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ABSTRACT: The neutrino oscillation probabilities in vacuum and matter are discussed,
considering the framework of three active and one light sterile neutrinos. We study in
detail the rephasing invariants and CP asymmetry observables, and investigate the four-
neutrino oscillations in long-baseline neutrino experiments, such as DUNE, NOvA and
T2HK. Our results show that the matter effect enhances quite a significantly the oscillation
probabilities of electron neutrino and electron antineutrino appearance channels within a
certain energy range, while no considerable change arises in the CP asymmetry analysis due
to the matter effect. Moreover, separation between the results with and without the sterile
neutrino is not so significant and that is also affected by CP-violating phases. Comparing
the results for these three experiments, all of them have similar features, nevertheless, sizes
and separations of the oscillation probabilities in DUNE are bit larger.
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1 Introduction

Known for their invisible and illusive behaviors, originated from very weak interaction
strength and being the lightest and electrically neutral fermion observed so far, neutrinos
are one of the most appealing elementary particles in the present-day physics. Along with
having made quite a number of progresses in understanding the properties of three types
neutrinos, many things have ceased to become mystery anymore. But still there have
been some puzzles and bottlenecks looming ahead and several questions have yet to be
answered. In particular, there are several compelling anomalies that cannot be explained
within the standard paradigm of three-neutrino mixing: 1) unexpected excess of 7, events
in 7,, — 7, transition observed by the LSND experiment [1] as well as an excess discovered
in both v, and 7, channels in the MiniBooNE experiment [2], which are so called short-
baseline anomalies; 2) observed rate deficit of 7, in several reactor experiments compared
to theoretical expectation [3-5]; 3) a rate deficit in the disappearance channel of v, in
radiochemical experiments, such as GALLEX [6, 7] and SAGE [8, 9], using gallium as a
target in detector, which is referred to as the gallium anomaly. An interesting fact is that
explanations of these anomalies hint towards the existence of a fourth neutrino state, which
is uncharged under the weak interaction and thus known as a sterile neutrino, having a few
percent mixing with the electron neutrino and a mass of around 1eV. It is important to
check if such a sterile neutrino exists from long-baseline neutrino oscillation experiments
like DUNE [10-13], NOvA [14] and T2HK [15] since main features of these experiments
include precision measurements of neutrino oscillation parameters and CP violation.
There have been great amount of efforts spent on understanding the possible origins
of generating the eV-scale mass and on various experimental searches for the effects of the
light sterile neutrino. Mechanisms to generate an eV-scale sterile neutrino mass have been



provided, such as in refs. [16-18]. Based on the simulations of long-baseline experiments,

effects of the sterile neutrino on the oscillation probabilities of (1_/)6 appearance and v,
disappearance channels, the measurement of CP violation, the neutrino mass hierarchy, the
octant of 623, and determination of CP-violating phases have been studied in [19-30]. Using
the available data, experimental constraints on the sterile neutrino oscillation parameters
have been investigated in [31, 32]. On the other hand, in ref. [33] authors have derived
analytically the four-neutrino oscillation probabilities in matter by assuming all the CP-
violating phases vanish. The same has been studied in [34] with different approach and
taking into account also the CP violation. A perturbative calculation method has been
extended to 341 neutrino oscillation scenario [35] provided that the matter potential is
smaller or comparable to the atmospheric mass-squared difference. Current status of the
sterile neutrinos is reviewed in [36-38]. These consecutive works in this direction have put
the light sterile neutrino at the focus of neutrino physics research.

In this work, we analyze systematically the 3+1 neutrino scenario in long-baseline
oscillations. The full analytic formulae for four-neutrino oscillation probabilities in matter
will be derived, and numerical results will be given in detail. Although ref. [34] provided
analytic expressions, our results are different from them. The numerical results given in
refs. [19-30] can be directly obtained from our analytic expressions. This is also a check of
the correctness of our results. Furthermore, it is desirable to explore all possible oscillation
channels, based on the exact analytic results, including neutrinos and antineutrinos, to show
the effects of the sterile neutrino in the several long-baseline neutrino oscillations. And it
is also worth carrying out a systematic theoretical study of CP asymmetry in four-flavor
oscillations in a more general and accurate way, since that is useful to make an expectation
about the results from the future long-baseline experiments. We also provide extensive
discussions on the Jarlskog invariants and CP-violating observables in the case of three
active plus one sterile neutrinos, and apply our results to three long-baseline experiments
— DUNE, NOvA and T2HK — to see distinctions of the 3+1 neutrino oscillation and CP
asymmetry compared to the standard three-neutrino scenario. Of course, one can use our
results to any oscillation channels of three active and one sterile neutrinos, regardless of
the values of sterile neutrino mass and mixing, as such they are useful for any long-baseline
neutrino oscillation experiments. We also try to put our work in the more general ground
and to carry out analysis in the parameterization independent way of mixing matrix.

The structure of this paper is organized in the following order. In section 2, we inves-
tigate the 3+1 neutrino oscillation, including matter effects to neutrino mass squares and
to products of one mixing matrix element with complex conjugate of any other element in
the same column. Section 3 describes Jarlskog invariants and CP asymmetries with four
neutrinos and provides relations between their values in matter and vacuum. Then, in
section 4, there is a phenomenological study about the neutrino oscillations including the
eV-scale light sterile neutrino and CP asymmetry observables in the long-baseline experi-
ments such as DUNE, NOvA and T2HK. Section 5 is the conclusion of the paper. At the
end, there are several appendices titled A, B and C that fill gaps in our derivations and
give supplementary information.



2 Matter effects in 3+1 neutrino scheme

In the three-neutrino paradigm, the flavor mixing is well understood and described by
the PMNS matrix, which is a 3 X 3 unitary rotation matrix to go from mass eigenstate
basis to flavor basis. When it is extended to 341 scenario, by adding one sterile neutrino,
corresponding mixing matrix has to be introduced. There are many possible ways to
parameterize this 4 x 4 mixing matrix in terms of products of unitary rotations on two-
dimensional planes, which are made up of the Euler angles and phases. One convenient
way to write its form is the following

U = UUs, (2.1)

where the matrix Us encompasses the mixing between the sterile and active neutrinos,
while the Uj is an embedding of PMNS matrix into the upper left block:

Us = R34 (034,0) Roa (624, 65,") Rua (614,65)
Us = Ra3(023,0) Rz (613,055 ) Ri2(612,0), (2.2)

in which 0 < 6;; < 7/2 and 0 < 5513 < 2w. An mn element of these rotations on two

dimensional planes, on the right-hand sides of above expressions, reads

[Rz'j (Hz'j, (SZC]’P)]mn = ((Szmdm + 5jm5jn) COS Hz'j + <(5im(5jneiiagp — 5in(5jm€iagP) sin (gij
4
+ Z OkmOkn - (2.3)
k#i,j

Additionally, the mixing matrix in eq. (2.1) carries a diagonal matrix of three phases,
diag(1, glo21/2 gias1/2 gioar/ 2), in the rightmost position if neutrinos are Majorana particles.
But these phases are not relevant for neutrino oscillations.

