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of Cardy formula that depends on z. We show that this result can be recovered by counting

the partitions of an integer into z-th powers, as proposed by Hardy and Ramanujan a

century ago. This gives a novel duality relationship between the characteristic energy of

the dispersion relation with the cylinder radius and the ground state energy. For free

bosons with Lifshitz scaling, this relationship is shown to be identically fulfilled by virtue

of the reflection property of the Riemann ζ-function. The quantum Benjamin-Ono2 (BO2)

integrable system, relevant in the AGT correspondence, is also analyzed. As a holographic

realization, we provide a special set of boundary conditions for which the reduced phase

space of Einstein gravity with a couple of U (1) fields on AdS3 is described by the BO2

equations. This suggests that the phase space can be quantized in terms of quantum BO2

states. Indeed, in the semiclassical limit, the ground state energy of BO2 coincides with

the energy of global AdS3, and the Bekenstein-Hawking entropy for BTZ black holes is

recovered from the anisotropic extension of Cardy formula.
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1 Introduction

Non-relativistic field theories in (1 + 1)-dimensions, possessing anisotropic Lifshitz scaling

of the form

t → λzt , x → λx, (1.1)

are typically characterized by modes with a dispersion relation E ∼ kz and entropy S ∼
E

1

z+1 , with dynamical exponent z > 1. They have been extensively studied in the context

of the holographic AdS/CMT correspondence, see e.g. [1–4]. A number of condensed

matter systems are known to enjoy this type of scaling. For instance, the quantum Hall

fluid has been proposed to possess a non-linear dispersion with z = 2 [5, 6], while the

(1+1)-dimensional Bose gas in cold atom systems can be related to z = 3 dispersion [7].

The non-relativistic effective field theory description of such systems is invariant under the

Lifshitz group, which in (1+1)-d is generated by translations in space and time and the

anisotropic scale transformation (1.1). At finite temperature, chiral movers with Lifshitz

scaling can be described in terms of the torus partition function

Z[τ ; z] =
∑

E

ρz(E)e2πℓiτE , (1.2)

where τ = iβ/ (2πℓ) is the modular parameter, defined in terms of the inverse temperature

β and the radius of the cylinder ℓ, and ρz(E) is the density of states at fixed energy E. As

explained in [8, 9], assuming modular invariance of a well-defined partition function Z[τ ; z]

in the anisotropic case implies that

Z[τ ; z] = Z[i1+
1

z τ−
1

z ; z−1]. (1.3)

Thus, eq. (1.3) can be regarded as the defining property of the partition functions of the

theories we are interested in. Note that in the case of isotropic scaling (z = 1), eq. (1.3)

reduces to the well-known modular invariance in CFT2 [10].
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In the partition function Z[τ ; z], the modular parameter of the torus τ plays the

standard role as a chemical potential, while the dynamical exponent z turns out to be a

parameter without variation which possesses a well-defined transformation property under

a modular transformation.1

It is worth highlighting that in eq. (1.3), the existence of two different theories with

different dynamical exponents (z and 1/z) that map into each other under a modular

transformation is implicitly assumed. Thus, modular invariance of the partition function

in the anisotropic case, as in eq. (1.3), relates the high and low energy spectrum of the

corresponding Hamiltonians.

If one further assumes that the spectrum of the theory described by a dynamical

exponent z possesses a gap with a non-vanishing ground state energy given by −E0[z],

then the asymptotic growth of the number of states at fixed energy E ≫ |E0[z]| can be

obtained from the inverse Laplace transform of (1.3) in the steepest descent approximation

ρz(E) ≈ exp



2πℓ(1 + z)

(∣
∣E0[z

−1]
∣
∣

z

) z

1+z

E
1

1+z



 , (1.4)

and hence

S = log ρz(E) = 2πℓ(1 + z)

(∣
∣E0[z

−1]
∣
∣

z

) z

1+z

E
1

1+z , (1.5)

stands for the leading term of the microcanonical entropy. Note that for z = 1, the entropy

reduces to the well-known Cardy formula in CFT2 [18]. The logarithmic correction to (1.5)

was discussed in [19] (see also [20]).

It is worth emphasizing that the high/low temperature duality of the partition function

expressed by (1.3) can be argued to emerge from the combination of two purely geometric

properties that a generic field theory with anisotropic scaling defined on a torus should

possess. Indeed, on one hand, the lattice that corresponds to a generic torus is invariant

under S-duality which swaps both periods preserving the orientation (see e.g. [21]). Besides,

Lifshitz algebras in 2d with dynamical exponents z and 1/z turn out to be isomorphic, since

they are related by a change of basis in which the generators of space and Euclidean time

translations are swapped [8]. Hence, the partition function of a theory possessing Lifshitz

scaling that can be consistently defined on a torus should be, in particular, invariant under

the combined action of S-duality and the isomorphism aforementioned. Consistency of both

operations then provides evidence about the existence of a suitable dual theory described

by a dynamical exponent z−1, so that the partition function could be assumed to possess

the duality property in eq. (1.3). In turn, it would be interesting to explore the possibility2

that the high/low temperature duality relationship applied to the theories described by

1Note that z plays a similar role as that of the parameter λ that characterizes the T T̄ deformations of

CFTs (see e.g. [11–15]). Indeed, λ is not varied in the partition function and it also possesses a precise

transformation property under modular transformations [16, 17]. Modular invariance of the original CFT2

is recovered for λ = 0, while in our case it does for z = 1.
2We thank an anonymous referee for this suggestion.
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z > 1 could actually be used to define the corresponding dual theories with dynamical

exponent z−1.

