbation theory (xPT).
The xPT Lagrangian is used to calculate the nn — ppee transition operator, which, once
inserted into many-body nuclear wave functions, gives rise to Ov55 of atomic nuclei. The
final result is a so-called ‘Master formula’ that relates SMEFT operators to Ov53 decay
rates in a systematic expansion in (v/A)*(A,/v)?(mz/A,)7, where m, is the pion mass
and A, ~ 1GeV the chiral-symmetry-breaking scale, and «, 3, v exponents that depend on
the original LNV source. The formula expresses Ov (0 rates in terms of a set of phase-space
factors, nuclear matrix elements, hadronic low-energy constants, QCD evolution factors,
and the original LNV Wilson coefficients. With this formula, any BSM model for which
the SMEFT framework is applicable (A > v and no light BSM degrees of freedom) can be
directly connected to Ov30 rates.

In this work, we extend the above-sketched framework to an important class of BSM
scenarios: models with additional light sterile neutrinos. Such models have been con-
sidered in light of low-scale leptogenesis [55-61], the possibility of sterile neutrinos as a
dark matter candidate [58-63], and to account for anomalies in neutrino-oscillation exper-
iments [64]. More generally, the presence of neutrino masses hints towards the existence of
sterile neutrinos but not towards a specific mass scale. As such, it is important to extend
the framework developed in refs. [50, 51] to include the option of light sterile neutrinos and
allow for non-standard interactions that could originate at scales not too far from the EW
scale, A ~ 1-100 TeV. Ov3( in presence of light sterile neutrinos is not a new topic and has
been investigated extensively in the literature, see e.g. refs. [59, 65-73]. Here we wish to go
beyond these studies in several directions. First of all, we perform a systematic study in the
framework of the sterile-neutrino-extended SMEFT [74-76]. We extend the SM not only
with sterile neutrinos and the usual renormalizable interactions with SM fields, but we also
include higher-dimensional operators arising from integrating out non-neutrino states that
are assumed to be heavy compared to the electroweak scale. This is relevant to describe
a vast class of models, from left-right symmetric models [77-79], where sterile neutrinos



interact with heavy SU(2)r gauge bosons, to leptoquark models [80, 81] and Grand Unified
Theories [82].

To describe physics at the EW and lower scales, the heavy mediators can be integrated
out, leading to the appearance of effective operators such as right-handed Fermi-like in-
teractions. We extend the SM with a full set of dimension-six and -seven gauge-invariant
operators including the light gauge-singlet sterile neutrinos, where light means a mass of
order of the electroweak scale or below. Depending on the mass m,, we proceed in dif-
ferent ways. For A, < m,, < v we can integrate out sterile neutrinos before matching
to hadronic operators. After integrating out vr we obtain effective dim-3, -6, -7, and -9
operators that have already been studied in refs. [50, 51]. The resulting Ov(f rates can
then be readily read from the Master formula in those works.

The situation becomes more complicated for m,, < A,. In this case, vr remains a
propagating degree of freedom at hadronic scales and needs to be considered explicitly
in calculations of nn — ppee transition operators. In this paper, we derive the OvS5g3
transition operators induced by light sterile neutrino in the framework of chiral EFT. In
particular:

e We systematically construct the chiral Lagrangian in the presence of light sterile neu-
trinos with non-standard interactions with SM degrees of freedom. The Lagrangian
includes terms with explicit neutrinos, couplings to nucleons and pions via vector,
axial, scalar, pseudoscalar, and tensor currents. In addition, the Lagrangian contains
LNV operators induced by the exchange of virtual sterile neutrinos, which in several
cases contribute to the transition operator at leading order. We organize these inter-
actions in the chiral EFT power counting, and study the neutrino mass dependence
of the associated low-energy constants (LECs)

e We derive the transition operators in a consistent power counting, which guarantees
that LNV scattering amplitudes are properly renormalized. We further identify the
set of nuclear matrix elements (NMEs) required to calculate the Ov3f half-life.

e The NMEs and the LECs in the chiral Lagrangian depend on the mass of the sterile
neutrinos. We derive effective interpolation formulae grounded in QCD and yPT
which allow us to smoothly interpolate between the m,, < A, and m,, > A,
regimes. These formulae can be systematically improved by calculating pion, nucleon,
and two-nucleon LNV matrix elements with nonperturbative methods for different
neutrino masses.

e We address sources of theoretical uncertainties on the Ov 3 half-lives. In addition to
the large uncertainty on the NMEs, the often-neglected uncertainties of the LECs,
which originate when matching the EFT at the quark/gluon level to Chiral EFT,
is very significant. We estimate this uncertainty by conservatively varying the un-
known LECs.

Our main result is an extension of the master formula obtained in refs. [50, 51] that now
includes the contributions from light sterile neutrinos. As we provide a direct matching



to the UV scale, the applied framework can be matched to any BSM scenario involving
sterile neutrinos and be readily connected to other probes of sterile neutrinos such as LHC
searches, oscillation experiments, and meson decays [83, 84]. In particular, our results
can be used in models where sterile neutrinos play a role as dark matter or in producing
the universal matter/antimatter asymmetry via leptogenesis. To illustrate the use of the
framework, we end by studying several simple scenarios involving sterile neutrinos and the
associated Ov38 phenomenology.

The organization of the paper is as follows. In section 2 we introduce the sterile-
neutrino-extended SMEFT framework and discuss its evolution to the GeV scale. We
discuss the matching to the low-energy EFT where heavy SM fields are integrated out,
and the effects of integrating out sterile neutrinos with masses between the GeV and
electroweak scale. In section 3 we match the operators at the quark level to the hadronic
level using xPT, the low-energy EFT of QCD. We discuss the hadronic input required to
describe LNV processes at low-energies. In section 4 we derive the resulting nn — ppee
transition operators by considering soft- and hard-neutrino exchange between nucleons. In
section 5 we present our formulae for Ov33 decay rates as a function of phase-space factors,
hadronic low-energy constants, nuclear matrix elements, the neutrino mass eigenvalues, and
the Wilson coefficients of higher-dimensional operators. The nuclear matrix elements and
their neutrino-mass dependence are discussed in section 6. The neutrino-mass dependence
of hadronic low-energy constants and so-called subamplitudes are studied in section 7. In
section 8 we illustrate some applications of the developed framework by considering several
scenarios involving light sterile neutrinos. We summarize and conclude in section 9. Several
appendices are devoted to technical issues.

2 The Lagrangian in the Standard Model Effective Field Theory

We consider a Lagrangian at the scale of BSM physics A > v that consists of the SM
Lagrangian supplemented by a right-handed gauge-singlet neutrino and higher-dimensional
operators. In this work, we consider operators up to dimension seven. To be precise,
when discussing gauge-invariant operators in the SMEFT, we follow ref. [51] and denote
their dimensions by dim-n with n = 5,6,7. After EWSB, the EFT operators are only
SU(3)¢ X U(1)em invariant and we refer to them, without the overline, as dim-n operators
where n = 3,6,7,9. dim-9 LNV operators play an important role in the phenomenology
of OvB3 but the relevant operators do not involve neutrinos. Their contribution has been
studied in detail in ref. [51] and is not affected by the inclusion of light sterile neutrinos.
The Lagrangian we consider is then

1 _ _ o~
L=Lsn — |:2VIC:5 Mprvrp + LHY, vp + h.C.:|
5 5 6 6 7.
+ L)+ L0 + £ + 8 + 0 4 £0

in terms of the lepton doublet L = (v, er)?, while H = imyH* with H the Higgs doublet

v 0
H = EU(I) (1 4 hla) ) ; (2.2)

(2.1)

v



where v = 246 GeV is the Higgs vacuum expectation value (vev), h(z) is the Higgs field,
and U(z) is a SU(2) matrix encoding the Goldstone modes. vpg is a column vector of n
right-handed sterile neutrinos. Y, is a 3 x n matrix of Yukawa couplings and Mg a general
symmetric complex n X n mass matrix. Without loss of generality we will work in the basis
where the charged leptons eiL7 r and quarks uZL r and d% are mass eigenstates (i = 1,2, 3).
This implies d} = V¥ d% 8% where V is the CKM matrix. The relation between the mass
and weak eigenstates for the neutrinos will be discussed below. We define W¢ = CU7 for a
field ¥ in terms of the charge conjugation matrix C = —C~! = —CT = —CT. We use the
definition for chiral fields ¥§ p = (YL Rr) = CmT = Pr V¢ with Pr 1 = (1+7s5)/2.

We now turn to the higher-dimensional operators. In general they contain all gener-
ations of quarks, but for Ov35 the most important operators are those involving the first
generation of quarks. We therefore focus on operators with just w and d quarks, which
implies that the Wilson coefficients will carry indices in lepton flavor only. We make one
further truncation of the set of effective operators by focusing on interactions containing
just one neutrino field. The only exception are operators that contribute to neutrino masses
after EWSB and thus contain two neutrino fields.

The dim-5 operators obeying the above criteria are written as

LY = epemn(LE CO CLy ) HH,,  £0) = —of MPvpHTH (2.3)

1%

which after EWSB contribute to Majorana mass terms for active and sterile neutrinos. For
n > 2 there appears a dim-5 transition dipole operator but it does not play an important
role in Ov33. See e.g. ref. [85] for the more general phenomenology of these dim-5 operators.
The number of operators grows when going to higher dimensions, but the operators that
match at tree level to Ovf3f3 operators is not that large. In tables 1 and 2 we list the
operators in [,,(,62 and C,(]L), which involve active left-handed neutrinos and were constructed
in ref. [86] and [87, 88], respectively. The operators appearing in £,f2 and EI(,Q involve sterile
neutrinos and were first constructed in ref. [76], they are given in tables 3 and 4. We use
the convention of ref. [51] for the covariant derivative.

Operators with even dimensions are L-conserving (LNC) and must be combined with
LNV interactions to induce Ov/3/3. This might lead one to believe that the dim-6 interactions
can only give small corrections to the effects of the LNV dim-3, -5, and -7 operators.
However, the LNV interactions themselves often require the insertions of small couplings.
For example, the Majorana mass Mp contributes through the weak interaction and Y,
couplings which can be bypassed if dim-6 interactions are active. As we will see explicitly
in section 8.3, this means that the LNC dim-6 interactions can significantly affect the
OvBp rate.

2.1 Evolution to the electroweak scale

To evolve the higher-dimensional operators from = A to the electroweak scale, © ~ myy,
we briefly discuss the required renormalization group equations (RGEs). Although for
several classes of operators the complete set of RGEs have been derived, in particular for
the dim-6 [89-91] and dim-7 [88] operators without right-handed neutrinos, here we only



Class 1 Y2HX Class 2 2> H?D Class 3 P

= = _ _
Ofy | (Lomeyr'HW), | Oy, | (HYDLH)Lr'vL) | Ofl,y | (Te)e(QMu)
. ] N , o | B ’
Ot | Qo u)r HW], | Ofyy | (HYDLH)Qr'v'Q) | O,y | (LHouwe)e(Q o)
on | @QoadyrTHWL, | 0, | i(HIDH)ayd) | 0F), | (It D) Q')

O(LGe)dQ (I_/je) ((ij)

Table 1. LNC dim-6 operators [86] involving active neutrinos that affect O34 at tree level.

Class 1 Y2H* Class 5 ¥iD

Ol | cigtmn LI CLu) i Ha(HUH) | O, | ()L C(D L);)
Class 2 Y*H?D? Class 6 ViH
Ofiip1 | €iemn (LT C(DuL);) Hon (DM H) O in eij (L Cype)(dy™u) H,
Ofhpz | €mein(LIC(DLL)) Hn(D* H) | OF) i | €ij€mn (AL)(QF C L) Hyy
Class 3 W2H3D 0<L7L>Qcm2 €im€in(dLi)(QT CLy)Hy
0o | €ijemn(LECyue)H;Hy(D*H), O(L7L),QuH €ij(Qmu)(LECL;)H;
Class 4 Y2H?X
OglzIW eij(67—])mng(L;CJMULm>HanWJV

Table 2. LNV dim-7 operators [87] involving active neutrinos that affect 0v33 at tree level.

Class 1 2 H? Class 4 Pt
Ofyy | (Lvg)H(H'H) | O | (dy"u)(VRyue)

Class 2 W2H2D o8 . | (Qu)(wrL)
O, | ryre)(HYD,H) | OF)o, | (Lvr)e(Qd)

Class 3 V2HX 080, | (Ld)e(Qur)
Ol(g%, (I_ZUHVI/R)TIﬁWIW

Table 3. LNC dim-6 operators [76] involving a sterile neutrino that affect OvS0 at tree level.

consider the RGEs due to one-loop QCD effects. Most of the operators in tables 1-4 do
not undergo QCD renormalization or consist of a quark bilinear and evolve either like a
scalar or tensor operator. For these operators the RGEs are rather simple

dC S, T Qg

= — C = —6C =2C 2.4
dln 47r75,T ST 5 s F, T F, ( )

6 6 7 6 6 6
CS € {Cée)Qul ) Cée)dcw Cé[)/QuH} ) OT € {Cz(ﬂ/%/ ) Oc(lﬂ)/’ ée)Qu?)} ’




Class 1 Y2H* Class 5 D

Oviy (vECvr)(H'H)? o0 b | (@) WECiD,e)
Class 2 W2 H?D? Og%VuD (Qv,L)(vECiD,u)
Ol(/7e)D €ij(vfCDye)(H' DM HY) Oc(iz)QLD €ij(dyuvr)(Q'CiD,L7)
Class 3 Y2 H3D Class 6 v H

0N | e (VECH,LYGDHHI)HTH) | OF)orms | € (Qua)(QCL)H

Class 4 W2H?X ol e (ALY (VECu) HY
Oy | (er))yWhCome)(H HNWL, | OD,.n | € (dQ)(vhCe)H?
Ofprwert (Qu)(vECe)H
Ot (Qe)(vhCu)H

Table 4. LNV dim-7 operators [76] involving a sterile neutrino that affect Ov33 at tree level.

where Cp = (N2—1)/(2N,) for N. = 3, the number of colors. In addition, there are several
cases for which only combinations of couplings follow a simple RGE

1 1 7 7 T
CL(?%“ =T5 [CéL)QdHl + (Cél),QdHl) ] ,

2 1| (7 7 L I N 7 T
C8h = %3 | CShaum ¥ (CShaun) | # 5 |Chauna T (Chaums) |

3 1 6 6 3 1 6
05 = ~3Chaou + Cvga:  CF = —5Chig (2.5)

where Cg )T follow the same RGEs as Cg 7 in eq. (2.4). For some of the operators involving
vp the linear combinations that run like a scalar or a tensor current are more involved and
lead to the following RGEs

dlnp ~ an 'YS;’YT Vg

dCl Qg YT 0 7 7
( ) € T = (i )

v 0 0 0 0
dC2 o ’YT;’YS s 0 0 0
dinpg ~dr |50 0 s 000Gy
0 0 0 ~r O
’YSE’YT 0 0 ’YTE’YS vs
CT = (Cg[)/uuD ’ (M;;») ! CSBVL ’ Cc(i?VuH/yd ’ Cge)yuH/ye ) Cgi)weH/ye) ; (26)

where y; = V2m #/v. The Cg Lju p and C(gZ)Q 1 p couplings induce additional operators that

only contribute to neutral currents and are therefore not shown.



2.2 Matching at the electroweak scale

After EWSB where the Higgs field takes its vacuum expectation value and after integrating
out SM particles with masses of the order of the electroweak scale, the SMEFT operators
can be matched to a new EFT. Operators in this EFT are only invariant under SU(3)¢ x
U(1)em gauge symmetries and only involve light quarks, charged leptons, neutrinos, pho-
tons, and gluons. For purposes of Ovf33, operators containing first-generation quarks and
no photons or gluons are the most interesting and we focus on this subset of operators.

Below the electroweak scale, the Lagrangian in eq. (2.1) can be matched to the following
effective Lagrangian

1 1
L=Lsy — |:2I/2 Mrpvr + 517163 Mpgrvr + v Mpvgr + h.C.:|

6 6 7 7 9
+ E(A)L:2 + 'C(A)Lzo + ﬁ(A)L:2 + E(A)L:O + ﬁ(A}J:z ) (2.7)

where Lgy now refers to interactions of dim-4 and lower of light SM fields, and
Mp = vY,,/v/2. The relevant higher-dimensional operators are given by

2G ~ _
5@;:2 = —\/g {ﬂLy“dL [éR%C\(,GL) uﬁ+éL7uC\(,63 1/}%} +upy'dp [éR’yﬂC\(,% vi+er, 'yMC'\(,% ufz]

+urdgr |:éL Cég)l/z—i-éRéégl/é} +ugdr, [éL Cé?l/z—f—é]{ééi)y%}
—i—ﬁLUIWdRéLUW,Cr(FG) Vz—i-ﬁRdwjdL éRU'uVC_'é?) I/ﬁz}—i—h.c. (2.8)
p® 2GR ) o g [ O, o (6) ot (e v c® b tann o6)
AL:O—W urY"ar |eLYulyy, VL FeRYuCy, VR| TURY AR |€L YuCyR VL TERYuCyR VR

+urdp [éRC(S(gl/L—l—éL Egi%VR] +updy, [ERCé?I/L—I—éL Eg;?I/R}

+arotdy, éRam,c(T6) vy +uro*dg éLaWE(T6) VR} +h.c. (2.9)
‘C(A7)L:2 = i%z {UL'Y'LLdL [éL C\(/? iﬁu”ﬁ%—éz% C’\(;L) iﬁuuﬁ}

+apy'dp [éL Cgf){iﬁuvi—i—é}zé’\%{i(ﬁuyﬁ}

+uro"dgr éLC'ég%“’yyyf%—l—ﬂRa’”dL éLCé?’yyaul/%} +h.c. (2.10)
£ - Qfﬁ{w enel)i By 266D

g g
+apy*dp [échl)%i D v +er ng){l D uVR]
Vot drd, (éLc({g{WL) +apo™dy, 9, (aLc(T?%uL) }—i—h.c. (2.11)

where ﬁ# =D, — ﬁﬂ.



Apart from dim-6 and -7 operators, several dim-9 operators can be induced as well.
Although only a small subset is induced at the electroweak scale, almost all can be popu-
lated if a right-handed neutrino with A, < m, < my is integrated out. We therefore list
the complete set

AL 2= 5 Z [( eRC’eR—i-C( )eLC’eL) O; +C( )e'y,/y506 o! (2.12)

where O; and O are four-quark operators that are Lorentz scalars and vectors, respectively.
The scalar operators have been discussed in refs. [92, 93] and can be written as

O1 = @i @ty O = @t af Gy,

0> = araf @htay Oh = qp7raf a7 df,

Os = g a] @hraf, Oy = g7 a} aim af,

O4 = v af @ﬁv“f qﬁ,

Os = iyt a) G (2.13)
where 7% = (7 & im2)/2 with 7; the Pauli matrices and «, 8 are color indices. The O

operators are related to the O; by parity. The vector operators take the form [92]

Of = (am"v"ar) (ar7"ar) , Of' = (arm"+"ar) ( )

of = (7Lt“T Yq1) (qut*ttqr) , Ot = (grt*rty"qr) (qrt"TtqL) .

Of = (@7 v"qr) (qr7rar) , O%" = (arm™"qr) (a7rar) ,

Of = (qut*t™v"qr) (qrt*v"qr) | o' = (grt"ty"qr) (7t qR) | (2.14)

where the second column of operators is related to the first column by a parity transforma-
tion. Together, egs. (2.13) and (2.14) provide a complete basis of four-quark two-electron
operators. Without loss of generality, we work in a basis without operators with tensor
structures that can be replaced through Fierz relations in terms of operators involving quark
bilinears with uncontracted color indices, for example Or = q{ou 7 ¢¢ q‘lga‘“’frqg =
—803 — 40s.

As mentioned, we only included operators with first-generation quarks and no pho-
tons. In principle, there appear dipole-type operators containing F},,, and operators with
heavier quarks. We have kept all generations of leptons for now. To derive the matching
contributions, we applied the equations of motion of the various fields

idvr, = Mpvg + szz . idvg = M};VL + M]T%V}C%,

ider, = Meep, idur, = myug, iddy, = madp,
g 1 . —
W:‘ ~ _ﬁ% (eL%VL + qu/#uL) . (2.15)
Here M, = diag(me, m,, m,) which appears in the Lagrangian as L, = —€;Mcer+h.c.,

while m,, 4 are the masses of the up and down quarks. Before giving the explicit matching
conditions, it is convenient to first rotate to the mass basis of the neutrino fields.



2.2.1 Rotation to the neutrino mass basis
After EWSB the mass terms can be written as

1 My, MF
Ly =—=N°M,N +h.c., M, = L 2.16
where N = (v, v%)? and M, is a N x N symmetric matrix (since My and Mp are
symmetric matrices), with N = 3 + n. The mass matrix can be diagonalized by a single
N x N unitary matrix, U,

UM, U = m, = diag(m1,...,m31n), N =UN,. (2.17)

In the general case U contains N (N + 1)/2 phases and N(N — 1)/2 rotation angles and

the mq,..., my are real and positive. The kinetic and mass terms of the neutrinos can be
written as 1 1

L, = 51?2’&% — §l7m,,l/, (2.18)

in terms of the Majorana mass eigenstates v = N,,, + N, = v°. The rotation to the mass
basis is given by

vy = P(PU)v, vi = Pr(PU)v,
vp = Pr(P;U")v, vp = PrL(PsU)v, (2.19)

where P and P; are 3 x N and n x N projector matrices

P = <I3><3 O3><n> 5 Ps = (Onx3 Inxn) . (220)
The above rotations lead to the following form for the SM charged and neutral currents,
9 _ - g _ + pT

L= 5o PUV W, + 5 0P (U P PU) vZu+ ... (2.21)

Both currents involve the combination PU, which is an 3 X N non-unitary matrix, implying

that the neutral current is no longer necessarily diagonal or universal. In general, the

matrix PU contains (N — n)(IN + n + 1)/2 phases. In the absence of higher-dimensional

operators N —n = 3 of these phases can be absorbed by the charged-lepton fields, leading

to (N —n)(N +n—1)/2 = 3(n + 1) phases and an equal number of angles [94]. In the

case of N = 3 the resulting matrix is the usual PMNS matrix. In the presence of higher-

dimensional operators the same re-phasings of the electron fields can still be performed,
but will result in redefinitions of the Wilson coeflicients of these operators.

