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Kotlářská 2, 611 37, Brno, Czech Republic

E-mail: klu@physics.muni.cz, Rick.Novosad@seznam.cz

Abstract: We propose an action for non-relativistic M2-brane in eleven dimensional M-

brane Newton-Cartan background. We find its Hamiltonian formulation and we focus on

its dimensional reduction to ten dimensions that leads to non-relativistic D2-brane or to

non-relativistic string. We also discuss T-duality properties of non-relativistic D2-brane.

Keywords: D-branes, M-Theory

ArXiv ePrint: 1903.12450

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP06(2019)072

mailto:klu@physics.muni.cz
mailto:Rick.Novosad@seznam.cz
https://arxiv.org/abs/1903.12450
https://doi.org/10.1007/JHEP06(2019)072


J
H
E
P
0
6
(
2
0
1
9
)
0
7
2

Contents

1 Introduction 1

2 Non-relativistic M2-brane 3

3 Hamiltonian formalism 5

4 Dimensional reduction of non-relativistic M2-brane 7

4.1 Dimensional reduction of non-relativistic M2-brane along spatial longitudi-

nal direction 9

5 T-duality of non-relativistic D2-brane 11

5.1 Transverse reduction 13

6 Conclusion 13

1 Introduction

Renewed interest in Newton-Cartan (NC) gravity has appeared during last few years as it

was shown that it plays crucial role in the context of non-relativistic holography [1–6]. NC

gravity is covariant formulation of non-relativistic gravity with one-dimensional foliation of

space-time corresponding to the absolute time direction which is longitudinal to the world-

line of particle [7]. Recently an interesting generalization of this concept to the case of the

two dimensional objects (strings) was proposed in [8] when one dimensional foliation of

space-time is replaced by two dimensional (time-like and spatial) foliation directions that

are longitudinal to the world-sheet of string. This proposal was further elaborated in [9–15,

24]. Even more importantly, it was shown in [12] that T-duality along longitudinal spatial

direction maps non-relativistic string to relativistic one in the background with compact

light like isometry. In other words, non-relativistic string with isometry along longitudinal

spatial direction can be used for the definition of Discrete light cone quantization (DLCQ)

of relativistic string. This is intriguing result since (DLCQ) is very important for the

definition of matrix theory which is quantum description of M-theory, at least in some

particular background [16–19].

Since the suggested relation between non-relativistic string in stringy NC background

and non-perturbative definition of M-theory is very interesting it is natural to study the

relation between M-theory and Newton-Cartan geometry further. For example, it was

originally suggested in [8] that it is possible to define different p-brane Newton-Cartan

background when we consider p-brane as natural probe (p- means number of spatial di-

mension of p+1 dimensional object) of gravity. Then we split D−dimensional dimensions
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into p+1-longitudinal directions and D− (p+1) transverse directions and take an appro-

priate limit that leads to p + 1-dimensional non-relativistic p-brane theory. In M-theory,

which is 11−dimensional theory, there is such a natural probe: M2-brane. This is 2 + 1

dimensional object that couples to three form C that, together with the metric is bosonic

part of 11−dimensional supergravity. Then in order to find non-relativistic M2-brane ac-

tion we generalize limiting procedure introduced in [20] to the three dimensional object in

the same way as we used this procedure in case of the fundamental string [13]. This pro-

cedure is natural generalization of the approach [20] that was used in case of point particle

probe of gravity to the higher dimensional objects. We implement this procedure to the

case of M2-brane and we find finite and well defined action for non-relativistic M2-brane in

M-brane Newton-Cartan background. As the next step we find its Hamiltonian formulation

of this non-relativistic M2-brane and we determine all constraints of the theory.

Having found non-relativistic M2-brane it is natural to ask the question whether it has

similar properties as relativistic one when we perform dimensional reduction of M-theory.1

It turns out that this is straightforward procedure in case of the dimensional reduction

along spatial circle that lies in transverse direction of M2-brane NC gravity. In fact, in

this case we can identify Kaluza-Klein ansatz for general M2-brane NC background since

component of the spatial metric along compactified direction can be related to the dilaton

field of lower dimensional theory. As a result we find an action for non-relativistic D2-brane

in 2-brane NC background that is characterized by three longitudinal directions and nine

transverse ones. On the other hand the situation is more involved in case of dimensional re-

duction along longitudinal spatial direction since in this case it is not known how to perform

dimensional reduction in full generality. For that reason we use adapted coordinates along

longitudinal directions that simplify analysis considerably. In this case we also find that

non-relativistic M2-brane should wraps this compact dimension. As a result M2-brane low-

ers its dimensionality and the resulting object can be identified with non-relativistic string.

