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the SYK model. In these notes we investigate aspects of the dynamics of the O(N)4~! the-
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mass we show that the effective entropy of this theory grows with energy like Eln E (i.e.
faster than Hagedorn) up to energies of order N2. The canonical partition function of the
model displays a deconfinement or Hawking Page type phase transition at temperatures
of order 1/In N. We derive these results in the large mass limit but argue that they are
qualitatively robust to small corrections in J/m.
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1 Introduction

It has recently been demonstrated that the dynamically rich Sachdev-Ye-Kitaev model — a
quantum mechanical model of fermions interacting with random potentials — is solvable at
large N [1-3]. This model is interesting partly because its thermal properties have several
features in common with those of black holes. The SYK model self equilibrates over a
time scale of order the inverse temperature and has a Lyapunov index that saturates the
chaos bound [2, 3]. Moreover the long time behaviour of this model at finite temperature is
governed by an effective action that has been reinterpreted as a particular theory of gravity
expanded about AdS; background solution [1, 4-10].

These facts have motivated the suggestion that the SYK model is the boundary dual of
a highly curved bulk gravitational theory whose finite temperature behaviour is dominated
by a black hole saddle point. If this suggestion turns out to be correct, the solvability of
the SYK model at large N — and its relative simplicity even at finite N — could allow
one to probe old mysteries of black hole physics in a manner that is nonperturbative in %,
the effective dual gravitational coupling (see e.g. [11-13] for recent progress).

There is, however, a potential fly in the ointment. While the SYK model — defined as
a theory with random couplings — is an average over quantum systems, it is not a quantum
system by itself. One cannot, for instance, associate the SYK model with a Hilbert space
in any completely precise manner, or find a unitary operator that generates time evolution
in this model. As several of the deepest puzzles of black hole physics concern conflicts with
unitarity, this feature of the SYK model is a concern.

Of course any particular realisation of the couplings drawn from the SYK ensemble is a
genuine quantum theory. It is plausible that several observables — like the partition func-
tion — have the same large N limit when computed for any given typical member of the
ensemble as they do for the SYK model defined by averaging over couplings [12, 14, 15]. It
might thus seem that every typical realization of random couplings is an inequivalent con-
sistent quantization of classical large NV SYK system. As the number of such quantizations
is very large, this would be an embarrassment of riches. The potential issue here is that if we
work with any given realization of the SYK model, it appears inconsistent to restrict atten-
tion to averaged observables for any finite N no matter how large. On the other hand cor-
relators of individual 1; operators (as opposed to their averaged counterparts) presumably
do not have a universal large N limit (and so are not exactly solvable even at large N).!

In order to address these concerns some authors have recently [16-18] (based on earlier
work [19-24]) studied a related class of models. These models are ordinary quantum
mechanical systems; in fact they describe the global or gauged quantum mechanics of a
collection of fermions in 0+1 dimensions. In this paper we will focus our attention on
the model

Np B
S = [ Y (Gu Db~ (g 0+ e,
a=1

; (1.1)

N(q—l{“(q—Q) ’

Do =0y +iAy, g =

"We thank S. Sachdev for discussion on this point.



that was first proposed — at least in the current context — in [17]. In (1.1) ¢, are a
collection of complex gauged fermionic fields in 0 + 1 dimensions that transform in the
fundamental of each of the ¢ — 1 copies of O(/V). The index a is a flavour index that runs

from 1...Np.2

J is a coupling constant with dimensions of mass and 7 is a schematic
for a g vertex generalisation of a ‘tetrahedronal” interaction term between ¢ copies of the
fermionic fields, whose gauge index contraction structure is explained in detail in [16, 17]
and will be elaborated on below.

The tetrahedral structure of the interaction [16, 17] is such that for any even number
of fermions ¢ each fermion has ¢ — 1 indices each in a different O(N)(or U(N)). The indices
among the ¢ fermions are contracted such that every fermion is index contracted with an
index of the same gauge group on one of the remaining fermions. Moreover, given any
— and every — 2 fermions have a single index (of some gauge group) contracted between
them. For ¢ = 4 it is easy to check that these words define a unique contraction structure
which may be viewed as a tetrahedral contraction among the 4 fermions each with ¢g—1 =3
indices(legs) with every fermion(point or vertex of the tetrahedron) connected to 3 different
coloured legs. For ¢ > 6 it is not clear that the words above define a unique contraction
structure. In case the contraction structure is not unique, we pick one choice — for example
the Round-Robin scheduling process to define our interaction [25, 26].3

The connection between the quantum mechanical theories (1.1) and the SYK model
itself is the following; it has been demonstrated (subject to certain caveats) that sum
over Feynman graphs of the theory (1.1) coincides with the sum over Feynman graphs
of the SYK model at at leading order at large N (see [16] for the argument in a very
similar model), even though these two sums differ at finite values of N (see e.g. the recent
paper [27] and references therein). It follows that the quantum mechanical models (1.1)
are exactly as solvable as the SYK model at large N; moreover they also inherit much of
the dynamical richness of the SYK model. In other words the models (1.1) are solvable
at large N, are unitary and are potentially boundary duals of (highly curved) black hole
physics.

Motivated by these considerations, in this note we study the effective theory that
governs the long time dynamics of the model (1.1) at finite temperature. We focus attention
on dynamical aspects of (1.1) that have no counterpart in the already well studied dynamics
of the original SYK model.*

In the rest of this introduction we will explain and describe our principal observations
and results.

1.1 New light modes

The thermal behaviour of both the theory (1.1) and the original SYK model is determined
by the path integral of these theories on a circle of circumference .

2For this simplest case Nr = 1 this model was presented in eq. 3.23 of [17].

3We would like to thank J. Yoon for explaining the Round Robin scheduling process to us and clearing
up our misconceptions about uniqueness of the contraction structure for g > 4.

“See [25, 28-37] for other recent work on the model (1.1) and its close relatives.



It was demonstrated in [2, 3] that, in the case of the original SYK model, this path
integral is dominated by a saddle point of an effective action whose fields are the two
point function and self energy of the fermions. An extremization of this effective action
determines both the fermionic two point function at finite temperature as well as the free
energy of the system at leading order at large N.

