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ABSTRACT: Direct numerical evaluation of the real-time path integral has a well-known
sign problem that makes convergence exponentially slow. One promising remedy is to use
Picard-Lefschetz theory to flow the domain of the field variables into the complex plane,
where the integral is better behaved. By Cauchy’s theorem, the final value of the path inte-
gral is unchanged. Previous analyses have considered the case of real scalar fields in thermal
equilibrium, employing a closed Schwinger-Keldysh time contour, allowing the evaluation
of the full quantum correlation functions. Here we extend the analysis by not requiring a
closed time path, instead allowing for an initial density matrix for out-of-equilibrium initial
value problems. We are able to explicitly implement Gaussian initial conditions, and by
separating the initial time and the later times into a two-step Monte-Carlo sampling, we
are able to avoid the phenomenon of multiple thimbles. In fact, there exists one and only
one thimble for each sample member of the initial density matrix. We demonstrate the
approach through explicitly computing the real-time propagator for an interacting scalar in
0+1 dimensions, and find very good convergence allowing for comparison with perturbation
theory and the classical-statistical approximation to real-time dynamics.
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1 Introduction

For a quantum system evolving from one state to another, Feynman’s path integral quan-
tization asserts that all possible paths in field space contribute to the quantum amplitude.
These contributions are equal in magnitudes but have different phases [1]. This poses a
great challenge when one wants to compute the path integral through numerical methods,
as although the interesting physics is often concentrated in some region of space of paths,
a detailed cancellation of quickly oscillating functions must be achieved. The challenge is
also known as the “sign problem”, and appears whenever the path integral kernel cannot
be made real by Wick rotation to a Euclidean action, such as when a chemical potential is
present, or the correlators one is trying to compute involve a real time separation.



Recently in [2, 3], it was shown that the real-time path integral can be computed
through a Generalized Thimble Method, based on complexifying the field variables. In the
complexified field space, one can deform the integration cycle of the path integral into the
complex plane and still obtain the same result of the integral, so long as the integrand is
holomorphic in the new complex variables. There is some freedom in how one deforms the
contours, but a natural choice is to use a gradient flow (to be described below), starting
from the original real field space. If we stop the flow at some finite flow-time, then the
original field space will have flowed to some new field space M, and the integral over M is
equivalent to the integral over original real field space. In particular, when the flow time
approaches infinity, one finds that M, is composed of Lefschetz thimbles [4], where the
phase of the integrand is constant and therefore the “sign problem” is eliminated on each
thimble (except for milder contributions from the residual phase [5]). In practise, we are not
able to perform infinitely long flows. However, as long as the flow-time is large enough then
the “sign problem” will be alleviated, in the sense that the highly oscillatory integrals of a
function with constant magnitude (i.e. ¢*/") turn into integrals of an oscillating function
with decaying amplitude.

The Lefschetz thimbles are a set of special submanifolds within the complexifed space
that contain critical points of the action, and points on the thimble will flow to (or from)
these critical points. Equivalently, Lefschetz thimbles are the manifolds that are generated
by the gradient flow from critical points. When there are many critical points it can be
difficult, in practise, to determine which thimbles should contribute to the integral. The
Generalized Thimble Method takes a finite flow time from the original integration manifold
to M, and this manifold will approach the appropriate set of thimbles for the integral as
the flow time is increased. Although this automatically selects the correct thimbles, in
practise the numerical sampling algorithm can get stuck on one particular thimble, as
the connections between the thimbles are exponentially small. This manifests itself as a
multimodal problem in the Monte Carlo calculation of the integral when there is more
than one thimble. Ideally then, one would prefer to work with systems that have a single
thimble, and so a single critical point of the action.

We are interested in applying the thimble approach to real-time quantum systems,
and in this context the critical points correspond to classical trajectories that extremize
the action. The idea we shall follow, that allows us to work with a single thimble at a
time, is that there is a single classical solution for a given initial position and velocity or,
in the language of fields, a given ¢(t = 0,z) and $(t = 0,z). Of course, given that we are
studying a quantum system, there will be an ensemble of initial positions and velocities
described by an initial density matrix, but we will see that we are able to separate the
path integral into a two-step sampling procedure; for each member of the initial condition
ensemble, we may compute a well-defined contribution to the path integral using the Gen-
eralized Thimble Method, and subsequently average over the initial condition ensemble in
a straightforward way.

The framework where one can separate the full path integral into an initial distribution
and the subsequent dynamical part of the path integral already exists, and is known as
the Schwinger-Keldysh, or in-in formalism [6, 7]. It is adapted to situations where one has



initial data, rather than comparing in and out states, and as such one uses a time contour
that starts at tg, extends to some T', and then goes back to tg, rather than to infinity. The
value of T' is arbitrary, so long as the path encompasses any operators O(t) that one is
interested in. For some theoretical situations it is useful to take T — oo, but for numerical
simulations, such as in this paper, we work with finite 7. We shall show in section 3.5 that
it is the same reasoning behind the freedom of choosing T' that enables us to separate the
full path integral into two steps.

We will see that our approach to solving for the complete real-time quantum dynamics
may be linked to popular approximation schemes, such as the classical-statistical approx-
imation, (truncations of) real-time Schwinger-Dyson (Kadanoff-Baym) equations [9] or a
quantum “dressing” of the classical path by Langevin methods in stochastic quantiza-
tion [10]. As for traditional Euclidean equilibrium lattice simulations we may compute
the path integrals exactly from first principles, up to lattice discretization errors and finite
numerical resources.

The structure of the paper is as follows: in section 2 we describe the Lefschetz Thimble
Method and the Generalized Thimble Method, and introduce critical points and their role
in evaluating the path integral. We connect to earlier work [3], and recall the flow equations
to be used later on. In section 3 we discretize the path integral and show how the initial
conditions may be separated from the remaining degrees of freedom, and set up the two-step
sampling procedure. We set up a convenient parametrization of the discretized path integral
variables entering in the real-time, but not necessarily closed-time path, path integral. We
demonstrate how splitting up the sum over paths into subsets with fixed initial conditions,
can resolve the multimodal problem in a straightforward way. We then explicitly derive
the Gaussian initial density matrix, at finite temperature and in the vacuum, and take
care of some technical points that arise. In section 4 we present our numerical model and
algorithm for a field theory in any dimension, and demonstrate our approach for a theory
in 0+1 dimensions, so quantum mechanics. We conclude in section 5. Some details of the
perturbative one-loop correlator are placed in appendix A.

2 The path integral deformed into the complex plane

Consider the path integral written in the form,!

/ Hdcpie_l, (2.1)
"i=1

with real variables ;, and Z is a function of all ¢;. Here we combine space-time indices
into 4, and will specify them more precisely later. As in the Feynman path integral, the
exponent could be purely imaginary, so that the integrand is oscillatory with a constant
amplitude. We can improve the convergence of the integral through complexifying ; and,
because of Cauchy’s theorem, we can deform the real integration cycle into the complex

'We use the notation Z as this connects with the standard literature (maybe up to a minus sign), but
we ultimately have in mind that Z = —%, where S is the action.



plane and still obtain the same result for the integral. In the following we shall use ;
to denote the real field, and ¢; shall denote the complexified field. As such, the initial
integration manifold is R", parametrized by ¢;. This integration cycle is then deformed to
a surface in C" with n real dimensions, parametrized by ¢;.

2.1 Lefschetz Thimble Method

Such an approach is pioneered in [4, 14] for Feynman’s path integral, with the altered
integration cycle known as Lefschetz thimbles, obtained by gradient flow,

do; _87
dr — 0¢;’

(2.2)

from critical points that are determined by 0Z/d¢;|..., = 0. The over-line above refers

crit
to complex conjugation, and Z is now considered a holomorphic function of the complex
¢;. The Lefschetz thimbles are n-dimensional integration cycles in the n-dimensional com-
plex (so 2n real dimensional) plane. As we can see from the flow equation, dZ/dr =
>, 10Z/0¢i|?, Im[Z] is constant on each thimble, and of the same value as at the criti-
cal point, while Re[Z] keeps increasing with 7 as we move away from the critical point,
so its contribution to the integral (2.1) is exponentially suppressed away from the criti-
cal point. As a result, we achieve quick convergence by performing the integral on the
Lefschetz thimbles.

