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1 Introduction

Using a convolution on a 2-sphere we show that the linearised Becchi-Rouet-Stora-Tyutin

(BRST) transformations and gauge fixing conditions of Einstein-Hilbert gravity coupled

to a two-form and a scalar field,1 follow from the product of two Yang-Mills theories. This

provides an example of the convolutive product of gauge theories introduced in [1] on a

non-trivial background.

The idea that spin-2 gravitons may be reformulated as the product, in some precise

sense, of spin-1 gluons [2–5] has been re-invigorated in recent years, the Weinberg-Witten

theorem [6] notwithstanding. This renaissance traces its origins to the Kawai-Lewellen-

Tye (KLT) scattering amplitude relations of string theory [7], but the crucial advance

driving recent progress is the Bern-Carrasco-Johansson (BCJ) colour-kinematic duality

and double-copy prescription [8–10]. Given two gauge theories which satisfy BCJ duality,

the double-copy of their scattering amplitudes yields those of a gravitational theory to all

orders in perturbation theory. BCJ duality for gluons has been established at tree-level

from a number of perspectives [11–14] and has been generalised to include numerous (super)

Yang-Mills theories [9, 10, 15–40], generating a wide variety of double-copy constructible

gravity theories (semi-classically, at least). Although BCJ duality remains conjectural at

loop-level, there is a growing list of highly non-trivial examples [9, 17, 32, 39, 41–57].

This programme is certainly suggestive of a deep “gravity = gauge × gauge” relation and,

moreover, has already dramatically advanced our understanding of perturbative quantum

1This is sometimes refered to as N = 0 supergravity. Specifically, it consists of a graviton coupled to

a Kalb-Ramond (KR) 2-form and a dilaton as given by the low-energy effective field theory limit of the

NS-NS (Neveu-Schwarz) sector of string theory.
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gravity [15, 17, 45, 47, 50, 53–55, 57, 58]. For a pedagogical introduction and comprehensive

review of these ideas and their applications see [59, 60].

Given such successes it is natural to ask if the “gravity = gauge × gauge” paradigm is

strictly a property of scattering amplitudes alone. There are a number of approaches one

might take: (i) the first thing one might consider is manifesting BCJ duality at the level

of the Lagrangian or field equations [8, 9, 61–68]; (ii) complementary to this is the idea

that gravitational actions2 can be recast into a form that, in some sense, factorises [10,

66, 67, 69–71]; (iii) irrespective, one can apply the BCJ double-copy paradigm to the

construction of classical solutions in theories of gravity, such as black holes, from gauge

theory. This may take the guise of applying a classical double-copy map to classical gauge

theory solutions or extracting perturbative classical solutions from the double-copy of gauge

theory amplitudes [72–101]; (iv) another approach is to seek a geometric and/or world-sheet

understanding of these relations through string theory [12, 102–107] or ambi-twistor strings

and the scattering equations [108–116].

Here we consider a further possibility: a field theoretic “product” of gauge theo-

ries [1, 31, 35, 78, 79, 82, 117–123]. A covariant field theory product of arbitrary and

independent gauge theories was introduced in [1]. For a Minkowski background, the lo-

cal/global symmetries and equations of motion of the resulting gravity theory have been

shown to follow from those of the gauge theory factors, to linear order, making crucial

use of the BSRT formalism [1, 123], as reviewed in section 2. It can be used to con-

struct, for example, supersymmetric (single/multi-centre) black hole solutions in N = 2

supergravity [78, 79], in the weak-field limit. The field theoretic product is a priori in-

dependent from the BCJ double-copy, however it appears to be consistent with it in the

sense that the double-copy amplitudes correspond to the theory obtained from the field

product [35]. This not merely a statement that the spectra match; it requires that the

symmetries and couplings agree and for N < 4 this did not have to be the case. The

product also makes use of a bi-adjoint (and bi-fundamental) scalar field closely related, as

the convolutive pseudo-inverse, to the φ3-theory appearing in the double-copy in various

forms [25, 26, 36, 64, 67, 72, 73, 75, 76, 108, 112, 124–128]. Remarkably, the product is non-

trivial in contexts where it has no a priori right to be applied, such as in the absence of a

perturbative limit [122, 129]. This has been used to clarify aspects of known theories [122]

as well as to discover previously unknown theories [129], building on [130]. To include

higher-order interactions the field product can be used in conjunction with the perturba-

tive classical double-copy of [80], generalised to accommodate the BRST formalism [131].

A natural generalisation in any of the above contexts is to curved background space-

times. There are two obvious perspectives on this. The first is to consider a non-trivial

gauge field background on a flat spacetime. The idea is that the gauge background gen-

erates a non-trivial spacetime background in the gravity theory; gluon scattering on a

non-trivial gauge background generates graviton scattering on a non-trivial spacetime back-

ground. This has been successfully explored in the context of the ambi-twistor string for-

2Or, more likely, specifically those gravity theories that derive directly from the double-copy, in particular

N = 0 supergravity.
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malism for plane-wave gauge backgrounds [116]. More generally, a key question here is how

to correctly identify the non-perturbative spacetime background from the non-perturbative

gauge theory background(s). When the desired spacetime background is Kerr-Schild one

might be able to use the classical double-copy of [72] to identify the corresponding gauge

background and then construct the associated amplitudes through a generalisation of BCJ

duality and the double-copy. This is clearly a challenging proposition and the general

principles remain to be established. Alternatively, one could consider gauge theory am-

plitudes on a curved spacetime background in the first place. In the strongest form of

the “gravity = gauge × gauge” proposal, one might hope to derive spacetime geometry

without putting it into the gauge theory factors at the outset, although what perspective

will ultimately emerge remains an open question. Irrespective, it is a perfectly sensible

and interesting question to consider what would one get if one were able to apply BCJ

duality and the double-copy, or any other incarnation of “gravity = gauge × gauge”, on

curved backgrounds. It is not hard to envisage various possible applications and lessons,

for example graviton scattering on (amenable) curved backgrounds.

It is this second path we consider here in the context of the field theory product.

Specifically, we introduce a convolution product defined on a 2-sphere. It is required to be

covariant with respect to the isometries of the sphere, just as the product in Minkowski

spacetime is for the Poncaré group. Applying the product to the BRST formulation of two

linearised pure Yang-Mills theories we obtain a graviton, KR 2-form and dilaton on the

sphere. It is shown that the linearised BRST transformations and gauge-fixing conditions of

the gravitational fields follow directly from the gauge theory factors. We begin in section 2

with a review of the key ingredients of the BRST field theory product in flat spacetime.

We then introduce the convolution on the sphere in section 3. The key technical ingredient

is the introduction of a convolution for tensor fields that is multiplicative in Fourier space.

This formalism is then applied to two gauge theories on the sphere, which are shown

to generate the local symmetries (BRST transformations) of Einstein-KR 2-form-dilaton

gravity in section 4. Moreover, the gauge choice in the factors determines the gauge choice

in the product, in a precise sense. Finally, in section 5 we introduce time and consider

as the simplest example the D = 3 spacetime dimensional Einstein static universe. To

conclude we consider the possible generalisations, in particular the extension to all group

manifolds taking S3 as the simplest example.

2 Review of BRST field product in a flat background

Following [1, 123] we consider here the field theory product defined by

f ◦ f̃ := 〈〈f,Φ, f̃〉〉. (2.1)

Here, f, f̃ are arbitrary spacetime fields valued in g and g̃, respectively, which are the Lie

algebras corresponding to the gauge groups G and G̃. The “spectator” field Φ = ΦaãTa⊗T̃ã
is a G× G̃ bi-adjoint valued scalar. Here 〈〈 , , 〉〉 is a trilinear trace form constructed from

the negative-definite trace forms of g, g̃, which in the standard basis is simply,

〈〈X,Y, X̃〉〉 = Xa · Y aã · X̃ã , (2.2)
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where the · product denotes an associative convolutive inner tensor product with respect

to the Poincaré group

[f · g](x) =

∫
dDyf(y)⊗ g(x− y). (2.3)

The convolution reflects the fact that the amplitude relations are multiplicative in momen-

tum space. For sufficiently well-behaved functions the convolution obeys,

∂µ[f · g](x) = [∂µf · g](x) = [f · ∂µg](x). (2.4)

The double trace form accounts for the gauge groups, while the spectator field allows for

arbitrary and independent G and G̃. Of course, it is closely related to the bi-adjoint scalar

φ of the BCJ zeroth-copy [64, 108, 124, 125]. It can be considered as its convolutive pseudo-

inverse Φ = φ−1, where φ ·Φ · φ = φ. This implies that Φ has mass-dimension (3D+ 2)/2,

which also ensures the mass-dimensions of the product fields are consistent. It also implies

that it transforms inversely under translations. This precisely compensates for the fact

that under x 7→ x + a, [f · g](x) 7→ [f · g](x + 2a), i.e. [f ◦ g](x) 7→ [f ◦ g](x + a). Note

the circle product can be generalised to include fundamental matter fields, by including a

bi-fundamental scalar field [31].