In a similar manner, the thermal behaviour of the quantum mechanical systems (1.1)
is dominated by a saddle point at large N. Under appropriate assumptions it may be
shown that resultant effective action has the same minimum as that of the original SYK
theory [16].> Specialising to the case N = 1, the leading order fermionic two point function
of the quantum mechanical system is given by

W (B)e(t)) = 5 GHE(t 1), (1.2)

where a and b denote the (collection of) vector indices for the fermions and GSY 5 (¢) is the
thermal propagator of the original SYK model.”

While the thermal behaviour of the model (1.1) is thus indistinguishable from that
of the SYK model at leading order in the large N limit, the dynamics of the quantum
mechanical model (1.1) differs from that of the SYK model at subleading orders in 1/N.
The first correction to leading large N thermal behaviour may be obtained by performing
a one loop path integral over quadratic fluctuations around the saddle point. In the long
time limit, correlators are dominated by the lightest fluctuations around the saddle point.

Recall that in the UV (i.e. as J — 0) the fermions of (1.1) have dimension zero. The
term proportional to % in (1.1) represents a dimension zero relevant deformation of this
UV fixed point. The resultant RG flow ends in the deep IR in a conformal field theory in
which the fermions have dimension % (2, 3]. In this IR limit (relevant to thermodynamics
when SJ — 00) 97 is marginal while the kinetic term in (1.1) is irrelevant [2, 3]. The fact
that the kinetic term is irrelevant in the IR — and so can effectively be ignored in analysing
the symmetries of (1.1) at large 8J — has important implications for the structure of light
fluctuations about the thermal saddle point.

The first implication of the irrelevance of the kinetic term occurs already in the SYK
model and was explored in detail in [2, 3, 6]. The main point is that the action (1.1),
with the kinetic term omitted, enjoys invariance under conformal diffeomorphisms (i.e.
diffeomorphisms together with a Weyl transformation). However the saddle point solution

5A potential subtlety is that path integral of the quantum mechanical system (1.1) has a degree of
freedom that is absent in the original SYK model, namely the holonomy of the gauge group O(N)?™'. As
for the SYK model, integrating out the fermions leads to an effective action — proportional to N971 —
whose fields are a two point function of the fermions, a self energy and the holonomy of the gauge group.
As in the case of the original SYK model, at leading order in the large N limit the free energy of the system
is captured by the saddle point of this effectively classical action. If we work at temperatures that are held
fixed as N — oo it is highly plausible that this effective action is minimised when the holonomy is the
identity matrix (see 3 below). Under this assumption the saddle point of the quantum mechanical system
coincides with that of the SYK model.

SEq. (1.2) applies both the the case that the group O(N)?™! is global and local. In the latter case this
equation applies in the gauge dp Ao = 0. Assuming that the holonomy degree of freedom is frozen to identity
at large N, the gauged and global model coincide.



for the Greens function GSYK(t) is not invariant under conformal diffeomorphisms. It
follows immediately that the action of infinitesimal conformal diffeomorphisms on this
solution generates zero modes in the extreme low energy limit.

At any finite temperature, no matter how small, the kinetic term in (1.1) cannot
completely be ignored and conformal invariance is broken; the action of conformal diffeo-
morphisms on the SYK saddle point consequently produces anomalously light (rather than
exactly zero) modes. The action for these modes was computed in [2, 3, 6] and takes the
form of the Schwarzian for the conformal diffeomorphisms.

A very similar line of reasoning leads to the conclusion that the model (1.1) has
(g — I)NT2 additional light modes in the large 5J limit, as we now explain. Let us continue
to work in the gauge Ag = 0. In this gauge the action (1.1) is obviously invariant under the
global rotations ¢ — V1), ¢ — V1 where V is an arbitrary time independent O(N)?~!
rotation. In the global model (1.1) the rotation by V' is the action of a global symmetry.
In gauged model on the other hand, these rotations are part of the gauge group and do
not generate global symmetries of our model; the Gauss law in the theory ensures that all
physical states are uncharged under this symmetry.

Let us now consider the transformation 1 — V (t)y together with ¢ — 1V (¢)T where
V(t) is an arbitrary time dependent O(N)?~! rotation. In the case of the gauged models,
this transformation is not accompanied by a change in Ay (Ay = const throughout) so the
rotation is not a gauge transformation.

At finite 5.J the rotation by a time dependent V'(¢) is not a symmetry of the action (1.1)
in either the global or the gauged theory as the kinetic term in (1.1) is not left invariant by
this transformation. As we have explained above, however, the kinetic term is irrelevant
in the low temperature limit SJ — oo. It follows that the time dependent transformation
is an effective symmetry of dynamics this strict low temperature limit.

However the saddle point solution (1.2) is clearly not invariant under the time depen-
dent rotations by V(¢). It follows that, as in the discussion for conformal diffeomorphisms
above, the action of V(¢) on (1.2) generates exact zero modes in the strict limit 5J — oo
and anomalously light modes at any finite 5J. We emphasise that this discussion applies
both to the global model where O(N)?~! is a global symmetry, and the gauged model
where it is not.

In section 2.2 below we argue that the dynamics of our new light modes is governed
by the effective sigma model on the group manifold

N2 il
=1

where V(t) is an arbitrary element of the group O(N) and A is a number of order unity

2
(v i) ] , (1.3

that we have not been able to determine.

The formula (1.3) has appeared before in a closely related context. The authors of [38]
(see also [14]) studied the a complex version of the SYK model. Their model had an exact
U(1) symmetry at all energies, which — using the arguments presented in the previous
paragraphs — was approximately enhanced to a local U(1) symmetry at low energies. The



authors of [38] argued the long distance dynamics of the new light modes is governed by
a sigma model on the group manifold U(1).” Given these results, the appearance of a low
energy sigma model in the large 5J finite temperature dynamics of the theory (1.1) seems
natural.

We would, however, like to emphasise two qualitative differences between the sigma
model (1.3) and the model that appeared in [38]. First (1.3) is a sigma model for a group
O(N)?~! whose dimensionality goes to infinity in the large N limit, N — co. Second that
we find the new light modes of the action even of the gauged model (1.1) even though
O(N)?~! is not a global symmetry of this theory.

