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ABSTRACT: In this paper we re-investigate the model of the anti-de Sitter gravity coupled
to Maxwell and charged scalar fields, which has been studied as the gravitational dual
to a superconductor for a long time since the famous work [Phys. Rev. Lett. 101 (2008)
031601]. By numerical method, we present a novel family of solutions of holographical
superconductor with excited states, and find there exists a lower critical temperature in
the corresponding excited state. Moreover, we study the condensate and conductivity in
the excited states. It is very interesting that the conductivity o of each excited state has
an additional pole in Im[o] and a delta function in Re[o] arising at the low temperature
inside the gap, which is just the evidence of the existence of excited states.
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1 Introduction

In condensed matter physics, there is still no consensus on the mechanism of high tem-
perature superconductivity. Over the past decade, the AdS/CFT correspondence [1-3] is
one of the most important results from string theory, which establishes the relationship
between the strongly correlated field on the boundary and a weak gravity theory in one
higher-dimensional bulk spacetime. In the past ten years, the AdS/CFT correspondence
has provided a novel way to study condensed matter theory, and received a great deal
of attention. In the seminal papers [4-6], the authors investigated the model of a com-
plex scalar field coupled to a U(1) gauge field in a (3 + 1)-dimensional Schwarzschild-AdS
black hole and found that due to the U(1) symmetry breaking below the critical temper-
ature T, the condensate of the scalar field could be interpreted as the Cooper pair-like
superconductor condensate. Moreover, there exists a gap in the optical conductivity of
the superconducting state, and the value of the gap is close to the value of a high tem-
perature superconductor. Thus, this model can be regarded as the dual explanation to
the high temperature superconductor. When replacing the scalar field with other matter
fields, one can also obtain the condensate of matter fields corresponding to various kinds
of holographic superconductors. For example, holographic d-wave model was constructed
by introducing a symmetric, traceless second-rank tensor coupled to a U(1) gauge field in
the bulk [7-9]. With the SU(2) Yang-Mills field coupled to gravity, the holographic p-wave
model has also been discussed in [10]. Two alternative holographic realizations of p-wave
superconductivity could arise from the condensate of a two-form field [11] and a complex,
massive vector field with U(1) charge [12, 13], respectively. The model of holographic su-
perconductor can also be extended to study the holographic Josephson junction [14-26],
which is made up of two superconductor materials with weak link barrier [27]. A top-down
construction of holographic superconductor from superstring theory was discussed in [28§],
and a similar construction using an M-theory truncation was proposed in [29, 30]. For
reviews of holographic superconductors, see [31-34].



Until now, lots of work of holographic superconductor were investigated in the ground
state,! that is, the scalar field can keep sign along the radial direction. It is well-known that
the excited states could have some nodes along the radial direction, where the value of the
scalar field could change the sign. On the other hand, it is easy to see in quantum theory
that the bound states with given angular momentum and other quantum numbers similarly
could form towers of states known as radial excitations with otherwise identical quantum
numbers. Especially, holographic phenomenological models [37, 38] have the potential
to provide a better understanding of strongly interacting systems of quarks and gluons,
including the excited states of hadrons. These models are presently known as AdS/QCD.
Furthermore, in the background of Schwarzschild black hole, holographic model of QCD
could be extended to the finite temperature system [39], There are also many new progresses
on the excited states of hadrons from holographic QCD, such as [40-42].

So, it is interesting to see whether there exist the solutions of holographic supercon-
ductor with excited states of the scalar field. In the present paper, we would like to numer-
ically solve the Maxwell-Klein-Gordon system with the background of a four-dimensional
Schwarzschild-AdS black hole and give a family of excited states of holographic supercon-
ductors with different critical temperatures. Moreover, we will also study the condensate
and optical conductivity in the excited states of holographic superconductors.

