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1 Introduction

The physics of chiral fermions has attracted enormous attention recently. It has been
realized that chiral anomaly can play a key role in the dynamics. The manifestation of
chiral anomaly in a chiral fermion medium reveals novel transports such as chiral mag-
netic effect [1-3], chiral separation effect [4, 5] and chiral vortical effect etc. [6-10]. There
have been promising experimental signatures of these effects in systems of quark-gluon
plasma [11-14] and Weyl semi-metal [15, 16].

In fact the above mentioned effects are the most common anomalous transports dis-
cussed in the literature. More general anomalous transports have been discussed in two
complimentary frameworks. One is anomalous hydrodynamics [8, 17], whose basic degrees
of freedom are fluid velocity, local energy density and charge density. The chiral effects
appears as the anomalous transports to leading order in gradient. The anomalous hy-
drodynamics is ideal for strongly coupled system. The opposite limit is weakly coupled
system. This is the regime where the other framework chiral kinetic theory (CKT) is
most suitable [18-30]. Here the basic degree of freedom is distribution function of quasi-
particles of fermions. It allows us to study system far from equilibrium. In CKT, chiral
effects can in fact be obtained as linear response of the system to external magnetic field



and vorticity field. Nonlinear response to external fields have also been obtained in CKT
framework [31-33].

The chiral kinetic equation (CKE) has been derived in different ways. They can
be categorized into two approaches. One approach is field theory or equivalently Dirac
equation [19, 21-30]. The other approach is effective field theory (EFT), which includes
high density EFT by Son and Yamamoto (SY) [20] and on-shell EFT by Carignano, Manuel
and Torres-Rincon (CMTR) [34]. The EFT Lagrangian is defined with a cutoff. It is found
by CMTR that the resulting chiral kinetic equation (CKE) differs from the counterpart
obtained from field theory in higher order terms in expansion in the cutoff. We revisit the
approach by SY and find agreement with CMTR. The key to understand the difference lie
in the reparametrization properties of EFT. As we shall show, while the action and equation
of motion is invariant under reparametrization. The Wigner function and operators acting
on it are NOT. This leads to an ambiguity in formulating CKE. We fix the ambiguity
with a simple scheme. More importantly, the reparamatrization properties dictate that a
difference in CKE is actually expected: the difference can be attributed to the difference in
the degree of freedom chosen by the two approaches. Nevertheless, both can give correct
description of dynamics of chiral fermions.

The paper is organized as follows: in section 2, we start with high density EFT and
use it to derive Wigner function and its equation of motion. Section 3 is devoted to a
discussion of reparametrization invariance of the action as well as the equation of motion
in EFT approach. In section 4, we elaborate on the ambiguity in formulating CKE and
present a CKE with a simple scheme. In section 5, we show that CKE from EFT approach
is equivalent to CKE from field theory despite their apparent difference. We summarize
and discuss possible extension to this framework in section 6.

2 High density effective theory and chiral kinetic theory

High density effective theory (HDET) [35-37] is very useful in describing low energy dy-
namics. It is constructed in a simple manner by identifying the heavy degrees of freedom
and integrating them out from the theory as irrelevant modes. This process generates a
non-local effective Lagrangian, which can be expanded in terms of large momentum. By
construction, HDET is valid for excitations near Fermi surface. The total momentum of a
particle can be decomposed as: p* = pv* + I* with v* = (1,v) where v is a unit velocity
vector (v? = 1) denoting a point on Fermi surface. In this division, particle energy and
momentum can be simply given by p° = p + [° and p = pv + 1, with large Fermi momen-
tum pv and small residual momentum 1. We mention here that the choice of momentum
decomposition is not unique and there is an ambiguity present in the parameter v, which
is connected to the reparametrization transformation in the theory. The reparametrization
transformation and its implications will be discussed in a great detail in the next sections.
The kinetic theory can be obtained from the high density effective Lagrangian by using the
equations of motion for the gauge invariant Wigner function.

In the first subsection, we derive HDET Lagrangian for massless fermions valid in the
vicinity of Fermi surface. This is not new but is included for completeness. Our second



subsection is devoted to the derivation of Wigner function and its equation of motion,
which eventually leads to dispersion relation and transport equation.

2.1 High density effective theory

We start with the Lagrangian for right-handed chiral fermions with finite density p and
zero temperature

Lo = P(y" D)y + iy, (2.1)
with D, = 0, + 1A, as a covariant derivative. Here we consider the Weyl representation

for massless fermions in which, ¥ (z) is a two component spinor with v# = (1, o). The
energy spectrum for the above Lagrangian is given by the corresponding Hamiltonian as

(0-p— s = Exipy, (2.2)

with F representing the energy of particles and anti-particles: Fx = —pu + |p|. At low
energy, particles near the Fermi surface with F, ~ 0 are the relevant degrees of freedom
while anti-particles with £ ~ —2pu are identified as heavy modes and integrated out from
the theory. In integrating out the heavy mode, we decompose the energy and momentum
of fermions as p® =y + 1% and p = puv + 1 with 1°,1 < p. The decomposition of large and
small momenta is done by taking the Fourier transform as

V(@) =D VX [ty (@) + P-o(2)]. (2.3)

The fermion field is represented as a sum over different patches of Fermi surface, with
large Fermi momentum factored out in the transformation, leaving 11, (x) as the velocity
dependent fields carrying the residual momentum 1. Further, we define the projection
operators for massless fermions: Py = (1+ o -v)/2, with the properties Py 91, = 1)1, and
Py ¢+, = 0. They will be used to project the positive and negative energy states 14, (x)
from state 1 (z), respectively.

For the particle near Fermi surface, Lagrangian (2.1), in terms of the new variables,
can be expressed as

L1 = yiv- Dy + 91, (2 + 00 - D)y + L iy + 9T D e, (2.4)

with ), = ¢!/ D, with ¢// = (0,0 — v(v-0o)). In the limit I/ — 0, irrelevant degrees
of freedom or heavy mode (¢_,) can be integrated out by using the classical equation of
motion (EOM)

(24 i0 - D)ty + iID | thyy = O,

oy = ;M n <_Z;’MD >n<—iw+v>. (2.5)

Putting the expression of 1_, in (2.4) and collecting all the terms up to O(1/u?), we get
the effective Lagrangian, which depends only on ¥, field, as:

»l L Di-iv-D)B,
24 42

Lo =], Y DMy, =ol, [w D+ ]w, (2.6)



2.2 Wigner function and equation of motion

We are interested in deriving the chiral kinetic theory and higher order corrections to
the dispersion relation for the Weyl fermion. Thus, we construct the two-point function
Gy(z,y) = (@bv(x)wi(y)) corresponding to the effective field. For homogeneous system in
thermal equilibrium, two-point function G, (x,y) depends only on the relative coordinates.
For inhomogeneous system, it is convenient to work with relative and central coordinates
st =zt —yt and X* = (z# + yH)/2, respectively. For the derivation of dispersion relation
and transport equation, we use the Wigner function formalism [38-41]. We define the
Fourier transform of the two-point function with respect to relative variable s#:

Gy(X,1) = /d4s el Gz, y) = / els Gy, y), (2.7)
S
where [# denotes the residual momentum. It is to be mentioned here that the Wigner
function has similar hermiticity property as the two-point function but it is not gauge
invariant. Thus, in the presence of gauge field, it is difficult to make the physical inter-
pretation of Wigner function as a quantum analogue of distribution function. To maintain
gauge invariance, Wigner transform is multiplied by the linking operator as follows