The new modes governed by (1.3) are approximately as light — and so potentially as
important to long time dynamics — as the conformal diffeomorphisms described above.
Note, however, that there are (¢ — 1)]\[72 light time dependent O(N)?~! modes but (as far
as we can tell) only one conformal diffeomorphism.

We have already remarked above that the light diffeomorphism degree of freedom
described above has been given an interpretation as a particular gravitational action in an
AdS, background. It seems likely to us that the effective action (1.3) will, in a similar way,
admit a bulk interpretation as a gauge field propagating in AdSs. The Yang Mills coupling
of this gauge field — like Newton’s constant for the gravitational mode — will be of order
ﬁ (this is simply a reflection of the fact that our model has N9~! degrees of freedom).
This means that the t” Hooft coupling of all the gauge fields in the bulk will be of order
g% uN ~ ﬁ The fact that this coupling goes to zero in the large N limit implies that
the bulk gauge fields are classical even though there are so many of them.®

It has been established that the light diffeomorphism degree of freedom has a qualita-
tively important effect on out of time ordered thermal correlators; it leads to exponential
growth in such correlators at a rate that saturates the chaos bound G ~ >, When we
include the contribution of the new light modes described in this subsection, we expect this
growth formula to be modified to”

G(t) ~ (2™ + N2f(1)). (1.4)

The factor of N? is a reflection of the fact that our new modes are N? in number, whereas
— as far as we can tell — there is only a single light mode corresponding to conformal
diffeomorphisms.

Given that the solutions of the equations of motion to the Sigma model (1.3) grow
no faster than linearly in time, we expect f(t) to grow at most polynomial in time. This
suggests it that the light modes (1.3) will dominate correlators up to a time of order
% In N. At later times the exponentially growing diffeomorphism mode will dominate,
leading to exponential growth and a Lyapunov index that saturates the chaos bound.

To end this subsection let us return to a slightly subtle point in our discussion. In order
to derive the effective action for V' (¢) we worked in the gauge Ag = 0. As our theory is on a
thermal circle, in the case of the gauged model (1.1) we have missed a degree of freedom —

"They also argued for some mixing between the diffeomorphism and U(1) long distance modes.
8We would like to thank J. Maldacena for a discussion of this point.
9See [26] for related work.



the gauge holonomy — by working in the gauge Ag = 0. This, however, is easily corrected
for. Even in the presence of a holonomy, we can set the gauge field Ay to zero by a gauge
transformation provided we allow ourselves to work with gauge transformations that are
not single valued on the circle. The net effect of working with such a gauge transformation
is that the matter fields are no longer periodic around the thermal circle but obey the
boundary conditions

¥(B) = —Uy(0), (1.5)

where U is the holonomy around the thermal circle. For the fields of the low energy effective
action (1.3) this implies the boundary conditions

V(B) =UV(0)U L. (1.6)

Recall we are instructed to integrate over all values of the holonomy U. Consequently we
must integrate over the boundary conditions (1.6) with the Haar measure. See section C
for some discussion of this point.

In summary, the discussion of this subsection suggests that the bulk low energy effec-
tive action ‘dual’ to the gauged/global quantum mechanics of (1.1) differs from the low
energy effective action ‘dual’ to the SYK model in an important way; in addition to the
gravitational field it contains gauge fields of a gauge group whose rank is a positive frac-
tional power of the inverse Newton (and Yang Mills) coupling constant of the theory. In
the classical limit in which Newton’s constant is taken to zero, the rank of the low energy
gauge fields also diverges. Nonetheless the limits are taken in such a way that the effective
bulk theory remains classical.

1.2 Holonomy dynamics and the spectrum at large mass

Our discussion up to this point has applied equally to the ‘global’ and ‘gauged’ quantum
mechanical models (1.1). In the rest of this introduction we focus attention on the gauged
models, i.e. the models in which the O(N)?~! symmetry algebra is gauged. In this case
the thermal path integral of our system includes an integral over gauge holonomies over
the thermal circle. We wish to study the effect of this holonomy integral on the dynamics
of our system.

In order to do this in the simplest and clearest possible way we deform the model (1.1)
in a way that trivializes the dynamics of all non holonomy modes in the theory. This

is accomplished by adding a mass to the fermions. For concreteness we work with the
O(N)4~! model

Np
S = [ Y [(uDuta + mibut) = (g ¥4+ he].
a=1
J

N (q—ll(q—Q) ’

(1.7)
Do =0y + iAoy, g =

where m, the mass of the fermion is taken to be positive.!® We work the large mass limit,
i.e. the limit 7 > 1. The effective interaction between fermions in (1.7), %, is small in this

10T the case that the mass is negative, most of our formulae below go through once under the replacement
m — |m|.



limit and can be handled perturbatively. In the strict m — oo limit the only interaction
that survives in the system is that between the (otherwise free) matter fields and the
holonomy U.!!

Let us first work in the strict limit 7 — co. In this limit the dynamics of the holonomy
field U in this theory is governed by an effective action obtained by integrating out the
matter fields at one loop.'? The resultant effective action is easily obtained and is given

by ([39])

q—1
Z=Tram :/ dU; exp(—Ser(U;)),
i=1
o (=) (T2 T Uy (1.8)
Set(Ui) = =Np ) | ( ) ;
n=1

n

= e—Alml,

where H is the Hamiltonian of our theory.'3

Each U; is an O(N) matrix that represents the holonomy in the i** factor in the gauge
group O(N)?~1. dU is the Haar measure over the group O(N)?~! normalized so that the
total group volume is unity.

Notice that when x is of order unity, Seg ~ N97! in (1.8). On the other hand the
contribution of the group measure to the ‘effective’ action is of order N2. The integral
in (1.8) is interesting when these two contributions are comparable. This is the case if we

scale temperatures so that

= e Biml — NFJ(:IH’ (1.10)

with « held fixed as N is taken to infinity. In this limit the terms in the second of (1.8)
with n > 1 are subleading and can be ignored. Effectively

q—1
Z(x) :/HdUi exp(—Set(U))
i=1 (1.11)

q—1

«

Set = 703 [[mu
=1

1YWe emphasize that, in the limit under consideration, modes corresponding to diffeomorphisms or V(t)
are no longer light — and so are irrelevant. However the holonomy continues to be potentially important.

