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1 Introduction

In this paper we consider two seemingly completely unrelated physical problems: calculat-
ing the WKB approximation of the harmonic oscillator wave functions and counting the
number of Feynman diagrams in many-body physics, which correspond to the diagrams
one would obtain from QED if Furry’s theorem were not applicable. As we will show, the
answers to both problems can actually be obtained from a single formalism, the topological
recursion of Eynard and Orantin, applied to an algebraic curve of genus zero encoded in
a natural way in the Schrédinger equation for the harmonic oscillator. Given the one-to-
one correspondence [17] between the above Feynman diagrams and rooted ribbon graphs,
we also obtain a link between a topological problem and the WKB expansion of the har-
monic oscillator.

Inspired by the loop equations of matrix models, the topological recursion of Eynard
and Orantin - that we will now simply refer to as topological recursion - offers an algorithm
to generate an infinite hierarchy of multi-differentials starting from a spectral curve and,
at least in the case of genus zero curves, no other input. The nomenclature of spectral
curves originates from the first applications where the curves were associated to the spec-
tra of matrix models but the formalism has by now been applied to much more general



situations, where curves may have no connection to any matrix model. What has gener-
ated much interest in this formalism is that, with judicious choices of spectral curves, these
multi-differentials solve a large number of enumerative problems, in the sense that the coef-
ficients of well-chosen series expansions of these multi-differentials count various quantities
of topological or combinatorial interest. For example, topological recursion has been used to
reproduce the Witten-Kontsevich intersection numbers of moduli spaces of curves, the Weil-
Petersson volumes of moduli spaces of hyperbolic surfaces, the stationary Gromov-Witten
invariants of P!, simple Hurwitz numbers and their generalizations, Gromov-Witten invari-
ants of toric Calabi-Yau threefolds and much more (see for example [14] for an overview of
some applications).

In addition to the construction of generating functions for enumerative problems, the
multi-differentials may be used to construct a so-called wave function defined as the expo-
nential of a sum of integrals of the multi-differentials. One then defines a quantum curve
as a differential operator annihilating this wave function. For a large class of genus zero
curves, a quantum curve so defined is obtained from the corresponding spectral plane alge-
braic curve of equation P(x,y) = 0 by making the simple substitutions * — x,y — hd/dx
(note that y does not correspond to the canonical momentum of quantum mechanics) and
by making a specific choice of ordering when ordering ambiguities are present, see [6]. In
those instances, the construction of the wave function using the differentials of topological
recursion can be shown to coincide with the usual WKB expansion. When the dependence
on y is at most quadratic, the application of the quantum curve on the wave function to
give zero takes the form of the Schrodinger equation. The situation is more delicate for
higher genera, see for example [5] and references therein.

In the present paper, we focus on one of the simplest genus zero spectral curves y? =
22 — 2, for which the quantum curve is simply A2d?/dz? — 2% + ¢? and topological recursion
reproduces the WKB expansion of the quantum harmonic oscillator |6, 11].

However, we notice, following [13] and [18], that in addition to giving the WKB expan-
sion of the wave function, the same differentials can be used to compute certain numbers
Cyn(pt1,- .., n) which are objects of study in combinatorics, see [20-24]. They represent
the numbers of maps (graphs drawn on a compact orientable surface in a way that each face
is a topological disc) on a genus g surface having n ordered vertices of respective degrees ;
and such that at each vertex one of the half-edges incident to this vertex is marked. It has
been known for some time that using these numbers, one can count the number of rooted
maps (that is maps with a distinguished half-edge) of genus g with e edges [22|. It has been
recently realized, see [17] and [19], that the rooted maps are in one-to-one correspondence
with the Feynman diagrams of the two-point function of a charged scalar field interacting
with a neutral scalar field through a cubic term ¢fA$. These diagrams also correspond to
the electron propagator in QED if Furry’s theorem is not applied or in many-body physics,
including tadpoles. In the rest of the paper we will follow the example of [10] and refer to
our diagrams as QED diagrams and call the two types of particles electrons and photons,
but one must keep in mind that our diagrams will include electron loops connected to ar-
bitrary numbers of photons. We will also give formulas for the number of QED diagrams
with Furry’s theorem enforced in section 7.



In [17] it is shown that in order to extend this correspondence between the QED Feyn-
man diagrams of the electron propagator and rooted maps to Feynman diagrams containing
an arbitrary number of external electrons, one is naturally led to introducing the notion of
N-rooted maps, that is maps with N distinguished half edges. In this paper, we show that
it is also possible to use the Cyn(p1,...,un) to compute the number of N-rooted maps
with a given number of edges.

The application of topological recursion to the harmonic oscillator spectral curve there-
fore provides a curious bridge between three apparently unrelated problems: one mathe-
matical, the enumeration of a certain type of maps, and the other two physical, the compu-
tation of the WKB expansion of the wave function and of the number of Feynman diagrams
in QED.

The paper is organized as follows. In section 2 we review the topological recursion
of Eynard and Orantin as applied to the harmonic oscillator curve and we show how to
compute differentials Wy ,, (g1, ..., pn) used to obtain the coefficients Cy (g1, ..., pn). In
section 3, we show how the differentials obtained in the previous section are used to ob-
tain the WKB approximation of the harmonic oscillator wave functions. In section 4, we
introduce ribbon graphs and maps and describe how their enumeration is encoded in a set
of coefficients Cy (1, .., tn). In section 5, we show how closed form formulas for the
coefficients Cy,(pt1,- .., ftn) can be obtained from the differentials Wy, (pe1, ..., pun) gener-
ated by topological recursion. In section 6 we present the formula giving the number of
N-rooted maps in terms of the Cy n(f11, . .., itn) and explain how they can be used to count
QED diagrams. Section 7 shows the expression for the first non trivial WKB correction to
the harmonic oscillator in terms of certain coefficients Cyp,(ft1, ..., itn). In the appendix
we provide additional explicit expressions for some Cy .
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2 Topological recursion for the harmonic oscillator curve

The Eynard-Orantin topological recursion is a procedure which constructs an infinite hi-
erarchy of multi-differentials defined on a given algebraic curve. Let us assume that the
curve C defined by a polynomial P(z,y) = 0 is of genus zero and the ramified covering
x : C — CP! has only simple ramification points. The original definition for any curve



with simple ramification is given in [15] and [6] gives the recursion formula adapted to an
arbitrary ramification.
Under our assumptions, the Eynard-Orantin topological recursion takes the following

form:

Wg,n(pla cee apn) =

m

= qu:eliK(q)pl) Wg—l,n-ﬁ-l (Qa q*aPQa e 7pn) (21)
i=1 !

(0,1)
+ Z ng,\IH—l(qva)WQQ,U\-i-l(q*va) )

g1+g2=g
IuJj={2,...,n}

where
e ¢,p; € C are points on the genus zero curve C;
e A; are simple ramification points of the covering x : C — CP?!;

e ¢* denotes the image of the local Galois involution of a point ¢ € C lying in a neigh-
bourhood of a simple ramification point A; (that is the points ¢ and ¢* belong to the
two sheets meeting at A; and project to the same value of  on CP!, the base of the

covering);
e the second sum excludes the value (0,1) for (g1, k) and (g2, k);

e the initial “unstable” differentials Wy 1 and Wy o are given by (being points on a genus
zero curve p, p1,p2 € C can be thought of as complex numbers):

Wo,1(p) = y(p)dx(p) , Woa(p1,p2) = ( dp1dpy (2.2)

p1—p2)?’
e the recursion kernel K is defined by

1 qu* Wo2(& p1)

K(q,p1) = > Wor(a) — Woala") " (2:3)

This is a recursion with respect to the number 2g — 2 + n > 0. The obtained multi-
differentials W, ,, are invariant under arbitrary permutation of their arguments p1,...,pn,
have poles at the ramification points A; with respect to each of the arguments and no other
singularities, see [15].

