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1 Introduction

The information loss paradox for black holes can be satisfactorily addressed in String

Theory relying on the Fuzzball proposal [1-7]. In this framework, black hole micro-states

are represented by smooth horizon-less geometries with the same asymptotic behaviour at

large distance — and thus the same ‘charges’ — as the putative black hole. Enormous

success has been achieved in counting the micro-states for extremal 3- and 4-charged black



hole states in five and four dimensions respectively [8-12]. Identifying the corresponding
geometries in the supergravity regime has proved to be much harder [13-33]. The micro-
state geometries found so far cannot fully account for the entropy of ‘large’ 3-charge black
holes in five dimensions, let alone the case of 4-charged black holes in four dimensions.

More progress can be achieved by considering 2-charge systems in string theory. Four
and five-dimensional ‘small’ black-holes with two charges can be constructed in string the-
ory in terms of closed oriented fundamental strings carrying Kaluza-Klein momentum [34]
(see [35-40] for studies of the dynamical properties of these systems). These black holes are
not solution of Einstein gravity but of its higher derivative extension, so their horizons are
of stringy size. The stringy micro-states can be counted exactly and put in correspondence
with regular geometries associated to the U-duality equivalent 2-charge system realised
in terms of a bound-state of D1- and D5-branes. In this framework one can find smooth
horizonless geometries of Einstein gravity in six dimensions characterised by a string profile
function that incarnate the fuzzball paradigm in a fully successful way [5-7]. This system
will be the main subject of our investigations here.

In this paper we explore the fuzzball geometries by scattering massless closed string
states from the D1/D5 brane system. We will follow closely the approach pioneered by Am-
ati, Ciafaloni and Veneziano for high-energy string scattering in the Regge regime [41-44]
that has later on been adapted to the study of closed-string scattering off D-branes [45-52].
We present three different descriptions of the scattering process. First we consider the
geodetic motion of a massless particle in the fuzzball gravitational background. Second,
we consider the ‘classical’ wave scattering in the fuzzball geometry. Finally, we study the
scattering of massless closed string states off the 2-charge D-brane bound-state.

In the regime where the impact parameter b is large compared to the typical scale L,, of
the geometry (‘Schwarzschild radius’), the quasi-elastic scattering process is characterised
by a small deflection angle 6 and it is dominated by soft processes in which a very large
number of nearly on-shell gravitons are exchanged between the high-energy string state
and the brane. The scattering is described by ‘ladder’ diagrams whose elementary block
is the tree-level (disk) string-brane scattering amplitude i.e. the closed string two-point
amplitude on the disk [45-52]. The deflection angle can be extracted from the phase shift
§(E,b) describing the transition from the incoming to the outgoing asymptotic states’

2i6(Eb) _ 1A(E,b)
e2OED) — 1 4 5 (1.1)
with JT(E ,b) the Fourier transform of the string theory scattering amplitude. Alternatively,
the phase shift §(F,b) can be computed by comparing the solution of the field equation in
the gravitational background at plus and minus infinite time.
For closed-string scattering off a stack of Dp-branes, the relevant amplitude is a disk
with two closed-string vertices in the bulk and no open-string insertions on the bound-

LA general scattering process with incoming state |i) and outgoing state (f| is described by the amplitude

Ty = an‘#\/ﬁ with E; denoting the energies of both incoming and outgoing states and iTy; = (f|(S—1)|¢)
=1 !
the T-matrix element. In the case of elastic scattering of a single particle from a target one has a single
.Afi

incoming and outgoing state with the same energy F, so Ty; = 55



ary [45-52]. For scattering off D-brane bound-states, twisted open string insertions on the
boundary are required to bind D1- and D5-branes [21, 22, 31]. To be specific we will con-
sider high-energy graviton scattering in the presence of two open-string fermionic moduli
living at the D1-D5 intersection. The string result will be shown to be in perfect agree-
ment with both geodetic deflection and classical wave scattering in the fuzzball geometry.
We interpret this as a first step towards giving support to the fuzzball proposal at the
dynamical level.

The plan of the paper is as follows. In section 2 we review the fuzzball geometry for a
circular string profile. In section 3, after reviewing the geodetic motion of massless probes
of Dp-branes, we study the motion in the fuzzball background. Contrary to the case of
a single stack of branes, the geometry even in the simple case of a circular fuzzball has
reduced rotational symmetry, and generically one cannot integrate the geodetic equation
elementarily. Yet for motion in the 2-plane of the circle or in the orthogonal 2-plane
the geodetic equations can be solved and the deflection angle computed. Remarkably,
for special choices of the kinematics these geodesics exhibit a peculiar behaviour: they
get asymptotically trapped into ‘circular’ orbits. These correspond to ‘critical’ impact
parameters, at which the massless probe is captured by the fuzzball. The fuzzball effectively
behaves as a black hole for the selected channel. This behaviour is consistent with the idea
that a black hole can be depicted as an ensemble of a large number of fuzzballs with all
possible orientations, so that the probe will always find a large number of trapping fuzzball
bits.? In section 4 we will study the ‘classical’ scattering of scalar waves governed by the
Klein-Gordon equation in the fuzzball geometry, determine the phase-shift and compute
the deflection angle as the derivative of the former with respect to the impact parameter.
We show that a wave carrying only one of the two independent angular momenta turns out
to ‘localise’ in one of the two 2-planes. Once again we compute the deflection angle and
identify the critical impact parameter in this approach. Finally in section 5 we compute the
corresponding string amplitude on a disk with mixed boundary condition and find perfect
agreement with the other two independent approaches.

Section 6 contains our conclusions and an outlook.

2 The fuzzball geometry
In order to construct the D1/D5 fuzzball, we start with the D1/D5 configuration

0123456789
DI — - - o — (2.1)
Dy — . . . . — — _ _ _

where a line, respectively a dot, denote a Neumann (N), respectively a Dirichlet (D),
direction. We will use the coordinates (t,z) for the two NN directions (X, X°), ¥ =
(X1,...X*%) for the ND directions i = (X%,... X?) for the remaining DD directions. We
compactify z and .

2We thank Guillaume Bossard for suggesting us this picture.