12For orientation, we remind the reader that the integral over the holonomy is the device the path integral
uses to ensure that the partition function only counts those states that obey the Ag equation of motion, i.e.
the Gauss law constraint. Restated, the integral over holonomies ensures that the partition function only
counts those states in the matter Hilbert space that are singlets under the gauge group.

BThe generalization of these results to a model with Np bosons and N fermions yields the holonomy
effective action

Sear(Us) = i(NB + (=) Np) x"w (1.9)

As we will see below, in the scaling limit of interest to this paper, only the term with n = 1 is important.
In the strictly free limit it follows that most the results presented above apply also to a theory with Npg
fermions and Np bosons once we make the replacement Np — Np + Np.



In the large N limit the matrix integral (1.11) is equivalent — as we show below — to
the well known Gross Witten Wadia model and is easily solved. The solution — presented
in detail below — has the following features

e 1. In the canonical ensemble, the partition function undergoes a deconfinement type
phase transition at o = oy where the value of )y is given in (3.19). At smaller
values of a the system is dominated by the ‘confining’ saddle point in which U is the
clock matrix. At larger values of aqp; the system is dominated by a more complicated
‘deconfined’ or black hole saddle point. The phase transition is reminiscent of the
transitions described in [40, 41].14

e 2. In the microcanonical ensemble, the scaling limit described above captures the
density of states of the system at energies less than or of order N2. Over the range
of energies 1 < F < NTQ, the entropy S is given by the simple formula

S(E) = (q—3) [f In (f) _ ﬂ + E log Np + (q — 3)% In(2). (1.12)

The saddle point that governs the density of states of the theory changes in a non
analytic manner at £ = NTQ. For £ > NTQ the formula for the entropy is more

complicated. For energies E > (¢ — 2)NTQ, however, the entropy simplifies to the
formula for npN?~! complex bosonic and npN?~! free complex fermionic harmonic

oscillators s
The complicated formula that interpolates between these special results is presented
in (3.41).

The formula (1.12) suggests that if a dual bulk interpretation of the theory (1.8)
exists, it is given in terms of a collection of bulk fields whose number grows faster than
exponentially with energy. It would be fascinating to find a bulk theory with this unusual
behaviour.

Moreover the existence of a Hawking Page type phase transition in this model — and
in particular the existence of a subdominant saddle point even at temperatures at which
the dominant phase is a black hole phase — opens the possibility of the subdominant
phase playing a role in effectively unitarizing correlators about the black hole saddle point
by putting a floor on the decay of the amplitude of correlators as in [42].

The results presented above apply only in the limit % — co. We have also investigated
how these results are modified at very weak (rather than zero) coupling. We continue to
work at low temperatures, in a manner we now describe in more detail. It turns that
Set(U) takes the schematic form

Set(U) =>_ 2" fa(B, V). (1.14)
a=1

We note that the first order phase transitions described in [41] were strongly first order (i.e. not on the
edge between first and second order) only after turning on gauge interactions. In the current context, in
contrast, the phase transition in our system is strongly first order even in the absence of interactions.



Working to any given order in perturbation theory, the functions f, (/) are all polynomials
of bounded degree in . We work at temperatures low enough so that we can truncate (1.14)
to its first term. In other words the terms we keep are all proportional to x multiplied by
a polynomial dressing in f.

We demonstrate below that within this approximation the partition function (1.14)

— Sq(U) = N9~z Cﬁl ph) (,i (i)zk i, (‘?)) . (1.15)

Note that (1.15) asserts that the interacting effective action has the same dependence on

takes the form

x and U as its free counterpart did. The only difference between the interacting and free
effective action is a prefactor which is a function of the two effective couplings % and
%. Below we have summed an infinite class of graphs and determined the function Hy.
Working at Np = 1 we find

2 2
fy=2 |1 +29(g) D gper SHE Lt SR H;‘”q /3‘;’] . (110)
where (q) is defined in (4.33).

Egs. (1.15) and (1.16) determine the effective action of our system whenever the terms
proportional to H,, (m = 1,2...) in the second line of (4.35) can be ignored compared
to the term proportional to Hy. This is always the case at weak enough coupling; the
precise condition on the coupling when this is the case depends on the nature of the as yet
unknown large argument behaviour of the functions H,,.

The partition function that follows from the action (1.15) is identical to the free par-
tition function described above under the replacement o — aHy. It follows that the
interacting partition function is essentially identical to the free one in the canonical en-
semble. The (8 dependence of the effective value of a leads to some differences in the
micorcanonical ensemble that turn out not to impact the main qualitative conclusions of
the analysis of the free theory. For instance the super hagedorn growth of the entropy
persists upon including the effects of interaction.

Note added. We have recently become aware of the preprint [43] which overlaps with
this paper in multiple ways. We hope it will prove possible to combine the results of this
paper with the methods of [43] to better understand the new light modes discussed earlier
in this introduction.

2 Light thermal modes of the Gurau-Witten-Klebanov-Tarnopolsky
models

In this section we consider the Gurau-Witten-Klebanov-Tarnopolsky model at finite tem-
perature. The Lagrangians for the specific theories we study was listed in (1.1). As we
have explained in the introduction, this model has a new set of light modes parameterized

~10 -



by V(t), an arbitrary group element as a function of time, where V belongs to O(N)4~L.
In this section we will present an argument that suggests that the dynamics of these light
modes is governed by a (quantum mechanical) sigma model on the group manifold. We
will also present an estimate for the coupling constant of this sigma model.

That the dynamics of V() should be governed by a sigma model is very plausible
on general grounds. Recall that in the formal IR limit, V(¢) is an exact zero mode of
dynamics. It follows that V' (¢) picks up dynamics only because of corrections to extreme
low energy dynamics. From the point of view of the low energy theory these corrections
are UV effects, and so should lead to a local action for V' (¢). The resultant action must be
invariant under global shifts V' (t) — VpV (t). We are interested in the term in the action
that will dominate long time physics, i.e. the action with this property that has the smallest
number of time derivatives. Baring a dynamical coincidence (that sets the coefficient of an
apparently allowed term to zero) the action will be that of the sigma model.

In the rest of this section we will put some equations to these words. We would like
to emphasise that the ‘derivation’ of the sigma model action presented in this section is
intuitive rather than rigorous — and should be taken to be an argument that makes our
result highly plausible rather than certain.