After rotating to the neutrino mass basis the operators in ﬁg))L:O and E(AG)LZZ, and

L(B::o and E(Q:ﬁ can be written in rather compact form. We combine the dim-6 opera-

tors into

2G
£® = \/; {uw’“‘ dr [ERWC\(/?R VO, V] +igydr [éR WCVRRV+EL WCVR V}
tardg [éL &) vyeg Cé%u] +iipdy, [éL ¥ vten Céi)Lu}

+aroc*dgr éLUuVC'%GP)(R v+arotdy, éRJWC’éﬁﬁL 1/} +h.c. (2.22)
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while for the dim-7 operators we obtain

2G
£ —
\/Qv
<= Red
+anydp [er O i D + en €y 1D 0]

+urotdg éLC%)ugu%V + ugrotdr, éLC(T?{YuauV

g _ R
{UL'Y'udL [EL C\(;?R 1D v+ egr C\(ZL)L iD MV}

+uro"dr D, (éLCF(F?{Z'yyl/) +urot’dr, D, (éLC%foyyy> } + h.c. (2.23)

The dim-9 operators contain no neutrino fields and are unaffected. The dim-6 and -7 op-
erators are now mixtures of LNC and LNV terms, as the v fields do not have a definite
lepton number. The Wilson coefficients of the dim-6 operators are given by

Cr = CGLPU* + &) PU, c® =¥ pur &8 pur,
cl® —cWpu+9pu, c® —c®pu+d9pPU,
Cin = CQPUT + ) PU, Q. =c®pur+ P,
Cy, = CQPU + ¢ PU, Cir, = CSRPU + ey PU
¥, =cOpu+d0rU, O —cOpyr L dOpur,  (2.24)
and those of the dim-7 operators become
ch =D pu+cipu, ch =D pu+cpu,
CVig = CVLPU" + &L PU”, oy = o pur 4+ &y PU*
cily = Ccipu, iy = e PU,
O = CRPU, c =0 pU. (2.25)

The operators involving ViR and vp j, contribute to the same terms in the mass basis, the
only difference results from the flavor indices that are summed over, i.e. whether P or Ps
appears. This notation will help simplify the calculation of the nn — ppee transition
operators.

Before discussing the matching conditions, we note that although the dim-7 operators
are in principle independent, this is no longer true in the approximation that the charged
leptons carry zero momenta. In this case, derivatives on the charged-lepton fields can be
dropped which allows one to neglect CF(FQLI. In addition, the derivatives in the vector-like
operators can now be moved onto the quark bilinears, which, after using the equations of
motion, gives rise to interactions that have the same form as the scalar dim-6 operators. As
a result, the contributions of the dim-7 vector operators can be captured by the following

shifts of the dim-6 scalar operators,
(6) (6) | Mu ~(7) md ~(7) (6) (6) M ~(7) md ~(7)
C'SLL - C'SLL + TUCVLL - TCVRL ) C’SLR - C’SLR + TUCVLR o TCVRR’
(6) (6) M ~(7) md ~(7) (6) (6) M ~(7) md ~(7)
Csrr = Csrr T TUCVRR - TCVLR’ Csrr, = Csrr, + TUCVRL - TCVLL - (2:26)
While working within this approximation, we will often employ the above shifts to obtain
the contributions from the dim-7 vector operators, instead of writing them out explicitly.

11 -



2.2.2 Matching contributions to the neutrino mass terms

Finally we explicitly give the matching conditions for the various effective interactions. We
only consider tree-level relations. Some one-loop matching results can be found in ref. [95].

The mass terms are given by

vt

M = —?C® — 5 Cn

4
— — v
MR :MR+U2M}(%5) — 50152,

2
Mp = \% {Y,, - UQC’@H} , (2.27)
such that the Majorana mass of active neutrinos gets dim-5 and dim-7 contributions.
Additional dim-7 contributions are induced at the loop level and discussed in ref. [50]. The
Majorana mass of sterile neutrinos gets a direct dim-3 contribution and higher-dimensional
corrections. The Dirac mass gets a direct dim-4 contribution and a dim-6 correction. In
principle, one expects the lowest-dimensional contribution to each mass term to dominate
the mass, but power-counting estimates can be violated by small dimensionless numbers
such as Yukawa couplings.

2.2.3 Matching conditions for operators involving active neutrinos

We now turn to the dim-6 operators involving active neutrinos vy. The Wilson coefficients
of LNC operators are given by

4[1} (

T
6 6 6
&/11 = —2V,41 + 20* [CEQ)JS - Cér)L3 - CJ(L1223 } CeW)

B 4\/51}

) M + 40? (cf}{W)T My,
O
= ()
D= ()
9 = (Cﬁ)ngy. (2.28)

(6)

The first contribution to ¢j,; is the SM contribution. The remaining contributions to

(6)

cy-7, and the other couplings are from BSM interactions and can be probed in (-decay
experiments [75, 96]. The matching conditions for LNC dim-7 operators are

=220 (c)

vC®r 1, (2.29)
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such that the right-handed dim-7 coupling is not generated. The tensor operators are

generated by coupling to leptons through the SM charged current and are therefore diagonal
in lepton flavor space.

The analogous conditions for LNV interactions involving vy, are given by

1 (6 i 7) % 7) % 4+/2 8 7) %
UTSC\(/I)J,ij = _ﬁ “dcél)iDe ]z+4v CEJ){W,ji qv? (MLC )) qu (MDOIES%/V)jZ» )
(6 _ LCW) *
VR, T /3 LeudH,ji’
LA 1 (7) (7) (7) *
o3 CSR,ij 9.9 (CLLQdHQ ij _CLLQdHQ,]z CLLQdHl z])

2
Via m 7 7 7 imy 7 7 *
T Qde (Céf)IDl,ij_Céf)IDl,ji_Céf)IDZ,ji) 2 v <CégjuDl,ij_Cé£JuDl,ji> )
L ~(6) (7)* (7 T
Viud mu ( ~(7) (7) (M) i mda ( ~(7) (7) *
—2 . (CLHDlz‘j_CLHDl jz‘_CLHDz,ji) +t5 (CLLJuDl,ij_CLLJuDLji> )

L) 1 (7) (M) (7) *
3 TTyij T 8\[ (CLLQdHQ 1j +CLLQdH2,]z+CLLQdH1 z]) ’ (230)

ij

for dim-6 operators and

T . n  Vu
3 VLG T Ty

7 7 7 7 *
(Cﬁw 15 T Célzrp 15 T Cél){D 25 T 8021314/,]@) ’
M () (7) *
3 CVRij = 9 (CLLJuD 1,ij CLLduDl]z) ’ (2.31)

for dim-7 operators. The expressions for dim-6 and -7 LNV operators were obtained earlier

in ref. [50], with the exception of the dim-6 contribution proportional to M} and M. Note

that the contribution proportional to M LC(M), scales as A™3 as My, = O(v?/A) as given in
q. (2.27), so that all terms scale as A3,

2.2.4 Matching conditions for operators involving sterile neutrinos

In analogous fashion we obtain the Wilson coefficient of the operators involving sterile
neutrinos vg. For the LNC dim-6 operators we find

0 = [, + e, - 22 (e o - 2]

49 =2 (c9,)".

49 = 1200, + 20,

& =2 (C8hr) + % (CGhp) M.

¥ — ”8202‘2@, (2.32)
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and for the LNC dim-7 operators

0 _ 4\fv
CyvL = W ’
d =0. (2.33)

Analogous to eq. (2.29) the right-handed coupling is not induced, while dim-7 tensor cou-
plings are not generated for sterile neutrinos either. In the case of the active neutrinos,
such tensor couplings arise from the product of a dim-6 operator involving quark fields and
the SM weak interaction, the latter of which only couples to active neutrinos.

The dim-6 LNV conditions are given by

6 _ V2000 M 4 ¥ (o™ \!
+ C +8 c M,
VL — g yW \f vL1 g ( veW )

" (\2)3 <CC(973QLH2)T + 4v? (cgg[W)T A

= () + (25) ()’

2 2 2 T
~(6 7 v astol v 7 v (7
CéPg = {\/iczng)ueH + 5 ;rcéz/)QLD - 2 derEe)D B 2mquu)1/eD:| )
~© _ |V v\’ @) oo Y 2 o]
Cst) = | J5Camen = (75) Clwn + g miClnen + 5 CtunpMe + 5muCiip |
3 2
—(6 v 7 T v 7 T
C(”([‘) = _8\/5 (Cc(ge)z/uH> + giﬂi <C((Ql)}uuD) : (2:34)

(6)

All contributions scale as A3 except for the first contribution to CVL which scales as A2
and is proportional to a LNC dim-6 coefficient, while the LNV source is the Majorana mass
of the sterile neutrino.

Finally the dim-7 LNV Wilson coefficients become

e [CHIEHCHON

o= (c)

lsm_ _1i.m T

03~ TL 9 <CQLuuD> )

vl*?’égf)i - % (Cc(lz)@LD)T ' (2.35)

2.2.5 Matching conditions for dim-9 operators without neutrinos

The matching conditions for the dim-9 operators can be taken from ref. [50]
*
— cf = =2V2 (Clip sy + 4Comwis)

ic‘ ) = —2iv,, 0\

03 445 — LLduD,ij’
I o
Lt —o. (2.36)
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Other dim-9 operators are induced from dim-9 contributions as discussed in ref. [51].

2.3 Evolution to the QCD scale

Below the electroweak scale we again considering the one-loop QCD running of the opera-
tors in egs. (2.22), (2.23), and (2.12). The dimension-six and -seven couplings evolve like
scalar or tensor currents, as in eq. (2.4), with

6 6 7
Cs € {CéPzR,SRLSLR,SLL} ) Cre {C"E‘F){R,TLD C’%P){l,TRZ,TLl,TLz} . (2.37)

For the scalar dim-9 couplings we have [51, 97, 98]

1
d 0{9):6< ) D o)

1—
dln p N.) 4x 1 7
(9) 2 _ _4_ 8 (9)
d (Cy"\ _as (8+ 5 —6N, —4— 3 +4N,\ (C,
dinp \c{? )~ 4n 4-F  at+Z N )\

d (¢ as (6/N. 0 c? (238)
dinp \c¥ )~ 4r \ -6 —12Cp) \c? ) '
The RGEs do not depend on the lepton chirality, and we therefore omitted the subscripts

L, R in eq. (2.38). The equations for the C’}(g:g coefficients are equivalent to those in
eq. (2.38), while the RGEs for the vector operators are given by

d (CO\ a, (2082t 20k (Nc+2]2f(ch—'1) e 230
dlnp 0;9) ~ Ar 4N]CV:2 47NC+A2712V§+N3 059) : :

2.3.1 Integrating out sterile neutrinos with A, < m, <wv

In case one or more neutrinos have masses in the range A, < m, < v, we should integrate
them out before matching onto chiral perturbation theory. We can do so by writing the
Lagrangian involving the heavy neutrinos as

N
1. 1_
i=N—-ng+1

where ¢ is a neutrino mass eigenstate index that runs over the heavy neutrinos, i.e.
Ay <my, <wvfori € {N —nyg+1, N}, with ng the number of heavy neutrinos. Fur-
thermore, J; incorporates the interactions of the i-th neutrino that are present in £67) .1
When integrating out the heavy neutrinos, combinations of the interactions in £67) will
give rise to dimension-nine operators. These can be derived by making use of the equations
of motion,

v C~(Jm,"),,  i€{N-ng+1 N}, (2.41)

!Note that the hermitian conjugate terms in eqs. (2.22) and (2.23) can also be written in terms of the
v; fields instead of 7; fields, since vT'e = 0°T'e = éCCI‘TCflz/, where I" denotes the Dirac structure.
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where m,, !

-1
Moy i

duces terms that are suppressed by ¢/m,,. Making the same approximation for the inter-
actions in J allows us to drop the dim-7 terms. Appendix D discusses corrections to this
approximation. We obtain

is a diagonal N x N mass matrix for the heavy neutrinos, m, ! = diag(0, ... 0,
.m,j]\li), and we neglected the kinetic term of the heavy neutrinos, which pro-

Ji=Ji+ J;
1
Jiz g [ﬂm“dL [ER/VHC\(/(SIZR + éLWC\(?L)L} +urydg [éR 1 Chr + e 7/10\(/6F){L]
+tndp |6 Cly +er OS] + andy |61 CR + er C§) |

+uro"dg éLO'M,,Cr(FGP){R + agot¥dy, éRUuuCé?L] , (2.42)
7

where J; are the interactions that arise from the hermitian conjugate in £ i.e. terms
involving ey, g instead of €7, g. This leads to the following effective Lagrangian

L~ %jm;lch, (2.43)

in which the terms of interest for O3~ 3~, namely those that have L = —2 (not L = 0, 2),
are contained in the ~ Jm;'CJT part of the above Lagrangian. Instead, the operators
with L = 2, which give rise to 0v37 3+ decays are contained in the ~ Jm;'CJ” term and
are given by the hermitian conjugate of the L = —2 interactions. This procedure leads to
the following matching conditions for the scalar operators

i = —*CSSL)R n,' Oyt CfR = —5 0Vt 'O
0591%: =3 éL)LmilCéi)LT + 80Oy O 059122/ = % éngrleéggv

cl) = 16v0(6L>Lm lc@r. s —o,

i = -3 [CQrmi CYlR + CQami ¢

Cin = 1 [Cé(SPzL n, Cgrr + Cliumy o } : (2.44)

Analogous matching contributions arise for the C’Z.(%) operators, which can be obtained from
the above by replacing

ey, cyecl. ool
c® B, c® @, Ac{S,V,T}. (2.45)
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The matching conditions for the vector operators are given by

©6) 1 AOT | A6 — 1 AT  A6) — 1 AOT | A6) — 16T
Cyrry ' Cspr + COspry 'Ovin  Ovin™y Csrr, + Csrimy ' Oviy,

9 _v
C16 - 92 2 2
1/ 2 (9)
6) — 1 ~(6)T 6) — 16T
) = 8y C\(/I),Rmv LR + C(T%Rmu 10\(1131%
2 )
6) — 16T 6) — 16T 6) _ 16T 6) — 16T
c®_Y C\(/L)RmVICéL)R + CéL)RmVIC\(/L)R _ C\(/IiLmu IC'éL)L + CéL)LmVIC\(/L)L
8 72 2 2
1(2 (9)
+ 4 <Nc + ]‘) 09 )
6) — 16T 6) — 16T
) = 8v Cqum, 1O + CRlumy 'O ]
2 )
6) — 16T 6) - _1,~(6)T 6) — 16T 6) — 16T
ooy _ v CHmmy 'CHR + Cm, Ol _ Comy O+ CQum, CG
6 2 2 2
172 9/
+1 (2 1),
6) — 16T 6) — _1,(6)T
Cég)/ — _8v C\(/P){Lmu 1C&‘I)JL + CéI_)ILmIJ 10\(/P){L
2 )
6) — 16T 6) — 16T 6) — _1,(6)T 6) — 16T
o _ v Chnmy "Ciiln + Céngmu CUhR _ C\(ll)%LmV 1CéfgL + CéR)LmV 10\(/P){L
8 9 2 2
1 2 (9)7
6) — 16T 6) — 16T
Cég)/ = _8u C\(/l:){RmV 10’5‘1%1% + CF(IT){RmI/ 10\(/f){R (2 46)
5 .

Furthermore, integrating out a heavy neutrino in principle induces four-quark two-
lepton operators with an additional derivative. We discuss such terms in appendix D.

3 Chiral perturbation theory with (sterile) neutrinos

Below the GeV scale, a description in terms of quarks and gluons as degrees of freedom
breaks down. We therefore match to an effective description in terms of pions and nucle-
ons. To keep the connection to QCD and the higher-dimensional operators we apply the
framework of chiral perturbation theory (xPT) [99-102]. xPT is the low-energy EFT of
QCD and the xyPT Lagrangian consists of all interaction among the effective low-energy
degrees of freedom consistent with the chiral and space-time symmetry properties of the
underlying microscopic theory. We apply two-flavored yPT in which pions appear as
pseudo-Goldstone bosons of the approximate chiral symmetry of QCD. Up to small chiral-
symmetry-breaking corrections, pionic interactions involve space-time derivatives. This
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feature allows for a perturbative expansion in €, = p/A, where p is the momentum scale of
a process. For p ~ m, only a finite number of interactions need to be considered. Each in-
teraction is proportional to a coupling constant, often called a low-energy constant (LEC),
whose value cannot be obtained from symmetry considerations alone. The LECs can be
fitted to experimental data, calculated using nonperturbative QCD methods such as lattice
QCD, or estimated based on the power-counting scheme with naive dimensional analysis
(NDA) [103]. The application of xPT to neutrinoless double beta decay was developed in
refs. [50, 51, 92, 93, 104].

The extension of yPT to systems with more than one nucleon, as required for our pur-
poses, is often called chiral EFT (yEFT) [105] and has a more complicated power counting.
The nuclear scale p?/2my becomes relevant in diagrams in which the intermediate state
consists purely of propagating nucleons, which are enhanced with respect to the xyPT
counting. This leads to the need to resum certain classes of diagrams to all orders, which
manifests in the appearance of bound states: atomic nuclei. The need to resum certain
nuclear interactions also has important consequences for external currents [106]. Currents
that are sandwiched between nuclear interactions that must be resummed can appear at
lower order in the power counting than expected based on NDA. For example, the exchange
of a light Majorana neutrino between two nucleons leads to a nn — ppee transition opera-
tor whose matrix element between nuclear wave functions diverges [107, 108]. This implies
that a counterterm must be present, in the form a short-range nnppee operator, to ab-
sorb the associated divergence. In this work, we determine the scaling of nucleon-nucleon
currents by explicitly enforcing that the nn — ppee amplitude is renormalized.

The discussion of Ov53 mediated by light neutrinos requires the consideration of two
more scales: the energy of the outgoing electrons and the neutrino mass. The electron
energy is determined by the Q-value of the OvfS reactions. All isotopes of experimental
interest have Q-values at the MeV scale @ ~ O(MeV) which is small compared to the typi-
cal momentum exchange between nucleons ¢ ~ kp ~ m, where kr is the Fermi momentum
of a nucleus. nn — pp ee transition operators that explicitly depend on the lepton momenta
therefore give rise to suppressed OvgB3 amplitudes. To explicitly consider this suppression
in the power-counting scheme we assign the counting rule Q@ ~ m, ~ mﬂei [51]. The
electron energy is of similar size as the excitation energy of the nuclear intermediate states,
which are related to violation of the so called “closure approximation”. In chiral EFT,
corrections to closure are associated to the propagation of ultrasoft (usoft) neutrinos, with
¢° ~|q| ~ @, and, in the standard mechanism,? are suppressed by Q/(4rkp) ~ ei [104].3

2Throughout this work, we refer to the standard mechanism as Ov38 induced by three very light,
m; < @, Majorana neutrinos.

3Ref. [104] adopted the counting Q ~ p2/mN ~ Mr€y, leading to the usoft contribution to be suppressed
2
X

energy spectrum of the initial, intermediate, and final nuclear states and of the zero-momentum matrix

by €3 rather than ei. Since the usoft contribution to the Ovgf half-life is given explicitly in terms of the

elements of the weak currents, it would be interesting to evaluate its size for Ov emitters of experimental
interest, and assess which counting is more accurate.
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The mass of sterile neutrinos is a varying parameter, which can go from m; < Q,
similar to the standard mechanism, all the way to m; > A,. For almost massless neu-
trinos, m; <

~

Q, the OvfBB amplitude receives contributions from “potential” neutrinos,
with (¢°,q) ~ (0, kr), from hard neutrinos, with go ~ q ~ A, and from the usoft regime
discussed above. The usoft region is suppressed, unless the LO potential contribution can-
cels, as happens when the active neutrinos have no Majorana mass, My = 0, all sterile
neutrinos are light, and higher-dimensional operators are turned off. In this case, the po-
tential region is suppressed by m?/ k‘% [67, 68], while the usoft region is comparatively less
suppressed, by mf /@2, and the two become similar. In this paper, we do not include the
contributions from the ultrasoft region, which are phenomenologically important only in
the narrow region m; < @, and very small M. We will address the intricacies of the usoft
region in a forthcoming study. In several cases, the hard region gives contributions that are
comparable to those from potential neutrinos. We will consider the corresponding chiral
Lagrangian in section 3.4.

If we increase the neutrino mass to m; ~ m;, the usoft region disappears. In this case,
soft neutrinos and pions with gy ~ q ~ m, are explicit degrees of freedom in the theory,
but they correct the Ov53 transition operator only at loop level, implying a suppression
by factors of €, [104]. Instead, in the region m; ~ A, such loop corrections become
large, ~ m;/A,, making this the most complicated region to describe rigorously. Finally, if
m; > A, the sterile neutrinos can be integrated out in perturbation theory, as discussed
in section 2.3.1.

Within the framework of YEFT, extended with the additional scale considerations
mentioned above, the nn — pp ee transition operators have been derived for several sources
of LNV. For example, refs. [104, 107, 108] calculated the transition operator in the standard
mechanism up to next-to-next-to-leading order in the €, expansion. Refs. [50, 51] calculated

the first non-vanishing contribution for, respectively, dim-7 and dim-9 LNV operators. In
this work we extend these calculations to contributions from sterile neutrinos.

