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1 Introduction

There are many known candidates for IR fixed points in SQCD with N4 adjoints connected
with a free theory in the UV: they are described for no (N4 = 0) adjoints in [1], for Ny =1
adjoint in [2-4], and N4 = 2 adjoints in [7]. Larger values of N4 > 2 are unavailable
for branches of the flows which end up eventually into a free UV fixed point. Several of
the above fixed points have, in a specified conformal window, a known candidate for a
non-trivial dual: [1] in the case Ng = 0, [8] for N4 = 1, while for N4 = 2 the known duals
are for Do [5-7] and E7 [9, 10].!

In this paper we will try to derive in a different way these fixed points of SQCD with
adjoints with known duals. We will assume that the R-charges of the adjoints are rational
numbers, as if determined from a marginal superpotential. We will show that with such
an assumption a complete (although in principle infinite) classification of all solutions with

!Particular aspects of dualities in SQCD with one and two adjoint have been discussed in [11, 12].



valid duality through the equality of the superconformal index [13-15] at large N, [16] can
be found. This is because, as we will see, such an equality can be written as a factorisation
of a polynomial y™ — 1 for integer n > 1 into a product of a polynomial with only non-
negative integer coefficients (representing the contribution of the mesons) with a specific
(antipalindromic) polynomial (representing the contributions of all the gauge adjoints of
the theory) to be specified later on. It is well known that every polynomial of the form
y™ — 1 for a fixed integer n can be written as a unique product of so-called cyclotomic
polynomials [17]. Our classification of all duals is thus transformed into a classification of all
products of distinct cyclotomic polynomials with only non-negative coefficients. Although
we were unable to find an explicit analytic classification of this mathematical problem, the
formulation helps in finding the solutions: choose n > 1, find the factorisation of y™ — 1
into product of cyclotomic polynomials, and find all the partial products which end up into
polynomials with non-negative coefficients.

With such a recipe we can easily reproduce the known dualities in the case of Ny < 2,
i.e. SQCD, Ay, Diyo and E7. We can however find out other possible rational solutions for

R-charges between 0 and 2, which we were unable to locate in the existing literature. We

9 2(k+1)
E+1 SET lor

integer £ > 1. Although it is easy to write down a superpotential which, when marginal,

and

will mention here the family with N4 = 2 and the adjoint R-charges 5

produces such R-charges, the classical determination of the mesons needed in the dual
theory using the equations of motion seems incomplete. On the other side using the
equality of the superconformal indices the mesons’ R-charges and thus their structure
come out automatically as an output. We will show how this comes about in the quantum
chiral ring from the explicit evaluation of few low order terms of the superconformal index.
We found also a possible interpretations for such new fixed points: they could be IR limits
of the Doy o fixed point, perturbed by a relevant operator in a specified conformal window.

We will first give in section 2 a short summary from the literature of the calculation of
the superconformal index and its use in comparing dual theories at large N.. We will use
it to derive the main equation, i.e. eq. (2.17) for SQCD with N4 adjoints. In the following
section 3 we will then show how to go through the ordered but infinite solutions of the
main equation (2.17), by using the notion of cyclotomic polynomials. Here we will also
describe some old and new solutions from our new way of classifying them. In section 4 we
will take some time to interpret the new solution found, i.e. in which flow it may appear,
and check its quantum chiral ring from the superconformal index. We will then conclude
in section 5 and add three appendices.

2 The superconformal index

We first summarise the computation of the superconformal index (for a nice review see for
example [18]) following mainly [15, 16, 19].
The first step is to calculate the index over the single particle states through
2t2 — t(x +271)
1—tx)(1—ta!
R xr ) (Wxai) (2) — xR W)xag (2)
(1—tx)(1—tx1)

i(t,z,z,y) = ( )Xadj(2>

(2.1)



where ¢, x, z, y are fugacities (chemical potentials) defined for the generators of conserved
quantities in the theory considered: t and x for the superconformal group on R x S3
where the index is defined, while z and y are for the gauge and global symmetry groups,
respectively. x is the group character which is in SU(N)

N

Xfundamental (1) = DN (1) = > w4, Xantifundamental (1) = P (u™") (2.2)
=1

Xadjoint (u) = pN(U)pN(Ufl) - 17 Xsinglet = 1 (23)

and Hi\il u; = 1.

In (2.1) the first term is the contribution of the gauge fields, while j in the sum of
the second term runs over all the chiral superfields: the term proportional to tf is the
contribution of the boson ¢; with R-charge R; while the term proportional to 27 s
the contribution of the fermion 1/;j. Notice that 1; is the superpartner of ¢;. F(j) and
G(7) stand for the representations of the flavour and gauge group respectively of the chiral
superfield j.

Now it is easy to write the index for our specific case of N4 adjoints with R charges

R; and Ny pairs of vectorlike quarks @) + Q:

212 — t(x + a7) + YOI (tFle — 27 Fa)
(1 —tx)(1—ta™1)
(tfepn, (y) — 2~ Fepy, (7)) v
-t e
(tRQpr (3]_1) _ t2_RQpr (y—l)) vl
(1 —tx)(1—ta)

i(t,x,y,gj,v,z) = (pN(Z)pN(Zil) — 1)

pn(z7h) (2.4)

where instead of a single y we used y itself for the group SU(Ny)q, § for SU(Nf)Q, and v
for the baryonic U(1)p.