The paper is organized as follows: in section 2, we review the model of a U(1) gauge
field coupled with a charged scalar field in (3 + 1)-dimensional AdS spacetime and show a
gravity dual model of holographic superconductor. We show the numerical results of the
excited states and study the characteristics of the condensate and conductivity in section 3.
The conclusion and discussion are given in the last section.

2 Review of holographic superconductors

Let us introduce the model of a Maxwell field and a charged complex scalar field in the
four-dimensional Einstein gravity spacetime with a negative cosmological constant. The
bulk action reads

S= ﬁ /d% [R + % — EF‘”’FW — (DY) (DHFp)* — m*yPyp* |, (2.1)
where F,, = 0,A,—0,A, is the field strength of the U(1) gauge field, and D, =V, —iqA v
is the gauge covariant derivative with respect to A,. The constant ¢ is the AdS length
scale, m and ¢ are the mass and charge of the complex scalar field v, respectively. Due
to the existence of Maxwell and complex scalar field, the strength of the backreaction of
the matter fields on the spacetime metric could be tuned by the charge ¢. In order to
see that how the effect of backreaction varies with the charge ¢, we could introduce the
scaling transformations A — A/q and ¥ — 1/q, and the Lagrangian density in eq. (2.1)
changes into

6 1 . N
16rGL = R+ et <—4F“”FW — |V —iAy|> — m*Yy) ) , (2.2)

In [35, 36] the ground state represents the zero-temperature limit of holographic superconductor while
in this paper the ground state refers to the scalar field without nodes.



with the constant x = 1/¢2. From the above, we can see that the value of the parameter
k will decrease when ¢ increases, and the backreaction of matter fields on the spacetime
metric could be ignored in the large ¢ — oo limit, which is also called as the probe limit.
Here we adopt to the probe approximation. Thus, the following equations of the scalar
and Maxwell fields can be derived from the Lagrangian density (2.2):

(V= iA,)(VF = A"y —m*p = 0, (2.3)
V FH —i[p* (VY — iAoy — (VY +iAY)Y*] = 0. (2.4)
In addition, with neglect of the backreaction of matter fields on the metric, the solution of

Einstein equations is the well-known Schwarzschild anti-de Sitter black hole. The solution
with a planar symmetric horizon can be written as follows

dr?
fr)

where f(r) = 2—;(1 —r3/r3), and ry, is the radius of the black hole’s event horizon. The
Hawking temperature is given by

ds® = —f(r)dt* + +r?(de? + dy?), (2.5)

B iﬁ 3y
4 dr A’

T=Th

(2.6)

which can be regarded as the temperature of holographic superconductors.
In order to build a holographic model of holographic superconductors, one could in-
troduce the following ansatz of matter fields:

A=o(r)dt, ¢ =1p(r). (2.7)

With the above ansatz, the equations of motion for the scalar field v (r) and electrical
scalar potential ¢(r) in the background of the Schwarzschild-AdS black hole are

1" o2 / 2 m? o
w +(f+7')w+f2¢_€2fw_07 (28)
0o, 2 2¢2 B
o +;¢ *7]0 ¢ = 0. (2.9)

At the AdS boundary, the asymptotic behaviors of the functions v (r) and ¢(r) take the
following forms

1 2
¢::’/i)_|_;i(:+...7 (2.10)
¢:u—§+m, (2.11)
with
A, = 3EVITAMT ”i+4m2, (2.12)

where the constants p and p are the chemical potential and charge density in the dual field
theory, respectively. According to AdS/CFT duality, 1) (i = 1,2) are the corresponding
expectation values of the dual scalar operators O;, respectively. Note that in the four-
dimensional spacetime the values of mass need to satisfy the Breitenlohner-Freedman (BF)
bound of m? > —9/4 [43]. In this paper, we will set m? = —2 for simplify.
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Figure 1. Left: the distribution of the scalar field v as a function of z coordinate with the chemical
potential p = 12 for the condensate (O1). Right: the distribution of the scalar field ¢ as a function
of z coordinate with g = 15 for the condensate (O3). In both plots, the black, red and blue lines
denote ground state, first and second states, respectively.