3.1 Chiral building blocks

The construction of the xPT Lagrangian is well documented [100, 102, 109], and the
application to Ovf3j is spelled out in ref. [50]. Here we just repeat the main steps. It
is convenient to write the QCD Lagrangian supplemented by the operators in egs. (2.22)
and (2.23) as

Lag = @i+ a{ 1"y P + 7, P

— (M + s+ip)Pr, — (M + s —ip)Pr + t/ 0, P, + t;”aWPR}q, (3.1)

with ¢ = (ud)” a doublet of quark fields, and M = diag(m.,, mg) is a diagonal matrix of
the real quark masses. The external sources s, p, I*, r#, t}”, and t};’ can be read from
egs. (2.22) and (2.23). Neglecting the SM electromagnetic and neutral weak interaction,
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and focusing on terms that create electrons instead of positrons, we identify

, 2G _ _ _ _ t
s+ip = ——\/g {T+ <6LCéi)Rl/ + 6RC§i)LV) + (7"")Jr (eLCé%)RV + eRC'é%)LI/> } ,
s—ip= (S—i-z'p)Jr ,

2G 1

"= 5 T {veRv“C’\(fﬁRu—FveL’y“C\(fﬁLy
v

+e O i9y +ep D) z‘?ﬂy} +he.,

2G _ _
rt = \/;; 7'+{v 637“0\(/633” +o €L’7MC\(/6P)LLV

+er C\(,?{R T+ €r C{,?{L z’?“y} +h.c.,

Y 2(;F
L \/iv

f
+ (TJF)T [v éLJWC’%){R v+ éLC’(T?H%“'y”U + " (éLC(T?{Q'y"Z/)} } )

{T+ [v éRa“”CéGL)L v+ éLC"(;L)fYVa“V + o (éLC"(;L)z'YVV)}

iy = ()" - (3.2)

The quark-level Lagrangian is formally invariant under local SU(2) x SU(2)g transforma-
tions, q;, — Lqr and qg — Rqpr with L and R general SU(2) matrices, provided that the
spurions transform as

ly — L, L' —i(,L)L',  r,— Rr,R"—i(8,R) R,
M +s+ip— R(M+s+ip)LT, " — RtWVLT, th — LY RY. (3.3)

The chiral Lagrangian that describes the exchange of potential neutrinos is then constructed
by building the most general interactions that are invariant under these transformations.

3.1.1 The pion sector
In xPT pions are described by

U =u?=exp <Z7TF;]T> , (3.4)

in terms of the Pauli matrices 7, the pion triplet 7r, and Fj is the decay constant in the
chiral limit. We use F; = 92.2MeV for the physical pion decay constant, and, since we
work at lowest order in xyPT, we will use F; = Fy. Under SU(2), x SU(2) g transformations
the pion field transforms as U — LUR?. Tt is convenient to define a covariant derivative
that transforms in the same way D, U — L(D,U )R! under local transformations, where

DU = 8,U — il U +iUr, (3.5)

where [, and 7, are the external source terms given above. Quark masses explicitly
break chiral symmetry and their effects are included by the spurion x that transforms
as Y — LxR', and explicitly

X =2B(M +s—1ip), (3.6)
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where B is a LEC, often called the quark condensate, related to the pion mass via

2

e

= B(my + mg). The LO chiral Lagrangian consists of the Lorentz- and chiral-invariant
terms with the lowest number of derivatives

2 2
Lr= %Tr (DU (DH0)] + %Tr Uty + Oy (3.7)
By expanding the U field, we can immediately read off the interactions between pions,
neutrinos, and electrons, that are induced by effective operators that contribute to [*, r#,
s, and p. Contributions from the tensor sources require two additional derivatives and only
appear at higher order. For those sources, interactions in the pion-nucleon sector are more
relevant. Interactions with more derivatives or insertions of y also appear at higher order,
but will not be necessary for our purposes.

3.1.2 The pion-nucleon sector

We work with non-relativistic heavy-baryon nucleon fields denoted by N = (p, n)” charac-
terized by the nucleon velocity v* = (1,0) and spin S* = (0, o/2). Under chiral symmetry
the nucleon field transforms as N — KN with K an SU(2) matrix, belonging to the di-
agonal subgroup of SU(2);, x SU(2)g. The same matrix appears in the transformation of
uw=+VU — LuK" = KuR'. A nucleon covariant derivative can be defined as

1
DuN = (0 +TWN,  T,=3 [ (0 = i)u + u(@, — iny)ul | (3.8)

such that D,N — KD,N. It is useful to introduce two more objects with convenient
symmetry properties

Uy = —1 {uT(ﬁu — ily)u — u(0y — z'ru)uq ,

e = ulxu" +uxtu, (3.9)

that transform as X — KXK', with X € {x«, u,}. Operators relevant for Ov33 with the
lowest number of derivatives are given by

57(71]21 =iNv-DN+gaNS-uN+c5 N+ N —2g7¢,050> NS” <uTt‘]§fuT+ut’qu) N, (3.10)

where Y+ = x4+ — Tr(x+)/2 and ¢5 and gr are two LECs. ¢35 is connected to the strong
proton-neutron mass splitting (m, — m,)*" and to the scalar charge gg via c5 = (m,, —
myp)*" /(4B (my, —mg)) = —gs/(4B) [110]. gr is nowadays known from lattice QCD calcu-
lations. The numerical values of all LECs are given in table 5.

For certain LNV sources we also require the NLO corrections. Particularly important
are the contributions from the nucleon isovector magnetic moment gjs and the tensor form

factor g/,

/
57(3127 = L by, NSgfih,N — g—Tvu N | ("t 4 uthu), DV} N.
dmpy my
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Figure 1. Tree-level contributions to n — pe~ v, in the presence of non-standard vector, axial,
scalar, pseudoscalar, and tensor currents. Nucleons and pions are denoted by double and dashed
lines, the electron by a single line with an arrow, while v, which is a Majorana mass eigenstate, by a
single line (with no definite particle flow). The insertion of the non-standard current is denoted by
a square, while strong-interaction vertices by a circle. In the case of the vector, scalar, and tensor
currents, only the first topology appears because parity forbids the couplings of the current to a
single pion. Both diagrams contribute to the axial current at LO, while the pseudoscalar current is
dominated by the pion pole in the second diagram.

The my in the definitions in eq. (3.1.2) is conventional, and do not indicate that the LECs
gyv and ¢/ are determined by reparameterization invariance. At the same order in the
Lagrangian, there arise recoil corrections to the axial, vector and tensor form factors

igA

2 1 v Ny
[’7rN7rec - 2m N (UM’U —g" ) (ND#DVN) B 2m N

N{S-D,v-u}N (3.11)
_ g € NS ultut + ut?u)  iDy b N
ma praf B R L ) a .

Notice however that these terms contribute to the neutrino potentials only at N2LO, and
we disregard them in what follows. Before turning towards the nucleon-nucleon sector, we
first discuss the single neutron S-decay transition operator, which plays an important role
in the descriptions of O3/ induced by sterile neutrinos.

3.2 The neutron 3-decay transition operator

The chiral Lagrangians of the pion and pion-nucleon sector can be used to derive the (-
decay amplitude of a single neutron. This amplitude provides a building block towards
deriving the Ov3g transition operators. Not all contributions to O35 can be captured in
this way, since LNV interactions such as wmee, mNee, and N NN Nee operators, contribute
to the OvBp transition operator without the exchange of a neutrino. The long-distance
contributions from sterile neutrinos with masses below A, , however, can be captured by
combining two neutron S-decay transition operators that are derived here.

At tree-level in xPT, there are two types of diagrams that contribute ton — p+e+v
(where v denotes a Majorana mass eigenstate) depicted in figure 1. In the region m; < A,
loop corrections appear at next-to-next-to-leading order and will be neglected. They have
been considered in ref. [104] for the case of the exchange of a light Majorana neutrino with
SM couplings. The amplitude can be written in compact form
ly+my

An—>pe’l/ — N(p/) 5

ly — v v
S LI — s Js 4 ip e+t T+t J;L] N(p),
(3.12)
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where N(p) denotes a spinor of a non-relativistic nucleon field with three-momentum p.
The sources are given in eq. (3.2), and include both LNC and LNV terms. Up to NLO in
the chiral expansion we obtain

7 /1 ; 2
J‘;j _ gv<q2> (v“ + pr+p ) + ZgM(q )guyaﬁvasﬁqy’
2mN my
“w 2
7= —ga(@) (250 = a5 payy) + B Dogng g,
A 2mpy 2my
Jg = gS(q2) s
2
Jp=p @y
my
uyo 2\ pvapf pOé—i_pix ~g’/T(q2) wov vV
Jr, = —2g7r(q°)e UomLW Sﬂ*lm(vq —v"q"),

where p and p’ stand for the momenta of the incoming neutron and outgoing proton.
Jr, and Jpo start to differ only at higher orders in the chiral expansion. We define
¢ = (¢°, q) = p*—p'*, and eMvab is the totally antisymmetric tensor, with €923 = +1. We
have written the currents in terms of form factors that depend on the momentum transfer
q2. Up to the order we work, most form factors are constants with the important exception
of gp(q?). Explicitly, we obtain

(@) =gv, gald®)=ga, gu(d®) =gum,
2gamy
2\ _ 2y _ _
gs(@®) =gs,  gr(q’) o mZ’
gr(a®) = gr, gr(d®) = g, (3.14)

and the values of the (combinations of ) LECs gv, g4, gm, gs, 91, and g/ are given in table 5.
All form factors are O(1), except for gp(q?) that is enhanced by my /m,. We stress that the
form factors gp(q?), gar(q?), and g (q?) are associated with an inverted power of my in the
contributions to the hadronic currents in eq. (3.13). In practice, the NME calculations we
use in section 6 include dipole form factors, that is they multiply eq. (3.14) by (1+q%/A%)~2,
with A either the vector or axial mass, Ay = 850MeV and Ay = 1040 MeV. These
corrections appear at N2LO in chiral EFT. In OvBf candidates, these form factors shift
the NME by 10%-15%, consistent with the chiral EFT expectation [111].

3.3 Chiral Lagrangian induced by dimension-nine operators

The chiral Lagrangian induced by the dimension-nine operators in egs. (2.13) and (2.14) was
discussed in refs. [51, 93]. These operators induce LNV couplings of two pions, two nucleons
and one pion, or four nucleons to two electrons. The 77 interactions only obtain significant
contributions from the scalar operators. Neglecting terms with more than two pions, which
are only relevant at loop level or in multi-nucleon operators, the pionic Lagrangian can be
written as

e Cet

Vo

Lr=F2[CI™Oun 0"r~ +C™n | + (L < R). (3.15)
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As we will see in the next subsection, these w7 interactions, as well as the 7N and NN
interactions discussed below, are not only induced by dim-9 operators, but also receive
contributions from the exchange of hard neutrinos. In anticipation of these additional
contributions, we will write the above couplings (as well as those to be introduced below) as

nr
Ci=ci+> Cfy(mi),  a€{mm am, 7N, NN}, Be{L,RV}, (3.16)

i=1
where we use cg to denote the dim-9 contributions, while the remaining terms will be
discussed in section 3.4. The contributions from the dim-9 operators can then be written as

T 5 T 9 9
AT = 591 (CfL) +C£L)/> )

1 9 9 9 9 9 9
=3 [gZ”CiL’ +gImCl) — g5 (CéL) + C§L)') — g5 (C:’(,L) + C?()L),>] o (317)
where the couplings with right-handed electron fields are obtained by the replacement
L — R. The LECs, ¢7™, were defined in [51] and their sizes can be estimated using NDA

gi" =0(1), 93,7:;,4,5 = O(Ai) : (3.18)

The LECs in eq. (3.15) were computed in ref. [112], and are found to be in agreement with
these expectations. We report the values of the LECs in table 5.

Pion-nucleon couplings are induced by both scalar and vector operators. For scalar
operators, the w/N couplings are subleading, with the exception of the operator O;. For
vector operators, they contribute to the LO Ov3j transition operator. Expanding in pion
fields, the Lagrangian has the form

5 (T - =T
Loy = V294 [pS - (977 )n] { [CEN L e R+ ceNv“er} ,

T T 9 9 T T 9 ~7N ~(9
i’k =gtV (C§L{1R + C§L{’1R) . GN=giNel 4 giNel (3.19)

where C"(/?) = Cég) + C’ég) + C’ég)/ + Cég)/, C"(/?) = Cég) + C’ég) + C’ég)/ + C’ég)/. The LECs
g?g and gT” were defined in ref. [51], and they are O(1).

Finally, both scalar and vector operators induce nucleon-nucleon interactions. Follow-
ing the definitions of ref. [51] and again expanding in pion fields, we have

= T _ _T
nn eLCer NN €usCE
O

C
L U5

Lyn = (pn) (pn) { + (L < R)

9 o) 9 o) 9 9y
cﬁ% =g <C§L),1R + CfL)JR) +o N (CéL)QR + CéL{QR) +g3 N (CfgL),Z&R + CfgL),Z&R)
9 9
+g1 NCAEL)AR +g5 NCEEL),5R )
c{)—[N:géVNC‘(?)ngéVNC"(B). (3.20)

The scaling of the nucleon-nucleon couplings follows the NDA expectation for g{\féﬁ, while
gé\f?mj need to be enhanced with respect to NDA in order to renormalize the nn — ppee
amplitude [51]. Explicitly, we have

e =0(),  g35u5=0((4r)?). (3.21)
Currently, only NDA estimates are available for the 7N and NN LECs.
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3.4 Chiral Lagrangian from the exchange of hard neutrinos

In addition to the long-range contributions originating from the exchange of potential
neutrinos between nucleons, mediated by the currents in eq. (3.12), the Ovgg half-lives
receive corrections from short-range operators, induced by the insertions of two currents
connected by the exchange of hard, virtual neutrinos. The origin of these contributions
can be understood by considering the effective action induced by two insertions of the
interactions in egs. (2.22) and (2.23)

iSer = dia diy T { [N‘) (z) + 0 (x)] [,c<6> (y) + £ (y)} } . (3.22)

2!
In terms of eq. (3.22), the long-distance potential, derived in sections 3.1.1 and 3.1.2,
arises from the region |x —y| 2 1/kp where factorizing the two interactions is a good
approximation. These long-distance contributions do not necessarily capture the region
where |z —y| < 1/A,. In fact, as we will argue below, NDA and renormalization imply
that this region contributes at leading order in several cases. In order to correctly describe
Ovp3s, the constructed chiral Lagrangian should be able to reproduce the amplitudes that
result from inserting Seg between initial and final states. In cases where the |z —y| S 1/A,
region is important, this implies that additional short-distance interactions, of the same
form as those induced by the dim-9 operators, are needed at LO in the chiral Lagrangian.

3.4.1 Double insertions involving the vector couplings C&I),R,VRR

Before discussing these contributions in generality, let us consider the amplitude
(hfeiea|Sem|hi), where h; ¢ are hadronic states, for the example of the insertion of two vector
operators. Since we are interested in amplitudes without initial- or final-state neutrinos, the
neutrino fields in £(57) will be contracted among each other. Using this fact, and neglecting
electron momenta, the Dirac algebra for the leptonic part can be performed, leading to

e—ia(z—y)
(hyeres|Se|hs) 22 4/d4xd4 / i el @0

) \? o © \? - "
X (hy|T ( VLR> aryudr(v)ary dL(y)+(CVRRLZ,UR’YudR(J?)URV dr(y)

+2 (C\(f})m> (C<V6L>R) arydp(e) iy (y) } i)+ (L R)+...  (3.23)

where the dots stand for terms proportional to other Wilson coefficients, as well as terms
that arise from the ¢ term in the propagator. In this example, we will focus on the terms
X m;.

As mentioned above, eq. (3.23) will induce operators of the same form as those induced
by the dimension-nine operators. In particular, the (C$£R> , (C’\(/%R> , and C'\(,?RC\(%R
terms transform as the Oy, O}, and O4 operators under chiral transformations. As a result,
chiral symmetry allows the following non-derivative pionic Lagrangian

T
Lor = 2G%F? Zmz T (my) T[Q1, Q] erC Y (cg?m) ¢+ (Lo R),  (3.24)
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where we introduced Qp, = u'rtu, Qr = urTul. By NDA the LEC g% (m;) is of order
O(F?), and we have explicitly given it a dependence on m;. With this scaling, g['%(m;)
contributes at LO to Ov3, meaning that the |z —y| < 1/A, region in eq. (3.22) significantly
contributes.

Very similar short-distance LECs are generated by the insertions of two electromagnetic
currents, where hard virtual photons are exchanged instead of neutrinos. As explained in
refs. [104, 107, 108], this analogy can be made precise in the limit m; — 0, which allows
for a relation between g{'%(0) and the pion mass splitting,

2 9
= Max "0 g g2 (3.25)

explicitly confirming the NDA expectations. The (C\(/EER,VRRY terms in principle give rise
to pionic operators involving derivatives, which however induce subleading corrections to
the long-distance neutrino potentials. None of the terms in eq. (3.23) induce 7N couplings
at leading order and we neglect them here.

Additional interactions appear in the nucleon-nucleon sector. All combinations of
couplings in eq. (3.22) give rise to short-distance nucleon-nucleon couplings, which are
expected at N°LO by NDA. However, as discussed in refs. [51, 107, 108], in the case of the
standard mechanism and several dim-9 operators they must appear at LO to guarantee
that nn — ppee amplitudes are properly renormalized and regulator independent. The
chiral Lagrangian is given by

1 = C
ENN = iGQFeReR E m;
© \? NN v v © \? NN v Y
X (me)eigu (mi)NQLN NQLN +(CVRR>@9V (mi)NOrN NQrN

el el

+(L+ R), (3.26)
where the (C\(/?IZR,VRRY terms are related by parity and therefore come with the same
LEC. In addition, we omitted traces that vanish for the form of Qj gr relevant for Ov38,
but in principle could be non-zero for other isospin components. From NDA, one finds
g N (m;) ~ A;Q which implies the short-range operators contribute at N2LO. To absorb
divergences in the scattering amplitudes, however, the scaling needs to be modified into
gZNN ~ FW_Q, so that the gﬁl{y operators in Ly contribute at LO. The coupling g)™ was

already encountered in refs. [107, 108], since it also appears in the standard mechanism.
As was the case of the w7 interactions, the LECs that appear in the NN sector can be
related to LECs that appear due to the insertion of two electromagnetic currents. In this

case, it is the sum of g)N and gERN

that is related to electromagnetic LECs, which affect
isospin-breaking observables in nucleon-nucleon scattering. As a result, this combination of

couplings can be obtained from the charge-independence breaking combination of scattering
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lengths, ~ apny, + app — 2ayy, as detailed in ref. [108]. Within pionful chiral EFT, at m; =0
and in the MS scheme, this leads to

35N (0) 4 ghg (0) _ C1+Co
2 2

=2.5—18In(m./pn), (3.27)

2 - 2
where we introduced g; = ( s ) g; and C; = ( An ) C;, while the electromagnetic

mpyC myC
couplings C; 2 were defined in ref. [108]. Furthermore, C(u) = O(F;?) is the nucleon-
nucleon contact interaction that appears at LO in the 1Sy channel within chiral EFT. This
coupling can be obtained by fitting to the isospin conserving nucleon-nucleon scattering
lengths, and, within pionful EFT and using the MS scheme, one has [108],

2

2 2 2
— gaMmz (MN H
L gt G (Y 02 :
Cy ~ AT T U ) e (3.28)

™

The above equations imply g~ (0) + grg (0) = O(1), or giN(0) + gN¥ (0) = O(F;?). This

s
example explicitly confirms the arguments below eq. (3.26).

3.4.2 The general case

We now discuss the general chiral Lagrangian induced by hard neutrino exchange. This
involves other combinations of Wilson coefficients, as well as the terms induced by the oc ¢
term in the neutrino propagator, both can be constructed along similar lines. The induced
interactions will have the form of the 7w, #IN, and NN Lagrangians of section 3.3 such
that all of these effects can be captured by the couplings defined in that section. For the
non-derivative pion couplings of eq. (3.15) we have

m;v
T _ T 1 U
iL,R = CLRT F2 GiLR
™

et =20k () , (), - 2087 (mo) | (Ch)’, + ().

o) (€8, (), 20 m) (cl)’ + 77

qr=di’,  gr=0. (3.29)

Contributions from dim-7 operators are captured by CEIJL)WW7, which are discussed in

appendix B, and all LECs scale as ¢g7™ = O(F2). The contributions that are explicitly
proportional to m; arise from choosing the ~ m; part of the neutrino propagator when
performing the lepton contractions, as in eq. (3.23). The remaining terms arise from the q
part of the propagator, but only contribute at the dim-7 level. The right-handed coupling

c/%" can be obtained from ¢/7™ by interchanging the L, R labels on the Wilson coefficients,

v T

L < R, while leaving those on the LECs unchanged, and dropping c;7
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The derivative 7w couplings are given by

v
17T l7r7r m; /1/71'71'
CiTir = L zLR+A CiL,R>
X X

&r = 95%un (mi) [(CéGPzR) ei (C\(’GL)L> . <C§?4)R) ei (C‘(%L) ez}

- W (c) ) (CSSL)L)@ + (VLL 4> VRL) ,

wnnmw . lvrw T /1/7r7r
GL =CGL Gr =0, (3.30)

where ¢}7 can again be obtained from ¢ with the interchange L <+ R and ¢}/’ v T ig given
in appendix B. The LECs related to these derivative couplings scale as O(1), one of which
was already encountered in ref. [51] where it was called g7 = %2’ 97711, (0). It should be
noted that the terms proportional to g§% 1, 9§Vry, and g§7 g, are generally suppressed by
F?/ Ai compared to the long-distance amplitudes in the limit m; — 0. In this limit these
pieces only significantly contribute if the pseudo-scalar and axial couplings, that induce the
long-distance contribution, are suppressed compared to the scalar and vector couplings.