In short we can thus write

i(w,2) = f(w) (pn(2)pn(7") = 1) + g(w)pn (2) + gw)pn (27") + h(w) (2.5)

where we denoted by w all the fugacities except the gauge z (i.e. in our case t,xz,y, 7, v).

For the electric theory we are considering

L2 (o) 4+ N (e — g2
fe = 1 —tr)(1 - tglg—l) 20
1R — 2 Rq Jy)) v
w = ( pé\if(—yz)f:c)(l - t:cp_]\llg(y)) =0

B (tRQpr (g—l) _ t2_RQpr (y—l)) p1
I = (1—tz)(1—tz1)

hg =0 (2.9)




while the magnetic theory of Seiberg type has

262 —t(zx + 2! Y R
- E e

Ry —1\ _ 42—Ry ~_1 UNC/NC
gu = ( pr(y(l)_ t;)(l _p]:;:(_gi) ) (2.11)

Ry S\ 42-Ry v—Ne/Ne
g = LB (éjl)_tt@(l]iﬁfgz; (2.12)

(+2Rg+R; ~—1\ _ 42—2Ro—R; ~1 ~
hM:Zj (t*fte pr(y)p(zInytx))(l _t tx—lQ) PNy (™ )pN, (7)) (2.13)

where in the expression for hjs the index j runs over the mesons, and R; + 2Rg are their
R-charges. Notice that fr = f.

The full superconformal index is finally the gauge invariant part of the Plethystic
exponential of (2.1)

Z(w) = /Gdu exp (Z ii(w”,z”)) (2.14)
i=1

where we integrate over the gauge group G and w stands for all the non-gauge fugacities.
For simplicity we will here consider the large N limit, when the full index (2.14) can
be reduced [16] to

T(w) = exp <n§::1’11 (W — Fwm) + h(w”))) L[l 1_}(W) (2.15)

The electric and magnetic theory should have the same superconformal index, so in
the large N limit we need to satisfy

9EgE — gMIM
1-f
It is not difficult to show that this boils down to the relation

= hyr — hp (2.16)

N
a 20(SiA (Ra-D11)
Zt = Na (+R 2-R (2.17)
j=1 2 =143 2 (the — 27 Ha)
where « is equal to the number of independent mesons in the chiral ring and
N, =aN; — N, (2.18)

The strategy is thus [10] to get such R4, Rj, N4, «, for which (2.17) is satisfied. There
are some general arguments on how the solutions of (2.17) must look like [10]. For example,
the absolute value of all zeros of the denominator must be unity, since only such zeros are
in the numerator, or that each zero of the denominator must be unique, since there is no
double zero in the numerator [10].

In theories in which we have a classical truncation of the chiral ring (this means that
the chiral ring is finite — i.e. its dimension is independent of N, — directly following



the equations of motion), one can explicitly find o and R;, while N4 is known from the
definition of the theory and R, from the superpotential. This is known to work well in the
Ay (k integer positive) theory (Ng =2, = k)

W, = Tr (X’““ + Y2) (2.19)
(SQCD with 1 adjoint) and Do (k odd positive integer) with (Ny = 2, a = 3k)
Wp,,, = Tr (X5 + Xv?) (2.20)

according to the classification of [7]. In such cases equation (2.17) is just an extra check of
the duality, but we do not learn more than with usual techniques.

The power of the superconformal index is in cases in which there is no classical trun-
cation of the chiral ring, for example in Dy for even k or E7 (N4 =2, = 30):

Wg, = Tr (Y? + Y X?) (2.21)

where the above computation suggests that o = 30 [10].
The same technique proves [10] that in Fj

W, = Tr (Y + X*) (2.22)
or Eg
Wg, =Tr (Y + X°) (2.23)

dualities cannot be as simple as in the other cases.

3 Classification of the solutions

Eq. (2.17) is our central equation. We will limit ourselves to the case of all charges R, €
[0,2]. Although solutions of eq. (2.17) outside this domain exist, their interpretation is
difficult. Not only, but this makes some of the powers negative and so the superconformal
index cannot be expanded in powers of the fugacitiy ¢ atound ¢ = 0. This may even
preclude the derivation of eq. (2.17).

With this assumption we can rewrite eq. (2.17) as

t205 Zivij (Ra—l) -1

(e}
ZtR‘ - Na+1 4R 2-R
j=1 Za:l (tha —¢2—Fa)

(3.1)

with R, < Rpif a <band Ry,+1 = 2.

We will now further assume that all adjoints’ R-charges are rational numbers, which
is automatic if they are determined by a superpotential, and thus include a large family of
cases. This will allow to make a change of variables:

t2=qym (3.2)
with m integer yet to be determined but large enough so that

2o 0 A (Ra1) _q —yn (3.3)



with
Ny+1

n=ma«a Z (Ry— 1) (3.4)
a=1

integer. This can always be done since R, are rational numbers and o and m (large enough)
integers.

