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Abstract: We investigate neutrinoless double beta decay (0νββ) in the presence of ster-

ile neutrinos with Majorana mass terms. These gauge-singlet fields are allowed to interact

with Standard-Model (SM) fields via renormalizable Yukawa couplings as well as higher-

dimensional gauge-invariant operators up to dimension seven in the Standard Model Effec-

tive Field Theory extended with sterile neutrinos. At the GeV scale, we use Chiral effective

field theory involving sterile neutrinos to connect the operators at the level of quarks and

gluons to hadronic interactions involving pions and nucleons. This allows us to derive an

expression for 0νββ rates for various isotopes in terms of phase-space factors, hadronic

low-energy constants, nuclear matrix elements, the neutrino masses, and the Wilson coef-

ficients of higher-dimensional operators. The required hadronic low-energy constants and

nuclear matrix elements depend on the neutrino masses, for which we obtain interpolation

formulae grounded in QCD and chiral perturbation theory that improve existing formulae

that are only valid in a small regime of neutrino masses. The resulting framework can

be used directly to assess the impact of 0νββ experiments on scenarios with light sterile

neutrinos and should prove useful in global analyses of sterile-neutrino searches. We per-

form several phenomenological studies of 0νββ in the presence of sterile neutrinos with and

without higher-dimensional operators. We find that non-standard interactions involving

sterile neutrinos have a dramatic impact on 0νββ phenomenology, and next-generation

experiments can probe such interactions up to scales of O(100) TeV.
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1 Introduction

The observation of neutrino oscillations implies that neutrinos are massive particles. The

absence of a right-handed neutrino and SU(2)L × U(1)Y gauge invariance forbid a renor-

malizable neutrino mass term within the context of the Standard Model (SM) of particle

physics. Beyond-the-SM (BSM) physics is thus required to account for neutrino masses. A

minimal solution is to extend the SM with a right-handed gauge-singlet neutrino field, often

called a sterile neutrino, that can couple to the left-handed neutrino field and the Higgs field

via a Yukawa interaction. Electroweak symmetry breaking then generates a neutrino mass

term in the same way the SM generates mass terms for the charged fermions. However, no

gauge symmetry forbids a Majorana mass term for the sterile neutrino. Adding this term,

in combination with the Yukawa interaction, leads to Majorana mass eigenstates and the

violation of Lepton number (L) by two units. Such scenarios involving sterile neutrinos

can affect neutrinoless double beta decay (0νββ) experiments, which are excellent probes

of lepton number violation (LNV). Current experimental limits on 0νββ half lives are at

the level of 1026 years [1–27] and next-generation ton-scale experiments aim for one or two

order-of-magnitude improvements [28–37].

If sterile neutrinos are heavy with respect to the electroweak scale v ' 246 GeV, they

can be integrated out and their contributions to LNV processes can be described by local

gauge-invariant effective operators that appear in the SM effective field theory (SMEFT).

LNV operators have odd dimension [38] and start at dimension five. The single dimension-

five operator, the Weinberg operator [39], provides, after electroweak symmetry breaking

(EWSB), the first contribution to the neutrino Majorana mass. In the well-known “type-I
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seesaw” scenario [40–42], the Weinberg operator originates from integrating out a heavy

right-handed neutrino. Assuming Yukawa couplings of O(1) indicates a scale of BSM

physics around Λ ∼ 1015 GeV. Higher-dimensional operators are then greatly suppressed

by additional powers of v/Λ ' 10−13 and thus negligible.

This is not necessarily the end of the story. In several BSM scenarios, the dimension-

five operator is forbidden by imposing additional symmetries or is suppressed by small

couplings and higher-dimensional operators can become competitive or even dominant.

These scenarios include radiative neutrino models [43–48], where the Weinberg operator

is only generated at loop level, models with flavor symmetries, reviewed for example in

ref. [49], and models such as the left-right symmetric model, in which the light neutrino

mass is proportional to small Yukawa couplings [42]. In recent work, we studied 0νββ

arising from such higher-dimensional operators up to dimension nine [50, 51], see also

refs. [52–54]. Starting from the gauge-invariant SMEFT operators at the scale Λ, nuclear

0νββ rates are calculated in a systematic way. In a first step, the SMEFT operators

are evolved to the electroweak scale where heavy SM particles (top, Higgs, W, Z) are

integrated out of the EFT. The resulting operators are evolved to the GeV scale, after

which they are matched to LNV hadronic operators in chiral perturbation theory (χPT).

The χPT Lagrangian is used to calculate the nn→ pp ee transition operator, which, once

inserted into many-body nuclear wave functions, gives rise to 0νββ of atomic nuclei. The

final result is a so-called ‘Master formula’ that relates SMEFT operators to 0νββ decay

rates in a systematic expansion in (v/Λ)α(Λχ/v)β(mπ/Λχ)γ , where mπ is the pion mass

and Λχ ' 1 GeV the chiral-symmetry-breaking scale, and α, β, γ exponents that depend on

the original LNV source. The formula expresses 0νββ rates in terms of a set of phase-space

factors, nuclear matrix elements, hadronic low-energy constants, QCD evolution factors,

and the original LNV Wilson coefficients. With this formula, any BSM model for which

the SMEFT framework is applicable (Λ� v and no light BSM degrees of freedom) can be

directly connected to 0νββ rates.

In this work, we extend the above-sketched framework to an important class of BSM

scenarios: models with additional light sterile neutrinos. Such models have been con-

sidered in light of low-scale leptogenesis [55–61], the possibility of sterile neutrinos as a

dark matter candidate [58–63], and to account for anomalies in neutrino-oscillation exper-

iments [64]. More generally, the presence of neutrino masses hints towards the existence of

sterile neutrinos but not towards a specific mass scale. As such, it is important to extend

the framework developed in refs. [50, 51] to include the option of light sterile neutrinos and

allow for non-standard interactions that could originate at scales not too far from the EW

scale, Λ ∼ 1-100 TeV. 0νββ in presence of light sterile neutrinos is not a new topic and has

been investigated extensively in the literature, see e.g. refs. [59, 65–73]. Here we wish to go

beyond these studies in several directions. First of all, we perform a systematic study in the

framework of the sterile-neutrino-extended SMEFT [74–76]. We extend the SM not only

with sterile neutrinos and the usual renormalizable interactions with SM fields, but we also

include higher-dimensional operators arising from integrating out non-neutrino states that

are assumed to be heavy compared to the electroweak scale. This is relevant to describe

a vast class of models, from left-right symmetric models [77–79], where sterile neutrinos
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interact with heavy SU(2)R gauge bosons, to leptoquark models [80, 81] and Grand Unified

Theories [82].

To describe physics at the EW and lower scales, the heavy mediators can be integrated

out, leading to the appearance of effective operators such as right-handed Fermi-like in-

teractions. We extend the SM with a full set of dimension-six and -seven gauge-invariant

operators including the light gauge-singlet sterile neutrinos, where light means a mass of

order of the electroweak scale or below. Depending on the mass mνR we proceed in dif-

ferent ways. For Λχ < mνR ≤ v we can integrate out sterile neutrinos before matching

to hadronic operators. After integrating out νR we obtain effective dim-3, -6, -7, and -9

operators that have already been studied in refs. [50, 51]. The resulting 0νββ rates can

then be readily read from the Master formula in those works.

The situation becomes more complicated for mνR . Λχ. In this case, νR remains a

propagating degree of freedom at hadronic scales and needs to be considered explicitly

in calculations of nn → pp ee transition operators. In this paper, we derive the 0νββ

transition operators induced by light sterile neutrino in the framework of chiral EFT. In

particular:

• We systematically construct the chiral Lagrangian in the presence of light sterile neu-

trinos with non-standard interactions with SM degrees of freedom. The Lagrangian

includes terms with explicit neutrinos, couplings to nucleons and pions via vector,

axial, scalar, pseudoscalar, and tensor currents. In addition, the Lagrangian contains

LNV operators induced by the exchange of virtual sterile neutrinos, which in several

cases contribute to the transition operator at leading order. We organize these inter-

actions in the chiral EFT power counting, and study the neutrino mass dependence

of the associated low-energy constants (LECs)

• We derive the transition operators in a consistent power counting, which guarantees

that LNV scattering amplitudes are properly renormalized. We further identify the

set of nuclear matrix elements (NMEs) required to calculate the 0νββ half-life.

• The NMEs and the LECs in the chiral Lagrangian depend on the mass of the sterile

neutrinos. We derive effective interpolation formulae grounded in QCD and χPT

which allow us to smoothly interpolate between the mνR � Λχ and mνR � Λχ
regimes. These formulae can be systematically improved by calculating pion, nucleon,

and two-nucleon LNV matrix elements with nonperturbative methods for different

neutrino masses.

• We address sources of theoretical uncertainties on the 0νββ half-lives. In addition to

the large uncertainty on the NMEs, the often-neglected uncertainties of the LECs,

which originate when matching the EFT at the quark/gluon level to Chiral EFT,

is very significant. We estimate this uncertainty by conservatively varying the un-

known LECs.

Our main result is an extension of the master formula obtained in refs. [50, 51] that now

includes the contributions from light sterile neutrinos. As we provide a direct matching
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to the UV scale, the applied framework can be matched to any BSM scenario involving

sterile neutrinos and be readily connected to other probes of sterile neutrinos such as LHC

searches, oscillation experiments, and meson decays [83, 84]. In particular, our results

can be used in models where sterile neutrinos play a role as dark matter or in producing

the universal matter/antimatter asymmetry via leptogenesis. To illustrate the use of the

framework, we end by studying several simple scenarios involving sterile neutrinos and the

associated 0νββ phenomenology.

The organization of the paper is as follows. In section 2 we introduce the sterile-

neutrino-extended SMEFT framework and discuss its evolution to the GeV scale. We

discuss the matching to the low-energy EFT where heavy SM fields are integrated out,

and the effects of integrating out sterile neutrinos with masses between the GeV and

electroweak scale. In section 3 we match the operators at the quark level to the hadronic

level using χPT, the low-energy EFT of QCD. We discuss the hadronic input required to

describe LNV processes at low-energies. In section 4 we derive the resulting nn → pp ee

transition operators by considering soft- and hard-neutrino exchange between nucleons. In

section 5 we present our formulae for 0νββ decay rates as a function of phase-space factors,

hadronic low-energy constants, nuclear matrix elements, the neutrino mass eigenvalues, and

the Wilson coefficients of higher-dimensional operators. The nuclear matrix elements and

their neutrino-mass dependence are discussed in section 6. The neutrino-mass dependence

of hadronic low-energy constants and so-called subamplitudes are studied in section 7. In

section 8 we illustrate some applications of the developed framework by considering several

scenarios involving light sterile neutrinos. We summarize and conclude in section 9. Several

appendices are devoted to technical issues.

2 The Lagrangian in the Standard Model Effective Field Theory

We consider a Lagrangian at the scale of BSM physics Λ � v that consists of the SM

Lagrangian supplemented by a right-handed gauge-singlet neutrino and higher-dimensional

operators. In this work, we consider operators up to dimension seven. To be precise,

when discussing gauge-invariant operators in the SMEFT, we follow ref. [51] and denote

their dimensions by dim-n with n = 5, 6, 7. After EWSB, the EFT operators are only

SU(3)c × U(1)em invariant and we refer to them, without the overline, as dim-n operators

where n = 3, 6, 7, 9. dim-9 LNV operators play an important role in the phenomenology

of 0νββ but the relevant operators do not involve neutrinos. Their contribution has been

studied in detail in ref. [51] and is not affected by the inclusion of light sterile neutrinos.

The Lagrangian we consider is then

L = LSM −
[

1

2
ν̄cR M̄RνR + L̄H̃YννR + h.c.

]
+ L(5̄)

νL
+ L(5̄)

νR
+ L(6̄)

νL
+ L(6̄)

νR
+ L(7̄)

νL
+ L(7̄)

νR
, (2.1)

in terms of the lepton doublet L = (νL, eL)T , while H̃ = iτ2H
∗ with H the Higgs doublet

H =
v√
2

U(x)

(
0

1 + h(x)
v

)
, (2.2)
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where v = 246 GeV is the Higgs vacuum expectation value (vev), h(x) is the Higgs field,

and U(x) is a SU(2) matrix encoding the Goldstone modes. νR is a column vector of n

right-handed sterile neutrinos. Yν is a 3×n matrix of Yukawa couplings and M̄R a general

symmetric complex n×n mass matrix. Without loss of generality we will work in the basis

where the charged leptons eiL,R and quarks uiL,R and diR are mass eigenstates (i = 1, 2, 3).

This implies diL = V ijdj,mass
L , where V is the CKM matrix. The relation between the mass

and weak eigenstates for the neutrinos will be discussed below. We define Ψc = CΨ̄T for a

field Ψ in terms of the charge conjugation matrix C = −C−1 = −CT = −C†. We use the

definition for chiral fields Ψc
L,R = (ΨL,R)c = CΨL,R

T
= PR,LΨc, with PR,L = (1± γ5)/2.

We now turn to the higher-dimensional operators. In general they contain all gener-

ations of quarks, but for 0νββ the most important operators are those involving the first

generation of quarks. We therefore focus on operators with just u and d quarks, which

implies that the Wilson coefficients will carry indices in lepton flavor only. We make one

further truncation of the set of effective operators by focusing on interactions containing

just one neutrino field. The only exception are operators that contribute to neutrino masses

after EWSB and thus contain two neutrino fields.

The dim-5 operators obeying the above criteria are written as

L(5̄)
νL

= εklεmn(LTk C
(5)CLm)HlHn , L(5̄)

νR
= −ν̄cR M̄

(5)
R νRH

†H , (2.3)

which after EWSB contribute to Majorana mass terms for active and sterile neutrinos. For

n ≥ 2 there appears a dim-5 transition dipole operator but it does not play an important

role in 0νββ. See e.g. ref. [85] for the more general phenomenology of these dim-5 operators.

The number of operators grows when going to higher dimensions, but the operators that

match at tree level to 0νββ operators is not that large. In tables 1 and 2 we list the

operators in L(6̄)
νL and L(7̄)

νL , which involve active left-handed neutrinos and were constructed

in ref. [86] and [87, 88], respectively. The operators appearing in L(6̄)
νR and L(7̄)

νR involve sterile

neutrinos and were first constructed in ref. [76], they are given in tables 3 and 4. We use

the convention of ref. [51] for the covariant derivative.

Operators with even dimensions are L-conserving (LNC) and must be combined with

LNV interactions to induce 0νββ. This might lead one to believe that the dim-6 interactions

can only give small corrections to the effects of the LNV dim-3, -5, and -7 operators.

However, the LNV interactions themselves often require the insertions of small couplings.

For example, the Majorana mass M̄R contributes through the weak interaction and Yν
couplings which can be bypassed if dim-6 interactions are active. As we will see explicitly

in section 8.3, this means that the LNC dim-6 interactions can significantly affect the

0νββ rate.

2.1 Evolution to the electroweak scale

To evolve the higher-dimensional operators from µ = Λ to the electroweak scale, µ ' mW ,

we briefly discuss the required renormalization group equations (RGEs). Although for

several classes of operators the complete set of RGEs have been derived, in particular for

the dim-6 [89–91] and dim-7 [88] operators without right-handed neutrinos, here we only

– 5 –
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Class 1 ψ2HX Class 2 ψ2H2D Class 3 ψ4

O(6)
eW (L̄σµνe)τ IHW I

µν O(6)
HL 3 (H†i

←→
D I

µH)(L̄τ IγµL) O(6)
LeQu 1 (L̄je)εjk(Q̄

ku)

O(6)
uW (Q̄σµνu)τ IH̃ W I

µν O(6)
HQ 3 (H†i

←→
D I

µH)(Q̄τ IγµQ) O(6)
Lequ 3 (L̄jσµνe)εjk(Q̄

kσµνu)

O(6)
dW (Q̄σµνd)τ IHW I

µν O(6)
Hud i(H̃†DµH)(ūγµd) O(6)

LQ 3 (L̄γµτ IL)(Q̄γµτ
IQ)

O(6)
LedQ (L̄je)(d̄Qj)

Table 1. LNC dim-6 operators [86] involving active neutrinos that affect 0νββ at tree level.

Class 1 ψ2H4 Class 5 ψ4D

O(7)
LH εijεmn(LTi CLm)HjHn(H†H) O(7)

LLd̄uD 1
εij(d̄γµu)(LTi C(DµL)j)

Class 2 ψ2H2D2 Class 6 ψ4H

O(7)
LHD 1 εijεmn(LTi C(DµL)j)Hm(DµH)n O(7)

Leud̄H
εij(L

T
i Cγµe)(d̄γ

µu)Hj

O(7)
LHD 2 εimεjn(LTi C(DµL)j)Hm(DµH)n O(7)

LLQd̄H 1
εijεmn(d̄Li)(Q

T
j CLm)Hn

Class 3 ψ2H3D O(7)

LLQd̄H 2
εimεjn(d̄Li)(Q

T
j CLm)Hn

O(7)
LHDe εijεmn(LTi Cγµe)HjHm(DµH)n O(7)

LLQ̄uH
εij(Q̄mu)(LTmCLi)Hj

Class 4 ψ2H2X

O(7)
LHW εij(ετ

I)mng(LTi Cσ
µνLm)HjHnW

I
µν

Table 2. LNV dim-7 operators [87] involving active neutrinos that affect 0νββ at tree level.

Class 1 ψ2H3 Class 4 ψ4

O(6)
LνH (L̄νR)H̃(H†H) O(6)

duνe (d̄γµu)(ν̄Rγµe)

Class 2 ψ2H2D O(6)
QuνL (Q̄u)(ν̄RL)

O(6)
Hνe (ν̄Rγ

µe)(H̃†iDµH) O(6)
LνQd (L̄νR)ε(Q̄d))

Class 3 Ψ2HX O(6)
LdQν (L̄d)ε(Q̄νR)

O(6)
νW (L̄σµννR)τ IH̃W Iµν

Table 3. LNC dim-6 operators [76] involving a sterile neutrino that affect 0νββ at tree level.

consider the RGEs due to one-loop QCD effects. Most of the operators in tables 1–4 do

not undergo QCD renormalization or consist of a quark bilinear and evolve either like a

scalar or tensor operator. For these operators the RGEs are rather simple

dCS,T
d lnµ

=
αs
4π
γS,TCS,T , γS = −6CF , γT = 2CF , (2.4)

CS ∈
{
C

(6)
LeQu1 , C

(6)
LedQ, C

(7)
LLQuH

}
, CT ∈

{
C

(6)
uW , C

(6)
dW , C

(6)
LeQu3

}
,
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Class 1 ψ2H4 Class 5 ψ4D

O(7)
νH (νTRCνR)(H†H)2 O(7)

duνeD (d̄γµu)(νTRCiDµe)

Class 2 ψ2H2D2 O(7)
QLνuD (Q̄γµL)(νTRCiDµu)

O(7)
νeD εij(ν

T
RCDµe)(H

iDµHj) O(7)
dνQLD εij(d̄γµνR)(QiCiDµL

j)

Class 3 ψ2H3D Class 6 ψ4H

O(7)
νL1 εij(ν

T
RCγµL

i)(iDµHj)(H†H) O(7)
QνQLH2 εij(Q̄νR)(QiCLj)H

Class 4 ψ2H2X O(7)
dLνuH εij(d̄L

i)(νTRCu)H̃j

O(7)
νeW (ετ I)ij(ν

T
RCσ

µνe)(HiHj)W I
µν O(7)

dQνeH εij(d̄Q
i)(νTRCe)H

j

O(7)
QuνeH (Q̄u)(νTRCe)H

O(7)
QeνuH (Q̄e)(νTRCu)H

Table 4. LNV dim-7 operators [76] involving a sterile neutrino that affect 0νββ at tree level.

where CF = (N2
c −1)/(2Nc) for Nc = 3, the number of colors. In addition, there are several

cases for which only combinations of couplings follow a simple RGE

C
(1)
S,T = ∓1

2

[
C

(7)
LLQdH1 ±

(
C

(7)
LLQdH1

)T]
,

C
(2)
S,T = ∓1

4

[
C

(7)
LLQdH1 ∓

(
C

(7)
LLQdH1

)T]
∓ 1

2

[
C

(7)
LLQdH2 ∓

(
C

(7)
LLQdH2

)T]
,

C
(3)
S = −1

2
C

(6)
LdQν + C

(6)
LνQd , C

(3)
T = −1

8
C

(6)
LdQν , (2.5)

where C
(i)
S,T follow the same RGEs as CS,T in eq. (2.4). For some of the operators involving

νR the linear combinations that run like a scalar or a tensor current are more involved and

lead to the following RGEs

dC1

d lnµ
=
αs
4π

(
γT 0

γS−γT
2 γS

)
·C1 , CT

1 =
(
C

(7)
dνQLD , C

(7)
dQνeH/ye

)
,

dC2

d lnµ
=
αs
4π


γT 0 0 0 0

γT−γS
2 γS 0 0 0

γS + γT 0 −γS 0 0

0 0 0 γT 0
γS−γT

2 0 0 γT−γS
2 γS

 ·C2 ,

CT
2 =

(
C

(7)
QLνuD ,

(
M̄∗R

)−1
C

(6)
QuνL , C

(7)
dLνuH/yd , C

(7)
QeνuH/ye , C

(7)
QuνeH/ye

)
, (2.6)

where yf =
√

2mf/v. The C
(7)
QLνuD and C

(7)
dνQLD couplings induce additional operators that

only contribute to neutral currents and are therefore not shown.

– 7 –
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2.2 Matching at the electroweak scale

After EWSB where the Higgs field takes its vacuum expectation value and after integrating

out SM particles with masses of the order of the electroweak scale, the SMEFT operators

can be matched to a new EFT. Operators in this EFT are only invariant under SU(3)C ×
U(1)em gauge symmetries and only involve light quarks, charged leptons, neutrinos, pho-

tons, and gluons. For purposes of 0νββ, operators containing first-generation quarks and

no photons or gluons are the most interesting and we focus on this subset of operators.

Below the electroweak scale, the Lagrangian in eq. (2.1) can be matched to the following

effective Lagrangian

L = LSM −
[

1

2
ν̄cLMLνL +

1

2
ν̄cRMRνR + ν̄LMDνR + h.c.

]
+ L(6)

∆L=2 + L(6)
∆L=0 + L(7)

∆L=2 + L(7)
∆L=0 + L(9)

∆L=2 , (2.7)

where LSM now refers to interactions of dim-4 and lower of light SM fields, and

MD = vYν/
√

2. The relevant higher-dimensional operators are given by

L(6)
∆L=2 =

2GF√
2

{̄
uLγ

µdL

[
ēRγµC

(6)
VL ν

c
L+ēLγµC̄

(6)
VL ν

c
R

]
+ūRγ

µdR

[
ēR γµC

(6)
VR ν

c
L+ēL γµC̄

(6)
VR ν

c
R

]
+ūLdR

[
ēLC

(6)
SRν

c
L+ēR C̄

(6)
SRν

c
R

]
+ūRdL

[
ēLC

(6)
SL ν

c
L+ēR C̄

(6)
SL ν

c
R

]
+ūLσ

µνdR ēLσµνC
(6)
T νcL+ūRσ

µνdL ēRσµνC̄
(6)
T νcR

}
+h.c. (2.8)

L(6)
∆L=0 =

2GF√
2

{
ūLγ

µdL

[
ēLγµc

(6)
VL νL+ēRγµc̄

(6)
VL νR

]
+ūRγ

µdR

[
ēL γµc

(6)
VR νL+ēR γµc̄

(6)
VR νR

]
+ūLdR

[
ēR c

(6)
SRνL+ēL c̄

(6)
SRνR

]
+ūRdL

[
ēR c

(6)
SLνL+ēL c̄

(6)
SLνR

]
+ūRσ

µνdL ēRσµνc
(6)
T νL+ūLσ

µνdR ēLσµν c̄
(6)
T νR

}
+h.c. (2.9)

L(7)
∆L=2 =

2GF√
2v

{
ūLγ

µdL

[
ēLC

(7)
VL i
←→
D µν

c
L+ēR C̄

(7)
VL i
←→
D µν

c
R

]
+ūRγ

µdR

[
ēLC

(7)
VR i
←→
D µν

c
L+ēR C̄

(7)
VR i
←→
D µν

c
R

]
+ūLσ

µνdR ēLC̄
(7)
TR

←−
∂ µγνν

c
R+ūRσ

µνdL ēLC̄
(7)
TLγν∂µν

c
R

}
+h.c. (2.10)

L(7)
∆L=0 =

2GF√
2v

{
ūLγ

µdL

[
ēR c

(7)
VL i
←→
D µνL+ēL c̄

(7)
VL i
←→
D µνR

]
+ūRγ

µdR

[
ēR c

(7)
VR i
←→
D µνL+ēL c̄

(7)
VR i
←→
D µνR

]
+ūLσ

µνdR ∂µ

(
ēLc

(7)
TRγννL

)
+ūRσ

µνdL∂µ

(
ēLc

(7)
TLγννL

)}
+h.c. (2.11)

where
←→
D µ = Dµ −

←−
Dµ.
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Apart from dim-6 and -7 operators, several dim-9 operators can be induced as well.

Although only a small subset is induced at the electroweak scale, almost all can be popu-

lated if a right-handed neutrino with Λχ < mν < mW is integrated out. We therefore list

the complete set

L(9)
∆L=2 =

1

v5

∑
i

[(
C

(9)
iR ēRCē

T
R + C

(9)
iL ēLCē

T
L

)
Oi + C

(9)
i ēγµγ5Cē

T Oµi

]
, (2.12)

where Oi and Oµi are four-quark operators that are Lorentz scalars and vectors, respectively.

The scalar operators have been discussed in refs. [92, 93] and can be written as

O1 = q̄αLγµτ
+qαL q̄

β
Lγ

µτ+qβL , O′1 = q̄αRγµτ
+qαR q̄βRγ

µτ+qβR ,

O2 = q̄αRτ
+qαL q̄

β
Rτ

+qβL , O′2 = q̄αLτ
+qαR q̄βLτ

+qβR ,

O3 = q̄αRτ
+qβL q̄

β
Rτ

+qαL , O′3 = q̄αLτ
+qβR q̄βLτ

+qαR ,

O4 = q̄αLγµτ
+qαL q̄

β
Rγ

µτ+qβR ,

O5 = q̄αLγµτ
+qβL q̄

β
Rγ

µτ+qαR , (2.13)

where τ± = (τ1 ± iτ2)/2 with τi the Pauli matrices and α, β are color indices. The O′i
operators are related to the Oi by parity. The vector operators take the form [92]

Oµ6 =
(
q̄Lτ

+γµqL
) (
q̄Lτ

+qR
)
, Oµ ′6 =

(
q̄Rτ

+γµqR
) (
q̄Rτ

+qL
)
,

Oµ7 =
(
q̄Lt

aτ+γµqL
) (
q̄Lt

aτ+qR
)
, Oµ ′7 =

(
q̄Rt

aτ+γµqR
) (
q̄Rt

aτ+qL
)
,

Oµ8 =
(
q̄Lτ

+γµqL
) (
q̄Rτ

+qL
)
, Oµ ′8 =

(
q̄Rτ

+γµqR
) (
q̄Lτ

+qR
)
,

Oµ9 =
(
q̄Lt

aτ+γµqL
) (
q̄Rt

aτ+qL
)
, Oµ ′9 =

(
q̄Rt

aτ+γµqR
) (
q̄Lt

aτ+qR
)
, (2.14)

where the second column of operators is related to the first column by a parity transforma-

tion. Together, eqs. (2.13) and (2.14) provide a complete basis of four-quark two-electron

operators. Without loss of generality, we work in a basis without operators with tensor

structures that can be replaced through Fierz relations in terms of operators involving quark

bilinears with uncontracted color indices, for example OT = q̄αRσµντ
+qαL q̄

β
Rσ

µντ+qβL =

−8O3 − 4O2.