The general supersymmetric solution sharing with the D1/D5 system above the asymp-
totic geometry is characterised by a metric of the form

B B 17,0\ 12
ds? = —(H Hs)"Y?[(dt + A-dZ)? — (dz + B-d&)?) + (H,Hs)"/?dz-dz + <Hl> dy-dy
5
(2.2)
The 1-forms A; = A-d7 and By = B-df are related by Hodge duality
dAl = *4dBl (23)

and H; are harmonic functions of the & variables. In particular, regular solutions can be
constructed in this way by taking

2 A
1
Hs(Z)=14+=2 | dv - 2.4
5(2) I (2.4)
2 A Fw))?
H(Z)=1+=2 | dv - 2.5
Y Ry B =

where F(v) is the so-called profile function with values in R* The 1-form A; has

components )
I A F_v’
A=22 / dv # (2.6)
Ao |E = F(v)?
We will focus on the circular profile in the (1,2) plane:
~ 2 2
Fv)=a <cos %U, sin %v, 0, O> (2.7)

with A = 2waLs/Lq. In order to compute the integrals, it is convenient to change coordi-
nates and set

o1 + iz = \/p? + a?sin 9e'? x3 +izy = pcosde’? (2.8)
In this coordinates the metric of a circular D1/D5 fuzzball reads

dst, = H™' [—(dt + wedp)® + (dz + wydy)?) (2.9)

d 2
+H [(p2+a2 cos? 0)( - j 2+dﬁ2> +p? cos® ¥ dyp*+(p*+a?) sin® Vdp?
peta

where H = +/H; H5, with

p? +a2cos?9’
aLiLssin? 9 aLiLs cos? 9

_ _ alilscos" v 2.10
“e p? +a?cos?’ “ p? + a?cos? 9 (2.10)

Hy=1+

It has been shown that, despite the apparent singularities of H; along the string profile,
the metrics defined in this way are regular everywhere.



3 Geodetic motion

In this section we study the geodetic motion of massless neutral particles in the fuzzball
geometry. We start by reviewing the geodetic motion in the background of Dp-branes,
paying particular attention to the D5-brane case for its relevance to the more interesting
fuzzball case, analysed afterwards. We will also identify the critical impact parameters at
which even massless probes get trapped in the gravitational background of the fuzzball.

3.1 Geodesics in the Dp-brane case

We consider first the scattering from a stack of Dp-branes. The metric in the scattering
plane transverse to the Dp-branes can be parametrised by the distance r from the stack
and an angle #. The metric in this plane takes the form

ds? = —H ™2 (r)dt> + H2 (r)(dr? + r2d6?) (3.1)
The system, governed by £ = %%, admits two conserved quantities, energy and angular

momentum, associated to invariance under the shifts of the coordinates ¢ and 6:

oL 1. oL

—F=-—=—H 3{, J="5=Hz2r% 3.2
oi 0 ' (3:2)

where dots indicate derivatives w.r.t. the affine parameter 7. In terms of these quantities,
the geodesic equation for a massless particle, ds?> = 0, becomes

J2

1*2+H—T2—E2H: (3.3)
Writing 7 = 9% = B—#d—g one finds
6 = CJZC’;T) (3.4)
where
fr) = H(Zfl —r? (3.5)

and b = J/FE is the impact parameter. We assume that the incoming particle arrives from
the direction # = 0, thus the sign of the square root is minus because when r decreases 6
increases. Eq. (3.4) can be integrated from r = oo up to r, the largest zero of f(r). If r, is
a simple zero of f(r) the integral is finite, the particle reaches r,, where the radial velocity
vanishes 7(r,) = 0, and bounces back to infinity following eq. (3.4) with the opposite sign.
We will refer to r, as the turning point. If r, is a higher-order zero of f(r) the integral
diverge and the particle gets trapped, looping around a limiting cycle. We will discuss this
possibility later on.
Around the turning point the trajectory is symmetric and the total deflection angle is
given by
A =20(r,) — 7 (3.6)



where

-

=0 =~ [ arioyh = [ (%) (37)

where in the second line we used the variable £ = r,/r. We are interested in the large b
limit. In this limit, assuming that H(r) ~ 1+ O(1/r"), one finds

f(r)= 2 +b2r”*4+”' (3.8)

so that the turning radius is given by

MZQ_$+) (3.9)

and the turning angle reads

L Lfal=¢ ] _7 VAL fa
0, = m[l—Fanl §2+...]—2+ 2T (2) b—n+ (3.10)
leading to 1
ntl
AQZMf" (3.11)

NN

In the specific case of a Dp-brane n =7 — p and

H(r) =1+ <L”>7_p (3.12)

r

with L;fp = gsN,(2ma/)(T7P)/2 /g .. The deflection angle becomes [48, 50]

TP (LT
Abp, = ﬁF(é) <b) + ... (3.13)

where dots denote subleading terms in L, /b.

3.2 Geodesics in the D5-brane case

In preparation for the D1/D5 fuzzball, we will now consider in some more detail the case
of scattering from a stack of D5-branes. An exact formula for the scattering angle Af can

be obtained. In this case 12
H(r)=1+ 725 (3.14)

and the turning point equation f(r) = 0 is solved by
T =1/b% — L2 (3.15)

The turning point 7, exists for b > beiy = Ls. The deflection angle is given by (3.7)—(3.6)
leading to the exact formula

2b d b
Abps = —7r—|—— 3 =T [

v

We notice that for b near beiy = L5, AO — oo, i.e. the particle trajectory describes an

(3.16)

in-falling spiral around the brane stack.



3.3 Geodesics in the D1/D5 fuzzball

The metric (2.9) of a circular fuzzball has no explicit dependence on ¢, z, ¢ and . The
1ds?

30
invariants for the geodetic motion, viz.

system, governed by L = admits then four commuting isometries and as many

oL 1

—E—gz—ﬁ(fﬂ%osb)

ot Lo

J, = 25.7 - —%(H%gb) + H(p? + a?)sin? 9

Jy = gi = %’(z& + wyh) + Hp? cos® 94 (3.17)

that allow to determine the corresponding ‘velocities’

. Jo +wyF o Jy —wyP
7o H(p? + a?)sin® 9 ~ Hp?cos?2 1
t=EH—w,y i=PH—wyy (3.18)

The lightlike geodesic equation ds? = 0 becomes:

P’ +192> (Jy —wyP)? (Jo + wpE)? —0
p>+a? Hp?cos?d  H(p? + a2)sin? 9

(3.19)
Despite the reduced isometry, U(1), x U(1), C SO(4), the system is separable® [53-56].
In order to expose this property, one introduces the conjugate momenta

H(P* — E?) + H(p*+a? cos® ) <

0L H(p*4a*cos?V)p

P,

S op p2+a?
oL 2,2 2.9\
Py = — = H(p“+a” cos” 9)v (3.20)
oY
Expressing p and ¥ in terms of P, and Py, the geodesic equation (3.19) can be written in
the form
H?(p*+a® cos® 9)(P? — E?) + (p2—|—a2)Pp2 + P2 (3.21)
(p?+a®cos? V) (Jy —wypP)?  (p*+a® — a?sin? 9)(J, + w,E)?
+ 55 + SR IIEN =0
p? cos? ¥ (p? + a?) sin” ¥
that can be separated into two equations
J2 J2
— p2 Y Y a2cos20(E? — p? 929
A ot c0s29 | sinZg i ) (3:22)
(PL1Ls—aJy)? (ELyLs—al,)?
—A = (p*+a*) P2 + - 2 — (P LI+ L) (B~ P?)

p p? +a?