To classify all the solutions to eq. (3.1), i.e. to find all integers N4, «, and rational
numbers R,, a = 1,...,Ng and R;, j = 1,...,a, one essentially needs to factorise in all
possible ways the polynomials y™ — 1 for all integers n > 1. We know that

y" —1=[]aly) (3.5)
din
where d run over all divisors of n and ®,,(y) is the n'" cyclotomic polynomial [17]: for any
positive integer n, it is the unique polynomial with integer coefficients that is a divisor of
y™ — 1 and is not a divisor of * — 1 for any k < n. Another way of defining it is as
oay)= ] (y — e?mik/ d) (3.6)

1<k<d
ged(k,d)=1

where ged(k, d) is the greatest common divisor of k and d. The degree of ®4(y) is equal to
the Euler’s totient function p(d).
The whole point is to rewrite the r.h.s. of eq. (3.5) in all possible ways as

[[®a(w) = @ (1)@, (v) (3.7)
dln

where @7 (y) is a polynomial with only non-negative (integer) coefficients, while ®,, (y) is
antipalindromic with integer coefficients:?

O (y) =D aiy) , aj=—am (3-8)
§=0

As an example, take n = 6. Then

¥ — 1 =@ (y)P2(y)P3(y) Do (y) (3.9)

They can be found in appendix A:

Pi(y) =y—1 (3.10)
Po(y) =y +1 (3.11)
d3(y) = > +y+1 (3.12)
O6(y) = > —y +1 (3.13)

All the possibilities for T (y) and ®~ (y) are shown in table 1.

2To prove it remember that all the cyclotomic polynomials are palindromic (like (3.8) but with a; =
+am—;) except ®1(y) = y — 1 which is antipalindromic. From the definition (3.7) we know that @, (y) =
(y"—1)/®; (y), while y" —1 contains ®1(y) exactly once. Since ®;/ (y) has only positive coefficients, it cannot
contain ®:(y) and since the product of a palindromic polynomial with a (anti)palindromic polynomial is a
(anti)palindromic polynomial, the result is that every ®,, (y) is antipalindromic.



D7 (y) L)
Py(y) =y +1 P1(y)P3(y)Ps(y) =v° —y* +4° —y* +y—1
P3(y) =y’ +y+1 D1 (y)Pa(2)Ps(2) =y* —y* +y —1
Dy(y)P3(y) = y* + 2y + 2y + 1 P (y)Ps(y) =y —2y° +2y — 1
Do (y)Ps(y) =y + 1 D (y)P3(y) =y — 1
D3(y)®e(y) = y* + 4> + 1 Dy (y)P2(y) =y* — 1
Dy(y)P3(y)Po(y) = v° +y* +4° + > +y + 1 Pi(y) =y —1

Table 1. The possible products of cyclotomic polynomials with all coefficients positive @, (y) and
the corresponding antipalindromic polynomials @, (y) = (y" — 1)/®;/ (y) for n = 6.

In other words we rewrite eq. (3.5) as

o (y) = (3.14)

which it has exactly the form of eq. (3.1).
All we have to do is to find all factorisations (3.14), i.e. all subsets D, C D,, with

D,, = {d; d|n} (3.15)
for which the polynomial
of(y) = [[ ¢iw) (3.16)
ieD;

has only non-negative coefficients, so can be written as

(0%
O (y) =)y (3.17)
j=1
with ¢; < g for i < j.
Then we can rewrite
o, (y) = [ &) (3.18)
i€D,,
with
D, UDf =D, , D,NDt =0 (3.19)
as
Na+1
O (y) =Y (Y —y" P (3.20)
a=1
where p, < pp for a < b and
m=py= ) (i) (3.21)
i€D,,



with ¢(i) the i*® Euler’s totient function, i.e. the highest power of the cyclotomic polynomial
¢i(y). It is now obvious that

2

R, = Pa ,» a=1,...,Na+1 (3.22)
PN+1
2
Rjziq]' 5 jzl,...,a (323)
PNy+1

At this point we can calculate « from (3.4):

n
Zflval—’—l (2pa - pNA+1)

In appendix B we present a proof that « calculated from (3.24) is always positive.

(3.24)

o=

3.1 Redundancy

Although the classification of all solutions in the y-variable is on the one side useful because,
since n is integer, one cannot miss any solution (as long as it is not at too large n), it is
on the other side redundant, since many different n can give the same solution in the
t-variable.