Having introduced the covariant product, let us consider the case of two pure Yang-

Mills theories. The field-theoretic product of two gauge potentials, Aµ and Ãν , is given by

[Aµ ◦ Ãν ](x) = [Aaµ · Φaã · Ããν ](x). (2.5)

Naive on-shell counting shows that the product of two Yang-Mills gauge fields Aaµ and Ããν
yields a graviton hµν , the Kalb-Ramond (KR) two-form Bµν and a dilaton ϕ. Tree-level

amplitudes fix the action to be that of N = 0 supergravity. However, a number of signif-

icant issues have been identified in relation to this construction in the context of off-shell

or classical approaches:

• It is generally difficult to disentangle the graviton and dilaton degrees of freedom [82,

83]. A simple way to see this is presented in [82]. Let jµ and j̃µ be the sources of the

Yang-Mills e.o.m., j
(h)
µν the graviton source and j(ϕ) the dilaton source. Then we have

j(ϕ) ∝ j(h)ρρ ∝ 1

�
jρ ◦ j̃ρ . (2.6)

Thus we see that the graviton and dilaton sources are not independent. We can

interpret this as a constraint on gravitational theories that admit a double copy de-

scription, appearing already at the linear order. This is a general feature of the

classical BCJ double-copy, and not a consequence of the set-up in [82].

• There is a mismatch between the on-shell and off-shell d.o.f. mapping. Generally, an

off-shell Aµ× Ãν product does not carry a sufficient number of degrees of freedom to

describe the graviton-two-form-dilaton system off-shell [82, 123]. The issue persists

with the addition of supersymmetry [1, 132, 133].

• It is not clear how the required gauge-for-gauge freedom of the KR 2-form is to be

accommodated [131].
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• The classical double-copy is usually formulated with some specific gauge fixing on

both the Yang-Mills and the gravity side. However, there is no general procedure

determining a mapping between these corresponding gauge choices — this can lead

to issues, particularly when studying off-shell or gauge-dependent objects [95].

The BRST dictionary in [123] resolves the above issues by taking products of sets of fields

(Aµ, c
α) and (Ãµ, c̃

α). Here c1 = c and c2 = c̄ are the Fadeev-Popov ghost and antighost,

respectively. The off-shell d.o.f. of the (Aµ, c
α)× (Ãµ, c̃

α) product can now be seen to cor-

respond to those of the linearised BRST systems for the graviton, two-form and dilaton.3

It also naturally incorporates the ghost and ghost-for-ghost transformations [123, 131],

addressing the penultimate concern above.

We will describe below how the BRST procedure resolves the source issue (2.6), at

the same time as giving a gauge mapping algorithm between pure Yang-Mills theory and

gravity coupled to a KR 2-form and a dilaton.

The general form of the BRST action for a field f , with an irreducible gauge symmetry

is schematically

SBRST =

∫
dDx

(
L0[f ] + b

(
G[f ]− ξ

2
b

)
− c̄Q (G[f ])

)
− fj(f) + j̄c+ c̄j , (2.7)

where L0[f ] is the classical action for the field f , G[f ] is the gauge-fixing functional and

b is the Lautrup-Nakanishi Lagrange multiplier field. Finally, Q is a homological vector

field and functions on this enlarged space of fields, (A, c, c̄, b), form a chain complex; its Q-

cohomology characterises the physical observables. For reducible gauge symmetries there

will be additional ghost-for-ghost terms. For a review of the BRST procedure, see [134–137].

Note that, unlike in the standard treatment, we have coupled sources to both the

physical field and the ghosts. Specialising to linearised Yang-Mills fields and their ghosts,

the e.o.m. arising from the above are

∂µFµν +
1

ξ

∫
dDyG[A]

δG[A]

δAν
= jν ,

Q (G[A]) = j,∫
dDyc̄

δQ (G[A])

δc
= j̄ ,

(2.8)

whereas for the gravity fields in the linearised approximation we have

Rµν +

(
δαµδ

β
ν −

1

D − 2
ηµνη

αβ

)
1

ξ(h)

∫
dDyGρ[h, ϕ]

δGρ[h, ϕ]

δhαβ
= j(h)µν ,

∂ρHρµν [B] +
1

ξ(B)

∫
dDyGρ[B, η]

δGρ[B, η]

δBµν
= j(B)

µν ,

�ϕ = j(ϕ),

(2.9)

where the gauge fixing functional for the graviton is allowed to depend on the dilaton,

and the gauge fixing functional of the two-form contains the second-level ghost η of ghost

number zero [135–137].

3Note that the d.o.f. counting is now graded by ghost number — see [123, 131] for details.
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Not allowing for non-local derivative operators,4 the field theory dictionary is uniquely

fixed by the BRST transformations at linear order in Einstein frame. A basic requirement

is that the BRST symmetries of Yang-Mills system,

QAµ = ∂µc, Qc = 0, Qc̄ =
1

ξ
G(A), (2.10)

induce the correct symmetries for the gravitational fields, those relevant to the present

discussion being:

Qhµν = 2∂(µcν), Qcµ = 0, Qc̄µ =
1

ξ(h)
Gµ[h, ϕ],

QBµν = 2∂[µdν], Qdµ = ∂µd, Qd̄µ =
1

ξ(B)
Gµ[B, η],

Qϕ = 0.

(2.11)

Let us now make a choice of gauge fixing functional on the Yang-Mills side, and set

G[A] ≡ ∂µAµ, G[Ã] ≡ ∂µÃµ. (2.12)

The gauge fixing functionals for hµν and Bµν are to be determined through our proce-

dure, as described below. The most general dictionary in the absence of �−1 terms and

compatible with symmetries is:

hµν = Aµ ◦ Ãν +Aν ◦ Ãµ + aηµν

(
Aρ ◦ Ãρ + ξcα ◦ c̃α

)
,

Bµν = Aµ ◦ Ãν −Aν ◦ Ãµ,
ϕ = Aρ ◦ Ãρ + ξcα ◦ c̃α,

(2.13)

where we have introduced the OSp(2) ghost singlet

cα ◦ c̃α = c ◦ ˜̄c− c̄ ◦ c̃. (2.14)

We can immediately read off the graviton and two-form ghost dictionaries,

cµ = c ◦ Ãµ +Aµ ◦ c̃,
dµ = c ◦ Ãµ −Aµ ◦ c̃,

(2.15)

from which the antighost dictionaries follow:

c̄µ = c̄ ◦ Ãµ +Aµ ◦ ˜̄c,

d̄µ = c̄ ◦ Ãµ −Aµ ◦ ˜̄c.
(2.16)

The BRST transformations of the above are

Qc̄µ =
1

ξ

[
∂ρAρ ◦ Ãµ +Aµ ◦ ∂ρÃρ

]
+ ∂µc

α ◦ c̃α,

Qd̄µ =
1

ξ

[
∂ρAρ ◦ Ãµ −Aµ ◦ ∂ρÃρ

]
− ∂µ [c ◦ ˜̄c+ c̄ ◦ ˜̄c] .

(2.17)

4Of course, can relax this condition, and consider alternative restrictions by making various assumptions

about the ansätze for the field and source dictionaries. See [123].
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From Qd̄µ we learn that the ghost-number-zero ghost-for-ghost field η required for the

KR gauge-fixing should be identified with ξ (c ◦ ˜̄c+ c̄ ◦ ˜̄c). This is the ghost-number-zero

component of the triplet c(α ◦ c̃β). The ghost number +2 and -2 components are the

ghost-for-ghost field d and its antighost, respectively. Then (2.17) allows us to read off

the gauge-fixing functionals for the graviton and two-form, by making use of (2.11) and

inverting the dictionaries (2.13),

Gµ[h, ϕ] = ∂νhνµ −
1

2
∂µh+

(
1 +

D − 2

2
a

)
∂µϕ,

Gµ[B, η] = ∂νBνµ − ∂µη,
(2.18)

where we imposed ξ = ξ(h) = ξ(B) to ensure the ξ-independence of the gauge-fixing func-

tionals. Demanding that the diffeomorphism gauge-fixing is independent of the dilaton fixes

a = 2/(D−2) so that the dictionary (in the absence of �−1 terms) is determined uniquely.