Let us consider a family of harmonic oscillator curves parameterized by ¢ € C, that is
a family of algebraic curves given by the equation

y? =2 — 2. (2.4)



The following local parameter can be chosen everywhere on the (non-compactified)
curve (2.4):

o r —C
T +c
Then we have
2
2241 2cz 4dczdz
.T:7CZ27_1, yzﬁﬁ, dﬂ?zm, (25)

where € = +1 is an arbitrary choice of sign reflecting the arbitrariness in the choice of the
sign of the square root defining the parameter z. The simple ramification points of the
curve are at z = 0,00 and the Galois involution * acts by z* = —z which corresponds to
(z,9)" = (z,~y).

With this data definitions (2.1)—(2.3) give (the superscript H reflects the fact that the
quantities are calculated using the harmonic oscillator family of curves (2.4)):

8c222dz dz1dz9
wi =ydr = e———= wi = — 2.6
0,1(2) yax 6(22 — 1)3» 072(21,22) (21 — 22)2 (2.6)
and ) 3
-1
KH(z,2) = € (z )"dz (2.7)

16¢? (22 — 23)zdz
Now, computing differentials W, ,, for the harmonic oscillator curve reduces to plugging
these data into recursion formula (2.1) and computing residues of some rational expressions.
Here are a few examples taken from [11].
The first generation, with 2g — 2 +n = 1:

ledZQdZ;g 1
Wik(z1, 20, 23) = € 1- ;
’ 232 z%z%z%

(22 —1)3dxn
26 ¢2 24

W1H71(21) =€

The second generation, with 2g — 2 +n = 2:

4
dz1dzodz3dzy 3 Z 1 9 Z Z .
WO 4(21’ 2,53, 24) 26t (21Z2Z324)2 212 (212223Z4)2 Zzzj)z 9+3 “i ’
=1 1<j
dzid 5 2 1 2 2 1
z21az2
W1 Q(Zlaz2) 294 ((2122)2 ZZ?+(Z122 (2122) 2 Z ZQ—F (o122)? 42212
i=1 =1 =1

2
+27—182z3+5zz§+3(z1z2)2> : (2.8)

i=1 i=1
3 WKB wave function

We will briefly review how the WKB expansion for the harmonic oscillator can be obtained

from the Wan, see [11, 13| for more details.



Let us write the one-dimensional time independent Schrodinger equation in the form
2

_h2%\p(g¢, B) + 2MV () Uz, h) = 2ME U(x, 1)
XL

Let us define
DMV (2) = f(x)

and
¢ =2ME,

so that Schrédinger’s equation becomes

<h2 K. f(z) + c2> W(x,h) = 0. (3.1)

dx?

This differential operator is called the quantum curve and corresponds to the algebraic
(spectral) curve of the equation y? — f(x) + ¢ = 0. For a large class of curves, see [6], the
WKB wave functions can be calculated from the W, ,, of the corresponding spectral curve.
Here we outline this calculation for the example of the harmonic oscillator curves (2.4),
that is specializing to the case V(z) = Mw?2?/2 and setting Mw = 1. We first introduce
the functions F;{ with 2g — 2 +n > 0 defined by integrating an as follows

v

1 1 Zn
Fferseoz) =g [ [ WG ) (3.2)
) 27’L 2 o )

For example, one finds

€ 1
Fh(z1,2,23) = B2 <Z1Z223+ ) ;

212923
3
H o € 21 3 1
Fii(z1) = %2 (3_321_,21+?>zi”> '
1 1 1 9

4
FH 21,22,23,24) = -
0.4(21,22, 23, 24) 26ch | z1202320 = 22 21292324

i=1

4
REkZl
— g —9212223244-2*12223,245 zi2 ;
ZiZi
i<jk<l T i=1
i#£kAIF£]
1 1 &1 1 6 <1 27 2z =
Z 1 2
Fle(Zl,ZQ):ﬂ E— j‘f‘ﬂ_i 72_1_74_474_47
’ 29¢* \ 2129 4 < 2; 32725 21722 4 2 1z 29 21
1= 1=

2 2
1
+272129—62129 Zz?—i—zlzg sz—i-ng’zg’) .
i=1 i=1

Then the WKB expansion of the wave function satisfying eq. (3.1) is given by

U(z,h) =exp Y A8y (x) (3.3)

m=0



with

1 [(@y)
So<x>=—/( yde,

2 J@@,—y)
1
Si(z) = —;logy,
1
Sm(z) = Z EF;?”(Z’Z"HZ)’ m > 2, (3.4)

2g+n—2=m—1
where in the last equation z = \/m . Thus we obtain in the region z > ¢,
So(x) = fgln( 2 —c+1x)+ %\/m,
Si(x) = —5 (Va2 — 2),

1
So(x) = QFO{E;,(Z, z,2) + FlHl(z)
e 6c%x—a°
2402 (ZCQ _ C2)3/2 ?
1 1
Ss(z) = EF&(z,z,z,z) + §F1{{2(z,z)

3¢% +9c¢*2? — 3%zt + 28
32c4(x? — 2)3

Using these expressions in eq. (3.3) reproduces the WKB expansion of the harmonic oscil-
lator wave functions if we set e = —1.

4 Ribbon graphs and maps

Initiated by the work of Tutte [20, 21|, enumeration of maps, that is graphs embedded in
a compact orientable surface in a way that each face is a topological disc, received much
attention in the last century, see [1, 3, 4, 16, 22-24]. More recently this topic was extended
to counting maps on non-orientable surfaces, see [2, 8, 9] and references therein.

Central to this paper is a notion of a connected ribbon graph, which is equivalent to
that of a map. Intuitively, a ribbon graph is a graph whose vertices are replaced by small
discs and edges are replaced by ribbons. This can be done in a canonical way once the
cyclic order of edges is fixed at every vertex.

In [22], a closed form expression was given for the number of ribbon graphs with e edges
and with one half edge marked that can be drawn on a genus g surface (as will be defined
more precisely below). In [17] this result was rederived using quantum field theory and
generalized to an arbitrary number of marked half edges. Before explaining this connection
in more details, let us define more precisely the quantities we will be using.

Definition 1. A ribbon graph, or simply graph, is a data I' = (H, o, 0) consisting of a set
of half-edges H = {1,...,2e} with a positive integer e and two permutations o,o € Sa. on
the set of half-edges such that

e « is a fixed point free involution,

o the subgroup of So. generated by o and o acts transitively on H.



Figure 1. A genus one ribbon graph.

The involution « is a set of transpositions each of which pairs two half-edges that form
an edge. Cycles of the permutation o correspond to vertices of the ribbon graph I'; each
cycle gives the ordering of half-edges at the corresponding vertex. Cycles of the permutation
o~ o a correspond to faces of I'. The condition of transitivity of the group (o, a) on the

set of half-edges ensures the connectedness of the graph I'.