It is however important to stress that we were able to do this in adapted coordinates only.

Similar situation occurs in case when we try to analyze T-duality properties of non-

relativistic D2-brane. As in relativistic case2 we analyze T-duality of D-brane when it

wraps compact dimension. This means that we particularly fix the gauge when one spatial

world-volume coordinate coincides with the target space coordinate. We further presume

an isometry along this direction so that all world-volume modes do not depend on this

coordinate. In case of non-relativistic D2-brane the situation is more involved since its

action does not have the form of Dirac-Born-Infeld action that is crucial for the covariance

o D-branes under T-duality transformations [23]. As a result we again have to switch

to adapted coordinates. Then we find that the only possibility is that non-relativistic

D2-brane wraps longitudinal spatial direction since in case when D2-brane wraps spatial

direction along transverse direction the matrix aαβ = ∂αx
µτµν∂βx

ν is singular. Then in

case when D2-brane wraps longitudinal spatial direction we find that D2-brane maps to

D1-brane in T-dual theory. This is again very nice consistency check.

1For review, see for example [22].
2For review, see for example [23].
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This paper is organized as follows. In the next section 2 we find an action for non-

relativistic M2-brane action in M-brane NC background. In section 3 we find Hamiltonian

form of non-relativistic M2-brane. Section 4 is devoted to the dimensional reduction of

non-relativistic M2-brane. Finally in section 5 we study T-duality properties on non-

relativistic D2-brane action. Finally in conclusion 6 we outline our result and suggest

possible extension of this work.

2 Non-relativistic M2-brane

In this section we introduce an action for non-relativistic M2−brane in eleven dimensional

background following limiting procedure [20]. Starting point is an action for M2-brane in

general background

S = −T̃M2

∫

d3ξ
√

− det gαβ + T̃M2

∫

C , (2.1)

where T̃M2 is M2−brane tension and where C is a pull-back of eleven-dimensional three

form to the world-volume of M2-brane

C =
1

3!
CM1M2M3

dxM1 ∧ dxM2 ∧ dxM3 =
1

3!
ǫα1α2α3CM1M2M3

∂α1
xM1∂α2

xM2∂α3
xM3 . (2.2)

Further, xM (ξ),M,N = 0, 1, . . . , 10 are world-sheet fields that parameterize an embedding

of M2-brane in target space-time with the metric GMN so that 3×3 matrix gαβ has the form

gαβ = GMN∂αx
M∂βx

N , (2.3)

where ∂α ≡ ∂
∂ξα

where ξα , α, β = 0, 1, 2 parameterize three dimensional world-volume of

M2-brane.

Let us now take non-relativistic limit of this action when we generalize an approach

introduced in [20] to the case M-brane Newton-Cartan gravity. To do this we introduce

vielbein E A
M so that

GMN = E A
M E B

N ηAB , E A
M EN

B = δAB , EM
AE

A
N = δMN , (2.4)

where A = 0, 1, . . . , 10 and where ηAB = diag(−1, 1, . . . , 1). Then we split target-space

indices A into A = (a, a′) where now a = 0, 1, 2 and a′ = 3, . . . , 10. We further introduce

τ a
µ so that we write

τMN = τ a
M τ b

N ηab , a, b = 0, 1, 2 . (2.5)

In the same way we introduce vielbein e a′

M , a = 3, . . . , 10 and also introduce gauge field

m a
M . τ a

M can be interpreted as the gauge fields of the longitudinal translations while e a′

M

as the gauge fields of the transverse translations [8]. We further introduce their inverses

with respect to their longitudinal and transverse translations

e a′

M eMb′ = δa
′

b′ , e a′

M eNa′ = δNM − τ a
M τNa , τMa τ

b
M = δba , τMa e

a′

M = 0 , τ a
M eMa′ = 0 . (2.6)

Finally we introduce parameterization of relativistic vielbein in the similar way as in [20]

E a
M = ωτ a

M +
1

2ω
m a

M , E a′

M = e a′

M , (2.7)
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where ω is free parameter that we take to infinity when we define non-relativistic limit.