At the present stage, active neutrino oscillation, a flavor change during the propagation
from source to detector, is interpreted as a consequence of non-zero masses and mixing
angles. Probability of flavor eigenstate v, at a source converted into flavor eigenstate vg
after some distance L is given by

Am?Z.L

Py (L B) = dag = 4 ) Re (UailUs;Up,Up; ) sin — =
1<j

Am%L
+2) Im (UaiUp;U5,Us;) sin — L — (2.4)
i<j

?i = m? — m?. Regarding the oscillation between an-

where F is neutrino energy and Am ;

tineutrinos, CPT invariance of the probability implies that P, ., (L, E) = Py, 5, (L, E).
This, in turn, leads to the conclusion: when v, and vg in the oscillation probability above
are replaced by corresponding antiparticles, the signs of all but last term remain the same.
Here, and in what follows, the Greek alphabets «, 3,7,... indicate flavor eigenstates of
electron, muon, tauon and sterile neutrino types, while the Latin letters ¢, j, k,... are as-

signed to mass basis, running from 1 to 4. The expression (2.4) holds not only for any



number of neutrino flavors, but also for the case of any kind of environment neutrinos go
through, by replacing the mass and mixing parameters accordingly. It is sometimes written
in slightly different form by changing the first two terms with the help of an identity

dap = Z Uail* |Ugil* +2 Y Re [UaiUg;U3:Us;] (2.5)

i<j

which we will use when discussing the neutrino oscillation probabilities in matter.

While neutrino is propagating in a medium, a coherent scattering with other particles
through charged current (CC) as well as neutral current (NC) weak interactions changes
its motion. Thus, effective Hamiltonian is a sum of vacuum and matter contributions:

Hop = Ho + V. (2.6)

The vacuum Hamiltonian Hy and components of the matter potential V', generated by a
uniform matter density, are

1
Hy = ﬁU diag(m%, m%, m%, mi)UT,

Vaﬁ = VCC(SOLeéBe + VNC (5aﬂ - 5&5565)
1

*Nn (504,8 - 5043565) ) (27)

= \/§GF Ne(sae(sﬁe - 2

respectively. As one can see, the potential for sterile neutrino is vanishing since it does not
participate in any interactions, apart from the gravity. The CC potential V¢ depends only
on electron number density, N, due to the interaction with electrons in matter, while the
NC potential Vx¢ is a function of neutron number density, N, only as there is a cancellation
between the potentials of electron and proton in neutral matter. Clearly, this matter
potential has a contribution to neutrino evolution equation. But one can see, to consider
the Earth’s matter effect especially when conducting long-baseline oscillation experiments,
that its contribution is not so large. This is because Gp = 5.37 X 10_14e\/cm3/NA7 in
which N4 is Avogadro constant, and the range of mean electron number density from the
Earth’s mantle to core is 2.2 — 5.4cm™3Ny4 [39]. Neutron number density is approximately
equal to the number density of electron. As a result, the effective potential is as large as
10~13 eV, it might have significant effect at higher energies as the vacuum Hamiltonian Hy
is inversely proportional to the neutrino energy E. We will see this clearly when we carry
out a phenomenological study in section 4.

Focusing on the neutrino oscillation in matter, the effective Hamiltonian can be sim-
plified by subtracting the potential Vxc. The reason is that subtracting a multiple of an
identity matrix from the Hamiltonian is equivalent to a phase shift of transition amplitude
from one neutrino flavor eigenstate to another, under which oscillation probability remains
the same. So, without causing any problem, in the following discussions we will use an
effective Hamiltonian

1
He = 5=U diag(m?, m2, m2, m2)U" + diag (Vee, 0,0, —Vae) - (2.8)



As was stated before, the Hamiltonian Hy governs neutrino evolution in vacuum and
the unitary matrix that diagonalizes it enters oscillation probability in eq. (2.4). Similarly,
one can diagonalize the matter-induced effective Hamiltonian Heg by unitary rotation U

L o= 29 _9 -9 _or

Heg = ﬁUdlag(mlam27m33m4)UT ’ (29)
and interpret mf and U respectively as effective mass squares and mixing matrix in matter.
Being a hermitian matrix, diagonalization of H.g is rather straightforward and effective
mass squares Th?, which are the eigenvalues, satisfy quartic polynomial equation

(M) — c3(m2)3 + ca(?)? — cri? +co = 0, (2.10)
where c3, 2, c1, ¢o are respectively the trace, the sum of determinants of 2 X 2 main diagonal
blocks, the sum of determinants of 3 x 3 main diagonal blocks and the determinant of
2F H.g. Their explicit expressions can be found in appendix A. We find following solutions
of this quartic equation

1 2
fn%:c—g—f V2z+ —2z—2p—|—\/7q ,
4 2 z
~ 92 Cc3 1 2
== ——|V2z—1/-22-2 -
~9 C3 1 2
==+ - |V2z—1/—22—-2p—1/—
m3 1 + 5 z \/ z D p; q |,
1 2
2= | V2e ) —2e—2p—1/2q |, (2.11)
4 2 z
where
_ 8ca — 3c3
- —5
cg —4cocs3 + 8cy
q=— )
8
and z is a solution of the cubic equation
1 1
z3+pz2+1(p2f4r)z—§q220, (2.12)

where the parameter r is defined by

—3c3 + 256¢9 — 64cics + 16¢ac3
r= .
256

An explicit form of z is given in the appendix A. Here we list effective mass squares in

increasing order, under the default assumption that the active neutrino masses are in the
normal ordering. If it is aimed to consider the case of inverted mass ordering, one can
replace m? by m%, m3 by m? and m§ by 73, without spending much effort.
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Figure 1. Effective mass squares induced by neutrino interaction with matter, m? in green, m3 in
blue, % in red and M3 in orange.

Dependences of the effective mass squares on the neutrino energy are depicted in
figure 1. To make this figure, we simply assume that the lightest neutrino mass is zero,
and used the best fit values for active neutrino mass-squared differences Am3, = 7.39 x
107%eV?, |Am3)| = 2.53 x 1073 eV? from [40] and m4 = 1eV, sin®614 ~ 0.01 from [37).
As shown in the left panel, the first effective mass square /m? is almost zero and does not
change over the neutrino energy, while ﬁz% increases up to 8 GeV then starts to saturate
with a value around 0.0025 eV2. Other two mass squares /32 (in the left panel) and m3
(in the right panel) increase monotonically. It is worth noticing that these plots can also
be interpreted in a different way. Although they are plotted as a function of F, in practice
the combinations EVoc and EVxnc always enter to the expressions of the effective mass
squares. Here we showed the change of ﬁz? as a function of energy by fixing the matter
potentials, namely assuming constant matter density. On the other hand, one can also
interpret the behavior of these effective mass squares due to the fixing of neutrino energy
and gradually increase of the matter density (or matter potential as a whole).