Go(X,1) = / el Guy(X +5/2,X — s/2)U(X —5/2, X 4+ 5/2). (2.8)

s

In the above U(y, x) is the Wilson line given by

Yy

U(y,z) = Pexp [— z/ dz“AM(z)], (2.9)
x

with path ordering P from y to x. EOM emerging from the effective Lagrangian is satisfied

by the bare two-point function as

D, Gy(z,y) =0, Gy(z,y) D;D =0, (2.10)

here operator D is given by D = D© + D) 4 D) We also note that function Gy(z,y)
satisfies the properties: P_ Gy(x,y) = 0, Gy(z,y) P- = 0, which are known as the pro-
jection conditions. Considering the above, we can construct the following expressions by
summing and subtracting the two terms in eq. (2.10)

1) = [ ¢(D, Gufa) £ Gl D)) (211)

We will express (2.11) by gauge invariant Wigner function in the following. To proceed,
we consider system with small inhomogeneity, the above equation can then be simplified
by using the gradient expansion and rewriting the derivatives as 9, = 95 + %8)(, 0, =
—0s+ 1 Ox with gauge field A, (X +5/2) ~ A, (X)+3 (s-9x) Au(X)+0(d%). We perform
the gradient expansion by neglecting the terms which involves higher order derivatives dx
to obtain

Uy, x) = e Au(X) (2.12)



We assume the following hierarchy of scales: 0x < [, spacetime disturbance is much slower
than momentum so that we can ignore higher order terms in dx; | < pu, this is needed to
justify HDET, which describes low energy dynamics. Finally, making (2.11) gauge invariant
and collecting the contributions from Wilson line, we obtain the following results:

W_1r_ 2. 5g.Jé W _ LA G
Y = u[ P’ +B v} G, 1Y = NG,
L . ) I
1 = ?[‘”Hﬂ —4l)(B-v)+2B -1, +2(E x1)-v|G,.
2 ) = o /72 ijk, k= i e
== _W{(‘*lnl’i 0B =B A, = (ST A G (213)

where we have defined A, = 9, — FW%. [* = [* — A is the kinetic momentum of
particle. In the following, we will suppress the bar for notational simplicity. Details of
the calculation is collected in appendix. From the L(rn) terms, together with the projection
conditions, we deduce the following form of G,

G, = 27rP+5(lo—l —;AL[ZQL—B-V]%—;/ﬁ[l”(li—Bv)H—4;2[B~1L+(E><1)-v]>nv(X, 1),

(2.14)
where P, and n,(X,![) are the projection operators and distribution function, respectively.
We point out that (2.13) agrees with SY [20] up to order O(1/u). At order 1/u?, we
get different coefficients in last two terms of both L(f) and I(_Q), which is consistent with
CMTR [34] upon identifying the cutoffs in the two effective theories. As we shall show
below, the difference is crucial for understanding the kinetic equation.

The delta function in (2.14) is usually interpreted as dispersion relation, which naively
should be invariant under reparametrization. In other words, the dispersion should not
depend on v when converting to original momentum p° and p. A quick exercise shows that
this is not the case, which hints an ambiguity in the resulting CKE! We postpone writing
down CKE, but investigate the reparametrization transformation more closely in the next
section. The results will guide us to write down unambiguously CKE in EFT approach.
In addition, it provides a resolution to the discrepancy between CKE from EFT approach
and field theory approach.

3 Reparametrization invariance and degree of freedom

Reparametrization is a redundancy in a theory which manifests that the physical im-
plications do not change upon choosing a slightly different parameter. Reparametriza-
tion invariance (RI) has been discussed extensively in the heavy quark effective theory
(HQET) [42-46] as well as soft collinear effective theory [47-50]. The symmetry greatly
constrains the form of the Lagrangian for the effective theories, which is particularly use-
ful for higher order terms. Here we closely follow the discussion of HQET, in which the
field describing the particles are velocity dependent. HQET is constructed by dividing the
particle momentum into small and large momentum part p* = mo* 4 ¥, where m and



I* are the heavy quark mass and small residual momentum with v? = 1. However, it is
to be noted that this decomposition is not unique. We can have a different momentum
decomposition by making an infinitesimal change in parameter v* as

ot — ot = ot 4 o, I —s 1M = 1" — m s, (3.1)

with a constraint v - v = 0 emerging from the condition v? = 1. The HQET is invariant
under the above reparametrization. HDET is also reparametrization invariant. In HDET,
we have a large chemical potential u in place of mass parameter m and the decomposition
of total momentum in large and small parts has condition v? = 0 with v* = (1,v).

3.1 Reparametrization of classical action

In this subsection, we show the reparametrization invariance of the Lagrangian for massless
fermions with finite density. For this purpose, let us start with effective Lagrangian, which
is non-local due to the presence of operators in the denominator

L = pliv- Db, + wllhmlﬁwu (3.2)

This Lagrangian is essentially (2.6), but we keep terms to all order in O(1/u) expansion
and replace 9, with 1,. It is important to mention here that the introduction of variable
v# breaks the Lorentz invariance of the Lagrangian. Under the reparametrization v —
v/ = v + dv, the original spinor field ¢)(z) does not change, but the field ¥, (z) does. The
transformation of v, can be worked out using the following representation

P (x) = e HYXPLap(). (3.3)

Noting that 1)(x) can be expressed in terms of 1, (z) by using classical EOM of ¢_, (x) (2.5),
we obtain upto O(1/u)

Vo) = X () 4 o)) = 5 (L D) i), B
with P! defined in terms of v/ and plugging (3.4) into (3.3), we obtain
Yy — Uy, = by + ipudv - T — (Z”<1 - Wi]ﬁl)zpv, (3.5)
of — ol =9 —ipdv - 2] — ¢ (1 + ZE)TLW)(ZU
=t —ipdv - 2l — o) (1 - ZJDLW) 5;”

Note the sign flip from dv-z = —dv-x with jv = (0,Jv). The last equality holds in the sense
that integration by part is used. Each term in the transformation of 1, can be understood as
follows: the second term in (3.5) arises due to a change in the Fermi momentum appearing
in the Fourier decomposition. The term 1 in the bracket follows from the change of Dirac
structure in the projection operator. The last term in the bracket is reminiscent of the



anti-particle contribution, because the way of integrating out anti-particle field depends on
choice of v. We will loosely refer to this as anti-particle contribution. We also point out
that the reparametrization transformation connects terms at different orders in the O(1/p)
expansion of the Lagrangian (3.2). We will see in showing the RI, we get some mixed terms
at different orders which ultimately cancel each other.