As a simple example on what we have in mind, take n = 4:

y! = 1= @1 (y)Pa(y)Paly) (3.25)
Then
Dl (y) = Pay) =1 +y 3.26)
O (y) = P1(y)Paly) = y* —y* +y -1 (3.27)
gives, according to (3.22) and (3.23), a solution Ny =1, a = 2
2
R, = <2> (3.28)
3
2
R; = (o, > (3.29)
3
corresponding to eq. (2.17) of the form
t8/3 1
2/3 _
L = (3.30)
which can be got directly from (3.25), (3.26), (3.27) by using (3.2):
t2=1¢? (3.31)
A completely equal solution is for n = 8, where
y® —1 =01 (y)Pa(y)Pa(y) Ps(y) (3.32)



if we choose

O (y) = Paly) =1+9° (3.33)
Oy (y) = C1(y)P2(y)Ps(y) = v° —y* + 4> — 1 (3.34)

A different change of variable
t2 =5 (3.35)

gives the same equation (3.30) and thus the same solutions (3.28), (3.29).
A bit more general example is given in appendix C.
There is however another type of redundancy. It is because if

O (y) = (3.36)

is a solution, so is
nkK _ 1

K
N DT —
m=1 q)n (y)

since the left-hand-side is again a polynomial with only positive coefficients. The solution

(3.37)

gives the same charges to the same number of adjoints (®,, (y), which determines them,
does not change), but with a new number of mesons K« with charges

Na+1
2Ry + Rj+2(m—1)a Y (R,—1) , j=1,...,a , m=1,...,K (3.38)

a=1

This looks a bit puzzling: on one side the electric theory does not depend on the
choice of K, so all global anomalies are independent on it as well. On the other side
it is easy to show that 't Hooft anomaly matching conditions are satisfied as soon as the
superconformal indices match. This means that in spite of all these new states, i.e. (K —1)«
new mesons, nothing change in the anomalies of the magnetic dual. The reason is that the
contribution of these new states are counterbalanced by the change of the magnetic colour,
ie. aNy — N, — KaNy — N, and with it the quark R-charge

Na+1
Ry —1— Y (Rq—1)(Ka— N/Ny) (3.39)

a=1

Before claiming that these new solutions represent new duals, one would need to do
more checks. First, in some cases (as for example in SQCD) the R-charges of the new
mesons are bigger than 2 and so outside the assumed interval. Second, finite N, could
make these solutions disappear. However even if some of these solutions passed such tests,
once we know the original solution (K = 1), all the others (K > 1) are easily got, so that
we will not mention them (or count as new solutions) anymore in the following.

Let’s now start scanning the solutions by increasing n. We divide them in increasing
value of the number of adjoints Na4.



3.2 N4 =0 (SQCD)
The simplest example is to take ®*(y) = 1. There is one such solution for each n > 0:
Yy —1
HieDn ®;(y)

All of them are just SQCD with only one meson M ~ QQ in the magnetic theory.

1= (3.40)

33 Na=1

The simplest non-trivial case is the one with only one adjoint. They can be classified by
an integer k£ > 1.

3.3.1 Ay Rx =35
We get for a = k values of R; = R(M;) — 2Rg:
Rj=p =1, j=1...k (3.41)
The first 15 vales of k are found from the first 30 values of n as can be seen from
table 2, where only new solutions are shown. A given value k appears for the first time for
n = 2k.
This is the well known case Ay with the superpotential

Wy, = Tr (XkH) (3.42)

As an explicit example, let’s see the case n = 12:
Oh(y) = Pa(y)P3()P6(y) =v° + ' +v° + 7 +y+1 (3.43)
Do (y) = D1(y)Pa(y)Pra(y) =y — P +y—1 (3.44)

Since the powers of positive terms in ®1,(y) are (p1,p2) = (1,7), it follows that

R = %{1,7} _ {32} (3.45)

and so k = 6, as shown on table 2. The number of mesons are found from (3.24), i.e. & = 6,
confirmed by the 6 terms in (3.43). Finally, the charges R; — 2Rg are found using (3.23)
and the powers ¢; in (3.43),

2 .
Rj=2(j=1) , j=1....6 (3.46)

confirming the k = 6 case of (3.41).
We were searching for solutions for N4 = 1 which cannot be cast into this form, but
did not succeed in the limited range of finite n.

34 Ny=2

These are even more interesting examples. Up to n = 250 we found 4 families of solutions,
two already known, Dy s and E7, a two new, one which we denote by M}, and a mysterious
one, which we denote by Ni. Let’s now go through them.

~10 -



n D, D, k
4 {2} {1,4} 2
6 (3} {1,2,6) 3
8 (2,4} (1,8} 4
10 {5} {1,2,10} 5
12| {236} (1412} | 6
14 ! (1214} | 7
16| {248} {1,16} 8
18 {3,9} {1,2,6,18} 9
2 | {2,5,10} (14,20} | 10
22 {11} (1,222} |11
24 | {2,34,6,12)} | {1824} |12
26 {13} {1,226} | 13
28 | {2,7,14} (1428} |14
30 | {3515} | {1,2,6,10,30} | 15

Table 2. All solutions for Ny = 1 and n < 30 (first column) are defined by the set D, (second
column), from which one gets ®;' (y) from (3.16). The third column is for completeness, and it is
unique due to (3.19). The last column specifies the integer k of the solution 3.3.1.