Then with the help of (2.7) we obtain following form of the metric

GMN = E a
ME b

N ηab + E a′

M E b′

N δa′b′ =

= ω2τMN + ĥMN +
1

4ω2
m a

Mm b
Nηab , (2.8)

where we defined

ĥMN = hMN +
1

2
τ a
Mm b

Nηab +
1

2
m a

Mτ b
N ηab . (2.9)

The object τ a
α = τ a

M∂αx
M is 3 × 3 matrix that in adapted coordinates is equal to τ a

α =

diag(1, 1, 1). Hence it is natural to presume that the matrix τ a
α is non-singular so that

aαβ = τ a
α τ b

β ηab is non-singular too. As a result we can introduce inverse ãαβ that obeys

aαβã
βγ = δγα . (2.10)

With the help of this matrix we can write

√

− det gαβ =

√

− det(ω2aαβ + ĥαβ +
1

4ω2
m a

α m b
β ηab) =

= ω3

√

− det aαβ det(δ
α
β +

1

ω2
ãαγ ĥγβ +

1

4ω4
ãαγm a

γ m b
β ηab) =

= ω3
√

− det aαβ(1 +
1

2ω2
ãαβĥαβ) +O(ω−1) , (2.11)

where in the last step we performed expansion of the square root for large ω. We see that

the first term in (2.11) diverges as ω3 in the limit ω → ∞. Then in order to cancel this

divergence we should introduce an appropriate form of the background three form CMNP .

We studied this problem in more details in case of non-relativistic string [13, 14] when we

proposed such a form of NSNS two form that leads to finite action for non-relativistic string

in stringy NC background. Clearly this approach can be generalized to higher dimensional

objects and hence it is natural to presume that CMNP has the form

CMNP = (ωτ a
M − 1

2ω
m a

M )(ωτ b
N − 1

2ω
m b

N )(ωτ c
P − 1

2ω
m c

P )ǫabc + ωcMNP =

= A a
MA b

NA c
P ǫabc + ωcMNP , (2.12)

where cMNP is an arbitrary background three form and we multiplied it with ω for reason

that will be clear below. With such a form of the background three form we find that

C =
1

3!
ǫα1α2α3A a

α1
A b

α2
A c

α3
ǫabc + ωc = detA a

α + c = (2.13)

= det(ωτ b
α (δab − 1

2ω2
τ
γ
bm

a
γ ) + ωc = ω3 det τ a

α − ω

2
det τ a

α τ
γ
bm

b
γ + ωc ,

where we defined

c =
1

3!
ǫαβγcMNP∂αx

M∂βx
N∂γx

P . (2.14)
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Collecting all results together we find the action in the form

S = −T̃M2

∫

d3ξω3
√
− deta(1 +

1

2ω2
ãαβĥαβ) +

+T̃M2

∫

d3ξ(ω3 det τ a
α − ω

2
det τ a

α τ
γ
bm

b
γ ) + T̃M2ω

∫

c

= − T̃M2ω

2

∫

d3ξ
√
− deta(ãαβĥαβ + ãαβτ b

β m a
α ηba) + T̃M2ω

∫

c (2.15)

using the fact that
√
− deta = det τ a

α and also ãαβτ b
β ηba = ταa. In order to have non-trivial

world-sheet theory we now demand following scaling of M2-brane tension

T̃M2ω = TM2 . (2.16)

Finally using the fact that

ãαβĥαβ + ãαβτ b
β m a

α ηab = ãαβĥαβ +
1

2
ãαβ(τ b

β m a
α ηab + τ b

α m a
β ηab) = ãαβh̄αβ , (2.17)

we obtain final form of non-relativistic M2-brane action

SNR = −TM2

2

∫

d3ξ
√
− detaãαβh̄αβ + TM2

∫

c , (2.18)

where we defined metric h̄MN as

h̄αβ = ∂αx
M∂βx

N h̄MN , h̄MN = hMN + τ a
Mm b

Nηab +m a
Mτ b

N ηab . (2.19)

The action (2.18) is the main result of this section. Clearly such an analysis can be

generalized for any p-brane with appropriate background p + 1 form. However M-theory

is exceptional since here M2-brane naturally emerges as fundamental object and M-theory

is also closely related to string theories. We will discuss relation between M2-brane and

non-relativistic D-branes below. Before we proceed to this problem we turn our attention

to the Hamiltonian formulation of non-relativistic M2-brane.

3 Hamiltonian formalism

In this section we would like to find Hamiltonian for the non-relativistic M2-brane action

given in (2.18). To begin with we note that aαβ = τ a
α τ b

β ηab and hence we can write√
− deta = det τ a

α . Then we can rewrite the action (2.18) into the form

S = −TM2

2

∫

d3ξ det τ a
γ ταcτ

β
bh̄αβη

cb + TM2

∫

c , (3.1)

where

τ a
α ταb = δab , τ a

α τβa = δβα . (3.2)

From (3.1) we determine conjugate momenta

pM =
∂L

∂(∂0xM )
= −TM2

2
τ b
Mτ0b det τ

a
α ãαβh̄αβ + (3.3)