Now let us focus on RI of Lagrangian and denote A = v - D + ]ﬁlm]ﬁL The
variation of Lagrangian under reparametrization is given as

SL = ) Adpy + 9l 6Ap, + ) Adiy, (3.6)

it is to be noted that the operator A has a velocity dependence thus, its transformation is
the following:

1

0A =idv- D—i—(S]?L ]DL—i—]ﬁL 612L+IDL6 —
2u+iv - D

)zm, (3.7)

with 60| = —6v-D(v-0) + 9 - Dfv and o* = (0,v). We mention here that due to the
Dirac structure and property of projection operators Pro | Py = 0, variation § A gives

Whﬂbﬂ% oD

Yl oA, = wv[m D+0-Dy——p -

1

b-D 3.8
Pyt m D 2u+w Dlpl% (3:8)

+7D

On the other hand, from the transformation of the other part of Lagrangian we get

1 i
20+ v - D 2u+w D

Sl Arpy + 9] Ay, = o [wa/vm R

i

o
wL2u+zv DmJ‘ DJ‘Qu—Fw Dlm‘

o 1 1 e
- _pyw-D+iv-D—
2 2410 DZDJ‘“} o 2u+1-D 2 iDy

1 W

+ilp) —

HlpLzuﬂ'ﬁ.D? 2,u+w ST io D4

1 W] 1
Y/, Y | Y 3.9
R ey L22M+w.DlpL]w (3.9)

in the above, we have used the constraint v - jv = 0. Using P_oP_ = 0, %]?J_ + lDL% =
—dv - D from properties of Dirac structure and eqgs. (3.8) and (3.9) we finally get

5c =yt |isw D+t <sz5A;+5wl>]¢v_o (3.10)

Thus, the classical action remains invariant under the reparametrization to all order in
1/p.



3.2 Reparametrization of EOM

In the present subsection, we concentrate on showing the RI of EOMs, from which disper-
sion relation, together with transport equation for chiral fermions, emerge from the finite
density effective Lagrangian. Following the previous reparametrization, we can write the
transformation for v,,) up to order O(1/p) as follows

6¢v = iﬂév ’ 131/11; - 5/0 (1 - ]DJ_>wv7

3}

—ipdv -zl — ] <1+ zbl> 5/” (3.11)

It follows that the two-point function Gy (x,y) = (¢ (2)1hh(y)) transforms as

ﬁGu(fc,y) - Gv(ﬂc,y)éé)

2
L
2"

0Gy(z,y) = ipdv- (x —y) Gy(z,y) —

1 o

+**Z¢Lx vo(z,y) — 5 Gol(z, y)%l%y (3.12)

1
24
We are interested in the reparametrization transformation of gauge invariant Wigner func-
tion which is defined as given below

GU(X, ) = /eil's Gy(z,y) U(y, x). (3.13)

S

It is to be noted that the gauge link U(y,x) is invariant whereas, the residual momentum
I* changes as [ = " — pdvt. Thus, together with (3.12) we have

5Gy(X,1) = / [1 %UDM Gy(z,y) — ?Gv(m,y)

——G (z,y) z]DLy ;U — Gv(x,y)czu Uly,z). (3.14)

Now, representing the variation dG, (z,y) by the central and relative coordinates, we use
the gradient expansion to obtain the following

. S ~ - o1 .
6G,(X,1) = / {— éUGU(X,l) — Gy(X,1) ;” ~ g Sk dv; Ao Gy (X, 1)

1 s
+ﬂ (5Uj lj Aij GU(X, l) s (3.15)
with definition A;; = 6;; — v;vj. According to (2.14), the distribution function can be

obtained by taking the trace of GU(X ,1). Note that the first two terms in (3.15) simply
vanishes, giving rise to the following

- 1 L 1 -
trdGy (X, 1) = @Minvka”kter(X, )+ ﬂ5vjziAijtr(;v(X, ). (3.16)

Note that from (3.16), RT of gauge invariant Wigner function comes entirely from the
anti-particle contribution.



Let us focus on RI of summed and subtracted parts of equations of motion, from which
dispersion relation and transport equation emerge. These terms are the following

= / e (DG, (,y) £ G, y) DY), (3.17)

S

where n = 0,1,2,... For the notational simplicity, let us denote Dy = D, + DL. The
transformation of EOM yields the following

5/ e DL Gz, y) = / eils [(—W&J -8) D1 Gy(z,y) + 0D+ Gy(z,y)
) &
+D4+ (i,uév s Gy(z,y) — ;}Gv@"ay) — Gy(z,y) é)

+2ZM§;U D, Gylx,y) — QZM Go(z,y) ]ﬁiy 6?)] . (3.18)

it can be easily seen that the terms in the above come from variation of I#, Dy and G (x,y)
under reparametrization.

Let us first consider the plus EOM and use the gradient expansion for different O(1/u)
orders . At O(u), we have the following commutator from (3.18)

/eil'S[DSf),i,u(Sv 8] Gy(z,y) = / el [2iv - 8y, ipdv - 5] Gy(X,s) =0, (3.19)

S
it is very easy to observe that the above commutator vanishes due to the constraint v-dv = 0.
We have the following terms coming from O(1) which cancel with each other

/eil"s([DSrl),i,u(Sv - 8]+ 5D$))GU(X, s) =0, (3.20)

S

moreover, there is one more term at this order as:

/se”SD(f) <—5§’ Go(z,y)—Go(z, 1) ‘y“) = /Se“'s [21}-[ (—(ZUGU(X, s)—Gy(X, s) ‘Z”)] .

2

(3.21)

It vanishes upon taking the trace. Now, at O(1/u), all the terms in (3.18) contribute. The
first three terms of (3.18) are given as

il-s . 1 m=v
/Sell ([Df),z,uév -s| + 5D(+1))Gv(x,y) = [%( — 4l li6viAjj — gijm Fidvj0™0 )

1/ .
= (i S0 I T m
+ p <l [ ) (UZ&)J + vj0V; + 1€ jrm ViUV
i Eikom V] OV Um>:| Go(X, D),  (3.22)

In the above, we have already taken the trace by substituting ¢ — v and dropped the
vanishing terms from the equation. The fourth and fifth terms of (3.18) arise due to change
in Dirac structure, with their contribution given as:

/eil'sDSrl) ( — %Gv(m, y) — Gy(z,y) (Sé)) = i {li Ui (3€ jlem i O OV — 9€ jim v U OV™)

+B; 5%} Go(X,1). (3.23)



The last two terms of (3.18) at O(1/u) from the anti-particle contribution are given as
follows

its pO L o 1 ot WY [ s L Ak
/Se DY <2,u EZDLva(x,y) — @Gv(x,y)zDLy 5 )= se ﬂw.as <—5ij51)ZAjv

—|—2’L'(5Uj Ois Al]) GU(X,.E;’), (324)
if we naively substitute 05, — —il,,, we would conclude that this contribution is of higher
order, since v, = lp — I = O(1/p). However, we note that A; = 9; + is" Fj,, thus the
term from 0, acting on A; should be kept:

. 1 -
/e”'s < = 5, ik dvj "™ Fig vk> G(X,s). (3.25)
s M

in the above, upon taking the trace, some of the terms vanish and we do not consider those
terms. Finally, combining all the contributions from (3.23), (3.24) and (3.25), we get

1 -
ﬂ <5ijm F;, 5Uj v oY — Eijk F,; (52}_7‘ v’ ok + 2B; (52}1) GU(X, l)
1 -
= [emm eijk 0v; v VF By + By 5%} Go(X,1) = 0. (3.26)

where in the above equation, v = 0 is allowed. Thus, we have shown that the plus equations
are invariant under the reparametrization transformation.