Hitherto, strong support to this high/low temperature duality can be gathered from a

number of holographic examples, formulated in terms of different gravitational theories in

three spacetime dimensions. In all cases, the black hole entropy, which is not necessarily

given by a quarter of the event horizon area, is precisely recovered from (1.5) provided that

E and E0 correspond to the (left/right) energies of the black hole and the ground state,

respectively. The ground state configuration is given by a soliton, which turn out to be

diffeomorphic to the black hole provided that the modular parameters of the corresponding

tori at the boundary are related through the combination of S-duality and anisotropic

scaling, precisely as in (1.3). Different cases of asymptotically Lifshitz black holes and

their corresponding solitons were discussed in [8] (see also [22]), and in [23, 24]; while a

different class of examples in which the anisotropic scaling is induced by special choices of

boundary conditions were discussed in [9] and in [19, 25] (see also [26]).

The appearance of the absolute value of the ground state energy |E0[z
−1]| in (1.4)

and (1.5), which precisely means taking the absolute value of the ground state energy

−E0[z] and then evaluating it at z−1, deserves some explanation. As discussed in [9], for

certain special values of z, e.g. z = 4n−1, the (Lorentzian) ground state energy turns out to

be positive. In these cases, in the Euclidean continuation, the corresponding holographic

black hole configuration becomes diffeomorphic to the solitonic ground state, but with

reversed orientation. This is due to the fact that the lapse function of an ADM foliation

of the spacetime that describes the ground state reverses its sign. From the point of view

of a thermal field theory in 2D with anisotropic Lifshitz scaling, that is defined on a torus,

the lapse function can always be reabsorbed by the modular parameter (see e.g. [27, 28]).

Thus, in these special cases, the high temperature configuration is also expected to be

related to the ground state through S-duality. The direct implementation of this latter

relationship in the 2D field theory is not entirely clear, but nonetheless, being inspired

from the results in the bulk, the procedure can be interpreted in the following way: in the

special cases, the S-modular transformation should incorporate some additional suitable

operation that reverses the sign of the thermal period, which then also has the effect of

flipping the sign of the ground state energy. Thus, in these cases, the suitable quantity that

enters into (1.4) and (1.5) is
∣
∣E0[z

−1]
∣
∣. This subtlety can be particularly well visualized in

a concrete example we provide in section 3 when z = 2m+1. Indeed, for odd values of m,

the ground state energy determined by −E0[z] in (3.4), turns out to be manifestly positive.

In the next section, we provide further evidence for the validity of this high/low tem-

perature duality from a completely different approach, in which the microscopic counting

of the states is performed applying some not so well-known results from number theory,

developed a century ago by Hardy and Ramanujan. Consistency then provides a novel and

nontrivial duality relation between the characteristic energy of the dispersion relation with

the cylinder radius and the ground state energy.

In section 3, we consider free bosons with Lifshitz scaling in 2d, and we show that

the duality relationship aforementioned turns out to be identically fulfilled, in a nontrivial

way, by virtue of the reflection property of the Riemann ζ-function. Thus, this example

– 3 –
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provides strong evidence supporting the fact that the high/low temperature duality can be

explicitly realized directly in 2d without the need of holographic setups.

Section 4 is devoted to the analysis of the quantum Benjamin-Ono2 (BO2) integrable

system, which possesses anisotropic Lifshitz scaling and also turns out to be relevant in the

AGT correspondence. In particular, we show that in the semiclassical limit, for z even, the

spectrum becomes dominated by descendants, so that the characteristic energy can be pre-

cisely identified, and hence, the entropy can be obtained along the lines of number theory.

In the case of z odd, one is able to obtain the value of the ground state energy, and the

entropy is consequently obtained by means of the anisotropic extension of Cardy formula.

Finally, relying on the results mentioned above, in section 5 we provide an explicit

holographic realization of BO2, in which the semiclassical limit can be suitably taken.

Concretely, we propose a new set of boundary conditions for which the reduced phase

space of Einstein gravity with a couple of U(1) fields on AdS3 turns out to be described

by the BO2 equations. Noteworthy, this example suggests that the phase space of the

gravitational theory in the bulk can be quantized in terms of quantum BO2 states. Indeed,

the ground state energy of quantum BO2, in the semiclassical limit, is shown to exactly

coincide with the energy of global AdS3. This fact allows to precisely recovering the

Bekenstein-Hawking entropy for BTZ black holes in terms of the anisotropic extension of

Cardy formula in (1.5).

2 Microstate counting from number theory

In this section, we show that for (1+1)–dimensional weakly-coupled systems at high tem-

peratures on a cylinder of radius ℓ, the leading term of the asymptotic growth of the number

of states ρz (E) in (1.5) agrees with the asymptotic growth of the number of partitions of

an integer N into z-th powers pz(N). This is so provided that the ground state energy

and the radius of the cylinder are precisely linked with the characteristic energy of the

quasiparticles. Indeed, if the interactions are weak enough so that at high temperature

the system behaves as a gas of free quasiparticles, as pointed out in the introduction, the

dispersion relation has to be of the form

En = εz (knℓ)
z = εzn

z, (2.1)

where kn = n/ℓ is the momentum, n is a non-negative integer and εz stands for the

characteristic energy of the modes. The total energy is then given by

E =
∑

i

Eni
= εz

∑

i

nz
i = εzN.

Therefore, assuming the ordering n1 ≥ n2 ≥ . . . ≥ 0 to count only indistinguishable

configurations, the number of states with fixed energy E corresponds to the combinatorial

problem of finding the number of power partitions pz(N) for fixed N =
∑

i n
z
i = E/εz.