As mentioned, we only included operators with first-generation quarks and no pho-

tons. In principle, there appear dipole-type operators containing Fµν and operators with

heavier quarks. We have kept all generations of leptons for now. To derive the matching

contributions, we applied the equations of motion of the various fields

i/∂νL = MDνR +M †Lν
c
L , i/∂νR = M †DνL +M †Rν

c
R ,

i/∂eL = MeeR , i/∂uL = muuR , i/∂dL = mddR ,

W+
µ ' −

g√
2

1

m2
W

(
ēLγµνL + d̄LγµuL

)
. (2.15)

Here Me = diag(me, mµ, mτ ) which appears in the Lagrangian as LMe = −ēLMeeR + h.c.,

while mu,d are the masses of the up and down quarks. Before giving the explicit matching

conditions, it is convenient to first rotate to the mass basis of the neutrino fields.
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2.2.1 Rotation to the neutrino mass basis

After EWSB the mass terms can be written as

Lm = −1

2
N̄ cMνN + h.c. , Mν =

(
ML M∗D
M †D M †R

)
, (2.16)

where N = (νL, ν
c
R)T and Mν is a N × N symmetric matrix (since ML and MR are

symmetric matrices), with N = 3 + n. The mass matrix can be diagonalized by a single

N ×N unitary matrix, U ,

UTMνU = mν = diag(m1, . . . ,m3+n) , N = UNm . (2.17)

In the general case U contains N(N + 1)/2 phases and N(N − 1)/2 rotation angles and

the m1, . . . ,mN are real and positive. The kinetic and mass terms of the neutrinos can be

written as

Lν =
1

2
ν̄i/∂ν − 1

2
ν̄mνν , (2.18)

in terms of the Majorana mass eigenstates ν = Nm +N c
m = νc. The rotation to the mass

basis is given by

νL = PL(PU)ν , νcL = PR(PU∗)ν ,

νR = PR(PsU
∗)ν , νcR = PL(PsU)ν , (2.19)

where P and Ps are 3×N and n×N projector matrices

P =
(
I3×3 03×n

)
, Ps =

(
0n×3 In×n

)
. (2.20)

The above rotations lead to the following form for the SM charged and neutral currents,

L =
g√
2
ēLγ

µPUν W−µ +
g

2cw
ν̄γµPL

(
U †P TPU

)
ν Zµ + . . . . (2.21)

Both currents involve the combination PU , which is an 3×N non-unitary matrix, implying

that the neutral current is no longer necessarily diagonal or universal. In general, the

matrix PU contains (N − n)(N + n + 1)/2 phases. In the absence of higher-dimensional

operators N − n = 3 of these phases can be absorbed by the charged-lepton fields, leading

to (N − n)(N + n − 1)/2 = 3(n + 1) phases and an equal number of angles [94]. In the

case of N = 3 the resulting matrix is the usual PMNS matrix. In the presence of higher-

dimensional operators the same re-phasings of the electron fields can still be performed,

but will result in redefinitions of the Wilson coefficients of these operators.

After rotating to the neutrino mass basis the operators in L(6)
∆L=0 and L(6)

∆L=2, and

L(7)
∆L=0 and L(7)

∆L=2 can be written in rather compact form. We combine the dim-6 opera-

tors into

L(6) =
2GF√

2

{
ūLγ

µdL

[
ēRγµC

(6)
VLR ν+ēLγµC

(6)
VLL ν

]
+ūRγ

µdR

[
ēR γµC

(6)
VRR ν+ēL γµC

(6)
VRL ν

]
+ūLdR

[
ēLC

(6)
SRRν+ēRC

(6)
SRLν

]
+ūRdL

[
ēLC

(6)
SLRν+ēRC

(6)
SLLν

]
+ūLσ

µνdR ēLσµνC
(6)
TRR ν+ūRσ

µνdL ēRσµνC
(6)
TLL ν

}
+h.c. (2.22)
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while for the dim-7 operators we obtain

L(7) =
2GF√

2v

{
ūLγ

µdL

[
ēLC

(7)
VLR i

←→
D µν + ēR C

(7)
VLL i

←→
D µν

]
+ ūRγ

µdR

[
ēLC

(7)
VRR i

←→
D µν + ēR C

(7)
VRL i

←→
D µν

]
+ ūLσ

µνdR ēLC
(7)
TR1

←−
Dµγνν + ūRσ

µνdL ēLC
(7)
TL1γν∂µν

+ ūLσ
µνdRDµ

(
ēLC

(7)
TR2γνν

)
+ ūRσ

µνdLDµ

(
ēLC

(7)
TL2γνν

)}
+ h.c. (2.23)

The dim-9 operators contain no neutrino fields and are unaffected. The dim-6 and -7 op-

erators are now mixtures of LNC and LNV terms, as the ν fields do not have a definite

lepton number. The Wilson coefficients of the dim-6 operators are given by

C
(6)
VLR = C

(6)
VLPU

∗ + c̄
(6)
VLPsU

∗ , C
(6)
VRR = C

(6)
VRPU

∗ + c̄
(6)
VRPsU

∗ ,

C
(6)
VLL = C̄

(6)
VLPsU + c

(6)
VLPU , C

(6)
VRL = C̄

(6)
VRPsU + c

(6)
VRPU ,

C
(6)
SLR = C

(6)
SL PU

∗ + c̄
(6)
SLPsU

∗ , C
(6)
SRR = C

(6)
SRPU

∗ + c̄
(6)
SRPsU

∗ ,

C
(6)
SLL = C̄

(6)
SL PsU + c

(6)
SLPU , C

(6)
SRL = C̄

(6)
SRPsU + c

(6)
SRPU ,

C
(6)
TLL = C̄

(6)
T PsU + c

(6)
T PU , C

(6)
TRR = C

(6)
T PU∗ + c̄

(6)
T PsU

∗ , (2.24)

and those of the dim-7 operators become

C
(7)
VLL = c

(7)
VLPU + C̄

(7)
VLPsU , C

(7)
VRL = c

(7)
VRPU + C̄

(7)
VRPsU ,

C
(7)
VLR = C

(7)
VLPU

∗ + c̄
(7)
VLPsU

∗ , C
(7)
VRR = C

(7)
VRPU

∗ + c̄
(7)
VRPsU

∗ ,

C
(7)
TL1 = C̄

(7)
TLPsU , C

(7)
TL2 = c

(7)
TLPU ,

C
(7)
TR1 = C̄

(7)
TRPsU , C

(7)
TR2 = c

(7)
TRPU . (2.25)

The operators involving νcL,R and νR,L contribute to the same terms in the mass basis, the

only difference results from the flavor indices that are summed over, i.e. whether P or Ps
appears. This notation will help simplify the calculation of the nn → pp ee transition

operators.

Before discussing the matching conditions, we note that although the dim-7 operators

are in principle independent, this is no longer true in the approximation that the charged

leptons carry zero momenta. In this case, derivatives on the charged-lepton fields can be

dropped which allows one to neglect C
(7)
TR1. In addition, the derivatives in the vector-like

operators can now be moved onto the quark bilinears, which, after using the equations of

motion, gives rise to interactions that have the same form as the scalar dim-6 operators. As

a result, the contributions of the dim-7 vector operators can be captured by the following

shifts of the dim-6 scalar operators,

C
(6)
SLL → C

(6)
SLL +

mu

v
C

(7)
VLL −

md

v
C

(7)
VRL , C

(6)
SLR → C

(6)
SLR +

mu

v
C

(7)
VLR −

md

v
C

(7)
VRR ,

C
(6)
SRR → C

(6)
SRR +

mu

v
C

(7)
VRR −

md

v
C

(7)
VLR , C

(6)
SRL → C

(6)
SRL +

mu

v
C

(7)
VRL −

md

v
C

(7)
VLL . (2.26)

While working within this approximation, we will often employ the above shifts to obtain

the contributions from the dim-7 vector operators, instead of writing them out explicitly.
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2.2.2 Matching contributions to the neutrino mass terms

Finally we explicitly give the matching conditions for the various effective interactions. We

only consider tree-level relations. Some one-loop matching results can be found in ref. [95].

The mass terms are given by

ML = −v2C(5) − v4

2
CLH ,

MR = M̄R + v2M̄
(5)
R −

v4

2
C

(7)
νH ,

MD =
v√
2

[
Yν −

v2

2
C

(6)
LνH

]
, (2.27)

such that the Majorana mass of active neutrinos gets dim-5 and dim-7 contributions.

Additional dim-7 contributions are induced at the loop level and discussed in ref. [50]. The

Majorana mass of sterile neutrinos gets a direct dim-3 contribution and higher-dimensional

corrections. The Dirac mass gets a direct dim-4 contribution and a dim-6 correction. In

principle, one expects the lowest-dimensional contribution to each mass term to dominate

the mass, but power-counting estimates can be violated by small dimensionless numbers

such as Yukawa couplings.

2.2.3 Matching conditions for operators involving active neutrinos

We now turn to the dim-6 operators involving active neutrinos νL. The Wilson coefficients

of LNC operators are given by

c
(6)
VL = −2Vud1 + 2v2

[
C

(6)
LQ 3 − C

(6)
HL 3 − C

(6)
HQ 3 1

]
− 4
√

2v

g
Me

(
C

(6)
eW

)†
− 4
√

2v

g
C

(6)
νWM

†
D + 4v2

(
C

(7)
LHW

)†
ML ,

c
(6)
VR = −v2C

(6)
Hud 1,

c
(6)
SR = v2

(
C

(6)
LedQ

)†
,

c
(6)
SL = v2

(
C

(6)
LeQu 1

)†
,

c
(6)
T = v2

(
C

(6)
LeQu 3

)†
. (2.28)

The first contribution to c
(6)
V L is the SM contribution. The remaining contributions to

c
(6)
V L and the other couplings are from BSM interactions and can be probed in β-decay

experiments [75, 96]. The matching conditions for LNC dim-7 operators are

c
(7)
VL =

4
√

2

g
v2
(
C

(6)
eW

)†
,

c
(7)
VR = 0 ,

c
(7)
TR = −4

√
2

g
v2C

(6)
dW 1,

c
(7)
TL = −4

√
2

g
v2C

(6) ∗
uW 1 , (2.29)
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such that the right-handed dim-7 coupling is not generated. The tensor operators are

generated by coupling to leptons through the SM charged current and are therefore diagonal

in lepton flavor space.

The analogous conditions for LNV interactions involving νL are given by

1

v3 C
(6)
VL,ij =− i√

2
VudC

(7)∗
LHDe,ji+4Vud

me

v
C

(7)∗
LHW,ji−

4
√

2

gv2

(
MLC

(6)
eW

)∗
ji

+
8

gv

(
MDC

(7)∗
νeW

)
ji
,

1

v3 C
(6)
VR,ij =

1√
2
C

(7)∗
Leud̄H,ji

,

1

v3 C
(6)
SR,ij =

1

2
√

2

(
C

(7)

LLQd̄H 2,ij
−C(7)

LLQd̄H 2,ji
+C

(7)

LLQd̄H 1,ij

)∗
+
Vud
2

md

v

(
C

(7)
LHD1,ij−C

(7)
LHD1,ji−C

(7)
LHD2,ji

)∗
− i

2

mu

v

(
C

(7)

LLd̄uD1,ij
−C(7)

LLd̄uD1,ji

)∗
,

1

v3 C
(6)
SL,ij =

1√
2
C

(7)∗
LLQ̄uH,ij

+
1

2v

[(
C

(7)
QLνuD

)†
MT
D

]
ij

− Vud
2

mu

v

(
C

(7)
LHD1,ij−C

(7)
LHD1,ji−C

(7)
LHD2,ji

)∗
+
i

2

md

v

(
C

(7)

LLd̄uD1,ij
−C(7)

LLd̄uD1,ji

)∗
,

1

v3 C
(6)
T,ij =

1

8
√

2

(
C

(7)

LLQd̄H 2,ij
+C

(7)

LLQd̄H 2,ji
+C

(7)

LLQd̄H 1,ij

)∗
, (2.30)

for dim-6 operators and

1

v3
C

(7)
VL,ij = −Vud

2

(
C

(7)
LHD 1,ij + C

(7)
LHD 1,ji + C

(7)
LHD 2,ji + 8C

(7)
LHW,ji

)∗
,

1

v3
C

(7)
VR,ij = − i

2

(
C

(7)

LLd̄uD 1,ij
+ C

(7)

LLd̄uD 1,ji

)∗
, (2.31)

for dim-7 operators. The expressions for dim-6 and -7 LNV operators were obtained earlier

in ref. [50], with the exception of the dim-6 contribution proportional to MT
D and ML. Note

that the contribution proportional to MLC
(6)
eW scales as Λ−3 as ML = O(v2/Λ) as given in

eq. (2.27), so that all terms scale as Λ−3.

2.2.4 Matching conditions for operators involving sterile neutrinos

In analogous fashion we obtain the Wilson coefficient of the operators involving sterile

neutrinos νR. For the LNC dim-6 operators we find

c̄
(6)
VL =

[
−v2C

(6)
Hνe +

8v2

g
M †RC

(7)
νeW −

4
√

2v

g

(
C

(6)
νW

)†
Me −

4
√

2v

g
M †DC

(6)
eW

]†
,

c̄
(6)
VR = v2

(
C

(6)
duνe

)†
,

c̄
(6)
SR = −v2C

(6)
LνQd +

v2

2
C

(6)
LdQν ,

c̄
(6)
SL = v2

(
C

(6)
QuνL

)†
+
v2

2

(
C

(7)
QLνuD

)†
MR ,

c̄
(6)
T =

v2

8
C

(6)
LdQν , (2.32)
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and for the LNC dim-7 operators

c̄
(7)
VL =

4
√

2v2

g
C

(6)
νW ,

c̄
(7)
VR = 0 . (2.33)

Analogous to eq. (2.29) the right-handed coupling is not induced, while dim-7 tensor cou-

plings are not generated for sterile neutrinos either. In the case of the active neutrinos,

such tensor couplings arise from the product of a dim-6 operator involving quark fields and

the SM weak interaction, the latter of which only couples to active neutrinos.

The dim-6 LNV conditions are given by

C̄
(6)
VL = −4

√
2v

g
C

(6)
νWM

†
R +

v3

√
2
C

(7)
νL1 + 8

v2

g

(
C

(7)
νeW

)†
Me

+

(
v√
2

)3 (
C

(7)
QνQLH2

)†
+ 4v2

(
C

(7)
LHW

)†
M∗D ,

C̄
(6)
VR = −v

2

2
md

(
C

(7)
QLνuD

)†
+

(
v√
2

)3 (
C

(7)
dLνuH

)†
,

C̄
(6)
SR =

[
v3

√
2
C

(7)
dQνeH +

v2

2
M †eC

(7)
dνQLD −

v2

2
mdC

(7)
νeD −

v2

2
muC

(7)
duνeD

]†
,

C̄
(6)
SL =

[
v3

√
2
C

(7)
QuνeH −

(
v√
2

)3

C
(7)
QeνuH +

v2

2
mdC

(7)
duνeD +

v2

2
C

(7)
QLνuDMe +

v2

2
muC

(7)
νeD

]†
,

C̄
(6)
T = − v3

8
√

2

(
C

(7)
QeνuH

)†
+
v2

8
M †e

(
C

(7)
QLνuD

)†
. (2.34)

All contributions scale as Λ−3 except for the first contribution to C̄
(6)
VL which scales as Λ−2

and is proportional to a LNC dim-6 coefficient, while the LNV source is the Majorana mass

of the sterile neutrino.

Finally the dim-7 LNV Wilson coefficients become

1

v3
C̄

(7)
VL = −1

2

(
C

(7)
νeD

)†
− 8

g

(
C

(7)
νeW

)†
,

1

v3
C̄

(7)
VR =

1

2

(
C

(7)
duνeD

)†
,

1

v3
C̄

(7)
TL = −1

2

(
C

(7)
QLνuD

)†
,

1

v3
C̄

(7)
TR =

1

2

(
C

(7)
dνQLD

)†
. (2.35)

2.2.5 Matching conditions for dim-9 operators without neutrinos

The matching conditions for the dim-9 operators can be taken from ref. [50]

1

v3
C

(9)
1,ij = −2V 2

ud

(
C

(7)
LHD 1,ij + 4CLHW,ij

)∗
,

1

v3
C

(9)
4,ij = −2iVudC

(7)∗
LLd̄uD,ij

,

1

v3
C

(9)
5,ij = 0 . (2.36)
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Other dim-9 operators are induced from dim-9 contributions as discussed in ref. [51].

2.3 Evolution to the QCD scale

Below the electroweak scale we again considering the one-loop QCD running of the opera-

tors in eqs. (2.22), (2.23), and (2.12). The dimension-six and -seven couplings evolve like

scalar or tensor currents, as in eq. (2.4), with

CS ∈
{
C

(6)
SRR,SRL,SLR,SLL

}
, CT ∈

{
C

(6)
TRR,TLL, C

(7)
TR1,TR2,TL1,TL2

}
. (2.37)

For the scalar dim-9 couplings we have [51, 97, 98]

d

d lnµ
C

(9)
1 = 6

(
1− 1

Nc

)
αs
4π
C

(9)
1 ,

d

d lnµ

(
C

(9)
2

C
(9)
3

)
=
αs
4π

(
8 + 2

Nc
− 6Nc −4− 8

Nc
+ 4Nc

4− 8
Nc

4 + 2
Nc

+ 2Nc

)(
C

(9)
2

C
(9)
3

)
,

d

d lnµ

(
C

(9)
4

C
(9)
5

)
=
αs
4π

(
6/Nc 0

−6 −12CF

)(
C

(9)
4

C
(9)
5

)
. (2.38)

The RGEs do not depend on the lepton chirality, and we therefore omitted the subscripts

L, R in eq. (2.38). The equations for the C
(9)′
1,2,3 coefficients are equivalent to those in

eq. (2.38), while the RGEs for the vector operators are given by

d

d lnµ

(
C

(9)
6

C
(9)
7

)
=
αs
4π

(
−2CF

3Nc−4
Nc

2CF
(Nc+2)(Nc−1)

N2
c

4Nc−2
Nc

4−Nc+2N2
c+N3

c
N2
c

)(
C

(9)
6

C
(9)
7

)
. (2.39)

2.3.1 Integrating out sterile neutrinos with Λχ < mν ≤ v

In case one or more neutrinos have masses in the range Λχ < mν ≤ v, we should integrate

them out before matching onto chiral perturbation theory. We can do so by writing the

Lagrangian involving the heavy neutrinos as

LH =

N∑
i=N−nH+1

[
1

2
ν̄ii/∂νi −

1

2
ν̄imνiνi + Jiνi

]
, (2.40)

where i is a neutrino mass eigenstate index that runs over the heavy neutrinos, i.e.

Λχ < mνi ≤ v for i ∈ {N − nH + 1, N}, with nH the number of heavy neutrinos. Fur-

thermore, Ji incorporates the interactions of the i-th neutrino that are present in L(6,7).1

When integrating out the heavy neutrinos, combinations of the interactions in L(6,7) will

give rise to dimension-nine operators. These can be derived by making use of the equations

of motion,

νTi C '
(
J m̄−1

ν

)
i
, i ∈ {N − nH + 1, N} , (2.41)

1Note that the hermitian conjugate terms in eqs. (2.22) and (2.23) can also be written in terms of the

νi fields instead of ν̄i fields, since ν̄Γe = ν̄cΓe = ēcCΓTC−1ν, where Γ denotes the Dirac structure.
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where m̄−1
ν is a diagonal N ×N mass matrix for the heavy neutrinos, m̄−1

ν = diag(0, . . . 0,

m−1
νN−nH+1

, . . .m−1
νN

), and we neglected the kinetic term of the heavy neutrinos, which pro-

duces terms that are suppressed by q/mνi . Making the same approximation for the inter-

actions in J allows us to drop the dim-7 terms. Appendix D discusses corrections to this

approximation. We obtain

Ji = Ji + J̄i

Ji '
1

v2

[
ūLγ

µdL

[
ēRγµC

(6)
VLR + ēLγµC

(6)
VLL

]
+ ūRγ

µdR

[
ēR γµC

(6)
VRR + ēL γµC

(6)
VRL

]
+ ūLdR

[
ēLC

(6)
SRR + ēR C

(6)
SRL

]
+ ūRdL

[
ēLC

(6)
SLR + ēR C

(6)
SLL

]
+ ūLσ

µνdR ēLσµνC
(6)
TRR + ūRσ

µνdL ēRσµνC
(6)
TLL

]
i

, (2.42)

where J̄i are the interactions that arise from the hermitian conjugate in L(6,7), i.e. terms

involving eL,R instead of ēL,R. This leads to the following effective Lagrangian

LH '
1

2
J m̄−1

ν CJ T , (2.43)

in which the terms of interest for 0νβ−β−, namely those that have L = −2 (not L = 0, 2),

are contained in the ∼ Jm̄−1
ν CJT part of the above Lagrangian. Instead, the operators

with L = 2, which give rise to 0νβ+β+ decays are contained in the ∼ J̄m̄−1
ν CJ̄T term and

are given by the hermitian conjugate of the L = −2 interactions. This procedure leads to

the following matching conditions for the scalar operators

C
(9)
1R = −v

2
C

(6)
VLRm̄

−1
ν C

(6)T
VLR , C

(9)′
1R = −v

2
C

(6)
VRRm̄

−1
ν C

(6)T
VRR ,

C
(9)
2R =

v

2
C

(6)
SLLm̄

−1
ν C

(6)T
SLL + 8vC

(6)
TLLm̄

−1
ν C

(6)T
TLL , C

(9)′
2R =

v

2
C

(6)
SRLm̄

−1
ν C

(6)T
SRL ,

C
(9)
3R = 16vC

(6)
TLLm̄

−1
ν C

(6)T
TLL , C

(9)′
3R = 0 ,

C
(9)
4R = −v

2

[
C

(6)
VRRm̄

−1
ν C

(6)T
VLR + C

(6)
VLRm̄

−1
ν C

(6)T
VRR

]
,

C
(9)
5R = −v

4

[
C

(6)
SRLm̄

−1
ν C

(6)T
SLL + C

(6)
SLLm̄

−1
ν C

(6)T
SRL

]
. (2.44)

Analogous matching contributions arise for the C
(9)
i L operators, which can be obtained from

the above by replacing

C
(9)
i R → C

(9)′
i L , C

(9)′
i R → C

(9)
i L , C

(9)
4,5R → C

(9)
4,5L

C
(6)
ALL ↔ C

(6)
ARR , C

(6)
ARL ↔ C

(6)
ALR , A ∈ {S, V, T} . (2.45)
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The matching conditions for the vector operators are given by

C
(9)
6 =

v

2

[
C

(6)
VLRm̄

−1
ν C

(6)T
SRR + C

(6)
SRRm̄

−1
ν C

(6)T
VLR

2
−
C

(6)
VLLm̄

−1
ν C

(6)T
SRL + C

(6)
SRLm̄

−1
ν C

(6)T
VLL

2

]

+
1

4

(
2

Nc
+ 1

)
C

(9)
7 ,

C
(9)
7 = 8v

[
C

(6)
VLRm̄

−1
ν C

(6)T
TRR + C

(6)
TRRm̄

−1
ν C

(6)T
VLR

2

]
,

C
(9)
8 =

v

2

[
C

(6)
VLRm̄

−1
ν C

(6)T
SLR + C

(6)
SLRm̄

−1
ν C

(6)T
VLR

2
−
C

(6)
VLLm̄

−1
ν C

(6)T
SLL + C

(6)
SLLm̄

−1
ν C

(6)T
VLL

2

]

+
1

4

(
2

Nc
+ 1

)
C

(9)
9 ,

C
(9)
9 = 8v

[
C

(6)
VLLm̄

−1
ν C

(6)T
TLL + C

(6)
TLLm̄

−1
ν C

(6)T
VLL

2

]
,

C
(9)′
6 =

v

2

[
C

(6)
VRRm̄

−1
ν C

(6)T
SLR + C

(6)
SLRm̄

−1
ν C

(6)T
VRR

2
−
C

(6)
VRLm̄

−1
ν C

(6)T
SLL + C

(6)
SLLm̄

−1
ν C

(6)T
VRL

2

]

+
1

4

(
2

Nc
+ 1

)
C

(9)′
7 ,

C
(9)′
7 = −8v

[
C

(6)
VRLm̄

−1
ν C

(6)T
TLL + C

(6)
TLLm̄

−1
ν C

(6)T
VRL

2

]
,

C
(9)′
8 =

v

2

[
C

(6)
VRRm̄

−1
ν C

(6)T
SRR + C

(6)
SRRm̄

−1
ν C

(6)T
VRR

2
−
C

(6)
VRLm̄

−1
ν C

(6)T
SRL + C

(6)
SRLm̄

−1
ν C

(6)T
VRL

2

]

+
1

4

(
2

Nc
+ 1

)
C

(9)′
9 ,

C
(9)′
9 = −8v

[
C

(6)
VRRm̄

−1
ν C

(6)T
TRR + C

(6)
TRRm̄

−1
ν C

(6)T
VRR

2

]
. (2.46)

Furthermore, integrating out a heavy neutrino in principle induces four-quark two-

lepton operators with an additional derivative. We discuss such terms in appendix D.

3 Chiral perturbation theory with (sterile) neutrinos

Below the GeV scale, a description in terms of quarks and gluons as degrees of freedom

breaks down. We therefore match to an effective description in terms of pions and nucle-

ons. To keep the connection to QCD and the higher-dimensional operators we apply the

framework of chiral perturbation theory (χPT) [99–102]. χPT is the low-energy EFT of

QCD and the χPT Lagrangian consists of all interaction among the effective low-energy

degrees of freedom consistent with the chiral and space-time symmetry properties of the

underlying microscopic theory. We apply two-flavored χPT in which pions appear as

pseudo-Goldstone bosons of the approximate chiral symmetry of QCD. Up to small chiral-

symmetry-breaking corrections, pionic interactions involve space-time derivatives. This
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feature allows for a perturbative expansion in εχ = p/Λχ where p is the momentum scale of

a process. For p ∼ mπ only a finite number of interactions need to be considered. Each in-

teraction is proportional to a coupling constant, often called a low-energy constant (LEC),

whose value cannot be obtained from symmetry considerations alone. The LECs can be

fitted to experimental data, calculated using nonperturbative QCD methods such as lattice

QCD, or estimated based on the power-counting scheme with naive dimensional analysis

(NDA) [103]. The application of χPT to neutrinoless double beta decay was developed in

refs. [50, 51, 92, 93, 104].

The extension of χPT to systems with more than one nucleon, as required for our pur-

poses, is often called chiral EFT (χEFT) [105] and has a more complicated power counting.

The nuclear scale p2/2mN becomes relevant in diagrams in which the intermediate state

consists purely of propagating nucleons, which are enhanced with respect to the χPT

counting. This leads to the need to resum certain classes of diagrams to all orders, which

manifests in the appearance of bound states: atomic nuclei. The need to resum certain

nuclear interactions also has important consequences for external currents [106]. Currents

that are sandwiched between nuclear interactions that must be resummed can appear at

lower order in the power counting than expected based on NDA. For example, the exchange

of a light Majorana neutrino between two nucleons leads to a nn→ pp ee transition opera-

tor whose matrix element between nuclear wave functions diverges [107, 108]. This implies

that a counterterm must be present, in the form a short-range nnppee operator, to ab-

sorb the associated divergence. In this work, we determine the scaling of nucleon-nucleon

currents by explicitly enforcing that the nn→ pp ee amplitude is renormalized.