Finally, making use of the e.o.m. (2.9), we can write source dictionaries (for simplicity,

we have set ξ = ξ(h) = ξ(B) = −1):

j(h)µν =
1

�
j(µ ◦ j̃ν) +

(
1 +

a(D − 2)

2

)
∂µ∂ν
�2

(
jρ ◦ j̃ρ − jα ◦ j̃α

)
+

a

2�
ηµν

(
jρ ◦ j̃ρ − jα ◦ j̃α

)
,

j(B)
µν =

1

�
j[µ ◦ j̃ν], (2.19)

j(ϕ) =
1

�
jρ ◦ j̃ρ +

(
1 +

a(D − 2)

2

)
1

�2
∂ρjρ ◦ ∂σ j̃σ −

(
2 +

a(D − 2)

2

)
1

�
jα ◦ j̃α.

Note the source issue pointed out in (2.6) is now resolved, as one can choose ghosts such

that the dilaton is set to vanish, without affecting the dynamics of the graviton.

This procedure can be extended to higher orders by exploiting the connection be-

tween the perturbative expansion of the equations of motion and scattering amplitudes, in

conjunction with the BCJ construction [131].

3 Convolutions on S2

3.1 Scalar convolution

The convolution of scalar functions on S2 is described in [138]. We work with the following

conventions for the spherical Fourier transform of a function f(θ, φ) and its inverse:

fml =

∫
S2

f(θ, φ)Ȳ m
l (θ, φ) sin θdθdφ,

f(θ, φ) =
∑

l∈N,|m|≤l

fml Y
m
l (θ, φ).

(3.1)

Note, the spherical harmonics Y m
l can be defined through

Y m
l (θ, φ) =

√
(2l + 1)

4π
D̄l
m0(φ, θ, ψ), (3.2)

– 7 –
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where Dl
mn are the usual Wigner matrices. Here ψ is arbitrary because we are selecting

the 0’th column of the matrix; in particular we could set ψ = 0.

In [138] the left-convolution was defined as:

[k · f ](θ, φ) =

(∫
g∈SO(3)

dg k(gη)Λ(g)

)
f(θ, φ)

=

∫
g∈SO(3)

dg k(gη)f
(
g−1(θ, φ)

)
dg,

(3.3)

where η = (0, ·) is identified as the North Pole and Λ(g) is an operator induced by the

action of SO(3) on the sphere. Note that (3.3) has the same structure as the flat-space

convolution (2.3) — in both cases we integrate over the group acting transitively on the

respective marked manifold: translations for flat space and SO(3) for the sphere.

A fundamental property required of convolutions is factorisation in the dual space. To

check this, we first rewrite the convolution by employing the Euler angle description of the

SO(3) action on spheres,

[k · f ](θ, φ) =

∫
k
(
R(α,β,γ)η

)
f
(
R(−γ,−β,−α)(θ, φ)

)
sinβdαdβdγ

=

∫
k (β, α) f

(
R(−γ,−β,−α)(θ, φ)

)
sinβdαdβdγ.

(3.4)

Then we compute:

(k · f)ml =

∫
k · f(θ, φ)Ȳ m

l (θ, φ)sinθdθdφ

=
∑

l′∈N,|m′|≤l′
l′′∈N,|m′′|≤l′′

km
′

l′ f
m′′
l′′

∫
Y m′
l′ (β, α)Y m′′

l′′
(
R(−γ,−β,−α)(θ, φ)

)
Ȳ m
l (θ, φ)dv,

(3.5)

where dv = sinβ sin θdαdβdγdθdφ. Then, using (3.2) and the fact that the D’s are repre-

sentation matrices of SO(3), we have:

Y m′′
l′′
(
R(−γ,−β,−α)(θ, φ)

)
=

√
(2l + 1)

4π
D̄l′′
m′′0

(
R(−γ,−β,−α)(θ, φ)

)
=

√
(2l + 1)

4π

∑
m̃

D̄l′′
m′′m̃(−γ,−β,−α)D̄l′′

m̃0(φ, θ, 0)

=
∑
m̃

Dl′′
m̃m′′(α, β, γ)Y m̃

l′′ (θ, φ).

(3.6)

Plugging the above back into (3.5) and performing the integral over θ, φ, we get

(k · f)ml =
∑

l′∈N,|m′|≤l′
|m′′|≤l

km
′

l′ f
m′′
l

∫
Y m′
l′ (β, α)Dl

mm′′(α, β, γ) sinβdαdβdγ, (3.7)

using the orthogonality relations∫
S2

Y m
l (θ, φ)Ȳ m′

l′ (θ, φ) = δll′δmm′ . (3.8)

– 8 –
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The integral over γ gives 2πδm′′0 so finally we have

(k · f)ml = 2π
∑

l′∈N,|m′|≤l′
km
′

l′ f
0
l

∫
Y m′
l′ (β, α)Dl

m0(α, β, 0) sinβdαdβ

= 2π

√
4π

2l + 1

∑
l′∈N,|m′|≤l′

km
′

l′ f
0
l

∫
Y m′
l′ (β, α)Ȳ m

l (β, α) sinβdαdβ

= 2π

√
4π

2l + 1
kml f

0
l ,

(3.9)

where to get to the second and third lines we used (3.2). Thus we have verified the factori-

sation property of the convolution integral. Note that the factorisation in Fourier space is

not symmetric. This is a reflection of the fact that the have defined a left-convolution. One

could also define a distinct right-convolution product. The situation is different from flat

space, where the two definitions will be equivalent, due to the commutativity of translations.

3.2 Tensor convolution

We would now like to extend the spherical convolution (3.3) to tensor fields. We find it

useful to first recast tensors on S2 as scalars on SO(3), as described in [139, 140]. Let

Mα1...αp(x) be a tensor field in R3 and g ∈ SO(3). We define

Mα1...αp(r, g) = gα1β1 . . . gαpβpMβ1...βp

(
rg−1e3

)
. (3.10)

Geometrically, we can interpret the above in the following way. Consider an orthonormal

frame (i1, i2, i3) parallel to the standard Cartesian frame, but with origin at the North Pole

η. Let (j1, j2, j3) be the frame obtained by rotating (i1, i2, i3) with g−1. ThenMα1...αp are

the components of M at the point g−1η, in the frame (j1, j2, j3). It is straightforward to

check that each component Mα1...αp transforms as a scalar under rotations:

M′α1...αp
(r, g) = gα1β1g

′
β1γ1 . . . gαpβpg

′
βpγp Mγ1...γp

(
r
(
g′
)−1

g−1e3

)
=Mα1...αp(r, gg′).

(3.11)

We also find it useful to perform a change of basis

Ma1...ap(r, g) = Ca1α1 . . . CapαpMα1...αp(r, g), (3.12)

where

Cαa =


1√
2

0 − 1√
2

i√
2

0 i√
2

0 1 0

 . (3.13)

This can be thought of as going to a helicity basis; here α runs over −1, 0,+1. The

components ofMa1...ap(r, g) are similarly obtained by acting with the conjugate C̄αa. Then,

noting that

T 1
ab = C̄αa gαβ Cβb , (3.14)
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where T is related to the usual Wigner matrices via

T lab(g) = (−1)b−aD̄l
ba(g), (3.15)

we finally find

Ma1...ap(r, g) = T 1
a1b1 . . . T

1
apbpM

b1...bp
(
rg−1e3

)
. (3.16)

Then, remembering that the dependence of T lab on the third Euler angle is of the form

eiaψ and noting that M b1...bp
(
rg−1e3

)
is independent of ψ, we find that Ma1...ap(r, g) is

proportional to eiAφ, with A = a1 + . . .+ ap.

We now restrict to S2 by setting r = R0, with R0 a constant, and setting all tensor

components in the r̂ direction to vanish. We will take the index a to run over −1,+1 for

the remainder of the paper. In this basis, the metric on the sphere σ is given by

σab =

(
0 −1

−1 0

)
. (3.17)

Finally, we can expand into generalised spherical harmonics

Ma1...ap(g) =
∑

l≥A,|m|≤l

(
Ma1...ap

)m
l
T lAm(g), (3.18)

with A = a1 + . . . + ap, as explained below equation (3.16) and T lab introduced in (3.15).