+TM2 det τ
a

α τ0aη
abτ

β
bτ

c
Mταch̄αβ − TM2 det τ

a
α h̄MN∂βx

Nτ0β + TM2cM ,
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where cM is defined as

cM =
1

2!
cMM2M3

ǫi2i3∂i2x
M2∂i3x

M3 , (3.4)

and where we used the fact that

∂ det τ a
α

∂(∂0xM )
= τ a

M τ0a det τ
a

α ,
∂ταβ

∂(∂0xM )
h̄αβ = −2τ0aη

abτ
β
bτ

c
Mταch̄αβ . (3.5)

Then with the help of (3.3) we find that the bare Hamiltonian is zero

HB =

∫

d2ξ(pM∂0x
M − L) = 0 (3.6)

as it should be for diffeomorphism invariant object. Further, from the definition of the

conjugate momenta given in (3.3) we easily find following two primary constraints

Hi = pM∂ix
M ≈ 0 . (3.7)

To proceed further we define ΠM as ΠM = pM − TM2cM . Then with the help of (3.3) we

find

ΠMhMNΠN = T 2
M2(det τ

a
α )2ã0α∂αx

M ê a′

M δa′b′ ê
b′

N ∂βx
N ã0β , (3.8)

where we introduced following objects

τ̂Ma = τMa − hMNm b
Nηba , ê a′

M = e a′

M +m a
N eNc′δ

c′a′τ b
Mηba (3.9)

with following useful relations

ê a′

M τ̂Mb = 0 , h̄MN = ê a′

M δa′b′ ê
b′

N − τ a
MΦabτ

b
N , (3.10)

where Φab is matrix valued Newton potential defined as

Φab = −τMa m
c
Mηcb − ηacm

c
MτMb + ηacm

c
MhMNm d

N ηdb . (3.11)

To proceed further we combine (3.3) together with (3.9) and we obtain

ΠM τ̂Ma = −TM2

2
det ττ0aã

αβh̄αβ + TM2 det τ ã
0βταah̄αβ + TM2 det τΦadτ

d
β ãβ0 . (3.12)

We multiply this result with following expression

TM2

2
ηaa1ǫa1b1c1τ

b1
i τ c1

j ǫij , (3.13)

where ǫabc is totally antisymmetric symbol in three dimensions while ǫij is totally antisym-

metric tensor in two dimensions. Then, after some calculations, we obtain

1

2
TM2 det τ ã

0βταah̄αβη
aa1ǫa1b1c1τ

b1
i τ c1

j ǫij

+
1

2
T 2
M2 det τΦadτ

d
β τβ0ηaeτωeτ

a1
ω ǫa1b1c1τ

b1
i τ c1

j ǫij =

=
1

T 2
M2

ΠMhMNΠN . (3.14)
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To proceed further we introduce explicit form of the inverse matrix ãαβ

ã00 =
det aij
det a

, ã0i = −a0ka
kj det aij

deta
,

ãi0 = −aikak0
det aij
deta

, ãij = aij +
detaij
det a

aikak0a0la
lj , (3.15)

where aij is 2× 2 matrix inverse to aij so that

aikakj = δij . (3.16)

Then after some calculations we finally obtain Hamiltonian constraint in the form

Hτ = ΠMhMNΠN − TM2ΠM τ̂Ma1η
a1aǫabcτ

b
i τ c

j ǫij + (3.17)

+T 2
M2 detaija

klh̄kl + T 2
M2 det aija

klτ a
k ηabΦ

bcηcdτ
d

l − T 2
M2 det aijΦ

abηab ≈ 0 .

Observe that this Hamiltonian constraint has the same structure as the Hamiltonian con-

straint for non-relativistic string that was derived in [13]. Further, this Hamiltonian con-

straint is the generalization of the Hamiltonian constraint found in [14] to the case of

non-zero gauge field m a
M which is again nice consistency check.

In the next section we will discuss another important aspect of non-relativistic M2-

brane which is its dimensional reduction.

4 Dimensional reduction of non-relativistic M2-brane

In this section we analyze dimensional reduction of M2-brane Newton-Cartan background

with non-relativistic M2-brane as natural probe. As we know, dimensional reduction is

possible when the background has an isometry direction with Killing vector kM .3 We start

our analysis with the case when isometry direction corresponds to the transverse direction

in M-brane NC gravity. It is convenient to label this direction with y and split coordinates

as xM = (xµ, y), where µ, ν = 0, 1, 2, . . . , 9 and write 11−dimensional bosonic fields as [22]

ds2 = e−
2

3
Φ(x)dxµdxνgµν(x) + e

4

3
Φ(x)(dy + dxµCµ)

2 ,

c =
1

6
dxµ ∧ dxν ∧ dxρCµνρ(x) +

1

2
dxµ ∧ dxν ∧ dyBµν(x) , (4.1)

where now Φ is dilaton field. For our purposes it is useful to know Kaluza-Klein ansatz for

the vielbein

E A
M =

(

Ê Â
µ e−

1

3
Φ e

2

3
ΦCµ

0 e
2

3
Φ

)

, (4.2)

where Â = (0, 1, 2, . . . , 9).