3 Numerical results

In this section, we will solve the above coupled equations (2.8) and (2.9) numerically. It
is convenient to change the radial coordinate r to the new radial coordinate z = r,/r.
For simplify, we set £ = 1 and r; = 1. Thus the inner and outer boundaries of the shell
are fixed at z = 0 and z = 1, respectively. All numerical calculations are based on the
spectral methods. Typical grids used have the sizes from 50 to 300 in the integration region
0 < z < 1. Our iterative process is the Newton-Raphson method, and the relative error
for the numerical solutions in this work is estimated to be below 1075,

In an approach based on the Newton-Raphson method, a good initial guess for the
profile of the functions 1 and ¢ is an essential condition for a successful implementation.
To obtain numerically the ground state solution, one can use the profile of a constant as a
initial guess for the function 1. Meanwhile, for the n-th excited state case, one need choose
a initial guess with n nodes for the function .

It is well-known that there exists a critical temperature T,, above which there is no
scalar condensate in the Schwarzschild-AdS black hole background, while for T' < T, the
scalar condensate begins to appear due to the spontaneously broken U(1) gauge symmetry.
Until now, only the ground state of holographic superconductor with a fixed critical tem-
perature was found out, that is, the scalar field 1 could keep sign along the radial direction.
By numerically solving the same equations of motion with boundary conditions as the case
of ground state, we could also obtain the solutions of the excited states, in which the value
of the scalar field can change sign along the radial direction.

In figure 1, we show two kinds of typical results of the distribution of the scalar field
Y as a function of z for the condensates (O;) and (Os), respectively. The values of the
chemical potential p are equal to 12 (left panel) and 15 (right panel). In both plots, the
black, red and blue lines denote ground state, first and second states, respectively. The
inset in left panel shows the detail of the curves of the first and second excited states. From
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(O7) | 1.120 | 6.494 | 11.701 | 16.898 | 22.094 | 27.290 | 32.486
(Oz) | 4.064 | 9.188 | 14.357 | 19.538 | 24.725 | 29.915 | 35.107

Table 1. Critical chemical potential i, for the operators O; and Qs from the ground state to sixth
excited state.

figure 1, we can see that the ground state has no nodes, and n-th excited state has exactly
n nodes, where the values of the scalar field are equal to zero. Moreover, the amplitude of
1 deceases with higher excited states.

In the table 1, we present the results of the critical chemical potential u. for the oper-
ators 01 and O, from the ground state to sixth excited state. We can see that an excited
state can be regarded as a new static solution of holographic superconductors that has a
higher critical chemical potential than the ground state, that is, an excited state has a
higher critical charge density p.. Because the critical temperature is proportional to p. 1/2
in four-dimensional spacetime, the excited state has a lower critical temperature than the
ground state. With the decrease of the temperature, the ground state first appears, and
when the temperature is lower to the critical temperature of the first-excited state, the
solutions of the first-excited state begin to appear. It is interesting to note that the differ-
ence of critical chemical potential u. between the consecutive states is about 5 regardless

of the condensates (O;) or (Oz). The relation between p. and n can be fitted as

5.217Tn + 1.217, for Oy,
fhe R
517 +4.026,  for O,
3.1 Condensates

According to AdS/CFT duality, the expectation values of the condensate operator (O;) is
dual to the scalar field ¢(®:
(0) =2 | =12 (3.1)

In figure 2, we show the condensate as a function of the temperature for the two operators
O; (left) and Oy (right) of excited states. In both plots, the black, red and blue lines
denote ground state, first and second states, respectively. In the left panel, the condensate
of ground state for the operator (O;) appears to diverge as the temperature 7' — 0, which
means the backreaction of the bulk metric can no longer be neglected. However, the
condensate of excited states does not appear to diverge as T' — 0, and the condensate
goes to a constant near zero temperature. Moreover, the condensate of an excited state is
smaller than the ground state. Especially, we can see that the value of the condensate for
the second excited state near zero temperature is very closed to that of the first excited
state. We have calculated the condensate of zero temperature until the sixth excited state,
and find that this value is about 4.4. In the right panel, the condensate of the ground state
for the operator O appears to converge as the temperature 7' — 0, and the condensate of
an excited state is larger than the ground state.
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Figure 2. The condensate as a function of the temperature for the two operators O; (left) and Oy

(right) of excited states. In both plots, the black, red and blue lines denote ground state, first and
second states, respectively.