3.4.1 Diy2: Rx = 324, Ry = 5

The solution is for « = 3k and

. 1 .
R; = (2(Z_1)+k(m_1))m ,t=1,....0k, m=1,23 (3.47)
The superpotential is
Wp,., = Tr (Xk“ + XYQ) (3.48)

For k£ odd one can get these results directly from the classical chiral ring. For k even
it is believed that this same conclusion follows from the quantum truncation of the chiral
ring. However, in our approach we never use any reference to the superpotential, so there
is no real difference between these two cases. Both satisfy equation (2.17), and this is all
we need.

Some of these solutions found in our approach are shown in table 3.

3.4.2 Ey
This solution comes from n = 30, which divisors are 1,2,3,5,6,10,15,30. More precisely,
O (y) = Da(y)D3(y) 5 (y) 6 (y) Pr0(y) P15 (y)
— Pyt 18 1T 9y16 15 014 | 918 | 012 4 o 11
+2y"0 + 20" + 205 + 20"+ + 2+t + P+ 1 (3.49)
Dy(y) = P1W)Pa0(y) =y" —y" —° +4° +47 -1 (3.50)

- 11 -



24 | {2.34,68,12} | {1,24}
30 | {3,5,10,15} | {1,2,6,30}
30 | {2,3,5,10,15} | {1,6,30} | 10

n D} D, k
(2.3} (6 | 2

12 | {2346} (112} | 4
18] {369 (1,218} | 3
18] {2,369} 1,18y | 6
8

5

Table 3.  All solutions for Ng = 2 and n < 30 of the Dy4o family. They are defined by n
(first column) and the set D (second column), from which one gets @} (y) from (3.16). The third
column is for completeness, and it is unique due to (3.19). The last column specifies the integer k
of the solution 3.4.1.

Using the formulae of section 3 we find N4 =2, a = 30 and

4 2
R, =4—-,- 3.51
{53} (351)
R 4 2 8 10 10 4 14 14 16 16 20 20
] T ) 97 37 9’ 9 Y 9 ) 37 9 Y 9 9y 9 Y 9 Y Y Y 9 ? 9 Y

22 22 8 8 26 26 28 28 10 32 32 34 38 14

— .52
97973’3797979’973’9’9797’973} (35)

which agrees with [9].

Ry = 2(k+1)

3.4.3 New solution, My: Rx = SErT

_2
2k+1°

This is a new possibility and it seems coming from the classical superpotential
W, = Tr (X?k+1 + X’fy) (3.53)

It is easy to find that the solution with o = k and

2
2k +1

Rj=(j—1) ji=1,...,k (3.54)
We will see later on in section 4.2 why is the chiral ring given by (3.54).
Some lowest k solutions are shown in table 4. We did not include the case k£ = 1, which
is SQCD, so already part of the N4 = 0 family.
We postpone to section 4.1 the interpretation of this result.

RY: 2k

3.4.4 Apparent new solution, Ni: Rx = ok

6
342k’
This mysterious new solution has for the a = 2k R-charges R; = R(M;) — 2R

2

Ry = (3(i— 1)+ k(m—1) 5o
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n D, D, k

{2} {1,3,6} 2
9| {3 (1,9} 3
12 {24} | {13612} | 4
15 {5} {1,3,15} 5
18 | {2,3,6} {1,9,18} 6
o1 | {7} {1,3,21} 7
24 | {248} | {1,36,12,24} | 8
27 | {3,9} {1,27} 9
30 | {2,5,10} | {1,3,6,15,30} | 10

Table 4. All solutions for Ny = 2 and n < 30 of the M) family. They are defined by n (first
column) and the set D; (second column), from which one gets ®;' (y) from (3.16). The third column
is for completeness, and it is unique due to (3.19). The last column specifies the integer k of the
solution 3.4.3.

n D D k
6 {2} {136} |1
6 {2,3} {1,6} 3
12 {2.4,6} {1312} | 2
12| {2346 {1,12 | 6
18 | {2,3,6,9} {118} | 9
24 | {2,4,68,12} | {1,324} | 4

24 | {234,6812} | {124} |12
30 | {2,5,10,15} | {1,3,6,30} | 5
30 | {2,3,5,10,15} | {1,6,30} | 15

Table 5. All solutions for N4y = 2 and n < 30 of the N}, family. They are defined by n (first
column) and the set D, (second column), from which one gets @/ (y) from (3.16). The third column
is for completeness, and it is unique due to (3.19). The last column specify the integer k of the
solution 3.4.4.

Some of these solutions, for specific values of k, can be related to known solutions:

N = Mo (3.56)
N3 = Dopo (3.57)

which is confirmed by some entries in table 5, where the lowest k solutions are shown.
With a generic k, the only marginal superpotential we can write with these R-charges is

Wy, = Tr (XY?) (3.58)

the main obstacle being non-integer powers needed to sum up to R = 2. This is the
D theory in the classification [7], where a-maximisation [20] is needed to determine all
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charges. This is now a problem: although the R-charges for the adjoints guarantee that
the expressions for the electric and magnetic superconformal indices, and so formally the
a-central charges, are the same, the a central charges are not maximised, in spite of the
fact that one R-charge is not determined by the superpotential constraints. While one
could naively think that it is possible to obtain the needed rational adjoints’ R-charges by
the maximisation procedure for discrete choices of & = N./N¢, this is possible only for one
among the electric and magnetic theories, not both. This is not surprising, two equations
0a' /ORy = 0 and a9/ ORy = 0 in general cannot be satisfied by the same choice of .
At the moment we cannot offer any interpretation of this solution except in special cases
k =1 (3.56) or k multiple of 3 (3.57).