Example 1. For the graph in figure 1, we have H = {1,2,3,4}, a = (12)(34) , 0 = (1324) ,
and oo = (1324), so there is one face.

A ribbon graph defines a connected compact orientable surface. This surface is recon-
structed by gluing discs to the faces of the ribbon graph. Let us denote by n the number of
vertices of a ribbon graph I' = (H, a, o), that is the number of cycles in the permutation o.
Denote by f the number of faces, that is the number of cycles in the permutation ¢! o cv.
Then the genus of the surface corresponding to I' is defined through the Euler characteristic
of the graph:

n—e+f=2-2g. (4.1)
The genus of the surface is called the genus of the ribbon graph.

Definition 2. An isomorphism between two ribbon graphs T' = (H,a,0) andT" = (H, o', 0")
is a permutation 1 € Soe, that is 1 : H — H, such that o/ oY = oa and ' o) =1 oo.

That is two graphs are isomorphic if the data of one of them can be obtained from
another by relabeling ¢ : H — H of the half-edges. Two isomorphic ribbon graphs are iden-
tified.

Definition 3. For a given graph I' = (H,«,0), an automorphism is a permutation v :
H — H, such that c« ot =1 oa and o o1p) =1 oo. The group of automorphisms of T is
denoted by Aut(T).

In other words, an automorphism of a ribbon graph is a relabeling of its half-edges that
does not change the permutations o and o.

Example 2. The graph in figure 1 has the following automorphism 1 = (1423), meaning
that in the new labeling the half-edge 1 is labeled by 4, the half-edge 4 is labeled by 2, the
half-edge 2 is labeled by 3. The group of automorphisms of this graph is Zy4 .
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Figure 2. Graphs forming the set G 3(1,4,1).

Definition 4. A marked graph is a ribbon graph whose vertices are labeled with consecu-
tive integers starting at 1. We call an unmarked graph a ribbon graph whose vertices are
not labeled.

Definition 5. A marked isomorphism between two marked ribbon graphs is an isomorphism
of the corresponding unmarked graphs which acts trivially on the set of vertices, that is on
the set of cycles of o.

Let us denote by I', a marked graph whose underlying unmarked graph is I'. For a
given marked graph I',, the group of automorphisms of I" which fix every vertex is the
group of marked automorphisms of I';, denoted by Aut,(I'y).

Example 3. For the ribbon graph T' given by H = {1,2,3,4}, a = (12)(34), and o =
(13)(24), we have Auty(T'y) = Zy. That is there are two marked automorphisms - the
identity and the exchanging of the two edges: 1 = (13)(24) . However, if we do not impose

that the automorphism fizes the vertices, there is an additional automorphism exchanging
the two vertices: ¥ = (12)(34) and we have Aut(I') = Zo X Zs .

Lemma 1. Let T, be a marked graph with more than two vertices. Then |Aut,(T',)| = 1.

Given that the group Aut,(I',) does not depend on a particular marking of the un-
derlying graph I', we also write Aut, (") for the automorphisms of I' that fix the set of

vertices pointwise.

4.1 The numbers Cy,

Let us denote by Ggn(p1,...,1n) the set of distinct marked graphs of genus g with n
vertices for which the vertex labeled ¢ has u; half-edges incident to it. We say that the
vertex has degree ;. Since we only consider connected graphs, it is assumed that the
degrees p; are positive integers for n > 1. If n = 1 the set Go,1(0) consists of one graph
which is a single point.

As a less trivial example, consider G 3(1,4, 1) which consists of the graphs with three
ordered vertices drawn on a sphere with degrees one, four, and one. There are three such
graphs, as shown in figure 2.

Following notation of [18] we let Dy, (1, .., tn) stand for the number of marked
graphs in the set G n (1, ..., ttn) Where each marked graph I', is counted with the weight
1/]Auty(Ty)|:

1
Dgﬂ’l(:u’17 . ,Iun) = Z m . <42>
FvGGg,n(;Ufl)'“uu'n)



For example, Dy 2(2,2) = 1/2 and Dy 1(2) = 1/2. Due to Lemma 1, for n > 2, the number
Dy (1, ..., tn) is an integer that counts distinct marked graphs in the set Gy n(f1, - - 5 tin)-
For example, Dy 3(1,4,1) = 3.

For every graph of the set Gy n(f1,. .., tn), let us put an arrow on one of the y; half-
edges incident to vertex ¢ for all ¢« = 1,...,n. Two such decorated marked graphs are
identified if they are isomorphic as marked graphs and the marked isomorphism maps an
arrowed half-edge to an arrowed one. We denote the resulting set of distinct decorated
marked graphs by @gm(,ul, ...y pin). The number of graphs in the set @gm(ul, ey ip) 18
given by the following integer, see [18]:

Con(ps -y pin) =1+ pn X Dgp(pas- .-, fin)- (4.3)

For example, Cp2(1,1) =1, Cp2(1,3) =3, and Cp3(1,1,4) = 12. As mentioned, all degrees
i should be positive integers with the exception of a one-vertex graph. Thus for n > 1 we
have Cyn(p1,. .., pun) = 0 if one of the p; is zero, however Cy1(0) = 1. Note also that the
sum of p; should be even for the corresponding C ;, to be nonzero.

Remark 1. In [13, 18] the numbers Cy,, were called generalized Catalan numbers because
in the case of one vertex, Cp1(2m) is the mth Catalan number. In [22], the term dicings
was used for the decorated graphs from the set Ggpn(p1, ..., ftn)-

The precise relation between the coefficients Cy, and the enumeration of Feynman
diagrams will be explained in section 6.3.

5 The numbers Cy,, and the topological recursion

The following recursion formula for C, ,, was derived in [22] and then rediscovered in [13, 18]
in the context of the topological recursion:

n
Cg,n(ﬂh e 7/’L’Vl> = Z,Ufjcg,n—1<,u1 + :uj - 27,“27 s 7//1’;7 c 7/'Ln)
7j=2

+ Z Cgfl,nJrl(O‘aBnUJ%'--nun)_'— Z Cg17|1|(a7/LI)ng,\J\(ﬁ7,uJ) ) (51)

a+B=pu1—2 g1+g2=g
IUJ={2,...n}

where we use the notation from [13, 18], namely || denotes the number of elements in the
set I, the symbol L stands for disjoint union, pu;r = (u;)ier, and the hat symbol marks the
omitted argument.

In [13, 18], this recursion formula was shown to be related by a Laplace transform to
the topological recursion of Eynard-Orantin. Here we describe this relationship.