We also have: (
Ma1...ap

)m
l

=
2l + 1

8π2

∫
g∈SO(3)

Ma1...ap(g)T̄ lAmdg. (3.19)

The usual orthogonality relations for the Wigner matrices induce similar relations for the

generalised spherical harmonics:∫
g∈SO(3)

T̄ lab(g)T l
′
a′b′(g) dg =

8π2

2l + 1
δll′δaa′δbb′ . (3.20)

In terms of the Euler angles, we can write the above as∫
T̄ lab(φ, θ, ψ)T l

′
a′b′(φ, θ, ψ) sin θdθdφ =

8π2

2l + 1
δll′δaa′δbb′ . (3.21)

We are now ready to introduce the tensor convolution, which can be seen as the generali-

sation of the operator defined in (3.3) for scalars:

ka1...am · fb1...bn(ω) =

(∫
dg ka1...am(g)ΛA(g)

)
fb1...bn(ω)

=

∫
dg ka1...am(g)[XAf ]b1...bn

(
g−1ω

)
.

(3.22)

Here, ω ∈ SO(3) and ΛA(g) is an operator induced by the action of SO(3) on the sphere,

weighted by A = a1 + · · · + am. The operator XA is defined through its action on the

generalised spherical harmonics, [XAf ]b1...bn = (fb1...bn)ml [XAT ]lBm (ω), where

[XAT ]lBm (ω) := Ωl
(A,B) T

l
B+A,m+A(ω). (3.23)
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Here the prefactor

Ωl
(A,B) =

Ωl
−AB
Ωl
0

, (3.24)

with

Ωl
N =

√
(l +N)(l −N + 1)

2
, (3.25)

is introduced for convenience, as it will allow for the correct matching of symmetries be-

tween Yang-Mills and the gravity theory, as shown in section 4. It has the property that

ΩN = Ω−N+1.

We now wish to check the factorisation property of the convolution. We Fourier trans-

form

(ka1...am · fb1...bn)ml =
2l + 1

8π2

∫
ω∈SO(3)

ka1...am · fb1...bn(ω)T̄ lA+B,m(ω)dω (3.26)

=
2l + 1

8π2

∫
ω,g∈SO(3)

ka1...am(g)[XAf ]b1...bn
(
g−1ω

)
T̄ lA+B,m(ω)dgdω,

with B = b1 + . . . + bn. We now expand each factor into generalised spherical harmonics

to get

ka1...am(g) =
∑
l′,m′

(ka1...am)m
′

l′ T
l′
Am′(g) (3.27)

and
[XAf ]b1...bn

(
g−1ω

)
=
∑
l′′,m′′

(fb1...bn)m
′′

l′′ [XAT ]l
′′
Bm′′

(
g−1ω

)
=
∑
l′′,m′′

Ωl′′

(A,B) (fb1...bn)m
′′

l′′ T
l′′
B+A,m′′+A(g−1ω),

(3.28)

where to get to the second line we made use of the definition (3.23). Next, using the relation

between the generalised spherical harmonics and the Wigner matrices (3.15), together with

the factorisation property of representations, one can rewrite the above as:

[XAf ]b1...bn
(
g−1ω

)
=
∑
l′′,m′′

Ωl′′

(A,B) (fb1...bn)m
′′

l′′

∑
m̃

T l
′′
A+B,m̃(ω)T̄ l

′′
m′′+A,m̃(g). (3.29)

Finally, we can plug (3.27) and (3.29) back into (3.26), and use the orthogonality relations

of the generalised spherical harmonics (3.20) to get

(ka1...am · fb1...bn)ml =
8π2

2l + 1
Ωl
(A,B) (ka1...am)ml (fb1...bn)0l , (3.30)

thus proving the factorisation property of the spherical convolution for tensors. As in the

scalar case, we notice the asymmetry due to the existence of distinct left/right convolutions.

From herein we will use this convolution in the definition of the ◦-product in (2.1). It

can be shown that when this convolution is used in (2.1) the isometry transformations on

the factors induce an isometry transformation on the product. Crucially the pseudo-inverse

spectator scalar is needed here, just as it was in the flat space case.
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4 Gravity = gauge × gauge on S2

We now proceed to setting up a dictionary which, taking as imput the symmetries of the

Yang-Mills BRST system:

QAa = ∇ac, Qc = 0, Qc̄ =
1

ξ
G(A) (4.1)

correctly reproduces those of the gravitational BRST system:

Qhab = 2∇(acb), Qca = 0, Qc̄a =
1

ξ(h)
Ga[h, ϕ],

QBab = 2∇[adb], Qda = ∇ad, Qd̄a =
1

ξ(B)
Ga[B, η],

Qϕ = 0.

(4.2)

A key result is that when working in the basis defined in (3.10) and (3.12), we have

(∇aMa1...an)ml =
1

R0
Ωl
A+a+1

2

(Ma1...an)ml , (4.3)

with A = a1 + . . . an and Ωl
N defined in (3.25). Using the above in conjunction with the

definition of the convolution (3.22) and ◦-product (2.1) we get:

Va ◦ ∇bs = ∇b (Va ◦ s) = (∇bVa) ◦ s,
∇as ◦ Vb = ∇a (s ◦ Vb) = s ◦ (∇aVb) .

(4.4)

Note that the prefactor Ωl
(A,B) appearing in (3.30) is essential for obtaining the above

derivative rule. Then one can see that the ansätze

hab = Aa ◦ Ãb +Ab ◦ Ãa + γσabψ,

Bab = Aa ◦ Ãb −Ab ◦ Ãa,
(4.5)

with γ an arbitrary constant and Qψ = 0, where ψ is for the moment left undetermined,

correctly reproduce the graviton and two-form symmetries, and allow us to read off their

respective ghost dictionaries:
ca = c ◦ Ãa +Aa ◦ c̃,
da = c ◦ Ãa −Aa ◦ c̃.

(4.6)

The dictionaries for the invariant combination ψ and the dilaton ϕ are dependent on the

choice of gauge fixing functional. For instance, if we pick

G[A] ≡ ∇aAa, G[Ã] ≡ ∇aÃa, (4.7)

then the simplest dictionaries for ψ and ϕ are

ψ = ϕ = Aa ◦ Ãa + ξcα ◦ c̃α, (4.8)

with the OSp(2) ghost singlet cα ◦ c̃α defined in (2.14). Note, (4.8) is the unique solution in

the absence of non-local derivative �−1 terms. The gravity gauge-fixing condition implied

– 12 –
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by (4.7) is subtle,5 principally because the derivative rule given in (4.4) does not hold for

higher rank tensor due to the non-trivial connection.

A different gauge choice, which maps to a simple de Donder-like gauge choice on the

gravity side, is

G′[A] ≡
(
−∇a +

2

�
∇a�

)
Aa =

(
1 +

2

R2
0�

)
∇aAa,

G′[Ã] ≡
(
−∇a +

2

�
∇a�

)
Ãa =

(
1 +

2

R2
0�

)
∇aÃa.

(4.10)

Then

ψ′ = ϕ′ = −Aa ◦ Ãa + ξcα ◦ c̃α +
2

�
(�Aa) ◦ Ãa. (4.11)

Note that for a flat background the two gauge choices coincide and they are identical to the

gauge fixing choice in (2.12). In this case, the dictionaries (4.5), (4.8) and (4.11) also reduce

to the ones in (2.13), with the spherical convolution replaced by the standard flat-space

convolution.

Finally, it is easy to check that

Qca = 0 (4.12)

as required, while the transformation of da gives, using (4.2)

d = −2c ◦ c̃. (4.13)

We are now ready to set up the gauge-fixing map. We first read off the anti-ghost dictio-

naries from the ghost ones:

c̄a = c̄ ◦ Ãa +Aa ◦ ˜̄c,

d̄a = c̄ ◦ Ãa −Aa ◦ ˜̄c.
(4.14)

Then, making use of the relation between their BRST transformations and the gravitational

gauge fixing functional (4.2), and setting ξ(h) = ξ(B) = ξ, we read off the gravitational gauge

fixing functional associated with (4.10),

Ga[h, ϕ] = ∇bhba −
1

2
∇ah+∇aϕ,

Ga[B, η] =

(
−∇b + 2�∇b 1

�

)
Bba −∇aη,

(4.15)

where η is identified with ξ (c ◦ ˜̄c+ c̄ ◦ ˜̄c) and we imposed ξ = ξ(h) = ξ(B), as before.

Again, note that for flat background we recover the gauge mapping presented in (2.18),

with D = 2.