3We thank Yuri Chervonyi and Oleg Lunin for drawing these results to our attention.



where ) is a separation constant, that can be conveniently expressed as A = K2 — a?(E? —
P?). The geodesics in the (1, p) plane is described by the equation

dy Py(0;3
— == ﬂg’ )__ (3.23)
dp  p (p*+a*)Bp(p;J)
with 3= {K, E, P, Jy, J,} collectively denoting the constants of motion and
2 2 2 .+ 2 2 2 Ji 2
Py(9;3)° = K* — a”sin” Y(E* — P?) — - 3.24
9 (0;7) a” sin” ¥( ) o2d " d (3.24)
P(p)? = 1+L§+L§ (EQ_PQ)_(PL1L5—aJ¢)2 (ELiLs—al,)® K*
PN p2_|_a2 p2(p2+a2) (p2+a2)2 p2+a2

The general solution of (3.23) requires the inversion of (incomplete) elliptic integrals that
is beyond the scope of the present investigation.

Since the system cannot be integrated elementarily, for simplicity and illustrative pur-
poses, we focus on the case of geodesics at constant ¥ = vy, i.e. ¥ = 0 = Py. Equation (3.24)

yields
2 2
K? = a?sin® 9o(E? — P?) + il L e (3.25)
cos?2dg  sin? Y

This fixes K in terms of the other conserved quantities and the incident angle 9.
For simplicity, in the following, we will restrict our attention on these two choices:

T
do=3  Jy=wy=0 K=Jl+d(E?-P?) (3.26)

3.3.1 Geodesics in the plane 9 =0

In this plane the light-like geodesic equation ds? = 0 becomes:

2 2 o (Jy —wyP)?
To find v as a function of p we write
. - d Jy — wy P d
p=pP 2’” ap (3.28)
dyp Hp dy
leading to
%
dp 1 (P*+a*+L3) (P +a*+L3) ,
@ = P =- P (3.29)
b2 (pz +a2 — o2l 5)
with P J b
- by = -2 b= Y% '
v E) v E ’ m (3 30)
At large p one finds
p4 2 J2 92
f(p):b—Q—p+ 2 T (3.31)



with

and the deflection angle

Alefuzz =

(1
2
2b;,

fo= <L§+L§+2

_ fo
=01 5%)

— v

2) 2 2
L3+ LE+2

3.3.2 Geodesics in the plane 9 = 7 /2

In this plane the lightlike geodesic equation ds? = 0 becomes:
Hp?p?  (Jp+woE)?

H(P?— E?
=Bt rra VR )

To find ¢ as a function of p we write

a UL1L5>

)
Following the same steps as before one finds a turning point located at

a UL1L5

by

,@_ Jo +weE dp

P= ¥ T HP + a?) dp

leading to
LQ L2 a2 3
ap_ oy (0E) R 0 E) L
o~ flp)? = AR p=p
b2 (1 + ab¢1p25>
with
E’ Y B’ V1—?
At large p we find
P4 2 f202 2
with I
f2:<L%+L§—2a - 5+3a2>
©
Now the turning point is located at
2a% —
p*—b<l+ a f2+...>

The turning angle becomes

P(ps) =

leading to

202

&z_€2+f252_

2a2 54
p?

)g

b2 b2
0,2 2
de {Hh 2a°(1 + €2)
1— &2 2
e 342
+4b2(f2 3a”) + ...
W(I—UQ) 2 2

b2

)+

142
2

bl

)+

N|—=

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)



3.3.3 Critical impact parameter

So far we have considered scattering at such a large impact parameter b that the particle
has enough kinetic energy to escape from the gravitational potential without hitting the
target. In this limit, a turning point is found at p, ~ b > 0. Indeed at p = p*, p=0= P,
and a finite deflection is observed. In general, a turning point exists if the largest real
zero of the numerator of sz is a simple root. On the other hand, a multiple such zero,
where f(p*) = 0= f'(p*), signals a limiting cycle along which even a massless particle gets
asymptotically trapped.

In the following we will show that for small enough b/, a critical value of the internal
momentum P exists such that the null geodesic is trapped. This may sound somewhat
surprising since the fuzzball geometry is regular, unlike Dp-branes or black holes, and
we do not expect that massless particles or light get captured in a regular gravitational
background. Indeed, as we will see, for generic values of the constants of motion a turning
point always exists for any choice of the impact parameter different from the critical value.

We will restrict our attention on the two special cases ¥ = 0,7/2 and in order to
further simplify our analysis we set Ly = Ls = L and take
aJy,

P = 72

(3.44)

in the following. For this choice Pp2 becomes a quadratic polynomial in p? up to a nowhere
vanishing function and the critical impact parameter b.; can be explicitly determined.

Case ¥ = 0. A turning point p, in the geodesics at ¥ = 0 exists if and only if the largest
positive zero of the function f(p)

( p2+a?+ L2)2

2 ( 2 2 _ _av L?
b (P Tt i )
is simple. We notice that for generic values of v, the function f(p) behaves as

ot
f(p)%{ 7z >0 for p— o0 (3.46)

fp) = 50t —p° (3.45)

—p?<0for p—=0

Consequently, f(p) should have a zero p, on the positive real axis and therefore a turning
point exists for generic values of v. On the other hand for our choice PL? = aJy i.e.

1
L*\72

the function f(p) is positive both for p large or small so the existence of a zero cannot be
taken for granted. The turning point equation reduces to

p2—bps+a®>+L*=0 (3.48)

which has no solutions if b < bt with

berit = 2V L2 + a2 (3.49)

,10,



At b = bt the massless probe reaches asymptotically a ‘circular’ orbit

- 2perit dp
P? = Pt

dyp = (3.50)

at a radius perit = berit/2, and winds around it an infinite number of times, thus getting
trapped for ever.

Below bei¢ the probe can reach p = 0, pass through and escape to infinity, possibly
after looping few times.