The pion-nucleon couplings of (3.19) can be written as,

Crilpy =gy + XZ TRy
ay = jfx{g’s%(mn (), (), + (i), ()
_ gzlr“NVLQL(”” <0<T6’1,{R) (C@GL’L)&, } + (VLL + VRL) ,
i’ =i, AR =0,

= 1; g, VLR(M4) [(C\(/G]ZLLi <C\(/6L)R> - (Lo R)

el

ci”‘@N = CZ§N7 , (3.31)

where g™ = O(1), the right-handed coupling cfﬁ is given by cﬁv with L < R, and
the dimension-7 contributions are again relegated to appendix B. Several of the above

LECs are connected to those of ref. [51], for which we have g{r,]ﬁfL7VLR(O) = go¥ Tﬁ and
TN Ax

N
9%,VLL(0> 9T Ty
Finally, the contributions to the nucleon-nucleon couplings in eq. (3.20) are given by,

NN m; AN
CiLpryv = zLRv+A CiL,RV 1
X

C A A CANCRIICANCIAN

9¥§/LL (m;) (6) (6) NN 7
- (i) (GVL) |+ (VIL & VRL) + &},
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s ARG A R L CANCA)
+ W [(C§§R> 2 +(Cdin) 2] - glsgszi) COMCON

ap = B [(00) (c),

1

+ ;}Xg%%RL(mi) [(Céﬁrr)m> e (C§2L>e. - L+ R)}

7

+ oS m) [(CfRe) , (CEL),, = (0 & W] + ¥,

1)

- (L<—>R)]

NN 6 6 6 6
UX = g8t ver () [(CéL)L + CéPBL) A (C\(/L)L + C\(/f){L)
X el €

—(L+ R)]
i
VNN 7
+ 9¥LNL7VLL(’mi) [(C%?L) . (C\(/GlzL - C\(/61)1L> — (L« R)} + CZVT - (3.32)
el el Uiy

The right-handed couplings ci\g VNN can be obtained from cg\l NN by interchanging the
L, R labels on the Wilson coefficients, L <> R, while leaving those on the LECs unchanged,
and dropping ¢ ]LV N7 By NDA, the LECs related to the c; NN couplings scale as g%\IN =
O(Ay 2) while those contributing to the cXN couplings follow the scaling gi"™ = O(1). How-
ever, apart from the terms proportional to g\l\,IEL,VLR, gSN}\\I,LL, gSN}\\I,RL, g?}ﬁ,u, and g¥§,RL,
one has to enhance the scaling of all NN LECs by Ai /F2 in order to obtain renormalized
amplitudes. We report the RGEs for the enhanced LECs in appendix C. Finally, two of

the above LECs are related to those discussed in ref. [51], namely g\l\,IEL’VLR(O) = gy 2—1’;

A
and ¥, (0) = gV A

3.5 Summary

The LECs needed to construct the neutrino potential at LO, and their current determi-
nations, are summarized in table 5. The LECs that enter the neutron 8 decay operators
discussed in section 3.2 are well determined, either from experiment, as in the case of
ga,m, which appear in SM currents, or from lattice QCD, in the case of gs, gr and B.
The one exception is g/, which contributes to the tensor current at recoil order and is not
very important in 8 decays. The evaluation of this LEC could be pursued with the same
methods discussed in refs. [113—-115]. The 77 couplings induced by dim-9 operators have
been computed in Lattice QCD [112], with uncertainty better than 10%. The 7w, 7N, and
NN couplings induced by dim-6 and dim-7 operators are functions of the neutrino mass.
In the case of g7, both the small- and large-m; behavior are known, allowing us to obtain
a reliable interpolation formula, as we will discuss in section 7. In several other cases, only
the large m; behavior is known. The calculation of these couplings as a function of m; could
use techniques similar to the Hubbard-Stratanovich transformation proposed in ref. [116]
for the g™ 5 couplings, with the difference that the scalar particle o introduced in ref. [116]
is kept light. The determination of the pion-nucleon and nucleon-nucleon couplings, in-
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n — pev, ™ — ev mr—>ee: OO
ga | 12714£0.002  [122] g 0.36 & 0.02 [112]
9s 1.02+0.10  [114, 115] 93" 20£0.2 GeV?  [112]
am 4.7 [122] giT —0.62£0.06 GeV? [112]
gr 0.99+0.03  [114, 115] g ~1.94+02 GeV2 [112]
97| o) 9" —8.0£0.6 GeV?  [112]
B 2.7GeV
n — pree : OO, 06N g OO ar —ee: 06D g6
‘9, | o(1) |ngrVLL|a ‘ggj\r/LL|7|gzKrVRL‘> |g7ST,7{/R,L| o)
9Lk > 98T sl O(F?)
977, l97Lls 1971, O(F7)
nn — ppee: OO nn — ppee: OGN g6
916 o) 1901 lotw | 198 O(1/F?)
954"y 5] O((4m)?) 985N, 191 |, 198 ver, O(1/F})
\QTLL VLL| |9TN| ‘gTLTR O(1/F3)
vt s lorR T O(1/A3)
“JS Jil ‘(]TVLL‘ 991, VLRI o(1)
98VRe]s 197 Vre | o(1)
|97, SRL‘ |9T Lol [9s i |97R. WV O((4m)?)

Table 5. The low-energy constants relevant for the dim-3, dim-6, dim-7, and dim-9 operators.
The headings show the type of long-distance (n — pev, m — ev) or short-distance processes the
LECs induce, while the labels O and 07 & ©7) indicate whether the corresponding LECs
are induced by dim-9 operators or by the insertion of two dim-6(-7) interactions. Whenever known,
we quote the values of the LECs at i = 2GeV in the MS scheme.

duced by dim-6, -7 and -9 operators, is much more uncertain. At the moment, only the
combination gh™N(0) 4+ gNR (0) is known, in a variety of renormalization schemes [51, 108],
via its relation to charge-independence breaking in nucleon-nucleon scattering. All other
couplings require dedicated Lattice QCD calculations of LNV nucleon-nucleon scattering
amplitudes. In the literature, the LECs in table 5 are often estimated using uncontrolled
assumptions such as “factorization” of the product of two weak currents. While this might
be unavoidable at the moment, we will show that varying the LECs in a range suggested
by their NDA scaling introduces uncertainties in the Ov 34 half-lives that are as large as
those in the nuclear matrix elements, and should not be neglected.

As argued above, the exchange of hard neutrinos within chiral EFT leads to coun-
terterms that are expected to induce O(1) effects in many cases. However, as we will
discuss in section 6, the nuclear matrix elements for isotopes of experimental interest are
all calculated using various many-body methods, for which it is a priori unclear how the
conclusions of Chiral EFT carry over. Thus, although the extraction of the counterterm
from NN scattering in eq. (3.27), as well as ab initio calculations in light nuclei [108, 117],
suggest that hard-neutrino exchange has an O(1) impact on the Ov3f half-life, we cannot
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Figure 2. Tree-level contributions to the Ov33 transition operator arising from the exchange of a
light neutrino. The notation for nucleons, electrons, and neutrinos is as in figure 1. The squares
denote the nucleon vector, axial, scalar, pseudoscalar, and tensor form factors, which, at LO in
chiral EFT, include one or both diagrams in figure 1. The currents acting on the two nucleons can
be different, which we denoted by hatching one of the two squares. LNV arises from the mass of
the neutrinos, which in general are Majorana eigenstates, or from the couplings of the neutrinos to
the nucleons, which receive LNV contributions at dim-7.

say with certainty to what extent this is true in many-body calculations for the heavy nuclei
of experimental interest. This implies that it is in principle possible that the effects of hard
neutrinos, which are O(1) in the Chiral approach, turn out to be smaller in the calculation
of NMEs of larger nuclei, such as those of refs. [118-121] (depicted in table 7). To deal with
these issues when deriving Ov53 constraints in section 8, we will conservatively employ the
above mentioned NMEs and their uncertainties, while estimating the theoretical error due
to the unknown hard-neutrino LECs by using their NDA values.

4 The nn — pp ee transition operator including sterile neutrinos

We now turn to the main part of this work: the derivation of the nn — ppee transition
operator. This transition operator will be inserted between nuclear wave functions and
is sometimes called the “neutrino potential”. The transition operator is not necessarily
due to the exchange of a neutrino as other mechanisms exist, for instance via the contact
wrwee, npree and nnppee interactions discussed in section 3.3 and 3.4. Such mechanisms
have been discussed in detail in ref. [51] and the derivation of the potential in the presence
of sterile neutrinos amounts to generalizing the couplings C)"" C™ and CVN as in
eq. (3.16), to include the contributions of hard-neutrino exchange. We therefore focus here
on the neutrino potential arising from the exchange of a light neutrino, with mass below
the chiral-breaking scale A,.. In general the induced neutrino potential arises from the four
diagrams in figure 2, where any combination of hadronic currents can be used. The top
(bottom) incoming and outgoing nucleons have momenta p; (p}) and p2 (ph), respectively,
and we define q1 2 = p12 — p’172. The top (bottom) electron has outgoing four-momenta kq
(k2). In diagrams (a) and (b) the neutrino then carries momentum gq11 = g1 —k; = —qa+ka.
In diagrams (c) and (d) the neutrino carries momentum ¢12 = q1 — k2 = —g2 + k1. In most
cases, we can neglect the electron momenta in the neutrino propagators and hadronic
currents. In those cases, ¢11 = ¢12 = 1 = —¢2 = ¢q. Finally, we define the notation J(i),
where x = {V, A, S, P,Tr, T} and i = {1, 2}, that implies that the expression in eq. (3.13)
should be evaluated for nucleon i using the momenta p;, p}, and g;.
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We begin by studying the so-called standard mechanism of OvSS which is the ex-
change of a light Majorana neutrino. We review how to derive the well-known form of the
neutrino potential appearing in this scenario and how it is affected by the presence of ad-
ditional sterile neutrinos that interact via left-handed currents. This warm-up calculation
provides a useful guide towards obtaining the neutrino potential arising from other inter-
actions. The calculation of the remaining terms is in principle straightforward, however,
as it is rather lengthy we have checked our results by use of the MATHEMATICA package
FEYNCALC [123, 124].

4.1 The standard mechanism with sterile neutrinos

We start by considering the nn — pp ee transition operator arising from potential neutrinos
that interact via the C\(,ﬁgL term in eq. (2.22). This term includes the SM weak interaction
as can be seen from egs. (2.24) and (2.28). We use the same vertex for the top and bottom
nucleon propagators such that diagrams (a) and (b) add coherently and the resulting factor
2 is cancelled by the 1/2! from using the same vertex twice. Diagrams (a) and (b) then
sum to

nr . .
. ) +2iG —2iG 1
V@+H0) — () Z < FC\(/GL)L> | < F(C\(/61),L)T> x = [J&(1) + J4(1)]

i=1 V2 V2 ie 2
1 v ” _ 7 +m; c
x5 [T (2) + J4(2)] x u(kl)yuPL(q%H_ mQ)%PRu (ko) , (4.1)
11 7

where u(k;) denotes an electron spinor with momenta k;, and we introduced ny, = N —ng,
such that the sum runs over all neutrino eigenstates with masses below A,. The potential
is related to the amplitude via A = —V. This expression can be simplified into

ie

G2 nL T
VOO = () G2 S (08) (C)] 1) + Z4(0)] @) + T2
=1

m; _ ¢
X @ 2 ) PRt (he) (4.2)

where the dots denote corrections proportional to the lepton momenta or nucleon energy

which are suppressed by additional powers of €,. Similarly, the remaining two diagrams

sum to

G% & T
VIHD =~ 2R (o) (OVL), [ + H4 W] 176(2) + J5(2)
1=1

myg _
X il 2 w(k2) vy Pruf(k1) + ..., (4.3)
where the overall sign difference is from exchanging the two electrons. Summing all dia-
grams then gives

Vo= ()Y (C) (CL). 1v(t) + Ja()] - [v(2) + Ja(2)]
=1
x (Ma(kl)PRuC(kz) . (4.4)
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The product of hadronic currents can be explicitly calculated from eq. (3.13) and con-
tains parity-even and parity-odd components. As the remaining part of V, is an even
function of q, only the parity-even parts contribute to the 07 — 0T transitions of experi-
mental interest. The relevant hadronic currents are therefore

2 2 1
) 9@ = gta) - BB () gy 4 507

6myy

2 2 2 2\ ~2 2 2\ ~4
9a(@®) | gr(a®)ga(a®)a® | gp(a’)g
Ia(1) - Ia(2) = =i oy oy ((PAGED 4 9L WAlIa bl )
ga gATMN gA™MN

2 2\ 2 2 2\ 4

_ 512 (QP(q )29A(q )a I QP((21 )(21 > }’ (4.5)
3gamn 12g5m5%;

where we have defined the tensor operator
S(12)201'02—301-q02-q. (46)

It is useful to split the Fermi (F), Gamow-Teller (GT), and Tensor (T) operators into their
separate contributions arising from vector, axial, pseudoscalar, and magnetic currents, as
the corresponding nuclear matrix elements are reported in the literature. We define the
combinations

har(a?) = hep(a?) + hér (@) + hér(a®) + b (a?),
hr(a®) = g’ (@) + h7" (a?) + ' (a?). (4.7)
For the F, GT, and T functions, we have

2 2 2 2 2 2 2
gy (a®) oy 9a(a®) ap, ov  gr(d®)ga(a®)a
hr(a®) = . hare(d®) =g hér(a®) =
( ) 9‘2/ GTT( ) 9124 GT( ) 3931mN
2 2 4 2 2 2
WEE () = PP a2y _ ul@)a” 48
GT( ) 129124?’)1?\/ GT ( ) 69124771%\[ ( )

and ht(q?) = —hgh(a®), e (a®) = —héi(a®), and Y (q?) = heit (a) /2.
We then obtain for the neutrino potential

V, = —(7' ) gA Gy Z( VLL) o <szf>

x [—g‘Q’hF(qz) +o1-orhar(q’) + 51 hT(qQ)] x a(ky)Pru‘(k) . (49)
A

This expression reduces to the familiar expression for the neutrino potential for the
case of 3 light Majorana neutrinos. We set n = 0 and we turn off all higher-dimensional
operators except for the active Majorana mass (which is formally a dim-5 operator). In
this limiting case, C\(,GIZL = —2V,qa PU and

nr, 9 9
©) \? mg ~ AVia 71 WVad

Z (CVLL>ei (q2 —+ m2> - q2 [PUmVU P ]ee - q2 (ML)EG’ (4'10)

=1 (3

where we used eq. (2.17) and used m; < q. The neutrino potential becomes proportional
to the Majorana mass of the active neutrinos and agrees with the usual result for the
standard mechanism
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4.2 The general neutrino transition operator with sterile neutrinos

The neutrino potentials arising from the other interactions in egs. (2.22) and (2.23) can be
obtained in analogous fashion to the calculation in the previous subsection. We give here
the results for all combinations of interactions that lead to a non-vanishing potential when
the electron mass and momenta are neglected. The limited cases in which the first non-
vanishing contribution to the transition operator involves lepton momenta are discussed in
ref. [50].

The neutrino potential can be divided into three separate leptonic structures

V= )94 FZ 5 (k1) {VL Pr+ Vg Pr + Var7°7°} uf (4.11)

We separate the structures

2 2
6 Mg - (7 q°+m; d
Virar = Viohas + - Vithar + o Vi (4.12)
™

into three parts. The part with superscript (6) denotes contributions from the dim-6
operators in eq. (2.22) and is given by
2
Vi =mi (O +CFh) [ N hptor-oohdM 4502 hMM}
er

2
+mi (O~ [m-az (R hEF+hER)+51 (W7 +hf"))|

A

6 g
+m (cglgR+ch>R) igj hp

2 B2
+m; (CRr—C&k) 5 2[01 0o (WF+20EF) +812 (h +2057)|

6) \? 1697 aa
—m; <CF([‘12”R>61'0-1'O-2 giThGT

_B(C\(/L)L C&P){L>ei<cégR_C§i)R)ei[01'02(h +2hEr)+SU) (hih +2hgp)}

(), (C), | (vt 50714

N 4ngV q’ hF] 7 (4.13)
9% my
Vi =V s (4.14)
VJ‘(JG) =mnN (C\(IGIELC\(/(SI),R_LHR> 49,4 [0‘1 oo hGT M g(12) thM}
et gM
~mi[ (OB r i), (CEh+CSh) ~E e B 25
— [(C\(/ﬁLL VRL) i(CéGL)L)ei—LHR} 2ggA [0'1 o2 (2hAA+ hAP) 1 5(12) hAP]
+8 [(c8la—Ciir) (Cfh) —~LeR| 2;? oroadf+s02 0] (@)
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Instead, VL(?%’ ) arise from the dim-7 operators in eq. (2.23). As these terms are para-
metrically suppressed by a power of m,/v or A, /v, we relegate the explicit expressions to
appendix A.

Finally, the short-distance part of the potentials, VL(Z? u» are induced by dimension-
nine operators as well as the exchange of hard neutrinos, see sections 3.3 and 3.4, they are

given by,
d C . hAP hAP
vy ):4v{<mw +Cf )[( SE 4 h; ) 0'2+<€ +hEP) 502
CiN - COf™ AP (12) 2 NN
+ (héf o - oo+ h"$02) = SO Nnp
2 94
(sd) _ 1,(sd)
VR - V }L<—>R ’
s 2
vid = 4 {C (hA o1yt h;iPs@?)) - QCJVVNhF} . (4.16)
v 2 9%

5 The neutrinoless double beta decay master formula including sterile
neutrinos

Armed with the neutrino potentials we define the nn — ppee amplitude by

"”v Aoty (5.1)

where V(q?) are the neutrino potentials from the previous section, and the sum extends
over all the nucleons in the nucleus. r = r,, — r,, is the distance between nucleons m and
n and |r| = r, and the potentials are inserted between the 0T initial- and final-state nuclei
of experimental interest. The leptonic part of the neutrino potentials can be taken outside
of the nuclear wave functions and we define

A= 9AGTEme ZAL m;) + Z AL (my) | (k) Pruc(h2)
TR i=np+1
nr N ]
+ ZAR<mi>+ S AR ma) | alk) Pruc(h)
i=1 i=nr+1 J

+ D Au(mi) + Z AD ()| alk)y 0y uc (ko)

i=nr+1
G me _ c — C — C
= ﬁ [AL a(k1) Pru® (ko) + Ag (k1) Pput (ko) + Ans (k1 )y "7 ul(k2)] , (5.2)
where Ry = 1.2 AY3fm is the nuclear radius in terms of the atomic number A and

u(k1,2) denote the spinors of the outgoing electrons. This factor is introduced to align
the definitions of the NMEs to those in the literature. The subamplitudes Az, g as(m;) and
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[125] Ge 82Se BTe 136Xe

Go1 0.22 1. 14 1.5
Goa 0.19 086 1.1 1.2
Gos 033 1.1 1.7 1.8
Gog 0.48 2. 2.8 2.8

Q/MeV [126] | 2.04 30 25 25

Table 6. Phase space factors in units of 107!* yr=! obtained in ref. [125]. The last row shows the
Q value of OvBg for various isotopes, where @ = M; — My — 2me..

.A(LQ?R 17 (m;) depend on nuclear and hadronic matrix elements, the neutrino masses, and the
Wilson coefficients of the higher-dimensional operators. They are discussed in detail below.
We have explicitly separated contributions from light neutrinos (with masses m; < A, ) and
heavy neutrinos (m; > A,). If corrections due to electron masses and momenta are kept,
additional terms appear, see e.g. refs. [50, 51].

With the definitions of the amplitudes in egs. (5.1) and (5.2), we express the inverted
half-life for 0T — 0T transitions as

-1
(10) " = gj{am (MALI2 + [AR[?) - 2(Go1 — Goy)ReA} Ar
+ Gog ‘.AM|2 + Gos Re [(Ar — ARr) Ay } . (5.3)

For a derivation of this formula we refer to refs. [50, 127]. Here Gy; are electronic phase-
space factors given in table 6 that have been calculated in the literature [125, 128, 129].

The subamplitudes depend on a product of Wilson coefficients and hadronic and nu-
clear matrix elements. To keep the expressions somewhat compact, we list here only the
contributions from the standard mechanism and dim-6 interactions. Contributions from
dim-7 interactions are given in appendix A. The amplitude Ay, which includes the standard
mechanism, is given by

1 2 2
Apfmi) =~ - {mi/\/lv(mi) (L +C) +mimatm) (O —CR)
B2 6 6 6 6 6 6
+Mps(m;) [mz e (CéR)R - CéL)R) v 2B (C\(/I_)L - C\(/l)u) o } (CéR>R - CéL)R> o

2 . 2
miMs(me) (O + O —miM(my) (O )

el et

+mnMry(m;) (C\(ZGI_)L +C\(/61)%L> i (C%G}){R) g } —|—A(LV) (m), (5.4)

where M;(m;) are combinations of LECs and NMEs defined below and B = Mr s an

My +mgq
LEC introduced in section 3.1.1, also see table 5. Most of the terms above describe the long-
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distance contributions, while A(LV) is due to the exchange of hard neutrinos and given by

v mgr 7 T C Clﬂﬂ
A% )(mz) = mev < mL —|— / > MPS sd + f (MGT Sd Mjé’];d)
— g—C NMp, sd] , (5.5)

where the subscript ‘sd” on the NMEs refers to their short-distance nature and the com-
binations of couplings, C’io"ﬁ, are defined in section 3.4. The subamplitude for right-handed
electrons, which does not appear for the standard mechanism, has a very similar structure.
At the dim-6 level, this amplitude can be obtained by exchanging L <> R

Ar(m;) = Ar(m; (5.6)

}L(—)R’

where .A% (m;) can be obtained by replacing Cf;, — Cf% in eq. (5.5). Once dim-7 opera-
tors are included there appear differences between Apr(m;) and Ag(m;) due to the dim-7
tensor operators. The explicit formulae are given in appendix A.

The “magnetic” subamplitude Ay is given by?

AM(mZ) =

2me{ —myMya(mi) (C\(?L)‘L>ei (C(VﬁL)R) i
+ ;szS(mZ)Z: (C\(/GL)L + CS%L) i (Céi)L * CégL) ei
+ miMra(m;) (C\(/ﬁﬁL - C\(/()‘ﬁ)ei (C(T6£L> ei

+ Mrp(m)B (C8, — 09 ) (C) ~ (Lo R) } L AD ). (57)

Here Ag\?(mi) again describes the contributions from hard neutrinos,

vy m2
ASW):mev[_gAC MF, sa + C (M&T, 4 MTsd)] (5-8)

Finally, we have the subamplitudes related to heavy neutrinos. Since they are induced
by the same nmw, 7N, and NN interactions as those arising from hard-neutrino exchange,
the resulting amplitudes are very similar to those mentioned above. In particular, one can
obtain the dim-9 amplitudes using the following replacements,

APy = ALy (i) (5.9)

B B
CiL RV RV

The combinations of couplings 2 are defined in section 3.3.