The previous form of the Kaluza-Klein ansatz was defined for relativistic background.

On the other hand we would like to know how to perform dimensional reduction for M-

brane NC background which is defined by τ a
M , e a′

M and m a
M . We can deduce their form in

dimensional reduction as follows. From (4.2) we see that

E 10
y = e

2

3
Φ . (4.3)

3For review, see for example [22].
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Further, since E a
µ = ωτ a

µ + 1
2ωm

a
µ and E a′

µ = e a′

µ we see that the same expansion should

be performed in case of Ê Â
µ as well so that

Ê a
µ = ωτ̂ a

µ +
1

2ω
m̂ a

µ , Ê a′

µ = ê a′

µ (4.4)

and hence we have following correspondence

τ a
µ = e−

1

3
Φτ̂ a

µ , m a
µ = e−

1

3
Φm̂ a

µ , e a′

µ = e−
1

3
Φê a′

µ , (4.5)

where now a′, b′ = 3, . . . , 9. Further, we can also write

E y
µ = e

2

3
ΦCµ , (4.6)

where Cµ is ten dimensional vector field. Collecting these facts together we finally obtain

τµν = e−
2

3
Φτ̂µν , τ̂µν = τ̂ a

µ τ̂ b
ν ηab ,

h̄µν = e−
2

3
Φˆ̄hµν + e

4

3
ΦCµCν , h̄yy = e

4

3
Φ , h̄yµ = e

4

3
ΦCµ , (4.7)

where now ˆ̄hµν = ĥµν + τ̂ a
µ m̂ b

ν ηab + m̂ a
µ τ̂ b

ν ηab. Having identified relations between eleven

dimensional fields that define M-brane NC background and ten dimensional ones we can

proceed to the analysis of dimensional reduction of M2-brane. Let us start with situation

when M2-brane wraps compact dimension so that we can write

x10 ≡ Y = ξ2 . (4.8)

Now let us analyze the matrix aαβ . It is easy to see that the matrix aαβ is singular

and hence such a configuration cannot be realized. In other words we cannot consider non-

relativistic M2-brane wrapped compactified circle in transverse spatial direction of M-brane

NC geometry. For that reason we rather consider situation when M2-brane is transverse

to this circle. Then we have

aαβ = e−
2

3
Φâαβ , âαβ = ∂αx

µτ̂µν∂βx
ν ,

h̄αβ = e−
2

3
Φˆ̄hαβ + e

4

3
ΦYαYβ , Yα = ∂αY + Cα . (4.9)

Note that by definition we have following identity

∂α(Yβ − Cβ)− ∂β(Yα − Cα) = 0 . (4.10)

We can consider Y as an independent field when we add to the action term proportional

to
1

2
TM2

∫

d3ξǫαβγ∂αVβ(Yγ − Cγ) . (4.11)

To see this note that the variation of (4.11) with respect to Vβ gives precisely (4.10). Let

us now also discuss the pullback of three form c to the world-volume of M2-brane

c =
1

3!
ǫαβγ∂αx

µ∂βx
ν∂γx

ρĈµνρ +

+
1

3!
ǫαβγ(∂αx

µ∂βx
νYγBµν − ∂αx

µYβ∂γx
νBµν +Yα∂βx

µ∂γx
νBµν)−

− 1

3!
ǫαβγ(∂αx

µ∂βx
νCγBµν − ∂αx

µCβ∂γx
νBµν + Cα∂βx

µ∂γx
νBµν) . (4.12)
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Collecting these terms together we obtain an action for non-relativistic M2-brane in the

form

S = −TM2

2

∫

d3ξe−Φ
√
− det â˜̂aαβ [ˆ̄hαβ + e2ΦYαYβ] + (4.13)

+
TM2

3!