Quite remarkably, this problem was solved in 1918 by Hardy and Ramanujan [29]. Indeed,

in one of the last formulas of their paper, one finds that for large N , the leading term of
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the asymptotic growth of power partitions is given by

pz(N) ≈ exp



(1 + z)

(

Γ
(
1 + 1

z

)
ζ
(
1 + 1

z

)

z

) z

1+z

N
1

1+z



 . (2.2)

Surprisingly, for a generic z > 1 the result was actually a conjecture, proven later by

Wright in 1934 using generalized Bessel functions [30]. A simplified proof has been recently

given in [31] for z = 2, and extended to z ≥ 2 in [32], both using the Hardy-Littlewood

circle method. Hence, at high temperature, the leading term of the entropy can be read

from (2.2), and it is given by

S = log pz (N) = (1 + z)

(

Γ
(
1 + 1

z

)
ζ
(
1 + 1

z

)

z

) z

1+z
(
E

εz

) 1

1+z

. (2.3)

One then concludes that at high temperature, the asymptotic growth of the number of

states obtained from anisotropic modular invariance, given by ρz (E) in (1.4), agrees with

the one from number theory given by pz (N) in (2.2), provided that the characteristic energy

of the dispersion relation is related to the radius of the cylinder and the non-vanishing

ground state energy according to

(

ε 1

z

)z
=

Γ(1 + z)ζ(1 + z)

(2πℓ)1+z

1

|E0[z]|
. (2.4)

Note that, for z = 1, the characteristic energy is related to the effective central charge

as ceff = (ε1ℓ)
−1, so that according to (2.4), the energy of the ground state acquires the

expected form for chiral movers

|E0 [1]| =
ceff
24ℓ

=
1

24ℓ2ε1
. (2.5)

It is worth emphasizing that the ability to express the leading term of the entropy in

terms of the characteristic energy as in (2.3) possesses an advantage, since it opens up the

possibilities to perform the microscopic counting even if the ground state energy vanishes.

Besides, if the ground state energy does not vanish, expressing the entropy as in (1.5)

certainly helps, since its value can be directly obtained in cases where the microscopic

counting cannot be explicitly performed.

Therefore, by virtue of (2.4), the high/low temperature duality for systems with

anisotropic scaling not only acquires additional support, but it becomes enhanced from

solid results in number theory.

An additional interesting remark is in order. Note that the asymptotic growth of the

number of states in (1.4), which was obtained from modular invariance in the anisotropic

case, actually holds for arbitrary real values of z > 0.3 Therefore, by virtue of the equiv-

alence of both ways of computing the entropy, expressed in (1.5) and (2.3), respectively,

3As pointed out in [9, 19, 25], in the limit z → 0 there is also a very intriguing link with the results

in [26] about “soft hair” in the sense of Hawking, Perry and Strominger [33, 34].
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one is naturally led to conjecture that the expression for the asymptotic growth of the

power partitions of Hardy and Ramanujan can actually be extended to hold for positive

real values of z. The partition problem in this case can be then naturally defined as

E/εz = N =
∑

i ⌊nz
i ⌋, where ⌊x⌋ stands for the floor of x. Indeed, very recent results in

number theory give support to this conjecture, since it has already been proved for z = 1
2

in [35] and for 0 < z < 1 in [36]. Remarkably, Li and Chen in [36] have also arrived to the

same conjecture, but following a completely different line of reasoning.

3 Free boson with Lifshitz scaling

In order to test the results of the previous section, it is instructive to consider the simple

case of a free boson with Lifshitz scaling [37, 38] (see also e.g. [2, 4]), described by

I =
1

2

∫

dtdx
[

(∂tϕ)
2 − σ2(z−1) (∂z

xϕ)
2
]

, (3.1)

with 0 ≤ x < 2πℓ. Here σ is an arbitrary parameter with unit of length, and the units

have been chosen such that, for z = 1, the speed of light is unity. The dispersion relation

of the modes then reads

En = ±εz |n|z , εz =
σz−1

ℓz
, (3.2)

so that the characteristic energy of left and right movers matches eq. (2.1). The Hamilto-

nian of chiral movers can then be written as

Hz = 2
σz−1

ℓz

∑

n>0

nz−1a−nan − E0[z], (3.3)

where [an, am] = n
2 δn,−m, and by virtue of ζ-function regularization, the ground state

energy is determined by

E0[z] = −1

2

σz−1

ℓz
ζ(−z). (3.4)

Note that when z takes odd values, the ground state energy (3.4) becomes non-trivial, and

remarkably, the duality relation between the characteristic energy εz, the energy of the

ground state E0 [z] and the radius of the cylinder ℓ in (2.4) becomes identically fulfilled by

the reflection property of the Riemann ζ-function

ζ (−z) = − 1

2zπ1+z
sin

(πz

2

)

Γ (1 + z) ζ (1 + z) .

Hence, for odd values of z, the leading term of the entropy can be either obtained from

the number theory counting as in (2.3) with εz =
σz−1

ℓz , or equivalently by virtue of the ex-

pression obtained from the high/low temperature duality in (1.5) with E0 [z] given by (3.4).

Therefore, the free boson with Lifshitz scaling for odd values of z certainly appears

to be an explicit example for which the high/low temperature duality can be manifestly

realized in 2d.

For the case of even values of z, an interesting remark is in order. Indeed, in this case,

one of the hypotheses assumed in order to derive the asymptotic growth of the number

– 6 –
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of states from modular invariance in the anisotropic case in (1.5) is not fulfilled, since the

ground state energy in (3.4) manifestly vanishes for z = 2n. Nonetheless, in this case one is

able to precisely identify the characteristic energy of the dispersion relation εz to be given

by (3.2), and hence, the entropy can still be directly obtained from the number theory

counting given by (2.3).