The discussion of 0νββ mediated by light neutrinos requires the consideration of two

more scales: the energy of the outgoing electrons and the neutrino mass. The electron

energy is determined by the Q-value of the 0νββ reactions. All isotopes of experimental

interest have Q-values at the MeV scale Q ∼ O(MeV) which is small compared to the typi-

cal momentum exchange between nucleons q ∼ kF ∼ mπ where kF is the Fermi momentum

of a nucleus. nn→ pp ee transition operators that explicitly depend on the lepton momenta

therefore give rise to suppressed 0νββ amplitudes. To explicitly consider this suppression

in the power-counting scheme we assign the counting rule Q ∼ me ∼ mπε
2
χ [51]. The

electron energy is of similar size as the excitation energy of the nuclear intermediate states,

which are related to violation of the so called “closure approximation”. In chiral EFT,

corrections to closure are associated to the propagation of ultrasoft (usoft) neutrinos, with

q0 ∼ |q| ∼ Q, and, in the standard mechanism,2 are suppressed by Q/(4πkF ) ∼ ε3χ [104].3

2Throughout this work, we refer to the standard mechanism as 0νββ induced by three very light,

mi � Q, Majorana neutrinos.
3Ref. [104] adopted the counting Q ∼ p2/mN ∼ mπεχ, leading to the usoft contribution to be suppressed

by ε2χ rather than ε3χ. Since the usoft contribution to the 0νββ half-life is given explicitly in terms of the

energy spectrum of the initial, intermediate, and final nuclear states and of the zero-momentum matrix

elements of the weak currents, it would be interesting to evaluate its size for 0νββ emitters of experimental

interest, and assess which counting is more accurate.
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The mass of sterile neutrinos is a varying parameter, which can go from mi � Q,

similar to the standard mechanism, all the way to mi � Λχ. For almost massless neu-

trinos, mi . Q, the 0νββ amplitude receives contributions from “potential” neutrinos,

with (q0,q) ∼ (0, kF ), from hard neutrinos, with q0 ∼ q ∼ Λχ, and from the usoft regime

discussed above. The usoft region is suppressed, unless the LO potential contribution can-

cels, as happens when the active neutrinos have no Majorana mass, ML = 0, all sterile

neutrinos are light, and higher-dimensional operators are turned off. In this case, the po-

tential region is suppressed by m2
i /k

2
F [67, 68], while the usoft region is comparatively less

suppressed, by m2
i /Q

2, and the two become similar. In this paper, we do not include the

contributions from the ultrasoft region, which are phenomenologically important only in

the narrow region mi . Q, and very small ML. We will address the intricacies of the usoft

region in a forthcoming study. In several cases, the hard region gives contributions that are

comparable to those from potential neutrinos. We will consider the corresponding chiral

Lagrangian in section 3.4.

If we increase the neutrino mass to mi ∼ mπ, the usoft region disappears. In this case,

soft neutrinos and pions with q0 ∼ q ∼ mπ are explicit degrees of freedom in the theory,

but they correct the 0νββ transition operator only at loop level, implying a suppression

by factors of εχ [104]. Instead, in the region mi ∼ Λχ, such loop corrections become

large, ∼ mi/Λχ, making this the most complicated region to describe rigorously. Finally, if

mi � Λχ, the sterile neutrinos can be integrated out in perturbation theory, as discussed

in section 2.3.1.

Within the framework of χEFT, extended with the additional scale considerations

mentioned above, the nn→ pp ee transition operators have been derived for several sources

of LNV. For example, refs. [104, 107, 108] calculated the transition operator in the standard

mechanism up to next-to-next-to-leading order in the εχ expansion. Refs. [50, 51] calculated

the first non-vanishing contribution for, respectively, dim-7 and dim-9 LNV operators. In

this work we extend these calculations to contributions from sterile neutrinos.

3.1 Chiral building blocks

The construction of the χPT Lagrangian is well documented [100, 102, 109], and the

application to 0νββ is spelled out in ref. [50]. Here we just repeat the main steps. It

is convenient to write the QCD Lagrangian supplemented by the operators in eqs. (2.22)

and (2.23) as

Lqq = q̄i∂/ q + q̄
{
lµγµPL + rµγµPR

− (M + s+ ip)PL − (M + s− ip)PR + tµνL σµνPL + tµνR σµνPR

}
q , (3.1)

with q = (u d)T a doublet of quark fields, and M = diag(mu, md) is a diagonal matrix of

the real quark masses. The external sources s, p, lµ, rµ, tµνL , and tµνR can be read from

eqs. (2.22) and (2.23). Neglecting the SM electromagnetic and neutral weak interaction,
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and focusing on terms that create electrons instead of positrons, we identify

s+ ip = −2GF√
2

{
τ+
(
ēLC

(6)
SLRν + ēRC

(6)
SLLν

)
+
(
τ+
)† (

ēLC
(6)
SRRν + ēRC

(6)
SRLν

)†}
,

s− ip = (s+ ip)† ,

lµ =
2GF√

2v
τ+

{
v ēRγ

µC
(6)
VLRν + v ēLγ

µC
(6)
VLLν

+ ēLC
(7)
VLR i

←→
∂ µν + ēR C

(7)
VLL i

←→
∂ µν

}
+ h.c. ,

rµ =
2GF√

2v
τ+

{
v ēRγ

µC
(6)
VRRν + v ēLγ

µC
(6)
VRLν

+ ēLC
(7)
VRR i

←→
∂ µν + ēR C

(7)
VRL i

←→
∂ µν

}
+ h.c. ,

tµνL =
2GF√

2v

{
τ+
[
v ēRσ

µνC
(6)
TLL ν + ēLC

(7)
TL1γ

ν∂µν + ∂µ
(
ēLC

(7)
TL2γ

νν
)]

+
(
τ+
)† [

v ēLσ
µνC

(6)
TRR ν + ēLC

(7)
TR1

←−
∂ µγνν + ∂µ

(
ēLC

(7)
TR2γ

νν
)]†}

,

tµνR =
(
tµνL
)†
. (3.2)

The quark-level Lagrangian is formally invariant under local SU(2)L×SU(2)R transforma-

tions, qL → LqL and qR → RqR with L and R general SU(2) matrices, provided that the

spurions transform as

lµ → LlµL
† − i (∂µL)L† , rµ → RrµR

† − i (∂µR)R† ,

M + s+ ip→ R(M + s+ ip)L† , tµνL → RtµνL L† , tµνR → LtµνR R† . (3.3)

The chiral Lagrangian that describes the exchange of potential neutrinos is then constructed

by building the most general interactions that are invariant under these transformations.

3.1.1 The pion sector

In χPT pions are described by

U = u2 = exp

(
iπ · τ
F0

)
, (3.4)

in terms of the Pauli matrices τ , the pion triplet π, and F0 is the decay constant in the

chiral limit. We use Fπ = 92.2 MeV for the physical pion decay constant, and, since we

work at lowest order in χPT, we will use Fπ = F0. Under SU(2)L×SU(2)R transformations

the pion field transforms as U → LUR†. It is convenient to define a covariant derivative

that transforms in the same way DµU → L(DµU)R† under local transformations, where

DµU = ∂µU − ilµU + iUrµ , (3.5)

where lµ and rµ are the external source terms given above. Quark masses explicitly

break chiral symmetry and their effects are included by the spurion χ that transforms

as χ→ LχR†, and explicitly

χ = 2B(M + s− ip) , (3.6)
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where B is a LEC, often called the quark condensate, related to the pion mass via

m2
π = B(mu +md). The LO chiral Lagrangian consists of the Lorentz- and chiral-invariant

terms with the lowest number of derivatives

Lπ =
F 2

0

4
Tr
[
(DµU)†(DµU)

]
+
F 2

0

4
Tr
[
U †χ+ Uχ†

]
. (3.7)

By expanding the U field, we can immediately read off the interactions between pions,

neutrinos, and electrons, that are induced by effective operators that contribute to lµ, rµ,

s, and p. Contributions from the tensor sources require two additional derivatives and only

appear at higher order. For those sources, interactions in the pion-nucleon sector are more

relevant. Interactions with more derivatives or insertions of χ also appear at higher order,

but will not be necessary for our purposes.

3.1.2 The pion-nucleon sector

We work with non-relativistic heavy-baryon nucleon fields denoted by N = (p, n)T charac-

terized by the nucleon velocity vµ = (1,0) and spin Sµ = (0, σ/2). Under chiral symmetry

the nucleon field transforms as N → KN with K an SU(2) matrix, belonging to the di-

agonal subgroup of SU(2)L × SU(2)R. The same matrix appears in the transformation of

u =
√
U → LuK† = KuR†. A nucleon covariant derivative can be defined as

DµN = (∂µ + Γµ)N , Γµ =
1

2

[
u†(∂µ − ilµ)u+ u(∂µ − irµ)u†

]
, (3.8)

such that DµN → KDµN . It is useful to introduce two more objects with convenient

symmetry properties

uµ = −i
[
u†(∂µ − ilµ)u− u(∂µ − irµ)u†

]
,

χ± = u†χu† ± uχ†u , (3.9)

that transform as X → KXK†, with X ∈ {χ±, uµ}. Operators relevant for 0νββ with the

lowest number of derivatives are given by

L(1)
πN = iN̄v ·DN+gAN̄S ·uN+c5 N̄ χ̂+N−2gT εµναβv

α N̄Sβ
(
u†tµνR u†+utµνL u

)
N , (3.10)

where χ̂+ = χ+ − Tr(χ+)/2 and c5 and gT are two LECs. c5 is connected to the strong

proton-neutron mass splitting (mn − mp)
str and to the scalar charge gS via c5 = (mn −

mp)
str/(4B(mu −md)) = −gS/(4B) [110]. gT is nowadays known from lattice QCD calcu-

lations. The numerical values of all LECs are given in table 5.

For certain LNV sources we also require the NLO corrections. Particularly important

are the contributions from the nucleon isovector magnetic moment gM and the tensor form

factor g′T

L(2)
πN = − gM

4mN
εµναβvα N̄Sβf

+
µνN −

g′T
mN

vµ N̄
[
(u†tµνR u† + utµνL u), Dν

]
N .
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Figure 1. Tree-level contributions to n → pe−ν, in the presence of non-standard vector, axial,

scalar, pseudoscalar, and tensor currents. Nucleons and pions are denoted by double and dashed

lines, the electron by a single line with an arrow, while ν, which is a Majorana mass eigenstate, by a

single line (with no definite particle flow). The insertion of the non-standard current is denoted by

a square, while strong-interaction vertices by a circle. In the case of the vector, scalar, and tensor

currents, only the first topology appears because parity forbids the couplings of the current to a

single pion. Both diagrams contribute to the axial current at LO, while the pseudoscalar current is

dominated by the pion pole in the second diagram.

The mN in the definitions in eq. (3.1.2) is conventional, and do not indicate that the LECs

gM and g′T are determined by reparameterization invariance. At the same order in the

Lagrangian, there arise recoil corrections to the axial, vector and tensor form factors

L(2)
πN, rec =

1

2mN
(vµvν − gµν)

(
N̄DµDνN

)
− igA

2mN
N̄{S · D, v · u}N (3.11)

− gT
mN

εµναβ N̄Sβ

{(
u†tµνR u† + utµνL u

)
, iDα

}
N .

Notice however that these terms contribute to the neutrino potentials only at N2LO, and

we disregard them in what follows. Before turning towards the nucleon-nucleon sector, we

first discuss the single neutron β-decay transition operator, which plays an important role

in the descriptions of 0νββ induced by sterile neutrinos.

3.2 The neutron β-decay transition operator

The chiral Lagrangians of the pion and pion-nucleon sector can be used to derive the β-

decay amplitude of a single neutron. This amplitude provides a building block towards

deriving the 0νββ transition operators. Not all contributions to 0νββ can be captured in

this way, since LNV interactions such as ππee, πNee, and N̄NN̄Nee operators, contribute

to the 0νββ transition operator without the exchange of a neutrino. The long-distance

contributions from sterile neutrinos with masses below Λχ, however, can be captured by

combining two neutron β-decay transition operators that are derived here.

At tree-level in χPT, there are two types of diagrams that contribute to n→ p+ e+ ν

(where ν denotes a Majorana mass eigenstate) depicted in figure 1. In the region mi � Λχ,

loop corrections appear at next-to-next-to-leading order and will be neglected. They have

been considered in ref. [104] for the case of the exchange of a light Majorana neutrino with

SM couplings. The amplitude can be written in compact form

An→pe−ν = N̄(p′)

[
lµ + rµ

2
JµV +

lµ − rµ
2

JµA − s JS + ip JP + tRµν J
µν
TR

+ tLµν J
µν
TL

]
N(p) ,

(3.12)
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where N(p) denotes a spinor of a non-relativistic nucleon field with three-momentum p.

The sources are given in eq. (3.2), and include both LNC and LNV terms. Up to NLO in

the chiral expansion we obtain

JµV = gV (q2)

(
vµ +

pµ + p′µ

2mN

)
+
igM (q2)

mN
εµναβvαSβqν ,

JµA = −gA(q2)

(
2Sµ − vµ

2mN
2S · (p+ p′)

)
+
gP (q2)

2mN
2qµ S · q ,

JS = gS(q2) ,

JP = B
gP (q2)

mN
S · q ,

JµνTR = −2gT (q2)εµναβ
(
vα +

pα + p′α
2mN

)
Sβ − i

g′T (q2)

2mN
(vµqν − vνqµ) ,

JµνTL = JµνTR , (3.13)

where p and p′ stand for the momenta of the incoming neutron and outgoing proton.

JµνTL and JµνTR start to differ only at higher orders in the chiral expansion. We define

qµ = (q0, q) = pµ−p′µ, and εµναβ is the totally antisymmetric tensor, with ε0123 = +1. We

have written the currents in terms of form factors that depend on the momentum transfer

q2. Up to the order we work, most form factors are constants with the important exception

of gP (q2). Explicitly, we obtain

gV (q2) = gV , gA(q2) = gA , gM (q2) = gM ,

gS(q2) = gS , gP (q2) = − 2gAmN

q2 +m2
π

,

gT (q2) = gT , g′T (q2) = g′T , (3.14)

and the values of the (combinations of) LECs gV , gA, gM , gS , gT , and g′T are given in table 5.

All form factors are O(1), except for gP (q2) that is enhanced by mN/mπ. We stress that the

form factors gP (q2), gM (q2), and g′T (q2) are associated with an inverted power of mN in the

contributions to the hadronic currents in eq. (3.13). In practice, the NME calculations we

use in section 6 include dipole form factors, that is they multiply eq. (3.14) by (1+q2/Λ2)−2,

with Λ either the vector or axial mass, ΛV = 850 MeV and ΛA = 1040 MeV. These

corrections appear at N2LO in chiral EFT. In 0νββ candidates, these form factors shift

the NME by 10%-15%, consistent with the chiral EFT expectation [111].

3.3 Chiral Lagrangian induced by dimension-nine operators

The chiral Lagrangian induced by the dimension-nine operators in eqs. (2.13) and (2.14) was

discussed in refs. [51, 93]. These operators induce LNV couplings of two pions, two nucleons

and one pion, or four nucleons to two electrons. The ππ interactions only obtain significant

contributions from the scalar operators. Neglecting terms with more than two pions, which

are only relevant at loop level or in multi-nucleon operators, the pionic Lagrangian can be

written as

Lπ = F 2
π

[
C ′ππL ∂µπ

−∂µπ− + CππL π−π−
] ēLCēTL

v5
+ (L↔ R) . (3.15)
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As we will see in the next subsection, these ππ interactions, as well as the πN and NN

interactions discussed below, are not only induced by dim-9 operators, but also receive

contributions from the exchange of hard neutrinos. In anticipation of these additional

contributions, we will write the above couplings (as well as those to be introduced below) as

Cαβ = cαβ +

nL∑
i=1

Cαi,β(mi) , α ∈ {′ππ, ππ, πN, NN} , β ∈ {L,R, V } , (3.16)

where we use cαβ to denote the dim-9 contributions, while the remaining terms will be

discussed in section 3.4. The contributions from the dim-9 operators can then be written as

c′ππL =
5

6
gππ1

(
C

(9)
1L + C

(9)′
1L

)
,

cππL =
1

2

[
gππ4 C

(9)
4L + gππ5 C

(9)
5L − g

ππ
2

(
C

(9)
2L + C

(9)′
2L

)
− gππ3

(
C

(9)
3L + C

(9)′
3L

)]
, (3.17)

where the couplings with right-handed electron fields are obtained by the replacement

L→ R. The LECs, gππi , were defined in [51] and their sizes can be estimated using NDA

gππ1 = O(1) , gππ2,3,4,5 = O(Λ2
χ) . (3.18)

The LECs in eq. (3.15) were computed in ref. [112], and are found to be in agreement with

these expectations. We report the values of the LECs in table 5.

Pion-nucleon couplings are induced by both scalar and vector operators. For scalar

operators, the πN couplings are subleading, with the exception of the operator O1. For

vector operators, they contribute to the LO 0νββ transition operator. Expanding in pion

fields, the Lagrangian has the form

LπN =
√

2gAFπ
[
p̄ S · (∂π−)n

]{[
CπNL

ēLCē
T
L

v5
+ (L↔ R)

]
+ CπNV vµ

ēγµγ5Cē
T

v5

}
,

cπNL,R = gπN1

(
C

(9)
1L,1R + C

(9)′
1L,1R

)
, cπNV = gπNV C

(9)
V + g̃πNV C̃

(9)
V , (3.19)

where C
(9)
V ≡ C

(9)
6 + C

(9)
8 + C

(9) ′
6 + C

(9) ′
8 , C̃

(9)
V ≡ C

(9)
7 + C

(9)
9 + C

(9) ′
7 + C

(9) ′
9 . The LECs

gπN1,V and g̃πNV were defined in ref. [51], and they are O(1).

Finally, both scalar and vector operators induce nucleon-nucleon interactions. Follow-

ing the definitions of ref. [51] and again expanding in pion fields, we have

LNN = (p̄n) (p̄n)

{[
CNNL

ēLCē
T
L

v5
+ (L↔ R)

]
+ CNNV vµ

ēγµγ5Cē
T

v5

}
,

cNNL,R = gNN1

(
C

(9)
1L,1R + C

(9)′
1L,1R

)
+ gNN2

(
C

(9)
2L,2R + C

(9)′
2L,2R

)
+ gNN3

(
C

(9)
3L,3R + C

(9)′
3L,3R

)
+ gNN4 C

(9)
4L,4R + gNN5 C

(9)
5L,5R ,

cNNV = gNN6 C
(9)
V + gNN7 C̃

(9)
V . (3.20)

The scaling of the nucleon-nucleon couplings follows the NDA expectation for gNN1,6,7, while

gNN2,3,4,5 need to be enhanced with respect to NDA in order to renormalize the nn → pp ee

amplitude [51]. Explicitly, we have

gNN1,6,7 = O(1), gNN2,3,4,5 = O
(
(4π)2

)
. (3.21)

Currently, only NDA estimates are available for the πN and NN LECs.
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3.4 Chiral Lagrangian from the exchange of hard neutrinos

In addition to the long-range contributions originating from the exchange of potential

neutrinos between nucleons, mediated by the currents in eq. (3.12), the 0νββ half-lives

receive corrections from short-range operators, induced by the insertions of two currents

connected by the exchange of hard, virtual neutrinos. The origin of these contributions

can be understood by considering the effective action induced by two insertions of the

interactions in eqs. (2.22) and (2.23)

iSeff = − 1

2!

∫
d4x d4y T

{[
L(6)(x) + L(7)(x)

] [
L(6)(y) + L(7)(y)

]}
. (3.22)

In terms of eq. (3.22), the long-distance potential, derived in sections 3.1.1 and 3.1.2,

arises from the region |x − y| & 1/kF where factorizing the two interactions is a good

approximation. These long-distance contributions do not necessarily capture the region

where |x − y| . 1/Λχ. In fact, as we will argue below, NDA and renormalization imply

that this region contributes at leading order in several cases. In order to correctly describe

0νββ, the constructed chiral Lagrangian should be able to reproduce the amplitudes that

result from inserting Seff between initial and final states. In cases where the |x−y| . 1/Λχ
region is important, this implies that additional short-distance interactions, of the same

form as those induced by the dim-9 operators, are needed at LO in the chiral Lagrangian.

3.4.1 Double insertions involving the vector couplings C
(6)
VLR,VRR

Before discussing these contributions in generality, let us consider the amplitude

〈hfe1e2|Seff |hi〉, where hi,f are hadronic states, for the example of the insertion of two vector

operators. Since we are interested in amplitudes without initial- or final-state neutrinos, the

neutrino fields in L(6,7) will be contracted among each other. Using this fact, and neglecting

electron momenta, the Dirac algebra for the leptonic part can be performed, leading to

〈hfe1e2|Seff |hi〉=
∑
i

mi

2v4

∫
d4xd4y

∫
d4q

(2π)4

e−iq·(x−y)

q2−m2
i +iε

〈e1e2|ēR(x)ecR(x)|0〉

×〈hf |T

{(
C

(6)
VLR

)2

ei
ūLγµdL(x) ūLγ

µdL(y)+
(
C

(6)
VRR

)2

ei
ūRγµdR(x) ūRγ

µdR(y)

+2
(
C

(6)
VRR

)
ei

(
C

(6)
VLR

)
ei
ūRγµdR(x) ūLγ

µdL(y)

}
|hi〉+(L↔R)+. . . (3.23)

where the dots stand for terms proportional to other Wilson coefficients, as well as terms

that arise from the /q term in the propagator. In this example, we will focus on the terms

∝ mi.

As mentioned above, eq. (3.23) will induce operators of the same form as those induced

by the dimension-nine operators. In particular, the
(
C

(6)
VLR

)2
,
(
C

(6)
VRR

)2
, and C

(6)
VLRC

(6)
VRR

terms transform as the O1, O′1, and O4 operators under chiral transformations. As a result,

chiral symmetry allows the following non-derivative pionic Lagrangian

Lππ = 2G2
FF

2
π

∑
i

mi g
ππ
LR(mi) Tr[QLQR] ēRC

(6)
VLR

(
C

(6)
VRR

)T
ecR + (L↔ R) , (3.24)
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where we introduced QL = u†τ+u, QR = uτ+u†. By NDA the LEC gππLR(mi) is of order

O(F 2
π ), and we have explicitly given it a dependence on mi. With this scaling, gππLR(mi)

contributes at LO to 0νββ, meaning that the |x−y| . 1/Λχ region in eq. (3.22) significantly

contributes.

Very similar short-distance LECs are generated by the insertions of two electromagnetic

currents, where hard virtual photons are exchanged instead of neutrinos. As explained in

refs. [104, 107, 108], this analogy can be made precise in the limit mi → 0, which allows

for a relation between gππLR(0) and the pion mass splitting,

gππLR(mi = 0) =
m2
π± −m

2
π0

2e2
' 0.8F 2

π , (3.25)

explicitly confirming the NDA expectations. The
(
C

(6)
VLR,VRR

)2
terms in principle give rise

to pionic operators involving derivatives, which however induce subleading corrections to

the long-distance neutrino potentials. None of the terms in eq. (3.23) induce πN couplings

at leading order and we neglect them here.

Additional interactions appear in the nucleon-nucleon sector. All combinations of

couplings in eq. (3.22) give rise to short-distance nucleon-nucleon couplings, which are

expected at N2LO by NDA. However, as discussed in refs. [51, 107, 108], in the case of the

standard mechanism and several dim-9 operators they must appear at LO to guarantee

that nn → pp ee amplitudes are properly renormalized and regulator independent. The

chiral Lagrangian is given by

LNN =
1

2
G2
F ēRe

c
R

∑
i

mi

×

{(
C

(6)
VLR

)2

ei
gNN
ν (mi)N̄QLN N̄QLN +

(
C

(6)
VRR

)2

ei
gNN
ν (mi)N̄QRN N̄QRN

+ 2
(
C

(6)
VRR

)
ei

(
C

(6)
VRL

)
ei
gNN

LR (mi)

(
N̄QLN N̄QRN −

1

6
Tr(QLQR)N̄τN · N̄τN

)}
+ (L↔ R) , (3.26)

where the
(
C

(6)
VLR,VRR

)2
terms are related by parity and therefore come with the same

LEC. In addition, we omitted traces that vanish for the form of QL,R relevant for 0νββ,

but in principle could be non-zero for other isospin components. From NDA, one finds

gNN
i (mi) ∼ Λ−2

χ which implies the short-range operators contribute at N2LO. To absorb

divergences in the scattering amplitudes, however, the scaling needs to be modified into

gNN
i ∼ F−2

π , so that the gNN
LR,ν operators in LNN contribute at LO. The coupling gNN

ν was

already encountered in refs. [107, 108], since it also appears in the standard mechanism.

As was the case of the ππ interactions, the LECs that appear in the NN sector can be

related to LECs that appear due to the insertion of two electromagnetic currents. In this

case, it is the sum of gNN
ν and gNN

LR that is related to electromagnetic LECs, which affect

isospin-breaking observables in nucleon-nucleon scattering. As a result, this combination of

couplings can be obtained from the charge-independence breaking combination of scattering
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lengths, ∼ ann + app− 2anp, as detailed in ref. [108]. Within pionful chiral EFT, at mi = 0

and in the MS scheme, this leads to

g̃NN
ν (0) + g̃NN

LR (0)

2
=
C̃1 + C̃2

2
= 2.5− 1.8 ln(mπ/µ) , (3.27)

where we introduced g̃i =
(

4π
mNC

)2
gi and C̃i =

(
4π

mNC

)2
Ci, while the electromagnetic

couplings C1,2 were defined in ref. [108]. Furthermore, C(µ) = O(F−2
π ) is the nucleon-

nucleon contact interaction that appears at LO in the 1S0 channel within chiral EFT. This

coupling can be obtained by fitting to the isospin conserving nucleon-nucleon scattering

lengths, and, within pionful EFT and using the MS scheme, one has [108],

1

C(µ)
= −0.24 fm−2 −

g2
Am

2
π

4F 2
π

(mN

4π

)2
ln
µ2

m2
π

. (3.28)

The above equations imply g̃NN
ν (0) + g̃NN

LR (0) = O(1), or gNN
ν (0) + gNN

LR (0) = O(F−2
π ). This

example explicitly confirms the arguments below eq. (3.26).