Now, let us concentrate on the minus equations. At order O(u) , we have
/eil'S [D@, ipov - s] Gy(z,y) = /e“'S [iv-0s, ipov-s] Gy(X,s) =0, (3.27)
S S

which vanishes upon applying the constraint v - dv = 0, similar to the earlier plus equation
case. At O(1), we have the following terms

/eil's <[D(_1),i/u5v - 8]+ 5D§))> Gy(z,y) = /eil's(i A;6v; Ajj +idvHA,) Gy(X,s) = 0,
’ ’ (3.28)
which cancel each other. Further, there is one more term at O(1) which is: D@( —
%Gv(w, y) — Gy(z, y)%) = 0, upon taking the trace.
We have all terms contributing at O(1/x). The first three terms of (3.18) are given as

/eil's([D(_Q),i,uév-s] —i—éD(_l))Gv(a;,y) = ;B(—l,,5vin—ll,5viAj (3.29)
—A, (ljéviJrliévj))Aij UHE YAV l; (viévj+vj6v,~

+i€jkmvi(5vkvm — ieikmvjévkvm)] Gy (X,1),

in the above, trace over the sigma matrices has been taken and we have dropped vanishing
terms. Moreover, we should note that the index v = 0 is also allowed. The fourth and fifth

,10,



terms of (3.18) at this order are given as

/Se“'SD(_l) <—(ZU Go(z,y) — Gy(x,y) 5;”)
1

- [_gjkmAizju%kavm - ejkmAjzw%kavm} Go(X, D). (3.30)

The remaining last two terms at O(1/u) is from the anti-particle contribution, which are
given as

il-s 17(0) L% _i T % — - _i .. L
/se D> <2M 5 D, .Gy(z,y) 2,uGU(a:,y)DLy 5 =iqv-A 4H€”k5vaJv

—i—; (5’Uj l; Aij) GU(X, l), (3.31)

the first term is ignored because A? is of higher order. Now, sum of terms (3.29), (3.30)
and (3.31) vanish at O(1/u) by using [ - v = lo + I = 2[ + O(1/p). Thus, the minus
equation is also invariant under reparametrization transformation. In summary, we have
shown explicitly that the action is invariant under reparametrization to all order in 1/pu
and the EOM is invariant to order O(1/p). Viewing reparametrization invariance as a
symmetry in action, we expect the EOM to be manifestly invariant to all order in 1/p.

Before closing this section, we elaborate on the connection of reparametrization trans-
formation and side-jump effect [24, 51-53]. As already pointed out in CMTR, the
reparametrization transformation of the Wigner function (distribution function) in fact
gives rise to side-jump effect [34]. The origin of side-jump in CKT for EFT is clear from
our above discussion: it comes from the dependence of effective degree of freedom on ve-
locity v*. In case of HDET, the effective degree of freedom is particle v, dressed with
anti-particle 1_,, with the dressing from integrating out the anti-particle contribution in
HDET. Under variation of v#, the anti-particle contribution changes accordingly, leading
to transformation of distribution function. While formally it is similar to side-jump effect,
there is a subtle difference. Our choice of velocity v appears in single particle momentum
decomposition and it uniquely fixes the dressed particle. It is not the same as a Lorentz
boost in side-jump effect. In particular, the choice of v leaves coordinate invariant in con-
trast to Lorentz boost. Furthermore, the Fermi sphere is not affected by choice of v because
the decomposition does not change the original momentum.

4 Chiral kinetic theory from effective field theory

4.1 Transport equation

As we show in the previous section, the Wigner function and differential operator acting
on it vary separately under reparametrization. The variations cancel each other leaving
the EOM invariant under reparametrization. In deriving dispersion relation and transport
equation in Wigner function formalism, we use the plus equation to determine dispersion
relation, and the minus equation to determine the transport equation. Now we face a
puzzle: both the dispersion relation and the transport equation would be dependent on
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the choice of parameter. This is expected as we explained in the previous section that the
degree of freedom corresponding to the Wigner function is a dressed one: particle dressed
with anti-particle. The latter contribution is dependent on choice of v. This is analogous
to renormalization scheme dependence in field theory. There is natural choice of scheme:
1|l v, or equivalently | = [, [} = 0. This scheme has been used in [54].

Within this scheme, the plus and minus equations (2.13) simplify considerably as:

I_(B) =20 -1G,,
ISO) = iv“Auév,

m_B-va
I == 7G1}7
* I
M=o,
(2) B- Vl ~
I - — Gva
+ 2
1 i A
I(_Q) _ TMQ [ _ "B - VAM + wuezgmUmeAj] G,. (4.1)

We can combine the plus equations as

0 1 2 B-v B-vl| -
1410 41 = 20— 1) + —= - =2 |G (4.2)
H M
This gives the dispersion relation g = [ — Bz—;’ + ]g’;;l. The simple scheme we choose
allows us to write it in terms of original momentum py = p — BQ—'E. This is formally the

same as dispersion of particle in magnetic field. However we stress that the dispersion
relation is not a physical observable. Had we chosen a different v, the dispersion would
change accordingly. Noting that the Wigner function satisfies P+C~¥v = C;’UP+ = G, we
can parametrize G, as

i B.v B-vl
GU:27r5<l0—l+v M

T W) Ny (X, 1) Py (4.3)

Here n,, is the distribution function, which depends on coordinate X and spatial momentum
[. The dependence on [y is entirely in the delta function. The transport equation follows
from the minus equations. With the parametrization, it is easy to see the differential
operators pass through the delta function. Thus we obtain

. B- SV igm mEVA
i (19419 4 1) = [A0+v’ (1+ o ) B J}mx,z):o. (4.4)

The structure of transport equation is simpler if we write in terms of full momentum
p=uv+lL

. B-p cIFpIEF + BY
Ao+ (1 A= PR TP (X ) =0. A
oo (1452) = na(X,1) =0 (1.5
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We stress again the particular form holds within our scheme. It is in agreement with CMTR.
However, field theory approach gives a slightly different form of transport equation [24]:

y B.p ¢k pIEk
No+p (14 =P, - P2 A n(x, 1) =0. 4.6
b (14 5P A= SEEA ) (1.6

The difference in the transport equations is in fact expected. In (4.6), the distribution
function n corresponds to particle with positive energy, while in (4.5), the distribution
function n, is somewhat unconventional. It is clear from our derivation that it corresponds
to an effective degree of freedom: particle dressed with anti-particle. Since the difference
comes from suppressed anti-particle contribution, it is not surprising that the difference
only shows up in high order terms in 1/u expansion. We will show in the next section that
they indeed give equivalent description of the same dynamics as expected.

4.2 Constitutive equation

Let us now express physical quantities in terms of the effective distribution function n,.
We restrict ourselves to vector current only: j* = 1fo#). We wish to express it in terms
of 1,. Using (3.4), we obtain

R e e G e L O
= O (D) 4 u) (4.7)
where the first three orders are given by
7O =yl
70 = o (Wi, — wlotib L)

= 4;12 ( i ot — i D 5 - Dloty, — los - Dlﬁwv) . (48)

We proceed order by order in the evaluation of the current. At zeroth order, we simply
have

ju(o) = %0“% =tr [Uuév(l‘» y)] |$~>y
1

—L eil-srvu" §) = Lo -
- (2m)! /l/s trofGy (X, s) (2r) /lt [V'Go(X,1)], (4.9)

where we have made the substitution o# — v# because G, o P,. At first order, time com-
ponent of the current vanishes by the trace property tro; P = 0. For spatial components,
we first substitute o by o by the trace property P+aiaj Py = P+aiaiP+:

F = gote =i DL @) + oL @B Jley (@10
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The limit needs to be taken carefully. We use the following identities

D1 bu(@)00(y) sy = 0 Daj [U(2,9)Go(2,9) | U (Y, )]sy
Ui (;3)(]‘ + 05 + ;8l5j> Go(X, 8)|s=0,
@)oo () Py lasy = [U(,9)Go(e,9)] o) DU, )]sy

~ 1 7 .