For a generic value of z, it is also worth pointing out that according to number

theory, the sequence of power partitions possesses the following generating function (see

e.g. [29, 32])
∞∑

N=0

pz(N)qN =
∞∏

n=1

1

1− qnz
,

and hence, the partition function for free bosons with Lifshitz scaling acquires the form

Z[τ ; z] = N (τ ; z)

∣
∣
∣
∣
∣
q−E0[z]

∞∏

n=1

1

1− qnz

∣
∣
∣
∣
∣

2

, (3.5)

with q = e2πiτ . Here N (τ ; z) stands for a non-exponential factor coming from the contri-

bution of zero modes, so that it does not modify the leading high temperature asymptotics

of Z[τ ; z]. Subleading corrections and further details about its precise form in connection

with modular invariance in the anisotropic case will be addressed in [39].

Note that for z = 1, the action (3.1) reduces to the one of a free boson in CFT2, while

the energy of the ground state energy is recovered from (3.4) to be given by −E0[1] = − 1
24ℓ ,

in agreement with the known result for chiral movers. Thus, the duality relation in (2.4)

reduces to (2.5), which is consistent with the fact that ceff = 1. The suitable factor of the

partition function in this case is given by N (τ ; 1) = Im (τ)−1/2 (see e.g. [10]).

As an ending remark of this section, we would like to emphasize that the analysis of

the free boson with Lifshitz scaling performed here, including its statistical mechanics, as

far as the authors’ knowledge, is new in the literature.

4 Microstate counting and the quantum Benjamin-Ono2 hierarchy

In the previous section, we discussed a simple free bosonic model with Lifshitz scaling z

and how its spectrum is connected to the partitions of integers into z-th powers. Here

we describe a quantum integrable system, with an infinite set of conserved quantities,

presenting Lifshitz scaling in the semiclassical limit, the quantum Benjamin-Ono2 model.

This will give an interesting link between the semiclassical limit of quantum systems,

microstate counting of models with Lifshitz scaling and gravitation on AdS3.

4.1 Classical formulation of the BO2 hierarchy

The Benjamin-Ono equation describes deep inner waves in a stratified fluid, being then a

counterpart of the KdV equation for propagation in a shallow depth channel [40]. Both

equations possess solitonic solutions and an infinite set of commuting conserved quantities,

so that they belong to a hierarchy of integrable systems.

– 7 –
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The Benjamin-Ono2 hierarchy is a generalization of these integrable systems [41–43],

describing non-linear perturbations and solitonic waves on the edge of the quantum Hall

fluid [5, 6, 44, 45], as well as in further applications of one-dimensional condensed matter

systems [5, 45, 46]. It is defined in terms of two dynamical fields, L(t, φ) and J (t, φ), which

we assume to be 2π-periodic in the φ coordinate.

The BO2 hierarchy also possesses solitonic solutions and an infinite set of commuting

integrals of motion Hj = c
12πℓ

∫
Hj(φ)dφ, with j ∈ Z>0, so that the field equations of the

z-th representative can be written in Hamiltonian form as

L̇ = {L, Hz} , J̇ = {J , Hz} , (4.1)

where the Poisson brackets are given by4

{L(φ),L(φ̄)} = −48π

c
Dφδ

(
φ− φ̄

)
, {L(φ),J (φ̄)} = 0,

{J (φ),J (φ̄)} =
6π

c
∂φδ

(
φ− φ̄

)
,

(4.2)

and Dφ = ∂φL+ 2L∂φ − 2∂3
φ. The first three densities Hj read

H1 =
1

4
L − J 2 , H2 =

2

3

[
1

4
LJ − 1

3
J 3 − JH∂φJ

]

,

H3 =
1

8
L2 − 3LJ 2 − 3LH∂φJ + 10 (∂φJ )2 + 12J 2

H∂φJ + 2J 4,

(4.3)

where H is the Hilbert transform defined by the principal value integral

HF (φ) =
1

2π
P
∫ 2π

0
F (φ̄) cot

1

2
(φ̄− φ) dφ̄. (4.4)

The remaining conserved quantities of the hierarchy can be obtained recursively by im-

posing commutativity, {Hk, Hl} = 0. More powerful methods to obtain the integrals of

motion can be found in [41–43, 47, 48]. An action principle for the BO2 hierarchy can be

formally written in terms of a non-local symplectic form given by the inverse of the Poisson

brackets in (4.2), see e.g. [49–51].

For our purposes, it is worth stressing that the BO2 equations are invariant under

anisotropic scaling of Lifshitz type with dynamical exponent z in (1.1), provided that the

fields scale as L → λ−2L, J → λ−1J . Indeed, the conserved charges scale according to

Hj → λ−jHj , and thus, the Hamiltonian of the z-th representative of the hierarchy, Hz,

becomes labeled in terms of its scaling dimension z, which matches the dynamical exponent

used before.

In spite of the non-locality introduced through the Hilbert transform, it is remarkable

that BO2 can be quantized.

4In our conventions, the fields are expanded in modes according to (4.5), so that c stands for the Virasoro

central charge.
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4.2 Quantum BO2 hierarchy

The quantum BO2 hierarchy surprisingly emerges in the context of the AGT correspon-

dence, which describes a relationship between 4dN = 2 supersymmetric gauge theories and

2d conformal field theories [52]. The partition function of certain type of supersymmetric

models, called class-S models, is given by the Nekrasov partition function Zinst [53]. The

AGT correspondence states that Zinst ∝ Fc, where Fc is a Liouville CFT conformal block.

For the detailed map between the two sides, see [52]. Here, we just sketch the minimal

information about the correspondence that is useful for our requirements.