∫

d3ξǫαβγ∂αx
µ∂βx

ν∂γx
ρCµνρ +

TM2

2

∫

d3ξǫαβγ [FαβYγ −FαβCγ ] ,

where

Fαβ = Fαβ +Bµν∂αx
µ∂βx

ν , Fαβ = ∂αVβ − ∂βVα , (4.14)

and where ˜̂aαβ is matrix inverse to âαβ . Finally we eliminate Yα with the help of its

equation of motion that reads

−
√
− det âeΦ ˜̂aαβYβ +

1

2
ǫαγδFγδ = 0 (4.15)

that can be solved as

Yα =
e−Φ

2
√
− det â

âαβǫ
βγδFγδ . (4.16)

Inserting this result back to the action (4.13) we obtain final form of the action

S = −TM2

2

∫

d3xe−Φ
√
− det â[˜̂aαβ ˆ̄hαβ +

1

2
Fαβ

˜̂aαγ ˜̂aβδFγδ]

+
TM2

3!

∫

d3xǫαβγ [Cαβγ −FαβCγ ] (4.17)

which is an action for non-relativistic D2-brane in D2-brane Newton-Cartan background

which follows from the fact that ten dimensional theory still has three longitudinal direc-

tions. Note that this action has not been derived before and hence it is again important

result of this paper.

4.1 Dimensional reduction of non-relativistic M2-brane along spatial longitu-

dinal direction

It is natural to ask the question whether it is possible to perform dimensional reduction of

M2-brane NC geometry along longitudinal spatial direction. However now the situation is

much more complicated since it is not clear whether we can use correspondence between

Kaluza-Klein ansatz and ansatz that defines Newton-Cartan background. For example,

if we presume that we perform dimensional reduction along x2 = y we should have that

E 2
y = e

2

3
Φ. On the other hand when we define M-brane NC geometry we presume that

this vielbein component is equal to E 2
y = ωτ 2

y + 1
2ωm

2
y . Then it is not clear how to relate

τ 2
y and m 2

y to the dilaton Φ. For that reason we leave detailed analysis of this problem

on future research.

Despite of the comments given above we now show that it is possible to perform

dimensional reduction along spatial longitudinal direction when we use adapted coordinates

in longitudinal space. In adapted coordinates τ a
M is equal to

τ a
M = δ a

α , α, β = 0, 1, 2 , τ a
i = 0 (4.18)
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and hence

τMa = (δαa, τ
i
a) , i = 3, . . . , 10 . (4.19)

In these coordinates the condition τ a
M eMa′ = τMa e

a′

M = 0 implies

eαa′ = 0 , e a′

α = −δaατ
i
ae

a′

i (4.20)

so that components of the vielbein e a′

M are

e a′

M = (−δaατ
i
ae

a′

i , e a′

i ) . (4.21)

The vielbein eMa′ has following components

eMa′ = (0, eia′) , (4.22)

where in adapted coordinates eia′ is inverse to e b′

i so that

eia′e
b′

i = δb
′

a′ , eia′e
a′

j = δij . (4.23)

Using these results we obtain

hij = e a′

i δa′b′e
b′

j , hαi = −δ a
α τ jahji , hαβ = τ i

α hijτ
j

β . (4.24)

Let us now consider non-relativistic M2-brane in this background and perform dimensional

reduction along y = x2 direction. In other words we presume that non-relativistic M2-brane

wraps this direction so that

y = ξ2 ≡ ρ . (4.25)

In what follows we label world-volume coordinates with bared indexes:

ξᾱ , ᾱ, β̄ = 0, 1, 2 . (4.26)

We further presume that all remaining world-volume fields do not depend on ξ2. Then we

obtain

aρρ = 1 , aρα̂ = 0 , a
α̂β̂

= ∂α̂x
α′

δα′β′∂
β̂
xβ

′

, α′, β′ = 0, 1 , α̂, β̂ = 0, 1 (4.27)

and hence

ãᾱβ̄h̄ᾱβ̄ = ãα̂β̂h̄
α̂β̂

+ hρρ , (4.28)

where

hρρ = τ iyhijτ
j
y + 2m 2

y , (4.29)

h̄
α̂β̂

= ∂α̂x
α′

h̄α′β′∂
β̂
xβ

′

+ ∂α̂x
α′

h̄α′i∂β̂x
i + ∂α̂x

ih̄iβ′∂
β̂
xβ

′

+ ∂α̂x
ih̄ij∂β̂x

j ,

and where ãα̂β̂ is matrix inverse to a
α̂β̂

. From (4.28) we see that dimensionally reduced

action contains scalar contribution proportional to hρρ. Since the reduced action should

correspond to non-relativistic string in stringy-NC gravity we have to demand that following

components of the background fields vanish:

τ̂ iy = 0 , m 2
y = 0 . (4.30)
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Then we can perform dimensional reduction in the kinetic term of non-relativistic M2-brane

action and we obtain

S = −TM2

2

∫

dρ

∫

d2ξ
√

− detaᾱβ̄ã
ᾱβ̄h̄ᾱβ̄ = −TM2

2

∫

dρ

∫

d2ξ
√

− deta
α̂β̂

aα̂β̂h̄
α̂β̂

.