Using aiai = 64 — v'v? 4 ie*yk | which holds in taking trace with év, we obtain

ji(l) = itr[ (Ajvksijk - QZ'asinj) Gy (X, 5)] |50

21
_ b1 /giikA»v’ftré (X,1) (4.12)
2 (ot )y Y TG, |

where we have used the scheme condition [; = 0 to simplify the expression. The second
order is more complicated. For time component, only one term contributes

1
n(2) = mqﬂ;lpilﬂﬂ%
1

= TMQU(%x)tr[%x@v(w,y)U(wvy)lDL,} oy (4.13)

We use the trick in (4.11) to evaluate 1D | G (z, y)U(z, y)Eiy Dropping O(9%) terms, we
obtain

1 g g -
n? = ﬁtr [i@Xiasjewkvk — 04055 (AY — anemnkvk)}ter(X, $)|s—0
I

1 1 ~
=—— | — |B-vtrG,(X,1)|. 4.14
2oyt 3 BV ) (110
Spatial components of second order current contain contributions from all three terms
n (4.8). The evaluation of the first term can be simplified by the identity

Pyo' o%o| Py = Pyo’ P_o"P_o’ P, = —Pyo' v¥o’ Py (4.15)

k

This amounts to the replacement ¢ — —v*, making the evaluation parallels the case of

n® . Tt follows that

: 1 1 .
. 2 _
512 = @) /l2u2 [B - v(—v")trGy(X,1)]. (4.16)
The other two terms can be written as

i ]. 7 | v s
= 01D (k) 6o

1 . -
Uly, m)tr[ (—Jﬂ_di@”) U(z,y)Gy(z, y)] D%D;Azﬁy. (4.17)

4
+m
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After lengthy algebra, we end up with

) 1 ijm, m; v
3 = 1 [ Oxudes +0x;00) i< (<)

+ 283,/88]'Aij(—2_1”) — ijeijmvm(_@u)] trév (X, 8)|s*)0

1 1 v ijmgm —uzmm
= o) [ gl AT Fr e TG ). (419

The total current is the sum of (4.16) and (4.18):

) 1 1 ijm, m=v 7 TR Tk zm
J @ = W/ZW[_anlVEJ """ = 2B - vu' 4 F, ;070 e ]trG (X,1). (4.19)

We have used the scheme condition 1| v to simplify the expression. We have verified that
our constitutive equation agrees with CMTR upon identifying cutoffs of the two effecitve
theories.

5 Equivalence of chiral kinetic theories

To show the equivalence of (4.5) and (4.6), we try to express n in terms of n,. Note that
n and n, are nothing but the coefficient of delta functions in G and G, which are defined
by

G= / €75 ()it (1)U (3, 2), (5.1)
G, = / &5 g (2)0) (1)U (9, ). (5.2)

S

Using the representation of ¢ in terms of ¢, in (3.4), we obtain

st ) = (1= g ) vl (1 wly.l)

m 2 —10- D;E
_ s {wx)wl(y) +3 (CiPLb @+ v @ wiD,)
+ 4;2 (Emwv(z)%(y)lﬂy —U- DxlDLm¢v($)¢l(y) +¢v($)¢l(y)¢1y@ . DZT/)

+O(u13>] : (5.3)

Plugging (5.3) into (5.1) and taking the trace for extracting distribution function, we obtain

rG(X,1) = /6“'5 [tr%(w)wl(y) + Llllﬂtrlﬁuwv(l‘)%(y)@iy} Uy, z). (5-4)

The rest of the terms vanish by the identity tro’j_PJr = 0. The first term in the bracket
is simply trG,(X,l). The second term is the higher order correction, which precisely
compensate the difference in differential operator in transport equations as we shall see.
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Let us evaluate the second term using the following trick
[ et ub L @vlwp Vo)

— [ LG (X U ) LU )
il-s e (1
:/Sltr<A+8 ol Gy(X, )1(A}—a§j)
= /ei < ) ( AT + il )traiPJrUi. (5.5)

The trace can be evaluated as
trUiP+ai =trP; (517 —vl? iaijkvk> ) (5.6)

Plugging this into (5.5), we find the symmetric terms are either O(A?) thus are neglected
or O(li), which vanishes by our scheme condition. Keeping the anti-symmetric term, we
end up with

1
it gimym - (5.7)

. . 1 -
trG = trG, — mliAjtere”mvm = n=ny—
Plugging (5.7) into (4.6), we find the correction give rise to two additional terms upto
O(%), which are from Ag + v'A; acting on the correction. To see them more explicitly,
we expand

0 0
i i ijk pk
A0+UA_80—E—Z + ' (8 + e’ B l) (58)

The [-derivative terms give rise to

1

= (= igigmpm _~ )\ [ A " kin, n
12 < ol +ve (9lj> EAMEV

=1z (ElA kil BjA,) Mo (5.9)

The generated terms precisely match the difference between (4.5) and (4.6). Therefore
we have shown the equivalence of CKE from field theory and CKE from EFT within our
simple scheme. Combining with the reparametruization invariance of EOM, which is just
the transformation of CKE under change of scheme, we can conclude that the equivalence
holds for arbitrary schemes as well.

6 Summary

We revisit the high density effective theory approach to CKT. We find the resulting CKE
differs from the counterpart from field theory approach in high order terms in the 1/u
expansion. Our CKE from high density effective theory is formally the same as the coun-
terpart obtained from on-shell effective field theory upon identifying the expansion param-
eters in the two theories. We further show that despite different forms of kinetic equations
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obtained from field theory approach and effective theory approach, the two equations are
equivalent, with the difference being in the choice of degree of freedoms. CKE from field
theory uses particle as degree of freedom, while CKE from effective field theory uses dressed
particle as degree of freedom, which follows from integrating out anti-particle contribution.

The way of integrating out the anti-particle contribution depends on the choice of a
parameter in the EFT. In high density effective theory, this parameter is the Fermi velocity
v. Both distribution function and CKE transform under reparametrization of v. Making
a specific choice of v || 1 leads to our CKE. Similar reparametrization transformation
also exists in on-shell effective theory. The transformation of distribution function upon
change of v is formally the same as the side-jump effect, which is the transformation of
distribution function under Lorentz boost. However, there is a subtle difference between
the two: unlike Lorentz boost, the reparametrization of v affects neither the coordinate
nor the Fermi sphere. It would be interesting to explore further possible connection with
side jump. We leave it for future work.

It is worth noting that our current study does not include a collision term for fermions,
therefore we do not have a mechanism for relaxation. The collision term for fermions can
be included by making external gauge field dynamical. This would also introduce gauge
field degree of freedom into the CKE.

Finally it is interesting to speculate possible extensions with effective theory approach
to CKT. Field theory approach essentially assumes an i expansion in deriving CKE. It is
complicated to go to higher order term in A expansion [53]. Effective field theory assumes
a different expansion in the cutoff of the EFT. In the absence of collision term, the CKE
we obtain also stops at order O(h). In principle it is possible to go to higher order term in
h with effective field theory. It would be interesting to further investigate this point.
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A Evaluation of Iin) (with n = 0,1, 2) using the gradient expansion

In the appendix, we explicitly show the derivation of IE_Ln) terms at different orders of 1/ .