™

Case ¥ = m/2. A turning point p, in the geodesics at ¥ = 7 exists if and only if, the
largest positive zero of the function f(p)

(P*+a*)° | (*+ L) (p* + a?)
2 )
p b2 (p2 + - alLfvz)

is simple. For our choice v = 0, the turning point equation becomes

flp) = —1 (3.51)

pi + (2L7+a®—b%)p2 + L*(L* + 2a” — 2ab,) = 0 (3.52)
whose zeroes are given by

B2-2L*a> VA
2

ph = with A = (bp—a)?(by+a+2L)(by—a+2L)  (3.53)
The turning point exists when A > 0 and p%r > 0 thus the critical impact parameter can
be obtained when A = 0 and pi >0or A>0and pi = 0. The solutions are*

L2
= <
bo. =-2L—a b —{ 2 +a for L<2a (3.54)

crit crit = 2L — a for L > 2a

As in the ¢ = 0 case, when b = b(jfrit the massless probe gets trapped in an asymptotic
‘circular’ orbit. In between these values of b the particle can reach p = 0, that corresponds

to the circular profile, and escape to infinity, possibly after looping few times.

4 Classical scalar wave scattering

In this section we consider the scattering of a classical wave in the fuzzball background.
Again we start by considering the Dp-brane case with particular attention on the D5-
brane case. We compute the scattering matrix, the phase shift and the deflection angles
for the harmonic modes building the incoming plane wave. To each harmonic mode we can
associated a classical geodesics. In particular, we will show that a wave carrying only one
of the two independent angular momenta turns out to ‘localise’ in one of the two 2-planes
with a deflection angle that matches its particle analog.

4by, < 0 means J, < 0, i.e. the probe is counter-rotating with respect to the fuzzball.

— 11 —



4.1 The scattering amplitude

The geodetic motion of a massless spin-less particle on a gravitational background can be
alternatively described by a massless scalar waves ®(x, t) satisfying the Klein-Gordon (KG)
equation

Od(x, ) = \}g% (VG g™ 8,8(x,1)] = 0 (4.1)

Elastic scattering at energy F from a point-like stationary target located at the origin is
described by a scalar wave of the form?®

d(x,t) = e FLD(x) (4.2)
and the KG equation becomes
[vﬁat +E? - ﬁeg} B(x) =0 (4.3)
with Vﬁat the Laplacian computed with the flat space metric
dsi, = dr? + r*(df* + sin® 0 dQy_o) (4.4)

and ﬁeg = V? - Vﬁat a differential operator encoding the details of the gravitational
potential. For Dp-branes, fjeff depends only on r and derivative thereof. For this reason,
we will denote it by ﬁeﬁ(r). Using rotational symmetry, it is convenient to expand the
scalar wave in spherical harmonics

O(x) = > Ry(r) Cf(cos ) (4.5)
(=0
with
o % (4.6)

and Cf*(x) the Gegenbauer polynomials (see appendix A for details) satisfying
Visar1 Cf(cos0) = —(L + 2a) C§(cos 0) (4.7)

The ¢-component Ry(r) satisfies the radial wave equation

00+ 2a)

72

1 B (7,2a+1 87’) o

a1 + E? — Usgt(r) | Re(r) =0 (4.8)

We decompose the solution into a sum of a free incoming ®;,(x) and a scattered wave
Dout (X)

NE

D(x) = @iy (x) + Dot (x) = [Rine(r) + Rout,e(r)] Cf(cos ) (4.9)

4

Il
o

°In a classical relativistic process such as the one under consideration, one should put w = E/h. We
choose units such that h = ¢ = 1.



with the incoming radial harmonics being solutions of the D’Alambertian equation in flat
space

|: 1 8r(7“2a+1 87") . f(f + 20&)

7241 + E?| Riny(r) =0 (4.10)

The Klein-Gordon equation (4.3) can be conveniently written in the equivalent integral form

Ro(r) = Rins(r / GL (") O (') By(r”) 120+ ! (4.11)

with G§(r,r’), a = 1,2, denoting the flat-space (advanced/retarded) radial Green functions
that satisfy

0l + 2a)
2

o(r—r")

1 20041
15) (r @ 67«) — 20t 1

204197 + Ez] Gi(r,r") = (4.12)

The general solution of the homogeneous equation and the Green function can be written
in terms of Hanckel functions of the first and second kind

Hy(2) = Jo(2) +1Ya(2),  Hf = (H})" (4.13)

where J,, (Y;,) denote Bessel (Neumann) functions. More precisely, the general solution of
the homogeneous equation can be written as

2
H} (Er)
1n E Z (& v— K+o¢ (414)
with ¢, some coefficients. The Green function in flat space reads [57]
Jora(E Hy\ (Ermax
Gi(r,r') = —i Z’La(a Tmin) “O‘(a =) (4.15)
2 " min Tmax
with 7min and ryax the smallest and largest respectively of r and 7/. At infinity
Hl Er 2 1E1"7E (l+a)
HeolET) L 4 (4.16)
re Er—oco \ TE rots

so the asymptotic solution (4.14) can be viewed in general as a superposition of an incom-
ing and an outgoing wave. The scattering process is described by an S-matrix computing
the phase shift of the outgoing wave. We choose the incoming wave to be a plane wave

By (x) = elbroos? Z Rino(r) O (cos 6) (4.17)

with ,

2°T(«) i E
Rino(r) = (@1 (CF0) JeralET) (4.18)
) ECV r,«CV
The outgoing scattered wave can be written as
20711 (a) ;
Pt (x) = (m)io‘) i(0+ ) (€008 — 1) HE, (ET) C§(cos 0) (4.19)
=0
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At infinity

Pl Br— 15
Do (r) =~ f(0,F) — (4.20)
réTe
with
am 0 )
10.B) = =L@ S04 0y e2ives o (coso) (4.21)
E*t2\2m 5

the scattering amplitude.® In the high energy limit, the sum over ¢ can be viewed as an
integral over b = ¢/ E after identifying db = A¢/E. Moreover in this limit, the sum is domi-
nated by large £ modes and one can replace the spherical harmonics by its asymptotic form

21704 Eozfl

o ~o 0 _ra
Ci(cosb) ~ (S0 T (@) cos [9 L+ ) 5 } (4.22)
One is left with
F0.B) ~ Y22 / db b e28:B) s (9 bE—%) (4.23)

or equivalently”

2041y )
f(H, E) ~ Ea—l—% / dil elqb+216(b) (424)
(2m)>+3
with ¢ = 2F sing ~ FE6. The integral is dominated by a saddle point at
2 Bé(E b)
0 = 4.25
E b ( )
This equation relates the deflection angle 6 to the scattering amplitude S = e219(£:0),
On the other hand, plugging (4.15) into (4.11) one finds
i Hl(ET) > N 7T / ! Nnoa+1 g7
Roue(r) = =5 =5 | Jexal(Er") Uen (1) Re(r') (') dr (4.26)
0
Comparing with (4.19) one finds
e20eE _ 1 = — e /OO Jora(E1") Usi (') Ro(r") (") dr (4.27)
2 T(@I(C+a) Jo

Here we used the identity "5 (¢+a) Cf*(cos@) = 0. We normalise f in such a way that do/d2 = |f|.
In d = 2o + 2 spatial dimensions o ~ L***! and f ~ Lotz This is related to the (string) scattering
amplitude A(s,t) by f = B2 A.