3.4.2 The general case

We now discuss the general chiral Lagrangian induced by hard neutrino exchange. This

involves other combinations of Wilson coefficients, as well as the terms induced by the ∝ /q
term in the neutrino propagator, both can be constructed along similar lines. The induced

interactions will have the form of the ππ, πN , and NN Lagrangians of section 3.3 such

that all of these effects can be captured by the couplings defined in that section. For the

non-derivative pion couplings of eq. (3.15) we have

CππiL,R = cππiL,R +
miv

F 2
π

cνππiL,R ,

cνππiL = 2gππLR(mi)
(
C

(6)
VLL

)
ei

(
C

(6)
VRL

)
ei
− 2gππS1 (mi)

[(
C

(6)
SLR

)2

ei
+
(
C

(6)
SRR

)2

ei

]
+ 4gππS2 (mi)

(
C

(6)
SLR

)
ei

(
C

(6)
SRR

)
ei
− 2gππTT(mi)

(
C

(6)
TRR

)2

ei
+ cνππ 7

i L ,

cππiL = cππ 7
i L , cππiR = 0 . (3.29)

Contributions from dim-7 operators are captured by c
(ν)ππ 7
i L , which are discussed in

appendix B, and all LECs scale as gππi = O(F 2
π ). The contributions that are explicitly

proportional to mi arise from choosing the ∼ mi part of the neutrino propagator when

performing the lepton contractions, as in eq. (3.23). The remaining terms arise from the /q

part of the propagator, but only contribute at the dim-7 level. The right-handed coupling

cνππiR can be obtained from cνππiL by interchanging the L,R labels on the Wilson coefficients,

L↔ R, while leaving those on the LECs unchanged, and dropping cνππ 7
i L .
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The derivative ππ couplings are given by

C ′ππiL,R =
v

Λχ
c′ππiL,R +

mi

Λχ
c′νππiL,R ,

c′ππiL = gππS,VLL(mi)
[(
C

(6)
SRR

)
ei

(
C

(6)
VLL

)
ei

+
(
C

(6)
SLR

)
ei

(
C

(6)
VRL

)
ei

]
−
gππT,VLL(mi)

4

(
C

(6)
TRR

)
ei

(
C

(6)
VLL

)
ei

+ (VLL↔ VRL) ,

c′νππiL = c′νππ 7
i L , c′νππiR = 0 , (3.30)

where c′ππiR can again be obtained from c′ππiL with the interchange L↔ R and c′νππ 7
i L is given

in appendix B. The LECs related to these derivative couplings scale as O(1), one of which

was already encountered in ref. [51] where it was called gππT = mN
Λχ
gππT,VLL(0). It should be

noted that the terms proportional to gππS,VLL, gππS,VRL, and gππS1,S2 are generally suppressed by

F 2
π/Λ

2
χ compared to the long-distance amplitudes in the limit mi → 0. In this limit these

pieces only significantly contribute if the pseudo-scalar and axial couplings, that induce the

long-distance contribution, are suppressed compared to the scalar and vector couplings.

The pion-nucleon couplings of (3.19) can be written as,

CπNiL,R,V = cπNiL,R,V +
mi

Λχ
cνπNiL,R,V ,

cπNiL =
v

Λχ

{
gπNS,VLL(mi)

[(
C

(6)
SRR

)
ei

(
C

(6)
VLL

)
ei

+
(
C

(6)
SLR

)
ei

(
C

(6)
VRL

)
ei

]
−
gπNT,VLL(mi)

2

(
C

(6)
TRR

)
ei

(
C

(6)
VLL

)
ei

}
+ (VLL↔ VRL) ,

cνπNiL = cνπN 7
i L , cνπNiR = 0 ,

cπNi V = −1

2

v

Λχ
gπNVLL,VLR(mi)

[(
C

(6)
VLL

)
ei

(
C

(6)
VLR

)
ei
− (L↔ R)

]
,

cνπNi V = cνπN 7
i V , (3.31)

where gπNα = O(1), the right-handed coupling cπNiR is given by cπNiL with L ↔ R, and

the dimension-7 contributions are again relegated to appendix B. Several of the above

LECs are connected to those of ref. [51], for which we have gπNVLL,VLR(0) = gπNVL
Λχ
mN

and

gπNT,VLL(0) = gπNT
Λχ
mN

.

Finally, the contributions to the nucleon-nucleon couplings in eq. (3.20) are given by,

CNN
i L,R,V = cNN

i L,R,V +
mi

Λχ
cνNN
i L,R,V ,

cNNiL =
v

Λχ

{
gNN

S,VLL(mi)
[(
C

(6)
SRR

)
ei

(
C

(6)
VLL

)
ei

+
(
C

(6)
SLR

)
ei

(
C

(6)
VRL

)
ei

]
−
gNN

T,VLL(mi)

2

(
C

(6)
TRR

)
ei

(
C

(6)
VLL

)
ei

}
+ (VLL↔ VRL) + cNN 7

i L ,
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cνNNiL

vΛχ
=
gNN
ν (mi)

4

[(
C

(6)
VLL

)2

ei
+
(
C

(6)
VRL

)2

ei

]
+
gNN

LR (mi)

2

(
C

(6)
VLL

)
ei

(
C

(6)
VRL

)
ei

+
gNN

S1 (mi)

4

[(
C

(6)
SRR

)2

ei
+
(
C

(6)
SLR

)2

ei

]
−
gNN

S2 (mi)

2

(
C

(6)
SRR

)
ei

(
C

(6)
SLR

)
ei

+
gNN

TT (mi)

4

(
C

(6)
TRR

)2

ei
+
cνNN 7
i L

vΛχ
,

cNNiV = − v

Λχ

gNN
VLL,VLR(mi)

2

[(
C

(6)
VLL

)
ei

(
C

(6)
VLR

)
ei
− (L↔ R)

]
+

v

Λχ
gNN

T,SRL(mi)
[(
C

(6)
TRR

)
ei

(
C

(6)
SRL

)
ei
− (L↔ R)

]
+

v

Λχ
gNN

T,SLL(mi)
[(
C

(6)
TRR

)
ei

(
C

(6)
SLL

)
ei
− (L↔ R)

]
+ cNN 7

i V ,

cνNN
i V

vΛχ
= gNN

SLL,VLL(mi)
[(
C

(6)
SLL + C

(6)
SRL

)
ei

(
C

(6)
VLL + C

(6)
VRL

)
ei
− (L↔ R)

]
+ gNN

TLL,VLL(mi)
[(
C

(6)
TLL

)
ei

(
C

(6)
VLL − C

(6)
VRL

)
ei
− (L↔ R)

]
+
cνNN 7
i V

vΛχ
. (3.32)

The right-handed couplings cNN,νNN
i R can be obtained from cNN,νNN

i L by interchanging the

L,R labels on the Wilson coefficients, L↔ R, while leaving those on the LECs unchanged,

and dropping cνNN 7
i L . By NDA, the LECs related to the cνNN

i couplings scale as gNN
i =

O(Λ−2
χ ) while those contributing to the cNN

i couplings follow the scaling gNN
i = O(1). How-

ever, apart from the terms proportional to gNN
VLL,VLR, gNN

S,VLL, gNN
S,VRL, gNN

T,VLL, and gNN
T,VRL,

one has to enhance the scaling of all NN LECs by Λ2
χ/F

2
π in order to obtain renormalized

amplitudes. We report the RGEs for the enhanced LECs in appendix C. Finally, two of

the above LECs are related to those discussed in ref. [51], namely gNN
VLL,VLR(0) = gNNVL

Λχ
mN

and gNN
T,VLL(0) = gNNT

Λχ
mN

.

3.5 Summary

The LECs needed to construct the neutrino potential at LO, and their current determi-

nations, are summarized in table 5. The LECs that enter the neutron β decay operators

discussed in section 3.2 are well determined, either from experiment, as in the case of

gA,M , which appear in SM currents, or from lattice QCD, in the case of gS , gT and B.

The one exception is g′T , which contributes to the tensor current at recoil order and is not

very important in β decays. The evaluation of this LEC could be pursued with the same

methods discussed in refs. [113–115]. The ππ couplings induced by dim-9 operators have

been computed in Lattice QCD [112], with uncertainty better than 10%. The ππ, πN , and

NN couplings induced by dim-6 and dim-7 operators are functions of the neutrino mass.

In the case of gππLR, both the small- and large-mi behavior are known, allowing us to obtain

a reliable interpolation formula, as we will discuss in section 7. In several other cases, only

the large mi behavior is known. The calculation of these couplings as a function of mi could

use techniques similar to the Hubbard-Stratanovich transformation proposed in ref. [116]

for the gππ1,...,5 couplings, with the difference that the scalar particle σ introduced in ref. [116]

is kept light. The determination of the pion-nucleon and nucleon-nucleon couplings, in-
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n→ peν, π → eν ππ → ee : O(9)

gA 1.271± 0.002 [122] gππ1 0.36± 0.02 [112]

gS 1.02± 0.10 [114, 115] gππ2 2.0± 0.2 GeV2 [112]

gM 4.7 [122] gππ3 −0.62± 0.06 GeV2 [112]

gT 0.99± 0.03 [114, 115] gππ4 −1.9± 0.2 GeV2 [112]

|g′T | O(1) gππ5 −8.0± 0.6 GeV2 [112]

B 2.7 GeV

n→ pπee : O(9), O(6,7) ⊗O(6,7) ππ → ee : O(6,7) ⊗O(6,7)

|gπNi | O(1) |gππT,VLL|, |gππS,VLL|, |gππT,VRL|, |gππS,VRL| O(1)

|gππLR|, |gππS1,S2| O(F 2
π )

|gππTT|, |gππTL|, |gππTL,TR| O(F 2
π )

nn→ pp ee : O(9) nn→ pp ee : O(6,7) ⊗O(6,7)

|gNN1,6,7| O(1) |gNNν |, |gNNLR |, |gNNS1 | O(1/F 2
π )

|gNN2,3,4,5| O((4π)2) |gNNS2 |, |gNNTT |, |gNNSLL,VLL| O(1/F 2
π )

|gNNTLL,VLL|, |gNNTL |, |gNNTL,TR| O(1/F 2
π )

|gNNTL,T|, |gNNTR,T| O(1/Λ2
χ)

|gNNS,VLL|, |gNNT,VLL| |gNNVLL,VLR| O(1)

|gNNS,VRL|, |gNNT,VRL| O(1)

|gNNT,SRL|, |gNNT,SLL|, |gNNTL,V|, |gNNTR,V| O((4π)2)

Table 5. The low-energy constants relevant for the dim-3, dim-6, dim-7, and dim-9 operators.

The headings show the type of long-distance (n → peν, π → eν) or short-distance processes the

LECs induce, while the labels O(9) and O(6,7) ⊗ O(6,7) indicate whether the corresponding LECs

are induced by dim-9 operators or by the insertion of two dim-6(-7) interactions. Whenever known,

we quote the values of the LECs at µ = 2 GeV in the MS scheme.

duced by dim-6, -7 and -9 operators, is much more uncertain. At the moment, only the

combination gNN
ν (0) + gNN

LR (0) is known, in a variety of renormalization schemes [51, 108],

via its relation to charge-independence breaking in nucleon-nucleon scattering. All other

couplings require dedicated Lattice QCD calculations of LNV nucleon-nucleon scattering

amplitudes. In the literature, the LECs in table 5 are often estimated using uncontrolled

assumptions such as “factorization” of the product of two weak currents. While this might

be unavoidable at the moment, we will show that varying the LECs in a range suggested

by their NDA scaling introduces uncertainties in the 0νββ half-lives that are as large as

those in the nuclear matrix elements, and should not be neglected.

As argued above, the exchange of hard neutrinos within chiral EFT leads to coun-

terterms that are expected to induce O(1) effects in many cases. However, as we will

discuss in section 6, the nuclear matrix elements for isotopes of experimental interest are

all calculated using various many-body methods, for which it is a priori unclear how the

conclusions of Chiral EFT carry over. Thus, although the extraction of the counterterm

from NN scattering in eq. (3.27), as well as ab initio calculations in light nuclei [108, 117],

suggest that hard-neutrino exchange has an O(1) impact on the 0νββ half-life, we cannot
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(a) (b) (c) (d)

Figure 2. Tree-level contributions to the 0νββ transition operator arising from the exchange of a

light neutrino. The notation for nucleons, electrons, and neutrinos is as in figure 1. The squares

denote the nucleon vector, axial, scalar, pseudoscalar, and tensor form factors, which, at LO in

chiral EFT, include one or both diagrams in figure 1. The currents acting on the two nucleons can

be different, which we denoted by hatching one of the two squares. LNV arises from the mass of

the neutrinos, which in general are Majorana eigenstates, or from the couplings of the neutrinos to

the nucleons, which receive LNV contributions at dim-7.

say with certainty to what extent this is true in many-body calculations for the heavy nuclei

of experimental interest. This implies that it is in principle possible that the effects of hard

neutrinos, which are O(1) in the Chiral approach, turn out to be smaller in the calculation

of NMEs of larger nuclei, such as those of refs. [118–121] (depicted in table 7). To deal with

these issues when deriving 0νββ constraints in section 8, we will conservatively employ the

above mentioned NMEs and their uncertainties, while estimating the theoretical error due

to the unknown hard-neutrino LECs by using their NDA values.

4 The nn→ pp ee transition operator including sterile neutrinos

We now turn to the main part of this work: the derivation of the nn → pp ee transition

operator. This transition operator will be inserted between nuclear wave functions and

is sometimes called the “neutrino potential”. The transition operator is not necessarily

due to the exchange of a neutrino as other mechanisms exist, for instance via the contact

ππee, npπee and nnppee interactions discussed in section 3.3 and 3.4. Such mechanisms

have been discussed in detail in ref. [51] and the derivation of the potential in the presence

of sterile neutrinos amounts to generalizing the couplings C(′)ππ, CπN and CNN as in

eq. (3.16), to include the contributions of hard-neutrino exchange. We therefore focus here

on the neutrino potential arising from the exchange of a light neutrino, with mass below

the chiral-breaking scale Λχ. In general the induced neutrino potential arises from the four

diagrams in figure 2, where any combination of hadronic currents can be used. The top

(bottom) incoming and outgoing nucleons have momenta p1 (p′1) and p2 (p′2), respectively,

and we define q1,2 = p1,2 − p′1,2. The top (bottom) electron has outgoing four-momenta k1

(k2). In diagrams (a) and (b) the neutrino then carries momentum q11 = q1−k1 = −q2+k2.

In diagrams (c) and (d) the neutrino carries momentum q12 = q1− k2 = −q2 + k1. In most

cases, we can neglect the electron momenta in the neutrino propagators and hadronic

currents. In those cases, q11 = q12 = q1 = −q2 ≡ q. Finally, we define the notation Jx(i),

where x = {V,A, S, P, TR, TL} and i = {1, 2}, that implies that the expression in eq. (3.13)

should be evaluated for nucleon i using the momenta pi, p
′
i, and qi.
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We begin by studying the so-called standard mechanism of 0νββ which is the ex-

change of a light Majorana neutrino. We review how to derive the well-known form of the

neutrino potential appearing in this scenario and how it is affected by the presence of ad-

ditional sterile neutrinos that interact via left-handed currents. This warm-up calculation

provides a useful guide towards obtaining the neutrino potential arising from other inter-

actions. The calculation of the remaining terms is in principle straightforward, however,

as it is rather lengthy we have checked our results by use of the Mathematica package

FeynCalc [123, 124].

4.1 The standard mechanism with sterile neutrinos

We start by considering the nn→ pp ee transition operator arising from potential neutrinos

that interact via the C
(6)
VLL term in eq. (2.22). This term includes the SM weak interaction

as can be seen from eqs. (2.24) and (2.28). We use the same vertex for the top and bottom

nucleon propagators such that diagrams (a) and (b) add coherently and the resulting factor

2 is cancelled by the 1/2! from using the same vertex twice. Diagrams (a) and (b) then

sum to

V (a)+(b)
ν = i(τ+

1 τ
+
2 )

nL∑
i=1

(
+2iGF√

2
C

(6)
VLL

)
ei

(
−2iGF√

2
(C

(6)
VLL)T

)
ie

× 1

2

[
JµV (1) + JµA(1)

]
× 1

2
[JνV (2) + JνA(2)]× ū(k1)γµPL

i(q/11 +mi)

q2
11 −m2

i

γνPRu
c(k2) , (4.1)

where u(ki) denotes an electron spinor with momenta ki, and we introduced nL = N −nH ,

such that the sum runs over all neutrino eigenstates with masses below Λχ. The potential

is related to the amplitude via A = −V . This expression can be simplified into

V (a)+(b)
ν = (τ+

1 τ
+
2 )
G2
F

2

nL∑
i=1

(
C

(6)
VLL

)
ei

(
C

(6)
VLL

)T
ie

[
JµV (1) + JµA(1)

]
[JνV (2) + JνA(2)]

× mi

q2 +m2
i

ū(k1)γµγνPRu
c(k2) + . . . , (4.2)

where the dots denote corrections proportional to the lepton momenta or nucleon energy

which are suppressed by additional powers of εχ. Similarly, the remaining two diagrams

sum to

V (c)+(d)
ν = −(τ+

1 τ
+
2 )
G2
F

2

nL∑
i=1

(
C

(6)
VLL

)
ei

(
C

(6)
VLL

)T
ie

[
JµV (1) + JµA(1)

]
[JνV (2) + JνA(2)]

× mi

q2 +m2
i

ū(k2)γµγνPRu
c(k1) + . . . , (4.3)

where the overall sign difference is from exchanging the two electrons. Summing all dia-

grams then gives

Vν = (τ+
1 τ

+
2 )G2

F

nL∑
i=1

(
C

(6)
VLL

)
ei

(
C

(6)
VLL

)T
ie

[JV (1) + JA(1)] · [JV (2) + JA(2)]

× mi

q2 +m2
i

ū(k1)PRu
c(k2) + . . . (4.4)
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The product of hadronic currents can be explicitly calculated from eq. (3.13) and con-

tains parity-even and parity-odd components. As the remaining part of Vν is an even

function of q, only the parity-even parts contribute to the 0+ → 0+ transitions of experi-

mental interest. The relevant hadronic currents are therefore

JV (1) · JV (2) = g2
V (q2)−

g2
M (q)q2

6m2
N

(
σ1 · σ2 +

1

2
S(12)

)
,

JA(1) · JA(2) = −g2
A

{
σ1 · σ2

(
g2
A(q2)

g2
A

+
gP (q2)gA(q2)q2

3g2
AmN

+
g2
P (q2)q4

12g2
Am

2
N

)
− S(12)

(
gP (q2)gA(q2)q2

3g2
AmN

+
g2
P (q2)q4

12g2
Am

2
N

)}
, (4.5)

where we have defined the tensor operator

S(12) = σ1 · σ2 − 3σ1 · q̂σ2 · q̂ . (4.6)

It is useful to split the Fermi (F), Gamow-Teller (GT), and Tensor (T) operators into their

separate contributions arising from vector, axial, pseudoscalar, and magnetic currents, as

the corresponding nuclear matrix elements are reported in the literature. We define the

combinations

hGT (q2) = hAAGT (q2) + hAPGT (q2) + hPPGT (q2) + hMM
GT (q2) ,

hT (q2) = hAPT (q2) + hPPT (q2) + hMM
T (q2) . (4.7)

For the F, GT, and T functions, we have

hF (q2) =
g2
V (q2)

g2
V

, hAAGT,T (q2) =
g2
A(q2)

g2
A

, hAPGT (q2) =
gP (q2)gA(q2)q2

3g2
AmN

,

hPPGT (q2) =
g2
P (q2)q4

12g2
Am

2
N

, hMM
GT (q2) =

g2
M (q2)q2

6g2
Am

2
N

, (4.8)

and hAPT (q2) = −hAPGT (q2), hPPT (q2) = −hPPGT (q2), and hMM
T (q2) = hMM

GT (q2)/2.

We then obtain for the neutrino potential

Vν = −(τ+
1 τ

+
2 )g2

AG
2
F

nL∑
i=1

(
C

(6)
VLL

)2

ei

(
mi

q2 +m2
i

)
×
[
−
g2
V

g2
A

hF (q2) + σ1 · σ2 hGT (q2) + S(12) hT (q2)

]
× ū(k1)PRu

c(k2) . (4.9)

This expression reduces to the familiar expression for the neutrino potential for the

case of 3 light Majorana neutrinos. We set n = 0 and we turn off all higher-dimensional

operators except for the active Majorana mass (which is formally a dim-5 operator). In

this limiting case, C
(6)
VLL = −2Vud PU and

nL∑
i=1

(
C

(6)
VLL

)2

ei

(
mi

q2 +m2
i

)
'

4V 2
ud

q2

[
PUmνU

TP T
]
ee

=
4V 2

ud

q2
(M∗L)ee , (4.10)

where we used eq. (2.17) and used mi � q. The neutrino potential becomes proportional

to the Majorana mass of the active neutrinos and agrees with the usual result for the

standard mechanism
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4.2 The general neutrino transition operator with sterile neutrinos

The neutrino potentials arising from the other interactions in eqs. (2.22) and (2.23) can be

obtained in analogous fashion to the calculation in the previous subsection. We give here

the results for all combinations of interactions that lead to a non-vanishing potential when

the electron mass and momenta are neglected. The limited cases in which the first non-

vanishing contribution to the transition operator involves lepton momenta are discussed in

ref. [50].

The neutrino potential can be divided into three separate leptonic structures

V = −(τ+
1 τ

+
2 )g2

AG
2
F

nL∑
i=1

1

q2 +m2
i

ū(k1)
{
VL PR + VR PL + VM γ0γ5

}
uc(k2) . (4.11)

We separate the structures

VL,R,M = V
(6)
L,R,M +

mπ

v
V

(7)
L,R,M +

q2 +m2
i

m2
π

V
(sd)
L,R,M , (4.12)

into three parts. The part with superscript (6) denotes contributions from the dim-6

operators in eq. (2.22) and is given by

V
(6)
L =mi

(
C

(6)
VLL+C

(6)
VRL

)2

ei

[
−
g2
V

g2
A

hF +σ1 ·σ2h
MM
GT +S(12)hMM

T

]
+mi

(
C

(6)
VLL−C

(6)
VRL

)2

ei

[
σ1 ·σ2 (hAAGT +hAPGT +hPPGT )+S(12) (hAPT +hPPT )

]
+mi

(
C

(6)
SRR+C

(6)
SLR

)2

ei

g2
S

g2
A

hF

+mi

(
C

(6)
SRR−C

(6)
SLR

)2

ei

B2

2m2
π

[
σ1 ·σ2 (hAPGT +2hPPGT )+S(12) (hAPT +2hPPT )

]
−mi

(
C

(6)
TRR

)2

ei
σ1 ·σ2

16g2
T

g2
A

hAAGT

−B
(
C

(6)
VLL−C

(6)
VRL

)
ei

(
C

(6)
SRR−C

(6)
SLR

)
ei

[
σ1 ·σ2 (hAPGT +2hPPGT )+S(12) (hAPT +2hPPT )

]
+mN

(
C

(6)
VLL+C

(6)
VRL

)
ei

(
C

(6)
TRR

)
ei

[
16gT
gM

(
σ1 ·σ2h

MM
GT +S(12)hMM

T

)
−4

g′T gV
g2
A

q2

m2
N

hF

]
, (4.13)

V
(6)
R =V

(6)
L

∣∣
L↔R , (4.14)

V
(6)
M =mN

(
C

(6)
VLLC

(6)
VLR−L↔R

)
ei

4gA
gM

[
σ1 ·σ2h

MM
GT +S(12)hMM

T

]
−mi

[(
C

(6)
VLL+C

(6)
VRL

)
ei

(
C

(6)
SLL+C

(6)
SRL

)
ei
−L↔R

] gSgV
g2
A

hF

−mi

[(
C

(6)
VLL−C

(6)
VRL

)
ei

(
C

(6)
TLL

)
ei
−L↔R

] 2gT
gA

[
σ1 ·σ2 (2hAAGT +hAPGT )+S(12)hAPT

]
+B

[(
C

(6)
SRR−C

(6)
SLR

)
ei

(
C

(6)
TLL

)
ei
−L↔R

] 2gT
gA

[
σ1 ·σ2h

AP
GT +S(12)hAPT

]
. (4.15)
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Instead, V
(7)
L,R,M arise from the dim-7 operators in eq. (2.23). As these terms are para-

metrically suppressed by a power of mπ/v or Λχ/v, we relegate the explicit expressions to

appendix A.

Finally, the short-distance part of the potentials, V
(sd)
L,R,M , are induced by dimension-

nine operators as well as the exchange of hard neutrinos, see sections 3.3 and 3.4, they are

given by,

V
(sd)
L = −4

m2
π

v

{(
CππL
m2
π

+ C ′ππL

)[(
hAPGT

2
+ hPPGT

)
σ1 · σ2 +

(
hAPT

2
+ hPPT

)
S(12)

]

+
CπNL − C ′ππL

2

(
hAPGT σ1 · σ2 + hAPT S(12)

)
− 2

g2
A

CNNL hF

}
,

V
(sd)
R = V

(sd)
L

∣∣
L↔R ,

V
(sd)
M = −4

m2
π

v

{
CπNV

2

(
hAPGT σ1 · σ2 + hAPT S(12)

)
− 2

g2
A

CNNV hF

}
. (4.16)

5 The neutrinoless double beta decay master formula including sterile

neutrinos

Armed with the neutrino potentials we define the nn→ pp ee amplitude by

A = 〈0+|
∑
m,n

∫
d3q

(2π)3
eiq·rV (q2)|0+〉 , (5.1)

where V (q2) are the neutrino potentials from the previous section, and the sum extends

over all the nucleons in the nucleus. r = rn − rm is the distance between nucleons m and

n and |r| = r, and the potentials are inserted between the 0+ initial- and final-state nuclei

of experimental interest. The leptonic part of the neutrino potentials can be taken outside

of the nuclear wave functions and we define

A =
g2
AG

2
Fme

πRA
×


 nL∑
i=1

AL(mi) +

N∑
i=nL+1

A(9)
L (mi)

 ū(k1)PRu
c(k2)

+

 nL∑
i=1

AR(mi) +
N∑

i=nL+1

A(9)
R (mi)

 ū(k1)PLu
c(k2)

+

 nL∑
i=1

AM (mi) +
N∑

i=nL+1

A(9)
M (mi)

 ū(k1)γ0γ5uc(k2)


≡
g2
AG

2
Fme

πRA
×
[
AL ū(k1)PRu

c(k2) +AR ū(k1)PLu
c(k2) +AM ū(k1)γ0γ5uc(k2)

]
, (5.2)

where RA = 1.2A1/3 fm is the nuclear radius in terms of the atomic number A and

ū(k1,2) denote the spinors of the outgoing electrons. This factor is introduced to align

the definitions of the NMEs to those in the literature. The subamplitudes AL,R,M (mi) and
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[125] 76Ge 82Se 130Te 136Xe

G01 0.22 1. 1.4 1.5

G04 0.19 0.86 1.1 1.2

G06 0.33 1.1 1.7 1.8

G09 0.48 2. 2.8 2.8

Q/MeV [126] 2.04 3.0 2.5 2.5

Table 6. Phase space factors in units of 10−14 yr−1 obtained in ref. [125]. The last row shows the

Q value of 0νββ for various isotopes, where Q = Mi −Mf − 2me.

A(9)
L,R,M (mi) depend on nuclear and hadronic matrix elements, the neutrino masses, and the

Wilson coefficients of the higher-dimensional operators. They are discussed in detail below.

We have explicitly separated contributions from light neutrinos (with masses mi < Λχ) and

heavy neutrinos (mi > Λχ). If corrections due to electron masses and momenta are kept,

additional terms appear, see e.g. refs. [50, 51].

With the definitions of the amplitudes in eqs. (5.1) and (5.2), we express the inverted

half-life for 0+ → 0+ transitions as(
T 0ν

1/2

)−1
= g4

A

{
G01

(
|AL|2 + |AR|2

)
− 2(G01 −G04)ReA∗LAR

+G09 |AM |2 +G06 Re [(AL −AR)A∗M ]

}
. (5.3)

For a derivation of this formula we refer to refs. [50, 127]. Here G0j are electronic phase-

space factors given in table 6 that have been calculated in the literature [125, 128, 129].