As we mentioned before, form of the terms IE_Ln) is following

1) = [ ¢ (D) G () £ Gl ) DY), (A1)

s

with D" = DO) 4 D) 4 D). Considering the central and relative coordinates (X*, s*),
with definition of derivative and gauge field: 9, = %8)( +0s, 0y = %8)( —0sand A, (X+£35) =
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Au(X) £ 3s-0xAu(X), we write covariant derivatives as

' .
Dy(w) = 50x,+ Do +i4,(X) + Lo OxAu(X),

2
1 , i
Dj(y) = 50k, — 0L, —iAu(X) + 55 Ox Au(X). (A.2)
Using the above form of covariant derivatives and expressing Gy (z,y) = U(z, )Gy (x,y) =
e~ AG,(z,y), we can write terms in Ij(EO) as

_ 1 ; L
iv" Dy, (G e"s'A) = ot 3 Oxp+Ogp +1A, + %s . 8XAM] (e_’s‘AGU>

A 1 1 -
= ¢ A (28W + 0us + 25"FW> Gy,

i(Gei= ) D} o = vt _;axﬂ — Dy — i Ay + %S . 8XAM] (e 60)

_ v @aw Ot ;SVF,W> G, (A.3)
sum of above terms gives us
I_(~_O) = /ei(l_A)'s 200" Ops Go(z,y) = /eil_'s 240" (—ily,) Golz,y)
— 20— 1) Gu(X.0) s (A4)

in the above, we have used kinetic momentum l_# = l, — A,. Similarly, difference of the
two terms gives

[ (B 5B Guta) = 0 (axu - F£> GX.D. (A5)
1 _ p? : M 1 p oo
At the order O(1/u), we have D\ = TR from which D;’ = o DyiDyjoii01; and
DZ(II)Jr = ﬁ Djﬂ- D;j o1;01; lead to

o 1 1 1 i
Dyi Dy (e”AGU) — 4 {4 dxi an+§aXi asj+§asi an+asiasj+§Fij

) 1 ) 1 ~
+§8msz‘ (28)(]‘ ‘f'asj) +§3mFmi (2 8Xi+8si>] Gy,

s ) 1 1 1 {
A A
DZU. D;Ez (ew Gv) = e* |: GXZ@X]- 28)(1'(953' B 8Si8Xj +65i83j—|- 2Ej

i (1 i (1 .
+55 Fmi(zan_asj>+25 Fmi<2aXi_asi>:|Gv7 (A.6)

it is to be mentioned that the product o ;01 = 0;j —v; Vj —1 €jpm Vi Vg Om —1€ikm Vj Vg O+
i€k 0k We note that G, o Py for right handed fermions and to obtain the physical
interpretations, we have to take the trace by replacing o — vi. Thus, the product yields
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the following: 01,01 = Ajj+icy vk with A;j = ;j—v; vj. Finally, the sum and difference
of EOM at order O(1/u) are

| LT/ . .
1 = /ez(l_A)'s2 [(aXian + 20404 + 5 8" FoniOx; + 2 Smijaxz') Aij
. u |\ 2 2 2

- 1 =
—Eiijijvk} = m { ~h+ B V} Go(X, 1),
. 1 §
[(71) = /el(l_A)'szu [(8)@85]' + 0x0si + i SmFmiasj +1 smijaSi>Aij] G

- 0\ =~
= ; l/j_ <8H - Fp,z/aly> GU(X7Z)7 (A7)

in the above higher order terms dx;0x; and F,;0x; have been ignored. Now, the If)

terms at order O(1/u?) can be simplified in the similar manner to result into the following:

e 1T . . B
= / eill=A)s i [zFijasﬁmuasj +1 Fy;0s; +20si Oy asu} o1i01; (—iT) Go(z,y),
S

2 s L |1 i i N
I(_ ) = /el(l A) s 472 [2 Fij A'u—i- iFwAj + iFuj Az:| g O'J_j (—ZUM) Gv(m,y), (AS)
s Iz
where we have kept terms to the lowest order in O(9x) and O(l). It should be noted that
in the above equation index p = 0,1,2,3 with o# = (1, —v). We take the trace over the
sigma matrices and simplify the above equation which yields

O [zu” (zi _B. v) +2B -1, +2(E x 1) .v} Go(X, 1),

+ 4,U2
1% = —4;2 (a0 =0 (3 =B V) Ay = (£T0k0, ) A Gu(Xo0). (A9)

From the above equation, at order O(1/u?), we can clearly see the difference by a numerical
factor in If) with SY.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] D. Kharzeev, Parity violation in hot QCD: why it can happen and how to look for i,
Phys. Lett. B 633 (2006) 260 [hep-ph/0406125] [INSPIRE].

[2] D. Kharzeev and A. Zhitnitsky, Charge separation induced by P-odd bubbles in QCD matter,
Nucl. Phys. A 797 (2007) 67 [arXiv:0706.1026] INSPIRE].

[3] K. Fukushima, D.E. Kharzeev and H.J. Warringa, The chiral magnetic effect,
Phys. Rev. D 78 (2008) 074033 [arXiv:0808.3382] [INSPIRE].

[4] M.A. Metlitski and A.R. Zhitnitsky, Anomalous axion interactions and topological currents
in dense matter, Phys. Rev. D 72 (2005) 045011 [hep-ph/0505072] [INSPIRE].

,19,


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.physletb.2005.11.075
https://arxiv.org/abs/hep-ph/0406125
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0406125
https://doi.org/10.1016/j.nuclphysa.2007.10.001
https://arxiv.org/abs/0706.1026
https://inspirehep.net/search?p=find+EPRINT+arXiv:0706.1026
https://doi.org/10.1103/PhysRevD.78.074033
https://arxiv.org/abs/0808.3382
https://inspirehep.net/search?p=find+EPRINT+arXiv:0808.3382
https://doi.org/10.1103/PhysRevD.72.045011
https://arxiv.org/abs/hep-ph/0505072
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0505072

[5]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

D.T. Son and A.R. Zhitnitsky, Quantum anomalies in dense matter,
Phys. Rev. D 70 (2004) 074018 [hep-ph/0405216] [INSPIRE].

J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, Fluid dynamics of R-charged black
holes, JHEP 01 (2009) 055 [arXiv:0809.2488] [NSPIRE].

N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and P. Surowka,
Hydrodynamics from charged black branes, JHEP 01 (2011) 094 [arXiv:0809.2596]
[INSPIRE].

Y. Neiman and Y. Oz, Relativistic hydrodynamics with general anomalous charges,
JHEP 03 (2011) 023 [arXiv:1011.5107] [IxSPIRE].

K. Landsteiner, E. Megias and F. Pena-Benitez, Gravitational anomaly and transport,
Phys. Rev. Lett. 107 (2011) 021601 [arXiv:1103.5006] [InSPIRE].

K. Landsteiner, E. Megias, L. Melgar and F. Pena-Benitez, Holographic gravitational
anomaly and chiral vortical effect, JHEP 09 (2011) 121 [arXiv:1107.0368] [INSPIRE].

STAR collaboration, Beam-energy dependence of charge separation along the magnetic field
in Au+Au collisions at RHIC, Phys. Rev. Lett. 113 (2014) 052302 [arXiv:1404.1433]
[INSPIRE].

STAR collaboration, Azimuthal charged-particle correlations and possible local strong parity
violation, Phys. Rev. Lett. 103 (2009) 251601 [arXiv:0909.1739] [INSPIRE].

ALICE collaboration, Charge separation relative to the reaction plane in Pb-Pb collisions at
VSNN = 2.76 TeV, Phys. Rev. Lett. 110 (2013) 012301 [arXiv:1207.0900] [INSPIRE].