When the temperature drops below the critical temperature T, the model of holo-
graphic superconductor has a second order phase transition from normal state to super-
conductor state. Moreover, there exists a square root behaviour near the critical point,
which could be expected from mean field theory. We fit these condensation curves for the
two operators O; (left) and Oy (right) of excited states near T'— T, and present the fitting
results as follows. For the operator O

9379 (1 —7/792,  Ground state,
(O1)~ ¢ 8.9 Tc(l) (1-— T/Tc(l))l/Q, 1st excited state,
8.5T (1-— T/Tc(2))1/2 , 2nd excited state.

where the critical temperatures TC(O) ~ 0.226p'/2, Tc(l) ~ 0.094p'/2 and Tc(z) ~ 0.07p'/2,
correspond to the ground, first and second excited states, respectively. For the operator Oy

144 (TC(O))2 (1-— T/Tc(()))l/2 , Ground state,
(O2) = { 329 (Tc(l))2 (1-— T/Tc(l))l/z, 1st excited state,
512(T9)2 (1= T/TP)Y2 . 2nd excited state.

where TC(O) ~ 0.118p1/2, Tc(l) ~ 0.079p'/2 and TC(Q) ~ 0.063p'/2 correspond to the ground,
first and second excited states, respectively. The above results come from fitting coefficients
of condensation curves near critical point by exponential function with square root. We
can see that for the condensate (O1), the fitting coefficients with higher excited state is
smaller than ground state, while, for the condensate (Os), the fitting coefficients with
higher excited state is larger than ground state. It is noteworthy that the difference of the
fitting coefficients between the consecutive states is about 0.4 for the condensate (O;) and
185 for (Os).

From the above results, it is clearly that because the excited state has a lower critical
temperature than the ground state, the condensate of excited states is weaker than the
ground state at the same temperature. That is, the Cooper pairs in excited states format
more difficult than the ground state case.
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Figure 3. The real and imaginary parts of optical conductivity as a function of the frequency. In
both plots, the black, red and blue lines denote ground state, first and second states, respectively.

3.2 Conductivity

In this subsection we study the conductivity in the excited states of holographic super-
conductors. We turn on perturbations of the vector potential A, in the bulk geometry of
Schwarzschild-AdS black hole. Considering the Maxwell equation with a time dependence
of e7™! the linearized equations are given as

/ w2 21/}2
When imposing ingoing boundary conditions at the horizon, we give the asymptotic be-
haviour of the Maxwell field at the boundary:

40 AR
A= AQ 4+ 2 (3.3)

According to the AdS/CFT duality and Ohm’s law we can obtain the conductivity

Ay
oA

o(w) = (3.4)
Because the value of the scalar ¢ in the excited stats is different from the ground state at
the same temperature, the value of the conductivity in eq. (3.2) could be changed with the
different excited states.

In figure 3, we plot the conductivity as a function of the frequency at the low tempera-
ture T'/T, ~ 0.1 for the operators Oy of excited states. The left and right panels correspond
to the real and imaginary parts of conductivity, respectively. In both plots, the black, red
and blue lines denote the ground state, first and second states, respectively. Similar to
the ground state, there also exists a gap in the conductivity of the excited state. It is
interesting to note that for the excited states, there exists an additional pole in Im[o]| and
a delta function in Re[o] arising at low temperature inside the gap. In addition, the form
of delta function of each higher excited states in Re[o] has the narrower width. In [44],
there exists the similar configurations of the conductivity as m? = —9/4, and the authors