The subamplitudes depend on a product of Wilson coefficients and hadronic and nu-

clear matrix elements. To keep the expressions somewhat compact, we list here only the

contributions from the standard mechanism and dim-6 interactions. Contributions from

dim-7 interactions are given in appendix A. The amplitude AL, which includes the standard

mechanism, is given by

AL(mi) =− 1

4me

{
miMV (mi)

(
C

(6)
VLL+C

(6)
VRL

)2

ei
+miMA(mi)

(
C

(6)
VLL−C

(6)
VRL

)2

ei

+MPS(mi)

[
mi

B2

m2
π

(
C

(6)
SRR−C

(6)
SLR

)
ei
−2B

(
C

(6)
VLL−C

(6)
VRL

)
ei

](
C

(6)
SRR−C

(6)
SLR

)
ei

+miMS(mi)
(
C

(6)
SRR+C

(6)
SLR

)2

ei
−miMT (mi)

(
C

(6)
TRR

)2

ei

+mNMTV (mi)
(
C

(6)
VLL+C

(6)
VRL

)
ei

(
C

(6)
TRR

)
ei

}
+A(ν)

L (mi) , (5.4)

where Mi(mi) are combinations of LECs and NMEs defined below and B = m2
π

mu+md
is an

LEC introduced in section 3.1.1, also see table 5. Most of the terms above describe the long-
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distance contributions, while A(ν)
L is due to the exchange of hard neutrinos and given by

A(ν)
L (mi) =

m2
π

mev

[(
CππiL
m2
π

+ C ′ππiL

)
MPS,sd +

CπNiL − C ′ππiL
2

(
MAP
GT, sd +MAP

T, sd

)
− 2

g2
A

CNNiL MF, sd

]
, (5.5)

where the subscript ‘sd’ on the NMEs refers to their short-distance nature and the com-

binations of couplings, Cαi,β , are defined in section 3.4. The subamplitude for right-handed

electrons, which does not appear for the standard mechanism, has a very similar structure.

At the dim-6 level, this amplitude can be obtained by exchanging L↔ R

AR(mi) = AL(mi)
∣∣
L↔R , (5.6)

where A(ν)
R (mi) can be obtained by replacing CαiL → CαiR in eq. (5.5). Once dim-7 opera-

tors are included there appear differences between AL(mi) and AR(mi) due to the dim-7

tensor operators. The explicit formulae are given in appendix A.

The “magnetic” subamplitude AM is given by4

AM (mi) =
1

2me

{
−mNMV A(mi)

(
C

(6)
VLL

)
ei

(
C

(6)
VLR

)
ei

+
1

2
miMS(mi)

gV
gS

(
C

(6)
VLL + C

(6)
VRL

)
ei

(
C

(6)
SLL + C

(6)
SRL

)
ei

+miMTA(mi)
(
C

(6)
VLL − C

(6)
VRL

)
ei

(
C

(6)
TLL

)
ei

+MTP (mi)B
(
C

(6)
SLL − C

(6)
SRL

)
ei

(
C

(6)
TRR

)
ei
− (L↔ R)

}
+A(ν)

M (mi) . (5.7)

Here A(ν)
M (mi) again describes the contributions from hard neutrinos,

A(ν)
M =

m2
π

mev

[
− 2

g2
A

CNNiV MF, sd +
1

2
CπNi V

(
MAP
GT, sd +MAP

T, sd

) ]
. (5.8)

Finally, we have the subamplitudes related to heavy neutrinos. Since they are induced

by the same ππ, πN , and NN interactions as those arising from hard-neutrino exchange,

the resulting amplitudes are very similar to those mentioned above. In particular, one can

obtain the dim-9 amplitudes using the following replacements,

A(9)
L,R,V = A(ν)

L,R,V (mi)

∣∣∣∣∣
Cβi L,R,V→c

β
L,R,V

. (5.9)

The combinations of couplings cβα are defined in section 3.3.

4We dub this amplitude “magnetic” since in left-right symmetric models it is dominated by MV A [127],

which is proportional to the nucleon magnetic moment gM . Since these models inspired most of the early

literature on non-standard contributions to 0νββ, we retain the denomination magnetic.
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In the above expressions we have defined the combinations of NMEs and LECs

MV (mi) = −
g2
V

g2
A

MF (mi) +MMM
GT (mi) +MMM

T (mi) ,

MA(mi) = MAA
GT (mi) +MAP

GT (mi) +MPP
GT (mi) +MAP

T (mi) +MPP
T (mi) ,

MPS(mi) =
1

2
MAP
GT (mi) +MPP

GT (mi) +
1

2
MAP
T (mi) +MPP

T (mi) ,

MPS,sd =
1

2
MAP
GT, sd(0) +MPP

GT, sd(0) +
1

2
MAP
T, sd(0) +MPP

T, sd(0) ,

MS(mi) =
g2
S

g2
A

MF (mi) ,

MT (mi) = 16
g2
T

g2
A

MAA
GT (mi) , (5.10)

which arise from the insertions of the same currents on the nucleon lines, and the

combinations

MT V (mi) = −4
g′T gV
g2
A

m2
π

m2
N

MF, sd(mi) +
16gT
gM

[
MMM
GT (mi) +MMM

T (mi)
]
,

MV A(mi) = 2
gA
gM

[
MMM
GT (mi) +MMM

T (mi)
]
,

MV S(mi) =
gV gS
g2
A

MF (mi) ,

MT A(mi) =
gT
gA

[
2MAA

GT (mi) +MAP
GT (mi) +MAP

T (mi)
]
,

MT P (mi) =
gT
gA

[
MAP
GT (mi) +MAP

T (mi)
]
, (5.11)

which appear when two different currents interfere. We explicitly denoted the dependence

on the neutrino mass in eqs. (5.10) and (5.11).

6 Nuclear matrix elements

While the expressions for the subamplitudes given in the previous section look complex,

they actually only depend on a relatively small set of structures. It is useful to introduce

the Fourier-transformed functions in r-space

habK (r,mi) =
2

π
RA

∫ ∞
0

d|q| q2

q2 +m2
i

habK (q2) jλ(|q|r) ,

habK, sd(r,mi) =
2

π

RA
m2
π

∫ ∞
0

d|q| q4

q2 +m2
i

habK (q2) jλ(|q|r) , (6.1)

where jλ(|q|r) are spherical Bessel functions, and the functions habK (q2) are defined in

eq. (4.8) for K= {F, GT, T}, and ab= {AA,AP,PP,MM} for K=GT, ab={AP,PP,MM}
for K =T , while for K =F the ab superscript should be ignored. Finally, λ= 0 for

K = {F, GT} and λ= 2 for K =T . The factor of RA in eq. (6.1) cancels against the 1/RA
in eq. (5.2). Note that the hijK,sd(r,mi) are normalized using a factor of m−2

π instead of
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(mNme)
−1 as was done in ref. [118]. Apart from this rescaling, these definitions agree with

the literature once we neglect the energy of the intermediate states, which is a subleading

correction in chiral EFT.

We define the nuclear matrix elements (NMEs) from these functions via

MF, (sd)(mi) = 〈0+|
∑
m,n

hF, (sd)(r,mi)τ
+(m)τ+(n)|0+〉 ,

Mab
GT, (sd)(mi) = 〈0+|

∑
m,n

habGT, (sd)(r,mi)σ
(m) · σ(n) τ+(m)τ+(n)|0+〉 ,

Mab
T, (sd)(mi) = 〈0+|

∑
m,n

habT, (sd)(r,mi)S
(mn)(r̂) τ+(m)τ+(n)|0+〉 , (6.2)

where the tensor in coordinate space is defined as

S(mn)(r̂) = −
(
σ(m) · σ(n) − 3σ(m) · r̂σ(n) · r̂

)
. (6.3)

The set of NMEs have been calculated with various nuclear many-body methods and for

different isotopes in the limit mi → 0. We use calculations in the quasi-particle ran-

dom phase approximation (QRPA) [118], the Shell Model [119], and the interacting boson

model [120, 121] and their values are given in table 7. We focus on these particular cal-

culations because, in those works, the results were presented in terms of the different

components (i.e. AA, AP , PP , MM) of the F , GT , and T long- and short-distance matrix

elements. At leading order in Chiral EFT, not all NMEs are independent. The momen-

tum dependence of gV (q2) and gA(q2) is a higher-order effect in χPT. Neglecting this

dependence gives leading-order relations such as

MAA
GT, sd(0) = −3MF, sd(0) . (6.4)

This and other relations were obtained in ref. [50].

6.1 Interpolation formulae

To calculate 0νββ decay rates when sterile neutrinos are present, we require an understand-

ing of the mi dependence of the NMEs. For certain linear combinations of the NMEs given

above, this mass dependence has been explicitly calculated [65, 69], but the results are

often not split up as in table 7. Furthermore, in certain cases we also require the derivative

of the NMEs with respect to the neutrino masses. Inspired by ref. [69], we therefore con-

struct an interpolation formula for the mi dependence of the NMEs. For most NMEs, we

know the behavior in the small and large neutrino-mass limits. For instance, for MF (mi)

we have

lim
mi→0

MF (mi) = MF , lim
mi→∞

MF (mi) =
m2
π

m2
i

MF, sd . (6.5)

Note that when we give an NME without an (mi) dependence, it is implied that it is

an NME given in table 7 corresponding to mi = 0. We stress that the meaning of an

NME becomes ambiguous for mi & Λχ. For example, in the standard mechanism, the

contributions are proportional to the NMEMV +MA. However, for large neutrino masses,
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NMEs 76Ge 82Se 130Te 136Xe

[118] [119] [120, 121] [118] [119] [118] [119] [118] [119]

MF −1.74 −0.59 −0.68 −1.29 −0.55 −1.52 −0.67 −0.89 −0.54

MAA
GT 5.48 3.15 5.06 3.87 2.97 4.28 2.97 3.16 2.45

MAP
GT −2.02 −0.94 −0.92 −1.46 −0.89 −1.74 −0.97 −1.19 −0.79

MPP
GT 0.66 0.30 0.24 0.48 0.28 0.59 0.31 0.39 0.25

MMM
GT 0.51 0.22 0.17 0.37 0.20 0.45 0.23 0.31 0.19

MAA
T − − − − − − − − −

MAP
T −0.35 −0.01 −0.31 −0.27 −0.01 −0.50 0.01 −0.28 0.01

MPP
T 0.10 0.00 0.09 0.08 0.00 0.16 −0.01 0.09 −0.01

MMM
T −0.04 0.00 −0.04 −0.03 0.00 −0.06 0.00 −0.03 0.00

MF, sd −3.46 −1.46 −1.1 −2.53 −1.37 −2.97 −1.61 −1.53 −1.28

MAA
GT, sd 11.1 4.87 3.62 7.98 4.54 10.1 5.31 5.71 4.25

MAP
GT, sd −5.35 −2.26 −1.37 −3.82 −2.09 −4.94 −2.51 −2.80 −1.99

MPP
GT, sd 1.99 0.82 0.42 1.42 0.77 1.86 0.92 1.06 0.74

MAP
T, sd −0.85 −0.05 −0.97 −0.65 −0.05 −1.50 0.07 −0.92 0.05

MPP
T, sd 0.32 0.02 0.38 0.24 0.02 0.58 −0.02 0.36 −0.02

Table 7. Comparison of NMEs computed in the quasi-particle random phase approximation [118],

shell model [119], and interacting boson model [120, 121] for several nuclei of experimental interest.

All NMEs are evaluated at mi = 0. The NMEs are defined in eq. (6.2).

mi & Λχ, the neutrino mass eigenstate should be integrated out before matching onto

χEFT, which would contribute via the dim-9 operators in eqs. (2.44)–(2.46), and its effects

are no longer captured by MV +MA alone. This implies that the correct large-mi limit

is not necessarily equivalent to naively taking the mi →∞ limit in the NMEs. We discuss

this issue in detail in the next section.

To nevertheless capture the mi dependence of the NMEs in the mi . Λχ region, we

can construct a simple Padé approximation of order (0, 1) that interpolates between the

limits in eq. (6.5)

MF int(mi) = MF, sd
m2
π

m2
i +m2

π
MF, sd

MF

. (6.6)

We can do the same for MAA
GT,T int(mi), M

AP
GT,T int(mi), and MPP

GT,T int(mi). The formulae

for the tensor NMEs are less reliable due to smallness and large model dependence of the

tensor NMEs. The functional form in eq. (6.6) was used in ref. [69] and was shown to agree

well with the explicit mi dependence calculated in the interacting boson model.
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1 5 10 50 100 500 1000
mi(MeV)

0.5

1.0
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MGT
AA [136Xe]

Figure 3. The NME MAA
GT (mi) for 136Xe from the interpolation formula in eq. (6.6) (dashed)

and eq. (6.8) (solid) using the quasi-particle random phase approximation [118] (red) and the Shell

Model [119] (blue).

In case of MAA
GT (mi) we can use additional information to further constrain the inter-

polation formula

MAA
GT (mi = mπ) = −3

2
MAP
GT ,

∂

∂m2
i

MAP
GT (mi)

∣∣∣∣
mi=mπ

=
3

m2
π

(
MPP
GT +

1

2
MAP
GT

)
. (6.7)

With additional constraints, we can construct an order (1, 2) Padé approximation

Mint2(mi) =
a0 + a1m

2
i /m

2
π

1 + b1m2
i /m

2
π + b2m4

i /m
4
π

. (6.8)

For an NME, M , with the large mi behavior of eq. (6.5), the coefficients are given by

a0 = M(0) , a1 = Msd
M(mπ)2 −M(0) (M(mπ) +M ′(mπ))

M(mπ)2 +M ′(mπ)Msd
,

b1 =
a0 + a1

M(mπ)
− (b2 + 1) , b2 = a1/Msd , (6.9)

where M ′(mπ) ≡ ∂M(mi)
∂ lnm2

i

∣∣∣
mi=mπ

.

In figure 3 we plot MAA
GT int(mi) and MAA

GT int2(mi) for neutrino masses between 1 MeV

and 1 GeV for 136Xe based on two nuclear many body methods. The two interpolation

formulae agree within 25% over the whole range of neutrino masses, and the associated

spread is smaller than the spread between different many-body methods. We therefore use

eq. (6.6) for the NMEs where we do not have sufficient information to construct the more

accurate approximation in eq. (6.8).

Armed with these interpolation formulae it is straightforward to obtain the mi depen-

dence of the remaining NMEs in table 7. For the magnetic GT NME we use

MMM
GT (mi) =

g2
M

6g2
A

[
m2
π

m2
N

MAA
GT, sd −

m2
i

m2
N

MAA
GT (mi)

]
, (6.10)
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while for the short-distance NMEs we obtain

MF, sd(mi) = MF, sd −
m2
i

m2
π

MF (mi) ,

Mab
GT, sd(mi) = Mab

GT, sd −
m2
i

m2
π

Mab
GT (mi) ,

Mab
T, sd(mi) = Mab

T, sd −
m2
i

m2
π

Mab
T (mi) . (6.11)

6.1.1 O(m2
i ) corrections in the small neutrino mass limit

From the functional form of eqs. (6.6) and (6.8) it is obvious that the NMEs quickly

saturate for small neutrino masses, mi � mπ, and become constant. However, in certain

interesting cases it is important to understand how fast the functions become constant. For

instance, as observed in ref. [65], in scenarios with light, mi � mπ, sterile neutrinos and no

additional higher-dimensional operators, i.e. ML = 0, the leading nn → pp ee transition

operator is proportional to

N∑
i=1

(
C

(6)
VLL

)2

ei

(
mi

q2 +m2
i

)
'

4V 2
ud

q2

[
PUmνU

TP T
]
ee

=
4V 2

ud

q2
(M∗L)ee = 0 , (6.12)

and vanishes. In this case, the m2
i /q

2 correction is necessary to get a non-vanishing result.

This correction can in principle be estimated from expanding the interpolation formulae in

the small m2
i limit. We write for mi � mπ

Mab
{F,GT,T}(mi) = Mab

{F,GT,T} +M ′ ab{F,GT,T}
m2
i

m2
π

. (6.13)

Using the interpolation formula in eq. (6.6), we can directly calculate M ′ ab{F,GT,T} and we give

the results in table 8 for 136Xe. We stress that the results for the derivatives for the NMEs

in the small mi regime are associated with significant uncertainties even beyond those from

the dependence on the nuclear many-body method. By using the interpolation formulae

in eq. (6.8) for MAA
GT (mi) instead of eq. (6.6) leads to O(100%) corrections in M ′AAGT . More

importantly, for neutrino potentials scaling as 1/q4, contributions from ultrasoft neutrinos

can be as important as those from potential neutrinos that are considered here. We leave

these corrections to future work, but stress that our results for M ′ should be taken as

order-of-magnitude estimates.

7 Neutrino mass dependence of subamplitudes

The master formula in eq. (5.2), combined with the results presented in ref. [51], describes

all possible contributions to 0νββ from sterile and active neutrinos, capturing both the

regime of heavy sterile neutrinos, mi � Λχ, and light sterile neutrinos mi � Λχ. In the

former regime, the heavy neutrino is integrated out at the quark level, while in the latter

regime it has to be kept as a degree of freedom in chiral EFT. In the region mi ∼ Λχ,

however, both approaches are questionable. Within chiral EFT, diagrams arising at the
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NMEs(136Xe) [118] [119]

M ′F 0.52 0.23

M ′AAGT −1.75 −1.41

M ′APGT 0.51 0.31

M ′PPGT −0.14 −0.09

M ′MM
GT −0.15 −0.11

Table 8. Comparison of the derivative of 136Xe NMEs with respect to m2
i in the quasi-particle

random phase approximation [118] and shell model [119]. The NMEs are defined in eq. (6.13).

n-loop level give corrections ∼ (mi/Λχ)2n and the loop expansion breaks down. Instead,

when integrating out the heavy neutrino at the quark level, operators involving additional

derivatives, ∼
(
∂
mi

)n
×O(9), cannot be neglected as they induce corrections ∼ (Λχ/mi)

n.

This implies the mi ∼ Λχ regime is beyond the reach of chiral EFT and of perturbative

QCD methods, and it is therefore hard to treat rigorously. In this section we discuss the mi

dependence of the amplitudes in more detail and employ what is known of the amplitudes

in the two regimes to suggest approximate interpolation formulae that link the low- and

high-mass regions.

Before discussing the interpolation it is useful to consider the two regimes in an example

involving one neutrino mass eigenstate with mass mi which couples to left-handed electrons,

and to right- and left-handed quark vector currents. The low-energy amplitudes depend

on the neutrino masses in two ways, explicitly through the light neutrino propagator, and

implicitly via the mass dependence of the low-energy constants in eqs. (3.24) and (3.26).

The resulting 0νββ amplitude, valid in the region mi � Λχ, can be written as

AL = − mi

4me

{
2C

(6)
VLLC

(6)
VRL

(
M̄V (mi)− M̄A(mi)

)
+

[(
C

(6)
VLL

)2
+
(
C

(6)
VRL

)2
] (
M̄V (mi) + M̄A(mi)

)}
, (7.1)

where we include the contributions from the hard neutrino exchange amplitudes, A(ν)
L (mi),

in M̄V,A(mi). In the limit of large neutrino masses, Λχ � mi, we can integrate out the

neutrino in perturbation theory, as discussed in section 2.3.1, and consider the hadroniza-

tion of the four-fermion operators with coefficients C
(9)
1L , C

(9)′
1L and C

(9)
4L . Using eq. (5.9),

we find

A(9)
L = − 1

2me

(
C

(6)
VLLm

−1
ν C

(6)
VLL + C

(6)
VRLm

−1
ν C

(6)
VRL

)
(7.2)

×
{

5

6
m2
πg

ππ
1

(
MPP
GT, sd +MPP

T, sd

)
+
m2
π

2
gπN1

(
MAP
GT, sd +MAP

T, sd

)
− 2

g2
A

m2
πg

NN
1 MF, sd

}
− 1

2me

(
C

(6)
VRLm

−1
ν C

(6)
VLL + C

(6)
VLLm

−1
ν C

(6)
VRL

){1

2
gππ4 MPS,sd −

2

g2
A

m2
πg

NN
4 MF, sd

}
,

where gππ4 = O(Λ2
χ) and gNN

4 = O(Λ2
χ/F

2
π ), while gππ, πN,NN

1 = O(1).
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Although the amplitudes in eqs. (7.1) and (7.2) look rather different from one another,

one can see that they take similar forms in the large-mi limit. To naively take this limit

for the long-range contributions, as discussed in section 6.1, we use

lim
mi→∞

M
(ab)
K =

m2
π

m2
i

M
(ab)
K sd, lim

mi→∞
MAA
GT = −3

m2
π

m2
i

MF, sd , (7.3)

and neglect the magnetic contributions which lead to short-range derivative operators,

subleading in the power counting. Using the above expressions, we obtain naive estimates

of the LECs gππ1 , gπN1 , and gNN
1 in eq. (7.2). By matching terms that depend on the same

NMEs in eqs. (7.1) and (7.2), which is equivalent to matching the ππ → ee and nn→ pp ee

amplitudes, we obtain

gππ1 =
3

5
, gπN

1 = 1, gNN
1 =

1

4

(
1 + 3g2

A − 2m2
i g

NN
ν (mi)

∣∣∣∣
mi≥Λχ

)
. (7.4)

These equations were obtained by setting A(9)
L = AL in the regime mi � Λχ where the

left-hand side should be reliable, while the right-hand side receives large contributions from

loop diagrams that were neglected. This implies that eq. (7.4) can only give an order-of-

magnitude estimate. Nevertheless, neglecting the gNN
ν (mi) contribution, we see that these

estimates are consistent with the NDA expectation and coincide with the “factorization”

approximation. The value of gππ1 extracted from the lattice, gππ1 (µ = 2 GeV) = 0.36, is

about 40% smaller than eq. (7.4).

While these estimates are not very accurate, they at least give the right scaling. This

is not so clear for the LECs in the third line of eq. (7.2). For instance, we can obtain

gNN
4 =

1

4

(
1− 3g2

A − 2m2
i g

NN
LR (mi)

∣∣∣∣
mi≥Λχ

)
, (7.5)

where the first two terms on the right-hand side are O(1), whereas table 5 tells us that

gNN
4 = O((4π)2). In similar fashion, we obtain

gππ4 = −4
m2
i g
ππ
LR(mi)

F 2
π

∣∣∣∣
mi≥Λχ

+O(m2
π) . (7.6)

gππ4 = O(Λ2
χ) which is not clear from the right-hand side. Similarly, it is not obvious that

the gNN
ν term in eq. (7.4) scales the same as the left-hand side which is O(1). In all of

these cases, the comparison of the naive limit of eq. (7.1) with eq. (7.2) suggests that the

hard-neutrino LECs should have a non-trivial mi dependence. As we will argue below

for the case of gππLR, it is indeed the mi-dependence of these LECs which ensures that the

matching relations are restored.

7.1 A dispersive representation

In the case of the gππLR we can investigate its mi dependence by exploiting the isospin relation

to the pion mass splitting. Modifying the dispersive representation derived in ref. [130] to
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account for a massive neutrino, we find5

gππLR(mi) =
1

F 2
π

3

32π2

∫ ∞
0

dQ2 Q2

Q2 +m2
i

(−Q2ΠLR(Q2)) , (7.7)

where ΠLR is the vacuum matrix element of the time-ordered product of a left-handed and

right-handed current, see e.g. ref. [130]. The correlator ΠLR is exactly zero in perturbation

theory and in the chiral limit, making it an order parameter for spontaneous symmetry

breaking. As such, the correlator falls off rapidly, Q4ΠLR(Q2) → 0, as Q2 → ∞ and the

integral in eq. (7.7) is finite. This behavior leads to the Weinberg sum rules, which are

discussed for example in ref. [130]. In the large-Nc limit, the correlator can be modeled

by an infinite sum of narrow axial and vector resonance contributions, subjected to the

Weinberg sum rules

−Q2ΠLR(Q2) = F 2
π +

∑
A

f2
Am

2
A

Q2

m2
A +Q2

−
∑
V

f2
Vm

2
V

Q2

m2
V +Q2

, (7.8)

F 2
π =

∑
V

f2
Vm

2
V −

∑
A

f2
Am

2
A ,

∑
V

f2
Vm

4
V −

∑
A

f2
Am

4
A = 0 . (7.9)

In this parametrization the integral in eq. (7.7) can be done explicitly and, after imposing

the Weinberg sum rules, we obtain

gππLR(mi) =
3

32π2F 2
π

[∑
V

f2
Vm

6
V

m2
i −m2

V

log
m2
V

m2
i

−
∑
A

f2
Am

6
A

m2
i −m2

A

log
m2
A

m2
i

]
. (7.10)

Considering a two-resonance model with one axial and one vector resonance, the Weinberg

sum rules allow us to solve for fV,A in terms of the resonance masses and Fπ. Using

mV = mρ = 770 MeV and mA = ma1 = 1.24 GeV, and taking the massless neutrino limit,

we obtain

gππLR(0)

∣∣∣∣
2−res

=
3

32π2

m2
Am

2
V

m2
A −m2

V

log

(
m2
A

m2
V

)
' 1.02F 2

π , (7.11)

which is in reasonable agreement with the determination from the pion mass splitting,

gππLR(0) ' 0.8F 2
π , see eq. (3.25). Considering the large-mi limit one instead obtains

gππLR(mi)

∣∣∣∣
2−res

→ 3

32π2

m2
Am

2
V

(m2
A −m2

V )m2
i

(
m2
A log

(
m2
i

m2
A

)
−m2

V log

(
m2
i

m2
V

))
. (7.12)

Using mA ∼ mV ∼ O(Λχ) and (4π)2 = Λ2
χ/f

2
π , for large neutrino masses the LEC scales as

gππLR(mi)→
Λ2
χ

m2
i

F 2
π , (7.13)

and the left- and right-hand sides of eq. (7.6) are of the same size.

5Here we used gππLR(mi) as an ‘effective’ LEC that captures both the hard-neutrino exchange contributions

as well as the loop diagrams ∼ (mi/Λχ)n which become non-negligible for mi ∼ Λχ. Explicitly, we have

A(π(q)π(−q) → eLeL)|q=0 = 8C
(6)
VLLC

(6)
VRL

mi
v4

gππLR(mi)|eff
F2
π

ūLu
c
L, such that gππLR(mi)|eff = gππLR(0) in the limit

mi → 0. Here and in what follows we use the notation gππLR(mi)|eff → gππLR(mi).
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We can be more precise by taking into account additional constraints on gππLR. Firstly,

we can consider the asymptotic limit of ΠLR for Q2 →∞. In the chiral limit, the correlator

can be obtained through the operator product expansion and it is dominated by the matrix

elements of dimension-six operators [130, 131]

lim
Q2→∞

Q6 ΠLR(Q2) = 8π2αs
π

{
〈0|q̄αLτ+γµqβL q̄

α
Rτ
−γµq

β
R|0〉 −

1

Nc
〈0|q̄Lτ+γµqL q̄Rτ

−γµqR|0〉
}

= 8π2αs
4π
F 4
π

(
gππ5 −

1

Nc
gππ4

)
=
∑
V,A

(
f2
Vm

6
V − f2

Am
6
A

)
. (7.14)

Using this, we can rewrite eq. (7.7) for mi � Λχ as

gππLR(mi � Λχ) =
1

F 2
π

3

32π2

∫ Λ2

0
dQ2 Q2

Q2 +m2
i

(−Q2ΠLR(Q2))

+
1

F 2
π

3

32π2

∫ ∞
Λ2

dQ2 Q2

Q2 +m2
i

(−Q2ΠLR(Q2)) , (7.15)

in the first term, mi � Q, and we can drop Q2 in the denominator, while in the second

term we use the asymptotic expression in eq. (7.14) for the correlator. This gives

gππLR(mi � Λχ) = − 3

16
F 2
π

αs
π

(
gππ5 −

1

Nc
gππ4

)
1

m2
i

log
m2
i

µ2

− 3

32π2F 2
π

1

m2
i

∑
V,A

(
f2
Am

6
A log

m2
A

µ2
− f2

Vm
6
V log

m2
V

µ2

)
. (7.16)

The dependence on Λ and µ cancels after applying the sum rule in eq. (7.14).