Having discussed about behaviors of the matter-induced effective mass squares with
energy and matter density, the last important ingredient of matter effect is the relation
between the mixing matrix in vacuum and matter. One can find the relation by using both
the unitarity condition of U and taking up to the third power of a equation obtained by
equating the right-hand sides of egs. (2.8) and (2.9), which are

4
Z ﬁaiﬁﬁ*i = 601,3 ;

4 4
> U6l =Y miUaiUki+®ag,
) 7
4 4
S iUl = 3 [t m? (Ban+® )] Unillgi +25. (2.13)
7 7
4 4
Zm?Uaing‘ = Z [m?—l—mf ((I)oza”‘q)ﬁﬁ)_'_mzz (@ia—i—@%g-l-@aa@gg)] UaiUgi
7 7
—|—Zm?m?UMU;‘iUWUEjCI)W—HI)iﬁ,
\ iy




where we defined ® = 2FE diag (Voc, 0,0, —Vne). Clearly, these are the set of linear equa-
tions of the variables Uy U 3i>» which can be solved in a rather straightforward way. As the
right-hand side of the first equation becomes zero or one depending on whether or not the
indices o and 3 being equal, and ®,4 also takes different value accordingly, our solutions
are written as the following

-1

4 4 [ 4
D)
O =TT | $ 5 T] (@an = om) | 10
ket J=1 | rei
1 2 * T
-5 > (Am2) UamUn Ut Usn®yy ¢ (2.14)
mny
and
o 4 1 a 4 3 )
UailUs; = | [] A SN (@aa + @ — 6m?;) — 3 (0m;)” (Paa + Psp)
ki G=1 | rsti
4
—6m; | (Paa + Pap) Y Amj; — 2 (Daa + Pgs)’ — Paa®ss| | UaiUs;
1=1
1 2
-3 > (Am2,) UamUs, Ul Uyn®yy ¢ (2.15)
mny
for a # . Here we defined mass-squared differences Aﬁl?j = Th?—fn?, Am?j = mf—m? and

2 _ =2
5mij—mi

results given in [34, 41], but we checked it in different ways and confirmed that this is

- m? Note that the form of eq. (2.15) does not match with the corresponding

a correct solution. First of all, our derivation of these solutions is given in appendix B.
Furthermore, as we will see in the below, these solutions return to the vacuum case when
matter potentials become zero. Meanwhile, we did following numerical checks for this
result: (i) we confirmed that this solution indeed satisfies all of the unitarity constraints,
> Umﬁgl = 0 for all @ # f; (ii)we cross checked the egs. (2.14) and (2.15) via two

L2~ 2 -2
Uni| [Osi| = |0l

’ffmﬁgl’ < 1 holds for all @ # g and i = 1,2, 3,4 and found that this solution satisfies these
conditions also. To exemplify this point and illustrate how different our result than those

sides of the identity obtained from them; (iii) we also checked if

in figure 2. When we draw these

given in [41] and [34], here we show a plot of ’[762(7;2
plots we use the parameters in table 3 and choose 14 = 0 and do4 = 0 for simplicity. Last
but not the least, the oscillation probability P(r, — 1) in matter, which we will discuss
in the section 4, obtained from our solution confirms the result from simulation [20].

At first glance, results in egs. (2.14) and (2.15) seem rather bewildering, but their
meaning become clear if their forms are compactly thought as

4
UailUg = > CULUS; + DYP, (2.16)
j=1
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Figure 2. Plots of ’[762 Uu*2 with respect to the neutrino energy E,: (a) is obtained from eq. (2.15),
(b) is from [41] and (c) is from [34].

for both cases of a and 8 becoming equal or not.! The coefficients C’gﬁ and D? P are
functions of neutrino energy, mass-squared differences and matter potentials, with the fol-
lowing properties: a) the C’%’B is real and symmetric for swapping the indices a and 3, while
the D™ is hermitian, i.e. D™ = (Diﬁo‘)*; b) they satisfy initial conditions Cf;-ﬁ(O) = d;j
and D" A (0) = 0, meaning that their values in the vacuum, which will be clear from the
following discussions.

There are several comments in order for the results in eqgs. (2.14) and (2.15). First of
all, these relations are independent of the parameterization of mixing matrix, since they
connect the matrix elements but not the mixing angles. Of course, according to relations
between the sines (or cosines) of the mixing angles and modulus of the mixing matrix
entries, one can extract the relation between the mixing angles in matter and vacuum after
a specific parameterization is chosen. For instance, making use of the parameterization in

eq. (2.1), expressions for the sines of the mixing angles in matter are

~ ~ - Ue3

sin 914 = Ue4 N sin 913 = 3
- ﬁe4

~ 0u4‘ - UeQ

sin Og4 = T sin 019 = - =
1-— 0@4 \/1 - (?63 - ‘064

~ ’ﬁfr4

sin 934 = 3 3’ (2.17)
U= [ = [0

and

2
+‘U62

) )
|

Yot

Note that, here, we are referring to the forms of the solutions, but not to explicit definitions of these

2 ~
+‘U54

sin0~23 = ‘UH?)‘ [(’ﬁel

o

coefficients in each solution.



Second, if some mixing matrix elements (or equivalently mixing angles) are zero in vacuum,
they may be generated by the matter effect. This is easy to see from the compact form in
eq. (2.16) as it contains contributions from two terms of a rotation and a shift. Last but
not the least, when matter density (or neutrino energy) goes to zero, these relations give
vacuum results as they should. Specifically, when ® = 0, which corresponds to vacuum,
parts in the curly brackets in eqs. (2.14) and (2.15) return to vacuum solution, because

~ 2 2 2
Ao = Omilg_q = Ami,
4 4 [ 4 7
o (I am?; | U = |TTAmi: | 1Uail®, (2.18)
J=1 [r#i | ki ]
4 4 [ 4 7
J=1|r#i | ki ]

This in turn derives the initial condition of Cf‘jﬁ in the compact expression (2.16). In one
of the following sections we will use these results to do phenomenological study in the
long-baseline neutrino oscillation experiments.

Figure 3 illustrates behaviors of matter-effected mixing matrix entries’ modulus squares
as functions of neutrino energy. When making these plots we assume that mixing angles
f24 and 034 are of the same sizes as #14 and two Dirac CP-violating phases d14 and o4
are zero, while taking the best fit values of other active neutrino parameters in [40] (see
table 3 for the complete list of parameter values). We noticed that changing the values
of CP-violating phases d14 and do4 modify those curves slightly but qualitative behaviors
do not change much. It can be seen from this figure that the modulus squares of the
mixing matrix elements with active neutrino flavor indices and i = 1,2,3 tend to reach
some constant values at high energies.