pointed out that since holographic superconductors are strongly coupled, there exist the
interactions between the quasiparticles excited above the superconducting ground state,
and the pole indicates that the interactions could be very strong and form a bound state.
Now, it is clear that these behaviors are just the evidence of the existence of the excited
states of holographic superconductor. Similar behaviours for conductivities were also found
in the type II Goldstone bosons [46]. The authors related this behaviour of conductivities
to the fact that these are not in the true ground state of the theory, and complemented
the discussion by computing the quasinormal mode and confirm this picture. Furthermore,
in [47] they computed the correct ground state. So, these above behaviors of conductivities
indicate the emergence of new bound states, which embodies the existence of excited states.

4 Discussion

In this paper, we reconsidered the static solutions of Einstein gravity coupled with Maxwell
and a free, massive scalar field in four-dimensional AdS spacetime. Besides the well-known
ground state solution of holographic superconductor, we constructed the numerical solu-
tions of holographic supercondecutor with excited states, including the case of operators
O; and Oy. Comparing with the ground state solution in [5], we found that when the
temperature drops below the critical temperature TC(O) , the condensate of holographic su-
perconductor begin to appear, which could be regarded as the ground state solution. Fur-

)

ther decreasing the temperature to Tc(1 , a new branch of solution with a node in radial
direction begins to develop, which is the first excited state solution. As the temperature
continues to decrease to lower values, we could obtain a series of excited states of holo-
graphic superconductor with differential critical temperatures. It is well-known that the
condensate of ground state for the operator (O;) appears to diverge as the temperature
T — 0. However, the condensate of excited states does not appear to diverge and goes to
a constant near zero temperature. Moreover, the condensate of the excited state is smaller
than the ground state. Note that the value of the condensate for the second excited state
near zero temperature is very closed to that of the first excited state. We calculated the
condensate (O;) near zero temperature until the sixth excited state, and found that this
value is about 4.4. For the operator 02, the condensate of an excited state is larger than
the ground state. We also studied the conductivity in the excited states of holographic
superconductors. It is very interesting to mention that each excited state has an additional
pole in Im[o] and a delta function in Re[o] arising at the low temperature inside the gap.
These behaviors are just the evidence of the existence of the excited states.

Since in this paper we are using AdS/CFT to describe the superconductor with excite
states, it is natural to ask what is the connection between holographic superconductor with
excite states and actual superconductor matter in condensed physics. It is well known that
if a thermodynamic system is in equilibrium state, it should be in the state with the
minimum free energy. Holographic model of superconductor investigated in [35, 36] could
correspond to the above state of minimum free energy. But for mesoscopic systems, such
as nanostructures, due to the small size of the system and the small number of particles.
The fluctuation of the system may make it run to a metastable state. Thus, these free



energy surfaces are very complex and have many metastable states. The system can stay
on these states for a long time. In case of superconductors, it means that the sample
should have one size at least of order the coherence length, and such superconductors are
called mesoscopic superconductors [48]. In [49], with the time-dependent Ginzburg-Landau
equations, transitions between metastable states of a superconducting ring are investigated.
So, excited states of holographic superconductor could be related to the metastable states
of mesoscopic superconductors.

There are many interesting extensions of our work. First, we have noticed that the
value of the condensate (O;) near zero temperature with higher excited state is about 4.4.
In addition, the difference of the critical chemical potential p. between the consecutive
states is about 5 for both of the condensates (O;) and (O2), but the reason of these
configurations is not clear. It would be very interesting to study these cases with the semi-
analytical method [45] to see how these values are related to excited states. The second
extension of our study is that away from the large charge limit, the backreaction of the
matter fields on the bulk metric needs to be included. Thus, one must solve the coupled
differential equations including Einstein equations. Finally, we are planning to study the
excited states of the p-wave and d-wave holographic superconductor and construct the
excited vector and tensor condensates in the background of black hole in future work.
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