2.1 Classical effective action

In [3] the effective large N dynamics of the SYK model was recast as the classical dynamics
of two effective fields; the Greens function G(¢) and the self energy ¥(t). The action for X
and G derived in [3] was given by

S =Nt <— 10ng(8t — i) + /dtl dto I:—i(tl,tg)é(tg,h) — J;éq(tl,tg)]) . (2.1)

The utility of the action (2.1) was twofold. First, the solutions to the equations of motion
that follow from varying (2.1) are the saddle point that govern thermal physics of the SYK
model. Second, an integral over the fluctuations in (2.1) also correctly captures the leading
order (in %) correction to this saddle point result. In order to obtain these corrections,
one simply integrates over the quadratic fluctuations about this saddle point. In particular
the action (2.1) was used to determine the action for the lightest fluctuations about the
saddle point (2.1), namely conformal diffeomorphism [3].

In this section we wish to imitate the analysis of [3] to determine the action for fluc-
tuations of the new zero modes — associated with time dependent O(N)4~! rotations —
described in the introduction. The action (2.1) is not sufficient for this purpose. As ex-
plained in the introduction, the low energy fluctuations we wish to study are obtained
by acting on the saddle point Greens function with time dependent O(N)?~! rotations;
however the fields G and 3 that appear in (2.1) have no indices and so cannot be rotated.

As the first step in our analysis we proceed to generalise the effective action (2.1) to
an action whose variables are the matrices G% and X2. The indices a and and b are both
fundamental indices of the group O(N)?9~!. Our generalised action is given by

S =—logPf(Dy—%)+ /dt1 dto [—ia”(tl,m)éb“(t%tl) - |gq|2éq(t1,t2) . (2.2)
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In this action, the expression G4 is a product of ¢ copies of @g where all gauge indices
are contracted in a manner we now describe. Recall that a and b are fundamental indices
for the group O(N)4~!. Each of these indices may be thought of as a collection of g — 1
fundamental indices

a=(amaz...aq—1), b= (biba...by_1),

where a; and b; are fundamental indices in the (i factor of) O(). In the contraction G,
a type indices are contracted with each other while b type indices are also contracted with
each other — there is no cross contraction between a and b type indices. The structure of
contractions is as follows; the a indices of precisely one of the O(N) factors of the gauge
group are contracted between any two (and every two) G's and, simultaneously, the b indices
of the same two O(N) factors are also contracted between the same two Gs.'

As a quick check note that the total number of contraction of a (or b) indices, according
to our rule, is the number of ways of choosing two objects from a group of ¢, or, @. As
each pair hit two indices, we see that the pairing rule described in this paragraph saturates
the indices present ¢ copies of G (there are a total of (¢ — 1) a type indices).

The contraction structure described for a type indices in the previous paragraph is
precisely the contraction structure for the interaction term 7 in the action (1.1).

We regard (2.2) as a phenomenological action with the following desirable properties.
First it is manifestly invariant under global O(N)4~! transformations. Second if we make
the substitutions G§ — Gd&¢, 3¢ — B¢ into (2.2) we recover the action (2.1). Tt follows in
particular that, if G and ¥ denote the saddle point values of (2.1) then

¢ 08G, Xp =6, (2.3)

are saddle points of (2.2). This point can also be verified directly from the equations of
motion that follow from varying (2.2), i.e.

Gl (1, t2) =((Do — £) ™) (t1, L),

Zab(tl,t2) Z\g|2 (Gq_l)ab(t1>t2). (2.4)

While (2.2) correctly reproduces finite temperature saddle point of the the model (1.1), it
does not give us a weakly coupled description of arbitrary fluctuations about this saddle
point. The fact that (2.2) has N2~ fields makes the action very strongly coupled. The
key assumption in this section — for which we will offer no detailed justification beyond its
general plausibility — is that the action (2.2) can, however, be reliably used to obtain the
effective action for the very special manifold of configurations described in the introduction,
namely

Gy (t1,t2) =V, Y (t1)G(t1, t2) Vi (L),

, (2.5)
Sy (1, t2) =V, ¥ (1) S(t1, t2) Vi (ta),

5These rules have their origin in the generalized ‘tentrahedronal’ contraction structure described in the
introduction. For values of ¢ at which the basic interaction structure has an ambiguity, we make one choice;
for instance we adopt the ‘Round Robin’ scheme to fix the ambiguities. As far as we can tell, none of our
results depend on the details of the choice we make.
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where the index free functions G(t t2) and V(t1,t2) are the solutions to the SYK gap
equations and V/(¢) is an arbitrary O(N)?~! group element. The r.h.s. in (2.5) is the result
of performing a time dependent O(N)?~! rotation on the saddle point solution (2.3).

The fact that we have only (¢ — I)NT2 fields (V'(¢)) on this manifold of solutions — at
least formally makes the action restricted to this special manifold weakly coupled, as we
will see below.

In the rest of this section we will use the action (2.2) to determine the effective ac-
tion that controls the dynamics of the matrices V(t) at leading order in the long wave-
length limit.

2.2 Effective action

In order to study quadratic fluctuations about (2.3), we follow [3] to insert the expansion'®

(2.6)

q

~ —2
Gt t2) = Gl(tr,ta) + |Gt )| g.0(t1,12),
~ 2

St t) =S (t,te) + |Gt 1) 2 0, (t1,t2),

into (2.2) and work to quadratic order in g,%(t1,2) and o ’(t1,t2). Integrating out o, (t1, o)
using the linear equations of motion, we find an effective action of the general structure

. 1 .
S(G,E) = S(G, E) + 5 /dtl..dt4 gab(t]_,tQ)K_l(t]_,tz;t3,t4)gba(t3,t4)
@7)

19 4 nta D011 [ g g ot t)a(t. ¢
-3 1 dtay g(t1,t2)g(t1, t2).

The expression in the first line of (2.7) results from varying the first two terms in (2.2),
while the second line is the variation of the G? term in (2.2). This term denotes the a sum
of different contraction of indices between the two gs

ci1c2...cp—1bpcCrq1....cq—1 Jdido...dp_1bpdyyq....dg—1

q—1
g(t1,t2)g(t1,t2) _ Zgch2--.Ck—1Gk0k+l-...Cq*lgd1d2...dk—lakdk+1----dq—l. (2.8)
k=1

In the special case that the fluctuation fields g are taken to be of the form gy = d; g, the
matrix contractions in (2.7) give appropriate powers of N, and (2.7) reduces to the effective
action for g presented in [3].