The idea of integrating over Lefschetz thimbles can be naturally adopted to numeri-
cal simulations [5], especially through Monte Carlo methods with, for example, Langevin
dynamics [15, 17] and also Metropolis algorithms [16, 21, 22]. In the following sections,
we will use the term Lefschetz Thimble Method to refer to the methods of generating
samples on Lefschetz thimbles. In the case of a single integration variable, the constraint
that Im[Z] is the same as it is at the critical point can almost determine the thimbles
entirely [17]. With more integration variables, however, this one constraint is not sufficient
and we should return to using the gradient flow (2.2). To be precise, we should consider
the flow starting from a small neighbourhood of the critical point on each contributing
thimble, as the gradient flow will actually take infinite time to run away from the critical
point itself. The neighbourhood should also be small enough to use an expansion of Z
up to quadratic terms, and with only these quadratic terms present we can solve the flow
equation explicitly. This requires each isolated critical point, p, to be non-degenerate [5],

0T 0’1 >
=0, and det | —F+—
i |,, (a¢ia¢j

By Morse theory/Picard-Lefschetz theory, the matrix of second order derivatives of Re[Z]

£0. (2.3)

p

has n positive eigenvalues and n negative ones, and near the critical point, we can ap-
proximate the Lefschetz thimble with the manifold generated by these n positive eigenval-
ues/eigenvectors.

The “sign problem” is milder on the Lefschetz thimbles than on the real space. On each
thimble, Im[Z] is constant, and the only varying complex phase comes from the Jacobian of
the transformation that maps the complex integration variables into real ones [16]. More



importantly, the exponential suppression of the magnitude away from the critical point
makes the Monte Carlo simulation on each thimble possible.

A subtlety arises when there exists multiple critical points since in this case one has to
find all the critical points and related Hessian matrices analytically, and then decide which
combination of thimbles is equivalent to the original integration contour. There could exist
one or more dominant critical points, giving similar contributions to the path integral.
But there also exist concrete examples where equally dominant critical points cancel each
other out in the integral, so that the main contribution comes from sub-dominant critical
points [18, 19]. One might also have to sum over all contributing thimbles to not miss
something [20]. This is not an easy task for a general theory, so is there a technique that
includes the complete integration cycle automatically, without having a “sign problem” at
the same time? Such a technique is the Generalized Thimble Method.

2.2 Generalized Thimble Method

The gradient flow (2.2) serves two purposes. On the one hand, starting near critical points,
it defines the corresponding Lefschetz thimbles. On the other hand, it maps the real
integration cycle to the combination of thimbles contributing to the original integral. For
instance, at 7 = 0, we have the original n-dimensional real space, and as 7 — +o00 we
obtain the right combination of Lefschetz thimbles. In fact, the flow equation (2.2) in this
case generates a family of n-manifolds that are characterized by the flow time, 7, and at
any such flow time the integral would return the same result. Given the “sign problem” at
7 = 0 and its absence at 7 = +00, one might expect the “sign problem” to be alleviated
gradually along 7, and even at some finite 7 the Monte Carlo simulation may already
become effective. This turns out to be the case and such a finite 7 approach, which is
known as Generalized Thimble Method [24-26], has many applications in dealing with the
“sign problem” in different scenarios [2, 3, 23-26].

The finite 7 manifold, M, has n real dimensions and is embedded in an n-dimensional
complex plane. We can parametrize it with real variables as follows. Provided with initial
real values ¢;, the flow equation (2.2) transforms the fields into complex ¢;. Thus we arrive
at the equalities,

n - n B n a¢ -
—I(p) _ —I(¢) _ ) (e
/ngd%e ) — /Mgd@e @) — /Rngd%det<aw>e O, (2.4)

The first equality is where we complexify ¢; — ¢; and perform the integration over the
manifold M;? the second equality is where we think of ¢;(7fina) as a function of the initial
vi = ¢i(t = 0), and perform a co-ordinate transformation back to ¢;. Note that in the
final expression, Z is evaluated at ¢;(p), while the first expression is evaluated at ;, with
the Jacobian providing the appropriate correction factor.

ZNote that for zero flow-time, M is just the initial real manifold R™ C C".



We can also deduce from the flow equation (2.2) that the Jacobian matrix J;; =
0¢;/0¢; satisfies

4 (6@) _ T ok 25)
dT Ogoj 8¢Za¢k ngj ’ '
with J;; an n X n identity matrix at 7 = 0. In practice, one can carry out importance

Z)+1In |det(J)|

sampling with the weight P(¢) = e Rel , and then reweight by the remaining

imaginary parts,

<67ilm[I}+iarg(det(J))O((b)>

= 2.6
<87ilm[I}+iarg(det(J)) > ( )

(O(9)) =

P

We see this by noting that expectation values for operators are given by the following
path integral

(O) ~ / [[dei ()™ ~ / [ dgidet (1) O(s(p))e 2@ 2.7)
"i=1 "i=1
~ / Hd@z O((b((p))e—ilm[I}-Harg(det(J))e—Re[I}—Hn|det(J)\.
"i=1

While the Lefschetz Thimble Method approach is well-suited to an analytic approach,
the Generalized Thimble Method with finite 7 is more numerically oriented. On the other
hand, the Generalized Thimble Method is not sensitive to the degeneracy of critical points.

To alleviate the “sign problem” one may have to go to a manifold with large 7, where
the connection among different regions of the integration contour, flowing from multiple
critical points, becomes exponentially small. As a result, simple Monte-Carlo sampling
algorithms may get stuck in one region. This “multimodal” problem is a likely feature
of the Generalized Thimble Method. Many sophisticated methods have been proposed to
get the correct exploration of the manifold [23, 27]. But there is no doubt that both the
Lefschetz Thimble Method and the Generalized Thimble Method are effective in the case
of a single critical point. Then a natural question is whether we can tell the number of
critical points beforehand. It turns out that we can, at least for a scalar theory.

3 Theoretical developments for the real-time path integral

At this point, we will derive a series of results for the path integral, which will all come
into play, when we put together our algorithm in section 4.

3.1 The path integral

To fix our conventions we will start by deriving the path integral expression for calculating
operator expectation values in the Heisenberg picture, <(§(<i>,f[)), with operator O con-

sisting of the scalar field operator ® and its canonical conjugate, II, at one or more times.
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Figure 1. Illustration of inserted ¢. Here we separate ¢ and ¢~ vertically for demonstration
purpose. All these fields live on the real-time line. The difference between two neighbouring ¢ is a
constant, given by dt.

We follow the convention of [11]:
[ Polsityiot = 1.
/’Dﬂ]ﬁ; t)y(m;t] =1, (3.1)

(st ) = [j:ﬂ o exp (h / ddm<z>¢<x>) ,

where |¢;t) and |m;t) are eigenvectors of operator ®(t) and II(t) respectively. In the
formulae above, a discretized d-dimensional space was assumed. That is, Ny sites along
each spatial direction and distance dz between two neighbouring sites, so the volume V =
(N,dx)? and, furthermore, we suppressed the spatial index. For instance, D¢ = [L, do(x).
It is also convenient to switch between continuous and discrete expressions via,

/ddx & dex, 0 & L _0 (3.2)

() Az 9g(x)’

We can then calculate ((’A)(i), f[)) by inserting complete sets of |¢;t;)(¢; ;| in succession
along the temporal direction, leading to

(O(,11)) = Tr |O(@, 11)5(®(t0), Mi(t0)) | (3.3)

= /D¢<¢o;to|¢>1;t1><¢>1;t1|~-@--~|¢>f;t1><¢f;t1|¢3;to><¢§;to| P ég i to),

with ﬁ(@(to),f{(to)) the initial density matrix operator at to. Figure 1 gives a graphic
demonstration of the insertion along the temporal direction.

In the presence of operators O, the insertion is not unique. There are two features
worth noting. (1) There are different ways for the operators to appear in the expression.
For instance, in the case of O = ®(t,)®(t3) and t, > tg, if ®(tg) appears in the upper
(¢1) layer, then ®(t,) can appear either in the upper (¢T) or lower (¢~) layer. We will see



what this implies for the path integral in section 3.9. (2) One is free to choose the turning
point ¢,,, as long as the contour includes the operator O. The path integrals with different
turning points give the same expectation value of the operator.