4We dub this amplitude “magnetic” since in left-right symmetric models it is dominated by My 4 [127],
which is proportional to the nucleon magnetic moment gys. Since these models inspired most of the early
literature on non-standard contributions to Ov 33, we retain the denomination magnetic.
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In the above expressions we have defined the combinations of NMEs and LECs

2
My (m;) = —%Mﬂm@-) + MM (my) + MMM (my)
A

Moa(mi) = Mg7(mq) + Mg (mi) + MET (mq) + My (mg) + MpF (my)
1 1
Mpsg(m;) = §M§5(mi) + MEF (ma) + §M?P(mi) + M7 (my)
1 1
Mpssa = §Mé4:1r3, sa(0) + Mgzlf, sa(0) + iMf‘,I:d(O) + MYIf:I;d(O) ;

2
Ms(ms) = 95 Mp(my),
9a

2
Mo (m;) = 16%Mé§‘(mi), (5.10)
A

which arise from the insertions of the same currents on the nucleon lines, and the

combinations
grgy m2 1697 i MM
MTV(mi) =—4 2 P) MF,sd(mi) + [MGT (mz) + MT (mz)] s
ga My gMm
A
My a(m;) = 2574 [MEM (my) + MMM (m,)]
s
My g(m;) = g‘;ingF(mi)y
A

g
Mo a(mi) = g{ [2M&7 (ma) + MAT (mi) + M3 (my)]

T
Mo p(m;) = gj [MER (my) + MAT (my)] (5.11)
which appear when two different currents interfere. We explicitly denoted the dependence
on the neutrino mass in egs. (5.10) and (5.11).

6 Nuclear matrix elements

While the expressions for the subamplitudes given in the previous section look complex,
they actually only depend on a relatively small set of structures. It is useful to introduce
the Fourier-transformed functions in r-space

" 2 [e.e] q2 a .
h(r,mi) = WRA/O d|¢l|m hi2(a®) ia(lalr) ,
4

oo
R aatrom) = 5 [ dial 5 ) (), (6.1)
where jx(|q|r) are spherical Bessel functions, and the functions h%(q?) are defined in
eq. (4.8) for K={F,GT, T}, and ab={AA,AP,PP,M M} for K=GT, ab={AP,PP, MM}
for K =T, while for K =F the ab superscript should be ignored. Finally, A=0 for
K ={F,GT} and A=2 for K =T. The factor of R4 in eq. (6.1) cancels against the 1/R4
in eq. (5.2). Note that the h’[]( .4(r,m;) are normalized using a factor of m;? instead of
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(myme)~! as was done in ref. [118]. Apart from this rescaling, these definitions agree with
the literature once we neglect the energy of the intermediate states, which is a subleading
correction in chiral EFT.

We define the nuclear matrix elements (NMEs) from these functions via

M, (sqy(mi) = 0+|ZhF (sd) (T, M) T )|ty |

Mng (sa) (i) = 0+|Zh (r,mg) o™ . g™ M) g+
Mg oy () 0+|Zh (r,m;) S (#) 7)) |oF) | (6.2)

where the tensor in coordinate space is defined as
Smn) () = — <a(m) o™ —35M .35 . f') . (6.3)

The set of NMEs have been calculated with various nuclear many-body methods and for
different isotopes in the limit m; — 0. We use calculations in the quasi-particle ran-
dom phase approximation (QRPA) [118], the Shell Model [119], and the interacting boson
model [120, 121] and their values are given in table 7. We focus on these particular cal-
culations because, in those works, the results were presented in terms of the different
components (i.e. AA, AP, PP, M M) of the F, GT, and T long- and short-distance matrix
elements. At leading order in Chiral EFT, not all NMEs are independent. The momen-
tum dependence of gy (q?) and ga(q?) is a higher-order effect in YPT. Neglecting this
dependence gives leading-order relations such as

MEF 4(0) = =3Mp 4a(0). (6.4)
This and other relations were obtained in ref. [50].

6.1 Interpolation formulae

To calculate Ov 33 decay rates when sterile neutrinos are present, we require an understand-
ing of the m; dependence of the NMEs. For certain linear combinations of the NMEs given
above, this mass dependence has been explicitly calculated [65, 69], but the results are
often not split up as in table 7. Furthermore, in certain cases we also require the derivative
of the NMEs with respect to the neutrino masses. Inspired by ref. [69], we therefore con-
struct an interpolation formula for the m; dependence of the NMEs. For most NMEs, we
know the behavior in the small and large neutrino-mass limits. For instance, for Mp(m;)

we have )

m

m;—0 m;—00 m; ’

Note that when we give an NME without an (m;) dependence, it is implied that it is
an NME given in table 7 corresponding to m; = 0. We stress that the meaning of an
NME becomes ambiguous for m; 2 A,. For example, in the standard mechanism, the

contributions are proportional to the NME My 4+ M 4. However, for large neutrino masses,
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NMEs 6Ge 82Ge 130Te 136Xe
[118]  [119] [120, 121] | [118] [119]| [118] [119] | [118] [119]
Mp —1.74 —0.59 —0.68 | —1.29 —0.55 | —1.52 —0.67 | —0.89 —0.54
MaA 548 3.5 506 | 3.87 297 | 428 297| 316 245
MAE | —2.02 —0.94 —-0.92 | —1.46 —0.89 | —1.74 —0.97 | =1.19 —0.79
MEE 0.66  0.30 024 | 048 0.28| 059 031 039 025
MMM 1051 0.22 0.17| 037 020| 045 0.23| 031 0.19
MaAA - - — - — - — - -
M#AP | -0.35 —0.01 —0.31 | —0.27 —0.01 | —0.50  0.01 | —0.28  0.01
MEF 0.10  0.00 0.09| 0.08 0.00| 0.16 —0.01| 0.09 —0.01
MMM 1 —0.04  0.00 —0.04 | —0.03  0.00 | —0.06  0.00 | —0.03  0.00
Mpsq | —3.46 —1.46 ~1.1|-2.53 —1.37|-2.97 —1.61 | —-1.53 —1.28
Mg | 111 4.87 3.62| 798 454| 101 531 571  4.25
MEF o4 | =535 —2.26 —~1.37 | —3.82 —2.09 | —4.94 —2.51 | —2.80 —1.99
MER 4| 199 0.82 042 142 077 1.86 0.92| 1.06 0.74
MPL, | —0.85 —0.05 —0.97 | —0.65 —0.05 | —1.50  0.07 | —0.92  0.05
MEE, 0.32  0.02 0.38| 024 0.02| 058 —0.02| 0.36 —0.02

Table 7. Comparison of NMEs computed in the quasi-particle random phase approximation [118],
shell model [119], and interacting boson model [120, 121] for several nuclei of experimental interest.
All NMEs are evaluated at m; = 0. The NMEs are defined in eq. (6.2).

m; 2 A, the neutrino mass eigenstate should be integrated out before matching onto
XEFT, which would contribute via the dim-9 operators in egs. (2.44)—(2.46), and its effects
are no longer captured by My + M4 alone. This implies that the correct large-m; limit
is not necessarily equivalent to naively taking the m; — oo limit in the NMEs. We discuss
this issue in detail in the next section.

To nevertheless capture the m; dependence of the NMEs in the m; < A, region, we
can construct a simple Padé approximation of order (0,1) that interpolates between the
limits in eq. (6.5)

3

m

MFint(mi) = MF, Sde 2 Mp o (66)

T Mg

i

We can do the same for MéﬁTint(mi), MéﬁTint(mi), and M££Tint(mi)- The formulae
for the tensor NMEs are less reliable due to smallness and large model dependence of the
tensor NMEs. The functional form in eq. (6.6) was used in ref. [69] and was shown to agree
well with the explicit m; dependence calculated in the interacting boson model.
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Figure 3. The NME M&#(m;) for 3Xe from the interpolation formula in eq. (6.6) (dashed)
and eq. (6.8) (solid) using the quasi-particle random phase approximation [118] (red) and the Shell
Model [119] (blue).

In case of M&# (m;) we can use additional information to further constrain the inter-
polation formula

3
M4 i = ma) = —5 MAE,
9 MAE (my) _ 3 (apr s Lagar (6.7)
om2 Gr\ni)) 2 GT T 9MGT

With additional constraints, we can construct an order (1,2) Padé approximation

ap + (117’12/7712
. mi 6.8
int2 (ml) 1+ blmg/m% + b2m;l/m;1T ( )

For an NME, M, with the large m; behavior of eq. (6.5), the coefficients are given by

M(ma)® — M(0) (M (mr) + M'(mx))

- M 0 - MS I
a0 (0), “ d M(mz)? + M'(mz)Msq
ap + a1
by = —(by+1 by = a1 /M.y, 6.9

where M'(m,) = %Aﬁq(fnl;)

In figure 3 we plot Mg+, (m;) and Mg+, ,(m;) for neutrino masses between 1 MeV

mi;=msgm

and 1GeV for '36Xe based on two nuclear many body methods. The two interpolation
formulae agree within 25% over the whole range of neutrino masses, and the associated
spread is smaller than the spread between different many-body methods. We therefore use
eq. (6.6) for the NMEs where we do not have sufficient information to construct the more
accurate approximation in eq. (6.8).

Armed with these interpolation formulae it is straightforward to obtain the m; depen-
dence of the remaining NMEs in table 7. For the magnetic GT NME we use

MM 912\/[ m% AA m; AA
M, m;) = M, L Mber(my) |, 6.10
GT ( Z) 6 2 m?\] GT,sd m%\f GT ( l) ( )
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while for the short-distance NMEs we obtain

2
ms
Mg sa(mi) = Mp sq — 7m; Mp(m;),
™
b b m? b
Mg’T, sd(mi) = Mg?T, sd — ’I?’L; Mgr'T(ml) )
i
b b m? b
a a al
MT, sa(mi) = MT, sd — m; M7’ (m;) . (6.11)

s
6.1.1 O(mzz) corrections in the small neutrino mass limit

From the functional form of egs. (6.6) and (6.8) it is obvious that the NMEs quickly
saturate for small neutrino masses, m; < m,, and become constant. However, in certain
interesting cases it is important to understand how fast the functions become constant. For
instance, as observed in ref. [65], in scenarios with light, m; < m, sterile neutrinos and no
additional higher-dimensional operators, i.e. My = 0, the leading nn — ppee transition
operator is proportional to

N 2 9
(6) 2 m; ~ 4‘/ud T pT _ 4Vud * _
Z (CVLL> ei <q2 + m2> - q2 [PUmVU P ]ee - ?(ML)GE - 07 (612)
=1 7

and vanishes. In this case, the m?/q? correction is necessary to get a non-vanishing result.
This correction can in principle be estimated from expanding the interpolation formulae in
the small mf limit. We write for m; < my,

2

b b b my
Mg crmry(mi) = Mg orry + M{zorry *m; : (6.13)

™

Using the interpolation formula in eq. (6.6), we can directly calculate M é%{’GT’T} and we give
the results in table 8 for 3Xe. We stress that the results for the derivatives for the NMEs
in the small m; regime are associated with significant uncertainties even beyond those from
the dependence on the nuclear many-body method. By using the interpolation formulae
in eq. (6.8) for MZ#(m;) instead of eq. (6.6) leads to O(100%) corrections in M. More
importantly, for neutrino potentials scaling as 1/q*, contributions from ultrasoft neutrinos
can be as important as those from potential neutrinos that are considered here. We leave
these corrections to future work, but stress that our results for M’ should be taken as

order-of-magnitude estimates.

7 Neutrino mass dependence of subamplitudes

The master formula in eq. (5.2), combined with the results presented in ref. [51], describes
all possible contributions to Ov3S from sterile and active neutrinos, capturing both the
regime of heavy sterile neutrinos, m; > A,, and light sterile neutrinos m; < A,. In the
former regime, the heavy neutrino is integrated out at the quark level, while in the latter
regime it has to be kept as a degree of freedom in chiral EFT. In the region m; ~ A,,
however, both approaches are questionable. Within chiral EFT, diagrams arising at the
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NMEs(1¥6Xe) | [118]  [119]
M}, 0.52  0.23
MGA —1.75 —1.41
Migr 0.51  0.31
MEP —0.14 —0.09
MMM —0.15 —0.11

Table 8. Comparison of the derivative of *6Xe NMEs with respect to m? in the quasi-particle
random phase approximation [118] and shell model [119]. The NMEs are defined in eq. (6.13).

n-loop level give corrections ~ (m; /AX)2” and the loop expansion breaks down. Instead,
when integrating out the heavy neutrino at the quark level, operators involving additional
derivatives, ~ (m@ x OO, cannot be neglected as they induce corrections ~ (A, /m;)".
This implies the m; ~ A, regime is beyond the reach of chiral EFT and of perturbative
QCD methods, and it is therefore hard to treat rigorously. In this section we discuss the m;
dependence of the amplitudes in more detail and employ what is known of the amplitudes
in the two regimes to suggest approximate interpolation formulae that link the low- and
high-mass regions.

Before discussing the interpolation it is useful to consider the two regimes in an example
involving one neutrino mass eigenstate with mass m; which couples to left-handed electrons,
and to right- and left-handed quark vector currents. The low-energy amplitudes depend
on the neutrino masses in two ways, explicitly through the light neutrino propagator, and
implicitly via the mass dependence of the low-energy constants in eqs. (3.24) and (3.26).
The resulting Ov33 amplitude, valid in the region m; < A,, can be written as

m; — _

Ap = = 2 L0, 0% (My (m) - Mamo)

+ [(C\(/GL)L)2 + (C\(/%LY] (My (m;) + Ma(m;)) }, (7.1)

where we include the contributions from the hard neutrino exchange amplitudes, A(LV) (my),
in ./\71\/7 A(m;). In the limit of large neutrino masses, A, < m;, we can integrate out the
neutrino in perturbation theory, as discussed in section 2.3.1, and consider the hadroniza-
tion of the four-fermion operators with coefficients C'g), Cg)/ and Cﬁ). Using eq. (5.9),
we find

9 1 6) 1,6 6) 1,6
‘A(L) = _Qme (C\(/L)Lmu 1C\(/L)L + C\(/P){Lmu 10\(/1:){L) (7.2)
5 m2a™™ (MEE PP ﬁ MAP 4 A 2 NN 77
X1 g9 ( GT,sd + M7, od) T 5 g1 ( GT,sd + M, sd) p mzg1 MF,sd
A
(C\(/]E){Lml/ 10\(/IZL + 4 ﬁLm IC\(/P){L) ~gi" Mpssa — —5magy  Mp,sq ¢
2me 2 9a

where gf™ = O(A2) and g™ = O(A2/F?), while g7™ AN _ 0(1).
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Although the amplitudes in egs. (7.1) and (7.2) look rather different from one another,
one can see that they take similar forms in the large-m; limit. To naively take this limit
for the long-range contributions, as discussed in section 6.1, we use

. (ab) _ T2 (ab) : AA m2
lim MK = WMKSCV mlllinoo MGT = _BWMF’ sd s (73)

mM;—00
7 i

and neglect the magnetic contributions which lead to short-range derivative operators,
subleading in the power counting. Using the above expressions, we obtain naive estimates
of the LECs ¢7™, g7, and ¢gY'N in eq. (7.2). By matching terms that depend on the same
NMES in eqs. (7.1) and (7.2), which is equivalent to matching the 7w — ee and nn — ppee
amplitudes, we obtain

3 1
gi" =5, g =1 g =7 (1 + 395 — 2migy)™ (ms)

) . (7.4)
m; >Ny

These equations were obtained by setting .Ag)) = Ap in the regime m; > A, where the
left-hand side should be reliable, while the right-hand side receives large contributions from
loop diagrams that were neglected. This implies that eq. (7.4) can only give an order-of-
magnitude estimate. Nevertheless, neglecting the g™ (m;) contribution, we see that these
estimates are consistent with the NDA expectation and coincide with the “factorization”
approximation. The value of ¢7" extracted from the lattice, 7™ (¢ = 2GeV) = 0.36, is
about 40% smaller than eq. (7.4).

While these estimates are not very accurate, they at least give the right scaling. This
is not so clear for the LECs in the third line of eq. (7.2). For instance, we can obtain

) : (7.5)
m; >Ny

where the first two terms on the right-hand side are O(1), whereas table 5 tells us that
g = O((47)?). In similar fashion, we obtain

1
1" = (1 — 3g% — 2migiR (mi)

mZgrR (m;)

Yiwis
=4

+O(m?2). (7.6)

T
m;>Ay

9" = (’)(Ai) which is not clear from the right-hand side. Similarly, it is not obvious that
the g)N term in eq. (7.4) scales the same as the left-hand side which is O(1). In all of
these cases, the comparison of the naive limit of eq. (7.1) with eq. (7.2) suggests that the
hard-neutrino LECs should have a non-trivial m; dependence. As we will argue below
for the case of g}, it is indeed the m;-dependence of these LECs which ensures that the
matching relations are restored.

7.1 A dispersive representation

In the case of the g{';; we can investigate its m; dependence by exploiting the isospin relation
to the pion mass splitting. Modifying the dispersive representation derived in ref. [130] to
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account for a massive neutrino, we find®

2
R = s || 10 G (~QTeR(QY), (77)
where Il R is the vacuum matrix element of the time-ordered product of a left-handed and
right-handed current, see e.g. ref. [130]. The correlator Il R is exactly zero in perturbation
theory and in the chiral limit, making it an order parameter for spontaneous symmetry
breaking. As such, the correlator falls off rapidly, Q*IILr(Q?) — 0, as Q? — oo and the
integral in eq. (7.7) is finite. This behavior leads to the Weinberg sum rules, which are
discussed for example in ref. [130]. In the large-N. limit, the correlator can be modeled
by an infinite sum of narrow axial and vector resonance contributions, subjected to the
Weinberg sum rules

0?
~QMLr(Q%) = F7 + ZfAmA 2 T QQ va 2 orl (7.8)
:ZfVmV_ZfAmA7 ZfVmV_ZfAmAZO' (7.9)

v A v A

In this parametrization the integral in eq. (7.7) can be done explicitly and, after imposing
the Weinberg sum rules, we obtain

2,6 2 2.6 2
e L ) I (B10
v My T My m; 2 My Ty m;

Considering a two-resonance model with one axial and one vector resonance, the Weinberg

3
9tk (mi) = 3272 F2

sum rules allow us to solve for fy 4 in terms of the resonance masses and Fy. Using
my = m, = 770 MeV and m4 = m,, = 1.24GeV, and taking the massless neutrino limit,

we obtain s )
T 3 m my, My 2
911 (0) = ——— log ( ~ 1.02FZ, (7.11)
2—res 32m? m124 - m%/ m%/

which is in reasonable agreement with the determination from the pion mass splitting,
gFE(0) ~ 0.8 F2, see eq. (3.25). Considering the large-m; limit one instead obtains

3 mAmi ( 9 < m? > 9 m?
m4 log | — | — mi log | —- . (7.12)
2—res 327T (mA m%/)mQ m.»24 m%/

Using ma ~ my ~ O(Ay) and (47)* = A}/ f2, for large neutrino masses the LEC scales as

grgr(m;)

A2
9TR(mi) > —5 F7, (7.13)

)

and the left- and right-hand sides of eq. (7.6) are of the same size.

SHere we used g% () as an ‘effective’ LEC that captures both the hard-neutrino exchange contributions
as well as the loop diagrams ~ (m;/A,)" which become non-negligible for m; ~ A,. Explicitly, we have
A(n(q)m(—q) — erer)|q=0 = SC\(,GIELC\(,GljiL = MELUM such that g7g(mi)les = ¢gfR(0) in the limit
m; — 0. Here and in what follows we use the notation It (Mmi)|eg — gLg (M)
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We can be more precise by taking into account additional constraints on g';. Firstly,
we can consider the asymptotic limit of It g for Q> — co. In the chiral limit, the correlator
can be obtained through the operator product expansion and it is dominated by the matrix
elements of dimension-six operators [130, 131]

. o Y 1 i _
lim Q%I r(Q%) = 8r°—> {<0!@%T+7“Q§ a5 udpl0) — —(0lg T " qr, Gr7 MR!0>}
Q?—00 m N,

« T 1 s
= 5w S (g - o) = 30 (o~ fam) (7.14)
Cc ‘/,A

Using this, we can rewrite eq. (7.7) for m; > A, as

i 13 M Q@ 2 2
gLr(mi > Ay) = 723222 J, dQ m(—Q Mir(Q7))
o'} 2
i [ QY @@, (115)

MVZEST=3 Ao m?

in the first term, m; > @, and we can drop @? in the denominator, while in the second
term we use the asymptotic expression in eq. (7.14) for the correlator. This gives

3 o« 1 1 m?
TR > A =~ e P2 (g7 - o) o toe

N ) mi T
3 1 m? m2
T VA

The dependence on A and p cancels after applying the sum rule in eq. (7.14).

Secondly, at large values of m;, the expression for g{';; has to reproduce the amplitude
obtained from integrating out the neutrino at the quark level as done in section 2.3.1. In
this case, matching the 77 — ee amplitudes gives, see eq. (7.6),

grr(mi > Ay) = _4m? 95" (m;) . (7.17)

Together with eq. (7.16) this gives an expression for gf™(m;), which can be written in terms
of gf™(n) using the RGE of this LEC, see eq. (2.38),

T
dlnp \ gI™ 4 \ —6 —12CF grm |’ )

and its perturbative solution

3« 1 Tn2
91" (ma) = g§" (1) + 7 — (g%” - NQZ“) log ? : (7.19)
C

By combining egs. (7.16)—(7.19) we can derive an expression for the LEC g]™(u),

T 3 2,6 m,24 2,6 m%/ 790
94 (M)_SWQF;&;; Jama Ogﬁ—fvmv ogﬁ . (7.20)
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Figure 4. The LEC g% in units of F? as a function of the neutrino mass m;. The blue and green
lines denote the three- and five-resonance models, while the red line denotes the naive interpolation
formula in eq. (7.24).

Note that the log mf dependence has dropped out in the above expression, as one would
expect. By using the two-resonance approximation and the corresponding Weinberg sum
rules, the above already allows for an estimate of the LEC,

3 m%,mi ( 2 m,24 2 m%, 2
gr (u = m4 log —* — mi log — | ~ —1.5GeV~, 7.21
4 ( ) o res 87T2F72 mi _ m%/ A MQ Vv :U'Q ( )

for © = 2GeV. This is in reasonable agreement with the direct lattice-QCD calculation
g5 (1 =2GeV) = —1.9GeV? [112].