Similar discussions can apply for the case of three active neutrinos and we obtain the
following relations

1
3 3
A TIamg ] ST @ — m2) | 102 (2.19)

ani
k+#i =1 |rsi
and
-1
o 3 3
UaiUf = | [T A5 | D |11 (@ + Phs — dmi;) + mi; (¥hn + Phs) | UajUp;
ki G=1 | r+i

(2.20)

where ® = 2F diag (Vce,0,0), i = 1, 2, 3 and o, 8 = e, u, 7. These expressions have
similar structures as the results given in egs. (2.14) and (2.15), so it is easy to repeat
analogous comments we made in this section for three active neutrinos case.
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Figure 3. Shown are the plots of matter-effected mixing matrix elements’ modulus squares with
respect to the neutrino energy F,,.

3 CP asymmetry with four neutrinos

In regard to the sources of CP asymmetry in four-neutrino oscillations, in vacuum and mat-
ter, one of the important consequences of introducing a light sterile neutrino is to generate
several independent rephasing invariants, as a contrast to the only one such invariant with
standard three neutrinos. As the CP transformation changes neutrino to its antineutrino
and vice versa, and there is a relation between neutrino and antineutrino oscillation prob-
abilities: Py, 5, (L, E) = Pyy s, (L, E) or, in other words, Py, 5, = Py, (U < U),
an indicator of CP conservation in neutrino oscillation is to test if oscillation probabili-
ties of neutrinos and antineutrinos are equal. Following this argument, a measure of CP

asymmetry is

. Am?iL
APog = Puysvy = Praswy =4 Tm (UaiUUs;Uf;) sin — L — .

1<j

(3.1)

Form of this equation remains the same for both discussions in vacuum and matter, up to
replacing the corresponding mixing matrix and mass-squared differences for the case under
consideration. It is not hard to see that this quantity is antisymmetric with respect to
the swapping of indices, which reduces the independent components to n(n — 1)/2 when
considering the n neutrino flavors. What is more, applying the unitarity condition of

~10 -



mixing matrix,

Z UaiUZ; = 635, (3.2)
it is a very simple exercise to show that

Y AP =0. (3.3)

This further imposes 7 — 1 independent equations (not n because one of them can always
be obtained by using other n — 1 constraints), so total number of independent AP,3 is
nn—1)/2—(n—-1) = (n —1)(n — 2)/2. Interestingly, this number coincides with the
number of Dirac CP-violating phases with n — 1 flavors. With this result in mind, one
can easily obtain the number of independent components of AP,z for arbitrary number
of flavors. For instance, there are 3 such quantities with 4 neutrinos and only one for the
case of 3 neutrinos. Observing the expression (3.1), one may notice that imaginary part of
the product of four mixing matrix entries can provide a rephasing invariant form, so CP
asymmetry can also be quantified this way in terms of the Jarlskog invariants [42, 43|

T =T (UaiUp U U,) - (3.4)
Definition above reveals that these quantities possess following properties
T = gl = g = e (3.5)

Furthermore, the unitarity of mixing matrix leads to
Z T = Z T = (3.6)

through a similar argument to get eq. (3.3). To sum up, just relying on the eq. (3.5), there
are [n(n —1)/2)? independent rephasing invariants. BEq. (3.6) further eliminates n(n —
1)2/2+ (n—1)%(n—2)/2 of them, thus the total number of independent Jarlskog invariants
in the case of n flavors is [(n —1)(n —2)/2]?. The same conclusion can be drawn from
the fact that upper and lower indices are independent and each of them has (n — 1)(n —
2)/2 independent components. This is exactly a square of the number of independent
components of AFP,3. A summary for the cases of some specific number of flavors is given
in table 1.

Having discussed general case of n family, the following discussions particularly focus
on the Jarlskog invariants of four families. As we have argued, only nine of them are
independent thus we can choose

J13 ’ J24 ’ J34 )
J137 J247 J347 (37)
J13 ’ J24 ’ J34 ’

as a basis.? All the other rephasing invariants are the linear combinations of these bases,
explicit relations are given in table 2

2Although any nine independent Jarlskog invariants can be chosen as basis, these are the ones with
shorter expressions for a given parameterization in eq. (2.1).

- 11 -



n APys T30 | n APy J5f
1 0 0 |2 0 0
3 1 1 |4 3 9
5 6 36 |6 10 100
7 15 225 |8 21 441
9 28 784 | 10 36 1296

Table 1. A summary of the total number of independent AF,3 and Jarlskog invariants J%’B
correspond to number of neutrino flavors up to 10.

To know CP asymmetry in four-neutrino oscillations, what has to be done is to show a
dependence of these nine independent Jarlskog invariants in eq. (3.7) on the mixing angles
and Dirac CP-violating phases. So far, our calculations are independent of the parameter-
ization chosen for mixing matrix. In order to see explicit expressions, one has to choose a
basis and perform computations with definition in eq. (3.4). Using the parameterization
in eq. (2.1), expressions of these independent Jarlskog invariants in eq. (3.7) are

€ 2 . .
Jo = $12€13514€14524C24 [$12513523 810 (013 — 814 +024) + 12023 80 (814 — F24)]
2 . .
J54 = s12€13514¢74C24C34 { €12 [SIN 014523534 — C23524¢34 811 (014 — D24

—512513 [523524€348In (813 — 014 +024) + 23534 5in (013 —14) ]},
1 . .
Jéﬁf = EC%482(24) C34 {834 [4814824 (8%282(13)023 sm((513 —(514) —Sin 51482(12)613823)
—+Coy4 (482(12)813 (COS (513 sin 52462(23) —sin 513 COS 524)

+ sind2457(23) (23%202(13) +3cy12)+1))]

+4512514C34 [$1259(13) 23510 (613— 014+ 024) +2¢12¢13¢38I0 (514 —b24) ] }

e 1 .
J3ff = —§82(13) 82(14) 52(24) 593C14 Sll’l((513 —(514+524),

1 . .
J5i = 752(13)52(14)C14€24C34 [523524C34 8In(013 — 014+ 024) +C235345in(d13—014)] ,
1 .
Jiy = —10%4 32(13)81482332(24)034Sln(513—514+524)
1 . . 9
+552(20)52(30) (s9(13)514C2352451n(813 — 614) +5In824¢ 350(23)C24) | ,
1 . .
Jis = _101282(13)0?4 [51459(24) (12523 SIn (813 — 014+ 024) — S12513C23 5N (614 — 024))

. 2
+sind13512¢1352(23) 024} )

1 ) .
Ji3 = Ecusz(lg)ci {4514 [32(24)054(812323 sin(d13 —014+024) — S12513¢238In (014 —624))

+Cg482(34) (612623 Sin((slg —514) +sin 514812813823)} +812C13 [482482(34) (COS 513 sin (524

—sin (513 COS 52462(23)) +sin (51382(23) ((62(24) —3)62(34) +2634)] } (3.8)

where s;; = sinf;j, c;j = cosbjj, 5,35 = sin(nby;) and c,,;) = cos(nb;). Because of its
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Jfff = —JZe — J3u h Je“ = Jf —Jia o Je“ = Jf3 + J3 o
Jii=—Jyi = Jsi | Jis = —Ji - Ji | Jis = —Ji3 £+ S
J.