4 More on the new solution 3.4.3

We will now first comment on the possible interpretation of the new solution found in 3.4.3
and then see how its quantum chiral ring looks like.

4.1 Possible interpretation

How to understand the new solutions M} from section 3.4.3, especially in view of the
classification of [7]? We propose that it could be a low energy limit of the Do theory

W,y = Tr <X2k+1 + XY2> (4.1)
Adding the relevant operator
AW = Tr (X’“Y) (4.2)
two different things can happen:

e in the low energy theory the first term of (4.1) dominates giving our new solution

W, = Tr (X%H + X’“Y) (4.3)

Take as an example k = 2. Then x%iﬁn ~ 3.14 [7], apr, and cypy, stay positive as they
should [21], while from around z2* ~ 3.41 on the collider bound [22] starts being
violated. But in the interval 25 < z < z}P* the difference Aa = ap, — anm, is
positive and thus satisfies the a-theorem [23-28], as shown in figure 1;

e it is the second term of (4.1) which dominates over the first one:
W =Tr (XY2 + XkY> (4.4)
This case gives the R-charges of the adjoints the same as in Dy;.> By assuming

that (4.4) has also a dual in the present classification through the cyclotomic poly-
nomials, than this is the theory Dy.

3We could have added a term X**'Y also in (4.1), since it is allowed by R-symmetry in this case of
Dy 42 for even n = 2k, which makes the fixed point Dak2 actually a fixed line [29, 30].
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Aa/Ng?

280}
260}
240}
220}

200+

3.20 3.25 3.30 3.35 3.40

Figure 1. The difference of the a central charges between the supposedly UV fixed point Dg and
the supposedly IR fixed point Ms.

In short, the new candidate for a fixed point M, can be a low energy limit of
Doy o with a perturbation (4.2) added, presumably for a large enough ratio of the
Yukawas yyzrt1/yxy2.

4.2 The chiral ring

It is strange that all the mesons we need for the duality of the case in section 3.4.3 are just
a=k, ie. QX'71Q for j =1,...,k. In fact, the superpotential is

W = Tr (X%+1 n XkY) (4.5)

The e.o.m. for this system are

%Z = X% 4 Xy 4 XF2y X 4+ XY XP 2 Y X T (4.6)
%v; ~ XFocl (4.7)

from which it is not clear among others why there is no Y in the mesons.

As an example we will now consider the case k = 2. Following [7, 31] we can easily see
that classically at most single powers of X and Y are independent, while (4.6) for k = 2
tells us that X and Y anticommute (modulo identity operator). So the possible mesons

are naively

QX lym g |, i=1,2 , m=1,2 (4.8)

But this is only apparent, which we will see now, following the suggestion of [10],
through the superconformal index. To keep track of the gauge invariant terms we use an
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expansion of (2.15) with the following values for the electric theory*

(F2)" + (de A t2)" — (IA)™ — (EA2)" 4+ S0 (Xatfa)" — (¢, 2 Fo)m)

fe(w") = (1= (td)™) (1= (td-)")
(4.9)
o Q) o, () — (gt ) ()
N A D (70 R (10
_ ny (QtRQ)npr(g—n) (thQ RQ)npr( ) —n
e N D e 7 R 1

where we denoted by v x,y the anti-fermions of the adjoints X, Y, by dy _ the derivatives,
by Ay — the gauginos (with only one combination among d4A_ and d_\; independent due
to the equation of motion [14, 16]) and F' the gauge field strength.

Egs. (4.9), (4.10) and (4.11) have been derived from (2.6), (2.7) and (2.8) by explicitly
denoting the origin of each single term (the fugacity = (z~!) has been replaced by d (d_)
or Ay (A_)), following for example [16], see also table 2 of [14] and table 1 of [32] for a list
of elements which contribute to the counting.

Now we can expand (2.15) as

Tp(w) = T (1) + T (1) (QQ 2 pn, (W, (57 + ) + ... (4.12)

First we see the gauge invariant operators without the quark fields by expanding in
powers of ¢:

IO = 1484 5X2 4455 (X3 — Xody) — (A- + A ) t7PX + 35X (=X ¢y +2X% 4+ V)
+7 (A= (v = X7) + Aydby +d-X7 +d1 X2 = A X7)
2 (—2X3 Py — Xibx + X% — Yy + A Ay +2X° + X2Y) 4+ 0 (t“/5> (4.13)

while the index of the terms proportional to QQ is

IO = 14 25X + 45 (2X% — Py) +¢(2d- +2d4 — M- — Ay)
/5 (—3X0py +3X3+Y) +3t7PX (d_ +dy — A — Ay)
+8° (—6 X2y — Px + 9% + 55X+ 3XY)
+9/5 (d_ (TX%=3ipy ) —3d by + A (30y —6X %) +3\dy +7d X2 — 6A; X?)
+12 (—11X 3%y — 3Xthx + 5X93 — 3Vehy +d_ (4dy — 3A_ — 3X\y) — 3dy A
A= (8A = 2d4) +3d2 + 3d3 + F 4+ 22 + X2 +7X7 + 6X%Y) + 0 (#11/9)