First, we need to calculate each Feynman kernel (¢;;t;|¢;;t;). Here we only assume
that the time difference |t; — ;| is small, but do not specify which time is earlier. Since we
want to derive the path integral with dt¢ finite, a symmetric expression of the kernel seems
a better choice, as it will converge more quickly in the limit d¢ — 0. Thus by evolving each
state to the equal time ¢ = (¢; +¢;)/2, and then inserting the complete set of |m;#)(m; 1|,
we arrive at the expression,

(@itloyity) = otlexp (— T Joxp (~ 155 ) 030
/m <Z>Z,texp< htZQth)hrt)(Wﬂexp( ht12t1H>|¢],>
H (3] +H )
|:27Th:| /D?TGXp( —(ti—t;) G )2 (5 )—l-h/ddxw(qbi—(bj))

—[m;(im_W] N exp(é( —t5)L (qﬁz,qﬁ;)) (3.4)

where the operator H is the Hamiltonian, which contains only up to quadratic terms of I1.

For the scalar theory, we assume the general expression,

H= /dd< A(<i>)> (3.5)

with C'(®) composed of spatial derivative terms and a field potential. We do not need to
know the exact expression of C(®) at the moment, but demand C(®) is local in time. We
also assume that all operators, for instance H , may be written as functions of variables ¢
and 7. The function H(¢;, ) is then the result of the operator H acting on states.

Given the Hamiltonian, the Lagrangian is

L(outy) = [ s (; [qﬁx;_g( >} _c(@);c(@))j 56)

which is symmetric in ¢ and j. In light of eq. (3.4), the wave function (¢;t|in) =
| D¢/ (@; t|¢';t — dt)(¢; t — dt|in) satisfies the Schrodinger functional equation [13],

2 2
zhgt@,tyin) = /ddx [_ZW +C(¢(t,x))] (¢, t]in), (3.7)

in the limit dt — 0. Thus, Feynman’s kernel is the propagator for small time intervals. We
emphasize that the derivations in (3.4) are valid for both ¢; > t; and t; < t;. From ¢} _,
to ¢, the time difference is d¢, but from ¢,, to ¢ it is —dt.

m—1°



Now we can continue working with eq. (3.3)
(O(,11)) = T [O(&,11) 5((t), Ti(to))

7 [Doep (5 [ ) 0. m) 6 talp (B0 1100 Iit0h. (35

where N is a collection of numerical constants that appear in kernel (3.4), and the inte-
gration contour C is understood as the contour shown in figure 1. In the discrete theory,
the integral over C in the exponent is really an abbreviation of,

/CdtL:dtZ(L( F670) — L(67 1, 67)) s (3.9)
=1

where, to write the expression elegantly, we denote ¢,, = ¢}, = ¢... On the other hand,
since the numerical constant N does not depend on the operator O, we can fix it by taking
the case O =1,

1

1= T [p(@00). 100)| =7 [ Doesp ([ L) tistals (o). 1100) st
(3.10)

where we utilize the fact that the trace of the density matrix is one. Therefore, we can
write the expectation value of the operator as,

J Déexp (4 Jo dtL) O (6, 7) (65 tolp( D (t0), T1(10) ) 165 to)

(O(e,11)) = . — K
[ Doexp (+ [, dtL) <¢8r;t0|P<‘I>(to)7H(to)> [Py 5 to)

(3.11)

We will compute Eq. (3.11) by a Monte Carlo evaluation, where one generates samples
according to the distribution in the denominator,

[ oo (5 [are) o alo e 100 15 0. (312)

3.2 Ciritical points

We are now in a position to find the critical points in eq. (3.12). We write
IT=—i fc dtL/h+ ---, with ellipsis denoting extra terms coming from the initial density
matrix, which are only functions of qbar and ¢, . To study the critical points it is convenient
to use another basis, ¢? and ¢?, defined through [6-8, 29, 30],

¢!
2

¢!

(), 7 () = (@) - 5

of (z) = ¢ (x) + (z). (3.13)

3In the literature, there exist alternative ways to transform ¢* and ¢~, with Keldysh’s original conven-
tion [7, 30] corresponding to ¢& = (QSCL + ¢9) /V2. Here we follow the approach of [8, 29], but we adopt
the names ¢ and ¢? from [30].



With these,* the action becomes

/dtL dtz [/dd < (¢ (x) = o (@ )gtgbq( )~ dia(x ))) B +2Ei_1

where

. (3.14)

B [atz]o (o) + Sw) - (6@ - L) (3.15)

We may derive two general results without knowing the explicit form of the Lagrangian:
1. E,, = 0. The only term in the exponent containing ¢,,(z) is the product of ¢, (z)
and ¢! | (x). Actually, in eq. (3.12), one can integrate ¢, () out, and get a delta function,

as follows,
[ Do 01— T(m) Mz o
" - hdt
(3.16)
orhdt) V)
= (ddx> 110 (¢, ()
If one further integrates out ¢! ,(z), eq. (3.12) would become the same form as the

and with an extra

overall constant. We emphasize the fact that the integration over (¢, ¢f

a constant, and it will not alter the remaining path integral, except through the overall

original integral, but with the turning pomt ém replaced by ¢¢

m—1>

) together is

constant. One may integrate out the (qbfl, 7 ,) one by one, as they become the last pair
along the real-time direction. By continuing this process down to ¢y, we arrive at

/D¢€Xp ( /dtL> (¢o0:tolpldnito) = -+ = Ji//p¢<¢0;to\ﬁ’¢o;to> = % (3.17)

This is just eq. (3.10), written in reverse order, and also provides an alternative way to com-
pute the constant A/. Of course, to avoid keeping numerical constants, one can execute such
contraction simultaneously in both the numerator and denominator of eq. (3.11). However,
the contraction in the numerator is no longer valid once O(t) is reached. Generally, if £y
is the maximum time that the operator ) depends on, then as long as t,, > tmax, the path
beyond tax is contractible. This corresponds to the freedom that one can have in choosing
the closed time path when restricted to the real-time line.

2. All terms in E; contain odd powers of ¢J(z), as even powers of ¢7(x) cancel out.
One can check this by expanding eqs. (3.14) and (3.15) as a Taylor series in ¢!. In fact, the
quantum field theory can be computed in perturbation theory of ¢? [8]. The leading order
theory has a term linear in ¢? appearing in the exponent, and if we carry out the integration
of ¢? explicitly, the leading order theory is the classical theory. A simple example is \¢*

“Even though we do not apply the change of basis to @, (z), as there is only one field, it will be useful
to introduce ¢¢ (x) = ¢m(z) and @2, (z) = 0. But we do not treat ¢Z () as a variable.

~10 -



theory (suppressing for moment the initial density matrix part of the expression),

R E HORL )
:/D¢6XP (; /dt/ddx [écléq - qu)Cqubq — m2¢d¢‘1 _ % [4¢q(¢cl)3 + (¢q)3¢clH>

:/D(be%fdtfddw[(i,cl(i,q_v¢clv¢q_m2¢cl¢q_;!¢q(¢cl)3] <1 B % dt/dd$(¢q)3¢Cl 4. ) 7

By keeping the leading term in the final factor, and then integrating out ¢?, we find the
delta function,

82¢d 2 ,cl 2 icl A cl3
5(—(%2 + V26— m2g —3!(¢)>, (3.18)

which means, in the leading order theory, that ¢ satisfies the equation of motion of
the classical field. More generally, 887%1

pio = 0 leads to the classical equation of motion.
q —

Furthermore, when ¢{(z) = 0 at any x, then 0E;/0¢¢' (z) must also vanish, since it consists
of odd terms of ¢.

We may write down straightforwardly for 0 < ¢ < m,

oL _ _i(dt)(ddx) 2¢¢ () — 9Ly () — ¢fi1(95) _ OE;
Ol (x) h [ (d1)? 967@) | (3.19)
0L _ _i(dn)(d") 207 (z) — ¢i_y(z) — ¢4 (2) OF;
o¢i(x) [ (dt)2 - Do (x)] , (3.20)
and for ¢ = m,
or  i(d%x) ,
Oom(@) bt om1) (3.21)

We now note that the critical points are determined by 0Z/0¢|,., = 0 for all ¢, from
which it follows that egs. (3.19) to (3.21) all vanish at those points. We can now show
by induction, that critical points require all ¢g(:v) = 0 with 0 < ¢ < m. This is true for
i = m —1, as the vanishing eq. (3.21) alone indicates ¢!, _;(z) = 0 at any z. Furthermore,
if ¢, | (x) = 0 along with ¢7(z) = 0 at any =, then as this implies 0F;/0¢¢ (x) = 0, we see
that the vanishing of eq. (3.20) leads to ¢! ;(z) = 0. We can apply this induction down to
OL/0¢s = 0, such that all ¢7(z) =0 with 0 < i < m.