The proof of the AGT expansion relies on the introduction of a new basis of descendant

CFT2 states, which we call the AFLT basis [54]. It starts by considering the tensor product

algebra A = Vir⊗H, spanned by the modes Ln of the Virasoro algebra (Vir) and the modes

an of the Heisenberg algebra (H), so that [an, Lm] = 0. In CFT, the generators of A are

given in terms of the energy-momentum tensor T and the U(1) current J . Here we use an

alternative normalization, with respect to CFT, for the mode expansion of these currents

L̂(φ) = 24

c

∞∑

n=−∞

Ln e
−inφ − 1, (4.5)

Ĵ (φ) = i

√

24

c

∞∑

n=−∞,n 6=0

an e
−inφ, (4.6)

to match the conventions set in the classical formulation in section 4.1. As in [48, 54], we

also discard the zero mode of the u(1) current. Notice that, for L̂ and Ĵ to be Hermitian,

we set L†
n = L−n and a†n = −a−n.

To proceed, we introduce the standard Liouville notation for the central charge and

conformal dimensions [55]

c = 1 + 6Q2, Q = b+
1

b
, ∆(P ) =

Q2

4
− P 2, (4.7)

where b is the Liouville parameter and the momentum P labels the primary states. The

orthogonal AFLT basis reads

|P 〉~λ =
∑

|~µ|=|~λ|

Cµ1,µ2

~λ
(P ) a−µ1

L−µ2
|∆(P )〉, (4.8)

where the first few coefficients Cµ1,µ2

~λ
(P ) are given in [54]. Here ~λ = (λ1, λ2) corresponds

to two integer partitions λk = {(λk)1, (λk)2, . . . , (λk)n)}, with k = 1, 2, and λ1 ≥ λ2 ≥
· · · ≥ λn. One of the main conclusions of [54] is that the insertion of the completeness

relation of the basis (4.8) in a CFT correlator gives the AGT conformal block expansion.

The AFLT basis |P 〉~λ also diagonalizes an infinite set of mutually commuting operators

Hj , j ∈ Z>0, given by the quantum BO2 integrals of motion and their eigenvalues can be

explicitly obtained [48, 54]. The quantum integrals of motion Hj lie in the universal
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enveloping algebra of A. The first two of them read

H1 =
1

ℓ

(

L0 + 2
∞∑

k=1

a−kak −
c+ 1

24

)

,

H2 =
4i

3ℓ

√

6

c





∞∑

k=−∞,k 6=0

a−kLk + 2iQ
∞∑

k=1

ka−kak +
1

3

∑

i+j+k=0

aiajak



 ,

(4.9)

while for odd values of z = 2n− 1 one obtains

H2n−1 =
1

nℓ

(
24

c

)n−1

(Ln
0 + · · · ) ,

where the ellipsis stands for non-zero modes. Note that we have defined the operators Hj

to be Hermitian, so that the spectrum is real, and the classical integrals of motion Hj

obtained from the densities (4.3), can be recovered from (4.9) in the semiclassical limit

b → 0.

The BO2 eigenstates |P 〉~λ obey Hz |P 〉~λ = E
(z)
~λ

(P ) |P 〉~λ, with eigenvalues given by

E
(z)
λ1,λ2

(P ) = E
(z)
λ1

(P )+E
(z)
λ2

(−P ). For a generic Hamiltonian Hz, it was conjectured in [54]

and [48] that the spectrum can be written as a sum of two eigenvalues of the Calogero-

Sutherland model plus some extra terms depending only on ∆ and c. The Calogero-

Sutherland eigenvalues are given by h
(z)
λ,µ = h

(z)
λ (P ) + h

(z)
µ (−P ), where

h
(z)
λ (P ) =

2z

(1 + z) ℓ

(
6

b2c

) z−1

2
Nr∑

j=1

[(

bP − b2

2
+ λj + jb2

)z

−
(

bP − b2

2
+ jb2

)z ]

.

(4.10)

We call h
(z)
λ,µ the descendant part of the spectrum. The descendant part can be obtained

from the Bethe ansatz equations conjectured in [48] and proven by [56]. We denote the

contribution to the energy due to primary states as E(z)(P ), so that the ground state

energy is given by E
(z)
0 ≡ E(z)(±Q

2 ). The eigenvalues of the first four operators Hz, in our

normalization, are given by

E
(1)
λ,µ(P ) = h

(1)
λ,µ(P ) + E(1)(P ), E

(2)
λ,µ(P ) =

1

2
h
(2)
λ,µ(P ),

E
(3)
λ,µ(P ) = −2h

(3)
λ,µ(P )− 6

cℓ

(
1 + b2

)
Nλ,µ + E(3)(P ),

E
(4)
λ,µ(P ) =

1

2
h
(4)
λ,µ(P ) +

18

5

(
1 + b2

)

c
h
(2)
λ,µ(P ),

(4.11)

where Nλ,µ = |λ|+ |µ|, and

E(1)(P ) =
1

ℓ

[

∆(P )− c+ 1

24

]

,

E(3)(P ) =
12

cℓ

[

∆(P )2 − c+ 5

12
∆(P ) +

5c2 + 52c+ 15

2880

]

.

(4.12)
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Note that for a generic heavy state, where ∆(P ) ≈ (c/24)L(P ) in the semiclassical limit,

for z odd we have

E(z)(P ) =
c

12ℓ

1

1 + z
[L(P )]

1+z

2 . (4.13)

This corresponds to a classical state with energy E(z)(P ) = 〈∆(P )|Ĥz|∆(P )〉.
Knowing the spectrum then allows us to obtain the leading term of the entropy in the

semiclassical limit. In the case of even values of z, the leading entropy can be obtained along

the lines of number theory, while for odd values of z it can be done through anisotropic

modular invariance.