(4.14)

The first term in (4.14), i.e. 1, means the operator QQ. The second term, X, represents
the operator QX Q. The third one, 2X2 — 1)y, means that there is the operator QQ Tr(X?),

“We could have done the same for the magnetic theory. The expansion in gauge invariant operators
would obviously look differently, but the equality of the two superconformal indices would guarantee that
the number of them in short multiplets is the same and that there is a one-to-one matching between the
two sets of independent operators.
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while QX2Q gets paired with Qiy Q forming a long multiplet and thus escaping the count-
ing of the superconformal index, which is sensible only to short multiplets [13].

One can continue, finding that at each level only gauge invariant operators made out
of QQ or QX Q multiplied by gauge invariant operators without quarks allowed by (4.13).
For example, let’s see why there is no QY Q in the counting. This is a term of order t9/°
in (4.14). The number of all gauge invariant operators coming from short multiplets of this
order is 1, distributed as

—3: QXPyQ, Qv XQ, QQ Tr(X¢y) (4.15)
+3: QX3Q, QXQTr(X?) , QQ Tr(X?) (4.16)
+1:QYQ (4.17)

We know from the term of order t5/% of (4.13) that the last term of (4.15) pairs with
the last term of (4.16). Thus the only multi trace term remained and allowed by (4.13) is
QXQ Tr(X?2), so there is no room for QY Q to survive unpaired.

The reader can continue in this fashion: the absence of QXY Q as a short multiplet is
simply because the only 2 possibilities are

QQ (Tr(x?)? , QQ Tr(XY) (4.18)

which are products of already allowed terms.

In other words, the only single trace operators made out of one quark ) and one
antiquark Q are exactly QQ and QX Q, and no others, in accord with the meson operators
with R-charge 2R + R; needed in the magnetic theory. So the naive expectation from the
classical equations of motion for the mesons present is misleading. Quantum constraints
take care of this, which can be explicitly seen in the expansion of the superconformal index,
as suggested in [10] and presented here for the case of interest.

5 Conclusions

Which are the possible fixed points in SQCD theories with N4 (> 0) adjoints? A list of
them, all connected to a UV free theory, can be found in [1, 7, 8]. All of them except the
cases denoted by Eg and Eg [10] have a known candidate for a dual theory. In this work we
gave a complete parametrisation of all such theories with a prescribed dual, assuming the
adjoints’ R-charges are rational numbers in the interval between 0 and 2. These solutions
include all known cases and give new ones. A family of new such solutions have been given,
as well as possible suggestions on where these new solutions could lay on the tree of flows.

It is not clear from the classification whether there exist different classes of solutions to
those presented in this work. The reason is that at least in principle one should go through
an ordered but infinite number of possibilities, and check whether they are new or already
in the known families. The mathematical problem boils down to possible classification of
all products of distinct cyclotomic polynomials with positive coefficients. We do not know
a solution.
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In this work we limited the adjoints’ charges to rational numbers in the interval between
0 and 2. The choice of the rational numbers is mandatory for the classification of the
solutions through the factorisation of the polynomial ™ — 1 into products of cyclotomic

5 The motivation for it

polynomials, while the choice of the interval [0, 2] is less obvious.
has two reasons.

First, in many cases it might be difficult to find a superpotential® that enforces negative
R-charges. For example, the solution of section 3.3.1 can be formally enlarged to k < —1.
However we do not know of a superpotential with positive powers of the fields which would
enforce it, unless one uses extra singlets.”

A second, and, in our opinion, more important reason is that it is difficult to define a
sensible superconformal index. Due to negative powers of the fugacity ¢ the superconformal
index does not have a Taylor expansion in powers of ¢ around the origin. This, among
others, means that even the derivation of eq. (2.17) is not guaranteed. We plan to look
at this problem better in future, although it may well be that such R-charges outside the
domain [0, 2] are simply forbidden.

In this work we limited ourselves to theories with at most two adjoints (Na < 2). Of
course it is straighforward to find solutions for general N4, and we did it. The problem
is that these theories are not asymptotically free and so, if connected to the free theory,
typically violate the a-theorem. The only exceptions found so far are theories with at
least some adjoints’ R-charges negative. These could represent examples of UV dual fixed
points, i.e. examples of UV safety [34] in supersymmetric theories [35-38]. Due to the
difficult interpretation of these cases we leave also this analysis for the future.