Now that we have ¢! (x) = 0 at the critical point, we can use the vanishing of eq. (3.19),
L.e. 0Z/0¢](x) = 0, to lead us to the classical equation of motion,

20§ (2) — ¢4 (2) — ¢ (x)  OFE; _
(02 59w log=0

(3.22)

Notice that the second term on the left-hand side contains only ¢¢'. Therefore, eq. (3.22)
determines ¢ ;(z) uniquely once ¢¢(z) and ¢’ (z) are known. In other words, once
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Sl(x) and (ﬁfl (z) are known, we can uniquely solve all subsequent #. In this sense, we
can assert that the critical points are completely determined by ¢g!(x) and ¢§(x).
What we have shown, therefore, is that there is a single critical point for each given
cl(z) and ¢$'(z), and so by picking ¢¢(z) and ¢$(x) there will be a single thimble asso-
ciated to that single critical point. We now need a scheme to select ¢¢(z) and ¢§!(z), and
for this we need an explicit expression of the initial density matrix.

3.3 Thermal initial density matrix for a free field

Later on, we will be particularly interested in Gaussian initial conditions, which may then
be chosen to be vacuum, thermal equilibrium or any out-of-equilibrium initial Gaussian
state.

But before we specialise to Gaussian states, we will first recall how a general thermal
equilibrium state may be introduced as a path integral of imaginary time.

The density matrix operator for thermal equilibrium is p = e #7/Z, where 1/8 =
kpT, with kp being Boltzmann’s constant and 7' the temperature. The normalization
Z = Tr|e B } is just an overall constant, which we will suppress for now. In this case,
the insertion of complete sets leads to,

(63 tole™ |6 sto) = (&4 stole ™ - e |67 to) (3.23)
N-1

:/ H Dow(dg itole™ P |prito)(britole™ P |prrito) (brrstol -+ (dn—13tole™ P |ogy s to),
k=1

with df = B/N. As the label suggests, it would be convenient to also denote qﬁ{f as @q
and ¢, as ¢n. The computation of each single kernel is similar to (3.4), and we can also
compute it in a symmetric way,

_d8E _dB 7 _as
(3 tole™ H |prsas to) Z/Dﬂcﬁk;to\e 2 s to) (mes tole™ 2 s to)

(Ns) '

27h 2 h
(s)?
_ [ R (ABL [k, brs1]) (3.24)
- 27Th2dﬂ p ky Pk+1]) .

where the Lagrangian is defined similarly to the real-time one, but with d¢ substituted by
—ihdg,

2
L[k, dri1] = /ddg; [; (ﬁbk(az);ﬁﬁ?l(@) _Cor) +20(¢’“+1)] , (3.25)

It is then straightforward to compose the expectation value as a series of integrals, along
a trajectory from ¢n (so ¢y ) to ¢o (so ¢g ), through negative imaginary time,
d
ddx N(J\Q’s)
27h2ds }

A N-1
(o3 tole P |pnsto) = [ / H Dérexp (ABLo [0, ¢1]) exp (dBLo ¢k, Prt1]) -
iy

(3.26)
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tO tm tO — 2sm

to — ihB/2

tm - ZhB/Z

to — ihf to — ihf

Figure 2. For thermal equilibrium, the complex time path is periodic along the imaginary time
direction, with the period A, and there is some freedom in choosing the contour in the complex
time plane. (L) The Schwinger-Keldysh closed time contour used in [2, 3]; (R) The Schwinger-
Keldysh closed time contour used in [8]. In section 3.3 we use the right-hand side path to derive
analytic expressions, where both trajectories of ¢ty — t,, and t,, — to are located on the real-time
line, and the vertical offset between them exists only for demonstration purpose.

In combination with the integral along the real-time as in eq. (3.12), the whole path integral
is defined on a closed contour in the complex time plane, which is periodic along the
imaginary time, with a period 3. Since there exist different ways to insert complete sets,
there is some freedom in choosing the contour in the complex time plane. For a graphic
illustration, see figure 2.

So far, we have considered the density matrix of a general scalar field, but for free fields
we can carry out the integrals in eq. (3.26). It is more convenient to do this in momentum
space, so that we introduce

d? -
$(z) = / (%l))d $(p)e™®. (3.27)
Since ¢ is a real field, ¢(—p) = ¢(p)!, and we may write

¢(p) = bre(p) + idim(p). (3.28)

Thus it would be more appropriate to use its real and imaginary components as integration
variables, in particular \/§¢re(p) and \/§¢im(p), which can be regarded as the result of a
unitary transformation of (¢(p), ¢(—p)). On the other hand, one can also arrive at the
same variables, by performing a real-to-real Fourier transform in the first place. Later
on, we will use p,re,im to mean that it is these real integration variables that we use.

But it is easy to switch between (¢(p), ¢(—p)) and (v2¢re(p), V2¢im(p)). so that the free

Lagrangian in momentum space takes the form,

2,2 ) )
Lo[qsk,(pkﬂ}:l Z ;(Gﬁk(lz)_;hikg)lz(l))) _2p(¢k(p)) +2(¢k+1(p)) |

- (3.29)

p,re,rm

where w, = /p?> +m?, and V is the spatial volume.® We can now switch eq. (3.26) into

d
5We will allow ourselves to readily switch between continuum and discrete notation, treating f (‘;de

and % Zp, as being interchangeable.
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momentum space, and carry out the integrals,

(o3 tole ™ o3 to) (3.30)

N(N)?

A N—1
- [Wﬁi%lﬁ} H / H Déyexp (dBLo [0, ¢1]) exp (dBLo [dr, Pr+1])
k=1

p,re,am

_ H ( Wp > 12 W [cosh(huwpB) (¢ (p) + 05 (p)) —2¢n (p)do(p)]
- orVhsinh(hw,B) ) 21V sinh (i, B) ’

p,re,om

where the overall constant on the second line is changed due to the Fourier transform, and
to reach the last line we take the limit dg — 0. We are now able to calculate the partition

function as,

Z = H /d¢(p)<¢7t0’eﬁf{|¢, t0> = H ZSlnh(lhwam = H Z efhwp,@(np+1/2)

p,re,im P P np=0

(3.31)

3.4 Initial density matrix for vacuum and n-particle states

Alternatively, we can also derive everything from the n-particle eigenstates. The free theory
is equivalent to a sum of independent harmonic oscillators with different w,. Therefore,
one can derive n-particle eigenstates for the free field theory as one does in the harmonic
oscillator. We will skip the details of the derivation and only provide the final formulae.

In momentum space, the vacuum wave function is0
_ wp \1/4 _wp¢2(p)
(¢p|vac) —pgm (me) exp < “ovh (3.32)
_ H(ﬁ)l/‘* o _1/ d% wpe?(p)
L\ Vhr P\"rn) emi 2 )

With it, we can write the density matrix of the vacuum state as,

o) )1/2 o <_wpqﬁo(p)gbo(p)"i‘(bn(p)d)n(p))‘ (3.33)

(0ustolvac)vaclgnito) =[]

p,re,am

Vhm Vh 2

The wave function of the n-particle state is

o =TT (575)" gyt (/5000 0 (—;( ;”,;ap))Z), (330

p,reim

where the Hermite polynomial hy(z) is defined as:

hn(2) = e* /2 (Z - (i) e %12, (3.35)

5The wave function here is understood as a stationary wave function. With the time-dependent phase

term e~ *7*/? the wave function is the ground-state solution of Schrédinger functional equation (3.7), and

the energy of the ground state is hiwp /2.
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We can now compute the density matrix of any pure state or mixed state, as long as it
can be expanded with n-particle states. For instance, it is straightforward to calculate the
density matrix for the thermal states, up to the partition function Z,

(03 tole ™ o) (3.36)
_ 1/2 = wp ]. wp 2
p}e_,[im (Vhﬁ) Z \/W o, ( Vh%(?)) exp | —3 ( Vh%(p))

2
¢21th< 3’;}%@)) exp (—;( ;;qzw(p)) >empﬁ<np+;>
,,.