Secondly, at large values of mi, the expression for gππLR has to reproduce the amplitude

obtained from integrating out the neutrino at the quark level as done in section 2.3.1. In

this case, matching the ππ → ee amplitudes gives, see eq. (7.6),

gππLR(mi � Λχ) = − F 2
π

4m2
i

gππ4 (mi) . (7.17)

Together with eq. (7.16) this gives an expression for gππ4 (mi), which can be written in terms

of gππ4 (µ) using the RGE of this LEC, see eq. (2.38),

d

d lnµ

(
gππ4

gππ5

)
= −αs

4π

(
6/Nc 0

−6 −12CF

)T (
gππ4

gππ5

)
, (7.18)

and its perturbative solution

gππ4 (mi) = gππ4 (µ) +
3

4

αs
π

(
gππ5 −

1

Nc
gππ4

)
log

m2
i

µ2
. (7.19)

By combining eqs. (7.16)–(7.19) we can derive an expression for the LEC gππ4 (µ),

gππ4 (µ) =
3

8π2F 4
π

∑
V,A

(
f2
Am

6
A log

m2
A

µ2
− f2

Vm
6
V log

m2
V

µ2

)
. (7.20)
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Figure 4. The LEC gππLR in units of F 2
π as a function of the neutrino mass mi. The blue and green

lines denote the three- and five-resonance models, while the red line denotes the naive interpolation

formula in eq. (7.24).

Note that the logm2
i dependence has dropped out in the above expression, as one would

expect. By using the two-resonance approximation and the corresponding Weinberg sum

rules, the above already allows for an estimate of the LEC,

gππ4 (µ)

∣∣∣∣
2−res

=
3

8π2F 2
π

m2
Vm

2
A

m2
A −m2

V

(
m2
A log

m2
A

µ2
−m2

V log
m2
V

µ2

)
' −1.5 GeV2, (7.21)

for µ = 2 GeV. This is in reasonable agreement with the direct lattice-QCD calculation

gππ4 (µ = 2 GeV) = −1.9 GeV2 [112].

The final condition that can be imposed on gππLR is the known behavior in the limit

mi → 0, where we have, gππLR(mi = 0) ' 0.8F 2
π , see eq. (3.25). All in all, we then have five

constraints, the two Weinberg sum rules eq. (7.9), knowledge from the large Q2 behavior of

the correlator in eq. (7.14), and the high- and low-mass limits of gππLR, eqs. (7.17) and (3.25).

Clearly, not all of these constraints can be satisfied in the two-resonance approximation,

even though the predictions for the high- and low-mass limits, eqs. (7.21) and (7.11) are

not very far off. To incorporate all constraints we can take into account five resonances,

namely the ρ, ρ(1450), ρ(1700), a1(1260), and a1(1640) [132], and we use the physical

masses while fixing their couplings through the five constraints. We show the resulting gππLR

in figure 4 in green, while a three-resonance approximation, for which we do not include

ρ(1700) and a1(1640) and do not impose eqs. (3.25) and (7.11), is shown in blue. As is

clear from the figure, the three- and five-resonance case approximations agree very well.

7.2 A naive interpolation formula

It will prove useful to construct a simpler interpolation formula that can be applied to

LECs for which we have less information or where the resonance model is not applicable.

We follow a similar strategy as in the start of this section and impose

AA int(mi)
∣∣
mi�Λχ

= A(9)
A (mi) , (7.22)
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where AA int(mi) = A(ld)
A (mi) + Ā(ν)

A int(mi) with A ∈ {L,R, V } and A(ld)
A (mi) = AA(mi)−

A(ν)
A (mi) is the purely long-distance part of the amplitude constructed in section 5. Instead,

Ā(ν)
A int = A(ν)

A

∣∣
gα→ḡα involves ‘effective’ LECs, ḡα(mi), that capture both the hard-neutrino

exchange contributions as well as the loop corrections that become large in the mi ∼ Λχ
regime. In the limit of zero neutrino mass, we have ḡα(0) = gα(0). In this way the interpo-

lated amplitude has the correct limiting behavior in both the low- and high-mass regions.

The condition eq. (7.22) can be used to obtain expressions for these ‘effective’ hard-

neutrino LECs at a scale mi � Λχ in terms of LECs arising from dim-nine operators and

possible long-distance contributions. To do so, we employ the large-mi limits of the NMEs,

see eq. (7.3), and demand that the contributions proportional to each NME in eq. (7.22)

match (this is equivalent to demanding that eq. (7.22) not only holds for the nn → pp ee

amplitude, but also for the ππ → ee and n→ pπ ee subamplitudes). We then construct an

interpolation formula

gα(mi)
∣∣
naive

=
gα(0)

1 + gα(0)
[
θ(m0 −mi)

m2
0

m2
i
ḡα(m0) + θ(mi −m0)ḡα(mi)

]−1 , (7.23)

where m0 ' 2 GeV is a scale at which the procedure of integrating out the heavy neutrino

becomes reliable and we use eq. (7.22) to obtain expressions for ḡα(m0,i). The ‘effective’

LECs in the large-mi region scale as m−2
i , due to the m2

i in the denominator of the neutrino

propagator. This scaling ensure that gα(mi)
∣∣
naive

reduces to ḡα(mi) for mi → ∞, while

it reproduces gα(0) in the opposite, mi → 0, limit. Using gα(mi)
∣∣
naive

in the interpolated

amplitude, AA int(mi), then allows us to obtain amplitudes for any value of mi.

Applying this procedure to the case of gππLR, we again obtain ḡππLR(mi)|mi�Λχ =

− F 2
π

4m2
i
gππ4 (mi) from eq. (7.22), which, in combination with eq. (7.23), leads to

gππLR(mi)

∣∣∣∣
naive

=
gππLR(0)

1−m2
i

4gππLR(0)

F 2
π

[θ(m0 −mi)gππ4 (m0) + θ(mi −m0)gππ4 (mi)]
−1

, (7.24)

where on the right-hand-side we use the observed value for gππLR(0) = 0.8F 2
π (see eq. (3.25)).

At mi = m0 = 2 GeV this function approximates eq. (7.17) and it has the correct loga-

rithmic dependence on mi in the perturbative QCD regime due to the θ(mi −m0)gππ4 (mi)

term. This naive interpolation formulae is shown in red in figure 4, where it is compared to

the results from the three- and five-resonance models. The formulae agree over the whole

range of mi within 20%. Based on this success, we will use similar naive interpolation

formulae for the other LECs.

It remains to understand the relations in eqs. (7.4) and (7.5) and the mi dependence

of gNN
ν (mi) and gNN

LR (mi). These equations imply that gNN
LR is enhanced with respect to gNN

ν

in the mi ≥ Λχ region. This can be understood from the different RGEs of these couplings.

For mi � Λχ, the RGE for gNN
LR receives contributions from both light neutrino exchange
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and the ππ → e−e− coupling, while gNN
ν only from the former

d

d log µ
g̃NN
ν =

1

2
(1 + 2g2

A) ,

d

d log µ
g̃NN

LR =
1

2

(
1− 2g2

A + 2g2
A

gππLR(mi)

F 2
π

)
, (7.25)

where gNN
i = (mNC/4π)2g̃NN

i ∼ g̃NN
i /F 2

π . While the first term is independent of mi, the

second term in the RGE of gNN
LR scales as Λ2

χ/m
2
i for large mi as can be seen explicitly

from eq. (7.24). It is this behavior which ensures that the left- and right-hand side of

eq. (7.5) match.

We can now construct interpolation formulae for gNN
ν (mi) and gNN

LR (mi) similar to

eq. (7.24), by using the matching conditions at large neutrino masses

ḡNN
ν (mi � Λχ) = − 2

m2
i

ĝNN
1 (mi) = − 2

m2
i

(
gNN

1 (mi)−
1

4
(1 + 3g2

A)

)
,

ḡNN
LR (mi � Λχ) = − 2

m2
i

ĝNN
4 (mi) = − 2

m2
i

(
gNN

4 (mi)−
1

4
(1− 3g2

A)

)
, (7.26)

to obtain

gNN
ν (mi)

∣∣∣∣
naive

=
gNN
ν (0)

1−m2
i
gNN
ν (0)

2

[
θ(m0−mi)ĝNN

1 (m0)+θ(mi−m0)ĝNN
1 (mi)

]−1
,

gNN
LR (mi)

∣∣∣∣
naive

=
gNN

LR (0)

1−m2
i
gNN
LR (0)

2

[
θ(m0−mi)ĝNN

4 (m0)+θ(mi−m0)ĝNN
4 (mi)

]−1
, (7.27)

where we use the following RGEs to express gNN
1,4 (mi) in terms of gNN

1,4 (µ ' 2 GeV)

gNN
1 (mi) = gNN

1 (µ)− 3

4

αs
π

(
1− 1

Nc

)
gNN

1 log
m2
i

µ2
,

gNN
4 (mi) = gNN

4 (µ) +
3

4

αs
π

(
gNN

5 − 1

Nc
gNN

4

)
log

m2
i

µ2
. (7.28)

Armed with the interpolation formulae we are now ready to calculate the 0νββ am-

plitude in eq. (7.1), starting with the combination of NMEs and LECs M̄V ± M̄A. The

combination M̄V + M̄A, relevant for scenarios without higher-dimensional operators, de-

pends on NMEs such as MF (mi) for which we use interpolation formulae of the form in

eq. (6.6). In addition, there is a dependence on ḡNN
ν (mi) for which we use eq. (7.27). Unfor-

tunately, the latter formula depends on two LECs, gNN
ν (0) and gNN

1 (m0), that have not been

determined with nonperturbative methods. For a discussion of the required lattice QCD

calculation, as well as recent steps towards such a determination, we refer to refs. [133–137].

We use two reasonable choices for the LECs to assess the associated uncertainty. We use

the NDA estimates

gNN
ν (0) = ∓ 1

(2Fπ)2
, gNN

1 (m0) =
1

4
(1 + 3g2

A)± 1 , (7.29)
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where the latter choice is guided by the factorization approximation in eq. (7.4). The choice

for gNN
ν (0) is dictated by the NDA expectation gNN

ν (0) ∼ gNN
LR (0), and by the extraction of

gNN
ν (0) + gNN

LR (0) from isospin breaking in nucleon-nucleon scattering [108]. As discussed in

ref. [108], the value of (2Fπ)2(gNN
ν (0)+gNN

LR (0)) varies between 0.2 and ∼ 2.5 in various high-

quality chiral interactions, depending on the form and value of the ultraviolet regulators.

For the left-right combination M̄V − M̄A we require, in addition to the usual NMEs,

the ‘effective’ LECs ḡππLR(mi) and ḡNN
LR (mi) for which we use the interpolations in eqs. (7.24)

and (7.26). The former is reasonably well understood, see figure 4, while the latter is as

uncertain as gNN
ν (0). In this case, we include this uncertainty by assigning a 50% error on

the contribution from gππLR(mi), as both effects are expected to appear at the same order.

The dependence of M̄V ±M̄A on mi is depicted in the top panels of figure 5. The blue and

red bands correspond, respectively, to M̄V ± M̄A for 136Xe NMEs obtained with QRPA

(solid) or the Shell Model (dashed). The bands are obtained by varying the LECs as

discussed above and it is clear that these LECs, and not the NMEs, provide the dominant

uncertainty. At small neutrino masses, M̄V + M̄A and M̄V − M̄A are of similar size

with the former being a bit larger, but this behavior changes drastically once mi increases.

Around a few hundred MeV, M̄V −M̄A becomes larger due to mi dependence of gππLR(mi).

In the bottom panels of figure 5 we plot the combinations (mi/4me)(M̄V ±M̄A) that

appear in the subamplitude AL. The amplitudes peak in the hundreds of MeV to GeV

range, but the exact location depends on the underlying operators. The uncertainties are

sizable, at the order-of-magnitude level, and dominated by uncertainties in the LECs. The

amplitudes show a non-trivial behavior on mi which is in part due to the mi dependence

of the ‘effective’ hard-neutrino LECs. The contributions from these LECs are not included

in interpolating formulae in the literature, which are purely based on the mi-dependence

of the NMEs [69]. This leads to significant differences for the case of M̄V −M̄A where gππLR

dominates the mi & Λχ region.

Similar interpolation formulae can be derived for the other LECs introduced in sec-

tion 3.4.2 by matching via eq. (7.22) and employing the interpolation formula in eq. (7.23).

This procedure allows us to smoothly interpolate between the mi � Λχ and mi � Λχ
limits. In appendix E we discuss several cases that we require in section 8.3.

8 Phenomenology

We now turn to applications of the master formula in eq. (5.3) by investigating several

scenarios involving sterile neutrinos. We emphasize that our purpose is not to find phe-

nomenologically viable models of neutrino masses, but mainly to illustrate the use of the

framework developed in this work. The search for sterile neutrinos is a very rich field with

searches in a wide range of experiments, see e.g. refs. [138–143], of which 0νββ is only

a small, but crucial, part. The framework presented here can be used directly in future

global analyses of sterile neutrinos.

In what follows we study several relatively simple scenarios. We start by considering

minimal scenarios in which we extend the SM by one or two sterile neutrinos that are gauge-

singlets and do not interact via higher-dimensional interactions. In these so-called 3+1 and
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Figure 5. Top-left panel: the dependence of M̄V +M̄A (blue) and M̄V −M̄A (red) as a function

of mi for 136Xe NMEs obtained with QRPA (solid) or the Shell Model (dashed). The bands reflect

the uncertainty due to LECs associated with hard-neutrino exchange. Top-right panel: same as

top-left panel but for larger neutrino masses. The relative enhancement of M̄V − M̄A at large

neutrino masses is due to the behavior of the LEC gππLR(mi). Bottom-left panel: the dependence of

(mi/4me)(M̄V ± M̄A) (blue) as a function of mi for 136Xe NMEs. Bottom-right panel: same as

bottom-left panel but larger mi region.

3+2 models, 0νββ arises solely from the Majorana masses of the sterile neutrinos. We begin

by studying whether 0νββ can be measured in these minimal models and discuss the mi

dependence of the resulting decay rates. After considering these cases, we turn on several

higher-dimensional operators that are induced in BSM scenarios involving leptoquarks and

determine the impact of such interactions on the 0νββ predictions.

The current experimental bounds on the half-lives of various isotopes are summarized

in table 9, where the expected future sensitivities are also shown. In our numerical analyses,

we use the limit on T 0ν
1/2(136Xe) obtained by KamLAND-Zen, which is the strongest one at
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Isotope Experiment Current limit (×1025yr) Future sensitivity (×1025yr)
48Ca ELEGANT−IV 5.8× 10−3 [2] −

CANDLES 6.2× 10−3 [23] 10−2 [28]

NEMO−3 2.0× 10−3 [9]
76Ge MAJORANA DEMONSTRATOR 2.7 [22] −

GERDA 9.0 [24] −
LEGEND − 103 [29]

82Se CUPID 3.5× 10−1 [25]

NEMO−3 2.5× 10−2 [20]

SuperNEMO − 10 [30]
96Zr NEMO−3 9.2× 10−4 [3]

100Mo NEMO−3 1.1× 10−1 [8]

CUPID−1T − 9.2× 102 [37]

AMoRE 9.5× 10−3 [26] 5.0× 10 [31]
116Cd NEMO−3 1.0× 10−2 [13]
128Te − 1.1× 10−2 [1] −
130Te CUORE 3.2 [21] 9.0 [32]

SNO+ − 1.0× 102 [33]
136Xe KamLAND-Zen 10.7 [10] 2.0× 102

EXO−200 3.5 [27] 103 [34]

NEXT − 2.0× 102 [35]

PandaX − 1.0× 102 [36]
150Nd NEMO−3 2.0× 10−3 [12]

Table 9. Current and future experimental limits on T 0ν
1/2 at 90% C.L.

present, and take into account the following future prospects

T 0ν
1/2

(
136Xe

)
> 2.0× 1027 [yr] (KamLAND2− Zen) , (8.1)

T 0ν
1/2

(
136Xe

)
> 1.0× 1028 [yr] (nEXO) . (8.2)

The prospects for the LEGEND experiment are of high interest as well, with an expected

sensitivity of T 0ν
1/2

(
76Ge

)
∼ 1028 yr.

Before we begin analyzing the scenarios with sterile neutrinos mentioned above, we

first briefly discuss the scenario of 3 light Majorana eigenstates, that is, the standard

mechanism. This case corresponds to only turning on the LNV operators that generate

Majorana masses for the left-handed neutrinos, ML in eq. (2.7). We use the standard

parametrization and write

U = R23W 13R12diag(1, eiλ1 , eiλ2) , (8.3)

in terms of the rotation matrices
[
W ab(θab, δab)

]
ij

= δij + (δiaδjbe
iδab − δibδjae−iδab)sab +

(δiaδja + δibδjb)(cab − 1) and Rab(θab) = W ab(θab, 0), so that

mββ =
3∑
i=1

miU
2
ei = m1c

2
12c

2
13 +m2e

2iλ1s2
12c

2
13 +m3e

2i(λ2−δ13)s2
13 , (8.4)
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Figure 6. 0νββ half-life of 136Xe as a function of the lightest neutrino mass in the scenario of 3

light Majorana neutrinos in case of the normal hierarchy (blue) and inverted hierarchy (red). We

show results obtained with QRPA (solid) or the Shell Model (dashed) NMEs. In the left panel, the

bands reflect the uncertainty due to LECs associated to hard-neutrino exchange and the unknown

Majorana phases. In the right panel, we ignore the contributions from hard-neutrino exchange as

typically done in the literature and the bands arise solely from varying the unknown Majorana

phases. The shaded regions in both panels correspond to the present experimental limit, and

expected future limits are depicted by the two dashed lines.

in terms of the sines (cosines) of the neutrino mixing angles, sij (cij), the Dirac phase

δ13, and the Majorana phases, λ1,2. We set the mixing angles to their central values [132]

(see table 10). The relevant subamplitude is AL(mi) that depends on the combination

M̄V (mi)+M̄A(mi), but since all mass eigenstates are at the eV scale or below, we actually

only require M̄V (0) + M̄A(0). This combination depends on the unknown LEC gNN
ν (0)

associated with the exchange of hard neutrinos. This contribution is usually not considered

in the literature, but as demonstrated in refs. [107, 108] appears at the same order as the

exchange of potential neutrinos. To calculate decay rates we marginalize over the Majorana

phases and vary gNN
ν (0) between ±(2Fπ)−2 as discussed below eq. (7.27).

The resulting 136Xe half life is depicted in the left panel of figure 6 for the normal

hierarchy (NH) in blue and inverted hierarchy (IH) in red as a function of the lightest

neutrino mass, m. We used two sets of NMEs obtained with the QRPA (solid) and Shell

Model (dashed). Around m = 5 · 10−3 eV, the usual ‘funnel’ appears for the NH due to

a possible cancellation in mββ . For smaller m, the uncertainty on the half life is roughly

two orders of magnitude for both the NH and IH. This uncertainty arises roughly in equal

parts from the uncertainties in the LECs and Majorana phases, and in smaller amount

from the change in NMEs between the QRPA and Shell Model. This can be seen more

clearly by comparing to the right panel of figure 6 where we have set gNN
ν (0) = 0 and

thus ignored contributions from hard-neutrino exchange as usually done in the literature.
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While the O(1) contribution from the hard-neutrino LEC is consistent with the chiral

expectations discussed in section 3.4, it is possible that this effect turns out to be smaller

when consistently evaluated in the many-body methods used in refs. [118–121] (see the

discussion at the end of section 3.5). If this turns out to be the case, the uncertainty shown

in the right panel of figure 6 is more appropriate. The fact that the bands in both the NH

and IH are significantly smaller in this panel highlights the importance of pinning down

the value of gNN
ν (0) with nonperturbative methods.

8.1 3+1 model

The simplest scenario we investigate is the 3 + 1 model where the SM is extended by one

gauge-singlet neutrino. That is n = 1 and N = 4. This model leads to two massless

neutrinos and is thus ruled out by the combined atmospheric, ∆m2
ATM ' 2.4 ·10−3 eV2 and

solar, ∆m2
SOL ' 7.5·10−5 eV2, squared mass differences. Nevertheless, due to its simplicity,

the scenario provides a useful toy model. In the flavor basis, we write the neutrino mass

matrix as

Mν =


0 0 0 M∗D,1
0 0 0 M∗D,2
0 0 0 M∗D,3

M∗D,1 M
∗
D,2 M

∗
D,3 MR

 , (8.5)

and we set M∗D,1 = M∗D,2 = M∗D,3 ≡ M∗D. The neutrino mass matrix is then described

by just two parameters M∗D and MR. Note that in the absence of higher-dimensional

operators, (Mν)ij = 0 for i, j = 1, 2, 3 is required by gauge invariance. This simple setup

predicts two massless neutrinos, m1 = m2 = 0, and two massive neutrinos described by

m3 =
1

2

[√
|MR|2 + 12|MD|2 − |MR|

]
, m4 =

1

2

[√
|MR|2 + 12|MD|2 + |MR|

]
, (8.6)

where we assumed m3 < m4, while the inverted relations are

|MR| = m4 −m3 , |MD| =
1√
3

√
m3m4 . (8.7)

It is straightforward to diagonalize the mass matrix to obtain the PMNS matrix, which

can be parametrized as [144]

U = DLR
34R24R23R14R13W 12DR ,

DL = ei(αD+αR/2)diag(1, 1, 1, e−i(αR+αD)) DR = diag(1, 1, i, 1) , (8.8)

where W ij and Rij are defined below eq. (8.3) and αD,R = ArgMD,R. In this fairly simple

case nearly all the mixing angles can be expressed in terms of the neutrino masses

s23 = c34/
√

2, s34 = t24, s24 = s13

√
m3/m4 = t14 =

√
m3

2m3 + 3m4
, (8.9)

where tij = sij/cij , while s12 is unconstrained due to the two vanishing neutrino masses.

One useful result of the above is

U2
e3 = −m4

m3
U2
e4 = −1

3

m4

m3 +m4
ei(2αD+αR) . (8.10)
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As mentioned, this model of neutrino masses is too restrictive to reproduce the oscil-

lation data. To nevertheless investigate the effect a sterile neutrino would have on 0νββ in

this scenario we approximate ∆m2
ATM ' 0, and set m3 =

√
∆m2

31 ' 0.05 eV. For m4 < Λχ
the 0νββ half life is then simply given by (eq. (5.3))

(
T 0ν

1/2

)−1
= g4

AG01

∣∣∣∣∣
4∑
i=1

AL(mi)

∣∣∣∣∣
2

, (8.11)

where (eqs. (5.4), (7.1))

AL(mi) = − mi

4me

[
M̄V (mi) + M̄A(mi)

]
(C

(6)
VLL)2

ei , (8.12)

and (eqs. (2.24) and (2.28))

C
(6)
VLL = −2Vud(PU)ei = −2VudUei . (8.13)

All other Wilson coefficients vanish. The combinations of NMEs and LECs M̄V,A(mi) are

defined in eq. (5.10), with the inclusion of the short-range pieces in eq. (5.5), and their

dependence on the neutrino masses is discussed in sections 6.1 and 7. For m4 > Λχ, instead,

the half life becomes

(
T 0ν

1/2

)−1
= g4

AG01

∣∣∣∣∣
3∑
i=1

AL(mi) +A(9)
L (m4)

∣∣∣∣∣
2

(8.14)

as the fourth mass eigenstate is integrated out on the quark level. In this case A(9)
L (m4) is

defined in eqs. (5.9) and the neutrino mass dependence enters via

C
(9)
1L = − v

2m4
(C

(6)
VLL)2 = −

2vV 2
ud

m4
U2
e4 . (8.15)

The interpolation formulae described in section 7.2 ensure that the m4 ≤ Λχ and m4 ≥ Λχ
limits smoothly match.

The result for the 0νββ 136Xe rate is depicted in the left panel of figure 7 as a function

of m4. It can be divided into three regions. For m4 � mπ the life time increases as m4
4

for decreasing neutrino masses. For m4 ≥ Λχ the lifetime becomes independent of the

neutrino mass. The intermediate region is more complicated and shown in more detail in

the right panel of figure 7. The behavior in the three regions can be understood from the

neutrino mass dependence of M̄V (mi) + M̄A(mi) shown in figure 4. For small neutrino

masses m4 � mπ ∼ kF , the NMEs become almost independent of the neutrino mass. The

dominant contribution, however, is proportional to

4∑
i=1

miU
2
ei = 0 , (8.16)

as can be seen explicitly from eq. (8.10), see also eq. (6.12) and ref. [65]. The first non-

vanishing contributions in this regime are suppressed by m2
i /m

2
π as discussed in section 6.1.1
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Figure 7. 0νββ half-life of 136Xe as a function of m4 in the 3 + 1 model. We show results obtained

with the QRPA (solid) or Shell Model (dashed) NMEs. The bands reflect the uncertainty due to

LECs associated with hard-neutrino exchange. Right-panel: same as left panel but for neutrino

masses around the pion mass.

and the half life is proportional to∣∣∣∣∣
4∑
i=1

m3
iU

2
ei

∣∣∣∣∣
2

=
∣∣M∗ 2

D MR

∣∣2 ∼ m2
3m

4
4 , (8.17)

in the regime m4 � m3. For large neutrino masses, m4 > Λχ, we need to compare the

two terms in eq. (8.14) which are both non-zero. The first term involves the sum over light

neutrinos, but only the m3 contribution is nonzero, and depends on Ue3 ' −1/
√

3 which is

constant in the 3 + 1 model up to m3/m4 corrections, see eq. (8.10). Similarly, we can see

that m4U
2
e4 is roughly independent of m4 from eq. (8.10), but in this case the amplitude

scales as A(9)
L (m4) ∼ C(9)

1L ∼ U2
e4/m4 ∼ m−2

4 and thus quickly drops off. In fact, already for

m4 = 1 GeV the fourth neutrino only contributes at the 10% level.

From figure 7 it is clear that for small neutrino masses, the 3 + 1 toy model predicts

extremely slow 0νββ rates, orders of magnitude away from present or projected sensitivities.