Consider the following infinite hierarchy of differentials defined, for (g,n) such that
29 —2+mn > 0, in terms of the Cy, by

Wt tn) = (=1)" Y Cynlpas. . pn)e” WM dwy - - duwy,, (5.2)
(1“‘177;“‘7L)€Zi

~10 -



where w = (wi,...,wy), @ = (41,-..,Mn), the scalar product is defined by (w,u) =
> wiw;, and the variables ¢; are related to w; by

ewi_ti+1 t;—1
_ti—l ti+1

for i=1,2,...,n. (5.3)

It was shown in [13, 18| that differentials Wgn (5.8) with (g,n) such that 2g —2+n >
0 except Wfl satisfy the Eynard-Orantin topological recursion on the curve defined by

the equation

.1

For this curve, one considers two parameters § and ¢ away from the point at infinity (z,7) =
(00, 00) related to each other by

1+t
Yy = 1—¢’
which from eq. (5.4) gives
t2+1
T =2 .
T
The Galois involution in terms of these parameters becomes §* = 1/7 and t* = —t and the

simple ramification points are located at g = +1 or t = 0, c0.
However, to obtain differentials (5.2) by recursion on the curve (5.4) the definition of
one of the initial differentials Wy o is modified in [13, 18] as follows:
dty - dty dZ; - do dty - dty

W (t,t2) = ETACRR ey Arial rerwarE (5.5)

With this Wy 2 and with the standard W(fl = jd¥ = 8t(t + 1)dt/(t*> — 1)3, the recursion
kernel according to the above definition is

1 1 1 (1?2 —1)3 dt;
KC(tt) = —— —. 5.
(t,01) 64(t+t1+t—t1> 2 dt (56)

It turns out, see [11], that all “stable” (2g — 2+ n > 0) differentials Wg(“: produced by

n
this recursion on the curve (5.4) can be obtained by recursion (2.1)—(2.3) starting with the

following harmonic oscillator curve from the family (2.4):
=22 - 2. (5.7)

Moreover, the recursion on the curve (5.7) also produces Wfl which required a special
treatment in [13, 18]. The next theorem is a corollary of results from [13, 18] and [11].

Theorem 1. Differentials an (5.2) satisfy the Eynard-Orantin topological recursion on
the harmonic oscillator curve (5.7).

Proof. Note that the following change of variables

z ~+5;
9’ Y Y 9

— 11 —



transforms the curve (2.4) into the curve (5.4) £+ g+ 1/y = 0, which implies the following
relation on the respective local parameters: t = —ez. With this identification, the recursion
kernel K coincides with the kernel (5.6) from [13] if we put ¢? = 2, that is if we specialize
to the curve (5.7).

Given that the initial differential Wy ; does not enter the recursion formula (2.1) (it is
only used for obtaining the recursion kernel K'), the only difference in running the recursion
for the curves (5.4) and (5.7) is due to the difference between the initial differentials WO%
and W[{{Q . However, a careful examination of the recursion formula (2.1) shows that starting
at the indices (g, n) satisfying 2g —2+4n > 2 in the left hand side, the differential Wy 2 only
enters in the following combination: Wo2(q*, pr) — Wo.2(q, pr). This quantity is obviously
the same for Wy o = W({g(zl, z9) and Wpo = W(fQ(tl, t2). Therefore, starting from the sec-
ond generation of W, ,,, that is from the indices (g, n) such that 29 —2+n > 2, the recursion
formula (2.1) applied to the harmonic oscillator curve and the recursion from [13] coincide.

It can be shown by direct computation, see [11], that the recursion for the curve (5.7)
produces Wfl and W(% from [13]. Thus an(zl, ey Zn) = Wgn(tl, sy ty) With ¢ = —ez
and ¢2 =2.0

5.1 Obtaining the Cy ,, from the an

Once the an(zl, ..., zn) have been obtained by topological recursion, it is simple to extract
the Cyn(p1,. .., o) using
WH (. t) = (=1)" Y Cynlpas. . pn)e” ¥ dwy -+ duwy, . (5.8)

(1505 ) ELTE

From now on we will use the identifications from the proof of Theorem 1, namely
t=—ez and ¢t =2,

and write an(tl, ..., ty) for the differentials after these substitutions have been made. We
first invert eq. (5.3), choosing the sign in order to be in agreement with eq. (5.8),

V14 2ewi
T e e (5.9)

V1 —2e Wi

Had we chosen not to include the factor (—1)" in eq. (5.8), a positive sign would have been
required in eq. (5.9). We will also need

2w [1_ 2e-wi
dtz = € - € ) dwz .
(1 —2e=wi)2 | 1+ 2e—wi

After expressing the an(tl, ..., ty) in terms of the variables wy, ..., w,, we expand

the results in powers of e~®i. According to eq. (5.8), the coefficient of e~ dw; ... dw,,

where (p1, pt2, ..., pn) € Z7, is equal to (—=1)"Cy pn(ft1, - -, fin)-
As an example, consider

(sf —1)°

WlHl (21) =€

dz and thus WlHl (t1) = —
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Expressed in terms of wy, this becomes

6_4w1

2
H —
Wi (wi) = T2 42w dws .

Taylor expanding, we obtain

2" Qk 3)!
Wi ( 1 (wr) 32 Z + e_(2k+4)w1 dwy .

From eq. (5.8), this is equal to — Zm 1 C11(pr)e ™M1 dwy. We therefore obtain
k+1
3c2 k!

For calculating the numbers C' 1, the power of the topological recursion approach is

C11(2k+4) = ————(2k+3)!, k=0,1.... (5.10)

evident, as we have a closed form expression for Cj1(p1) instead of having to use the
laborious recursion relation (5.1), which requires an ever increasing number of terms as
(41 increases.

Even though eq.(5.8) defines only “stable” (2g — 2+ n > 0) differentials by the Laplace
transform, let us consider the “unstable” W({{l and W({{Q. For Wo{{l (t1), we obtain in terms

V1 —4e—2w1

26—211)1

of w;
W(ﬁ(wl) = wy .

If we define s; := e™™¢, what multiplies dw; is

/1 —4s]

2
2s7

which we recognize as the generating function of the Catalan numbers minus 1/(2s?), see [13,

V1= a5 _431 ZC 520 (5.11)
1

18]. To be precise,

where the n-th Catalan number is given by

Writing
Wi (w1) = dw1+20 (2k) s2% dw
0,1(w1) = 252 0.1( 1
S Co.(2k) e 21 g
T 92w + Z 0,1( w
we obtain
Coa1(2k)=C

- kil <2kk> , (5.12)
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while Cp 1(n) is zero when the argument is odd. Consider now Wy (1, t2). It is given by

dtydt
Woa(ti,t2) = ﬁ
4t1t2 dtldt2
= 2 bdty 4+ —22
@ —13)2 7T (1 + t2)?

As shown in [13], the second term generates the Cpa(f1,p2). Going to the variables
w1, wo and using the notation e~ = s;, we find
5189
(s1— s2)?
45159 dwidwo

_.I_
V(1 —4s7)(1 - 4s3) (\/(1 1 251)(1 — 289) + /(1 + 2s2)(1 — 281)>2

Woa(wr,wa) = dwy dwsy

o0

5152 1 s

=|—xt E Coz(p1, p2) si'sy? | dwidwy,
(s1— s2) it

from which one can compute the Cp2(u1, p12). Let us first introduce the function

(2[£52] + 1)
ol4] ’ (5.13)
[u;l]v
7 |!
where [z] denotes the integer part of the real number z. In terms of this function, we find

(1+ (-1t

g(p) =

Coa (1, p2) = T 9(m1) g(p2) (5.14)
which agrees with [13].
We ﬁnd,ﬂHTLVbSZ
1 S 3
Wi —[1- dwidwad
03(w1,w27’w3 2( £[11+ )1;[ 1—23] 3/2\/72] w1 dwW20W3
1 > (14 2p;)11(2k; — D! "y
5l_I Z p;”({;! ) SZHpﬁkl dwi dws dws
i=1 \ p;,k;=0

3
1 20 (1 + 2p;)\! 2pi-+1
+ érIiI 2{: 1%! (1 — 2s ) dlUl dlUQ dlUg
i=1 \ p=0
= —25%3233 — 2313333 — 25132,9% — 123‘113233 — 12313353 — 1231323§

— 83%3%5% 12535553+ ... ,

which, using once more eq. (5.8), is equal to

oo
2
= § Co s, pas p3) sit 852 sb* dwy dws dws .
H1,p2,43=1
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We can now obtain a closed form expression for the coefficients Cp 3(p1, p12, 113):

3
1
Gl iz i) = 5 (14 (=142 ) [T g (), (5.15)
i=1
where g(u;) was defined in eq. (5.13).
Proceeding similarly, one can obtain closed form formulas for any given Cg,, (u1,. .., ftn)-

In the appendix the expressions for Co4(p1,...,1a) and Cy 2(p1, p2) are given. Calculating
expressions for W;In and Cy ,, for larger values of the indices poses no technical difficulties
but they are quite lengthy.