_ 12 wy cosh(hw,B)(83(p) + 6% (p)) — 260(p)dn (p)
= 11 <27thsmh( p5)> P <_v% OQSinh(;inpB) )

p,reim

where to get the final expression, we have used Mehler’s formula

+o00o
(w/2)" 1 4ryw — (1 4+ w?)(2? + y?)
T;) ar (@) exp (=% +47)/2) = Zmg exp ( : 2(1 — w?) ’ ) '

(3.37)

This result agrees with what we derived in eq. (3.30). It is useful to check the exact density
matrix with the partition function (3.31),

(dostole™ 1/ Z|g s to) (3.38)

B H < wp sinh( p5/2)>1/2ex (_wp [cosh(hwpﬂ) (¢?V(p)+¢(2)(p))—2¢N(p)¢0(p)])
7V cosh(fw,3/2) P 21V sinh(fw, ) '

p,reim

In the limit 8 — +o00, it becomes to (3.33). The density matrix of the thermal state at
zero temperature gives the density matrix of the vacuum. So we are going to stick with
the free thermal density matrix in the following sections, and treat the vacuum state as a

special case.

3.5 Path integral with a free initial density matrix
Given a free initial density matrix, the full path integral has the general form,

L [ d'p wp(cosh(uwyB) [(65)° + (¢9)2] =200 ¢ )
2= | We’“’( i o Smh(if) ﬁ/cd“:>

(3.39)

or, in the ¢ and ¢7 basis,

_ / D exp <—;_L / (;i’)’dwp [2%8221 + (¢§)2(2np+1)] v /C dtL), (3.40)

with the occupation number given by

(3.41)

Ny = —F———%——.
p elwpB _ 1
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The initial density matrix in (3.40) implies that the field ¢g is drawn from a normal
distribution with the variance proportional to 2n, + 1, while ¢ comes from a normal
distribution with variance proportional to 1/(2n, +1). We can get a better understanding
of this observation by integrating out ¢f, noting that ¢ also appears in the last term
of eq. (3.40). However, by assuming the theory to be free at ty, we will not encounter any
higher order terms of ¢{,

i _ i ddp cl 1q cl 1q wgdtz cl 1q
h/cdtL_<hdt>/(27r)d[¢o¢o_ 100~ =y et

and we see that ¢ interacts only with qﬁﬁl and qﬁ‘l"l. After the integrating out ¢ the path

: (3.42)

integral takes the form,
2
1 [ d¥p | we(g6(p)? 1 o5 — 5! (1-widt?/2)
/D¢GXP <_h/(27r)d [ 2npy+1 +wp(2np+1) 1

where L denotes L with all ¢ related terms removed. One now recognizes the new term

in the square bracket above as just the time derivative of the scalar, but with finite d¢,

det = d’fl - ¢Sl (1 - wgdtQ/Q)
0 dt ’

(3.44)

and we now see that the density matrix gives Gaussian distributions to (c)l and qﬁgl with
variances given by,

@) (86) ) = 2= (m+ 3 ) o001,

G0 (56) ) =epn (o + 5 ) o0 - ), (3.45)

In section 3.2, we mentioned that in the perturbation theory of ¢4, the leading order theory
has linear ¢? terms in the exponent, and therefore one can integrate ¢¢ out and obtain the
classical equation of motion. There is still, however, the initial density matrix left. This
means that the initialization of the classical theory should respect the distribution (3.45).
In practice, we can generate ensembles of initializations of qﬁgl and gb{l according to (3.44)
and (3.45), and then use (3.22) to find the full classical history. As we will show below, this
classical history may then be used as the starting point for our Monte Carlo simulation of
the path integral, although the Monte Carlo process essentially washes out the memory of
the classical history (except ¢gl and qﬁfl, which are held fixed for a given Monte Carlo run.).

In the full quantum field theory, we also want to separate the initial density matrix
contribution from the rest of the closed time path in the path integral. There are two

reasons for doing this:

(1) It is much easier to write the initial density matrix part in momentum space, and
the subsequent dynamical part of the path integral in configuration space.

(2) There is no “sign problem” in the initial density matrix piece.
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In fact, the distributions in the initial density matrix piece of (3.45) are ordinary Gaussian
distributions, and simple Monte Carlo methods are sufficient to generate samples of d)f)l
and gzﬁ‘fl. Thus, in addition, we also want to treat ¢>81 and gb‘fl on a different footing from the
other integration variables. However, while the initial density matrix part involves only

Cl and qbfl, the remaining part of the path integral also contains gb and gbfl. So is the
separatlon legitimate? The answer is yes, but with a note of caution.

3.6 Separating variables
When separating qbgl and (bfl from the other integration variables, we should check that the
following equality is valid,

J D D' p (4 ¢>d) ST ngquﬁHl exp (i [LdtL') O
I Do Dot (¢, 65) [ TTie D(JSqule exp (4 [, dtL’)

1 1 ! 1 DeIDeE! ; exp(£ [, dtL')O
f D¢6 D(bi p (¢ d)c ) f Hm 1 D¢qD¢1+1 exp( fC dtl/)

_ : 3.46
I Dog Do p (¢, 65 (340

where p( el gbfl) is the density matrix part in eq. (3.43), and is a function of ¢§ and ¢
only. Apparently, to have the equality valid, the lifted integral should be independent of

qﬁff and ¢$'. To show that this is true, we make use of a feature that we have already

q
m—1

explored: The only term in L' containing ¢¢ is from ¢ (x) (z), and by integrating

out ¢¢, we obtain a delta function, d (¢F ). Then by integrating out ¢ we obtain an

m—1>
integral similar to the previous one, but with ¢¢ _; now playing the role of ¢¢l. We can
continue this contraction of the closed time path down to ¢{, where we then find (7).
Now, we know that all ¢Sl and gﬁl appear in L’ only through their products with ¢¢, so by
integrating out the delta function of ¢, we know the result has no dependence on qﬁgl and

(;Sﬁfl. Concretely, the result of the integral is

2rhdt) V) (m=D)
/ H DpIDGE ; exp ( - / dtL> <dd$> : (3.47)

which is independent of (bgl and qﬁfl, and so a constant from the point of view of the integral
over initial conditions. We may thus perform the separation of variables in (3.46).

3.7 One critical point for one initialization

We separate the whole path integral into two parts: the initial density matrix and the
rest of the path integral. To implement the Monte Carlo simulation, we propose different
algorithms for each of these different parts.

1. We assume the initial density matrix is known, so we can sample ¢§ and ¢$ directly
according to the initial density matrix, using simple Monte Carlo algorithms. There is no
“sign problem” in the procedure, as in momentum space the distribution function is real
and vanishes exponentially as |¢| — oo [12]. Notice that the initial density matrix is a
function of qbgl and gbfl only, but the rest of the path integral also depends on qﬁﬁl and qbfl.
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We denote such sampled fields as qggl and g?)fl, and a Fourier transform is necessary to bring
the fields into configuration space for later use. All these ¢§(z) and ¢§(z) are real.
2. Provided with each gZ)Sl and qb‘jl, we then perform importance sampling according to

/ H DIDeS | exp< / dtL> (3.48)

with the Generalized Thimble Method, according to an algorithm such as in [3]. Note that
the quantum and classical fields start at 1 and 2 in the product, respectively, because ¢g has
been integrated out, while gbﬁl and ¢§l are specified as initial data for each initialization.
The sampled ¢fl+1 and ¢! with 1 < ¢ < m — 1 in this procedure are complex. With
reweighting (2.6), we can calculate the expectation value of an operator O over a single
initialization, which is equivalent to,

SIS D¢qD¢ +1 8XPp (% Je dtL,) o
SIS D¢qD¢z+1 exp (z fc dtL/)

The full expectation, (O), in eq. (3.46) will then be the mean of all the singles, <(§)single.
For the integral (3.48) above, we can repeat the analysis in section 3.2 to find all the

<@>single - (349)

critical points, this time with 7 = —1¢ fc dtL’/h. In fact, the conclusions in section 3.2 are
still valid here: At critical points, all ¢ (z) =0, so Z = 0, as it consists of odd terms of ¢4,
and all (ﬁz +1( x) are uniquely determined through the classical equation of motion (3.22),

d are specified. In other words, for each initialization, there exists one

once d) and
and only one crltlcal point. This means that for step 2 above, we will not encounter any
multimodal problem that would be caused by the existence of multiple critical points.