5Specifically, the graviton gauge-fixing functional is

G±[h, ϕ] = �∓∇b 1

�∓
hb± −

1

2
∇±h+

[
(1 + γ)∇± − γ�∓∇±

1

�∓

]
ϕ, (4.9)

where we introduced �± = P ab
± ∇a∇b with P ab

± = 1
2

(
σab ± iεab

)
. We note that for a flat background metric

one recovers (2.18) from (4.9). One could also imagine recovering (2.18) by taking an R0 → ∞ limit of a

punctured sphere for functions that are sufficiently damped as they approach the puncture.
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Note, (4.15) manifestly preserves the isometries of the sphere, but breaks the residual

gauge freedom of the perturbation as required. This is distinct from, say, the linearisation

of the non-pertubative harmonic gauge on a curved background, i.e.
[
Γabcg

bc
](1)

= ∇bhab −
1
2∇

ah−Γ̄abch
bc, together with some dilaton contribution, which is not a tensorial expression,

and thus is expected to arise from a non-tensorial gauge choice on the YM side. In order

to deal with such objects, one would need to extend the definition of the convolution (3.22)

to apply to non-tensors as well. Although this would clearly present significant challenges,

it would nonetheless be of interest. We leave this for future work.

5 The D = 3 dimensional Einstein-static universe

We can extend our set-up to work on the mostly plus signature Lorentzian R × S2, with

R corresponding to the time dimension. The background solution is the Einstein-Static

universe, a simple GR solution in D = 3 dimensions which exhibits spherical symmetry.

Perturbations around this background will not possess full 3D covariance. All our fields

are now functions of time, so in addition to the spherical convolution, one needs to perform

a standard convolution over the flat time dimension,

[f · g](t0) =

∫
f(t0 − t)g(t)dt. (5.1)

In this section, we take ◦ to denote this particular 3D convolution in conjunction with (2.1)

(note that the bi-adjoint spectator scalar is now also a function of time). The time com-

ponent of the gauge field, At, transforms as

QAt = ∂tc (5.2)

under BRST and is a scalar from the perspective of the 2-sphere. The D = 1 + 2 graviton

ansatz is given by
hab = Aa ◦ Ãb +Ab ◦ Ãa + γσabψ(3),

hta = At ◦ Ãa +Aa ◦ Ãt,
htt = 2At ◦ Ãt − γψ(3),

(5.3)

which are a vector and a scalar, respectively, from the perspective of S2. They transform

as expected under BRST:
Qhta = ∂tca + ∂act,

Qhtt = 2∂tAt,
(5.4)

which allows us to read off the t component of the graviton ghost,

ct = At ◦ c̃+ c ◦ Ãt. (5.5)

This satisfies Qct = 0, as needed. For the two-form we will similarly have the additional

S2 vector:

Bta = At ◦ Ãa −Aa ◦ Ãt, (5.6)

which transforms as

QBta = ∂tda − ∂adt, (5.7)
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thus allowing us to read off

dt = c ◦ Ãt −At ◦ c̃ (5.8)

and we have Qdt = ∂td as needed. Finally, we can modify the gauge-fixing term in (4.10)

by a term depending on At

G′[A] ≡ −∂tAt +

(
−∇a +

2

�
∇a�

)
Aa = −∂tAt +

(
1 +

2

R2�

)
∇aAa,

G′[Ã] ≡ −∂tÃt +

(
−∇a +

2

�
∇a�

)
Ãa = −∂tÃt +

(
1 +

2

R2�

)
∇aÃa.

(5.9)

The dilaton dictionary is correspondingly modified to

ϕ(3) = ψ(3) = −At ◦ Ãt −Aa ◦ Ãa +
2

�
(�Aa) ◦ Ãa + ξcα ◦ c̃α. (5.10)

The gravitational gauge fixing functionals associated with (5.9) are then found to be:

Ga[h, ϕ] = −∂thta +∇bhba −
1

2
∇ah+

(
1 +

γ

2

)
∇aϕ(3),

Gt[h, ϕ] = −∇
a�∇a
�2

∂thtt +

(
−∇a +

2

�
∇a�

)
hat

−
(

2∇a�∇a
�2

− 1

)
1

2
∂th+

[
1 +

γ

2

(
4∇a�∇a

�2
− 3

)]
∂tϕ(3),

Ga[B, η] = −∂tBta +

(
−∇b + 2�∇b 1

�

)
Bba −∇aη,

Gt[B, η] =

(
−∇a +

2

�
∇a�

)
Bat − ∂tη.

(5.11)

Just as in the case of S2, we see that on a flat background takes us to the results in

section 2.

6 Conclusions

By introducing a convolution of tensor fields on S2 we have shown that the “gauge ×
gauge” product of [1] can be applied to fields on S2. The convolution was defined to satisfy

two key properties with respect to this goal: (i) it is multiplicative in Fourier space; (ii)

it commutes with the covariant derivative for convolutions with a (suitably well-behaved)

scalar field, reflecting the familiar flat-space derivative rule (4.4). However, it cannot, and

indeed should not, commute for higher rank tensors.

Including the BRST complex in the “gauge × gauge” product, we find that the BRST

transformations and gauge-fixing conditions of the gravity theory are derived from those

of the Yang-Mills factors to linear order. The dictionary relating the gravity fields to the

left/right Yang-Mills fields is unique if one restricts to only local derivative operators. On

the other hand, the gauge-fixing functions are seen to typically involve non-local derivative

operators on either the gauge or gravity side. Nonetheless, they reduce to the expected

conditions for a flat background. Finally, the product was shown to almost trivially extend

to the D = 1 + 2 Einstein-static universe.
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A natural question is how to extend our construction beyond linear order. We expect

the map would be constructed order by order in perturbation theory. For a flat background,

a procedure for going beyond the linear order was proposed by two of the authors in [131].

This combines the convolution dictionary in the BRST context with BCJ duality to con-

struct the Einstein-Hilbert Lagrangian to cubic order. An interesting question is whether

there exists a version of the duality that can be manifested in a curved background, and

work on this is in progress. An understanding of this would then allow us to pursue an

extension of the results in this article in the spirit of [131]. We note that it would con-

stitute a curved space to curved space version of the double copy,6 thus further extending

its aplicability beyond the domain of amplitudes. Some other encouraging results in this

direction appear in the context of CFT correlators [144, 145].

There are a number of additional further directions. Ultimately, a definition of the

convolution robust enough for (reasonable) bundles over arbitrary differentiable manifolds

would be desirable. Here, as a first step, we considered the simplest coset space S2 ∼=
SO(3)/SO(2), where the fact that we have a transitive group action on S2 facilitated the

definition of the convolution. With this in mind, the next class to consider are the group

manifolds. In this case one has a free transitive group action on the manifold, which allows

for an immediate generalisation of the familiar flat-space, which is nothing but the very

simplest example of a group manifold, convolution. In this sense, the group manifolds

are actually more straightforward than the S2 convolution treated here. The first non-

trivial example is given by S3 ∼= SO(3) (with a marked point). Since the group elements

correspond to points, one can directly use the Wigner D-matrices to establish the required

properties. This, moreover, would allow us to move up in dimension to the physically

relevant case of D = 1 + 3, for the Einstein-static universe. In fact, using the Fourier

decomposition of [141] for arbitrary representations of the stability group H one may be able

to treat more generally all homogenous spaces G/H, for G the isometry group. One could

also consider spinor fields using the double-cover SU(2), allowing for the product of super7

Yang-Mills multiplets on S3. In this case, in addition to the linearised diffeomorphism ghost

arising from the product of gauge potentials and ghosts, we would expect a commuting

local supersymmetry ghost arising from the product of the spinor and ghost fields.

Acknowledgments

The Authors gratefully acknowledge illuminating discussions with Michael J. Duff, Andres

Luna, Ricardo Monteiro, Denjoe O’Connor, Donal O’Connell and Chris White. The work

of LB is supported by a Schödinger Fellowship. The work of IJ is supported by an IRC Post-

doctoral Fellowship. The work of SN is supported by a Leverhulme Research Project Grant.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

6For an alternative perspective relating flat-space YM to curved-background gravity, see [116, 143].
7The inclusion of adjoint fermions in the gauge theories implies supersymmetry for both BCJ duality [23,

142] and the field “gauge × gauge” product [1].

– 16 –

https://creativecommons.org/licenses/by/4.0/


J
H
E
P
0
6
(
2
0
2
0
)
0
9
6

References

[1] A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, Yang-Mills origin of

gravitational symmetries, Phys. Rev. Lett. 113 (2014) 231606 [arXiv:1408.4434] [INSPIRE].

[2] P. Jordan, Zur Neutrinotheorie des Lichtes (in German), Z. Physik 93 (1935) 464.