The final condition that can be imposed on g{{ is the known behavior in the limit
m; — 0, where we have, gTT (m; = 0) ~ 0.8F2, see eq. (3.25). All in all, we then have five
constraints, the two Weinberg sum rules eq. (7.9), knowledge from the large Q? behavior of
the correlator in eq. (7.14), and the high- and low-mass limits of ¢g{'%, eqgs. (7.17) and (3.25).
Clearly, not all of these constraints can be satisfied in the two-resonance approximation,
even though the predictions for the high- and low-mass limits, egs. (7.21) and (7.11) are
not very far off. To incorporate all constraints we can take into account five resonances,
namely the p, p(1450), p(1700), a1(1260), and a;(1640) [132], and we use the physical
masses while fixing their couplings through the five constraints. We show the resulting g{'n
in figure 4 in green, while a three-resonance approximation, for which we do not include
p(1700) and a1(1640) and do not impose egs. (3.25) and (7.11), is shown in blue. As is
clear from the figure, the three- and five-resonance case approximations agree very well.

7.2 A naive interpolation formula

It will prove useful to construct a simpler interpolation formula that can be applied to
LECs for which we have less information or where the resonance model is not applicable.
We follow a similar strategy as in the start of this section and impose

At (M), 5. = AV (i), (7.22)
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where Ay ime(m;) = ALY (my) + AY) (m;) with A € {L, R, V} and A% (m;) = A, (m;) —
.AE:) (m;) is the purely long-distance part of the amplitude constructed in section 5. Instead,

A, = Aty

A |9a_>§a
exchange contributions as well as the loop corrections that become large in the m; ~ A,

involves ‘effective’ LECs, g, (m;), that capture both the hard-neutrino

regime. In the limit of zero neutrino mass, we have go(0) = go(0). In this way the interpo-
lated amplitude has the correct limiting behavior in both the low- and high-mass regions.

The condition eq. (7.22) can be used to obtain expressions for these ‘effective’ hard-
neutrino LECs at a scale m; > A, in terms of LECs arising from dim-nine operators and
possible long-distance contributions. To do so, we employ the large-m; limits of the NMEs,
see eq. (7.3), and demand that the contributions proportional to each NME in eq. (7.22)
match (this is equivalent to demanding that eq. (7.22) not only holds for the nn — ppee
amplitude, but also for the 7w — ee and n — pm ee subamplitudes). We then construct an
interpolation formula

94(0)

1+ ga(0) |0(mo — mi) -8 Ga(mo) + 0(mi — mo)ga(mi)

ga(mi)}naive - -1 (723)

where mg ~ 2 GeV is a scale at which the procedure of integrating out the heavy neutrino
becomes reliable and we use eq. (7.22) to obtain expressions for g (mo;). The ‘effective’
LECs in the large-m; region scale as m;Q, due to the m? in the denominator of the neutrino

propagator. This scaling ensure that ga(mi)‘ reduces to go(m;) for m; — oo, while

naive

it reproduces ¢,(0) in the opposite, m; — 0, limit. Using ga(mi)| in the interpolated

naive
amplitude, A4 int(m;), then allows us to obtain amplitudes for any value of m;.

Applying this procedure to the case of g{f, we again obtain g’ (1m)|m,>A,

—%g}{”(mi) from eq. (7.22), which, in combination with eq. (7.23), leads to

o 91r(0)
gir(mi)| = = —, (7.24)
maive 1~ m? L [0(mg — mi)g7 (mo) + 0(m; — mo) g™ (ma)]

where on the right-hand-side we use the observed value for ¢F%(0) = 0.8F2 (see eq. (3.25)).
At m; = mo = 2GeV this function approximates eq. (7.17) and it has the correct loga-
rithmic dependence on m; in the perturbative QCD regime due to the 6(m; —mg)gi™ (m;)
term. This naive interpolation formulae is shown in red in figure 4, where it is compared to
the results from the three- and five-resonance models. The formulae agree over the whole
range of m; within 20%. Based on this success, we will use similar naive interpolation
formulae for the other LECs.

It remains to understand the relations in egs. (7.4) and (7.5) and the m; dependence
of gNN(m;) and ggg (m;). These equations imply that gEIRN is enhanced with respect to g™
in the m; > A, region. This can be understood from the different RGEs of these couplings.
For m; < A, the RGE for gERN receives contributions from both light neutrino exchange
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and the 7w — e~e~ coupling, while g™ only from the former

d ~NN 1 2
= —(1 2
dlogugl’ 2( + gA) )
d xy_ 1 2 2 9Lk (174)
=—(1-2 2 2

where gNN = (myC/47)2GNN ~ g’N/F2. While the first term is independent of m;, the
second term in the RGE of gERN scales as Ai /m? for large m; as can be seen explicitly
from eq. (7.24). It is this behavior which ensures that the left- and right-hand side of
eq. (7.5) match.

We can now construct interpolation formulae for gi™(m;) and ¢gN{ (m;) similar to
eq. (7.24), by using the matching conditions at large neutrino masses

_ 2 . 2 1
N> ) = = 23 = = 2y (i) - 104343 )
m; m;
—NN( .»A):_iANN .):_i NN( .)_11_32) 7.96
gLr (M X 594 (ml 5 {94 My 4( gA ) ( . )
m; m;
to obtain
gNN(m.) _ gIIJ\IN(O)
v ? - NN N N —1°
naive 1—m%g”T(0) [6(mo—m;) g™ (mo) +0 (m;—mo) g~ (my)] !
NN
NN 9rr (0)
JLR (ml) = NN (o IR (727)
naive l—ngLRT() [Q(mo—mz-)g4NN(mo)+0(mi—m0)§}fN(mi)] !

7

where we use the following RGEs to express glN4N(m,,) in terms of g&N (u~2GeV)

3« 1 m2
g (my) = g (p) — = — (1 — ) g N log 7 :

4 7 N,
NN/ __\ _ NN 3as (NN I 1 m; 7.28
gy (mi) =gy (p) + 17 \95 = EEM 0g F . (7.28)

Armed with the interpolation formulae we are now ready to calculate the Ov55 am-
plitude in eq. (7.1), starting with the combination of NMEs and LECs My & M 4. The
combination My + M4, relevant for scenarios without higher-dimensional operators, de-
pends on NMEs such as Mp(m;) for which we use interpolation formulae of the form in
eq. (6.6). In addition, there is a dependence on gh™ (m;) for which we use eq. (7.27). Unfor-
tunately, the latter formula depends on two LECs, g)'™ (0) and g} (my), that have not been
determined with nonperturbative methods. For a discussion of the required lattice QCD
calculation, as well as recent steps towards such a determination, we refer to refs. [133-137].
We use two reasonable choices for the LECs to assess the associated uncertainty. We use
the NDA estimates

1
aN0) =7 AN(mo) = 1 (1+3¢3) £ 1, (7.29)

(2F7)*
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where the latter choice is guided by the factorization approximation in eq. (7.4). The choice
for gi™N(0) is dictated by the NDA expectation gi™(0) ~ giR (0), and by the extraction of
9N (0) 4 gRY(0) from isospin breaking in nucleon-nucleon scattering [108]. As discussed in
ref. [108], the value of (2F;)%(go™ (0)+ gy (0)) varies between 0.2 and ~ 2.5 in various high-
quality chiral interactions, depending on the form and value of the ultraviolet regulators.

For the left-right combination My — M4 we require, in addition to the usual NMEs,
the ‘effective’ LECs g7% (m;) and ghg (m;) for which we use the interpolations in eqs. (7.24)
and (7.26). The former is reasonably well understood, see figure 4, while the latter is as
uncertain as g)V(0). In this case, we include this uncertainty by assigning a 50% error on
the contribution from g¢{'f(m;), as both effects are expected to appear at the same order.
The dependence of My, £ M 4 on m; is depicted in the top panels of figure 5. The blue and
red bands correspond, respectively, to My 4+ M4 for 136Xe NMEs obtained with QRPA
(solid) or the Shell Model (dashed). The bands are obtained by varying the LECs as
discussed above and it is clear that these LECs, and not the NMEs, provide the dominant
uncertainty. At small neutrino masses, My + My and My — My are of similar size
with the former being a bit larger, but this behavior changes drastically once m; increases.
Around a few hundred MeV, My — M 4 becomes larger due to m; dependence of IR (my).

In the bottom panels of figure 5 we plot the combinations (m;/4me)(My £ M4) that
appear in the subamplitude A;. The amplitudes peak in the hundreds of MeV to GeV
range, but the exact location depends on the underlying operators. The uncertainties are
sizable, at the order-of-magnitude level, and dominated by uncertainties in the LECs. The
amplitudes show a non-trivial behavior on m; which is in part due to the m; dependence
of the ‘effective’ hard-neutrino LECs. The contributions from these LECs are not included
in interpolating formulae in the literature, which are purely based on the m;-dependence
of the NMEs [69]. This leads to significant differences for the case of My — M 4 where gI'%
dominates the m; 2 A, region.

Similar interpolation formulae can be derived for the other LECs introduced in sec-
tion 3.4.2 by matching via eq. (7.22) and employing the interpolation formula in eq. (7.23).
This procedure allows us to smoothly interpolate between the m; < A, and m; > A,
limits. In appendix E we discuss several cases that we require in section 8.3.

8 Phenomenology

We now turn to applications of the master formula in eq. (5.3) by investigating several
scenarios involving sterile neutrinos. We emphasize that our purpose is not to find phe-
nomenologically viable models of neutrino masses, but mainly to illustrate the use of the
framework developed in this work. The search for sterile neutrinos is a very rich field with
searches in a wide range of experiments, see e.g. refs. [138-143], of which OvSf is only
a small, but crucial, part. The framework presented here can be used directly in future
global analyses of sterile neutrinos.

In what follows we study several relatively simple scenarios. We start by considering
minimal scenarios in which we extend the SM by one or two sterile neutrinos that are gauge-
singlets and do not interact via higher-dimensional interactions. In these so-called 3+ 1 and
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Figure 5. Top-left panel: the dependence of My + M4 (blue) and My — M4 (red) as a function
of m; for 13¢Xe NMEs obtained with QRPA (solid) or the Shell Model (dashed). The bands reflect
the uncertainty due to LECs associated with hard-neutrino exchange. Top-right panel: same as
top-left panel but for larger neutrino masses. The relative enhancement of My — M4 at large
neutrino masses is due to the behavior of the LEC ¢f'f; (m;). Bottom-left panel: the dependence of
(m;/4me)(My £ My) (blue) as a function of m; for *Xe NMEs. Bottom-right panel: same as
bottom-left panel but larger m; region.

342 models, Ov 50 arises solely from the Majorana masses of the sterile neutrinos. We begin
by studying whether Ov33 can be measured in these minimal models and discuss the m;
dependence of the resulting decay rates. After considering these cases, we turn on several
higher-dimensional operators that are induced in BSM scenarios involving leptoquarks and
determine the impact of such interactions on the Ov53 predictions.

The current experimental bounds on the half-lives of various isotopes are summarized
in table 9, where the expected future sensitivities are also shown. In our numerical analyses,
we use the limit on Tlo/"Q(I%Xe) obtained by KamLAND-Zen, which is the strongest one at
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Isotope Experiment Current limit (x10%%yr)  Future sensitivity (x10%°yr)

BCa ELEGANT-1V 5.8 x 1073 2] -
CANDLES 6.2 x 1073 [23] 1072 [28]
NEMO-3 2.0 x 1073 [9]
Ge MAJORANA DEMONSTRATOR 2.7 [22] -
GERDA 9.0 [24] -
LEGEND — 10° [29]
82Ge CUPID 3.5 x 107! [25]
NEMO-3 2.5 x 1072 [20]
SuperNEMO — 10 [30]
%67y NEMO-3 9.2 x 107* 3]
1000 o NEMO-3 1.1x 107! 8]
CUPID-1T - 9.2 x 102 [37]
AMoRE 9.5 x 1073 [26] 5.0 x 10 [31]
H6cd NEMO-3 1.0 x 1072 [13]
128Te - 1.1x 1072 1] -
130Te CUORE 3.2 [21] 9.0 [32]
SNO+ - 1.0 x 10? [33]
136Xe KamLAND-Zen 10.7 [10] 2.0 x 102
EX0-200 3.5 [27] 103 [34]
NEXT - 2.0 x 102 [35]
PandaX - 1.0 x 102 (36]
150Nq NEMO-3 2.0 x 1073 [12]
Table 9. Current and future experimental limits on Tlo/”2 at 90% C.L.
present, and take into account the following future prospects
Y7y (M*°Xe) > 2.0 x 10*7 [y1] (KamLAND?2 — Zen), (8.1)
17}y (M°Xe) > 1.0 x 10%° [yr] (nEXO). (8.2)

The prospects for the LEGEND experiment are of high interest as well, with an expected
sensitivity of Tlo/”2 (76Ge) ~ 1028 yr.

Before we begin analyzing the scenarios with sterile neutrinos mentioned above, we
first briefly discuss the scenario of 3 light Majorana eigenstates, that is, the standard
mechanism. This case corresponds to only turning on the LNV operators that generate
Majorana masses for the left-handed neutrinos, Mp, in eq. (2.7). We use the standard

parametrization and write
U = RPWBRYdiag(1, e, e2) | (8.3)

in terms of the rotation matrices [W“b(eab, 6ab)]ij = 0;5 + (5ia(5jbei5ab — 5ib(5jaefi‘sab)sab +
(5ia5ja + 5ib5jb)(cab — 1) and R“b(ﬁab) = Wab<9ab, 0), so that

3
2 2 2 2N .2 2 2i(Aa—d13) .2
mgg = g m;UZ = miciocis + mae L siscis + mae (A2 13)313, (8.4)
=1
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Figure 6. 0v3f half-life of *6Xe as a function of the lightest neutrino mass in the scenario of 3
light Majorana neutrinos in case of the normal hierarchy (blue) and inverted hierarchy (red). We
show results obtained with QRPA (solid) or the Shell Model (dashed) NMEs. In the left panel, the
bands reflect the uncertainty due to LECs associated to hard-neutrino exchange and the unknown
Majorana phases. In the right panel, we ignore the contributions from hard-neutrino exchange as
typically done in the literature and the bands arise solely from varying the unknown Majorana
phases. The shaded regions in both panels correspond to the present experimental limit, and
expected future limits are depicted by the two dashed lines.

in terms of the sines (cosines) of the neutrino mixing angles, s;; (¢;;), the Dirac phase
013, and the Majorana phases, A1 2. We set the mixing angles to their central values [132]
(see table 10). The relevant subamplitude is Az (m;) that depends on the combination
My (m;)+ M a(m;), but since all mass eigenstates are at the eV scale or below, we actually
only require My (0) + M 4(0). This combination depends on the unknown LEC g ™ (0)
associated with the exchange of hard neutrinos. This contribution is usually not considered
in the literature, but as demonstrated in refs. [107, 108] appears at the same order as the
exchange of potential neutrinos. To calculate decay rates we marginalize over the Majorana
phases and vary gh™(0) between +(2F, )2 as discussed below eq. (7.27).

The resulting '*6Xe half life is depicted in the left panel of figure 6 for the normal
hierarchy (NH) in blue and inverted hierarchy (IH) in red as a function of the lightest
neutrino mass, m. We used two sets of NMEs obtained with the QRPA (solid) and Shell
Model (dashed). Around m = 5-1073eV, the usual ‘funnel’ appears for the NH due to
a possible cancellation in mgg. For smaller m, the uncertainty on the half life is roughly
two orders of magnitude for both the NH and IH. This uncertainty arises roughly in equal
parts from the uncertainties in the LECs and Majorana phases, and in smaller amount
from the change in NMEs between the QRPA and Shell Model. This can be seen more
clearly by comparing to the right panel of figure 6 where we have set gh™(0) = 0 and
thus ignored contributions from hard-neutrino exchange as usually done in the literature.
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While the O(1) contribution from the hard-neutrino LEC is consistent with the chiral
expectations discussed in section 3.4, it is possible that this effect turns out to be smaller
when consistently evaluated in the many-body methods used in refs. [118-121] (see the
discussion at the end of section 3.5). If this turns out to be the case, the uncertainty shown
in the right panel of figure 6 is more appropriate. The fact that the bands in both the NH
and IH are significantly smaller in this panel highlights the importance of pinning down
the value of g™ (0) with nonperturbative methods.

8.1 341 model

The simplest scenario we investigate is the 3 + 1 model where the SM is extended by one
gauge-singlet neutrino. That is n = 1 and N = 4. This model leads to two massless
neutrinos and is thus ruled out by the combined atmospheric, AmiTM ~2.4-1073eV? and
solar, Am%OL ~ 7.5-107° eV?, squared mass differences. Nevertheless, due to its simplicity,
the scenario provides a useful toy model. In the flavor basis, we write the neutrino mass
matrix as

0 0 0 Mal

0 0 0 MB,?

0 0 0 M]‘33 ’
ME,l MB,z ME,?, Mg

M, = (8.5)

and we set M]’S’l = MBQ = M53 = Mj. The neutrino mass matrix is then described
by just two parameters M}, and Mpg. Note that in the absence of higher-dimensional
operators, (M,);; = 0 for i,j = 1,2,3 is required by gauge invariance. This simple setup
predicts two massless neutrinos, m; = mgy = 0, and two massive neutrinos described by

1 1
my =g [\/\MRP +12[Mp|* — [Mg|| ,  ma=3 [\/\MRP + 12[Mp|? + |Mg|| , (8.6)

where we assumed mg < my, while the inverted relations are

1
|Mg| =mq—m3, [|Mp|= %\/m:ﬂm- (8.7)

It is straightforward to diagonalize the mass matrix to obtain the PMNS matrix, which
can be parametrized as [144]

U= DLR34R24R23R14R13W12DR
Dy, = e @pTer/Ddiag(1,1,1, e " @r o)y Dp = diag(1,1,i,1), (8.8)

where W% and R¥ are defined below eq. (8.3) and ap r = Arg Mp gr. In this fairly simple
case nearly all the mixing angles can be expressed in terms of the neutrino masses

m3
= 2, =1t B = =1 - 9. | a_ 89
893 634/f S34 o4 S24 SlS\/W 14 2m3 + 3m4 ( )

where t;; = si;/c;ij, while s12 is unconstrained due to the two vanishing neutrino masses.
One useful result of the above is
1 my

2 _ _Mdgp 2 M4 i(2ap+ag) 1
U€3 m3U64 3m3+m46 . (8 O)
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As mentioned, this model of neutrino masses is too restrictive to reproduce the oscil-
lation data. To nevertheless investigate the effect a sterile neutrino would have on Ov343 in
this scenario we approximate Am%y; =~ 0, and set mg = \/Am32, ~ 0.05eV. For my < A,
the OB half life is then simply given by (eq. (5.3))

4 2
-1
(Tlo/y2> = ghGor > Ar(mi)| (8.11)
i=1
where (egs. (5.4), (7.1))
my; - —
Ap(mi) = = [ My (ms) + Ma(my)] (CE9 )2, (8.12)
and (egs. (2.24) and (2.28))
CE)\ = —2Va(PU)ei = —2ViaUsi. (8.13)

All other Wilson coefficients vanish. The combinations of NMEs and LECs /\71\/7 A(m;) are
defined in eq. (5.10), with the inclusion of the short-range pieces in eq. (5.5), and their
dependence on the neutrino masses is discussed in sections 6.1 and 7. For my > A, instead,
the half life becomes

5 2
Z Ar(m;) + A(I?) (my) (8.14)

=1

(Tlo/y2>_1 = gaGoi

as the fourth mass eigenstate is integrated out on the quark level. In this case Af)(m@ is
defined in egs. (5.9) and the neutrino mass dependence enters via

2
O = g (O, = -2, (8.15)
The interpolation formulae described in section 7.2 ensure that the my < Ay and my > A,
limits smoothly match.

The result for the 033 36Xe rate is depicted in the left panel of figure 7 as a function
of my. It can be divided into three regions. For m4 < m, the life time increases as mﬁ
for decreasing neutrino masses. For my > A, the lifetime becomes independent of the
neutrino mass. The intermediate region is more complicated and shown in more detail in
the right panel of figure 7. The behavior in the three regions can be understood from the
neutrino mass dependence of My (m;) + Ma(m;) shown in figure 4. For small neutrino
masses my < my ~ kr, the NMEs become almost independent of the neutrino mass. The

dominant contribution, however, is proportional to

4
> mUg =0, (8.16)
=1

as can be seen explicitly from eq. (8.10), see also eq. (6.12) and ref. [65]. The first non-
vanishing contributions in this regime are suppressed by mf /m?2 as discussed in section 6.1.1
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Figure 7. 0v3p half-life of 136Xe as a function of m4 in the 3+ 1 model. We show results obtained
with the QRPA (solid) or Shell Model (dashed) NMEs. The bands reflect the uncertainty due to
LECs associated with hard-neutrino exchange. Right-panel: same as left panel but for neutrino

masses around the pion mass.

and the half life is proportional to

4

3772
E m; Ug;
i=1

in the regime my > m3. For large neutrino masses, my4 > Ay, we need to compare the

2
— |Mp2Mg|* ~ m3md, (8.17)

two terms in eq. (8.14) which are both non-zero. The first term involves the sum over light
neutrinos, but only the mj3 contribution is nonzero, and depends on U,z ~ —1/+/3 which is
constant in the 3 + 1 model up to mg/my corrections, see eq. (8.10). Similarly, we can see
that m4U? is roughly independent of my4 from eq. (8.10), but in this case the amplitude
scales as Af) (my) ~ CigL) ~ U2, /my ~ my? and thus quickly drops off. In fact, already for
m4 = 1 GeV the fourth neutrino only contributes at the 10% level.