"One can rewrite the integral over b as a 2a + 1-dimensional integral using

/d2a+1b€1qb+2i5<b>292‘171/dbbgadelsinzaqQfeiqbcosg/+2i5(b)

Qoa_12°72T atl 2 27\ o 2
_\fw/dbb +ée25<b)Ja(qb)z2<?ﬂ-) /dbb e? ““’cos(abE—%)

q 2

with Q, = 27"% /T (241) the volume of the unit n-sphere S™.
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For instance, let us consider an effective potential
Ut (1) = —— (4.28)

with ¢, small. In the limit where ¢, is small, the leading contribution to the phase shift
comes from replacing the radial function Ry inside the integral in (4.27) with its asymptotic
value R;, ¢ so that

e?0bE) 1 ~2i6(b, E) ~im cn/ Jipia(Er) () dr!
0

Ve BT () TOE+D) . Ve, T
S T T (R)T(bE+n) 2B I T

*7) (4.29)

2
(3)
where in the last line we made use of Stirling formula for Euler’s I'-functions at large bE.
For the deflection angle one finds

Ag_ 200D Ve T (%
- E 9 T E2p T

) (4.30)

~—
|3 M‘Jr
S—

4.2 Dp-brane case

Let us consider a Dp-brane gravitational background
. \ L\
ds* = —H(r)"zdt* + H(r)z (dr® +r*dQs_p),  H(r)=1+ <p> (4.31)

The wave equation becomes

6—p
1 1 H 1
[rs&n(r?’ or) + T—Qvésfp +E*H + aHﬁ;f@r] ®(x) =0 (4.32)

4

The last term is subleading in the limit of large  and can be discarded, so one is left with

1 L\
lrgar(r?’ or) + vss » + E* + E? <Tp> ] d(x) =0 (4.33)
The effective potential is then
. L,\"P
Uet(r') = —E? (p> (4.34)
T

with n = 2a = 7 — p. Plugging this into (4.30) one finds

Ay, = v L2 <Lp>7p +o. (4.35)

in agreement with (3.13).



4.3 Db5-brane case

In the case of a stack of D5-branes, the effective potential is

~ E2 12
Uer (1) = —— (4.36)

and equation (4.33) has exactly the same form as the free equation with ¢ replaced by ¢,
defined by

—lp (b +2) = —L(+2) + L*E? (4.37)

Indeed the radial integral equation in this case can be solved exactly by taking

Jo(Er
Ring(r) = Ay eia )
A .
Re(r) = 5 % (HﬁZ(Er) + 20 HEZ(Er)) (4.38)

with A, arbitrary constants specifying the incoming wave and

5(0,E) = g(m 1—/((+1)2— E2L?)

ve=+/({+1)2 - E2L2 (4.39)
The phase shift can then be written as

Q20(LE) _ jim(t—Lr) o Sim(l—V—L2 E?) (4.40)

~ e

Identifying ¢ = bE and using (4.25) one finds the deflection angle

2 J6(E, D) b
g=——22 070 | 441
E 0b 7T[\/52_L2 ] (441)
in perfect agreement with the result (3.16).
4.4 D1D5 fuzzball case
The Klein-Gordon equation in the fuzzball geometry reads
o) > +a?)d in(2
O (x, 2, 1) = p (p(p" + a%)5y) Oy (sin(20)9) (4.42)
Hp(p? + a?cos¥?)  H(p? + a®cos¥?) sin(20)
Dy + Owy,)? Oy — O.wy)?
b H@2 -0y et o) (O Ou)T gy

H(p? + a?)sin? Hp? cos?

Henceforth we will focus on wave packets that are peaked at large impact parameter,
i.e. large distance from the string profile, where the scattering potential is small. In this
limit, the distortion of the wave packet in the vicinity of the profile has a negligible effect
on the deflection angle. Since the fuzzball geometry is regular everywhere, we expect that
the solution to the Klein-Gordon equation can be safely extended to the near-profile region
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as well.® We refer the reader to [55] for discussion of absorption processes in the fuzzball
geometry.

The scalar wave ®(x,z,t) can be conveniently expanded in 3-sphere harmonics (see
appendix for details)

B(x,z,t) = —1Et+1PZZ Z Z () (4.43)

=0 m/_, m_,,

with ©Q = (p,1,9) the coordinates on the sphere, DZ,Zm(Q) the eigenvectors of the flat
Laplacian on the 3-sphere

V?%Di/m(ﬂ) _ {aﬂ (sin(29)dy)  (m—m')2  (m + m)T Dﬁ

sin(20)  sin?9  cos?d
¢
—L(l+2)D2, (Q) (4.44)

‘
D2, (Q) are the matrix elements of finite SO(3) ~ SU(2) rotations in the j = £/2 repre-
sentation and can be written as

4 £
‘  imemeoti(mam!) ¥ oL
D2, (Q) = lm=m)etilmimvge (o) (4.45)
in terms of the Wigner d-matrix (see appendix for details) after the identification
Jy=m+m', Jo=m—m' (4.46)
The Klein-Gordon equation then becomes

dp (p(p* + a?)d,) Dy (sin(29)0y)
p(p? +a?cos¥?)  (p? + a?cos?) sin(20)

+ H*(E? — P?) (4.47)

(m—m'+Ew,)?  (m+m/—Puwy)?| ¢
T2 2 -<p2 - 2 a2 Dy () an’m(p) =0
(p? + a?) sinj p* cosj

We notice that thanks to the U(1), x U(1), isometry of the fuzzball metric, the
Laplacian operator in (4.47) does not mix components with different m (or m’), so the
equations for the modes labeled by (m,m’) can be solved separately. This is clearly not
the case for the f-modes that mix with one another in the scattering process. As a result,
in order to determine the phase shift, one should in principle diagonalize the wave operator
and identify the exact eigen-modes. This is the wavy analogue of the problem that one
faces solving the geodetic equations in the fuzzball geometry. As before, notwithstanding
the separability of the problem, for simplicity, we will focus on the cases

e m=m'>1, ie Jy =2m, J, =0. The f-sum is dominated by the mode ¢ = 2m.
The Wigner d-matrices reduce to

dm . (29) = (cos 9)>™ (4.48)

and are peaked at 1 = 0.