[3] R.P. Feynman, F.B. Morinigo and W.G. Wagner, Feynman lectures on gravitation, CRC

Press, U.S.A. (2018).

[4] G. Papini, Photon bound states and gravitons, Nuovo Cim. 39 (1965) 716.

[5] H. Terazawa, Y. Chikashige, K. Akama and T. Matsuki, Simple relation between the fine

structure and gravitational constants, Phys. Rev. D 15 (1977) 1181 [INSPIRE].

[6] S. Weinberg and E. Witten, Limits on massless particles, Phys. Lett. B 96 (1980) 59

[INSPIRE].

[7] H. Kawai, D.C. Lewellen and S.-H. Henry Tye, A relation between tree amplitudes of closed

and open strings, Nucl. Phys. B 269 (1986) 1 [INSPIRE].

[8] Z. Bern, J.J.M. Carrasco and H. Johansson, New relations for gauge-theory amplitudes,

Phys. Rev. D 78 (2008) 085011 [arXiv:0805.3993] [INSPIRE].

[9] Z. Bern, J.J.M. Carrasco and H. Johansson, Perturbative quantum gravity as a double copy

of gauge theory, Phys. Rev. Lett. 105 (2010) 061602 [arXiv:1004.0476] [INSPIRE].

[10] Z. Bern, T. Dennen, Y.-T. Huang and M. Kiermaier, Gravity as the square of gauge theory,

Phys. Rev. D 82 (2010) 065003 [arXiv:1004.0693] [INSPIRE].

[11] M. Kiermaier, Gravity as the square of gauge theory, in Amplitudes 2010, Queen Mary

University of London, London, U.K. (2010).

[12] N.E.J. Bjerrum-Bohr, P.H. Damgaard, T. Sondergaard and P. Vanhove, The momentum

kernel of gauge and gravity theories, JHEP 01 (2011) 001 [arXiv:1010.3933] [INSPIRE].

[13] C.R. Mafra, O. Schlotterer and S. Stieberger, Explicit BCJ numerators from pure spinors,

JHEP 07 (2011) 092 [arXiv:1104.5224] [INSPIRE].

[14] Y.-J. Du and C.-H. Fu, Explicit BCJ numerators of nonlinear sigma model, JHEP 09

(2016) 174 [arXiv:1606.05846] [INSPIRE].

[15] Z. Bern, J.J. Carrasco, L.J. Dixon, H. Johansson and R. Roiban, The ultraviolet behavior of

N = 8 supergravity at four loops, Phys. Rev. Lett. 103 (2009) 081301 [arXiv:0905.2326]

[INSPIRE].

[16] M. Chiodaroli, M. Günaydin and R. Roiban, Superconformal symmetry and maximal

supergravity in various dimensions, JHEP 03 (2012) 093 [arXiv:1108.3085] [INSPIRE].

[17] Z. Bern, S. Davies, T. Dennen and Y.-T. Huang, Ultraviolet cancellations in half-maximal

supergravity as a consequence of the double-copy structure, Phys. Rev. D 86 (2012) 105014

[arXiv:1209.2472] [INSPIRE].

[18] J.J.M. Carrasco, M. Chiodaroli, M. Günaydin and R. Roiban, One-loop four-point

amplitudes in pure and matter-coupled N ≤ 4 supergravity, JHEP 03 (2013) 056

[arXiv:1212.1146] [INSPIRE].

[19] P.H. Damgaard, R. Huang, T. Sondergaard and Y. Zhang, The complete KLT-map between

gravity and gauge theories, JHEP 08 (2012) 101 [arXiv:1206.1577] [INSPIRE].

– 17 –

https://doi.org/10.1103/PhysRevLett.113.231606
https://arxiv.org/abs/1408.4434
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.4434
https://doi.org/10.1007/bf01330373
https://doi.org/10.1007/bf02735838
https://doi.org/10.1103/PhysRevD.15.1181
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D15,1181%22
https://doi.org/10.1016/0370-2693(80)90212-9
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,96B,59%22
https://doi.org/10.1016/0550-3213(86)90362-7
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B269,1%22
https://doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3993
https://doi.org/10.1103/PhysRevLett.105.061602
https://arxiv.org/abs/1004.0476
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0476
https://doi.org/10.1103/PhysRevD.82.065003
https://arxiv.org/abs/1004.0693
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0693
https://strings.ph.qmul.ac.uk/~theory/Amplitudes2010/Talks/MK2010.pdf
https://doi.org/10.1007/JHEP01(2011)001
https://arxiv.org/abs/1010.3933
https://inspirehep.net/search?p=find+EPRINT+arXiv:1010.3933
https://doi.org/10.1007/JHEP07(2011)092
https://arxiv.org/abs/1104.5224
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.5224
https://doi.org/10.1007/JHEP09(2016)174
https://doi.org/10.1007/JHEP09(2016)174
https://arxiv.org/abs/1606.05846
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.05846
https://doi.org/10.1103/PhysRevLett.103.081301
https://arxiv.org/abs/0905.2326
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.2326
https://doi.org/10.1007/JHEP03(2012)093
https://arxiv.org/abs/1108.3085
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.3085
https://doi.org/10.1103/PhysRevD.86.105014
https://arxiv.org/abs/1209.2472
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2472
https://doi.org/10.1007/JHEP03(2013)056
https://arxiv.org/abs/1212.1146
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1146
https://doi.org/10.1007/JHEP08(2012)101
https://arxiv.org/abs/1206.1577
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.1577


J
H
E
P
0
6
(
2
0
2
0
)
0
9
6

[20] Y.-T. Huang and H. Johansson, Equivalent D = 3 supergravity amplitudes from double

copies of three-algebra and two-algebra gauge theories, Phys. Rev. Lett. 110 (2013) 171601

[arXiv:1210.2255] [INSPIRE].

[21] T. Bargheer, S. He and T. McLoughlin, New relations for three-dimensional supersymmetric

scattering amplitudes, Phys. Rev. Lett. 108 (2012) 231601 [arXiv:1203.0562] [INSPIRE].

[22] J.J.M. Carrasco, R. Kallosh, R. Roiban and A.A. Tseytlin, On the U(1) duality anomaly

and the S-matrix of N = 4 supergravity, JHEP 07 (2013) 029 [arXiv:1303.6219] [INSPIRE].

[23] M. Chiodaroli, Q. Jin and R. Roiban, Color/kinematics duality for general Abelian orbifolds

of N = 4 super Yang-Mills theory, JHEP 01 (2014) 152 [arXiv:1311.3600] [INSPIRE].

[24] H. Johansson and A. Ochirov, Pure gravities via color-kinematics duality for fundamental

matter, JHEP 11 (2015) 046 [arXiv:1407.4772] [INSPIRE].

[25] M. Chiodaroli, M. Günaydin, H. Johansson and R. Roiban, Scattering amplitudes in N = 2

Maxwell-Einstein and Yang-Mills/Einstein supergravity, JHEP 01 (2015) 081

[arXiv:1408.0764] [INSPIRE].

[26] M. Chiodaroli, M. Günaydin, H. Johansson and R. Roiban, Spontaneously broken

Yang-Mills-Einstein supergravities as double copies, JHEP 06 (2017) 064

[arXiv:1511.01740] [INSPIRE].

[27] M. Chiodaroli, M. Günaydin, H. Johansson and R. Roiban, Complete construction of

magical, symmetric and homogeneous N = 2 supergravities as double copies of gauge

theories, Phys. Rev. Lett. 117 (2016) 011603 [arXiv:1512.09130] [INSPIRE].

[28] M. Chiodaroli, Simplifying amplitudes in Maxwell-Einstein and Yang-Mills-Einstein

supergravities, De Gruyter, Germany (2018), pg. 266 [arXiv:1607.04129] [INSPIRE].

[29] J.J.M. Carrasco, C.R. Mafra and O. Schlotterer, Semi-Abelian Z-theory: NLSM+φ3 from

the open string, JHEP 08 (2017) 135 [arXiv:1612.06446] [INSPIRE].

[30] J.J.M. Carrasco, C.R. Mafra and O. Schlotterer, Abelian Z-theory: NLSM amplitudes and

α′-corrections from the open string, JHEP 06 (2017) 093 [arXiv:1608.02569] [INSPIRE].

[31] A. Anastasiou et al., Twin supergravities from Yang-Mills theory squared, Phys. Rev. D 96

(2017) 026013 [arXiv:1610.07192] [INSPIRE].
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[48] Y.-J. Du and H. Lüo, On general BCJ relation at one-loop level in Yang-Mills theory,

JHEP 01 (2013) 129 [arXiv:1207.4549] [INSPIRE].