It was demonstrated in [3] that

-2 -2
K(t1, b5 ta, ta) = —|G(t1,12)| "2 G(tr,t3)G(ta, t4)|Gt3, 10)| 7. (2.9)
In the long distance limit the Greens function can be expanded as

G=G.+6G+...,
0G(t1,t2) = Ge(t1,t2) fo(ti,t2),

6Note that we have scaled G fluctuations and ¥ fluctuations with factors that are inverses of each other

(2.10)

ensures that our change of variables does not change the path integral measure. The scalings of fluctuations
in (2.6) are chosen to ensure that the second line of (2.7) takes the schematic form gg rather than gK'G

q—2
|+

where K’ is an appropriate Kernel. We emphasise that the scaling factor |G (1, t2) in (2.6) represents

the power of a function; no matrices are involved.
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where G. is the Greens function in the conformal limit and dG is the first correction to
G, in a derivative expansion. It follows that fy is an even function of the time difference,
an approximate form of which is given in [3]. Plugging this expansion into (2.9) it follows
that K can be expanded as

K=K.+6K+..., (2.11)

where [3]

OK (t1,ta;ts, ta) = Ke(ty, ta;ts, ta) %(fo(tl,h) + fo(ts,ta)) + fo(t1, t3) + fo(t27t4)} :

(2.12)
The first two contributions have their origin in the factors of G T in (2.9) and were called
rung contributions in [3] (2.9). The remaining two contributions have their origin in the
factors of G in (2.9) and were called rail contributions in [3]. We note that for rung
contributions fy appears with either first two times or last two times of the kernel. On the
other hand the two times in rail contributions are one from the first set and one from the
second.

Our discussion so far has applied to general fluctuations about the saddle point, and
has largely been a review of the general results of [3] with a few extra indices sprinkled in.
In the rest of this subsection we now focus attention on the specific fluctuations of interest
to us, namely those generated by the linearized form of (2.5) around conformal solution

(9)L(t1, t2) = |Gelty, t2)| T Geltr, ta) |H (1) — HL(22)] - (2.13)

Notice that the fluctuations (2.13) represent the change of the propagator under a time de-
pendent O(N)?~! rotation. The form of (2.13) is similar in some respects to the variation
of the propagator under diffeomorphisms, studied in [3], with one important difference;
the factors of H’(t;) and H?(ty) appear with a relative negative sign in (2.13), whereas
the infinitesimal diffeomorphism fields in the light fluctuations of [3] appeared with a rel-
ative positive sign in [3]. The fact that our fluctuations are ‘antisymmetric’ rather than‘
symmetric’ will play an important role below.

Specialising to this particular fluctuation, It can be shown (see appendix A) that g, is
an eigenfunction of f(gl with eigenvalue |.J|? more clearly

~ —1
/dtg dt4 Kc (tl,tg;tg,t4)(gc)ab(t3,t4) = |J|2 (gc)ab(tl,tg). (214)

It follows immediately from (2.14) that

e}

1 - g 2

9 9c K, ! Ge = 9] 9e YGe- (2.15)
q

Using this equation it may be verified that for the for the particular fluctuations under

study — the second line of (2.7) simply cancels the part of the term in the first line
obtained by replacing K with K.
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It follows that the action (2.7) evaluated on the modes (2.13) is nonzero only because
K~ differs from K_!. Recall K = K.+ 6K (see (2.11)). Using 6K ' = —KJKK ! that
the action for our special modes evaluates at quadratic order to

1 oy om oo
Sert = —50¢ Ko 0K K.' ge. (2.16)

Using the fact that K~ is hermitian ([3]) and the eigenvalue equation (2.14), the action
simplifies to

1
Ser = 11" / dtrdts (g0).2(tot2) O (b1, i b, 12) (90)y (Est4). (2.17)

Plugging the specific form of our fluctuations (2.13) into this expression we find!'”

S — _,Nq QZ Z k/dti dtk (Hl)ab(ti)(Hl)ba(tk)Lik(tiatk)’ (2'18)

1 (i,k) pair

where i € (1,2), k € (3,4) and

Lig(ti, tr,) /Atl,..,m) I étm

m#i,m#k
-2~ —2
A(ty, ts) = [J[* Gelt1, 12)|Geltr, t2)| T 6K (t1, ta; ts, ta)|Gelts, ta)| T Gelts, ts). (2.19)

The expression (2.18) is not yet completely explicit, as L;, in (2.19) is given in terms of
0K which is given in terms of the first correction to the conformal propagator G, which,
in turn, is not explicitly known. Luckily 6G can be eliminated from (2.18) as we now
demonstrate.'®

While we do not know the explicit form of the correction to the conformal two-point
function 0G(t1,t2), we know that it satisfies the equation

Y.x0G+ 06X G, +sxG. = 0. (2.22)

This is simply the gap equation expanded around the conformal point. Here s(t1,t2) =
8%1(5@1 — t2) is a local differential operator.

"Here factors of N comes from trace over other colour index §-functions that multiply H; of any colour.
18Using the fact that g. is an eigenfunction of K. with eigenvalue ‘J% rung contributions can easily be

summed up to
1

5(

This expression is not by itself useful as the integral that appears in it has a log divergence once numerically

Srung _ _

q— 2)|J712| /(gc)ab(tlvtE) fo(ti,t2) (ge)p” (t1,t2) dtidts. (2.20)

determined form of fo(71,72) (from [3]) is used; follows from

% —_
|71 —72|—=0 171 =72

sgn(m — 72)
|71 —72|—0 |T1 — T2|

H'(11)(11—72) ~ O(|11 —72|").
(2.21)

ge(T1,72) = ‘Ge(Th7—2)‘%2GC(71772)[H(7'1)_H(T2)]
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In order to make the expression (2.18) explicit we first simplify the formulae (2.19) for

L;;. Plugging the expansion G = G. + 6G into (2.9), and using properties of conformal

solutions, it may be verified after some algebra that for odd i — &,

1220 02 s s dan). (2.23)

Lik(ti, te) =2 0(t; — tg) 5 7—1

The fact that L;; is proportional to a ¢ function establishes that the contribution of terms
with odd i — k to the action is local. Eq. (2.23) may be further simplified using the relation

0%

O(ti — tr)Ge * 1

(tiste) = 0(t; — ti)Xc * 0G (ts, 1), (2.24)

and to give
Lip(ti, te) = qd(t; — tp)Xe * 6G(t;, ty). (2.25)

Multiplying 0-function on both sides of (2.22) and using (2.24), we find

Lik(ti7 tk) = —5(ti — tk)s * Gc(tz', tk) = (S(tZ — tk>aath(ti, tk>. (2.26)

1

On the other hand when i — k is even, using properties of conformal solutions?’