CMS collaboration, Constraints on the chiral magnetic effect using charge-dependent
azimuthal correlations in pPb and Pb-Pb collisions at the CERN Large Hadron Collider,
Phys. Rev. C 97 (2018) 044912 [arXiv:1708.01602] NSPIRE].

Q. Li et al., Observation of the chiral magnetic effect in ZrTes, Nature Phys. 12 (2016) 550
[arXiv:1412.6543] [INSPIRE].

J. Gooth et al., FExperimental signatures of the mixzed axial-gravitational anomaly in the Weyl
semimetal NbP, Nature 547 (2017) 324 [arXiv:1703.10682] INSPIRE].

D.T. Son and P. Surowka, Hydrodynamics with triangle anomalies,
Phys. Rev. Lett. 103 (2009) 191601 [arXiv:0906.5044] [INnSPIRE].

D.T. Son and B.Z. Spivak, Chiral anomaly and classical negative magnetoresistance of Weyl
metals, Phys. Rev. B 88 (2013) 104412 [arXiv:1206.1627] [INSPIRE].

D.T. Son and N. Yamamoto, Berry curvature, triangle anomalies and the chiral magnetic
effect in Fermi liquids, Phys. Rev. Lett. 109 (2012) 181602 [arXiv:1203.2697] [INSPIRE].

D.T. Son and N. Yamamoto, Kinetic theory with Berry curvature from quantum field
theories, Phys. Rev. D 87 (2013) 085016 [arXiv:1210.8158] INSPIRE].

M.A. Stephanov and Y. Yin, Chiral kinetic theory, Phys. Rev. Lett. 109 (2012) 162001
[arXiv:1207.0747] [INSPIRE].

S. Pu, J.-H. Gao and Q. Wang, A consistent description of kinetic equation with triangle
anomaly, Phys. Rev. D 83 (2011) 094017 [arXiv:1008.2418| [InSPIRE].

J.-W. Chen, S. Pu, Q. Wang and X.-N. Wang, Berry curvature and four-dimensional
monopoles in the relativistic chiral kinetic equation, Phys. Rev. Lett. 110 (2013) 262301
[arXiv:1210.8312] [INSPIRE].

— 20 —


https://doi.org/10.1103/PhysRevD.70.074018
https://arxiv.org/abs/hep-ph/0405216
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0405216
https://doi.org/10.1088/1126-6708/2009/01/055
https://arxiv.org/abs/0809.2488
https://inspirehep.net/search?p=find+EPRINT+arXiv:0809.2488
https://doi.org/10.1007/JHEP01(2011)094
https://arxiv.org/abs/0809.2596
https://inspirehep.net/search?p=find+EPRINT+arXiv:0809.2596
https://doi.org/10.1007/JHEP03(2011)023
https://arxiv.org/abs/1011.5107
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.5107
https://doi.org/10.1103/PhysRevLett.107.021601
https://arxiv.org/abs/1103.5006
https://inspirehep.net/search?p=find+EPRINT+arXiv:1103.5006
https://doi.org/10.1007/JHEP09(2011)121
https://arxiv.org/abs/1107.0368
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.0368
https://doi.org/10.1103/PhysRevLett.113.052302
https://arxiv.org/abs/1404.1433
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1433
https://doi.org/10.1103/PhysRevLett.103.251601
https://arxiv.org/abs/0909.1739
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1739
https://doi.org/10.1103/PhysRevLett.110.012301
https://arxiv.org/abs/1207.0900
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.0900
https://doi.org/10.1103/PhysRevC.97.044912
https://arxiv.org/abs/1708.01602
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.01602
https://doi.org/10.1038/nphys3648
https://arxiv.org/abs/1412.6543
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.6543
https://doi.org/10.1038/nature23005
https://arxiv.org/abs/1703.10682
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.10682
https://doi.org/10.1103/PhysRevLett.103.191601
https://arxiv.org/abs/0906.5044
https://inspirehep.net/search?p=find+EPRINT+arXiv:0906.5044
https://doi.org/10.1103/PhysRevB.88.104412
https://arxiv.org/abs/1206.1627
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.1627
https://doi.org/10.1103/PhysRevLett.109.181602
https://arxiv.org/abs/1203.2697
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.2697
https://doi.org/10.1103/PhysRevD.87.085016
https://arxiv.org/abs/1210.8158
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.8158
https://doi.org/10.1103/PhysRevLett.109.162001
https://arxiv.org/abs/1207.0747
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.0747
https://doi.org/10.1103/PhysRevD.83.094017
https://arxiv.org/abs/1008.2418
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.2418
https://doi.org/10.1103/PhysRevLett.110.262301
https://arxiv.org/abs/1210.8312
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.8312

[24] Y. Hidaka, S. Pu and D.-L. Yang, Relativistic chiral kinetic theory from quantum field
theories, Phys. Rev. D 95 (2017) 091901 [arXiv:1612.04630] [INSPIRE].

[25] C. Manuel and J.M. Torres-Rincon, Kinetic theory of chiral relativistic plasmas and energy
density of their gauge collective excitations, Phys. Rev. D 89 (2014) 096002
[arXiv:1312.1158] [INSPIRE].

[26] C. Manuel and J.M. Torres-Rincon, Chiral transport equation from the quantum Dirac
Hamiltonian and the on-shell effective field theory, Phys. Rev. D 90 (2014) 076007
[arXiv:1404.6409] [INSPIRE].

[27] A. Huang, S. Shi, Y. Jiang, J. Liao and P. Zhuang, Complete and consistent chiral transport
from Wigner function formalism, Phys. Rev. D 98 (2018) 036010 [arXiv:1801.03640]
[INSPIRE].

[28] K. Hattori, Y. Hidaka and D.-L. Yang, Azial kinetic theory for massive fermions,
arXiv:1903.01653 [INSPIRE].

[29] Z. Wang, X. Guo, S. Shi and P. Zhuang, Mass correction to chiral kinetic equations,
arXiv:1903.03461 [INSPIRE].

[30] J.-H. Gao and Z.-T. Liang, Relativistic quantum kinetic theory for massive fermions and spin
effects, arXiv:1902.06510 [INSPIRE].

[31] J.-W. Chen, T. Ishii, S. Pu and N. Yamamoto, Nonlinear chiral transport phenomena,
Phys. Rev. D 93 (2016) 125023 [arXiv:1603.03620] [INSPIRE].

[32] E.V. Gorbar, I.A. Shovkovy, S. Vilchinskii, I. Rudenok, A. Boyarsky and O. Ruchayskiy,
Anomalous Mazwell equations for inhomogeneous chiral plasma,
Phys. Rev. D 93 (2016) 105028 [arXiv:1603.03442] INSPIRE].

[33] Y. Hidaka, S. Pu and D.-L. Yang, Nonlinear responses of chiral fluids from kinetic theory,
Phys. Rev. D 97 (2018) 016004 [arXiv:1710.00278] [INSPIRE].

[34] S. Carignano, C. Manuel and J.M. Torres-Rincon, Consistent relativistic chiral kinetic
theory: a derivation from on-shell effective field theory, Phys. Rev. D 98 (2018) 076005
[arXiv:1806.01684] [INSPIRE].

[35] D.K. Hong, An effective field theory of QCD at high density, Phys. Lett. B 473 (2000) 118
[hep-ph/9812510] [iNSPIRE].

[36] D.K. Hong, Aspects of high density effective theory in QCD, Nucl. Phys. B 582 (2000) 451
[hep-ph/9905523] [INSPIRE].

[37] T. Schifer, Hard loops, soft loops and high density effective field theory,
Nucl. Phys. A 728 (2003) 251 [hep-ph/0307074] [INSPIRE].