[49] E.Y. Yuan, Virtual color-kinematics duality: 6-pt 1-loop MHV amplitudes, JHEP 05 (2013)

070 [arXiv:1210.1816] [INSPIRE].

[50] Z. Bern, S. Davies, T. Dennen, A.V. Smirnov and V.A. Smirnov, Ultraviolet properties of

N = 4 supergravity at four loops, Phys. Rev. Lett. 111 (2013) 231302 [arXiv:1309.2498]

[INSPIRE].

[51] R.H. Boels, R.S. Isermann, R. Monteiro and D. O’Connell, Colour-kinematics duality for

one-loop rational amplitudes, JHEP 04 (2013) 107 [arXiv:1301.4165] [INSPIRE].

[52] Z. Bern, S. Davies, T. Dennen, Y.-T. Huang and J. Nohle, Color-kinematics duality for

pure Yang-Mills and gravity at one and two loops, Phys. Rev. D 92 (2015) 045041

[arXiv:1303.6605] [INSPIRE].

[53] Z. Bern, S. Davies and T. Dennen, The ultraviolet structure of half-maximal supergravity

with matter multiplets at two and three loops, Phys. Rev. D 88 (2013) 065007

[arXiv:1305.4876] [INSPIRE].

– 19 –

https://doi.org/10.1103/PhysRevLett.120.171601
https://doi.org/10.1103/PhysRevLett.120.171601
https://arxiv.org/abs/1710.08796
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.08796
https://doi.org/10.1007/JHEP06(2019)099
https://arxiv.org/abs/1812.10434
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.10434
https://doi.org/10.1103/PhysRevD.96.126012
https://doi.org/10.1103/PhysRevD.96.126012
https://arxiv.org/abs/1708.06807
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.06807
https://doi.org/10.1007/JHEP10(2018)012
https://arxiv.org/abs/1803.05452
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.05452
https://doi.org/10.1103/PhysRevD.82.125040
https://arxiv.org/abs/1008.3327
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.3327
https://doi.org/10.1103/PhysRevD.85.025006
https://arxiv.org/abs/1106.4711
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.4711
https://doi.org/10.1103/PhysRevD.84.105035
https://arxiv.org/abs/1107.1935
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1935
https://doi.org/10.1007/JHEP12(2011)046
https://arxiv.org/abs/1110.1132
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.1132
https://doi.org/10.1103/PhysRevLett.108.201301
https://arxiv.org/abs/1202.3423
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3423
https://doi.org/10.1007/JHEP02(2013)127
https://doi.org/10.1007/JHEP02(2013)127
https://arxiv.org/abs/1210.1110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.1110
https://doi.org/10.1103/PhysRevD.85.105014
https://doi.org/10.1103/PhysRevD.85.105014
https://arxiv.org/abs/1201.5366
https://inspirehep.net/search?p=find+EPRINT+arXiv:1201.5366
https://doi.org/10.1007/JHEP01(2013)129
https://arxiv.org/abs/1207.4549
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4549
https://doi.org/10.1007/JHEP05(2013)070
https://doi.org/10.1007/JHEP05(2013)070
https://arxiv.org/abs/1210.1816
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.1816
https://doi.org/10.1103/PhysRevLett.111.231302
https://arxiv.org/abs/1309.2498
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2498
https://doi.org/10.1007/JHEP04(2013)107
https://arxiv.org/abs/1301.4165
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.4165
https://doi.org/10.1103/PhysRevD.92.045041
https://arxiv.org/abs/1303.6605
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.6605
https://doi.org/10.1103/PhysRevD.88.065007
https://arxiv.org/abs/1305.4876
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.4876


J
H
E
P
0
6
(
2
0
2
0
)
0
9
6

[54] Z. Bern, S. Davies and T. Dennen, The ultraviolet critical dimension of half-maximal

supergravity at three loops, arXiv:1412.2441 [INSPIRE].

[55] Z. Bern, S. Davies and T. Dennen, Enhanced ultraviolet cancellations in N = 5 supergravity

at four loops, Phys. Rev. D 90 (2014) 105011 [arXiv:1409.3089] [INSPIRE].

[56] C.R. Mafra and O. Schlotterer, Two-loop five-point amplitudes of super Yang-Mills and

supergravity in pure spinor superspace, JHEP 10 (2015) 124 [arXiv:1505.02746] [INSPIRE].

[57] Z. Bern et al., Ultraviolet properties of N = 8 supergravity at five loops, Phys. Rev. D 98

(2018) 086021 [arXiv:1804.09311] [INSPIRE].

[58] Z. Bern, C. Cheung, H.-H. Chi, S. Davies, L. Dixon and J. Nohle, Evanescent effects can

alter ultraviolet divergences in quantum gravity without physical consequences, Phys. Rev.

Lett. 115 (2015) 211301 [arXiv:1507.06118] [INSPIRE].

[59] J.J.M. Carrasco, Gauge and gravity amplitude relations, in Proceedings, Theoretical

Advanced Study Institute in elementary particle physics: journeys through the precision

frontier. Amplitudes for colliders (TASI 2014), Boulder, CO, U.S.A., 2–27 June 2014,

World Scientific, Singapore, (2015), pg. 477 [arXiv:1506.00974] [INSPIRE].

[60] Z. Bern, J.J. Carrasco, M. Chiodaroli, H. Johansson and R. Roiban, The duality between

color and kinematics and its applications, arXiv:1909.01358 [INSPIRE].

[61] R. Monteiro and D. O’Connell, The kinematic algebra from the self-dual sector, JHEP 07

(2011) 007 [arXiv:1105.2565] [INSPIRE].

[62] N.E.J. Bjerrum-Bohr, P.H. Damgaard, R. Monteiro and D. O’Connell, Algebras for

amplitudes, JHEP 06 (2012) 061 [arXiv:1203.0944] [INSPIRE].

[63] M. Tolotti and S. Weinzierl, Construction of an effective Yang-Mills Lagrangian with

manifest BCJ duality, JHEP 07 (2013) 111 [arXiv:1306.2975] [INSPIRE].

[64] R. Monteiro and D. O’Connell, The kinematic algebras from the scattering equations, JHEP

03 (2014) 110 [arXiv:1311.1151] [INSPIRE].

[65] C.-H. Fu and K. Krasnov, Colour-kinematics duality and the Drinfeld double of the Lie

algebra of diffeomorphisms, JHEP 01 (2017) 075 [arXiv:1603.02033] [INSPIRE].

[66] C. Cheung and G.N. Remmen, Twofold symmetries of the pure gravity action, JHEP 01

(2017) 104 [arXiv:1612.03927] [INSPIRE].

[67] C. Cheung and C.-H. Shen, Symmetry for flavor-kinematics duality from an action, Phys.

Rev. Lett. 118 (2017) 121601 [arXiv:1612.00868] [INSPIRE].

[68] G. Chen, H. Johansson, F. Teng and T. Wang, On the kinematic algebra for BCJ

numerators beyond the MHV sector, JHEP 11 (2019) 055 [arXiv:1906.10683] [INSPIRE].

[69] Z. Bern and A.K. Grant, Perturbative gravity from QCD amplitudes, Phys. Lett. B 457

(1999) 23 [hep-th/9904026] [INSPIRE].

[70] O. Hohm, On factorizations in perturbative quantum gravity, JHEP 04 (2011) 103

[arXiv:1103.0032] [INSPIRE].

[71] C. Cheung and G.N. Remmen, Hidden simplicity of the gravity action, JHEP 09 (2017) 002

[arXiv:1705.00626] [INSPIRE].

[72] R. Monteiro, D. O’Connell and C.D. White, Black holes and the double copy, JHEP 12

(2014) 056 [arXiv:1410.0239] [INSPIRE].