(4.31)

The previous action corresponds to non-relativistic string action in stringy NC gravity

when we perform identification

TNR = TM2

∫ 2πR

0
dρ = TM2(2πR) , (4.32)

where R is the radius of compactified y direction and TNR is the tension of non-relativistic

string. Recall that this is the same result as in relativistic case [22]. However it is important

to stress that the identification between dimensional reduced M2-brane and non-relativistic

string is valid for general M-theory background while in our case we had to use adapted co-

ordinates and we also had to impose the condition on the background fields given in (4.30).

Finally we analyze WZ term. Since non-relativistic M2-brane wraps y− direction the

only non-zero contribution is the second one in (4.1) and we obtain

TM2

∫

c = TNR

∫

d2ξǫα̂β̂∂α̂x
µ∂

β̂
xνBµν (4.33)

which is correct coupling of non-relativistic string to the background NSNS two form.

5 T-duality of non-relativistic D2-brane

In this section we return to the non-relativistic D2-brane action that was derived in previous

section and analyze its properties under T-duality. As is well known from relativistic string

theory, T-duality is symmetry of string theory when the background possesses an isometry

in one direction and we label this direction with coordinate y. It is also well known that

under T-duality Dp-brane that wraps this compact dimension, is mapped into D(p − 1)-

brane in T-dual theory [23] which is mainly due to the remarkable properties of DBI form

of Dp-brane action. Then it is clear that the situation is more complicated in case of non-

relativistic D2-brane due to the fact that there are preferred longitudinal directions and

it is important whether D2-brane wraps either longitudinal or transverse spatial direction.

Further, due to the fact that non-relativistic D2-brane action is different from DBI action

it is not possible to perform T-duality for general NC background. As in previous section

we switch to adapted coordinates along longitudinal directions where we have

τ̂ a
µ = δ a

α , α, β = 0, 1, 2 , τ̂ a
i = 0 (5.1)

and hence

τ̂µa = (δαa, τ̂
i
a) , i = 3, . . . , 9 . (5.2)

Further, components of the vielbein ê a′

µ and ê
µ
a′ are

ê a′

µ = (−δaατ̂
i
aê

a′

i , ê a′

i ) , ê
µ
a′ = (0, êia′) , (5.3)
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where again êia′ and êib′ are inverse

êia′ ê
b′

i = δb
′

a′ , êia′ ê
a′

j = δij . (5.4)

Now we proceed to the action for D2-brane in this background. In order to perform T-

duality we presume an isometry at x2 = y direction. We presume that D2-brane wraps

this direction so that

y = ρ , ρ = ξ2 (5.5)

and all world-volume fields depend on ξα̂ , α̂ = 0, 1. In this case we obtain

âρρ = 1 , âρα̂ = 0 , â
α̂β̂

= ∂α̂x
α′

δα′β′∂
β̂
xβ

′

, α′, β′ = 0, 1 (5.6)

so that
˜̂aᾱβ̄ ˆ̄hᾱβ̄ = ˜̂aα̂β̂ ˆ̄h

α̂β̂
+ ˆ̄hρρ , (5.7)

where

ˆ̄hρρ = τ̂ iyĥij τ̂
j
y + 2m̂ 2

y , (5.8)

ˆ̄h
α̂β̂

= ∂α̂x
α′ ˆ̄hα′β′∂

β̂
xβ

′

+ ∂α̂x
α′ ˆ̄hα′i∂β̂x

i + ∂α̂x
iˆ̄hiβ′∂

β̂
xβ

′

+ ∂α̂x
iˆ̄hij∂β̂x

j .

We see again that due to the non-relativistic kinetic term T-dual action now contains scalar

field proportional to ˆ̄hρρ. Then in order to preserve covariance of non-relativistic D-brane

action under T-duality we have to impose that

τ̂ iy = 0 , m̂ 2
y = 0 . (5.9)

These are similar conditions as in case of dimensional reduction of M2-brane studied in

previous section. On the other hand non-relativistic D2-brane action also contains contri-

bution from the gauge field that has the form

1

2
Fᾱβ̄

˜̂aᾱγ̄ ˜̂aβ̄δ̄Fγ̄δ̄ =
1

2
F
α̂β̂

˜̂aα̂γ̂ ˜̂aβ̂δ̂F
γ̂δ̂

+ Fα̂ρ
˜̂aα̂β̂Fγ̂ρ =

=
1

2
F
α̂β̂

˜̂aα̂γ̂ ˜̂aβ̂δ̂F
γ̂δ̂

+ (∂α̂Vρ + ∂α̂x
µBµρ)˜̂a

α̂β̂(∂
β̂
Vρ + ∂

β̂
xνBνρ) . (5.10)