However, the initial density matrix could possess multiple saddle points in its distri-
bution. For instance, we expect this to happen in the density matrix of n-particle state
when n # 0, or in the case of multi-scalar fields where there exists some symmetry among
those scalars. Still, this will not change the conclusion that there exists one and only one
critical point for the thimble part of the calculation, and we only need to deal with one
thimble/critical point on step 2.

We stress that the derivation is valid on the complexified fields, and the thimble must
contribute to the original integral, as the critical point is located on the real field plane.
There is one more thing we can predict. With each initialization, the averaged phase
(e~ Im[Zl+iarg(det(N))) b, must be real and positive, due to eq. (3.47). Furthermore, on the
Lefschetz thimble, Z vanishes at the critical point, so Im[Z] = 0 on the whole thimble, and
only the residual phase arg (det(.J)) contributes.

3.8 Two-point functions

In order to test the formalism we will calculate the two-point correlators analytically, and
compare them with numerical results based on the procedure described above. One can do
this in the framework of perturbation theory, that is we first compute free correlators and
then add the loop corrections. In this section, we only explicitly derive the free two-point
functions, while a 1-loop correction will be included in App A. See also [8]. Since in the
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free theory, different momentum modes are independent of each other, we can focus the
calculation on a single mode. There are two equivalent ways, up to a constant due to the
integration of ¢¢, to write the path integral,

Z= /D¢+D¢_ exp (—wPCOSh(thB) [(96)"+(05 )] —2¢5r¢5> (3.50)

Vh 2sinh (hwp3)
idt\ e G —; Wi (65) "+ (eh)” -
(R () g o))

1 1 cl 2
/W“qul eXp( a7 27::11( Sl(p))2+wp(2np+1) (¢ %dC:s)S(wp )> ])

qumﬂexp 04 () [2008(@p0) 65! (D)= ¢, (D) =6 (P)] ], (3.51)
/] ((vi) )

with constants

1
ehwpB — 1’

w%dt2
2 )

where w), is the frequency in the continuous theory but, because of the discretization, it is

ny = cos(wpdt) Z1- (3.52)

wp that propagates on the lattice. In the limit d¢ — 0, w, converges to w,. For finite dt,
it is convenient to replace wj, in (3.50) and (3.51) with sin(@,dt)/dt. With only Gaussian
functions in (3.50) and (3.51), we can calculate the free two-point functions as,

T> fdnx xxTe—:vTAm B A*l

<l‘l‘ 0= fdnx e—xT Az o9

(3.53)
where A and x are understood to be a symmetric complex matrix and a real vector respec-
tively. The size is given by the number of discrete points on the time contour of choice.
The above normalization is appropriate for the discrete theory, while for the continuous
theory, there will exist a factor of V' in the definition. To compensate this, we simply
assume V' = 1 in the following derivation.

3.9 Time-ordered correlators

It is straightforward to identify the matrix A in eq. (3.50), then calculate its inverse, and
use (3.53) to discover that the two-point functions in the (¢*, ¢~) basis are

(b3 @5 )0 (S5 61 )0+ (99 dmbo - (&1 )0 (6565 )o
(@1 g0 (S1 01 )o = (¢ dm)o -+ (61 )0 (¢1 g )o

<¢m¢ar>0 <¢m¢1+>0 <¢m¢m>0 <¢m¢f>0 <¢m¢a>0 = sinzlszdt) (np+1F+on*)
(¢7d¢ )0 (D107 )0~ (D1 dm)o -+ (d7 7)o (61 b5 o
(6o b3 )0 (Do )0 - (P dm)o -+ (g é1)o (B dg o

(3.54)
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where the star denotes complex conjugation, and the matrix F'is

1 o idpdt o imydt o—idpdt 1
o iipdt 1 . emilm—1lEpdt 1 pipdt
F = | e—im@pdt o—ilm—1lopdt | 1 v gtm=1@pdt gimapdt | (355)
o —idpdt 1 o ilmN@pdt 1 pidpdt
1 pitopdt pimpdi pitopdt 1

There are two features worth emphasizing in the above expression.

1. In the vacuum, that is n, = 0, we notice that the rows and columns corresponding
to ¢f — ¢m (i.e. the upper-left part of F) lead to Fj = exp (—iwp|t; — tx|), and give
the Feynman propagator, which is defined as”

» dw ddp efiw(tzfty)+ip(a:7y)
0T @Rm) =1 [ 5

5 ddp eiiwp‘tﬂﬂ*typrip(x*y)
- / (27)d 2w, '

(3.56)

Thus we get the correct ie prescription in the propagator. This also means the
correlators (gb;rgb;}o are time-ordered, while the correlators (qﬁ;qﬁ;)o are anti-time-
ordered. On the other hand, when n, # 0, we can calculate the equal-time correlator
through summing the Matsubara frequencies,

ip(l“*y)
(0 (2)(y) Z / T (@] (WB)) — 2

2n, + 1
_ ip(x—y)<''p T -
h/(277) ‘ 2wp

This corresponds to calculating the equal-time elements in eq. (3.54).

(3.57)

2. There exist symmetries in the above two-point functions. For instance, <¢jq§j)o
:<¢;¢;‘>0 if & > j. In fact, although we can have many integration variables ¢;
at time t;, there is only one operator Ci)i, and it is actually easier to discern the
symmetries from the operator formalism,

<¢+¢+> (t —t;)G” +0(t; — t; )G

(67 67) =G~, (67 67) =
(¢ 05 ) = 0(t; — )G~ +0(t; — t; )G (3.58)

"To obtain the Feynman propagator in d+ 1 dimension, one can first do the Fourier transform to get the
two-point function in the momentum space. Since two-point correlators with different frequencies vanish,
one can then write the final expression as a sum or integral over momentum, where we presume the sum
and integral to be interchangeable, see also footnote 5.
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with
G” = (0;;), G =(D;d;). (3.59)
On the other hand, as in eq. (3.54),

G(? (ti —t5) o< e~ Hti—t)%p (np+1) + ei(ti—t]')‘bpnp’
Gé (ti — tj) o ei(tz‘ftj)@p (np 4 1) + efi(tiftj)a;pnp’ (360)

and this makes manifest the KMS condition G~ (t; — t;) = G<(t; — t; +ihp) [8].

3.10 Classical-classical and quantum-classical correlators

We could obtain the correlators such as qbf%jl or ¢gq§;l through a rotation of qbfgb;-:
in eq. (3.54), but it is instructive to derive the expression from scratch with a simple
example. Consider m = 3. Then the matrix A in eq. (3.51) is

a —acos(@pdt) 0 01 —b 0 ¢!
—acos(wpdt) a 0 0 :2bcos(®pdt) —b o§
Ao 0 0 0 0, —b 2bcos(@,dt) e b5
0 0 o ___ 0, 0 _____ b ¢s |
—b 2b cos(@,dt) —b 0! 0 0 o
0 —b 2bcos(wpdt) —b! 0 0 ol
(3.61)
with constants
1 1
= b=— . 3.62
“ = h2n, + 1)dtsin(@ydt)’ 2dth (362)

We treat ¢, as a ¢ field. Since we have also integrated out #d, in the end there are two
more ¢ fields than ¢ fields. Following eq. (3.53), we arrive at

f feos(wpdt) fcos(2wydt) fcos(&lzpdt); 0 0

\ f cos(@pdt) f f cos(@pdt) fcos(Qd;pdt): 0 0

(¢! :(¢Cl¢q> | feos(2w,dt)  f cos(wpdt) f feos(@,dt) | rsin(@,dt) 0
777777 S | feos(3@pdt) fcos(2w,dt) fcos(@ydt) f 7 sin(20,dt) rsin(wpdt) |

g T ) T 0 rsimGdn rem@sddl 0 e

‘ 0 0 0 rsin(@pdt) 0 0

(3.63)
where
1 hdt thdt

= (”P + 2) Sy dd) T sm(@ydt)” (3:64)
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This may be summarized by the following:

(o5t = (g + 5 ) Sy ©os@nti = ), (3.65)
(660 = —ihd(i j)@ sin (@, (i — )d), (3.66)
(61500 = —in0( = i) g sin(@,(i = )a) (3.67)
(67670 =0, (3.68)
wnef) 1

We see, for example, that the correlators <¢3¢§l> vanish unless ¢ < j, and so correspond
to the advanced propagators. Furthermore, because of the advanced propagators, any
loop correction will not alter (¢%2¢?) = 0. Actually, we can derive this conclusion much
more quickly from the operator formalism (3.58): (¢9¢9) = (¢T ") + (¢p~ ¢~ ) — (pT¢p™) —
(¢p=¢%) =0.