8We thank the referee for pointing out this issue to us.
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e m=—m'>1,ie J,=2m, Jy =0. The f-sum is dominated by the mode ¢ = 2m.
The Wigner d-matrices reduce to
A (20) = (sind)®™ (4.49)
and are peaked at ¥ = 7.
In the following we consider the wave scattering in these two 2-planes.

4.4.1 Wave scattering for J, =0

For m = m’ > 1 spherical modes the solution of the field equation is peaked around 9 = 0,
whereby cosd &~ 1. The wave equation becomes

1 1 - m
0= [0 (P0) + 595+ B - Ouato)| R0 (4.50)
with E% = E? — P? and
R a2 a? 4m? PaLiLs \* a’
Uett(p) = — 50,(p0,) — B3 | H? (145 | 1|+ | (1) (1455 ) 1
#(p) e o (p0)) P[ < +,02> ]+ 02 [( 2m(p2+a2)) ( +,02>

- aé 0,(p0,)— E%,(L%+2L§+a2) B 4mPaL1Lj —4m?a? N
p p P

where in the last line we display the first few terms in the expansion of the potential at

(4.51)

large p. Writing

~ Cn,
Uei(p) = =Y —L8 (4.52)
n,p p
one finds for the phase shift
20 =7y EpP eyl (4.53)
n7p
with - 7
4 -n
Inp = /0 Jo(y) 0y [yy] y* "y (4.54)
The results of the integrals for the relevant (n,p) are displayed in the following table
(n,p) [(2,2) (3,1) (2,0) (4,0)
(4.55)
I 1 (a1 1
np 40 403 20 403
Combining (4.52) and (4.53), and taking ¢ = 2m = by E, a = 1 one finds
nE% (L?+L? PalLs
20w L | ZLI5 e 4.56
2F < by, b%b E (4.56)
leading to Ay =~ —%%, ie.
1—0? 2aL1L
Aty ~ sz) L2424 22ty (4.57)
2by, by,

in perfect agreement with what found using classical geodetic motion in the circular fuzzball
geometry in the plane ¥ = 0.
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4.4.2 Wave scattering for Jy;, =0

The study for m = —m’ modes proceeds mutatis mutandis along our analysis above. In

this case the spherical harmonic functions are peaked at © = . The effective potential

then becomes

2 2 2 2
PN _a 9,119 4m EalqLs p
Gur(p) = ~500(p0,) ~ BB 1) | (142200 )y
a’ E%(L? + L%) 4mEaLiLs — 4m2a®
~ ——30p(p0p) - E 12 = 4 + (4.58)
p p P
Using again (4.53) now with ¢ = 2m = b, E one finds
TE%L (L3+L2  aliLs
20~ —L (L5 4.
2E ( o )7 (4.59)
: [ole)
leading to Ay ~ éab , L.e.
(1 —v? 2al1L
Aty ~ ") o ) <L% +LE- bl5> T (4.60)
® »

in perfect agreement with the deflection angle found using classical geodetic motion in the
circular fuzzball geometry in the plane 9 = 7/2.

5 String amplitudes

The scattering of massless closed-string probes in a D-brane background is described by
a two-point amplitude on a string world-sheet with boundaries mapped onto the D-brane
stack. In the high energy Regge limit, the amplitude is dominated by diagrams involving
the exchange of nearly on-shell gravitons between the high-energy string state and the
brane, whose elementary block is the tree-level (disk) string-brane scattering amplitude i.e.
the closed string two-point amplitude on the disk. In the leading eikonal approximation,
the dominant diagrams resum to the exponential of the tree-level diagram

§ = 2o(st) _ Ao (5.1)

with ./Zl\disk(s, b) the Fourier transform of the string amplitude Agig(s,t),”

Ad1sk 5 b dd= 1q 2\ ia-b
25(s,b) = T \[/ G Aai(s.—a?) ¢ (5.2)
with the g-integral running over the space inside R? transverse to vector p; — pa. The
functional relation between the deflection angle Af and the impact parameter b was given
n (4.25), so one finds

85 1 0Aqisk (s, b)

9This is related to the wave scattering amplitude (4.24) by f = B3 A
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In the remaining of this section we review the computation of the deflection angle in high
energy scattering of a scalar particle from a Dp-brane using both geodetic motion in the
Dp-background and the string scattering amplitude. In the next section the results will be
extended to the case of the D1-D5 fuzzball geometry.

5.1 Dp-branes

At the disk level, the scattering amplitude of a massless scalar particle in the NSNS sector
is described by the two point amplitude

<W(p1,]51) W(p27ﬁ2)>disk = -Adisk(s, t) Tl"(51 RDp & RDp) +... (5.4)

with W (p;, p;) the NS-NS closed string vertices with momenta

pi = (E,k;,0) pi = Rpppi = (B, —k;,0) ki =k} = E?, (5.5)
&; the incoming and outgoing polarisation tensors and

Rp, = diag(+1, —19_p, +1,) (5.6)

the boundary reflection matrix. Notice that k; are aligned along the Dirichlet directions
of the Dp-brane target. We have isolated in (5.4) the kinematical structure dominating
elastic scattering in the high energy Regge limit and denoted by dots the rest. The string
amplitude A(s, ) is a function of the Mandelstam variables

s=—2p1p1 = —2papn =4 E>

0
t=—2p1ps=—2p1 Po = —4 E? sin? 3 (5.7)

with 6 the scattering angle. Setting o/ = 2, one finds'®

F(‘%) F(_%) t izt 1+%
Adisk(S,t) =S W 3;;]_ I <—2> e 2 S 2 (58)
where in the right hand side we kept only the leading term in the high energy limit s > 1.
We are interested in the limit of large impact parameter b > v/In s of the function A(s, b)
defined as the Fourier transform of (5.8). In this limit the integral is dominated by a saddle
point at q ~ 0 leading to'!

—~ d8*1’q o b depq elab s
Adisk(sab) :/<27r)8_pv4disk(s) —-q )eq %8/(2708—;) q2 ~ ’b|6—p (510)

Here we use the Stirling formula T'(z) ~ e*(°8e=1

"Tn this limit the integral is almost real since its imaginary part is exponentially suppressed when
b > vIns. When b is of order vIn s, the imaginary part of the integral is dominated by a saddle point at
q. = % resulting into

—~

. 4 —9 lhstigb _d b2
Im A(s,b) ~is [ d°qe” 2 ~s(Ins)” 2z e 2 (5.9)

— 20 —



with the integral running over the space traverse to the stack of Dp-branes and to the
longitudinal momentum p;—p2. Plugging this into (5.3) one finds that the deflection angle
falls as bP~7 at large b as predicted by the geodetic motion analysis.