-2
Lik(tiatk) = — |:C] 5 X 2+ 1:| Zc(ti,tk)éG(ti,tk) + (Ec * 0G * Ec)(ti,tk)Gc(ti,tk). (2.27)

Eq. (2.27) can be further simplified by substituting
S % 0G ¥ X, = 05 + s, (2.28)

and then using the linearized form of the gap equation

5% G, = (¢ — 1)6G S, (2.29)
to give
Lip(ti tr) = —Gc(tmtk)%(mi — k). (2.30)

Adding together the contributions of ¢ — k even and ¢ — k odd we have a manifestly local
effective action, whose structure accounts for the fact that we have worked beyond the
purely conformal limit (recall that in the purely conformal limit our fluctuation action
simply vanished) even though the final expression makes no reference to the explicit form
of the correction G to the conformal propagator G..

)

q—1
Sur=- N2 [ dnGults = ot - ) (G HH@) (231
=1

9Here overall factor of 2 comes from symmetry of the integrations and %2 comes from rung part.
20 As before ‘%2 X 2 comes from rung part.
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Expanding H;(t;) in a Taylor series expansion about t;

— " ty — )"
H(ty) = WHl(tz')(km)
n=0 ’

allows us to recast (2.31) into the form

g—1 oo n
Set = —Nq2/dt Y Cntr <;Hl(t) gthl(t)> . (2.32)

=1 n=0

where

Cp = % / dt G.()s (1) (2.33)

The term in the sum (2.32) with n = 0 is a total derivative and so can be ignored. It
follows that

ol 9 on
Seft = —/dt YY) CuTx <6tH1(t) ath;(t)) . (2.34)
=1 n=1
Our final result (2.34) for the effective action, has now been arranged as an expansion over
terms with increasing numbers of derivatives.

Recall that all the results of this section have been obtained after expanding the Greens
function

G(tl,tz) = Gc(tl,tQ) +5G(t1,t2), (2.35)

and assumed that G < G.. This assumption is only valid when t; — to > %, but are not
valid for ¢t1 — tg ~ % All potential non localities in the effective action for H presumably
have their origin in regions where our approximations are valid. It thus seems plausible
that the central result of this section — namely the absence of nonlocalities in the effective
action on length scales large compared to % — which therefore takes the form (2.34) — is
a reliable result.

On the other hand the precise expressions for the coefficient functions C), involve
integrals over a function — namely the delta function — which varies over arbitrarily
small distances — and so is not reliable (it uses our approximations in a regime where they
are not valid). We would expect the correct versions of (2.33) to be given by smeared out
versions of the integrals in (2.33). On general dimensional grounds it follows that

Ap,

Cp— ——. 2.36
VL (2:36)
We will make the replacement (2.36) in what follows. The numbers A,, could presumably be
computed by studying four point correlators of appropriate operators at finite temperature.

We will not attempt this exercise in this paper.

For the purposes of long time physics we are interested only in the term with the
leading number of derivatives, i.e. with the term with n = 1 in (2.34). The coefficient of

17 -



our action in this case is proportional to A; = A.2! and the effective action of our theory
at leading order in the derivative expansion takes the form

q—2
S =— ]\’fﬂ /dt Z Tr (atHl );Hl(t)>. (2.40)

In the analysis presented so far we have determined the form of the effective action

for infinitesimal group rotations H. The group invariant extension of our result to finite
group rotations is the sigma model action

S=-A |$|/dt ZTr ( (1) gtv,( ))2], (2.41)

where V; € SU(N) whose infinitesimal form is V; = 1 + H; + O(H}). Eq. (2.29) is simply
the action for a free particle moving on the group manifold O(N)9~1.22 As explained in the

introduction, the structure of this action could have been anticipated on general grounds.
The fact that the action is proportional to % follows largely on grounds of dimensional
analysis.

As we have already seen in the introduction, once we have established that the action
for V'(t) is local the form of the low energy effective action (1.3) for our system is almost
inevitable using the general principles of effective field theory. The main accomplishment
of the algebra presented in this section is the demonstration that the effective action for
V (t) is, indeed, local.

Note that the Sigma model action (2.29) has an O(N)?~! x O(N)?~! global symmetry
under which

V; — AV|B, (2.42)

where A and B both belong to O(N)4~!. The rotations by A are simply the global
symmetry that the microscopic SYK model possesses. Rotations by B are an emergent

symmetry of the low energy effective action. The corresponding conserved quantities are
L, = VZVE_I, and R = Vl_l\/j.23 Choosing a basis (T,),2* of Lie algebra O(N) it can be

2INote that

Ci = /dt 0(t)Ge(t) t. (2.37)
Plugging the formula
G, =) (2.38)
| Jt]s
into (2.37) we find, formally, that
O /dt|t|l—%5(t) —0, (2.39)

(where we have used the fact that ¢ > 2). As explained above, we expect that the vanishing of C; is
not a physical result but rather is a consequence of inappropriate use of approximations. We assume that
Ci — o | in what follows where A is an unknown dimensionless number.

22Non-trivial holonomy can be turned on for these new light modes, details of contribution of these light
modes to effective action for holonomy is presented in appendix C.

23 A dot over a quantity indicates derivative with respect to time.

24Tt is assumed in what follows that this basis puts the Killing form in a form proportional to identity.
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shown that Hamiltonian vector fields corresponding to group functions L;, = T'r (ToLy),
Ry, = Tr (ToR;) give two copies of O(N) (at both classical and quantum level), both of
which commutes with the Hamiltonian which is the quadratic Casimir of the algebra.