For m4 ≥ 1 GeV, the half lives range from roughly 1.7 ·1027 yr to 1.5 ·1028 yr depending on

the choice of NMEs and LECs. The uncertainty in the half life is at the order-of-magnitude

level and mainly due to our poor knowledge of the short-distance LEC gNN
ν (mi). Although

the uncertainty in the small-m4 region looks small this is probably unrealistic. In this

regime, the amplitudes depend on the derivative of the NMEs with respect to mi, which we

estimated by expanding the interpolation formula. However, as discussed in section 6.1.1,

this expression might not be accurate in this region and a realistic uncertainty would likely

be at the order-of-magnitude level as well. Since the decay rates are immeasurably small,

this uncertainty is not too relevant.
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8.2 3+2 model

We now consider a minimal 3+2 model, where we extend the SM with two sterile neutrinos

(n = 2). This model is more realistic as it can readily accommodate the measured neutrino

mass splittings, mixing angles, and CP phase. We closely follow the analysis of ref. [145] to

conveniently parametrize the 5× 5 mixing matrix in terms of neutrino masses and PMNS

parameters. The original 5× 5 mass matrix is given by

Mν =


0 0 0 M∗D14

M∗D15

0 0 0 M∗D24
M∗D25

0 0 0 M∗D34
M∗D35

M∗D14
M∗D24

M∗D34
MR44 MR45

M∗D15
M∗D25

M∗D35
MR45 MR55

 (8.18)

This mass matrix leads to one massless and four massive neutrinos and can be diagonalized

by a 5× 5 unitary matrix U that consists of physical parameters [145]

UTMνU = diag(m1,m2,m3,m4,m5) , U =

(
Uaa Uas
Usa Uss

)
, (8.19)

where, in the normal hierarchy, we have

Uaa = UPMNS

(
1 0

0 H

)
, Uas = iUPMNS

(
0

Hm
1
2
l R
†M
− 1

2
h

)
, (8.20)

Usa = i
(

0 HM
− 1

2
h Rm

1/2
l

)
, Uss = H . (8.21)

Here, ml and Mh are 2× 2 mass matrices

ml =

(
m2 0

0 m3

)
, Mh =

(
m4 0

0 m5

)
, (8.22)

and UPMNS and R are 3× 3 and 2× 2 matrices

UPMNS = R23W 13R12 diag(1, 1, eiα) , (8.23)

R =

(
cos (θ45 + iγ45) sin (θ45 + iγ45)

− sin (θ45 + iγ45) cos (θ45 + iγ45)

)
, (8.24)

where θ45 ∈ [0, π/2] and γ45 ∈ (−∞,∞). As the name implies, UPMNS is the usual PMNS

matrix consisting of 3 mixing angles, 1 Dirac phase, and 1 Majorana phase (there is only

1 Majorana phase because m1 = 0). The matrices H and H are composed of the above

mass and rotation matrices

H =

[
I +m

1
2
l R
†M−1

h Rm
1
2
l

]− 1
2

, H =

[
I +M

− 1
2

h RmlR
†M
− 1

2
h

]− 1
2

. (8.25)

The above form of U assumes m1 = 0 making it directly applicable to the case of

the NH, while in the case of the IH we instead have m3 = 0. To account for this
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change we can replace m2,3 → m1,2 in the above, leading to a solution of UTMνU =

diag(0,m1,m2,m4,m5), after which the mass matrix can be brought into its usual order-

ing by rearranging the columns of U . Although this procedure leads to a perfectly adequate

parametrization of U , it does not lead to the familiar identification of the mixing angles sij
with the solar and reactor angles. To ensure that the usual UPMNS appears as the upper

left-hand block in our parametrization of U (in the limit m4,5 →∞) we simply follow the

steps of the derivation in ref. [145], starting from eq. (8.19) with m3 = 0 instead of m1 = 0.

This leads to a form of U which can again be written as in eq. (8.19), but now

Uaa = UPMNSĤ , Uas = iUPMNSĤR3

(
0

m
1/2
l R†M

−1/2
h

)
,

Usa = i
(

0 H̄M
−1/2
h Rm

1/2
l

)
RT3 , Uss = H̄ , (8.26)

where ml = diag(m1,m2), while Ĥ = R3

(
1 0

0 H

)
RT3 , with H as in eq. (8.25) but using

ml = diag(m1,m2), and R3 = W 13(−π/2, 0)W 23(π/2, 0). Mh and H̄ are left unchanged.

To obtain these expressions we used the relation

diag(m1,m2, 0,m4,m5) =

(
R3 0

0 1

)
diag(0,m1,m2,m4,m5)

(
R3 0

0 1

)T
, (8.27)

to write eq. (8.19) in the form of eq. (2.3) of ref. [145]. The rest of the derivation then

closely follows that of ref. [145], leading to a similar form of U as in the NH case, but with

additional factors of R3.

We do not wish to perform a fully general analysis of the parameters in the mixing

matrix. Instead, we fix all parameters except for m4 and m5. We work in the normal

hierarchy and set m2 =
√

∆m2
SOL ' 8.58 · 10−3 eV and m3 =

√
∆m2

ATM ' 0.05 eV. We

pick the best-fit values for the PMNS mixing angles and Dirac phase [132]. For simplicity we

set the Majorana phase to zero, α = 0. While the choice of θ45 does not affect the unitary

matrix drastically, Ue2 and Ue3 can deviate from the experimental values if γ45 & O(1).

Taking into account this restriction, we pick moderate values for θ45 and γ45. All choices

of parameters are given in table 10.

We show the lifetime T 0ν
1/2(136Xe) in the case of the NH as a function of m4 for four

different values of m5 in the left-panel of figure 8. We use the QRPA NMEs of ref. [118]

and a specific value of the short-distance LECs to not clutter the plots too much. We set

gNN
ν (0) = − 1

(2Fπ)2
, gNN

1 (m0) = (5 + 3g2
A)/4 , (8.28)

as discussed in section 7.2. We can observe a few things. For small m5 < mπ and m4 � m5

the half life becomes independent of m4 and scales as m4
5, similar to the behavior of the

3 + 1 scenario for small m4 (the left part of figure 7). This is the ‘cancellation regime’,

where the NMEs and LECs become mi independent and

AL(mi) ∼
5∑
i=1

U2
eimi(M̄V (mi) + (M̄A(mi)) ∼ O(U2

eim
3
i ) ∝ m2

5 , (8.29)
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NH ∆m2
21 [eV2] ∆m2

32 [eV2] λ1,2

7.39 · 10−5 2.449 · 10−3 0

3σ [6.79, 8.01] · 10−5 [2.358, 2.544] · 10−3 [0, π]

sin2 θ12 sin2 θ23 sin2 θ13 δ13/π

3.10 · 10−1 5.58 · 10−1 2.241 · 10−2 1.23

3σ [2.75, 3.50] · 10−1 [4.27, 6.09] · 10−1 [2.046, 2.440] · 10−2 [0.78, 2.06]

IH ∆m2
21 [eV2] ∆m2

32 [eV2] λ1,2

7.39 · 10−5 −2.509 · 10−3 0

3σ [6.79, 8.01] · 10−5 [−2.603, − 2.416] · 10−3 [0, π]

sin2 θ12 sin2 θ23 sin2 θ13 δ13/π

3.10 · 10−1 5.63 · 10−1 2.261 · 10−2 1.58

3σ [2.75, 3.50] · 10−1 [4.30, 6.12] · 10−1 [2.066, 2.461] · 10−2 [1.14, 1.97]

3+2 θ45 γ45

π/8 0.5

Table 10. Input parameters used for the analysis of the standard three-light Majorana neutrino

scenario, depicted in figure 6, and the 3 + 2 model. The values of the light neutrino mass splittings

and the PMNS angles are taken from ref. [132].

Figure 8. Left panel: 0νββ half-life of 136Xe as a function of m4 for m5 = 30 MeV (blue),

m5 = 100 MeV (red), m5 = 500 MeV (green), and m5 = 5000 MeV (orange) in the NH. The gray

horizontal line is the predicted half life for the standard mechanism for the same choices of neutrino

parameters and LECs. Right panel: same as left panel but now we included uncertainties from

NMEs and LECs. Bands correspond to m5 = 30 MeV (blue), m5 = 100 MeV (red), m5 = 500 MeV

(green).
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Figure 9. Left panel: 0νββ half-life of 136Xe as a function of m4 for m5 = 30 MeV (blue),

m5 = 100 MeV (red), m5 = 500 MeV (green), and m5 = 5000 MeV (orange) in the IH. The gray hori-

zontal line is the predicted half life for the standard mechanism for the same choices of neutrino pa-

rameters and LECs. Right panel: same as left panel but now we included uncertainties from NMEs

and LECs. Bands correspond to m5 = 30 MeV (blue), m5 = 100 MeV (red), m5 = 500 MeV (green).

since Ue5 ∼
√
ml/m5. The scaling with m4

5 breaks down for larger values of m5, in fact,

for m5 ≥ 500 MeV and m4 � mπ the half life becomes essentially independent of both m4

and m5 as can be seen by comparing the left part of the green and orange lines.

For m4 � mπ and m5 ≥ Λχ (the right part of the green and orange lines), the

scenario becomes similar to a standard seesaw scenario with 3 light Majorana neutrinos

and ‘decoupled’ heavy states, see the horizontal gray line. The lifetime becomes roughly

1029 yr, the predicted lifetime in the NH for a massless lightest neutrino and vanishing

Majorana phases. Shorter half lives are possible if one neutrino is heavy while the other is

at or below the pion mass. The right sides of the blue and red curves correspond to such a

scenario with a half life of roughly 2 · 1028 yr, not too far from the projected nEXO limits.

Finally, for almost degenerate m4 and m5 there is a cancellation leading to a peak in the

half life. In the right panel of figure 8, we show the same results for three choices of m5,

now including the uncertainty from the short-distance LECs and we show results for two

choices of NMEs. The uncertainties are at the order-of-magnitude level.

The case of the IH is shown in figure 9, which shows a behavior that is very similar to

that of the NH scenario. In particular, at large values of m5 the half life becomes almost

independent of m4,5, while, in the small mass region, the scaling ∼ m4
5 reappears. We again

see a cancellation when m4 ∼ m5, and the half life approximates that of a seesaw scenario

with 3 light neutrinos in the large-m4,5 region. In contrast, the absolute value of the half

life does differ between the scenarios and is roughly an order of magnitude smaller in the

IH than in the NH. In fact, nEXO will be sensitive to minimal 3 + 2 scenarios in the IH

for which at least one mass eigenstate has mass larger than roughly 500 MeV.
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Figure 10. Left panel: 0νββ decay half-life of 136Xe in the NH as a function of the Majorana

phase, α, for m4,5 � 1 GeV (blue), for m4 = 1 eV and m5 � 1 GeV (red), and m4 = 100 MeV and

m5 = 1 GeV. LECs and NMEs as in the left panel of figure 8. Right panel: similar but now for

α = 0 and we vary the mixing angle θ45.

It should be mentioned that figures 8 and 9 depend on the choice of mixing angles

and phases, for which we used α = 0 and the values in table 10. Varying the phases can

lead to significantly larger half lives, especially when they are tuned to induce cancellations

between the different contributions, while in other parts of parameter space (often milder)

enhancements are possible. To get an idea of these effects we show the dependence on

the Majorana phase α and the mixing angle θ45 in the NH in the left- and right-panel of

figure 10 for three choices of m4 and m5. The blue lines correspond to decoupled mass

eigenstates with m4,5 � 1 GeV. In this case, the Majorana phase is still relevant and the

half life varies by roughly a factor 5 depending on α, but only has a mild θ45 dependence.

The red line corresponds to m4 = 1 eV while m5 = 500 GeV is decoupled. In this case, the

dependence on α is significant and for α = π the half life increases by roughly six orders of

magnitude compared to α = 0, while the dependence on θ45 is far less severe. Finally, the

green line correspond to an intermediate scenario with m4 = 100 MeV and m5 = 1 GeV.

8.3 A leptoquark scenario

In this section we illustrate the use of the EFT framework by performing the matching in

the case of an explicit model of BSM physics. Our main goal is to illustrate the framework

and we consider a simple SM extension. We extend the SM with right-handed neutrinos

that interact with leptoquarks (LQs). Leptoquarks are hypothetical particles that convert

quarks to leptons and vice versa. All possible representations of LQs are summarized in

ref. [81], and among them is a scalar LQ that transforms as an SU(3)c triplet, an SU(2)L
doublet, and carries nonzero hypercharge: R̃ (3, 2, 1/6). The LQ interaction with sterile
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neutrinos is given by

LLQ = −yRLab d̄RaR̃iεijL
j
Lb + yLRab Q̄

i
LaR̃

iνRb + h.c. , (8.30)

where a, b and i, j are flavor and SU(2) indices, respectively. In addition to these interac-

tions, we include the right-handed neutrino Majorana mass terms and Yukawa interactions

as in eq. (2.1). The LQ interactions are LNC so that LNV only arises from the Majorana

mass of the sterile neutrinos. Integrating out R̃, one dim-6 operator in table 3 is generated

L(6̄)
νR

= C
(6)
LdQν
abcd

(
L̄iadb

)
εij
(
Q̄jcνRd

)
+ h.c. , (8.31)

where

C
(6̄)
LdQν
abcd

=
1

m2
LQ

yLRcd y
RL∗
ba , (8.32)

with mLQ being the mass of the R̃ LQ. The above operator, as well as OLνQd generated

through the RGEs of eq. (2.4), induces the dim-6 scalar and tensor operators in eq. (2.9)

below the electroweak scale. We focus on operators involving the first-generation quarks

and charged leptons

L(6)
∆L=0 =

2GF√
2

[
c̄

(6)
SR
ea

ūLdRēLνRa + c̄
(6)
T
ea

ūLσ
µνdRēLσ

µννRa

]
, (8.33)

where the subscripts e and a denote the charged-lepton and neutrino flavor, and

c̄
(6)
SR
ea

= 4c̄
(6)
T
ea

=
v2

2m2
LQ

yLR1a y
RL∗
1e , (8.34)

where a runs from 1 to n.

Of course, we also have to include the SM weak interactions and together we obtain

the following matching to the operators in eq. (2.24)

(
C

(6)
VLL

)
ei

= −2VudUei ,
(
C

(6)
SRR

)
ei

= 4
(
C

(6)
TRR

)
ei

=

n∑
a=1

c̄
(6)
SR
ea

U∗3+a,i . (8.35)

With these nonzero Wilson coefficients the 0νββ decay rate can be directly read from

the master formula in eq. (5.3). We use the procedure outlined in section 7.2 to obtain

matching relations for the relevant LECs and we explicitly give the resulting interpolation

formulae in appendix E.

8.3.1 A 3+1 scenario with leptoquark interactions

We first consider the 3 + 1 scenario, but now with the additional LQ interactions described

above. This only provides a simple toy model in which to study the effects of the LQs, as

it also leads to two massless neutrinos and cannot explain the observed oscillation data. A

more realistic 3+2 scenario is studied in the next subsection, we note, however, that is also

possible to explain the neutrino masses in LQ models without introducing sterile neutrinos,
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Figure 11. Left panel: T 0ν
1/2(136Xe) as a function of m4 in the LQ 3 + 1 model. The blue line is

the total half life whereas the red line depicts the contribution from just the standard mechanism

(exchange of neutrinos interacting via left-handed currents). We have set yLR11 y
RL∗
12 = 1.0 and

mLQ = 10 TeV. Right panel: similar but now we fixed m4 = 10 eV (blue), m4 = 1 keV (red), and

m4 = 5 GeV (green) and vary mLQ. In both panels the Dirac and Majorana phases were set to

zero, m3 =
√

∆m2
ATM, and the QRPA NMEs were used.

see e.g. [146–148]. For simplicity we set the couplings yLR11 y
RL∗
1e = 1 as deviations can be

absorbed in mLQ. For the contributions from the standard mechanism we set the unknown

LECs as in eq. (8.28). The LQ interactions induce a large number of contributions to

the subamplitude AL as given in eq. (E.4). Unfortunately most of these contributions

are associated to LECs we do not control. To simplify the analysis somewhat we only

include contributions from purely pionic operators, where lattice results are available that

can help constrain the LECs. The missing contributions from pion-nucleon and nucleon-

nucleon interactions can be added once more information about the LECs is obtained. The

missing contributions appear at the same order as the pionic contributions we do include,

and thus correspond to a significant uncertainty. For the pionic operators we require the

interpolation formulae discussed in eq. (E.11) of appendix E. These depend on gππ1,2,3,4,5 that

are known (see table 5) and the unknown couplings gππS1 (0), gππTT(0), gππS,VLL(0), gππT,VLL(0).

In this section we use the NDA estimates

gππS1 (0) = −gππTT(0) =
1

F 2
π

, gππS,VLL(0) = gππT,VLL(0) = −1 , (8.36)

where the signs were chosen in such a way that the LECs do not change sign when varying

the neutrino mass.

We plot the resulting 0νββ half-life of 136Xe in the left panel of figure 11 for

mLQ = 10 TeV as a function of m4. The red line denotes the limit of mLQ → ∞ corre-

sponding the 3+1 scenario discussed above. We have set the Dirac and Majorana phases to

zero, m3 =
√

∆m2
ATM, and used QRPA NMEs. The theoretical uncertainty due to NMEs
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and LECs is not shown, but is similar to the 3+1 and 3+2 scenarios and thus roughly one-

to-two orders of magnitude on the half life. The plot shows that for a light fourth neutrino,

m4 < 100 GeV, the LQ interactions completely dominate over the standard mechanism. In

fact, the current experiments rule out 10 TeV interactions for 100 keV < m4 < 100 GeV.

In the LQ scenario, 0νββ experiments are most constraining at m4 ' 170 MeV, where we

find mLQ > 56 TeV. Future experiments could push this towards mLQ > 150 TeV.

In the right panel of figure 11 we show the half life as a function of mLQ for three

specific values of m4. We set m4 = 10 eV, with the eV-scale being motivated by anomalies

in neutrino experiments [149–152] (but see ref. [153] as well), m4 = 1 keV, as motivated by

models of sterile neutrino DM [154, 155], and m4 = 5 GeV as motivated by studies of low-

scale leptogenesis [61]. For these cases, the limits on mLQ are respectively mLQ > 1 TeV,

mLQ > 3 TeV, and mLQ > 21 TeV. While it is difficult for present and future 0νββ

experiments to probe scenarios with just light sterile neutrinos, these results illustrate

that prospects are much better in scenarios where the sterile neutrinos have non-standard

interactions.

8.3.2 A 3+2 scenario with leptoquark interactions

We now repeat the analysis in the 3 + 2 model. In section 8.2 we concluded that detection

of 0νββ is not possible with the next generation of experiments in the pure 3 + 2 model

for the NH (see figure 8). It is interesting to investigate what the scale of BSM physics

should be to make a detection possible. We take the LQ interactions as an example of

BSM physics in order to determine the relevant mass of mLQ for different choices of m4

and m5. To reduce the number of parameters we set yLR11 y
RL∗
1e = yLR12 y

RL∗
1e = 1 and use the

same phases, angles and LECs as in section 8.2. We do not show the dependence on the

LQ couplings explicitly, but note that they always appear in the combination
yLR1a y

RL∗
1e

m2
LQ

, so

that a shift in the couplings of, for example, yLR1a y
RL∗
1e → 10−2, is equivalent to rescaling

the LQ mass by a factor of 10.

In the top-left panel of figure 12, we set mLQ = 10 TeV and m5 = 10 eV (blue),

m5 = 1 keV (red), m5 = 1 MeV (green) and vary m4. Current experiments already rule

out such scenarios for a significant range of m4. For m5 in the MeV range, the resulting

half lives are too short and excluded. For light m5 ≤ keV, the scenario is excluded for

100 keV < m4 < 100 GeV. In the top-right panel, we set m5 = 100 MeV (blue), m5 = 5 GeV

(red), m5 = 100 GeV (green) and conclude that such values are ruled out independent of

m4. Of course, the results depend on the scale of BSM physics. In the bottom panels we

repeat the analysis but now set mLQ = 50 TeV. The bottom-left panel, corresponding to

light m5, tells us that future experiments are sensitive if m4 > 10 MeV, while scenarios

where both m4 and m5 are light lead to decay rates that are too slow to observe. The right

panel shows that current limits already exclude the scenario for m5 = 100 MeV independent

of m4. For larger m5, nEXO can observe 0νββ events if m4 < 1 GeV.

Our main goal is not to exhaustively investigate the parameter space of this LQ model.

Instead, we wish to highlight that future 0νββ experiments are sensitive to a class of BSM

models with light sterile neutrinos if they have weak non-standard interactions with SM
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Figure 12. Top-left panel: T 0ν
1/2(136Xe) as a function of m4 in the LQ 3+2 leptoquark model for dif-

ferent choices of m5 = 10 eV (blue), m5 = 1 keV (red), m5 = 1 MeV (green). We consider a leptoquark

mass of 10 TeV. Top-right panel: same as top-left but now for m5 = 100 MeV (blue), m5 = 5 GeV

(red), m5 = 100 GeV (green). Bottom panels are the same as the top panels but now for a leptoquark

mass of 50 TeV. All panels use the same phases, mixing angles, and LECs as in section 8.2.

fields. How weak these interactions can be depends on the exact value of the neutrino

masses, but scales of 1-100 TeV can be accessed. We illustrate this in figure 13. In scenarios

with m4 and m5 around 1 eV, the 136Xe half life from just the standard mechanism is

roughly 1060 yr, but nEXO can make a detection for mLQ ≤ 1 TeV. In this particular case,

LHC experiments already strongly constrain such LQ masses [156, 157], but for heavier

neutrinos much higher LQ mass scales can be probed. For instance, for m4 at the keV scale

and m5 at the GeV scale, next-generation experiments are sensitive to leptoquark masses

up to 100 TeV.

This discussion highlights the important role that 0νββ experiments can play in un-

derstanding the nature and interactions of sterile neutrinos. While a positive 0νββ signal

alone cannot unambiguously be interpreted as evidence for sterile neutrinos, 0νββ experi-

ments, in conjunction with direct observations in laboratory experiments or astrophysical

probes, can put severe constraints on the possible interactions of these particles that are

very competitive with other low-energy probes and high-energy collider experiments.
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Figure 13. T 0ν
1/2(136Xe) as a function of mLQ for 4 choices of m4 and m5. The blue line corresponds

to m4 = 0.69 eV and m5 = 1 eV, the red line to m4 = 1 eV and m5 = 1 keV, the green line to

m4 = 1 keV and m5 = 1 GeV, and the orange line to m4 = 3 GeV and m5 = 4 GeV. The same

phases, mixing angles, and LECs as in section 8.2 were used.

9 Conclusions

Sterile neutrinos are natural candidates to explain the origin of active neutrino masses via

the type-I seesaw mechanism [40–42], which, however, does not definitively point towards

a specific mass scale. While the smallness of neutrino masses can be realized with very

massive νR, mνR ∼ 1015 GeV, with O(1) Yukawa couplings to SM leptons, the sterile

neutrino mass scale can be lowered to the TeV scale [42], inducing interesting signals at

the Large Hadron Collider [158], or even to the GeV or sub-GeV region [60, 61]. In such

scenarios the sterile neutrinos could provide a dark matter candidate and induce the correct

matter-antimatter asymmetry in the Universe [60–63]. While muon, meson, and nuclear β

decays constrain the interactions of sterile neutrinos with SM particles to be more feeble

than the weak interaction, in generic models νR can be charged under new forces, mediated

by bosons with masses much larger than the W and Z masses. These interactions, while

weak, can leave traces in high-precision experiments, including searches for 0νββ.

In this paper, we studied the impact of light sterile neutrinos with mass smaller than

the electroweak scale, mνR < v, on 0νββ, in a systematic framework which relies on a tower

of EFTs. The contribution of sterile neutrinos to 0νββ has been investigated extensively in

the literature [65, 66, 68–70], in the minimal scenario in which νR has only renormalizable

interactions, namely the Majorana mass term MR and a Yukawa interaction Yν in eq. (2.1).

Here we extend these works in several, significant directions

• We extend the SM by adding a (family) of sterile neutrinos νR, which are singlets

under the SM gauge group. At scales larger than the electroweak scale, we allow the

νR to interact with SM degrees of freedom via a dimension-four Yukawa interaction,
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and the most general set of gauge-invariant higher-dimensional operators up to dim-7,

in the framework of the sterile-neutrino-extended SMEFT [74–76]. With the exclusion

of the Majorana mass term in eq. (2.1), we consider operators with at most one

νR, which are the most relevant for 0νββ. The dim-6 LNC operators with active

and sterile neutrinos are listed in tables 1 and 3, respectively, while the dim-7 LNV

operators are given in tables 2 and 4. The renormalization-group equations describing

the QCD evolution for the coefficients of the dim-6 and dim-7 operators are given in

eqs. (2.4) and (2.6).

• We match the SMEFT operators onto SU(3) × U(1)em-invariant operators, by in-

tegrating out heavy SM degrees of freedom. For 2 GeV . mνR < v, the sterile

neutrino is also integrated out in this step, and one is left with dim-9 operators in

eqs. (2.13) and (2.14), with coefficients given by eqs. (2.44), (2.45), and (2.46). If νR
is lighter, it remains dynamical in chiral EFT. In this case, at the quark level, one

finds the generalized LNC and LNV β-decay Lagrangians in eqs. (2.8), (2.9), (2.10),

and (2.11), which involve, vector, axial, scalar, pseudoscalar, and tensor currents as

well as derivative operators. Rotating these interactions to the neutrino mass ba-

sis gives rise to the operators in eqs. (2.22) and (2.23), whose coefficients can be

expressed in terms of the gauge-invariant operators in section 2.2.

• We systematically construct the chiral Lagrangian in the presence of light sterile

neutrinos with non-standard interactions, starting from the quark-level operators in

eqs. (2.22) and (2.23). This Lagrangian includes terms with explicit neutrinos, that

couple to pions and nucleons via the vector, axial, scalar, pseudoscalar, and tensor

currents. These are constructed in sections 3.1 and 3.2, and the neutron β-decay

transition operator is summarized in eq. (3.12). In addition, the Chiral Lagrangian

contains LNV operators that couple pions and nucleons to two leptons, which are

induced by the exchange of virtual light neutrinos. In section 3.4 we construct, for

the first time, these operators in full generality and we show that the ππee and nnppee

couplings contribute at LO for several higher-dimensional operators. We discuss the

dependence of the LECs of these operators on the neutrino mass, and demonstrate

that they are needed to guarantee that the 0νββ amplitude has a smooth dependence

on the neutrino mass.

• We identify all the chiral EFT low-energy constants required for the derivation of the

0νββ operator at LO. They are summarized in table 5. With the exception of the

recoil-order LEC appearing in the tensor current, g′T , all LECs in the neutron β-decay

operator are well known, either from experiment or Lattice QCD. The ππ couplings

induced by dim-9 operators are also well known [112], while ππ couplings induced by

hard-neutrino exchange and πN and NN couplings induced by dim-9 operators and

hard-neutrino exchange are at the moment mostly undetermined. The ignorance of

these LECs causes a sizable hadronization uncertainty in the 0νββ half-lives, which,

though usually neglected, is often as big as the error from nuclear matrix elements,

see for example figures 5 and 6.
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• We derive the 0νββ transition operator in section 4 and the master formula for 0νββ

in section 5. In spite of the large number of operators, we find that the final form of

the amplitude and the half-lives, eqs. (5.2) and (5.3), are rather compact and involve

structures that are very similar to those found for the exchange of active neutrinos in

refs. [50, 51]. In particular, they involve the same nuclear matrix elements, with the

difference that, for 1 MeV < mν < Λχ, the NMEs acquire a non-trivial dependence

on the neutrino mass.

• We study the dependence of the 0νββ half-lives on the neutrino masses. For neu-

trino masses below Λχ, the dependence arises in two ways, explicitly via the neu-

trino propagators in the neutrino potentials and implicitly via the LECs induced by

hard-neutrino exchange. In contrast, if mνR � Λχ, the mass dependence appears

through the matching coefficients of dim-9 operators. We derive interpolation formu-

lae, grounded in QCD and χPT, for both the nuclear matrix elements, in section 6.1,

and the LECs, in section 7. These formulae allow us to smoothly interpolate between

the mνR � Λχ and the mνR � Λχ regimes, as shown in figures 5 and 11, and to get

the correct chiral EFT scaling of the amplitudes. The interpolation formulae for the

LECs are partially phenomenological, due to the difficulties to treat the intermediate

region mπ � mνR . Λχ rigorously, but can be systematically improved by calculating

pion, nucleon, and two-nucleon LNV matrix elements with nonperturbative methods

for different neutrino masses.