Remark 2. For a given Cy (1, .., ftn), the sum of the degrees y; satisfies an inequality
that can be derived from the Euler relation (4.1). Replacing e by 13 p; in eq. (4.1),
we obtain .
> pi=4g—4+2f+2n.
i=1
Clearly the sum of the degrees must be even, as noted previously, but they satisfy an
additional constraint coming from the fact that the number of faces is at least equal to one,
giving
n
> i >22g+n-1). (5.16)
i=1
This shows for example that C71(p) is nonzero at the condition that p > 4 as is made
explicit in the general formula, eq. (5.10). The smallest degrees giving a nonzero value of
Coa(p1, ... pa) satisfy p1 + po + 3 + pa = 6, in agreement with the expression given in
the appendix. Two other examples that will be of use in section 6.2 are that Cj 2(u1, p2)
is nonzero only for p1 + po > 6 and Cy 3(f1, pe2, p3) is nonzero at the condition that pq +
p2 + p3 > 8.

6 Rooted graphs

It is convenient to introduce a root in a ribbon graph in order to remove the nontrivial
automorphisms of the graph.

Definition 6. A rooted graph is an unmarked ribbon graph with a distinguished half-edge,
the root of the graph. The vertex incident to the root is called the root vertex.

Remark 3. A ribbon graph consisting of one vertex and no edges is considered to be a
rooted graph.

Definition 7. An isomorphism, or a rooted isomorphism, between two rooted graphs is an
1somorphism between the ribbon graphs that maps the root to the root.

An isomorphism of a rooted graph to itself is called a rooted automorphism of the graph.
For a given rooted graph, the group of its rooted automorphisms is trivial, see [22].
In [17] the following generalization of the concept of a rooted graph was introduced.

~15 —



Definition 8. An N-rooted graph is the data of a ribbon graph, I' = (H,«,0), with the
choice of N distinct ordered vertices, called the root vertices, and the choice of N half-edges,
called the root half-edges, or roots, such that each root half-edge is incident to one of the
root vertices. We call the kth root the root half-edge incident to the kth root vertez.

In other words, an N-rooted graph is obtained from a ribbon graph by choosing N
distinct vertices, labeling them with numbers from 1 to N, and at each of the chosen
vertices placing an arrow on one of the half-edges incident to it.

Definition 9. An isomorphism, or an N-rooted isomorphism, between two N -rooted graphs
s an isomorphism between the underlying ribbon graphs that maps kth root to the kth root.

Two isomorphic N-rooted graphs are identified. Similarly, an N-rooted automorphism
of an N-rooted graph is an automorphism of the underlying ribbon graph which preserves
the set of NV root vertices pointwise and maps roots to roots. Clearly, the only N-rooted
automorphism of an N-rooted graph is the identity.

6.1 Counting N-rooted graphs

We have shown how to obtain the generalized Catalan numbers Cy,, from the topological
recursion on the harmonic oscillator curve (5.7). Here we show that one can express the
number of N-rooted maps in terms of the Cy . In the case N = 1 we get the formula for
one-rooted maps obtained in [22].

Let = (u1,...,pn) be a partition of an even integer 2e into n strictly positive parts.
It is convenient to regroup the parts u; into groups of equal values, that is we suppose
that among the parts of u there are p(p) distinct values with k; copies of the value «; for
i=1,...,p(p). Clearly, for p = (p1,...,un) we have

(k) () n
Z ki=n and Z ok = Z,uj = 2e. (6.1)
i=1 i=1 j=1

Given e € N, let us denote by my(e) the number of distinct N-rooted graphs with

e edges.

Theorem 2. Let the numbers Cgpn(pi1,- . ., fin) be as defined in section 4.1, and e, N positive
integers. The number mpy(e) of N-rooted graphs with e edges is given by

o U ET g1 N Cyn(pin, - - pin)
_ 1 UN Cgn (Ml -- - MUn
my(e) = Z Z (n—N)! L1 fin ’ (6.2)
n=N  g=0  pi+-+un=2e

pni>1

1+§fn]

where | denotes the integer part of the argument. Note that for a given choice of N,

the minimum possible value e may take is N — 1.

Proof. Using notation from section 4, let I'y, € Ggn(u1,...,1n) and let I' be its un-

! ways to mark vertices of I' so that the

derlying unmarked graph. There are ki!---k,,!
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resulting marked graph is in Gg (g1, .., #n). Among these ways there might be equiva-
lent ones - those giving rise to identical marked graphs. If there is a non-trivial unmarked
automorphism ¢ € Aut(I')/Aut,(I"), which acts non-trivially on the set of vertices, then
for every ordering of vertices I, there is an equivalent ordering given by ¢(I",). Therefore
the number of distinct marked graphs I'y € Gg (1, ..., i) having I' as the underlying
unmarked graph is

kilek !
1 p(k) ) (63)
|Aut(I') /Aut, (I')|
Let us denote by D;n(/u, ..., n) the contribution to the number Dy (11, ..., itn) of all
the marked graphs whose underlying graph is I':
1
DU ey ) = _—
g,n(ula sy M ) Z |AutU(Fv)\

FvEGg,n(Ml,...,,un)
T" is the underlying
unmarked graph for T,

Then we have
Dg,n(,uh s 7,Ufn) = Z-Dg,n(,ula s ),U'n) )
I

where the summation is over all distinct unmarked graphs I' for which there exists a marking
I'v € Ggn(p,- .., tn) having I" as the underlying unmarked graph. Using this notation and
definition (4.2) of the number D, ,,, we deduce from eq. (6.3)

RN
DY (1o i) = U 4
g,n(/‘la y ) |Aut(F)| (6 )

Now note that the third sum in the right hand side of (6.2) can be seen as two

nested sums:
> -y > o9

p1+ A+ =2e wh2e orderings
p=(p1, p25epin)  Of (1, 12,505t

where the first sum in the right hand side is over all (unordered) partitions p of 2e and the
second sum is taken over the orderings of the n-tuple (1, pa, . .., ftn). Here an ordering is a
multiset permutation of the n-tuple (u1, p2, . - ., in), that is a permutation not distinguish-
ing between repeated values. Let us use the following notation: denote by 7 an ordering of
= (g1, p2,- -, fn) and denote the resulting n-tuple by 7(u) = (,u(lT), Mg), . ,,ugf)) .