T = | = | =
I =—Ji5 = Ji5 | Ji§ = —Ji = Ji | I = —Ji - I
g = — IS — gy | J5T = —Jgh —Jss | J5 = —Je“ — s
gy R [ I L S I (L
T = | = | A =
J3=Ji+Js | JE =I5+ | I = J14 Jiq
35 =J55 + s | IR = U5+ J5 | J5E =50+ T4

Table 2. Expressions of other 27 Jarlskog invariants in terms of chosen bases in eq. (3.7).

rather lengthy expression, the dependence of J{3 on mixing angles and CP-violating phases
is given in appendix C. It is easy to see that all of these rephasing invariants in eq. (3.8)
vanish if all CP-violating phases become zero. This is not only a check for the correctness of
derivation but also necessary to preserve CP symmetry. Another set of linearly independent
Jarlskog invariants obtained from a different parameterization of mixing matrix is given
in [44], see also other relevant works in [45-48].

Now that we have found the relation in eq. (2.16), writing the Jarlskog invariants in
matter in terms of that in vacuum is not difficult

_ kz cslesl el - Zk: [Cf,‘f Im (D?‘BU;kng) ~ 0% Im (D?BU;kUﬁkﬂ

+Im (Dfﬁpf“) , (3.9)

where C’f{jﬁ and D?B get their expressions from eq. (2.15), since the Jarlskog invariants are
identically zero in case o = § by definition. Moreover, finding a sum rule between the
Jalskog invariants in matter and in vacuum is also rather easy. We start with the eq. (2.8)
and eq. (2.9), observing that off-diagonal entries are not effected by matter potential, that is

4 4
> miUaUs =Y miUaiUs (3.10)

i=1 =1

when « # 3. Making use of the unitarity of mixing matrix, multiplying both sides by their
complex conjugates and, then, taking imaginary parts lead to

> AmE Am3 T2 =" A A, 5 (3.11)

(] 4]
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Taking the same steps, one can also derive following several relations

Z Am? AmJZJO‘B Z 5ml15m]2Jgﬂ,

deh 5m2jJO‘B ZAmzl AmJQJZO;B, (3.12)
Z(SWLM 6m2j Z(Smll (5m]2JQB.

In the expressions above, we used the first and second mass eigenstate indices, but one has
freedom to use any other indices if needed and resulting expressions still remain correct.
Namely, these sum rules still hold even when the index “1” is replaced by k and the index
“2” is replaced by I. Note that if the unsummed indices on the left-hand side become equal,
then the sum vanishes; and the same happens to the expression on the right-hand side.

As far as the CP-violating observables are concerned, there are three such independent
quantities which can be chosen as AP,., AP, and AP.;. Other such observables are the
linear combinations of these three:

AP,, = AP, — AP,,,
AP,y = —AP,. — AP, , (3.13)
AP,y = AP, + AP, .

Having found the relations of Jarlskog invariants in matter to that in vacuum, we can easily
obtain the relation between the matter-affected CP asymmetry AP, 3 and its counterpart
in vacuum from the expression below

Am3;L

o7 (3.14)

Aﬁaﬁ = 42 jf;ﬁ sin
1<j
Experimental signature of these quantities will be discussed in the next section, focusing,
in particular, on proposed long-baseline neutrino oscillation experiments.

4 Implications for long-baseline experiments

Heretofore we have discussed effects of sterile neutrino, purely on the theoretical ground,
to three active neutrino scheme, including oscillations in vacuum and matter as well as
the paradigm change in CP asymmetry with this additional neutrino flavor. To show
its phenomenological consequence, in this section we will try to embody possible hints in
long-baseline neutrino oscillation experiments such as DUNE, NOvA and T2HK.

Deep Underground Neutrino Experiment (DUNE) [10-13] is a world-leading long-
baseline neutrino experiment planned to operate near future with 40 kiloton liquid argon
detector at the Sanford underground research facility, located 1300 km downstream of the
source at the Fermi national laboratory. This is a multipurpose experiment to unveil some
neutrino-related mysteries in particle physics, such as determination of the mass order-
ing, measurement of the CP-violating phase in lepton sector, pin down the octant of fa3,
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search for a new physics beyond three-neutrino paradigm, precision measurement of neu-
trino parameters and many others. As stated previously, one of the primary goal of DUNE
experiment is to search for a new physics focusing on the precision measurement of the
parameters in muon neutrino and muon antineutrino oscillation channels.

The NOvA (NuMI Off-axis v, Appearance) experiment [14] is another long-baseline ex-
periment that aims to measure oscillations of v, — v, in one of its 14 kiloton detector (made
up of liquid scintillators contained in PVC) located 810 km away from neutrino source at
Fermilab. The main goal of NOvA includes the precision measurement of atmospheric
mixing angle, mass-squared differences and also put constraints on CP-violating phase.

T2HK (Tokai-to-Hyper-Kamiokande) [15] is an extension of T2K experiment, which
uses water Cherenkov detector of 1 megaton volume that to be placed about 295 km
away from the source of neutrino beam at J-PARC (Japan Proton Accelerator Research
Complex). The main purpose of T2HK is to study CP asymmetry in the lepton sector
using accelerator neutrino and anti-neutrino beams.

To illustrate our results, throughout the paper we assume that the 1eV mass sterile
neutrino has a percent level mixing with all active neutrinos. This is a suitable assumption
because it is in the best-fit allowed region of the recent global fit results. As refs. [37, 38]
have reported, from the global fit analysis, that the best-fit values of sterile neutrino pa-
rameters are Am3, ~ 1.3eV2, [Up|® ~ 0.012, and |U,4|* ~ 0.018. The values/ranges of
neutrino oscillation parameters used in our analysis are listed in the table 3. According to
the values of mass-squared differences in this table, one can see that there is a hierarchical
pattern Am3, > Am3;, Am3, (for i = 1,2,3) and thus expect that there are very rapid
oscillations driven by Amii in both neutrino oscillation probability and CP asymmetry
curves of 3+1 case. We investigate this expectation and confirm there are indeed such fast
oscillations that these long-baseline experiments hardly reach sensitivities to observe them.