• As a consequence of the systematic construction of the chiral Lagrangian and the

study of the mass dependence of NMEs and LECs, we can address all sources of the-

oretical uncertainties on the 0νββ half-lives, induced by active and sterile neutrinos.

An important finding of this work is that the hadronization uncertainty is very signif-

icant. We estimate this uncertainty by conservatively varying the unknown LECs in

the range expected on the basis of naive dimensional analysis and internal theoretical

consistency. We recommend to include the hadronization uncertainty in future anal-

yses of 0νββ. As an example, in the left panel of figure 6 we show the usual inverted

and normal hierarchy predictions for the 136Xe half life as a function of the lightest

neutrino mass with errors bands that include the hadronization uncertainty. This can

be compared with the right panel where this hadronic uncertainty has been neglected.

To illustrate the use of the developed EFT framework, we studied several scenarios with

light sterile neutrinos. Scenarios with two additional sterile neutrinos can reproduce all neu-

trino oscillation data. In the normal hierarchy, a minimal model where sterile neutrinos only

interact via mixing, leads to 136Xe half lives that for all choices of m4 and m5 are (slightly)

above 1028 yr, the prospected sensitivity of next-generation experiments. In the inverted

hierarchy a detection will be possible if at least one of the neutrinos has a mass above

O(500) MeV. These conclusions change drastically in the presence of higher-dimensional

interactions. For instance, 0νββ experiments already exclude scalar interactions at a scale

of 10 TeV if one of the neutrinos has a mass around the keV scale and the other at the GeV

scale. Such mass ranges appear in scenarios where sterile neutrinos can account for both
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Dark Matter and the matter-antimatter asymmetry [62], although to account for both at

least three sterile neutrinos are necessary. Depending on the exact neutrino masses, next-

generation experiments are sensitive to scales up to O(100) TeV. The framework developed

here, and the master formula in (5.3) in particular, can be used directly to assess the impact

of 0νββ experiments on any BSM scenario with light sterile neutrinos and should prove

useful when comparing 0νββ with other probes of sterile neutrinos.
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A Long-distance potentials induced by dim-7 operators

Here we collect the potentials induced by dim-7 interactions. As the contributions of dim-7

vector operators can be obtained from the dim-6 potentials through a shift of the scalar

interactions, see eq. (2.26), we only explicitly list the terms due to C
(7)
TL ≡ C

(7)
TL1 + C

(7)
TL2

and C
(7)
TR ≡ C

(7)
TR2. These are given by

V
(7)
L =mi

(
C

(6)
VLL+C

(6)
VRL

)
ei

(
C

(7)
TR+C

(7)
TL

)
ei

[
4gTmN

gMmπ

(
σ1 ·σ2h

MM
GT +S(12)hMM

T

)
−
g′T gV
g2
A

q2

mNmπ
hF

]
+mπ

(
C

(6)
TRR

)
ei

(
C

(7)
TR

)
ei

8g2
T

g2
A

[
σ1 ·σ2h

AA
GT,sd

]
+mπ

(
C

(6)
TRR

)
ei

(
C

(7)
TL

)
ei

8g2
T

3g2
A

[
σ1 ·σ2h

AA
GT,sd+2S(12)hAAT,sd

]
+mi

mπ

v

g2
T

g2
A

[(
C

(7)
TL

)2

ei
+
(
C

(7)
TR

)2

ei

]
σ1 ·σ2h

AA
GT,sd

+mi
mπ

v

2g2
T

3g2
A

(
C

(7)
TL

)(
C

(7)
TR

)
ei

[
σ1 ·σ2h

AA
GT,sd+2S(12)hAAT,sd

]
+. . . ,

V
(7)
R = 0+. . . ,

V
(7)
M =mπ

(
C

(6)
VRR−C

(6)
VLR

)
ei

(
C

(7)
TR

)
ei

gT
2gA

[
σ1 ·σ2 (3hAPGT +2hAPGT,sd)−S(12)hAPT,sd

]
+mπ

(
C

(6)
VRR−C

(6)
VLR

)
ei

(
C

(7)
TL

)
ei

gT
2gA

[
σ1 ·σ2 (hAPGT +2hAPGT,sd)−S(12) (2hAPT +hAPT,sd)

]
+mi

gT
2gA

B

mπ

(
C

(6)
SRL−C

(6)
SLL

)
ei

(
C

(7)
TR−C

(7)
TL

)
ei

[
σ1 ·σ2h

AP
GT +S(12)hAPT

]
+. . . , (A.1)

where habK, sd = habKq2/m2
π and the dots indicate that the complete dimension-seven poten-

tials involve contributions from the dim-7 vector operators.
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The resulting left-handed amplitude can be written as,

A(7)
L (mi) =

m2
π

4mev

{[(
C

(7)
TR

)
ei
MT1, sd(mi) +

(
C

(7)
TL

)
ei
MT2, sd

] (
C

(6)
TRR

)
ei

− mimN

4m2
π

MTV (mi)
(
C

(6)
VLL + C

(6)
VRL

)
ei

(
C

(7)
TR + C

(7)
TL

)
ei

−
g2
T

g2
A

mi

v

[(
C

(7)
TL + C

(7)
TR

)2

ei
MAA
GT, sd

+
4

3

(
C

(7)
TL

)
ei

(
C

(7)
TR

)
ei

(
MAA
T, sd −MAA

GT, sd

) ]}
. (A.2)

The amplitude for right-handed electrons does not obtain contributions from the dim-7

tensor operators, which implies

A(7)
R (mi) = 0 + . . . , (A.3)

while the “magnetic” amplitude AM is given by

A(7)
M (mi) =− m2

π

8mev

{
MTP (mi)

miB

m2
π

(
C

(6)
SRL−C

(6)
SLL

)
ei

(
C

(7)
TR−C

(7)
TL

)
ei

+
(
C

(6)
VRR−C

(6)
VLR

)
ei

[(
C

(7)
TR

)
ei
MTA1(mi)+

(
C

(7)
TL

)
ei
MTA2(mi)

]}
. (A.4)

The additional matrix elements that appear in the above potentials are given by

MT1, sd(mi) = −8
g2
T

g2
A

MAA
GT, sd(mi) ,

MT2, sd(mi) = −
8g2
T

3g2
A

(
MAA
GT, sd(mi) + 2MAA

T, sd(mi)
)
,

MTA1(mi) =
gT
gA

(
3MAP

GT (mi) + 2MAP
GT, sd(mi)−MAP

T, sd(mi)
)
,

MTA2(mi) =
gT
gA

(
MAP
GT (mi) + 2MAP

GT, sd(mi)− 2MAP
T (mi)−MAP

T, sd(mi)
)
. (A.5)

B Hard-neutrino exchange contributions from dim-7 operators

In this appendix we collect the contributions from dim-7 tensor operators, C
(7)
TL,TR, due to

hard-neutrino exchange, mentioned in section 3.4. As noted in section 2.2.1, all contribu-

tions from the dim-7 vector operators can again be obtained from a shift of the dim-6 scalar

couplings, see eq. (2.26), and we do not explicitly discuss them here. The contributions in

the ππ sector can be written as

cνππ 7
i L =

Λ2
χ

v2

{
gππTL,TR(mi)

(
C

(7)
TL

)
ei

(
C

(7)
TR

)
ei

+ gππTL(mi)

[(
C

(7)
TL

)2

ei
+
(
C

(7)
TR

)2

ei

]}
,

cππ 7
i L =

Λ2
χ

F 2
π

[
4gππTL,TR(mi)

(
C

(7)
TL

)
ei

(
C

(6)
TRR

)
ei

+ 8gππTL(mi)
(
C

(7)
TR

)
ei

(
C

(6)
TRR

)
ei

]
, (B.1)

c′νππ 7
i L = − 1

16
gππT,VLL(mi)

[(
C

(7)
TL

)
ei

(
C

(6)
VRL

)
ei

+
(
C

(7)
TR

)
ei

(
C

(6)
VLL

)
ei

]
+ (VLL↔ VRL) ,
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where gππTL, g
ππ
TL,TR = O(F 2

π ). In the πN sector we have

cνπN 7
i L = −1

8
gπNT,VLL(mi)

[(
C

(7)
TL

)
ei

(
C

(6)
VRL

)
ei

+
(
C

(7)
TR

)
ei

(
C

(6)
VLL

)
ei

]
+ (VLL↔ VRL) ,

cπN 7
i V =

[
gπNTL,V(mi)

(
C

(7)
TL

)
ei

+ gπNTR,V(mi)
(
C

(7)
TR

)
ei

] (
C

(6)
VLR − C

(6)
VRR

)
ei
,

cνπN 7
i V =

[
gπNTL,T(mi)

(
C

(7)
TL

)
ei

+ gπNTR,T(mi)
(
C

(7)
TR

)
ei

] (
C

(6)
TLL

)
ei
, (B.2)

where all the LECs scale as gπNα = O(1).

Finally, the dim-7 contributions in the NN sector are given by,

cνNN 7
i L

vΛχ
= −1

8

gNNT,VLL(mi)

vΛχ

[(
C

(7)
TL

)
ei

(
C

(6)
VRL

)
ei

+
(
C

(7)
TR

)
ei

(
C

(6)
VLL

)
ei

]
+ (VLL↔ VRL)

+
Λ2
χ

v2

{
gNN

TL,TR(mi)
(
C

(7)
TL

)
ei

(
C

(7)
TR

)
ei

+ gNN
TL (mi)

[(
C

(7)
TL

)2

ei
+
(
C

(7)
TR

)2

ei

]}
,

cNN 7
i L = Λ2

χ

[
4gNN

TL,TR(mi)
(
C

(7)
TL

)
ei

+ 8gNN
TL (mi)

(
C

(7)
TR

)
ei

] (
C

(6)
TRR

)
ei
,

cNN 7
i V =

[
gNN

TL,V(mi)
(
C

(7)
TL

)
ei

+ gNN
TR,V(mi)

(
C

(7)
TR

)
ei

] (
C

(6)
VLR − C

(6)
VRR

)
ei
,

cνNN 7
i V

vΛχ
=

1

4vΛχ
gNN

T,SRL(mi)
[(
C

(7)
TL

)
ei

(
C

(6)
SLL

)
ei

+
(
C

(7)
TR

)
ei

(
C

(6)
SRL

)
ei

]
+

1

4vΛχ
gNN

T,SLL(mi)
[(
C

(7)
TL

)
ei

(
C

(6)
SRL

)
ei

+
(
C

(7)
TR

)
ei

(
C

(6)
SLL

)
ei

]
+

Λχ
v

[
gNN

TL,T(mi)
(
C

(7)
TL

)
ei

+ gNN
TR,T(mi)

(
C

(7)
TR

)
ei

] (
C

(6)
TLL

)
ei
. (B.3)

Of the above LECs that were not encountered in section 3.4.2, gNN
TL,TR, gNN

TL and gNN
TL,V, gNN

TR,V

are enhanced with respect to the NDA expectation and scale as O(1/F 2
π ) and O(Λ2

χ/F
2
π ),

respectively. The RGEs that signal the enhancement of these LECs are collected in ap-

pendix C. The LECs gNN
TL,T and gNN

TR,T do not need to be enhanced and scale as O(1/Λ2
χ).

As one would expect, the above equations lead to contributions that scale as v−5 (v−6)

for one (two) insertions of dim-7 operators. Interestingly, the terms proportional to gππTL,TR

and gππTL give rise to contributions that are enhanced by Λ2
χ/F

2
π over the corresponding

long-distance contributions. In addition, we note that C
(7)
TL,TR combined with dim-6 vector

or scalar operators induces the same LECs that were already encountered in the insertions

of dim-6 operators only (see section 3.4.2), namely, gαT,VLL, gαT,VRL, gαT,SLL, and gαT,SRL. The

hadronic parts of C
(7)
TL,TR × C

(6)
i insertions are very similar to those of C

(6)
TRR,TLL × C

(6)
i ,

and, although the former involve an additional derivative this can be supplied by a factor

of /q from the neutrino propagator in the latter case. This leads to a relation between the

amplitudes of C
(7)
TL,TR × C

(6)
i , resulting from the ∝ mi term in the neutrino propagator,

and those of C
(6)
TRR,TLL × C

(6)
i , which result from the /q term instead. After working out

the leptonic Dirac algebra one finds that the Seff in several cases differ only by an overall

constant∼ mi/v. As these are relations between the effective actions they are also respected

by the corresponding long-distance amplitudes.
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C Non-perturbative renormalization of LECs

Here we collect the RGEs which give rise to the enhancement of LECs over their NDA

expectations. These follow from the requirement that the LO nn → ppee amplitude is

finite and µ independent, see refs. [51, 107] for details. The RGEs for the LECs related to

two insertions of dim-6 operators are given by,

2
d

d lnµ
g̃NN

S1 = −8g2
A

gππS1

F 2
π

− g2
S ,

2
d

d lnµ
g̃NN

S2 = −8g2
A

gππS2

F 2
π

+ g2
S , (C.1)

1

2

d

d lnµ
g̃NN

TT = −2g2
A

gππTT

F 2
π

− 12g2
T ,

d

d lnµ
g̃NN
ν =

2g2
A + g2

V

2
,

d

d lnµ
g̃NN

LR = 2g2
A

gππLR

F 2
π

− g2
A +

g2
V

2
,

d

d lnµ
g̃NN

SLL,VLL =
gSgV

8
,

d

d lnµ

(
8g̃NN

T,SLL − 4g2
Ag̃

πN
T,SLL

)
= 4gAgTBΛχ − 4g2

Am
2
πg

πN
T,SLL ,

d

d lnµ

(
8g̃NN

T,SRL − 4g2
Ag̃

πN
T,SRL

)
= −4gAgTBΛχ − 4gAm

2
πg

πN
T,SRL ,

d

d lnµ
g̃NN

TLL,VLL = gAgT ,

d

d lnµ
g̃SLL,VRR = −g2

Am
2
π

(
gπN

SLL,VRR − 2gππSLL,VRR

)
,

g̃SLL,VRR =
(
2g̃NN

SLL,VRR − g2
Ag̃

πN
SLL,VRR + g2

Ag̃
ππ
SLL,VRR

)
,

where we introduced g̃i =
(

4π
mNC

)2
gi. The RGEs for the dim-7 pieces can be written as,

d

d lnµ

(
−8g̃NN

TL,V + 4g2
Ag̃

πN
TL,V −

64π2gAgT

C̃2m2
N

)
= gA

(
4gAm

2
πg

πN
TL,V + gT

(
m2
π + 2m2

νi

))
,

d

d lnµ

(
−8g̃NN

TR,V + 4g2
Ag̃

πN
TR,V −

64π2gAgT

C̃2m2
N

)
= gA

(
4gAm

2
πg

πN
TR,V − gT

(
m2
π − 2m2

νi

))
,

d

d lnµ

(
g̃NN

TL +
12π2g2

T

C̃2m2
NΛ2

χ

)
= −3

8
g2
T

m2
νi

Λ2
χ

+
g2
Ag

ππ
TL

2F 2
π

,

d

d lnµ

(
g̃NN

TL,TR +
8π2g2

T

C̃2m2
NΛ2

χ

)
= −1

4
g2
T

m2
νi

Λ2
χ

+
g2
Ag

ππ
TL,TR

2F 2
π

. (C.2)
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D Derivative contributions to four-quark two-lepton operators

Integrating out a heavy neutrino induces operators involving four-quark fields, two-lepton

fields, and a derivative, in addition to the contributions discussed in section 2.3.1. These

terms can be generated through dim-6 operators, proportional to m̄−2
ν , or through dim-7

interactions, ∝ m̄−1
ν . When such operators are matched onto Chiral Perturbation Theory,

they will give rise to interactions that come with new, unknown, LECs. For the dimension-

6 contributions one expects the derivative operators to be suppressed by mq/mν compared

to the operators of section 2.3.1.6 However, there are several Wilson coefficients for which

the contributions in section 2.3.1 scale as ∼ v4/Λ4, while the derivative couplings can be

induced by interfering with the SM coupling, C
(6)
VLL. This implies that there is a regime,

1 . Λ2mq
v2mν

, where the derivative interactions are important.

Here we will refrain from constructing the full set of derivative interactions that are

induced in this way. The reason being that these interactions are only relevant in fairly

specific scenarios and regimes of parameter space. In addition, their construction would

lead to a sizable number of new operators all of which will come with unknown LECs,

meaning that we cannot do better than an order-of-magnitude estimates in this regime.

We therefore restrict ourselves to listing the contributions can be captured by the usual

dim-9 interactions, i.e. the terms that, through the equations of motions, can be written

as mq ×O(9).

The ∼ mq terms resulting from interference with the SM-like vector operators are

given by

δC
(9)
1L =−4vmdC

(6)
VLLm̄

−2
ν C

(6)T
TRR , δC

(9)′
1L =−4vmuC

(6)
VRLm̄

−2
ν C

(6)T
TRR ,

δC
(9)
2L = v

(
muC

(6)
VLL−mdC

(6)
VRL

)
m̄−2
ν C

(6)T
SLR , δC

(9)′
2L = v

(
muC

(6)
VRL−mdC

(6)
VLL

)
m̄−2
ν C

(6)T
SRR ,

δC
(9)
4L =−4v

(
mdC

(6)
VRL+muC

(6)
VLL

)
m̄−2
ν C

(6)T
TRR,

δC
(9)
5L =−v

2

[(
muC

(6)
VLL−mdC

(6)
VRL

)
m̄−2
ν C

(6)T
SRR +

(
muC

(6)
VRL−mdC

(6)
VLL

)
m̄−2
ν C

(6)T
SLR

]
. (D.1)

These ∼ mq terms are expected to contribute at the same order as the original derivative

couplings. Although NDA counts a derivative as a factor of ∼ Λχ � mq when matching

onto ChiPT, the insertion of mq allows for a chirality flip which changes the chiral symmetry

properties of the operators. In the above cases this allows one to trade derivative operators

that do not induce ππ terms at LO, for interactions that do induce ππ terms proportional

to mq. As a result, one expects the relative scaling of Λχ ∼ (4π)2mq for the derivative and

mq terms, respectively, allowing us to use the latter as an order-of-magnitude estimate for

the total.

We can in principle derive similar ∼ mq terms for the interference of C
(6)
VLR with C

(6)
VLL.

However, in this case a chirality flip does not lead to chiral enhancement (the induced

operators are dim-9 vector operators which do not induce ππ terms at LO), implying

that the mq terms cannot be used to estimate the derivative pieces in this case. If such

6This estimate holds when the interactions in section 2.3.1 induce ππ couplings at LO, while the corre-

sponding derivative terms do not. This is the case for both the scalar and tensor dimension-6 operators.
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interference terms are important we would have to construct the derivative terms to obtain

an order-of-magnitude estimate.

We take a similar approach for the derivative operators involving dim-7 interactions.

Namely, we only list the pieces ∼ mq that can be written in terms of the dim-9 operators

discussed in section 2.3.1. These pieces can be written as

δC
(9)
1L = −

[
C

(6)
VLL +

(mu

v
C

(7)
TL +

md

v
C

(7)
TR

)]
m̄−1
ν

(
muC

(7)
TL +mdC

(7)
TR

)T
δC

(9)′
1L = −

[
C

(6)
VRL +

(md

v
C

(7)
TL +

mu

v
C

(7)
TR

)]
m̄−1
ν

(
mdC

(7)
TL +muC

(7)
TR

)T
,

δC
(9)
4L = −

[
C

(6)
VLLm̄

−1
ν

(
mdC

(7)
TL +muC

(7)
TR

)T
+ C

(6)
VRLm̄

−1
ν

(
muC

(7)
TL +mdC

(7)
TR

)T]
− 2

v

(
muC

(7)
TL +mdC

(7)
TR

)
m̄−1
ν

(
mdC

(7)
TL +muC

(7)
TR

)T
, (D.2)

while possible terms ∝ m̄−2
ν do not appear for the combinations C

(6)
VLL × C

(7)
TL,TR and(

C
(7)
TL,TR

)2
.

We again stress that in all these cases one should in principle consider the additional

operators involving derivatives, along with the unknown LECs that result from them, and

the results above can only serve as an order-of-magnitude estimate.

E Matching and interpolation formulae for the leptoquark scenario

As discussed in section 8.3, right below the electroweak scale we can match the leptoquark

model of eq. (8.30) to the dim-6 operators involving the first-generation quarks and charged

leptons

L(6)
∆L=0 =

2GF√
2

[
c̄

(6)
SR
ea

ūLdRēLνRa + c̄
(6)
T
ea

ūLσ
µνdRēLσ

µννRa

]
, (E.1)

where

c̄
(6)
SR
ea

= 4c̄
(6)
T
ea

=
v2

2m2
LQ

yLR1a y
RL∗
1e , (E.2)

and a runs from 1 to n. For simplicity we neglect the evolution to lower energies and simply

give the matching to the operators in eq. (2.24). We obtain

(
C

(6)
VLL

)
ei

= −2VudUei ,
(
C

(6)
SRR

)
ei

= 4
(
C

(6)
TRR

)
ei

=

n∑
a=1

c̄
(6)
SR
ea

U∗3+a,i . (E.3)

With these nonzero Wilson coefficients the 0νββ decay rate can be directly read from the

master formula. For mass eigenstates mi < Λχ, the interactions only introduce contribu-
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tions to the subamplitude AL(mi) which is given by

AL(mi) = − mi

4me

{
[MV (mi) +MA(mi)]

(
C

(6)
VLL

)2

ei

+

[
MS(mi) +MPS(mi)

B2

m2
π

](
C

(6)
SRR

)2

ei
−MT (mi)

(
C

(6)
TRR

)2

ei

}
+

1

4me

[
2BMPS(mi)

(
C

(6)
SRR

)
ei
−mNMTV (mi)

(
C

(6)
TRR

)
ei

] (
C

(6)
VLL

)
ei

+
m2
π

mev

[(
miv

m2
πF

2
π

cνππiL +
v

Λχ
c′ππiL

)
MPS,sd

+
1

2

(
cπNiL −

v

Λχ
c′ππiL

)(
MAP
GT,sd +MAP

T,sd

)
− 2

g2
A

CNNiL MF,sd

]
. (E.4)

The first three lines arise from the exchange of potential neutrinos while the last two lines

arise from hard-neutrino exchange. The couplings are given by

cνππiL = −2gππS1 (mi)
(
C

(6)
SRR

)2

ei
− 2gππTT(mi)

(
C

(6)
TRR

)2

ei
,

c′ππiL =

[
gππS,VLL(mi)

(
C

(6)
SRR

)
ei
− 1

4
gππT,VLL(mi)

(
C

(6)
TRR

)
ei

](
C

(6)
VLL

)
ei

cπNiL =
v

Λχ

[
gπNS,VLL(mi)

(
C

(6)
SRR

)
ei
− 1

2
gπNT,VLL(mi)

(
C

(6)
TRR

)
ei

](
C

(6)
VLL

)
ei
,

CNNiL =
v

Λχ

[
gNNS,VLL(mi)

(
C

(6)
SRR

)
ei
− 1

2
gNNT,VLL(mi)

(
C

(6)
TRR

)
ei

](
C

(6)
VLL

)
ei

+miv

[
1

4
gNNν (mi)

(
C

(6)
VLL

)2

ei
+

1

4
gNNS1 (mi)

(
C

(6)
SRR

)2

ei
+

1

4
gNNTT (mi)

(
C

(6)
TRR

)2

ei

]
.

(E.5)

Mass eigenstates with mi > Λχ are integrated out at the quark level and induce dim-9

operators. From eqs. (2.44) and (D.1) we find the following contributions

C
(9)
1L = − v

2mi

(
C

(6)
VLL

)2

ei
− 4mdv

m2
i

(
C

(6)
VLL

)
ei

(
C

(6)
TRR

)
ei

(E.6)

C
(9)′
2L =

v

mi

[
1

2

(
C

(6)
SRR

)2

ei
+ 8

(
C

(6)
TRR

)2

ei

]
− mdv

m2
i

(
C

(6)
VLL

)
ei

(
C

(6)
SRR

)
ei
, (E.7)

C
(9)′
3L =

16v

mi

(
C

(6)
TRR

)2

ei
, (E.8)

C
(9)
4L = −4muv

m2
i

(
C

(6)
VLL

)
ei

(
C

(6)
TRR

)
ei
, (E.9)

C
(9)
5L = −muv

2m2
i

(
C

(6)
VLL

)
ei

(
C

(6)
SRR

)
ei
. (E.10)

The resulting amplitude A(9)
L is

A(9)
L =

m2
π

mev

[(
cππL
m2
π

+ c′ππL

)
MPS,sd +

1

2

(
cπNL − c′ππL

) (
MAP
GT,sd +MAP

T,sd

)
− 2

g2
A

cNNL MF,sd

]
,

with cππL , c′ππL , cπNL , and cNNL defined in eqs. (3.17), (3.19), and (3.20).
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We introduce interpolation formulae for the LECs appearing in eqs. (E.5) along the

lines of section 7.2. For the pionic terms we use

gππS1 (mi) = gππS1 (0)
1

1 + 8
m2
i

F 2
π
gππS1 (0) [gππ2 (m0)−B2]−1

,

gππTT(mi) = gππTT(0)
1

1 +
m2
i

F 2
π
gππTT(0) [4gππ3 (m0) + 2gππ2 (m0)]−1

,

gππS,VLL(mi) = gππS,VLL(0)
1

1− 2m2
i

Λχ
gππS,VLL(0)

[
B + 1

2m2
π

[−2mdg
ππ
2 (m0) +mugππ5 (m0)]

]−1 ,

gππT,VLL(mi) = gππT,VLL(0)
1

1 +
m2
im

2
π

8Λχ
gππT,VLL(0)

[
mugππ4 (m0) + 5

3mdm2
πg

ππ
1 (m0)

]−1
. (E.11)

The pion-nucleon interpolation formula is

gπNS,VLL(mi) = gππS,VLL(mi) ,

gπNT,VLL(mi) = gπNT,VLL(0)
1

1 +
m2
im

2
π

4Λχ
gπNT,VLL(0)

[
mugππ4 (m0) + 2mdm2

πg
πN
1 (m0)

]−1
. (E.12)

A similar formula can be written down for gπNS,VLL(mi) once four-quark operators involv-

ing derivatives are explicitly included, see appendix D. The nucleon-nucleon interpolation

formulae become

gNNS1 (mi) = gNNS1 (0)
1

1 +m2
i g
NN
S1 (0)

[
2gNN2 (m0)− 1

2g
2
S

]−1 ,

gNNTT (mi) = gNNTT (0)
1

1 +m2
i g
NN
TT (0)

[
32gNN2 (m0) + 64gNN3 (m0)− 24g2

T

]−1 ,

gNNS,VLL(mi) = gNNS,VLL(0)
1

1− m2
i

Λχ
gNNS,VLL(0)

[
md g

NN
2 (m0) + 1

2mu gNN5 (m0)
]−1

,

gNNT,VLL(mi) = gNNT,VLL(0)
1

1+
m2
i

8Λχ
gNNT,VLL(0)

[
md g

NN
1 (m0) +mu gNN4 (m0)

]−1
. (E.13)

In all the above relations we use the matching scale µ = m0 = 2 GeV. With some effort

the relations can be RGE improved as we did for gππLR(mi), g
NN
LR (mi), and gNNν (mi) in

section 7.2. This is more complicated for scalar and tensor interactions because scalar and

tensor quark bilinears have non-vanishing anomalous dimensions in contrast to the vector

case. Given the large uncertainties, and in order not to clutter up the expressions, we

refrain from explicitly including the RGE corrections in the interpolation formula.
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