Consider for example one partition of 6 given by pu = (u1, 2, u3) = (1,1,4); there
are three different orderings of the triple: 7 (u) = (ugﬁ),ugﬁ),ugﬁ)) = (1,1,4), 7o(u) =
(/j’gﬁ)v//’gﬁ)vﬂi(’)ﬁ)) = (1,4,1), and 73(p) = (MYB)? MgT3)7 Nng)) =(4,1,1).

Let us now fix N < n and consider the following sum over all orderings of

S w0y

T € orderings
of (1, 12,5t

For the previous example of (u1,u2,13) = (1,1,4), for which there are three orderings,
let us consider the case N = 2. Then the above sum over all orderings would give
1-14+1-4+4-1=09,.
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This expression can be rewritten summing over all permutation of the u;’s treating the
repeated values as distinct. Denoting by S, the symmetric group of permutations, we have

(") 0 _ N Ho) o) Ho()
Yoo omUm ey =) B

T € orderings ocESH
of (p1, p125esktn)

We can write this sum over all permutation of n values as follows:

n— N)!
k I/E;v k) ! > D M) @) ()
BRZE o) choice of YESN
N terms out
Of(,ul,...,,un)

where the factor (n — N)! comes from the permutations of the remaining (n — N) values of
W; not entering the product in the numerator.

The last sums give the number of ways to choose N ordered roots in the graph I'
disregarding the fact that there might be choices producing equivalent N-rooted graphs.
Introducing notation RR, for the number of choices of an ordered subset of NV half-edges in
a given graph I', we obtain

(. o __ (=N or
Z /’Ll /’LQ :UN - kl‘k2‘k}p(u)' XRN' (66)

T € orderings
of (11, p2;e0stin)
Denote by mk;(e) the contribution to the number my(e) of all the N-rooted graphs
whose underlying unrooted unmarked graph is I'. Every non-trivial automorphism ¢ €
Aut(T) allows for identification of N-rooted graphs included in the number RY;. Therefore,
the contribution of I' to my(e) is
RF
r N
my(e) = ———.
MO TR

On the other hand, obtaining [Aut(I)| from (6.4) and R} from (6.6), we have

Dy (p1, -+ ftn) Y W0

T € orderings
of (p1, 2, ftn)
Summing this over all distinct unmarked graphs I" for which there exists a marking '), €
Ggn(p1,. .., 1y) having I' as the underlying unmarked graph, we see that the contribution
to my(e) that comes from a given partition p of 2e is given by

Dg,n(ﬂla“'vun) (r) () ()
(- N)! 2 Ty 67

T € orderings
of (p1, f25eespin)
Now, using (4.3) and summing (6.7) over all unordered partitions (1, ..., ) of 2e with n
positive parts, we obtain the contribution to my(e) of all the graphs of genus g with n ver-
tices. Summing further over all possible values of g and n and determining the summation
limits using eqs. (4.1) and (5.16), we obtain the statement of the theorem. [J
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6.2 One-rooted graphs

The following formula for the number mj (e, g) of rooted maps (that is maps with a distin-
guished half-edge) of genus g with e edges was derived in [22]:

mieg) =Y 2y Cemlinenin), (©5)

n=1  pi+pet-Fun=2¢ M1 ..y

Our theorem, eq. (6.2), predicts for this quantity

meg=Y Yt Gl (6.9)

— 1!
n=1 #1+#2+"'+/J«n:2€ (n ) /’Ll /"LTL

To prove the equivalence of these two expressions, let us replace the sum in eq. (6.9)
by two nested sums over partitions and over orderings, as in eq. (6.5). Since the

Cyn(p11,- .., ttn) donot depend on the ordering of the arguments, we may rewrite eq. (6.9) as
1 = C, ) (:ulv sy )
mi(e,g) = m Z Z o . Z MST) . (6.10)
" n=1 ph2e HL- - T € orderings
=1, 12500 in) of (pt1, p42,0esptn)
Recall that NY) may take p(u) distinct values denoted aq, .. ., a,(u) and that each of these
values appear a number of k1, ..., k,, times, respectively. The sum over orderings is then
given by
(1) _ (n—1)! (n—1)!
Z ! a (k1 — D) ko! .. K '+...—|—ozp(,u) Filky ... (Kkpy —1)!

T € orderings p(p)*

of (p1, 2,05 p0n)

()
-1k
= ) [ D kio

kilkal. . kpn! =
— 1)
96 (n—1)! ’
Falka! .. kp)!
where in the last step we have used eq. (6.1). Using this result in eq. (6.10) we obtain
- 2e Cyn(1, - fin)
ml(ev g) = = .
; #;e kilkal. . kyou! W1 e iy

=1, ph2,e o fin)

1 n!
Z - Falkal. .. Ky ’

T € orderings
of (k1, 2, pin)

Using now

we finally have

ad Con(pit, ..., tin
men=> ¥ > Bl

uhk2e T € orderings H1- .- Bn
p=(p1, p25espin)  Of (L1, p2,eenstin)

_ - % Cg,n(ﬂlw--aﬂn)
2o 2 ,

" ptpz et pn=2e HL - - fin

which is eq. (6.8).
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6.3 Counting Feynman diagrams

We can now state the relation between the N-rooted graphs counted by my(e) as given in
eq. (6.2) and Feynman diagrams. Our first result is that, as proven in [17], my(e) counts
the number of many-body Feynman diagrams, or QED diagrams when Furry’s theorem is
not valid (due to the nature of the ground state) and, in particular, tadpoles are present.
However we will show below how eq. (6.2) may be trivially modified to remove all tadpole
diagrams or to enforce Furry’s theorem. The number mpy(e) also counts the number of
connected Feynman diagrams in the quantum field theory of a two scalar fields, one real
and one complex, with for only interaction the cubic term A¢f¢. It is using this latter
quantum field theory that the number of Feynman diagrams was determined using the
path integral approach in [17].

In this correspondence, N represents the number of external electron lines and e is the
number of internal photons lines (we consider diagrams with no external photon lines). The
order in the coupling constant is therefore simply 2e.

In the sums of eq. (6.2), the index n counts the total number of electrons lines in the
Feynman diagram, both internal and external. In the language of Feynman diagrams it is
then obvious that, for a fixed number e of photons, the smallest value of n is N (when all
electron lines are external lines) and the maximum value of n is e + 1 (which occurs when
N — 1 photons connect the external lines together and the remaining e+ 1 — N photons are
part of tadpoles so that there are e + 1 — N fermion loops).

The degrees p1, ...,y specify the number of photon lines connected to each of the
fermion lines in the diagram. Since there are no external photon lines, we clearly have
Som i = 2e, which is twice the number of photon lines and the order in the cou-
pling constant.

We must warn against a possible source of confusion here: in the Euler relation,
eq. (4.1), the number n counts the number of vertices in the ribbon graph, which does
not represent the number of vertices in the corresponding Feynman diagram but the num-
ber of electron lines.

To make this more clear, let us describe how to associate a ribbon graph to a Feynman
diagram. To do so, one must draw all photon lines connected to electron loops on the
outside of the electron loop. In addition, all photon lines connected to a given external
electron line must be drawn on the same side of the electron line.