4 Numerical simulation

We now demonstrate how to carry out numerical simulations, with an example of A¢?
theory (see also [3, 8]), using the following action,

1

_ a, |l 1 2 1 55 Ay
S—/dtdx[zqﬁ 5 (V6)* = Sm%

At (4.1)

Ideally, we would like to simulate a 1 4+ 1 or even 3 + 1-dimensional system. But in those
cases, one should stick with some specific renormalization scheme in order to compare
with the result of continuum theory. This is beyond the scope of the present work, and is
postponed for later work. Instead, we find it is straightforward to compare with theoretical
predictions in 0+1-dimensional system, so quantum mechanics,® where no divergence exists,
and therefore no renormalization scheme is required. We shall set up our definitions in
d = 1 spatial dimensions, whereas in the actual simulations presented here, we have further
reduced to d = 0 quantum mechanics. Throughout the paper, we set mdt = 0.75 for small
couplings, and mdt = 0.5 for large couplings, (more details in our future publications).

Space is discretized on N sites, with periodic boundary conditions, and the time
direction is discretized as above onto N, = 2m + 1 sites going back and forth on the
Keldysh contour (see figure 1).

4.1 Warm-up: classical statistical approximation

We set the initial ¢5'(p) and ¢§'(p) according to eq. (3.45), a Gaussian thermal density
matrix.” Given the distribution, we generate random samples of momentum-space variables

8For the application of Lefschetz thimble on quantum mechanics from a different perspective, see [31, 32].
For initial n-particle states, one could use the expression given in eq. (3.34), with some Hermite poly-
nomial function.
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Figure 3. Correlators for a single classical realisation (left) and averaged over initial conditions
(right).

cl(p) and ¢ (p) which are then Fourier transformed to position space ¢§ (z) and ¢ (z).

Now, we can compute the classical field evolution through the equation of motion,

P51 (x) =268 (x) + 5L (x) P (z+1) —2¢5!(2)+¢5 (1)
di2 dxz?

Fm?d )+ (5@) =0,
(4.2)

We use ¢ to refer to the fact that these are not variables of integration in the path integral.
They represent the critical configuration in our complexified field configuration space, ¢ =
&Cl, ¢? = 0, from which we will initiate our Monte-Carlo simulation in later sections.
Figure 3 (left) shows the correlator for a single such classical trajectory. In a classi-
cal simulation, we can only compute the classical-classical correlator. By averaging over
the ensemble of initial conditions, we recover the “classical-statistical” approximation to
quantum dynamics, shown in figure 3 (right). We show the results for a free field, A = 0
and an interacting theory A = 0.2. The correlators are very similar, but deviate enough
that we can tell the difference with moderate statistics. The loop calculation is discussed
in appendix A, where it is found that at 1-loop we just need to make the replacement
w2 — w?+ 2
sion (3.65) for the classical-classical correlator.

This is substituted into (3.52) to find @p, which is then used in expres-

4.2 Warm-up: quantum average of a single initial realisation

Going beyond the classical approximation then amounts to performing the complete path
integral, the integrations of all the field variables not associated with the initial conditon,
see figure 4. As in section 3.7, we can write the integrand as e %, with Z = —i fc dtL’/h.
It turns out that the exponent Z is more conveniently expressed in the (¢T, ¢~) basis
than using (¢%, ¢7), as the interaction terms are simpler there. We therefore switch to
(¢T, ¢7), except that at t; should be treated differently, since we count ¢$ into the initial
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Figure 4. The variables to be integrated over on the real-time contour, after the initial conditions
are fixed.

condition, leaving ¢{ as the only variable at ¢;. The exponent Z also contains qZ;ﬁl and dNﬁZ,
and may be written as

Tcl Jcl

IZ(‘?””)Z{%M o) MG ) (614(2)° — d0(0) LD o () D (4.3)

o2m—2 2 2
i+1(x)—di(x i i—1 i(@+1)—di@ m’
Ly Lo (;Ajﬁ( ) +(2E0) (—W il ! —2¢?(ﬂf)—;4¢?(ﬂf)>},
i=1

where we have adopted a field redefinition as illustrated in figure 4, and the time differences

are denoted as

i =

1< _
{ dt, if 1 <i<m; (4.4)

—dt, if m<i<2m—1.

In the exponent, there are terms like ¢7(z)d¢ (z) — 2¢% ()¢5 (z) + - - -, where ¢ and ¢
can appear. In fact, an extra ¢§(x)¢?(z) term will cancel out these linear-in-¢?(x) terms,
due to the equation of motion (4.2). Therefore, we are able to substitute these terms with
pS () term only, and this simplifies expression (4.3) a lot. Given that ¢¢ is part of the
specified initial data, we define ¢; = ¢1/2 to ensure that at site 1 only ¢ is included in

the dynamical part of the path integral. To arrive at eq. (4.3), we have also used that,
gf)gm,l = —gf)l, Ao = —dt. (45)

There are Nioy = Ng(2m—2) variables in total, and we will adopt a more compact notation,
merging space and time labels into a single integer a.

For all the field variables ¢,, we start our Monte-Carlo chain for the dynamical part of
the path integral from b, the classical critical-point configuration. In subsequent Monte-
Carlo steps, these will be changed into new real values ¢. For each such value, the gradient
flow equation into the complex plane now reads

dpo, 0T
dr — 0¢s

(4.6)
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The Jacobian matrix J itself, defined with element J,;, = 9¢,/0pp, evolves along the
flow as,

- Jibs (4.7)

where a summation over index [ is understood.

For the Lefschetz Thimble Method, then J(7 = 0) is determined by the eigenvectors
of positive eigenvalues [5] of the Hessian evaluated on the critical point field configuration.
We use the Generalized Thimble Method, then J(7 = 0) is just the identity matrix [3].
With these flow equations, one can now apply thimble methods to generate samples for
the dynamical part of the path integral. For more on algorithms based on the Lefschetz
Thimble Method, see [5, 15, 16]. And for more on algorithms based on the Generalized
Thimble Method, see [21-28].

Our algorithm can be briefly summarized as follows:

1. Generate an initial value for (bgl and qﬁfl according to a Gaussian distribution given
by eq. (3.45). Determine the critical configuration by solving eq. (4.2).

2. Set ¢ = ¢ = <Z~>Cl, p? = ¢9 = 0 as the starting point of the thimble approach.
Evolve ¢ and J from 7 = 0 to 7 = 7¢, for some final flow time 7

3. To go from the n-th to the n + 1-th configuration in our Monte-Carlo chain for
the dynamical part of the path integral, first propose the (n + 1)-th configuration
Yn+1 = @n + A, where the vector A follows the proposal distribution,

det(J1Jn) AT st 2
Pr(@n - @n—l—l) - 7TNtot52Ntote BB/ ’ (48)

with some constant parameter § A0
4. Use the gradient flow equation to evolve ¢,41 and Jy,41 from 7 =0 to 7 = 7.

5. Accept or reject new configuration according the acceptance probability

PaCC(SOn — Son—‘rl) = (49)
min {1 ¢~ RelZnt1]+21n |det Jng1|=AT (I} Jni1)A/62+Re[Zn]—21n |det Jn|+AT(J,tJn)A/52} _
If the new configuration is rejected, choose the (n + 1)-th configuration to be the
same as the n-th configuration.

6. Repeat (3)-(5) until we have enough statistically independent configurations to aver-

age over, for this one initial condition realisation.

7. Repeat (1)-(6) for n;p;tiq times, to get enough initial conditions to average over (these
are statistically independent by construction).

10T practice, one can first draw complex vector 7, satisfying Gaussian distribution exp(—nTn/52), and
then A = Re(J, 'n).
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Figure 5. The classical correlator for a single initial condition, and the corresponding quantum
averaged correlator. For A = 0.0 (left) and 0.2 (right).

On the thimble approach (3)-(5), we follow the prescription given by [3], with the
difference that we perform an LU decomposition for matrix J to calculate its inverse and
determinant directly. Therefore, we can have the acceptance probability with the explicit
existence of det J. With the proposal distribution and acceptance probability above, the

—Re[Z]+In|det J| - The numerical

obtained samples will admit the probability weight P = e
effort is substantial, and many technical details, performance tests and detailed numerical
investigations will be reported in our future publications.