So in our subsequent discussions we average out these modes by equating sin? Ami,L with
3 and sin AZ%L'L with 0 (for i = 1,2,3) in eq. (2.4),
P (Vo — v5) = dag [1 — 2Re (UZ4Up4)] + 2 |Uaa|? |Upal”
3 2
Amz. L
—4 Z Re (UaiU3;UUs;) sin® — -2 »
1< ( . )
3 2
Amz. L
—9 Zlm (Uailla;UziUss) sin —
1<)
In particular,
2 2 ’ * 7T s 2 AmgjL
P (v, — ve) = 2|Upa|* |Uea)® - 4;Re (U,sU};U%Ue;) sin e
i<j
(4.2)
3 2
Amz. L
— 2ZIm (U#iquUeiUej) sin 25 )

1<j
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parameters | values/ranges

sin? 619 0.310

sin? fa3 0.558

sin® 613 0.022

sin? 6,4 0.010
613/ 1.19
o4/ [0, 2]
dou4 /T [0, 2]
Am?2

05 o7 739
A 2

09 v 2:53
Am?2
o 1.0

Table 3. List of neutrino oscillation parameter values (or ranges) used in our phenomenological
study.

and

3 Am? L
Py —vy)=1-2 (’UM‘Q - ‘UM4’4> - 42 ’UM"Q ‘qu’251n2 45 : (4.3)
1<j
When discussing the antineutrino oscillation probabilities, one just needs to change signs
of the terms including imaginary part. The same averaging is also implemented for CP
asymmetry in the 3+1 neutrino scheme,

3 2
. Amg L
APup = -4 Im (UaiUs;U3Us;) sin 5 EJ . (4.4)
i<j

Again, these expressions can apply to both cases in vacuum and matter by replacing the cor-
responding oscillation parameters. Based on our exact analytic expressions and averaging
out of high frequency modes, we display both muon neutrino and antineutrino oscillation
probabilities in figure 4. As a reminder, although the averaging out of the fourth mass
contribution makes oscillation curve of 3 + 1 case a single line, blue and green bands in
these plots are due to the allowing the two CP-violating phases d14 and do4 to change in
the interval [0, 27]. According to figure 4, it is clear to see that in the appearance channels
of (1_/)6 there are rather significant separations in the probabilities for both cases of three-
and four-neutrino oscillations, thanks to the matter effect. Important energy ranges to find
these separations are 1-4 GeV in DUNE, 0.8-2.2 GeV in NOvA and 0.4-0.7 GeV in T2HK.
All of these energy ranges are under the coverage of typical energy of neutrinos from acceler-
ator. Although the oscillation probabilities between matter and vacuum are well separated,
three active neutrino oscillation curves pass through the bands of four-neutrino oscillation
probabilities. Displacement between the oscillation curves with and without the sterile
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Figure 4. Prospects of muon neutrino and antineutrino oscillation probabilities in DUNE, NOvA
and T2HK experiments, listed from the top to bottom.

neutrino may (or may not) be apparent when the values of d14 and do4 become precise.
Another aspect we learn from this figure is that the separation between the matter and vac-
uum oscillation probabilities gets bigger as the baseline increases. Therefore, knowing the
values of d14 and d94 and increasing the baseline of an experiment are necessary to make a
claim about the detection of active-sterile neutrino oscillations. As long as these two Dirac
CP-violating phases measured precise enough and a sizable separation is confirmed to be
there, it might more likely for DUNE to distinguish 3+1 neutrino oscillation signal from
the three active neutrino background. As a further step, an experiment with much longer
baseline and with high sensitivity could probably distinguish four-neutrino oscillation from
three active neutrinos case with the help of matter effect; and the eV-scale sterile neutrino
signal could be detected by looking at the appearance mode of (1;)6. The disappearance
channel of %’ u» however, cannot distinguish the sterile neutrino signal from the background
of active neutrino oscillations even after measuring the values of Dirac CP-violating phase.
That neither has noticeable dependence on these two phases nor has pronounced change
over the baseline of the experiments. For this reason, a would-be golden channel to find

. . . . . . (=) (=)
active-sterile neutrino oscillation is v'), — v o5

3We investigate, for completeness, < w— (;)T oscillation channel and find that it is also not very effective
way to look for the sterile neutrino contribution. In addition, since this channel is not of direct use for any
of the long-baseline experiments discussed in this paper, we do not show these plots here.
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Figure 5. Shown are the plots of CP asymmetries in the long-baseline experiments DUNE, NOvA
and T2HK with respect to the neutrino energy, and comparison between the results in 3+0 and
3+1 neutrino schemes.

Comparing the results from (;)u — (1;)6 oscillation channels, the DUNE has a greater
potential to observe larger oscillation probability and bigger separation enjoyed by the
larger matter effect, due to its longer baseline. Neutrino energies correspond to the first
pick value of oscillation probabilities, at which point the separation between the oscillation
in matter and vacuum is most significant, moves from 2 GeV in the DUNE to 1.4 GeV in
NOvA and to 0.5GeV in T2HK. And, at the same time, not only do these pick values
decrease but also the gap between the oscillation curves in matter and vacuum shrinks with
the decrease of baseline.

As for the CP asymmetry in neutrino oscillations, figure 5 illustrates both neutrino
energy and two new CP-violating phase dependence of AP, and APMC in the long-baseline
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experiments that are under consideration. Blue and green bands are the allowed regions
from varying both d14 and do4 in their full ranges. As this figure shows, 3+0 CP asymmetry
lines pass through the allowed regions of 3+1 case. And, although a sizable amount of CP
asymmetry appeared when neutrino energy less than 4.0 GeV for DUNE, 2.6 GeV for NOvA
and 1.0 GeV for T2HK, no enhancement or clear separation can be seen from the matter
effect as well as the presence of the sterile neutrino. So, it might be very hard, or not
even possible, for these experiments to reach such a high precision to extract the sterile
neutrino effects from the measurements of the CP asymmetry. High-energy tails of all CP
asymmetry curves are damping to zero, thus, there is no hope to find CP asymmetry from
this energy range either. Looking at the effects of two Dirac CP-violating phases d14 and
094, given the lack of their measured values by the current experimental data, it is hard to
single out sterile neutrino contribution unless 3+1 CP asymmetry curves turn out to be
deviated from 3+0 lines by staying close to upper or lower edges of the allowed regions.
When it comes to the comparison of the CP asymmetry curves for these three experiments,
there is comparatively larger CP asymmetry in DUNE than T2HK, as it is illustrated that
the longer baseline the experiment has, the larger value of AP, can arise. But separations
between the Alsue curves with and without the sterile neutrino is not clear. Although all
of these long-baseline experiments could be able to measure sizable CP asymmetry, there
might be a big challenge for them to aim at finding the light sterile neutrino signal in the
CP asymmetry measurements.

5 Summary and conclusion

The work in this paper is a theoretical study about the possibility of searching for a light
sterile neutrino and observing the CP asymmetry in the long-baseline neutrino oscillations.
To this end, we have discussed matter effects to neutrino masses, mixing and oscillation
probabilities, by providing their relations in matter and vacuum. We have also carried
out a thorough analysis on CP-violating quantities by detailed derivation of independent
Jarlskog invariants, CP asymmetries, and their connection in matter to vacuum. Based
on our results, we have performed phenomenological study of four-neutrino oscillations,
in comparison with the standard three-neutrino framework, in DUNE, NOvA and T2HK
experiments and presented the CP asymmetries from the relevant oscillation channels.
Our analysis indicate that more promising ways to search for the imprints of the light
sterile neutrino in these experiments are focusing on the electron neutrino and electron
antineutrino appearance channels. As expected, the matter effects play a non-trivial role
in searching for the sterile neutrino, by amplifying quite significantly the oscillation prob-
abilities. Figure 4 illustrates that the separation between the oscillation probability in
matter and vacuum increase as the increase of the neutrino propagation distance in these
experiments. We also notice that sizes of the oscillation probabilities get larger with the
longer baseline. But the separations between the probability curves of four-neutrino signal
from the three active neutrino background is also subject to the values of CP-violating
phases. In the oscillation curves for DUNE, in contrast to other two experiments, there are
slightly bigger probability and lager separation when comparing the cases with and without
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the matter effect. Such a prominent separation in the electron (anti)neutrino appearance
channel arises within the energy range from 1 GeV to 4 GeV, while no similar phenomenon
occurs in the muon (anti)neutrino disappearance channels. This kind of deviations, and the
energy ranges they are appearing, in the NOvA and T2HK get smaller with the decrease
of the baseline.