Then the photon lines (but not the electron lines) are thickened to turn them into
ribbons and the external electron lines and electron loops are shrunk into small disks which
become the vertices of the corresponding ribbon graph. The number of vertices in the
ribbon graph is then equal to the number of electron lines in the corresponding Feynman
diagram and the number of ribbons connecting the vertices is the number of photon lines
in the Feynman diagram.

As an example, a three point function Feynman diagram is shown in figure 3 with its
corresponding permutations and the corresponding ribbon graph is shown in figure 4.

Remark 4. The genus g that appears in the coefficients Cj,, refers to the genus of the
corresponding ribbon graph, which is straightforward to determine. It is however possible
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12
To 8
14
4
3
13
7 10
1 2
Figure 3. Feynman diagram corresponding to the permutations « =
(12)(34)(56)(78)(910)(1112)(1314), o = (1)(2739)(1110812)(4614513) on the set of

half-edges H = {1,2,...,14}. The associated ribbon graph is shown in figure 4. A different choice
of labelling of half edges and the resulting permutations define an equivalent ribbon graph.

Figure 4. The ribbon graph corresponding to figure 3. The three vertices with marked half edges
correspond to the external electron lines and the labels 1 to 14 on the half edges are the same as
the ones shown in figure 3.

to determine the genus directly from the Feynman diagram without closing the external
electron lines. The number of faces is equal to the total number of closed paths necessary to
cover both sides of all ribbons and all segments of electron lines connecting different ribbons.
Note that the segments of the electron lines between the two sides of each ribbon are never
covered. Here it is understood that when one exits the Feynman diagram through one
extremity of an external electron line, one then re-enters it through the second extremity.
Once the number of faces is determined this way, one uses Euler’s formula,

g=1—f/24+e/2—n/2 (6.11)

to obtain the genus where, as already noted, e is the number of photon lines and n is the
number of electron lines.

Example 4. Consider the Feynman diagram of figure 5. The corresponding ribbon graph
is shown in figure 6 with the two paths (one made of a dashed line and the second shown
as a continuous line) needed to cover the graph. The number of faces is then two and since
e =4 and n = 2, the genus of the ribbon graph corresponding to this Feynman diagram is
equal to one.
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5
D

Figure 5. Feynman diagram corresponding to the ribbon graph shown in figure 6.

Figure 6. The ribbon graph corresponding to figure 5. It is specified by the permutations o =
(12)(34)(56)(78), ¢ = (132457)(68) on the set of half-edges H = {1,2,...,8}. The two paths
required to cover the graph are shown as a dashed line and as a continuous line. This graph therefore
has two faces.

Example 5. As a second example, consider the ribbon graph of figure 4. In that case, three
paths are required to cover the graph so there are three faces. There are four vertices so
n =4 and there are seven edges so e =7, giving a genus g = 1.

Remark 5. Since we are considering diagrams with no external photon lines and N external
fermion lines, there are n — N fermion loops and the number of loops due to the photon
propagators is e + 1 — n, if e is the number of photons. We therefore obtain the following
result: the total number of loops (in the sense of Feynman diagrams) is given by e+1— N.
In other words, the number of N-rooted graphs with e edges is equal to the number of
Feynman diagrams with e +1 — N loops.

This number is never negative since, for a given N, the smallest possible value of e
is N —1.

It is a simple matter to modify the formula (6.2) to count special types of Feynman
diagrams. For example, it is trivial to exclude all diagrams with tadpoles by imposing that
all closed electron loops must connect to more than one photon. Recall that in eq. (6.2),
the first IV indices refer to the external electron lines and the remaining indices, from N + 1
to n refer to electron loops. To eliminate all tadpole diagrams, it is therefore only necessary
to multiply the right hand side of eq. (6.2) by a product of Heaviside functions forcing the
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degrees of all the electron loops be at least equal to two:
H[IU’N+1 - 2] H[/"LN+2 - 2] e H[Mn - 2] (6'12>

where we use the convention Hz] =1 for x > 0.
It is also easy to enforce Furry’s theorem. This amounts to imposing that the degrees
of all the electron loops be even, which is achieved by simply multiplying eq. (6.2) by

L (1)) (1 (1)) (1 (1) (6.13)

on—N

Let us now show some examples of using eq. (6.2).

In the case of one external electron line, N = 1, (so we are considering the corrections
to the electron propagator), the number of such diagrams as a function of the number of
photon lines (which in this case gives also the number of loops) is well known [10] and
given by

1,2,10,74,706,8 162, 110410... (6.14)

fore =0,1,2,.... The two diagrams for e = 1 are the usual one-loop self-energy diagram
plus the diagram with one tadpole. Our formula for m;(e) reproduces trivially the results
for e = 0 and e = 1. Consider the next term in the series, corresponding to two photon
lines, e = 2. The formula gives

3
M1 an(,ula"-a,un)
mi1(2) = :

= Coa1(4) + — 3 + 5 + Co2(3,1)
1 (Cos(1,1,2)  Cos(1,2,1
5 < 0,3(2 ) 4 0,3(2 ) + Cos(2,1, 1)> +C11(4). (6.15)

Using egs. (5.10), (5.12), (5.14) and (5.15) we obtain m(2) = 10, in agreement with
eq. (6.14).

Each term eq.(6.15) for m;(2) corresponds to a certain type of Feynman diagram.
Since we are considering here one external electron line, n — 1 is equal to the number of
electron loops. The degrees u; give the number of photon lines attached to the i-th electron
line, with p; being distinguished as the number of photons attached to the single external
electron line.

For example consider the term
1
100,3(17 ]-7 2) )
which corresponds, for N = 1, to the diagram with one photon connecting the external

fermion line to a first fermion loop, and a second photon line going from this first fermion
loop to a second fermion loop, which is a tadpole. Clearly the term with Cp3(1,2,1) leads
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Figure 7. Feynman diagram corresponding to the contribution of Cy1(4) in m(2). The corre-
sponding ribbon graph shown in figure 1.

to the same diagram. Combining these two contributions and using Cp3(1,2,1) = 2 from
eq. (5.15), we find

1 1
10073(1, 1,2) + 10073(1,2, 1) =1,

which means that there is one such diagram.
Consider now the term 1
50073(2, ]., 1) == ]. .

This corresponds to the unique diagram with two tadpoles attached to the external elec-
tron line.

The term Cp2(3,1) = 3 in m1(2) counts the number of Feynman diagrams with one
external electron line, one closed fermion loop, three electron-photon vertices on the external
line and only one photon attached to the fermion loop. There are clearly three such diagrams
corresponding to the tadpole attached before, between, or after the one loop self energy
correction to the electron propagator.

The term Cf1(4) in m;(2) corresponds to a Feynman diagram with one electron line,
n = 1, one external electron line, N = 1, and two photons (since the number fo photons is
equal to half the sum of the degrees) and whose ribbon graph is of genus one. The ribbon
graph is shown in figure 1 and the corresponding Feynman diagram is presented in figure 7.
The ribbon graph has one face, one vertex and two edges, leading to ¢ = 1 according to
eq. (6.11).