[38] D. Vasak, M. Gyulassy and H.T. Elze, Quantum transport theory for Abelian plasmas,
Annals Phys. 173 (1987) 462 [INSPIRE].

[39] H.T. Elze, M. Gyulassy and D. Vasak, Transport equations for the QCD quark Wigner
operator, Nucl. Phys. B 276 (1986) 706 [INSPIRE].

[40] H.-T. Elze and U.W. Heinz, Quark-gluon transport theory, Phys. Rept. 183 (1989) 81
[INSPIRE].

[41] P. Zhuang and U.W. Heinz, Relativistic quantum transport theory for electrodynamics,
Annals Phys. 245 (1996) 311 [nucl-th/9502034] [INSPIRE].

— 921 —


https://doi.org/10.1103/PhysRevD.95.091901
https://arxiv.org/abs/1612.04630
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.04630
https://doi.org/10.1103/PhysRevD.89.096002
https://arxiv.org/abs/1312.1158
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.1158
https://doi.org/10.1103/PhysRevD.90.076007
https://arxiv.org/abs/1404.6409
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.6409
https://doi.org/10.1103/PhysRevD.98.036010
https://arxiv.org/abs/1801.03640
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.03640
https://arxiv.org/abs/1903.01653
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.01653
https://arxiv.org/abs/1903.03461
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.03461
https://arxiv.org/abs/1902.06510
https://inspirehep.net/search?p=find+EPRINT+arXiv:1902.06510
https://doi.org/10.1103/PhysRevD.93.125023
https://arxiv.org/abs/1603.03620
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.03620
https://doi.org/10.1103/PhysRevD.93.105028
https://arxiv.org/abs/1603.03442
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.03442
https://doi.org/10.1103/PhysRevD.97.016004
https://arxiv.org/abs/1710.00278
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.00278
https://doi.org/10.1103/PhysRevD.98.076005
https://arxiv.org/abs/1806.01684
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.01684
https://doi.org/10.1016/S0370-2693(99)01472-0
https://arxiv.org/abs/hep-ph/9812510
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9812510
https://doi.org/10.1016/S0550-3213(00)00330-8
https://arxiv.org/abs/hep-ph/9905523
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9905523
https://doi.org/10.1016/j.nuclphysa.2003.08.028
https://arxiv.org/abs/hep-ph/0307074
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0307074
https://doi.org/10.1016/0003-4916(87)90169-2
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,173,462%22
https://doi.org/10.1016/0550-3213(86)90072-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B276,706%22
https://doi.org/10.1016/0370-1573(89)90059-8
https://inspirehep.net/search?p=find+J+%22Phys.Rept.,183,81%22
https://doi.org/10.1006/aphy.1996.0011
https://arxiv.org/abs/nucl-th/9502034
https://inspirehep.net/search?p=find+EPRINT+nucl-th/9502034

[42]

[43]

[44]

[49]

[50]

[51]

[52]

[53]

[54]

H. Georgi, An effective field theory for heavy quarks at low-energies,
Phys. Lett. B 240 (1990) 447 [nSPIRE].

Y .-Q. Chen, On the reparametrization invariance in heavy quark effective theory,
Phys. Lett. B 317 (1993) 421 [InSPIRE].

W. Kilian and T. Ohl, Renormalization of heavy quark effective field theory: quantum action
principles and equations of motion, Phys. Rev. D 50 (1994) 4649 [hep-ph/9404305]
[INSPIRE].

M. Finkemeier, H. Georgi and M. Mclrvin, Reparametrization invariance revisited,
Phys. Rev. D 55 (1997) 6933 [hep-ph/9701243] [INSPIRE].

R. Sundrum, Reparameterization invariance to all orders in heavy quark effective theory,
Phys. Rev. D 57 (1998) 331 [hep-ph/9704256] [INSPIRE].

C.W. Bauer, S. Fleming, D. Pirjol and I.W. Stewart, An effective field theory for collinear
and soft gluons: heavy to light decays, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336]
[INSPIRE].

M. Beneke, A.P. Chapovsky, M. Diehl and T. Feldmann, Soft collinear effective theory and
heavy to light currents beyond leading power, Nucl. Phys. B 643 (2002) 431
[hep-ph/0206152] [INSPIRE].

A.V. Manohar, T. Mehen, D. Pirjol and I.W. Stewart, Reparameterization invariance for
collinear operators, Phys. Lett. B 539 (2002) 59 [hep-ph/0204229] [INSPIRE].

J. Chay and C. Kim, Collinear effective theory at subleading order and its application to
heavy-light currents, Phys. Rev. D 65 (2002) 114016 [hep-ph/0201197] [INSPIRE].

J.-Y. Chen, D.T. Son, M.A. Stephanov, H.-U. Yee and Y. Yin, Lorentz invariance in chiral
kinetic theory, Phys. Rev. Lett. 113 (2014) 182302 [arXiv:1404.5963] INSPIRE].

J.-Y. Chen, D.T. Son and M.A. Stephanov, Collisions in chiral kinetic theory,
Phys. Rev. Lett. 115 (2015) 021601 [arXiv:1502.06966] [INSPIRE].

J.-H. Gao, Z.-T. Liang, Q. Wang and X.-N. Wang, Disentangling covariant Wigner functions
for chiral fermions, Phys. Rev. D 98 (2018) 036019 [arXiv:1802.06216] [INSPIRE].

S. Hands, High density effective theory confronts the Fermi liquid,
Phys. Rev. D 69 (2004) 014020 [hep-ph/0310080] [INSPIRE].

— 922 —


https://doi.org/10.1016/0370-2693(90)91128-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B240,447%22
https://doi.org/10.1016/0370-2693(93)91018-I
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B317,421%22
https://doi.org/10.1103/PhysRevD.50.4649
https://arxiv.org/abs/hep-ph/9404305
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9404305
https://doi.org/10.1103/PhysRevD.55.6933
https://arxiv.org/abs/hep-ph/9701243
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9701243
https://doi.org/10.1103/PhysRevD.57.331
https://arxiv.org/abs/hep-ph/9704256
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9704256
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0011336
https://doi.org/10.1016/S0550-3213(02)00687-9
https://arxiv.org/abs/hep-ph/0206152
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0206152
https://doi.org/10.1016/S0370-2693(02)02029-4
https://arxiv.org/abs/hep-ph/0204229
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0204229
https://doi.org/10.1103/PhysRevD.65.114016
https://arxiv.org/abs/hep-ph/0201197
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0201197
https://doi.org/10.1103/PhysRevLett.113.182302
https://arxiv.org/abs/1404.5963
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.5963
https://doi.org/10.1103/PhysRevLett.115.021601
https://arxiv.org/abs/1502.06966
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.06966
https://doi.org/10.1103/PhysRevD.98.036019
https://arxiv.org/abs/1802.06216
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.06216
https://doi.org/10.1103/PhysRevD.69.014020
https://arxiv.org/abs/hep-ph/0310080
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0310080

	Introduction
	High density effective theory and chiral kinetic theory
	High density effective theory
	Wigner function and equation of motion

	Reparametrization invariance and degree of freedom
	Reparametrization of classical action
	Reparametrization of EOM

	Chiral kinetic theory from effective field theory
	Transport equation
	Constitutive equation

	Equivalence of chiral kinetic theories
	Summary
	Evaluation of I**((n))(+-) (with n = 0, 1, 2) using the gradient expansion