Entropy for z = 2n: In the semiclassical limit b → 0, as it occurs for z = 2, 4, we

assume that the energy levels have only contributions from the descendant part, so that

E
(z)
λ,µ(P ) ∼ h

(z)
λ,µ(P ) to leading order in c. From (4.10), if P ≪ b−1, we have that

E
(z)
λ,µ = εz

∑

k

(λz
k + µz

k) . (4.14)

This corresponds to energies close to the CFT gap. For states in which P ∼ √
c, the

situation is more complicated, but, for large enough partitions, the energies are still domi-

nated by (4.14). The explicit values of the characteristic energies for z = 2, 4 can be read

from (4.11) to be given by ε2 =
2
3ℓ and ε4 =

8
5ℓ .

According to (4.14), the asymptotic growth of the number of states then goes as

in section 2, but extended to a two-colored system. Indeed, the N -colored entropy for

systems with Lifshitz scaling in (1+1)–d can be readily obtain from (2.3) by the replacement

εz → εz/N
z, [39]. Therefore, in this case the entropy is given by (2.3) with εz → 2−zεz.

Entropy for z = 2n − 1: in this case, the energies are no longer dominated by the

descendant part, but instead by the primary part E(z)(P ). In the semiclassical limit,

assuming that ∆ ≪ c, the leading contribution of E(z)(P ) comes from normal ordering of

the leading term of the Hamiltonian, Hz ∼ L̂ 1+z

2 , so that the ground state energy reads

E
(z)
0 =

(−1)
1+z

2

1 + z

c

12ℓ
. (4.15)

Hence, in this case the entropy is determined by (1.5) with E0 [z] = E
(z)
0 .

In the next section, we connect the present discussion of the semiclassical BO2 spectrum

with gravitation on AdS3 and black holes.

5 Geometrization of Benjamin-Ono2 and black hole entropy in 3D

Following the lines of [9], here we show that the BO2 hierarchy of integrable systems can be

fully geometrized, in the sense that its dynamics can be equivalently understood in terms of

the evolution of spacelike surfaces and U(1) fields with vanishing field strength embedded

in locally AdS3 spacetimes. Let us then consider the Einstein-Hilbert action with negative

cosmological constant in 3D, endowed with a couple of noninteracting U(1) fields

I =
1

16πG

∫

d3x
[√−g(R+ 2ℓ−2)− 2ℓǫµνλ

(
A+

µ ∂νA
+
λ −A−

µ ∂νA
−
λ

)]

, (5.1)
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which agrees with the bosonic sector of N = (2, 2) supergravity [57]. Note that since the

U(1) fields are described by Chern-Simons actions, the spacetime metric does not acquire

a back reaction due to their presence. Therefore, the field equations imply that spacetime

is of negative constant curvature, carrying two independent U(1) fields of vanishing field

strength.

As done in [9] (see also [58]), it can be shown that there exists a precise set of bound-

ary conditions, being such that, in the reduced phase space, the field equations obtained

from (5.1) exactly reduce to (left and right copies of) BO2. This can be seen as follows. Ac-

cording to [57, 59], up to boundary terms, the action (5.1) can be written as the difference

of two Chern-Simons actions, both with level k = ℓ/4G, for independent SL(2, R) × U(1)

gauge fields, so that the dreibein and the (dualized) spin connection are related to the

SL(2, R) gauge fields as A±
SL(2,R) = ω ± eℓ−1. We then have to specify the asymptotic

structure of the fields. For simplicity we restrict the analysis to the left copy, since the

extension to the remaining one is straightforward. It is useful to make a gauge choice as

in [27, 28, 60], so that the SL(2, R)×U(1) connection reads

A = g−1 (d+ a) g , (5.2)

with g = elog(r/ℓ)L0 . This gauge choice certainly simplifies our task, since the remaining

analysis can be performed in terms of the auxiliary gauge field

a = atdt+ aφdφ , (5.3)

which exclusively depends on t, φ.

Thus, the asymptotic form of (5.3) is proposed to be given by

aφ = L1 −
1

4
LL−1 + J J0, (5.4)

at = µL1 −
1

4
µLL−1 − µ′L0 +

1

2
µ′′L−1 −

1

8
ξJ0,

where µ, ξ stand for Lagrange multipliers associated to the dynamical fields L,J respec-

tively. The boundary conditions then become fully specified only once the Lagrange mul-

tipliers are kept fixed at the boundary, located at a fixed value of the radial coordinate.

Our choice of boundary conditions then consists in precisely fixing µ and ξ in terms of the

dynamical fields and their derivatives along φ according to

µ =
48π

c

δHz

δL , ξ =
48π

c

δHz

δJ ,

whereHz stands for the z-th conserved charge of BO2, with c given by the Brown-Henneaux

central charge c = 3ℓ/2G [61].

Since we are dealing with a Chern-Simons theory, the field equations imply that the

SL(2, R)×U(1) connection A is locally flat, and by virtue of the gauge choice in (5.2), the

field strength of the auxiliary gauge field (5.3) also vanishes. Therefore, the components of

a in (5.4) reduce to an SL(2, R)×U(1)-valued Lax pair formulation of the BO2 hierarchy,

so that the field equations in (4.1) can be compactly written as

f = da+ a2 = 0 . (5.5)
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Therefore, two independent copies of the BO2 equations are precisely recovered from the

reduced phase space of the three-dimensional field equations of (5.1) endowed with our

choice of boundary conditions.

Furthermore, according to [9], the symmetries of the BO2 equations, spanned by the

conserved quantities Hj , now emerge from the set of diffeomorphisms that preserve the

asymptotic form of the gauge field. Noteworthy, in the geometric framework, the sym-

metries of BO2 become Noetherian, and hence, the infinite set of commuting conserved

charges Hj is precisely obtained from the corresponding surface integrals in the canonical

approach [62].5 In particular, the total energy of a three-dimensional configuration that

fulfills our boundary conditions, including gravitation and the U(1) fields, is then given by

the sum of left and right Hamiltonians of BO2, i.e., E = Q[∂t] = H+
z +H−

z .