Last but not least, all the analysis of this paper is done in the leading large N, limit.
Only in this case the equality of the electric and magnetic superconformal indices reduces
to a simple and easily calculable expression. So even the original equation (2.17) or equiv-
alently (3.1), from which we started the analysis, is not known in general for finite V. and
to get it requires much more effort, which is beyond the scope of this paper. On one side
it is in principle possible that the new solutions M}, (and/or Ny) are just an artifact of the
large N, expansion and disappear when finite number of colours are considered. On the
other side we are optimistic since the known solutions Dy,o and E; persist for finite N,
although clearly there is no guarantee that this is true also for the new candidate Mj,.
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®Considerations of unitarity bounds [33] could help here, although we were unable to conclude either
way. In fact gauge non-invariant fields could in principle have R-charges below 2/3 or even negative, as
long as all gauge invariant combinations satisfy the unitarity bound.

SWithout a superpotential the R-charges must be defined through the a-maximisation [20], which typi-
cally gives non-rational solutions, see section 3.4.4.

If this is done in both the electric and magnetic versions, their effect cancels out in the difference of
the superconformal index.
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A A list of cyclotomic polynomials

For convenience we explicitly present here all the cyclotomic polynomials up to n = 30.
This choice of the upper n is not dictated by what one can find in [17], but by the value
needed for F7 in section 3.4.2.

Pi(y) =y—1

Pa(y) =y +1

3(y) =1*+y+1

Oy(y) =y* +1

O5(y) =y +y +v +y+1

Oo(y) =y* —y+1

() ="+ +y + P+ Y+l

Ps(y) =y'+1

Dy(y) =9° +9° +1

() =y -’ +yP -y +1

eu(y) =y’ + "+ P+ S+ Sy
Dio(y) =y —y* +1

ia(y) =y + "+ P+ Y S R
Su) =" -+ -+ -y +1

Qi) =y —y +" — v+ -y +1

Di6(y) =9° + 1

=1
Doo(y) =y® — 90 + 9yt —y* + 1
Por(y) =y -yt +y? ¥+ -yt -y + L
Doo(y) =y — o’ + ¥~y + 1 -yt -y Y+ 1

1210 408 06 421
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29
Daog(y) =Y ¢!
=1
Pyo(y) =y +y — v’ -yt -y +y+1 (A1)

B A proof that a > 0 and a sum rule

One could worry that the quantity « defined in (3.24) may not be positive, and thus
invalidate the consistency. Here we show that it is always positive, as it must be. It follows
from the general property of the cyclotomic polynomials for n > 1 (®1(1) = 0):

®,,(1) =1 if n is not a prime power (B.1)
o,(1) =p ifn= p¥ is a prime power with k > 1

This means that any product of cyclotomic polynomials with n # 1 is positive at y = 1.
In our case

>0 (B.2)

But we can expand

Na+1

@, (v) 1 e mep
= Yy =y ¢
y—1 y—1 22; ( )
Na+1
1 - —
— ﬁ (@(Qpa — m)ym Pa (y2pa m 1) —O(m — 2pa)ypa (ym 2pa 1))
a=1
Na+1 2pg—m—1 m—2pa—1
e Z (8(2]7(1 - m) ym—Pa-H _ @(m _ 2pa) Z ypa+J> (B 3)
a=1 ]:0 ]:[)
Taking it at y = 1 we get
@, () R
n : = Z (6(217& - m)(?pa — m) — (—)(m — 2pa)(m _ 2pa>)
y— y—1 a=1
Na+1
a=1

which in combination with (B.2) gives

Na+1

> (2pa—m) >0 (B.5)

a=1

Eq. (3.24) (remember that m = px,41) finally proves that o > 0.
From here it immediately follows a sum rule for S-74* (R, —1). Since

a=1
Ny+1 Ny+1
R,—1)= 2pa — PNa+1 B.6
> (Ra=1)= o 3 (= pvan) (B.6)
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due to (B.5) we also find that
Na+1

> (Ra—1)>0 (B.7)

a=1

This gives a necessary (although not suffficient) criterium which any given set of ad-
joints’ R-charges, which represent a Seiberg-Kutasov dual theory, must satisfy. For example
the choice R, = (1/6,1/3) cannot. In fact for this case S2°_, = (1/6 — 1) + (1/3 — 1) +
(2—1) =—1/2 < 0 and thus violates the sum rule B.7.

C Redundancy
Let n be the product of two prime numbers p; 2 and an integer r > 0:
n = rpipo (C.1)

Then choose
P, (y) = P1(y") Ppips (v") (C.2)

The divisors of p1po are 1, p1, p2 and p1ps, so

O (y) = T = p (¥)Ppu () (C.3)

By(a) = 3400 o
i=1
With
yr(He@p2) — 42 (C.5)
equation (2.17) now becomes
1 21’(17’2 )
2 2 + —
d, (t1+«p(p1p2)) (I)plp2 <t1+¢>(p1102)) = LTreleirz 1 3 (C'ﬁ)

(I);m (tH—w(iwz)) cI)p2 (t 1+w(p1p2)>

with ¢(n) the n'* Euler’s totient function. Once pj 2 are fixed, solution (C.2) does not lead
to new solutions for different r. Of course, the ansatz (C.2) is only one possibility, and
others are possible, among them for example D, = {1,p1,p1p2} or D, = {1, p2, p1p2}.

The main message is that increasing n does not necessarily give new solutions. This
might mean that the number of families is finite and thus in some future possible to
determine all of them.
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