Specifying to a system of D1 and D5 branes on R"* x 7%, the integral in (5.10) runs

over a 3-dimensional space, so one finds

(L + L2

AOp + AOps ~ 02

(5.11)
reproducing the leading deflections of the geodesics in the fuzzball background for © = i, .

5.2 D1D5 fuzzball

Let us consider the scattering of a NS-NS massless scalar from a D1D5 fuzzball. The
binding of the two stacks of brane is produced by a condensate of massless open strings at
zero momentum. At lowest order in perturbation theory the process is captured by a disk
with mixed boundary conditions. The relevant amplitude reads

<VM(O) Vﬁ(O) W(pl,ﬁl) W(pz,ﬁg» - Agslklm(s, t) Tl“(gl RD1D5 52 RDlDB) 4+ ... (5.12)

and requires the insertion of two twisted open strings connecting D1- and D5-brane bound-
aries at zero momenta, described by the massless fermion vertex operators

V(0) =cuae ??8%0(2),  Vu(0) :/d22 fip e ?% 5P o (z) (5.13)

where o denote the Zo twist-field along the ND 4-plane, S4/F the SO(1,5) spin fields,
i the super-ghost boson and ¢ the bosonic ghost, and two NS-NS massless closed strings
described by the vertex operators

W(p1,p1) = /d23d24 (Rp1p5-€1) pg e PYQe X (23)(dXT —iprppT)e PN (2)
W (pa,p2) = (Rp1p5-E2) yyy c(OX M —ipopp™ ) eP>X (25)c(OX N —ipopp™ )P X (26)  (5.14)

where X and 1 denote the bosonic coordinates and their fermionic super-partners on the
world-sheet. The index A labels the spinor representation of the SO(1,5) Lorentz group of
the space where D1 and D5 branes are ‘parallel’ (NN or DD). We take the same kinematics
as before and focus on open-string condensates in the 10 of SO(1,5)

OFf = (arFef ) (5.15)

There is no massless open string state in this representation, so such a condensate can only
emit closed strings. We focus on the following coupling

(ETMNE 1) p1ag panpop Tr(E1 Rpips £ Rpips) = sa- qTr(§1 Rpips &2 Rpips)  (5.16)
with a and q defined by

1 i
al’ = %(HFMNPM) (p1as — port)(P2n + P2n), 4 =P1+ P2 (5.17)
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We notice that both a and q are transverse to the longitudinal momentum p; — p2. The
1/s normalisation in the definition of a is included in order to ensures that a be finite in
the large s limit. To evaluate the string amplitude we choose specific components for the
spinors and polarisation tensors, let us say

A:B:<;,;,;>, (M, N)=(5,3), (P.Q)=(53) (5.18)

where the (complex) directions 1,2,3 (1,2,3) are along SO(1,5) D> SO(1,1) x SO(4)
(NN,DD), while 4,5 (4,5) are along SO(4) (ND). For this choice, one can easily see that
e

the terms 0X’s do not contribute, thus the correlator to evaluate is

((cemPeinrbentivng) () (e #/2eaP 302058 0 ) (29) (e 0°) (2a) (P10 ) ()
(Cpg&zlzs) (25) (Cﬁ%l/jzl/;?’) (26)> <ez‘p1X(Z3)ei;alX(Z4)eip2X(zs)ei;52X(z6)> (5'19)

The components p1, p3 and p2 have been chosen to avoid cuts intersecting the z-integration
contour in the computations below. The amplitude takes the simple form

1 s t
2222 dzo dzs dz 2347 2 (2352 2
ADID (5 4 )—sa-q/( 15756 12 3dzy ( 34 56> < 35 46> (5.20)

295213223 2 226235245246 \ 736745 %36245

Setting

21 =0, 2o = X, 23 =2z, Z5 =1, 26 = —1 (5.21)

N

W~
I
|

one finds

ADIDS (5 ¢ >—sa-q/(

ded?z(z — 2)72 |z — |7t |z + 4|51

z+i)(z—9)(Z+i)(z—i)/(x—1i)z(z— 2)

The integral over x can be computed closing the contour along the lower half plane and

(5.22)

picking the residue at x = —1,

[N

ADLDS (5 ¢ )_sa-q/d2z(z—z)§ Iz — |72 |p + T2 272 (2 4 4)

In terms of the variable )
z—1

= 5.23
v z+1 ( )
the final integral takes the form
AR5,y =saeq [ (1) ol (1)
D

1 _s r(1-s)r(-4
:27T8a~q/ dr(l—rQ) 2l =rsaq ( 2)5 (t 2) (5.24)

0 I'(1-5-3)

with D a unit disk centered at the origin. We notice that in the large s limit, this amplitude
is exactly the same as the one describing the scattering from a Dp-brane except for the
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extra a - q. Following the same steps as for the case of a Dp-brane stack one finds for the
Fourier transform

d®q a-qeaP a-b
D1D5 ~ ~
Adisic (s,b) = s / 2r? & R s I (5.25)

leading to a deflection angle
a-b

AOp1ps = T

(5.26)

in perfect agreement, including the coefficient, with the geodetic results for © = ¢, 1 after
the identifications
B { aliLsvey for 9 =0 (5.27)

aL1L5 €y for ¥ = g

6 Conclusions

We have taken a first step towards the study of the dynamical properties of fuzz-balls. We
have considered the simplest case of a D1D5 fuzzball with a circular profile function.

We have studied geodetic motion, massless wave equation and string scattering in this
background and checked consistency of the three approaches in the high energy (Regge)
regime at large impact parameter. We consider this further success of the fuzzball pro-
posal, including the peculiar behaviour at the critical impact parameter for capture of
(massless) probes.

It would be very interesting — but quite challenging — to extend the present analysis
to non circular fuzzballs of two-charge systems if not even of 3-charge systems in five
dimensions and of 4-charge systems in four dimensions. One can also consider scattering of
massive, charged or (higher) spin probes in order to gain further insights in the dynamical
properties of the fuzzball under consideration.

Last but not least, it would be desirable to understand the connection between ‘critical’
impact parameter, (apparent) loss of unitarity and opening of inelastic channels, that would
be associated to the typical ‘size’ or better ‘cross-section’ of the fuzzball, that should
(approximately) match the horizon area of the putative black-hole.
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A Spherical harmonics

In this appendix we give some details on the special functions entering in the spherical
harmonic expansions of the field in the different coordinate systems used in the main text.