In sum, the whole structure of classical BO2, including its phase space, the infinite

number of commuting charges and its field equations, emerges from the reduced phase space

of gravitation on AdS3 coupled to two U (1) fields with our boundary conditions. Hence,

this construction provides a gravitational dual of two noninteracting left and right BO2

movers, describing locally AdS3 spacetimes with anisotropic scaling induced by the choice of

boundary conditions. Consequently, any solution of the BO2 equations can be mapped into

a locally AdS3 spacetime with suitable U (1) fields of vanishing field strength. In particular,

one of the most trivial BO2 configurations, given by J ± = 0 and L± = ℓ−2 (r+ ± r−)
2

constants, corresponds to the geometry of a BTZ black hole in vacuum [64, 65]. Note that

in the geometric picture this configuration is clearly non-trivial because the event horizon

has Hawking temperature and entropy, and its mass and angular momentum become well

defined in terms of left and right BO2 energies

H±
z [L±] =

c

12ℓ

1

1 + z
L

1+z

2

± , (5.6)

provided that z = 2n− 1. Note that (5.6) agrees with (4.13).

This geometric realization suggests that the reduced gravitational phase space could

be quantized in terms of two copies of BO2, so that the states would be given by the AFLT

ones in (4.8). Indeed, two points are worth to be emphasized:

(i) The ground state energy of quantum BO2 in the semiclassical limit, given by E
(z)
0

in (4.15), exactly coincides with the one of the geometric configuration of lowest

energy, determined by global AdS3 spacetime. Indeed, left and right energies of

AdS3 correspond to (5.6) with L± = −1, and hence

H±
z [−1]

︸ ︷︷ ︸

AdS3

= E
(z)
0

︸ ︷︷ ︸

Quantum BO2

=
(−1)

1+z

2

1 + z

c

12ℓ
. (5.7)

5In the special case of z = 1 our boundary conditions reduce to the bosonic part of the ones in [63],

and the asymptotic symmetry algebra corresponds to two copies of the direct sum of Virasoro with the

Brown-Henneaux central extension and a u(1) current.
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(ii) The leading term of the asymptotic growth of the number of states is then obtained

from (1.5) for both copies, i.e.,

S = 2πℓ(1 + z)





(∣
∣E+

0 [z
−1]

∣
∣

z

) z

1+z

E
1

1+z

+ +

(∣
∣E−

0 [z
−1]

∣
∣

z

) z

1+z

E
1

1+z

−



 , (5.8)

where E+
0 [z] = E−

0 [z] stand for left and right energies of the ground state, determined

by (5.7). Hence, for left and right energies given by the ones of the black hole, i.e.,

E± = H±
z [L±] in (5.6), noteworthy, the entropy obtained from the anisotropic exten-

sion of Cardy formula (5.8) exactly reduces to the one of Bekenstein and Hawking,

given by

S =
A

4G
.
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[39] D. Melnikov, F. Novaes, A. Pérez and R. Troncoso, work in progress.

[40] Y. Matsuno, Bilinear transformation method, volume 174, Academic Press, New York, NY,

U.S.A. (1984).

[41] D.R. Lebedev and A.O. Radul, Generalized internal long waves equations: construction,

Hamiltonian structure and conservation laws, Commun. Math. Phys. 91 (1983) 543

[INSPIRE].

– 16 –

https://doi.org/10.1103/PhysRevD.91.064006
https://arxiv.org/abs/1501.01244
https://inspirehep.net/search?p=find+EPRINT+arXiv:1501.01244
https://doi.org/10.1103/PhysRevD.92.124002
https://arxiv.org/abs/1510.04084
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.04084
https://doi.org/10.1103/PhysRevD.95.106005
https://arxiv.org/abs/1611.09783
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.09783
https://doi.org/10.1103/PhysRevD.93.101503
https://arxiv.org/abs/1603.04824
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.04824
https://doi.org/10.1007/JHEP12(2013)048
https://arxiv.org/abs/1309.4362
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.4362
https://doi.org/10.1007/JHEP05(2014)031
https://arxiv.org/abs/1404.3305
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.3305
https://doi.org/10.1112/plms/s2-17.1.75
https://doi.org/10.1007/bf02547353
https://doi.org/10.1142/s1793042115400096
https://doi.org/10.1016/j.jnt.2015.11.004
https://arxiv.org/abs/1506.06124
https://doi.org/10.1103/PhysRevLett.116.231301
https://arxiv.org/abs/1601.00921
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.00921
https://doi.org/10.1007/JHEP05(2017)161
https://arxiv.org/abs/1611.09175
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.09175
https://doi.org/10.1016/j.jnt.2016.05.017
https://doi.org/10.1016/j.jnt.2018.01.018
https://doi.org/10.1007/BF01206021
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,91,543%22


J
H
E
P
0
6
(
2
0
1
9
)
0
5
4

[42] A. Degasperis, D. Lebedev, M. Olshanetsky, S. Pakuliak, A. Perelomov and P. Santini,

Nonlocal integrable partners to generalized MKdV and two-dimensional Toda lattice equations

in the formalism of a dressing method with quantized spectral parameter,

Commun. Math. Phys. 141 (1991) 133 [INSPIRE].

[43] A. Degasperis et al., Generalized intermediate long-wave hierarchy in zero-curvature

representation with noncommutative spectral parameter, J. Math. Phys. 33 (1992) 3783.

[44] A.G. Abanov and P.B. Wiegmann, Quantum hydrodynamics, quantum Benjamin-Ono

equation and Calogero model, Phys. Rev. Lett. 95 (2005) 076402 [cond-mat/0504041]

[INSPIRE].