From the CP asymmetry plots in figure 5 one can see, unlike the situation in oscillation
probability, that there are no such clear distinctions between the cases whether or not
taking into account of the matter effect. Moreover, three-neutrino CP asymmetry curves
in vacuum and matter are respectively within the corresponding allowed regions of four-
neutrino cases. This means that it might be challenging for these experiments to reach
such high precision to extract sterile neutrino contribution, unless the values of CP-violating
phases make the separation between the results from four- and three-neutrino cases large
enough. Comparing the results for these three experiments, there is no big difference among
them. Nonetheless, size of the CP asymmetry and value of the neutrino energy up to which
noticeable CP asymmetry can arise increase with the longer baseline. So, in this sense,
DUNE could observe a bit bigger value of CP asymmetry and scan larger range of neutrino
energy than that in the other two experiments.

Finally, as stated, the results in this paper based on the theoretical study of long-
baseline neutrino oscillations and CP asymmetries. These results could anticipate what
would be the outcome, without considering the experimental capabilities, but they are
not enough to claim full discovery potentials of these experiments. In order to make a
complete statement one must consider also other experimental factors like neutrino flux,
cross section, detector size, energy resolution, uncertainty, and efficiency etc, which are left
to be discussed in a separate work.
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A Matter-induced effective mass squares
This section is to calculate effective mass squares from the equation
(Th2)4 — 03(771?)3 + 62(7;;22)2 — Clm% +co = O, (Al)

i 7

where c3, co, c1, cg are the trace, the sum of determinants of 2 x 2 main diagonal blocks, the
sum of determinants of 3 x 3 main diagonal blocks and the determinant of 2 H.g. Results
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from our calculation are the following:

4
c3 =Tr (2EHg) = Z mf +2F (Voo — Wne),

4 4 4
2= mim?+2EVee Y m? (1 - |Uei|2) —2EVie Y m? (1 - |US,-|2) — AE?Vee Vi,
7

1<j )

4
1
cL= ) eppmim] [Gmi + (Vcc |Uer|* — Ve |Usk’2) E]
n7i7j7k
4

— 4E*Vee Ve me (1 — |Ueil?® - |Usi|2> ;

4

E

2.2 2 2 2 2 2 2 2 2

co = mimsomazmy + § Z En”kml m;my <VCC ‘Uen’ — VNC ’Usn‘ )

n’i7j7k
4
2 § : 2 2.2 2
—F VCCVNC gijklmi mj ‘UekUsl — UelUsk‘ . (A2)

i7j7k7l

As one can see, all of those coefficients are non-negative real numbers. To make life simple,
let us write eq. (A.1) with 2 = /7 and then perform change of variable z = y + <. This
provides

3c2 I 3¢k 6202 1
4 3 2 _ B4 _ [t R e =0. A.3
Yy + ( 5 +CQ> Y-+ ( +—=c3C2 01) Y+ ( + Cc3C1 +Co> ( )

To avoid carrying cumbersome coefficients, one can introduce the following variables

_ 8cg — 3c§
=—5
cg — 4c3co 4+ 8cq
q=— 9
8
- —36§ + 160%02 — 64c3cq + 256¢ . (A4)

256
Using these new variables and adding p?/4 + 2z(y? + p/2) + 22 on the both sides, above

equation can be transformed into the following form:

2

2
<y2+g+z) :2zy2—qy+z2+pz—r+pz. (A.5)

Since this equality holds for any values of z, one can choose its value to make the right-
hand site full square. This can be done when the discriminant of quadratic equation of y is
zero. Because in this case the quadratic equation has two identical roots or, equivalently,
the right-hand side of eq. (A.5) becomes a complete square if and only if the discriminant

vanishes, i.e.

2
q2—8z(22+pz—r+i>:0. (A.6)
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This, in turn, requires that z satisfies cubic equation
3 2, 1,9 L,
2% + pz +Z(p —4r)z—§q =0. (A.7)

As a result, solution of the quartic equation boils down to the solution of one quadratic
equation,

(y2+§+z) (\/Ey—%/g)? 0, (A.8)

and one cubic equation in (A.7). Solutions of the quadratic equation of y in (A.8) are easily
obtained from

2 p q
+V2z2zy+=+2— =0, A9
v V2zy + 5 Wor (A.9)
or
y? —\/22y+ +z+ =0 (A.10)

2\/ 2z

These two equations yield following four p0881b1e solutions of quartic equation

1 2
n=-3 v2z—|—\/—2z—2p+ U
1 2
Y2 =—5 \/2z—\/—2z—2p+ -q |
2 z
1 2
Yys =5 \/2,2—\/—22—2]9— -q |,
z

1 2
va =3 \/ﬁ+\/ 2z —2p— \/;q : (A.11)

But this is not the end of story, to have complete solution, cubic equation of z in (A.7) must
be solved. This will be done in the following steps. Since the solutions of interest are real
ones, although there are many other ways to solve this equation, the trigonometric solution
of cubic equation provides expected result. By doing a change of variable z =t — %p, it is
easy to get read of the quadratic term in (A.7), i.e

3 +ovt+w=0, (A.12)
where
1
V= ——
L
= (=2p® — 27> + 72pr) .
w 216( D 7q +7p7’)

Let us implement another replacement ¢ = wcosf, then divide both sides by u3/4, the
cubic equation above reads

4v 4
4cos® 9_,_700894_7“’_07 (A.13)
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which has very similar form as the well-known trigonometric identity
4cos®h —3cosh —cos30 =0 . (A.14)

Comparing these two equations, one can easily identify u = 2,/—v/3 and replacing it back
to eq. (A.13) yields

3 3
dcos?d — 3cosh+ i/ -2 =0. (A.15)
2 |v| v

1 3w | 3
0= 3 [arccos <2‘:’} -3 ) + 2km

for k = 0,1,2. Thus, solutions of cubic equation (A.7) have the following form

1 — 1 — 2k
Zk+1 = —§p+2\/?vcos garccos (2?57 —i) + ;] . (A.17)

Finally, inserting this result to the eq. (A.11), the solution for quartic equation comes to

This implies
, (A.16)

the end. Combining all we have got so far, solutions of eq. (A.1) are

1 2
m%:%”—g \/2z+\/—2z—2p+\[q :

ISH

~2_Cj_1 V9% ] 95 \/5
m2—4 5 2z \/ 2z —2p+ Zq ,
.9 c¢3 1 \/5
ms=—+ = |V2z—1\/—2z2—2p—1/—