A.1 S% lharmonics

The metric of the sphere S?~! can be written as
dsga = d* +sin® 0 dQy_o (A1)
With this choice the Laplace operator reads

ng—l = 89 (Singa 9 89) + V%d,g (AQ)

sin?® 6
A function f(@) can be in general expanded in #-harmonics
—2

10)= 3" 1€, (cos) (A3)
=0

with Cf*(x) the Gegenbauer polynomials defined via

(1-— 27“1x + r2)a - Z i (@) r! (A-4)

The Gegenbauer polynomials are eigenvectors of the Laplacian on $2%*!

Va1 Cf(cos0) = —(L + 2a) C§(cos 0) (A.5)
and can be written in terms of hypergeometric functions with a = —n
I'2a+1) 11—z
C(x) = |- 2 - — A6
") = DM @a—n g 1) 1( TR Aty ) (8.6)
In this basis the plane wave can be expanded as
. 29T (@)
et cost — © ()(jé) Z (0 + a) Jypo(Er) C2(cos 6) (A.7)
r
)4

A.2 S3-harmonics

Being the group manifold of SU(2), the 3-sphere S® is very special. Its metric can be
written in the form

ds%s = d¥*+ cos® ¥ dy*+ sin® ¥dp? (A.8)
In these variables the Laplacian operator reads

Dy (sin(20)dy) | 05 | O}

2 _
Vs = sin(299) i sin? ¢ T o520

(A.9)
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Denoting by Q = (¢, ¢,%) denoting the angular coordinates, a function f(£2) on the 3-
sphere can be expanded in the basis of harmonics

=33 S D (0, (A.10)

‘
with D2, (€) the eigenvectors of the 3-sphere Laplacian

£ £
VZ:D2, (Q)=—L(l+2)D?, () (A.11)

¢
The three sphere harmonics D?, = are given by

. N , 14
D2, (Q) = elm=m)etilmtm)vga () (A.12)

m'm

with

. j+m ' ]_m ' m4+m/ . m—m/ m—m’,m m’
d . (20) = \/(g’+m’§!2j—m2)! (cos )™ (sin®?) P (005 20)  (AL13)

the Wigner d-matrices and Py ’b(x) the Jacobi polynomials given by

I'(a+2)
F'n+1)I'a+2—-n

1—
Pet(x) = )2F1 (—n,n+a+b—|—1,a+1; 2””) (A.14)

The Wigner d-matrices are normalised according to

%* 2 472
a2 Dmﬁml (Q) Dm2m2 (Q) 25 41 53152 5m1m’ 5m1m2 (A.15)

The d-Wigner matrices are related to the Gegenbauer polynomials Cel via the “remarkable”
addition formula

Q1) = Z Z Dmmm o (Q22) (A.16)

:—§ m_——

with
Q12 = cos )y cos Vg cos(1h) — ) + sindy sin g cos(p; — p2) (A.17)
the scalar product of two unit vectors in R* pointing along €; and €, on the three sphere.

‘
We notice that since D2, (£2) represent a finite SO(3) ~ SU(2) rotation matrix in the
j = ¢/2 representation, the above remarkable addition formula implies that the Gegenbauer
polynomials C}(x) are nothing but the characters of SU(2) viz.

C}(cos¥) = SU(Q) (29) Z eHmo (A.18)

m=—j
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Indeed, setting x = cos(a/2), they both satisfy the same recursion relation
a
220, (2) = Cpp(2) + Cry(x) & 2cos FXi(@) = xjp1(@) +x;_1(e)  (A19)

Using (A.16) together with (A.7) one can write the harmonic expansion of a plane wave in
4-dimensional space as

4

(04 1) Jr(EX) D2, (1) D2, () (A.20)

|| M”‘N

w\x

|| M”‘“

M\N

oo
eiErle _ § :
=0 4

B Schwarzschild metric

For completeness and comparison, in this appendix, we would like to review light-like
geodesic, scattering with large impact parameter, free falling and critical impact parameter
for capture in the Schwarzschild metric.

ds? = —A(r) dt* + A7 (r) dr? + r2(d6? + sin 0 dip?) (B-1)
Ar)y=1-— 2M (B.2)
T

We have two invariants: the energy and the angular momentum
—E=-A(r)t  J,=1r*sin®0¢ (B.3)
The angular equation allows us to fix 6.

. 2. cosf J?
O+ =07 — -
r sin® @ r?

=0 (B.4)

If we set § = 0, in order to maintain such condition for all 7, thus 6 = 0, we have two
possibilities: § = 7/2 or J, = 0. In the second case § can be freely chosen thus we can set
it to 0 = 7/2.
The radial equation can be replaced by the norm of the four-velocity
E? 72 J2

ST B.
1Tt 0 (B.5)

In order to study the trajectory we replace 7 introducing ¢ instead the geodesic parameter 7:

dr Jp dr
d(p 2 dp (B.6)
The equation for the trajectory becomes
dy Art —1/2 J,
dr:_[b? —TQ] b=+ (B.7)

where we have introduced the impact parameter b.

— 26 —



Now we study in more detail the relation between the turning point r, and the impact
parameter b for a massless particle. The turning point is defined by the equation

2 2M
Zol4—=0 = b 2MP =0 (B.8)
T«

The polynomial is positive when r = 0 and r — oo, thus if there are positive solutions they
must appear in pair. The equation has not positive solutions below a critical value of b
which is determine when the pair of solutions degenerate into one, this happens when the
discriminant vanishes

A=4M*DY(? —2TM*) =0 = beris = 3V3M (B.9)

At b = bt the particle stabilizes its motion into a circular orbit at r = 3M. Below byt
there are no positive intersections thus there is no turning point and the particle falls into
the black hole.

To compute the leading contribution to the deflection angle we can use the for-
mula (3.13), in which n =1 and f,, = —2M, obtaining Einstein’s formula

oM

A
o b

(B.10)
Let us consider now a radial fall, so we set J, = 0 and 6 = 0. The geodesic equation

becomes 7 = —F. Until r vanishes we can use it as parameter to describe the geodesic. The

time felt by an observer at large distance can be computed integrating the equation in ¢:

dt dt E
= _F = B.11
dr ar 1-32M (B-11)
Integrating the equation we obtain
rp—2M
tp —t; = — — 2M log —— B.12
Pt TR =T+ og YV ( )

As known for rp that approaches the horizon 2M, the time becomes infinite.
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any medium, provided the original author(s) and source are credited.
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