[45] A.G. Abanov, E. Bettelheim and P. Wiegmann, Integrable hydrodynamics of

Calogero-Sutherland model: bidirectional Benjamin-Ono equation,

J. Phys. A 42 (2009) 135201 [arXiv:0810.5327] [INSPIRE].

[46] A. Imambekov, T.L. Schmidt and L.I. Glazman, One-dimensional quantum liquids: beyond

the Luttinger liquid paradigm, Rev. Mod. Phys. 84 (2012) 1253 [arXiv:1110.1374].

[47] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal

field theory, quantum KdV theory and thermodynamic Bethe ansatz,

Commun. Math. Phys. 177 (1996) 381 [hep-th/9412229] [INSPIRE].

[48] A.V. Litvinov, On spectrum of ILW hierarchy in conformal field theory, JHEP 11 (2013) 155

[arXiv:1307.8094] [INSPIRE].

[49] I.M. Gel’fand and I.Y. Dorfman, Hamiltonian operators and algebraic structures related to

them, Funct. Anal. Appl. 13 (1980) 248.

[50] A. Das, Integrable models, World Sci. Lect. Notes Phys. 30 (1989) 1 [INSPIRE].

[51] P.J. Olver, Applications of Lie groups to differential equations, volume 107, Springer, U.S.A.

(1986).

[52] L.F. Alday, D. Gaiotto and Y. Tachikawa, Liouville correlation functions from

four-dimensional gauge theories, Lett. Math. Phys. 91 (2010) 167 [arXiv:0906.3219]

[INSPIRE].

[53] N.A. Nekrasov, Seiberg-Witten prepotential from instanton counting,

Adv. Theor. Math. Phys. 7 (2003) 831 [hep-th/0206161] [INSPIRE].

[54] V.A. Alba, V.A. Fateev, A.V. Litvinov and G.M. Tarnopolskiy, On combinatorial expansion

of the conformal blocks arising from AGT conjecture, Lett. Math. Phys. 98 (2011) 33

[arXiv:1012.1312] [INSPIRE].

[55] S. Ribault, Conformal field theory on the plane, arXiv:1406.4290 [INSPIRE].

[56] B. Feigin, M. Jimbo and E. Mukhin, Integrals of motion from quantum toroidal algebras,

J. Phys. A 50 (2017) 464001 [arXiv:1705.07984] [INSPIRE].

[57] A. Achucarro and P.K. Townsend, Extended supergravities in d = (2 + 1) as Chern-Simons

theories, Phys. Lett. B 229 (1989) 383 [INSPIRE].

[58] O. Fuentealba et al., Integrable systems with BMS3 Poisson structure and the dynamics of

locally flat spacetimes, JHEP 01 (2018) 148 [arXiv:1711.02646] [INSPIRE].

[59] E. Witten, (2 + 1)-dimensional gravity as an exactly soluble system,

Nucl. Phys. B 311 (1988) 46 [INSPIRE].

– 17 –

https://doi.org/10.1007/BF02100008
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,141,133%22
https://doi.org/10.1063/1.529876
https://doi.org/10.1103/PhysRevLett.95.076402
https://arxiv.org/abs/cond-mat/0504041
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,95,076402%22
https://doi.org/10.1088/1751-8113/42/13/135201
https://arxiv.org/abs/0810.5327
https://inspirehep.net/search?p=find+EPRINT+arXiv:0810.5327
https://doi.org/10.1103/RevModPhys.84.1253
https://arxiv.org/abs/1110.1374
https://doi.org/10.1007/BF02101898
https://arxiv.org/abs/hep-th/9412229
https://inspirehep.net/search?p=find+EPRINT+hep-th/9412229
https://doi.org/10.1007/JHEP11(2013)155
https://arxiv.org/abs/1307.8094
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.8094
https://doi.org/10.1007/bf01078363
https://inspirehep.net/search?p=find+J+%22World Sci.Lect.Notes Phys.,30,1%22
https://doi.org/10.1007/978-1-4684-0274-2
https://doi.org/10.1007/s11005-010-0369-5
https://arxiv.org/abs/0906.3219
https://inspirehep.net/search?p=find+EPRINT+arXiv:0906.3219
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206161
https://doi.org/10.1007/s11005-011-0503-z
https://arxiv.org/abs/1012.1312
https://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,98,33%22
https://arxiv.org/abs/1406.4290
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4290
https://doi.org/10.1088/1751-8121/aa8e92
https://arxiv.org/abs/1705.07984
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.07984
https://doi.org/10.1016/0370-2693(89)90423-1
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B229,383%22
https://doi.org/10.1007/JHEP01(2018)148
https://arxiv.org/abs/1711.02646
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.02646
https://doi.org/10.1016/0550-3213(88)90143-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B311,46%22


J
H
E
P
0
6
(
2
0
1
9
)
0
5
4

[60] O. Coussaert, M. Henneaux and P. van Driel, The asymptotic dynamics of three-dimensional

Einstein gravity with a negative cosmological constant, Class. Quant. Grav. 12 (1995) 2961

[gr-qc/9506019] [INSPIRE].

[61] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic

symmetries: an example from three-dimensional gravity,

Commun. Math. Phys. 104 (1986) 207 [INSPIRE].

[62] T. Regge and C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of

general relativity, Annals Phys. 88 (1974) 286 [INSPIRE].

[63] M. Henneaux, L. Maoz and A. Schwimmer, Asymptotic dynamics and asymptotic symmetries

of three-dimensional extended AdS supergravity, Annals Phys. 282 (2000) 31

[hep-th/9910013] [INSPIRE].
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