If we combine this term with (5.7) we obtain

˜̂aᾱβ̄ ˆ̄hᾱβ̄ +
1

2
Fᾱβ̄

˜̂aᾱγ̄ ˜̂aβ̄δ̄Fγ̄δ̄ =
˜̂aα̂β̂ [∂α̂x

α′

(ˆ̄hα′β′ +Bα′ρBβ′ρ)∂β̂x
β′

+

+∂α̂x
α′

Bα′ρ∂β̂Vρ + ∂α̂VρBβ′ρ∂β̂x
β′

+ ∂α̂VρBjρ∂β′xj + ∂α̂x
iBiρ∂β̂Vρ +

+∂α̂x
i(ˆ̄hij +BiρBjρ)∂βx

j + ∂α̂Vρ∂β̂Vρ +

+∂α̂x
α′

Bα′ρ∂β′xjBjρ + ∂α̂x
iBiρBβ′ρ∂β̂x

β′

] +
1

2
F
α̂β̂

˜̂aα̂γ̂ ˜̂aβ̂δ̂F
γ̂δ̂

. (5.11)

We see that it is natural to interpret Vρ as the world-sheet field that labels position of

D1-brane in transverse direction y. This is result that it is in agreement with relativistic
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case. Further, the transformation rules for the background fields have the form

ˆ̄h′α′β′ = ˆ̄hα′β′ +Bα′yBβ′y ,

ˆ̄h′α′y = Bα′y ,
ˆ̄h′ρβ′ = Bβ′y ,

ˆ̄h′yj = Bjy ,
ˆ̄h′iy = Biy ,

ˆ̄h′ij =
ˆ̄hij +BiyBjy ,

ˆ̄hyy = 1 , ˆ̄h′α′i = Bα′yBjy ,
ˆ̄h′iβ′ = BiyBβ′y (5.12)

which resembles Buscher’s rules if we take into account that we perform T-duality along

direction with diagonal metric equal to one and where off-diagonal components equal to

zero due to the choice of adapted coordinates.

Finally we should consider WZ term for non-relativistic D2-brane. However since it

has the same form as in relativistic case the analysis is completely the same and we will

not repeat it here, for more details we recommend [23]. The result of this analysis is that

this term maps under T-duality to the WZ term for non-relativistic D1-brane when the

Ramond Ramond fields transform in the same way as in relativistic case.

5.1 Transverse reduction

Now we would like to ask the question whether we can perform T-duality transformation

along transverse spatial direction. In other words we presume that D2-brane wraps x9 = z

direction so that

z = ξ2 = ρ . (5.13)

However in this case we immediately find that this is singular situation since âρρ =

∂ρzτ̂
a

z τ̂ b
z ηab∂ρz = 0 since τ̂ a

z = 0. In other words, we can obtain T-duality transformation

only in case when T-duality is performed along longitudinal direction and Dp-brane wraps

this direction.

6 Conclusion

Let us outline our result and suggest possible extensions of this work. We find non-

relativistic M2-brane in M-brane NC background. We also find its Hamiltonian form.

Then we analyze its properties under dimensional reduction and we find that it reduces

to non-relativistic D2-brane when we perform dimensional reduction along transverse di-

rection. We also find non-relativistic fundamental string when we dimensionally reduce

along longitudinal spatial direction when however we restrict to the adapted coordinates

along longitudinal direction and perform restriction on background fields. We also study

T-duality of non-relativistic D2-brane and we find that performing T-duality along lon-

gitudinal spatial direction D2-brane maps to non-relativistic D1-brane when we perform

this T-duality in adapted coordinates. It is important to stress that T-duality can be

performed along longitudinal spatial direction only since non-relativistic D2-brane cannot

wrap transverse spatial direction.

This work can be extended in many directions. The first natural step is to general-

ize this analysis to the case of supermembrane. At present it is not clear to us how to

consistently generalize procedure used for this paper to the case of supermebrane that is
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invariant under target space supersymmetry and world-sheet kappa symmetry. We expect

that we should generalize an analysis performed in [25] to the case of general background

but this is very difficult problem since we should deal with supervierbens.

It would be also very interesting to analyze further the question of dimensional re-

duction of M-brane NC geometry along longitudinal spatial direction. It would be also

interesting to analyze M-brane Newton-Cartan equations of motion and its dimensional

reductions. We hope to return to these questions in future.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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