The following generating function for m;(e) was found in [1] and rederived in [17] from
a path integral approach:

e k+1
IOES Y CIILE [T — .
k=0 ar+...+ag41=e+1 j=1
a;>1

This formula is more efficient than eq. (6.2) to calculate the total number of Feynman
diagrams for a corresponding number e of internal photon lines, but eq. (6.2) has the
advantage of isolating the contributions from each type of Feynman diagrams, i.e. according
to the number of electron loops and the number of photon lines attached to each external
electron line and to each electron loop. In particular, it is possible to remove the tadpoles
or to enforce Furry’s theorem by using eq. (6.2) multiplied by either eq. (6.12) or eq. (6.13).
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For example, let’s impose Furry’s theorem to mq(2) as given by eq. (6.15). Multiplying
by the factors of eq. (6.13) means that we drop all the Cy ,(p1, . . ., p2) with po, ..., u, odd
in eq. (6.15). This leaves

m(2) =Co1(4) + 00»25272)

+Ci11(4
(Furry) 1’1( )

=4.

Consider now mg(e), which begins at e = 1 and corresponds to two external electrons.
One finds
ma(e) =1,13,165,2273,34 577,581 133, . .. (6.16)

for e =1,2,.... Again, an explicit expression for ma(e) for arbitrary e can be found in [17]
but that expression is also not useful to isolate contributions from specific types of Feynman
diagrams. In fact, [17] gives an algorithm to produce a closed form expression for my(e)
with arbitrary values of N and e but all these expressions do not separate the contributions
from different classes of Feynman diagrams as eq. (6.2) does.

Let us reproduce the result mg(2) = 13 using eq. (6.2) which gives

9) — - pipe Con(pet, ... pin)
=3 Yy e Conlin

251 Un

1
= Co2(1,3) + Co2(3,1) + Co2(2,2) + Cp3(2,1,1) + Cp3(1,2,1) + 3 Co,3(1,1,2)
=13.

The presence of non trivial automorphisms in
Applying Furry’s theorem here means discarding the terms with three vertices for which
the degree of the third vertex is odd (the first two degrees giving the number of vertices on

the two external electron lines). This leaves

1
2 = 1 1 2.2 — 1.1,2
ma( )(QED) Co,2(1,3) + Co2(3,1) + Co2(2,2) + 200,3( ,1,2)

=9.

As a more involved example, consider diagrams with three external electron lines, N = 3

and e > 2. The first few values are
ma(e) =6,172,3834,81720,1775198...

fore=2,3....

Equation (6.2) gives

m3(2) =3Co3(1,1,2)

=06,
m3(3) = 3Co3(1,1,4) + Co3(2,2,2) +6Co3(1,2,3)
+ % Co,4(1,1,1,3) +3Cp4(1,1,3,1) + 20074(1, 1,2,2) +3Cph4(1,2,2,1)

=172. (6.17)

— 95



7 Expressing the WKB expansion in terms of the coefficients C, ,

We have now seen how applying topological recursion to the harmonic oscillator curve gen-

erates the multi-differentials an

which may be used to both construct the WKB expansion
of the wave functions and to calculate the coefficients Cy, which we used to count QED
Feynman diagrams.

The formulas needed to obtain the WKB expansion are given in egs. (3.2) and (3.4),
while the equations necessary to calculate the Cy ,, are egs. (5.8) and (5.9). These two cal-
culations imply that it is possible to express the WKB expansion in terms of the coefficients
Cyn - For example, consider
1 23 — 6%z
24c2 (22 — ¢2)3/2

k
— 24102 4 C% Y G(2k) (%)2 , (7.1)
k=1

where c¢ is the constant that appeared in our elliptic curve and whose square we found to be

SQ (1‘)

¢® = 2. We find it convenient to leave it as a parameter here to show the explicit dependence
of So on ¢. The x independent term in eq. (7.1) is inconsequential as it contributes only an
overall factor to the wave function. Using egs. (3.2) and (3.4), one finds

2 Cos(t, 7,k 3 C , 7,0 3 ~
G(’I’l) = Z M + = Z M + ECO,B(OaOan)

' =
3 i+j4+k=n ijk 2 i+j=n Lt
i,5,k>1 3,721
Cii(n
—9 C1a(n) Hin —4],

n

with the coefficients C;; and Cp 3 given in egs. (5.10) and (5.15).
This expression requires some explanations. As mentioned previously, the

Cym(p1,- .., n) are taken to be zero whenever one of the degrees p; is zero, except for

Co,1(0) = 1. In the above equation, the C~’0,3 are given by the same equation as the Cp 3,
eq. (5.15), except that we allow the degrees to be zero.

This expression shows explicitly how a coefficient in the WKB expansion of the har-
monic oscillator wavefunctions can be expressed in terms of the coefficients Cy (1, .. ., fin)
and we have seen how the same coefficients can be used to count Feynman diagrams in many
body physics or in QED.

8 Coa(piprzy sy pg) and Cy o (p1, p2)

Here we give the expressions for the coefficients Cp 4 and C} 2 without presenting the deriva-
tions. One finds

ket petia=d o(1y) g(p2) g(ps) g(ua)  if all the p; are odd,

_ _ if all the u; are even
Co,a(ft1, 112, 13, f1a) = —“1+“2+53+“4 2 g(p1) g(pe) g(ps) g(ua) _ Hi
or if only two are even,

0 otherwise,
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where it is understood that p; > 0 and the function g(u) is defined in eq. (5.13). Let us
recall that Wo 4(s1, s2, 53, 54) is then given by
(e.)
W[ﬁ(sl, S9, 83, 84) = Z 0074(/1,1, Ho, 13, ,U4) S}fl 852 Sgdsffl dw1 dwg dw3 dw4
1,2, 03, pa=1
where s; := e %4,
In order to present Cf 2, it proves convenient to first introduce the following function:

2(5) (57:;2))!,! if 41 is an even integer > 0,
(LT

F(p) ==

0 otherwise.

The coeflicients Cy 2(u1, p12) are nonzero only if p; and po have the same parity. When the
two are even, one finds
Cra(p, p2) = 4F (py — 4) F (g — 2) + 4F (py — 2) F (g — 4) + 4F (1 — 6)F (2 — 2)
+4F (p1 — 2)F (p2 — 6) — 52F (1 — 4)F (p2 — 4) — 16F (1 — 4)F (2 — 6)
—16F (1 — 6)F (p2 — 4) + 320F (1 — 6)F (n2 — 6)..
Since the function F vanishes when its argument is negative, we see that the first nonzero
terms in VVIH2 have a sum of the exponents of s; and s equal to six, in agreement with
q. (5.16). Moreover, we see directly from the above that these terms are given by 4s}s3 +
43132
When both arguments are odd, one obtains
Cra(pr, p2) =5F (p1—5)F (2 —1) +5F (p1 — 1) F (2 —5) +3F (p1 —3) F (n2—3)
—52F (1 —5)F (2 —3) —52F (1 — 3) F (2 —5) +208F (u1 —5) F (2 —5),,
which shows again that the terms of lowest exponents are 5s7sg + 55153 + 3s353.
Let us write the first few terms of VV1H72 obtained using the above expressions:

p 2
le 51,52) E Cha(p, p2) st s5? dwy dws
pi,p2=1

= dw; dws (5851)82 + 55155 + 45155 + 4s2sy + 35555 + 7051 59 4 705155 + 6055 52
+ 605755 + 605755 + 605555 + 605755 + 6305752 + 6305159 + 560 55
+ 5605755 4 6305753 + 6305755 + 6005955 + 6005755 + 6005755 + ) .

One can verify that this indeed reproduces the Taylor expansion of W o given in eq. (2.8)
after making the change of variable
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