From figure 7 it is clear that for small neutrino masses, the 3 + 1 toy model predicts
extremely slow Qv 3/ rates, orders of magnitude away from present or projected sensitivities.
For my4 > 1 GeV, the half lives range from roughly 1.7-10%" yr to 1.5-10%® yr depending on
the choice of NMEs and LECs. The uncertainty in the half life is at the order-of-magnitude
level and mainly due to our poor knowledge of the short-distance LEC gYN(m;). Although
the uncertainty in the small-m4 region looks small this is probably unrealistic. In this
regime, the amplitudes depend on the derivative of the NMEs with respect to m;, which we
estimated by expanding the interpolation formula. However, as discussed in section 6.1.1,
this expression might not be accurate in this region and a realistic uncertainty would likely
be at the order-of-magnitude level as well. Since the decay rates are immeasurably small,

this uncertainty is not too relevant.
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8.2 342 model

We now consider a minimal 3+ 2 model, where we extend the SM with two sterile neutrinos
(n = 2). This model is more realistic as it can readily accommodate the measured neutrino
mass splittings, mixing angles, and CP phase. We closely follow the analysis of ref. [145] to
conveniently parametrize the 5 x 5 mixing matrix in terms of neutrino masses and PMNS
parameters. The original 5 X 5 mass matrix is given by

0 0 0 My, Mp,
0 0 0 My, Mp,
M, = 0 0 0 Myp, Mp, (8.18)
M]*JM MB% MBM MR44 MR45
MBH) Mf)% MB35 MR45 MRss
This mass matrix leads to one massless and four massive neutrinos and can be diagonalized
by a 5 x 5 unitary matrix U that consists of physical parameters [145]

UTMI/U = diag(mla ma,ms, my, m5) 9 U= (gﬂa Zas> ) (819)

where, in the normal hierarchy, we have

10 0
Usa = U , Uns = iU, R 8.20
PMNS <0 H> 1UPMNS (Hmlé RTMh %) ( )

R -
Usa =1 (0 HMh 2lel/2) ’ Uss = H . (821)

Here, m; and M}, are 2 X 2 mass matrices

my =" ! L M= (" 0 ; (8.22)
0 ms3 0 ms
and Upyns and R are 3 x 3 and 2 X 2 matrices
Upnns = RBWBR? diag(1,1, eia) , (8.23)

R ( cos (045 + i745) sin (045 + i745)> (8.24)

—sin (045 + i945) cos (045 + iy45)

where 045 € [0,7/2] and 45 € (—00,00). As the name implies, Upysns is the usual PMNS
matrix consisting of 3 mixing angles, 1 Dirac phase, and 1 Majorana phase (there is only
1 Majorana phase because m; = 0). The matrices H and H are composed of the above
mass and rotation matrices

o=
ol

1 1 — 1 L1
H=|I+m] RTMthmf] , H= [1 + M, *RmyR'M, *| . (8.25)

The above form of U assumes m; = 0 making it directly applicable to the case of
the NH, while in the case of the IH we instead have mz = 0. To account for this
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change we can replace mg3 — mj 2 in the above, leading to a solution of UrmM,U =
diag(0, m1, ma, mg, ms), after which the mass matrix can be brought into its usual order-
ing by rearranging the columns of U. Although this procedure leads to a perfectly adequate
parametrization of U, it does not lead to the familiar identification of the mixing angles s;;
with the solar and reactor angles. To ensure that the usual Upjsvs appears as the upper
left-hand block in our parametrization of U (in the limit my4 5 — co) we simply follow the
steps of the derivation in ref. [145], starting from eq. (8.19) with m3 = 0 instead of m; = 0.
This leads to a form of U which can again be written as in eq. (8.19), but now

. N 0
Usa = U H, Uas = iU HR _ ,
PMNS PMNSH I3 (mll/QRTMh 1/2)
Ugg =i (0 HM,:I/QRm}/Z) RY, Us=H, (8.26)
where m; = diag(my,ms), while H = Rj 0 H R;, with H as in eq. (8.25) but using

m; = diag(mi, mg), and Ry = W13(—m/2,0)W?3(x/2,0). M), and H are left unchanged.
To obtain these expressions we used the relation

T
diag(mq,ma,0,myg,ms) = (}33 ?) diag(0, m1, ma, mg, ms) (fég g) , (8.27)
to write eq. (8.19) in the form of eq. (2.3) of ref. [145]. The rest of the derivation then
closely follows that of ref. [145], leading to a similar form of U as in the NH case, but with
additional factors of Rj.

We do not wish to perform a fully general analysis of the parameters in the mixing
matrix. Instead, we fix all parameters except for m4 and ms. We work in the normal
hierarchy and set mo = 1/Am§OL ~ 858 -1073eV and mg = 1/AmiTM ~ 0.05eV. We
pick the best-fit values for the PMNS mixing angles and Dirac phase [132]. For simplicity we
set the Majorana phase to zero, a = 0. While the choice of 45 does not affect the unitary
matrix drastically, U and Uz can deviate from the experimental values if y45 2 O(1).
Taking into account this restriction, we pick moderate values for 645 and ~45. All choices
of parameters are given in table 10.

We show the lifetime TP/”2(136Xe) in the case of the NH as a function of m4 for four
different values of ms in the left-panel of figure 8. We use the QRPA NMEs of ref. [118]
and a specific value of the short-distance LECs to not clutter the plots too much. We set

N (0) = (2;) g (mp) = (5+ 3¢3)/4, (8.28)

as discussed in section 7.2. We can observe a few things. For small ms < m, and my < ms
the half life becomes independent of m4 and scales as m3, similar to the behavior of the
3 + 1 scenario for small my (the left part of figure 7). This is the ‘cancellation regime’,

where the NMEs and LECs become m; independent and

Z i (My (mg) + (Ma(my)) ~ O(U2m3) o« m?, (8.29)
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NH Am3, [eV?] Am3, [eV?] A2
7.39-107° 2.449 - 1073 0
30 [6.79, 8.01]-107° [2.358, 2.544] - 1073 [0, 7]
sin? 01 sin? O3 sin® 63 di3/m
3.10-107! 5.58 107! 2.241-1072 1.23
30 | [2.75, 3.50] 1071 [4.27, 6.09] - 107! [2.046, 2.440] - 1072 [0.78, 2.06]
H Am3, [eV?] Am3, [eV?] A2
7.39-107° —2.509 - 1073 0
30 [6.79, 8.01]-10~° [-2.603, —2.416]-1073 [0, 7]
sin® 019 sin® fas sin® ;3 dg/m
3.10-1071 5.63 1071 2.261 - 1072 1.58
30 | [2.75, 3.50] - 107! [4.30, 6.12] - 1071 [2.066, 2.461] - 102 [1.14, 1.97]
3+2 O45 V45
/8 0.5

Table 10. Input parameters used for the analysis of the standard three-light Majorana neutrino
scenario, depicted in figure 6, and the 3 + 2 model. The values of the light neutrino mass splittings
and the PMNS angles are taken from ref. [132].

3+2:NH 3+2:NH
10% 10%
32 L 2L
10 ms = 30 MeV 10
E 10% E 10°!
2 2
30 30
S 1070 100 Mev S 10
Q Q
S 102} 3 light neutrinos 3 107}
B~ 500 MeV D S — [
1033 - _5, Q?Y _________________ e e 1033
1.0 x 10 (nEXO)
e 2.0 x 107 (KamLAND2~Zen) | 1027 2.0 x 10?7 (KamLAND2-Zen)
0.01  0.10 1 10 100 1000  10* 001  0.10 1 10 100 1000  10*
my [MCV] my [MCV]

Figure 8. Left panel: 0vB3 half-life of *Xe as a function of my4 for ms = 30MeV (blue),
ms = 100 MeV (red), ms = 500 MeV (green), and mys = 5000 MeV (orange) in the NH. The gray
horizontal line is the predicted half life for the standard mechanism for the same choices of neutrino
parameters and LECs. Right panel: same as left panel but now we included uncertainties from
NMEs and LECs. Bands correspond to ms = 30 MeV (blue), ms = 100 MeV (red), ms = 500 MeV

(green).
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3+2:1H 3+2:1H
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] “
g 1023 . | S nEXQ - g 1028 |
= =
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Current limit : 7%, > 1.06 X 10% yr Current limit : 7%, > 1.06 X 10? yr
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Figure 9. Left panel: OvBf half-life of 136Xe as a function of my for ms=30MeV (blue),
ms =100MeV (red), ms =500 MeV (green), and ms = 5000 MeV (orange) in the IH. The gray hori-
zontal line is the predicted half life for the standard mechanism for the same choices of neutrino pa-
rameters and LECs. Right panel: same as left panel but now we included uncertainties from NMEs
and LECs. Bands correspond to ms =30MeV (blue), ms =100 MeV (red), ms =500 MeV (green).

since Ues ~ y/my/ms. The scaling with mg breaks down for larger values of ms, in fact,
for ms > 500 MeV and m4 < m, the half life becomes essentially independent of both my
and ms as can be seen by comparing the left part of the green and orange lines.

For my > m, and ms > A, (the right part of the green and orange lines), the
scenario becomes similar to a standard seesaw scenario with 3 light Majorana neutrinos
and ‘decoupled’ heavy states, see the horizontal gray line. The lifetime becomes roughly
10%° yr, the predicted lifetime in the NH for a massless lightest neutrino and vanishing
Majorana phases. Shorter half lives are possible if one neutrino is heavy while the other is
at or below the pion mass. The right sides of the blue and red curves correspond to such a
scenario with a half life of roughly 2 - 10?® yr, not too far from the projected nEXO limits.
Finally, for almost degenerate m4 and ms there is a cancellation leading to a peak in the
half life. In the right panel of figure 8, we show the same results for three choices of ms,
now including the uncertainty from the short-distance LECs and we show results for two
choices of NMEs. The uncertainties are at the order-of-magnitude level.

The case of the IH is shown in figure 9, which shows a behavior that is very similar to
that of the NH scenario. In particular, at large values of ms the half life becomes almost
independent of my 5, while, in the small mass region, the scaling ~ mg reappears. We again
see a cancellation when my4 ~ ms, and the half life approximates that of a seesaw scenario
with 3 light neutrinos in the large-my 5 region. In contrast, the absolute value of the half
life does differ between the scenarios and is roughly an order of magnitude smaller in the
IH than in the NH. In fact, nEXO will be sensitive to minimal 3 + 2 scenarios in the IH
for which at least one mass eigenstate has mass larger than roughly 500 MeV.
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Figure 10. Left panel: 0v33 decay half-life of 36Xe in the NH as a function of the Majorana
phase, a, for my 5 > 1GeV (blue), for my = 1€V and ms > 1GeV (red), and my = 100 MeV and
ms = 1GeV. LECs and NMEs as in the left panel of figure 8. Right panel: similar but now for
a =0 and we vary the mixing angle 05.

It should be mentioned that figures 8 and 9 depend on the choice of mixing angles
and phases, for which we used o = 0 and the values in table 10. Varying the phases can
lead to significantly larger half lives, especially when they are tuned to induce cancellations
between the different contributions, while in other parts of parameter space (often milder)
enhancements are possible. To get an idea of these effects we show the dependence on
the Majorana phase o and the mixing angle 645 in the NH in the left- and right-panel of
figure 10 for three choices of m4 and ms. The blue lines correspond to decoupled mass
eigenstates with my45 > 1GeV. In this case, the Majorana phase is still relevant and the
half life varies by roughly a factor 5 depending on «, but only has a mild 645 dependence.
The red line corresponds to m4 = 1eV while mz = 500 GeV is decoupled. In this case, the
dependence on « is significant and for o = 7 the half life increases by roughly six orders of
magnitude compared to a = 0, while the dependence on 65 is far less severe. Finally, the
green line correspond to an intermediate scenario with my4 = 100 MeV and ms = 1 GeV.

8.3 A leptoquark scenario

In this section we illustrate the use of the EFT framework by performing the matching in
the case of an explicit model of BSM physics. Our main goal is to illustrate the framework
and we consider a simple SM extension. We extend the SM with right-handed neutrinos
that interact with leptoquarks (LQs). Leptoquarks are hypothetical particles that convert
quarks to leptons and vice versa. All possible representations of LQs are summarized in
ref. [81], and among them is a scalar LQ that transforms as an SU(3). triplet, an SU(2),
doublet, and carries nonzero hypercharge: R (3, 2, 1/6). The LQ interaction with sterile
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neutrinos is given by
,CLQ = —ybeJRaRiEiijl./b + y?QEQRiVRb + h.c. R (8.30)

where a,b and i, j are flavor and SU(2) indices, respectively. In addition to these interac-
tions, we include the right-handed neutrino Majorana mass terms and Yukawa interactions
as in eq. (2.1). The LQ interactions are LNC so that LNV only arises from the Majorana
mass of the sterile neutrinos. Integrating out R, one dim-6 operator in table 3 is generated

£ =), (Lidy) €9 (Qlvra) + hec., (8.31)
abed
where
G 1 R nis
Cloy = —— vyl (8.32)
abed LQ

with mp,q being the mass of the R LQ. The above operator, as well as Or,gq generated
through the RGEs of eq. (2.4), induces the dim-6 scalar and tensor operators in eq. (2.9)
below the electroweak scale. We focus on operators involving the first-generation quarks
and charged leptons

2G
[,(AG}/:O = r Eéﬁl% UrdrerVRra + é(rlej) urot’drero ' vra | , (8.33)
\/§ ea ea

where the subscripts e and a denote the charged-lepton and neutrino flavor, and

(6) _ 40 _ U TR pi -
Csr = 20" = 2 5 Y1a Y1e > ( . )
ea ea mLQ

where a runs from 1 to n.
Of course, we also have to include the SM weak interactions and together we obtain
the following matching to the operators in eq. (2.24)

a=1 €@

With these nonzero Wilson coefficients the Ov33 decay rate can be directly read from
the master formula in eq. (5.3). We use the procedure outlined in section 7.2 to obtain
matching relations for the relevant LECs and we explicitly give the resulting interpolation
formulae in appendix E.

8.3.1 A 341 scenario with leptoquark interactions

We first consider the 3+ 1 scenario, but now with the additional LQ interactions described
above. This only provides a simple toy model in which to study the effects of the LQs, as
it also leads to two massless neutrinos and cannot explain the observed oscillation data. A
more realistic 342 scenario is studied in the next subsection, we note, however, that is also
possible to explain the neutrino masses in LQ models without introducing sterile neutrinos,
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Figure 11. Left panel: T77,('**Xe) as a function of my in the LQ 3 + 1 model. The blue line is
the total half life whereas the red line depicts the contribution from just the standard mechanism

(exchange of neutrinos interacting via left-handed currents). We have set yLfiyftl* = 1.0 and
mLq = 10 TeV. Right panel: similar but now we fixed m4 = 10eV (blue), my = 1keV (red), and
my = 5GeV (green) and vary mpq. In both panels the Dirac and Majorana phases were set to
Z€ro, ms = \/m , and the QRPA NMEs were used.

see e.g. [146-148]. For simplicity we set the couplings yﬁyﬁb‘ = 1 as deviations can be
absorbed in my,q. For the contributions from the standard mechanism we set the unknown
LECs as in eq. (8.28). The LQ interactions induce a large number of contributions to
the subamplitude Ay as given in eq. (E.4). Unfortunately most of these contributions
are associated to LECs we do not control. To simplify the analysis somewhat we only
include contributions from purely pionic operators, where lattice results are available that
can help constrain the LECs. The missing contributions from pion-nucleon and nucleon-
nucleon interactions can be added once more information about the LECs is obtained. The
missing contributions appear at the same order as the pionic contributions we do include,
and thus correspond to a significant uncertainty. For the pionic operators we require the
interpolation formulae discussed in eq. (E.11) of appendix E. These depend on ¢77% 3 , 5 that
are known (see table 5) and the unknown couplings g7 (0), ¢77(0), g5%1,(0), 977y1L(0).
In this section we use the NDA estimates

T Viwis 1 viwis viwiy
981 (0) = —g771(0) = 720 983LL(0) = g7ypL(0) = —1, (8.36)

T

where the signs were chosen in such a way that the LECs do not change sign when varying
the neutrino mass.

We plot the resulting OvBS half-life of 3Xe in the left panel of figure 11 for
mpq = 10 TeV as a function of my4. The red line denotes the limit of myq — oo corre-
sponding the 341 scenario discussed above. We have set the Dirac and Majorana phases to

zero, mg = \/ AmA 1y, and used QRPA NMEs. The theoretical uncertainty due to NMEs
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and LECs is not shown, but is similar to the 341 and 3+ 2 scenarios and thus roughly one-
to-two orders of magnitude on the half life. The plot shows that for a light fourth neutrino,
my < 100 GeV, the LQ interactions completely dominate over the standard mechanism. In
fact, the current experiments rule out 10 TeV interactions for 100keV < my < 100 GeV.
In the LQ scenario, Ov35 experiments are most constraining at m4 ~ 170 MeV, where we
find mpg > 56 TeV. Future experiments could push this towards mrg > 150 TeV.

In the right panel of figure 11 we show the half life as a function of mpq for three
specific values of m4. We set my = 10eV, with the eV-scale being motivated by anomalies
in neutrino experiments [149-152] (but see ref. [153] as well), m4 = 1keV, as motivated by
models of sterile neutrino DM [154, 155], and m4 = 5 GeV as motivated by studies of low-
scale leptogenesis [61]. For these cases, the limits on myq are respectively mrg > 1TeV,
mrg > 3TeV, and mrg > 21TeV. While it is difficult for present and future Ovj3g3
experiments to probe scenarios with just light sterile neutrinos, these results illustrate
that prospects are much better in scenarios where the sterile neutrinos have non-standard
interactions.

8.3.2 A 342 scenario with leptoquark interactions

We now repeat the analysis in the 3 + 2 model. In section 8.2 we concluded that detection
of OvBp is not possible with the next generation of experiments in the pure 3 4+ 2 model
for the NH (see figure 8). It is interesting to investigate what the scale of BSM physics
should be to make a detection possible. We take the LQ interactions as an example of
BSM physics in order to determine the relevant mass of my,q for different choices of my

and ms. To reduce the number of parameters we set y?yﬁb‘ = ylfiyRl* = 1 and use the

same phases, angles and LECs as in section 8.2. We do not show the dependence on the

LR, RLx
LQ couplings explicitly, but note that they always appear in the combination %, SO

_ La
that a shift in the couplings of, for example, ylLaRyﬁL* — 1072, is equivalent to rescaling

the LQ mass by a factor of 10.

In the top-left panel of figure 12, we set mpqg = 10TeV and ms = 10eV (blue),
ms = 1keV (red), ms = 1MeV (green) and vary my. Current experiments already rule
out such scenarios for a significant range of my. For ms in the MeV range, the resulting
half lives are too short and excluded. For light ms <keV, the scenario is excluded for
100keV < my4 < 100 GeV. In the top-right panel, we set ms = 100 MeV (blue), ms = 5 GeV
(red), ms = 100 GeV (green) and conclude that such values are ruled out independent of
my. Of course, the results depend on the scale of BSM physics. In the bottom panels we
repeat the analysis but now set mp,q = 50TeV. The bottom-left panel, corresponding to
light ms, tells us that future experiments are sensitive if my > 10 MeV, while scenarios
where both m4 and ms are light lead to decay rates that are too slow to observe. The right
panel shows that current limits already exclude the scenario for ms = 100 MeV independent
of my4. For larger ms, nEXO can observe Ov3j3 events if my < 1 GeV.

Our main goal is not to exhaustively investigate the parameter space of this LQ model.
Instead, we wish to highlight that future Ov55 experiments are sensitive to a class of BSM
models with light sterile neutrinos if they have weak non-standard interactions with SM
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Figure 12. Top-left panel: Tlo/"Q(l%Xe) as a function of my in the LQ 34-2 leptoquark model for dif-
ferent choices of ms =10¢€V (blue), ms =1keV (red), ms =1MeV (green). We consider a leptoquark
mass of 10 TeV. Top-right panel: same as top-left but now for mz=100MeV (blue), ms =5 GeV
(red), ms =100 GeV (green). Bottom panels are the same as the top panels but now for a leptoquark
mass of 50 TeV. All panels use the same phases, mixing angles, and LECs as in section 8.2.

fields. How weak these interactions can be depends on the exact value of the neutrino
masses, but scales of 1-100 TeV can be accessed. We illustrate this in figure 13. In scenarios
with my4 and ms around 1eV, the !36Xe half life from just the standard mechanism is
roughly 100 yr, but nEXO can make a detection for mpq < 1TeV. In this particular case,
LHC experiments already strongly constrain such LQ masses [156, 157], but for heavier
neutrinos much higher LQ mass scales can be probed. For instance, for my at the keV scale
and my at the GeV scale, next-generation experiments are sensitive to leptoquark masses
up to 100 TeV.

This discussion highlights the important role that Ov33 experiments can play in un-
derstanding the nature and interactions of sterile neutrinos. While a positive 0v53 signal
alone cannot unambiguously be interpreted as evidence for sterile neutrinos, Ov33 experi-
ments, in conjunction with direct observations in laboratory experiments or astrophysical
probes, can put severe constraints on the possible interactions of these particles that are
very competitive with other low-energy probes and high-energy collider experiments.
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Figure 13. TP/”2(136X6) as a function of mr,q for 4 choices of my4 and ms. The blue line corresponds

to my = 0.69eV and ms = 1eV, the red line to my = 1eV and ms = 1keV, the green line to
my = 1keV and ms = 1 GeV, and the orange line to my = 3GeV and ms = 4GeV. The same
phases, mixing angles, and LECs as in section 8.2 were used.

9 Conclusions

Sterile neutrinos are natural candidates to explain the origin of active neutrino masses via
the type-I seesaw mechanism [40-42], which, however, does not definitively point towards
a specific mass scale. While the smallness of neutrino masses can be realized with very
massive vg, m,, ~ 101°GeV, with O(1) Yukawa couplings to SM leptons, the sterile
neutrino mass scale can be lowered to the TeV scale [42], inducing interesting signals at
the Large Hadron Collider [158], or even to the GeV or sub-GeV region [60, 61]. In such
scenarios the sterile neutrinos could provide a dark matter candidate and induce the correct
matter-antimatter asymmetry in the Universe [60-63]. While muon, meson, and nuclear
decays constrain the interactions of sterile neutrinos with SM particles to be more feeble
than the weak interaction, in generic models vg can be charged under new forces, mediated
by bosons with masses much larger than the W and Z masses. These interactions, while
weak, can leave traces in high-precision experiments, including searches for Ov 4.