- 1 2
mi:%+§ \/ﬂ+\/—22—2p—\/;q . (A.18)

B Derivation of the relations between mixing matrix in matter and
vacuum

This part is dedicated to find relations between combinations of mixing matrix elements
in matter and vacuum. The main purpose is to solve following linear equations system
4

Z 0041’ U;l = 504,3 5

4 4
> miULUs =Y miUaiUfi+Pag,
i %
4 L 4
> ifUaiUs = [mi+m? (Paa+Psp)] Uaillfi+Pos (B.1)
A 7
4 o 4
Zm?UaiUEz’ = Z [mf—i—m? ((I)aa+¢)55>+mzz (@ia+¢%ﬁ+¢aa¢ﬁﬁ)} UaiUpi

3
2,2 * * 3
+ Y mimIUL U U US @y + g
iy

~ 93 -



When o =  this system of equations can be written in the following linear matrix equation

form
AV =B (B.2)
with
1 1 1 1
a_ | it s e .
~4 -4 ~4 ~4 ] :
1 Mo Mg My
my ms ms mg
~ 2
Ual
_ 2
Ua2
V = g , (B.4)
Ua3
~ 2
Ua4
and
1
4
Zm%‘UaiF"—q)aa
A i
B: B.5
> (m+2ml®en) [Unil* + 22, (B.5)
A i
D (m+2mi®aa+3mI®2,) [Unil®+ Y mimiUniUs;UsiUsy 8y + @5,
‘ iy

Interestingly, the matrix A is nothing but the Vandermonde matrix with elements

A= ﬁﬁ(i_l), which has well-known determinant
4 4
det(A) = [ (w3 —mi) =] am3, (B.6)
1<i<y 1<j

and inverse

H Am

J#1
~2
[T am3,
A_1: J#2
HAmJ?»
J#3
~2
HAmJ4
J74
mamam; —m3m3 —m3 (m3 +m3) mj +mj +mj —1
22,5252 =252 =2 (22 | =2) =2 | =2 | =2
mimsmy; —m3my — mj (m3+m4) mi+m3z+mjy —1 (B.7)
m2~2~2_m2m2_m2(m2+m2) m2+m2+m2 -1 .
111y 21y 1 \M2 4 1 2 4
205 295 2 252 52 (2 22Y 52 52 52
Tmym3 —m3m3 — mi (m3 + m3) mi+m3 +m3 —1



Finding solutions of linear equations system (B.2) boils down to the computation of the
following matrix product

V =A"!B. (B.8)
After a bit of computational work, one reaches to the solution

-1

~ 9 4 4 4
Usi| = | ][] ami S (®aa — 5m?)) | Uyl
ki g=1 |rsi
1 2 -
_EZ(Am%m) UamUgn Ul Usn @y o (B.9)

mny

On the other hand, when « # 3, discussion is the same as above except for replacing
V by V' and B by B’, which are

0l
Un2U3
V= | 20| (B.10)
[[a?)qgg
UaaUpy
0
4
> miUail;
i
4
B = Z [m? + mzz (Paa + (I)ﬂﬁ)] UaiUEz’ ) (B.11)
A i
Z [m? + mf ((I)aa + q)gg) + m? (‘Pia + (I)%B + (I)aaq)ﬁﬁ)] UaiUEi
+ > mImEUai Ul U Uy @
iy
Now that the matrix A remains unchanged, the solutions are given by
V' = A'B. (B.12)

It is straightforward to compute matrix multiplications on the right-hand side of above
equation. The explicit form of the solutions are

-1

4 4 4
- ~ 3 2
UailUg = | [] Ay > (@aa+ ®os — dmy) — 5 (9mif)” (Paa + Ds5)
k#i =1 [r#i
4
_5m12j ((I)aa + (I)ﬂﬁ) Z AmIQz —2(®aa + q’ﬁﬂ)z — ®aaPpp UajUEj
=1
1 2 * T
-5 (Am2,) " UamUp, Uty Uyn @y o (B.13)
mny

— 22 =2 2 2 2 2 _ =2 2
=m; —mj,Amij:mi —mj and 5mij:mi —ms.
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At this point, we obtained not only the matter-effected mixing matrix element’s mod-
ulus squares but also the paired product of one element with complex conjugate of the
other, which are essential to investigate matter effects in many neutrino physics processes
including four neutrino oscillation as well as CP asymmetry.

C Expression of the Ji3

This section shows the expression of Ji3 as a function of mixing angles and Dirac CP-
violating phases. This is the last piece of nine independent Jarlskog invariants analyzed in
main body of the paper.

1 .
J{L; = _§32(12)32(13)32(23)0130348%4834 sindis
1 ) ) '

* 5034814 { [320%3 $in.614513523 (sin(013—514) S0 (814 — 09 ) 574 +c0s(613+024) 533) 524654
+4s5, (02(14)024 sind13sin(d13—0d14)sin 51483(13)814 — (cos(614+024) sin S1354(13)514

+2 (cos(514 —894) sind13¢3 4 +cos 613(cos 614 5in doy —cos 024Co(14) Sin 514)) 52(13)) 323524> Co4
+459(13) (2¢2(23)sin(013 — 014+ 024) 59355, —4c3, sin(013 — 014) 535593 (sin 614 510 (2613 — 014
+094)57,+cOs 524833) S24+C24 (02(24) —02(23)054) sin d13sin(d13—914) sin 51452(13)314) Co4
+ ((3 COS(513 - 2(514) —008(513 +2(524) +2 COS((513 —014 +524) COS(514 +(524)C4(13)) sindi3—
4cos013C(13) Sin(513_2514))51483383(24)} 6%2—1—861362352(24)82(12) (cos S94Ch5ca, 51N 014555
+cos(d13— 014+ 024) sin(d13—014) sin(d14 — do4) sin (5248%38%4834) +2513514 (2033 sin2(d13
—014) 512513~ 008(2024) 13 5In G1355(12) S2(23)) 5%(24) +4c2359(24) [c1352(12) (((cos(d14—b24)
sin2(d13—014) —2cos? oy sin(d14— 524)) 5%33%4+2 (sin(d14 —d024) —sin(2013 — 014+ d24)
§13) 853) 854 —2¢5 sin(813—814) 575 (sin 614810 (813— 514+ 524) 574 +2 08 013 €08 24533 )

—5%252(13)52(23) (605524 sin(513—514)c§4+sin(513—514—1-524)5%4)] }—1—

1 . .
C135834 { 561232(13)6345%4523 [cos 024 (cOs 013 —cos(013 — 2014 +2024) ) c12C23 8In 013813 +sin(d13

1 . 1 .
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1

+ 16C2452(34) {023314 [cos 514¢3,sin 61334(13)5334—8024 (cos(d14—824)sin 014€15 —cos(d13+

— 96 —



d24) Sin(5138%36%3 +cos(d13—014+024) sin(dy3 —514)31113) 514524523 +482(13) (cos 014 SIn 5133%3
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