– 20 –

https://arxiv.org/abs/1412.2441
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2441
https://doi.org/10.1103/PhysRevD.90.105011
https://arxiv.org/abs/1409.3089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.3089
https://doi.org/10.1007/JHEP10(2015)124
https://arxiv.org/abs/1505.02746
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.02746
https://doi.org/10.1103/PhysRevD.98.086021
https://doi.org/10.1103/PhysRevD.98.086021
https://arxiv.org/abs/1804.09311
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.09311
https://doi.org/10.1103/PhysRevLett.115.211301
https://doi.org/10.1103/PhysRevLett.115.211301
https://arxiv.org/abs/1507.06118
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.06118
https://doi.org/10.1142/9789814678766_0011
https://arxiv.org/abs/1506.00974
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.00974
https://arxiv.org/abs/1909.01358
https://inspirehep.net/search?p=find+EPRINT+arXiv:1909.01358
https://doi.org/10.1007/JHEP07(2011)007
https://doi.org/10.1007/JHEP07(2011)007
https://arxiv.org/abs/1105.2565
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.2565
https://doi.org/10.1007/JHEP06(2012)061
https://arxiv.org/abs/1203.0944
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0944
https://doi.org/10.1007/JHEP07(2013)111
https://arxiv.org/abs/1306.2975
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.2975
https://doi.org/10.1007/JHEP03(2014)110
https://doi.org/10.1007/JHEP03(2014)110
https://arxiv.org/abs/1311.1151
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.1151
https://doi.org/10.1007/JHEP01(2017)075
https://arxiv.org/abs/1603.02033
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.02033
https://doi.org/10.1007/JHEP01(2017)104
https://doi.org/10.1007/JHEP01(2017)104
https://arxiv.org/abs/1612.03927
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.03927
https://doi.org/10.1103/PhysRevLett.118.121601
https://doi.org/10.1103/PhysRevLett.118.121601
https://arxiv.org/abs/1612.00868
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00868
https://doi.org/10.1007/JHEP11(2019)055
https://arxiv.org/abs/1906.10683
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.10683
https://doi.org/10.1016/S0370-2693(99)00524-9
https://doi.org/10.1016/S0370-2693(99)00524-9
https://arxiv.org/abs/hep-th/9904026
https://inspirehep.net/search?p=find+EPRINT+hep-th/9904026
https://doi.org/10.1007/JHEP04(2011)103
https://arxiv.org/abs/1103.0032
https://inspirehep.net/search?p=find+EPRINT+arXiv:1103.0032
https://doi.org/10.1007/JHEP09(2017)002
https://arxiv.org/abs/1705.00626
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.00626
https://doi.org/10.1007/JHEP12(2014)056
https://doi.org/10.1007/JHEP12(2014)056
https://arxiv.org/abs/1410.0239
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.0239


J
H
E
P
0
6
(
2
0
2
0
)
0
9
6

[73] A. Luna, R. Monteiro, D. O’Connell and C.D. White, The classical double copy for

Taub-NUT spacetime, Phys. Lett. B 750 (2015) 272 [arXiv:1507.01869] [INSPIRE].

[74] A.K. Ridgway and M.B. Wise, Static spherically symmetric Kerr-Schild metrics and

implications for the classical double copy, Phys. Rev. D 94 (2016) 044023

[arXiv:1512.02243] [INSPIRE].

[75] A. Luna, R. Monteiro, I. Nicholson, D. O’Connell and C.D. White, The double copy:

Bremsstrahlung and accelerating black holes, JHEP 06 (2016) 023 [arXiv:1603.05737]

[INSPIRE].

[76] C.D. White, Exact solutions for the biadjoint scalar field, Phys. Lett. B 763 (2016) 365

[arXiv:1606.04724] [INSPIRE].

[77] W.D. Goldberger and A.K. Ridgway, Radiation and the classical double copy for color

charges, Phys. Rev. D 95 (2017) 125010 [arXiv:1611.03493] [INSPIRE].

[78] G.L. Cardoso, S. Nagy and S. Nampuri, A double copy for N = 2 supergravity: a linearised

tale told on-shell, JHEP 10 (2016) 127 [arXiv:1609.05022] [INSPIRE].

[79] G. Cardoso, S. Nagy and S. Nampuri, Multi-centered N = 2 BPS black holes: a double copy

description, JHEP 04 (2017) 037 [arXiv:1611.04409] [INSPIRE].

[80] A. Luna et al., Perturbative spacetimes from Yang-Mills theory, JHEP 04 (2017) 069

[arXiv:1611.07508] [INSPIRE].

[81] W.D. Goldberger, S.G. Prabhu and J.O. Thompson, Classical gluon and graviton radiation

from the bi-adjoint scalar double copy, Phys. Rev. D 96 (2017) 065009 [arXiv:1705.09263]

[INSPIRE].

[82] G. Lopes Cardoso, G. Inverso, S. Nagy and S. Nampuri, Comments on the double copy

construction for gravitational theories, PoS(CORFU2017)177 (2018) [arXiv:1803.07670]

[INSPIRE].

[83] A. Luna, I. Nicholson, D. O’Connell and C.D. White, Inelastic black hole scattering from

charged scalar amplitudes, JHEP 03 (2018) 044 [arXiv:1711.03901] [INSPIRE].

[84] N. Bahjat-Abbas, A. Luna and C.D. White, The Kerr-Schild double copy in curved

spacetime, JHEP 12 (2017) 004 [arXiv:1710.01953] [INSPIRE].

[85] D.S. Berman, E. Chacón, A. Luna and C.D. White, The self-dual classical double copy and

the Eguchi-Hanson instanton, JHEP 01 (2019) 107 [arXiv:1809.04063] [INSPIRE].

[86] J. Plefka, J. Steinhoff and W. Wormsbecher, Effective action of dilaton gravity as the

classical double copy of Yang-Mills theory, Phys. Rev. D 99 (2019) 024021

[arXiv:1807.09859] [INSPIRE].

[87] N. Bahjat-Abbas, R. Stark-Muchão and C.D. White, Biadjoint wires, Phys. Lett. B 788

(2019) 274 [arXiv:1810.08118] [INSPIRE].

[88] A. Luna, R. Monteiro, I. Nicholson and D. O’Connell, Type D spacetimes and the Weyl

double copy, Class. Quant. Grav. 36 (2019) 065003 [arXiv:1810.08183] [INSPIRE].

[89] C.-H. Shen, Gravitational radiation from color-kinematics duality, JHEP 11 (2018) 162

[arXiv:1806.07388] [INSPIRE].

[90] C. Cheung, I.Z. Rothstein and M.P. Solon, From scattering amplitudes to classical

potentials in the post-Minkowskian expansion, Phys. Rev. Lett. 121 (2018) 251101

[arXiv:1808.02489] [INSPIRE].

– 21 –

https://doi.org/10.1016/j.physletb.2015.09.021
https://arxiv.org/abs/1507.01869
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.01869
https://doi.org/10.1103/PhysRevD.94.044023
https://arxiv.org/abs/1512.02243
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.02243
https://doi.org/10.1007/JHEP06(2016)023
https://arxiv.org/abs/1603.05737
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.05737
https://doi.org/10.1016/j.physletb.2016.10.052
https://arxiv.org/abs/1606.04724
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.04724
https://doi.org/10.1103/PhysRevD.95.125010
https://arxiv.org/abs/1611.03493
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.03493
https://doi.org/10.1007/JHEP10(2016)127
https://arxiv.org/abs/1609.05022
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.05022
https://doi.org/10.1007/JHEP04(2017)037
https://arxiv.org/abs/1611.04409
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.04409
https://doi.org/10.1007/JHEP04(2017)069
https://arxiv.org/abs/1611.07508
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.07508
https://doi.org/10.1103/PhysRevD.96.065009
https://arxiv.org/abs/1705.09263
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.09263
https://doi.org/10.22323/1.318.0177
https://arxiv.org/abs/1803.07670
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.07670
https://doi.org/10.1007/JHEP03(2018)044
https://arxiv.org/abs/1711.03901
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.03901
https://doi.org/10.1007/JHEP12(2017)004
https://arxiv.org/abs/1710.01953
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.01953
https://doi.org/10.1007/JHEP01(2019)107
https://arxiv.org/abs/1809.04063
https://inspirehep.net/search?p=find+EPRINT+arXiv:1809.04063
https://doi.org/10.1103/PhysRevD.99.024021
https://arxiv.org/abs/1807.09859
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.09859
https://doi.org/10.1016/j.physletb.2018.11.026
https://doi.org/10.1016/j.physletb.2018.11.026
https://arxiv.org/abs/1810.08118
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.08118
https://doi.org/10.1088/1361-6382/ab03e6
https://arxiv.org/abs/1810.08183
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.08183
https://doi.org/10.1007/JHEP11(2018)162
https://arxiv.org/abs/1806.07388
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.07388
https://doi.org/10.1103/PhysRevLett.121.251101
https://arxiv.org/abs/1808.02489
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.02489


J
H
E
P
0
6
(
2
0
2
0
)
0
9
6

[91] D.A. Kosower, B. Maybee and D. O’Connell, Amplitudes, observables and classical

scattering, JHEP 02 (2019) 137 [arXiv:1811.10950] [INSPIRE].
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