In this paper, we studied the impact of light sterile neutrinos with mass smaller than
the electroweak scale, m,,,, < v, on Ov3f3, in a systematic framework which relies on a tower
of EFTs. The contribution of sterile neutrinos to 03 has been investigated extensively in
the literature [65, 66, 68-70], in the minimal scenario in which vg has only renormalizable
interactions, namely the Majorana mass term Mp and a Yukawa interaction Y, in eq. (2.1).
Here we extend these works in several, significant directions

e We extend the SM by adding a (family) of sterile neutrinos vg, which are singlets
under the SM gauge group. At scales larger than the electroweak scale, we allow the
vg to interact with SM degrees of freedom via a dimension-four Yukawa interaction,
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and the most general set of gauge-invariant higher-dimensional operators up to dim-7,
in the framework of the sterile-neutrino-extended SMEFT [74-76]. With the exclusion
of the Majorana mass term in eq. (2.1), we consider operators with at most one

VR, which are the most relevant for Ov33. The dim-6 LNC operators with active
and sterile neutrinos are listed in tables 1 and 3, respectively, while the dim-7 LNV
operators are given in tables 2 and 4. The renormalization-group equations describing

the QCD evolution for the coefficients of the dim-6 and dim-7 operators are given in
egs. (2.4) and (2.6).

We match the SMEFT operators onto SU(3) x U(1)em-invariant operators, by in-
tegrating out heavy SM degrees of freedom. For 2GeV < m,, < v, the sterile
neutrino is also integrated out in this step, and one is left with dim-9 operators in
egs. (2.13) and (2.14), with coefficients given by eqgs. (2.44), (2.45), and (2.46). If vy
is lighter, it remains dynamical in chiral EFT. In this case, at the quark level, one
finds the generalized LNC and LNV S-decay Lagrangians in egs. (2.8), (2.9), (2.10),
and (2.11), which involve, vector, axial, scalar, pseudoscalar, and tensor currents as
well as derivative operators. Rotating these interactions to the neutrino mass ba-
sis gives rise to the operators in egs. (2.22) and (2.23), whose coefficients can be
expressed in terms of the gauge-invariant operators in section 2.2.

We systematically construct the chiral Lagrangian in the presence of light sterile
neutrinos with non-standard interactions, starting from the quark-level operators in
egs. (2.22) and (2.23). This Lagrangian includes terms with explicit neutrinos, that
couple to pions and nucleons via the vector, axial, scalar, pseudoscalar, and tensor
currents. These are constructed in sections 3.1 and 3.2, and the neutron S-decay
transition operator is summarized in eq. (3.12). In addition, the Chiral Lagrangian
contains LNV operators that couple pions and nucleons to two leptons, which are
induced by the exchange of virtual light neutrinos. In section 3.4 we construct, for
the first time, these operators in full generality and we show that the mmee and nnppee
couplings contribute at LO for several higher-dimensional operators. We discuss the
dependence of the LECs of these operators on the neutrino mass, and demonstrate
that they are needed to guarantee that the Ov 35 amplitude has a smooth dependence
on the neutrino mass.

We identify all the chiral EFT low-energy constants required for the derivation of the
Ovp3p operator at LO. They are summarized in table 5. With the exception of the
recoil-order LEC appearing in the tensor current, g/, all LECs in the neutron -decay
operator are well known, either from experiment or Lattice QCD. The nw couplings
induced by dim-9 operators are also well known [112], while 77 couplings induced by
hard-neutrino exchange and 7N and NN couplings induced by dim-9 operators and
hard-neutrino exchange are at the moment mostly undetermined. The ignorance of
these LECs causes a sizable hadronization uncertainty in the OvS3 half-lives, which,
though usually neglected, is often as big as the error from nuclear matrix elements,
see for example figures 5 and 6.
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e We derive the Ov 3 transition operator in section 4 and the master formula for Ov3j3
in section 5. In spite of the large number of operators, we find that the final form of
the amplitude and the half-lives, eqgs. (5.2) and (5.3), are rather compact and involve
structures that are very similar to those found for the exchange of active neutrinos in
refs. [50, 51]. In particular, they involve the same nuclear matrix elements, with the
difference that, for 1MeV < m, < A, the NMEs acquire a non-trivial dependence
on the neutrino mass.

e We study the dependence of the Ov53 half-lives on the neutrino masses. For neu-
trino masses below A, the dependence arises in two ways, explicitly via the neu-
trino propagators in the neutrino potentials and implicitly via the LECs induced by
hard-neutrino exchange. In contrast, if m,, > A,, the mass dependence appears
through the matching coefficients of dim-9 operators. We derive interpolation formu-
lae, grounded in QCD and xPT, for both the nuclear matrix elements, in section 6.1,
and the LECs, in section 7. These formulae allow us to smoothly interpolate between
the m,, < A, and the m,, > A, regimes, as shown in figures 5 and 11, and to get
the correct chiral EFT scaling of the amplitudes. The interpolation formulae for the
LECs are partially phenomenological, due to the difficulties to treat the intermediate
region m, < m,, S A, rigorously, but can be systematically improved by calculating
pion, nucleon, and two-nucleon LNV matrix elements with nonperturbative methods
for different neutrino masses.

e As a consequence of the systematic construction of the chiral Lagrangian and the
study of the mass dependence of NMEs and LECs, we can address all sources of the-
oretical uncertainties on the Ov 36 half-lives, induced by active and sterile neutrinos.
An important finding of this work is that the hadronization uncertainty is very signif-
icant. We estimate this uncertainty by conservatively varying the unknown LECs in
the range expected on the basis of naive dimensional analysis and internal theoretical
consistency. We recommend to include the hadronization uncertainty in future anal-
yses of Qv35. As an example, in the left panel of figure 6 we show the usual inverted
and normal hierarchy predictions for the Xe half life as a function of the lightest
neutrino mass with errors bands that include the hadronization uncertainty. This can
be compared with the right panel where this hadronic uncertainty has been neglected.

To illustrate the use of the developed EFT framework, we studied several scenarios with
light sterile neutrinos. Scenarios with two additional sterile neutrinos can reproduce all neu-
trino oscillation data. In the normal hierarchy, a minimal model where sterile neutrinos only
interact via mixing, leads to '*%Xe half lives that for all choices of m4 and ms are (slightly)

0% yr, the prospected sensitivity of next-generation experiments. In the inverted

above 1
hierarchy a detection will be possible if at least one of the neutrinos has a mass above
O(500) MeV. These conclusions change drastically in the presence of higher-dimensional
interactions. For instance, Ov3 experiments already exclude scalar interactions at a scale
of 10 TeV if one of the neutrinos has a mass around the keV scale and the other at the GeV

scale. Such mass ranges appear in scenarios where sterile neutrinos can account for both
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Dark Matter and the matter-antimatter asymmetry [62], although to account for both at
least three sterile neutrinos are necessary. Depending on the exact neutrino masses, next-
generation experiments are sensitive to scales up to O(100) TeV. The framework developed
here, and the master formula in (5.3) in particular, can be used directly to assess the impact
of OvBp3 experiments on any BSM scenario with light sterile neutrinos and should prove
useful when comparing Ov(3S5 with other probes of sterile neutrinos.
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A Long-distance potentials induced by dim-7 operators

Here we collect the potentials induced by dim-7 interactions. As the contributions of dim-7
vector operators can be obtained from the dim-6 potentials through a shift of the scalar
interactions, see eq. (2.26), we only explicitly list the terms due to C’gﬁ = C’gﬁl + 0%32

and C%F){ = C(T7}){2 These are given by

4grmy

Vi =m; (C\(/GIZL—I_C\(?F){L)ei (C(TP)H—C(?)) ei | gMMx

(0’1'0’2 hjc\;/le—FS(m) thM>

L
g% MNMr

b (), (OR) 3 [rv-0a st 2502 122

e me (Chie) L (OR) 54 lovonriihd

¢i 363
R (GO C MRS
b2 (o) (OF) o oaidih 2502 1 ...
viD=0+...,
e M
+mag (C\(/?:R*C\(XGL)R)M (0(7))62 2997;‘ [‘7 02 (hGT+2hGT a)—S1? (QhAP+hT sd)]
+mi2ggilni<0é%—cé%>ei (Cé%—C(JL))ei [01 .oy hgp+812) hAP} s (A)

where h%g = h%’q2 /m2 and the dots indicate that the complete dimension-seven poten-
tials involve contributions from the dim-7 vector operators.
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The resulting left-handed amplitude can be written as,

A= 2L [(CR) et + (7)o (050),

MV

— TN My (mi) (O + C) | (O + 1)
— z%n: (C( ) 4 C'(TID MGT sd
+ % (Cé?)el (ng){) g (M7 eq — M7 sd)] } (A-2)

The amplitude for right-handed electrons does not obtain contributions from the dim-7
tensor operators, which implies

AD(m)=0+..., (A.3)

while the “magnetic” amplitude Ajs is given by
2
7 mx sz 6 6 7 7
A (m) = {MTP@%) i (cfh-ch) (or-ofl)

 8mev 2

6 6 7 7
(eltn-ct) (), Mruom+ (o) Mrami] | (aa
The additional matrix elements that appear in the above potentials are given by

MTl,sd(mi) - _872Mé74, sd(mi>7
M )= 397y )+ 2MA
T2, 5d(Mi) = 39 (M&r 7 aa(mi) + T, 2a(m i)
A
Mrai(mi) = g: L (BMEF (ma) + 2MET (ma) — ME,(my)) |

Mmm»=j§<Mé£<mi>+2MGﬂd< mi) — 2MAP (mg) — MAP (mi)) . (A5)

B Hard-neutrino exchange contributions from dim-7 operators

In this appendix we collect the contributions from dim-7 tensor operators, C(TETR, due to
hard-neutrino exchange, mentioned in section 3.4. As noted in section 2.2.1, all contribu-
tions from the dim-7 vector operators can again be obtained from a shift of the dim-6 scalar
couplings, see eq. (2.26), and we do not explicitly discuss them here. The contributions in
the 7m sector can be written as

A ﬁ‘{g%’i,mm) (c2)., (c) , + oxtma) | (C2)” + (c).) } ,

%ﬂ 222 [49TL TR (M) (C%D

VT 1 T 7
C;L "= TﬁgT,VLL(mi) [(CéL)>
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+ (O(TQ) (C@L)ej + (VLL ¢ VRL)
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where ¢17, 971, TR = O(F2). In the 7N sector we have

@gN?::—gg%xmL@n»{<cgz>i(cﬁzL)i+-<c¥v>i<ca@L>i} (VL6 VR

). (i),
)

= [QTL v(mi) (Cgﬁ) + gTR v (ma) (C TR
CZV‘7;N7 [gTL 1(m;) (C(T7L)> +QTRT mg (C 71% ( TLL) o (B.2)

where all the LECs scale as g7V = O(1).
Finally, the dim-7 contributions in the NN sector are given by,

4T 1A [0 (el + (), (08),] + v v

S ot (o), (0R), + o [ (€2)] + ()2}
ar T =A2 [4gTL TR (M) Cg}i) + 8¢, (mi) ( (7)) J ( TRR) S
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)(
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= e (o) () + (o), () ]
+ zwlch’SLL(mi) (er),, (), + (o), (csth)

W = A, QT SRL
+ B () () + amo) (0) ] () (83)
v el el el

Of the above LECs that were not encountered in section 3.4.2, gTL TR gTL and gTL V, gTR v
are enhanced with respect to the NDA expectation and scale as O(1/F2) and O(A / FT%)
respectively. The RGEs that signal the enhancement of these LECs are collected in ap-
pendix C. The LECs giN 7 and 9¥§,T do not need to be enhanced and scale as O(1/ Ai)
As one would expect, the above equations lead to contributions that scale as v=5 (v76)

for one (two) insertions of dim-7 operators. Interestingly, the terms proportional to g%’ﬁ,TR
and g77 give rise to contributions that are enhanced by Ai /E2 over the corresponding
long-distance contributions. In addition, we note that CgL),TR combined with dim-6 vector
or scalar operators induces the same LECs that were already encountered in the insertions
of dim-6 operators only (see section 3.4.2), namely, 9T vLL» 9T VRL: 9T sLr- and g gry,- The
hadronic parts of C’(TETR X CZ.(ﬁ) insertions are very similar to those of CéﬁF){RTLL X CZ-(G),
and, although the former involve an additional derivative this can be supplied by a factor

of ¢ from the neutrino propagator in the latter case. This leads to a relation between the
amplitudes of CF}?’TR X C’Z@, resulting from the o m,; term in the neutrino propagator,
and those of C’%{RTLL X C’i(G), which result from the ¢ term instead. After working out
the leptonic Dirac algebra one finds that the S.g in several cases differ only by an overall
constant ~ m;/v. As these are relations between the effective actions they are also respected
by the corresponding long-distance amplitudes.
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C Non-perturbative renormalization of LECs

Here we collect the RGEs which give rise to the enhancement of LECs over their NDA
expectations. These follow from the requirement that the LO nn — ppee amplitude is
finite and p independent, see refs. [51, 107] for details. The RGEs for the LECs related to

two insertions of dim-6 operators are given by,

d NN 2 951
2dln,ug81 - 8 AF2 _gSa
d g8
2 B = 8y %L C.1
dln 932 ga FT? +gs, (C.1)
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where we introduced g; = (m47’

2
NC> gi- The RGEs for the dim-7 pieces can be written as,
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D Derivative contributions to four-quark two-lepton operators

Integrating out a heavy neutrino induces operators involving four-quark fields, two-lepton
fields, and a derivative, in addition to the contributions discussed in section 2.3.1. These

—2
v

terms can be generated through dim-6 operators, proportional to m,~, or through dim-7
interactions, oc m;!. When such operators are matched onto Chiral Perturbation Theory,
they will give rise to interactions that come with new, unknown, LECs. For the dimension-
6 contributions one expects the derivative operators to be suppressed by m,/m, compared
to the operators of section 2.3.1. However, there are several Wilson coefficients for which
the contributions in section 2.3.1 scale as ~ v*/A*, while the derivative couplings can be

induced by interfering with the SM coupling, C\(,GIEL. This implies that there is a regime,

1< i};gj, where the derivative interactions are important.

Here we will refrain from constructing the full set of derivative interactions that are
induced in this way. The reason being that these interactions are only relevant in fairly
specific scenarios and regimes of parameter space. In addition, their construction would
lead to a sizable number of new operators all of which will come with unknown LECs,
meaning that we cannot do better than an order-of-magnitude estimates in this regime.
We therefore restrict ourselves to listing the contributions can be captured by the usual
dim-9 interactions, i.e. the terms that, through the equations of motions, can be written
as mg X 0),

The ~ my, terms resulting from interference with the SM-like vector operators are
given by

5C1Y = —dvma Cy i, *Crg 6C1Y, =~ dvma Ci g
9 (9)/

6 6) \,~—2~(6T 9 6 6) \ - —2~(6)T
505 =v (mu Oy ~maCe ) my O+ 805 =0 (muCy ~maC\y ) m, Ol

5043 = (maCl om0 ) 2O,
9 v 6 6 _ 9 ~(6)T 6 6 _ _9~(6)T
5CE(>L) ) [(muc\(HEL _mdc\(/f){L) my, ZCéFgR + (muc\(/F){L _mdc\(/ﬁL) m, 2CéL)R } . (D.1)

These ~ m, terms are expected to contribute at the same order as the original derivative
couplings. Although NDA counts a derivative as a factor of ~ A, > m, when matching
onto ChiPT, the insertion of m, allows for a chirality flip which changes the chiral symmetry
properties of the operators. In the above cases this allows one to trade derivative operators
that do not induce 77 terms at LO, for interactions that do induce 77 terms proportional
to my. As a result, one expects the relative scaling of A, ~ (4m)?m, for the derivative and
mg terms, respectively, allowing us to use the latter as an order-of-magnitude estimate for
the total.

We can in principle derive similar ~ m, terms for the interference of C\(,EER with C{,GIEL.
However, in this case a chirality flip does not lead to chiral enhancement (the induced
operators are dim-9 vector operators which do not induce 7n7 terms at LO), implying
that the m, terms cannot be used to estimate the derivative pieces in this case. If such

5This estimate holds when the interactions in section 2.3.1 induce 77 couplings at LO, while the corre-
sponding derivative terms do not. This is the case for both the scalar and tensor dimension-6 operators.
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interference terms are important we would have to construct the derivative terms to obtain
an order-of-magnitude estimate.

We take a similar approach for the derivative operators involving dim-7 interactions.
Namely, we only list the pieces ~ m, that can be written in terms of the dim-9 operators
discussed in section 2.3.1. These pieces can be written as

50 = — [0 + (Mo + ™o myt (muC) + mac)”
50 = — [0 + (e + —0}%)} n (maC) 4 muo)
505 = — | mi (mac) +macB) " + st (maC) + mdc%i)T}
= 2 () 4 maOR) i (maCl) +muOR) (D.2)

while possible terms o 72 do not appear for the combinations C\(,GIZL X ng tr and

M)
(CTL TR) :
We again stress that in all these cases one should in principle consider the additional

operators involving derivatives, along with the unknown LECs that result from them, and
the results above can only serve as an order-of-magnitude estimate.

E Matching and interpolation formulae for the leptoquark scenario

As discussed in section 8.3, right below the electroweak scale we can match the leptoquark
model of eq. (8.30) to the dim-6 operators involving the first-generation quarks and charged

leptons
2G
£§)L:0 \/f Cgi—_% UrdrerVRra + C(T) urot’drero ' via | , (El)
2 ea ea
where
2
_(6 _(6 v *
e = 4y = e TR (E.2)
ea ea mLQ

and g runs from 1 to n. For simplicity we neglect the evolution to lower energies and simply
give the matching to the operators in eq. (2.24). We obtain

(C8L), = 2Vialla, (CS), = 4(C8) =D Wi (B9

a=1 ea

With these nonzero Wilson coefficients the Ov3/3 decay rate can be directly read from the
master formula. For mass eigenstates m; < A,, the interactions only introduce contribu-

74—



tions to the subamplitude Az (m;) which is given by

my;

Ar(m;) = — { My (mi) + Ma(m;)] (C\(IGI),L>2

4m€ el

+ [Ms(mi) +Mps(mi):i;] (Cé%t) , ~ Mr(mi) (C%(SP)”R)zi}

6 6 6
g oMt (50, i (). (),
m72r m;v 1/7r7r /T
+ mev |: < 2F2 ZL + AX C’LL ) MPS,Sd
1 U v s
+ 5 9 < z[]/V - Ai , > (MGTsd MTsd) 2 Ci]XNMF,Sd] . (E4)
X 9ga

The first three lines arise from the exchange of potential neutrinos while the last two lines
arise from hard-neutrino exchange. The couplings are given by

7™ = 2450 mo) (08 — 20T m) (O
47 = [satm (€8, ~ joFuntmd (G, | (€42),
i = - [oE ) (08) 5ot () ] ().,

Y = 1 [Auatm (€85, ~ 3R m (0] (0400),

oo [ 100 om0) (C800)] + J ) (C8he)” + JoA ) (045’

€1 €l

(E.5)

Mass eigenstates with m; > A, are integrated out at the quark level and induce dim-9
operators. From eqs. (2.44) and (D.1) we find the following contributions

=g () - (), (), -
el = 2 [ (et s (c)’] - 24 (e (), ®
o =1 (i Y | 5
19 -5 (cl) (el &3
O = =5z (V) , (CGin) .- (E.10)

The resulting amplitude A(Lg) is
9 _ 2 CL /T 1 TN l7r7r 2 NN
‘AL = @ m2 + cy, MPS sdt = 5 ( ) (MGTsd MTsd) ECL MF,sd ,

with 77, 7™, TN and MV defined in eqgs. (3.17), (3.19), and (3.20).

— 75 —



We introduce interpolation formulae for the LECs appearing in egs. (E.5) along the
lines of section 7.2. For the pionic terms we use

1
981 (mi) = 931 (0) — g
L+ 872027 (0) [g57 (o) — B2
1
GFR (1) = g7 (0)————————— —
1+ F5977(0) [4937 (mo) + 2957 (mo)]
1
ggj{/LL(mi) = Qér,T\F/LL(O) o2 . —1>
1= 52 68%0(0) [ B + 5kz [=2magf™(mo) + mugs™ (mo)]|
1
g"F,TVLL(mi) = Q%TVLL(O) 2m2 5 5 Z (E.11)
1+ 5797 (0) [mugi™(mo) + 3mam2 g7 (mo)]
The pion-nucleon interpolation formula is
gg,]\V/LL(mi) = ggj{/LL(mi) )
. iy 1
gT{\\I/LL(mi) = gT{\\flLL(O) 2 (E.12)

2
mims

-1
+ K 9iNLL(0) [mugi™ (mo) + 2mamZgT™ (mo)]

A similar formula can be written down for ggf\V/LL(mi) once four-quark operators involv-
ing derivatives are explicitly included, see appendix D. The nucleon-nucleon interpolation
formulae become

1
NN NN
gs1 (mi) = gs1 (0) 1>
1+ m7gdi™N(0) [295™ (mo) — 593]
1
NN NN
grr (m;) = grr (0) 1>
1+ mZghiY (0) [3290™ (mo) + 6493 (mo) — 2497 ]
1
NN NN
gsviL(mi) = gsvi(0) 3 =
1- %gé\j\]/vLL(O) [md 93N (mo) + %mu géVN(mo)]
1

g"ljy,]\\/[LL(mi) = g’]FV,]\\/]LL(O) (E.13)

2
1+%9]TV,J\\/[LL(O) [md Q{VN(mo) + My, giVN(mo)]

In all the above relations we use the matching scale p = mg = 2GeV. With some effort
the relations can be RGE improved as we did for g% (m;), gfd (m;), and g (m;) in
section 7.2. This is more complicated for scalar and tensor interactions because scalar and
tensor quark bilinears have non-vanishing anomalous dimensions in contrast to the vector
case. Given the large uncertainties, and in order not to clutter up the expressions, we
refrain from explicitly including the RGE corrections in the interpolation formula.
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