In figure 5, we show the correlator for a single classical trajectory, and compare it to the
correlator when averaging over the quantum variables (but without averaging over initial
conditions, only step 1-6 of our algorithm). In the left-hand plot for the free theory (A = 0),
in the right-hand plot including interactions (A = 0.2). We see that the quantum averaging
is has only a small effect for the free theory, whereas including a moderate interaction

strength there is statistically significant effect, increasing over time.

4.3 All warmed up: full quantum evolution

We are now ready to carry out the inner (Monte-Carlo integration on the thimble) and outer
(initial conditions) integration together, to find the full quantum correlator, given our initial
Gaussian state. The simulations presented here use 1,400 = 200 ~ 60 initializations, with
(5 ~ 20) x 105 Metropolis updates for single initialisation, in order to give small enough
statistical errors.

Figure 6 (left) shows the two-point cl-cl correlator for the full classical-statistical simu-
lation (pink) and the full quantum simulation (black). Overlaid also the 1-loop perturbative
result (in red). Figure 6 (right) arises from subtracting the free propagator, to highlight
the contribution from interactions. We see that the classical-statistical approximation per-
forms very well at these values of the coupling, and that apparently the differences arising
from quantum averaging each initial condition (figure 5) are in turn largely washed out
when averaging over initial conditions. The 1-loop approximation shown in red is distinct
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Figure 6. The full classical-statistical and quantum correlators (cl-cl) for a free and interacting
theory at A = 0.2. The figure on the right shows the result of subtracting the free propagator. The
red line is the perturbative 1-loop result.
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Figure 7. On the left, the full quantum correlators (cl-cl) for a free and interacting theory at
A = 4. On the right, when subtracting the free propagator.

from the other two curves, showing that we are not in the extreme small-coupling limit,
and so the agreement between classical-statistical and quantum approaches does apply to
an interacting system.

We now proceed to increase the coupling A, beyond the naively perturbative domain.
We show in figure 7 the case A = 4, where we can now clearly distinguish the classical-
statistical (pink) from the fully quantum result (black). They are both different from the
free theory (green) and the 1-loop approximation (red).

5 Conclusions

Real-time quantum dynamics is well-defined in terms of the Schwinger-Keldysh formalism,
and although the classical-statistical approximation often does very well in some cases,
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simulations of truncated Kadanoff-Baym equations have shown that quantum corrections
are important in other contexts.

We have investigated a new, in principle exact, method for computing real-time quan-
tum correlators directly from the path integral. This is possible through Monte-Carlo
sampling, as the sign problem inherent to the complex action can be softened by flowing
the field variables into the complex plane.

We have presented a number of technical developments necessary to generalise the
work of [2, 3] to initial-value problems. For a discrete space-time, we have verified that
the scalar field path integral can be separated into two parts: the initial density matrix
and the following dynamical part. Under such a separation there exists one and only one
critical point, which helps when we implement either the Lefschetz Thimble Method, or the
Generalized Thimble Method on the dynamical part. We use a symmetric discretization
of the theory, in both a symmetric Feynman kernel and a symmetric time contour. With
such a discretization we can find all the critical points.

To demonstrate the implementation of our approach, we have computed the real-time
propagator for a scalar field in 0+1 dimensions, with a Gaussian (free-field) initial condition.
We found good statistical convergence, and agreement with the free analytic correlator (up
to discretization errors). Once interactions were included and increased we found that we
could distinguish from the free case, that the 1-loop perturbative result began to fail, and
that for very large couplings, the classical-statistical approximation became unreliable.

In the present paper we have used the initial density matrix of the free theory, as
in this case, we can integrate out ¢¢ explicitly, allowing us to obtain the familiar initial
distribution of ¢8l and q.Sgl. There is no difficulty in extending the calculation to the case of
a more general density matrix, as long as we know how to generate the initialization for QSSZ
and gf)ﬁl. Note, however, that a density matrix containing ¢¢ and (bﬁjl might still be plagued
with the “sign problem” owing to the appearance of a factor of igbfl(bg in (3.42). This only
affects the density matrix part of the path integral, so the thimble approach may still be
used for the remaining dynamical part. On the other hand, we have also in mind that real
physical situations can be modeled by turning on the interaction after the initialization,
either instantly or gradually, and the method developed in the present paper can naturally
deal with time dependent interaction coefficients.

The computational cost of the thimble approach is aO(n?), with n the number of
variables and a the number of samples. By separating the simulation into two parts with
ny and ny variables respectively, the cost becomes a;O(n3) + ajasO(n3), corresponding to
generating a1 different initializations and for each initialization ay Monte Carlo samples.
If @ is not sensitive to n, the cost will be smaller than aO((n1 + n2)?3), when ny and ns
are big numbers. In fact, if this is the case, we can further separate the path integral into
more pieces, with each piece depending only on its predecessor but not successor, as each
piece becomes an initial condition for the part that follows it.

We have postponed a number of numerical technicalities, diagnostics of the method
and further numerical tests of various aspects of the approach to a future publication.
Simulations on more general initial conditions and potentials, and in 1+1 dimensions are
also underway.
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A Loop corrections

In this section we shall look at the loop corrections to the two-point functions, and we
shall be using the continuum expressions in order to provide approximate expressions to
the discrete case. First we look at the loop corrections to the Feynman propagator, and

then we will see how the computation is adapted to the (¢, ¢9) basis.
dw e~ tw(tz— ty)+ip(z—y)
w2 —w2+ie

The Feynman propagator is given in (3.56) as ih , while the in-

teraction vertex is _W The loop correction to the propagator is shown in figure 8, where

the thick solid lines correspond to the Feynman propagator. This may be calculated in
zero spatial dimensions as follows.

dw e—zw(tl —t2)

d —iwi (t1—t) i d 1 d —iws (t—t2)
+12/dth/ o1 —2ipS2 _ip T2 — 4
21 wi—wl+ie 4h 21 wi—wltie  2m wi—w2tie

—tw(t1 tQ)
_m/ dw et 7)

2m w2 — w2—|—i6

AR? [ dw; dwy i (t—t) 1 1 1

B 2_ 245 2 2 s 2 9 .
2 27 2w Wy —wp 1€ Wy —wp 1€ Wy wp—l—ze

_Zh/* dw e—zw(t1—t2)

21 w?—w2+ie
+m/27r€ i w2 —w2+i€ 4wy, w2 —w2+ie
D i D
d —iw(h—tz)
:ih/w ¢

o w2—w12)—5m2—|-i6’

hA
Awp

and we have used w_ L

2 _ A
Where 5m = 27'r w2—w2+26 2Wp :
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It is also instructive to use the (¢, $7) basis, for which we shall use the continuum
expressions to give an approximation to the discrete calculation, and so we start by not-
ing from (3.65)—(3.68) that the continuum propagators are given by figure 9, while the
interaction vertices are given by figure 10.

We now evaluate the loop correction to the advanced propagator, (¢9¢), which we
can see in terms of diagrams in figure 11.

sin(wp(t2 — t1))

) sin(wp(t —t1)) h —iA_ . sin(wp(t2 — t))
+ [ atlioge - o220 B2 g, Ml )
sin(wp(tg — tl))

(@198) = —ihf(t2 — 1) (A.2)

= —ihf(ts — t1) o
— _ihO(ts — tl)Sin(wp(t2 —t1))
it — tl)f%sirij(iup(t —t1)) — wp(;t%— t1) cos(wp(t — t1))

where we have used the Heaviside theta functions in the propagators to limit the range
of the t integration to t; — to. Now note that the second piece may be written as

—ihf(ty — tl)%% [W} , and so we see that the loop correction corresponds to a
P

N2
4wp?

The loop correction for the (¢p?¢?) correlator is shown, in the generic sense, in figure 12,
where the blocked out region is any set of lines that follow from the Feynman rules of

correction in wg of which is what we found from the Feynman propagator calculation.

figures 9 and 10. However, what we find in such diagrams is the appearance of a loop
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Figure 12. There are no non-zero loop corrections to the (¢?¢?) propagator.

of either advanced or retarded propagators, and this vanishes, meaning that there are no

perturbative loop corrections to (¢%¢?).
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