3 Holonomy dynamics and density of states at large mass

We now switch gears; in this section and next we discuss a the mass deformed SYK the-
ory (1.7) in the large mass limit. We work with the theory based on the O(NN)?~! symmetry
where this symmetry is gauged. The large mass limit is of interest because it allows us to
focus on the dynamics of the holonomy at finite temperature, and also allows us to compute
the growth of states in the theory as a function of energy in a very simple setting.

3.1 Scaling limit

As explained in the introduction, in this section we will compute the finite temperature
partition function

Z=Tr xm,
for the mass deformed gauged O(N)?~! melonic theory (1.7).

In the large mass limit all fields in (1.7) except the holonomies of the gauge group can
be integrated out at quadratic order. The result of this integration is easily obtained using
the formulae of [39], and is given by (1.8).

Notice that the effective action Seg(U;) presented in (1.8) is invariant under the global
‘gauge transformations’ U; — V}UiVi_l for arbitrary orthogonal matrices V;. This invari-
ance may be used to diagonalize each U;. The integral in (1.8) may then be recast as an
integral over the eigenvalues of each of the holonomy matrices U; with the appropriate
measure. As U,, are each unitary, their eigenvalues take the form e where n runs from
1 to N. We define the eigen value density functions

1 N
pm(8) = 1 > 6(6 — 03,). (3.1)
n=1

As we are dealing with orthogonal matrices, the eigenvalues of our matrix occurs in equal
and opposite pairs (6,, —0,) and so the eigenvalue density function defined in (3.1) is an
even function.

As usual the rather singular looking sum over delta functions in (3.1) morphs into an
effectively smooth function at large IV as the individual eigenvalues merge into a continuum.
Note that N i

n ] ntim
Bl _ 2t [ o) = i, 3:2)

where the last equality defines the symbol pi*. Note that the subscript m on p runs from

1...q — 1 and labels the O(N) factor under study, while the superscript n runs from
1...00 and labels the Fourier mode of the eigenvalue distribution. Using the fact that
pi(0) = pi(—0) it follows that

Pl = /d@p(@) cosnb. (3.3)

It follows that p}' are all real numbers and that p} = p, ™.
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In the large N limit the integral over the eigenvalues 6], may be recast, in the large N
limit into a path integral over the eigenvalue functions p,,(8) given by2>

i 1 2 2 (H?J—11 PI%)
= , - —_N? WPml I G L N/
Z(:L‘)—/l—[lelexp 221 N Zl p 2Np N9 (—z)" - , (3.4)
= n= m=

where the path integral is now taken over the eigenvalue density functions p,, with a
measure which descends from the flat integration measure for individual eigenvalues 67,
As we have only (¢ — 1)N eigenvalues, the Jacobian of this variable change is of order N
in the exponent and so is subleading at large N and will not concern us.

Notice that the effective action in (3.4) is a sum of two kinds of terms; those propor-
tional to N2 (we call these terms the contribution of the measure) and those proportional
to N9=! (we call these terms the contribution of the energy). As ¢ > 4 the energy over-
whelms the measure at large N if z is taken to be of order unity. In order to work in a
regime in which the measure and the energy compete with each other we define

«

where26
p= Np,

and take the limit NV — oo with « held fixed. In this limit the ‘energy’ term with n = 1
in (3.4) is of order N? and so competes with the measure. All energy terms with n > 1
are, however, subleading compared to the measure and can be dropped at large N. In the
limit under consideration, in other words, the effective action in (3.4) simplifies to

q—1
Z(a) :/HdUi exp(—Serr(Us)),
i=1

(3.6)

q—1

We will now evaluate the integral (3.4) at large NV with the effective action replaced by the
simplified effective action (3.6). In order to facilitate comparison with the matrix model

ZLet us focus on the special case Np = 1. In this case the Hilbert space of our quantum mechanical
problem is simply the sum of ¢ forms of the group O(N?®) with ¢ running from 1 to N®. The exponential
in (3.4) is the character of this Hilbert space w.r.t. the subgroup O(N)?, with representations coming from
q forms in O(N?) graded by z?. (In order to view the exponential as a character one must use (3.2)).
The integral in (3.4) projects onto the singlet subspace, and so counts the number of O(N)? singlets. Note
that it was very important for this discussions that the fundamental fermions in this paper are complex.
The case of real fermions was studied from this point of view in [44]. In this case the Hilbert space of
the Np = 1 theory consists of spinors of O(N?), and the decomposition of this representation content
into representations of O(N)? appears to be a very different problem; it was suggested in [44] that this
decomposition contains no singlets. We thank C. Krishnan for discusssions on this point.

26 As explained in the introduction, in the free limit we could as well study bosons coupled to the gauge
field in which case we would have p = Ng + Nr where Np is the number of bosons.
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literature, it is useful to note that the matrix integral (3.6) is closely related to the following
integral over unitary matrices

q—1
ZSU(a) :/HdUZ’GXp(—Seﬂ‘(Ui)),
i=1

q—1 qg—1
«
E%ﬂiz'_jvaig (I]:TT(@-+>II'TrUj>
=1 =1

Where the integral is now taken over unitary matrices. In the large N limit the two matrix

(3.7)

models have the same gap equation (see below) and
In Zgy(a) = 21n Z(a). (3.8)

3.2 Determination of saddle points

The matrix model (3.7) (and so (3.6)) is easily solved in the large N limit using the usual
saddle point method. In order to see how this can be done note that as far as the integral
over the eigenvalues of U; are concerned, Tr Us, Tr Us ... Tr U, are all constants. Focusing
only on the integral over Uy, (3.6) reduces to

N
Zsy = /dU1 exp < (TrUl +TrU;r>> ,
g1

(3.9)
1 apl ol 1
— p2p3 e qul - Oéu2u3 e UQ_17
g1
where in order to lighten the notation we have defined
Py = Um (3.10)

A similar statement applies to the integral over all U; for ¢ = 1...q — 1. However (3.9)
is precisely the celebrated Gross Witten Wadia matrix integral [45-47]. Recall that the
saddle point that dominates the integral (3.9) (and its counterparts for Us etc.) is given
by [45-47]

1 2
o 1+g—c089 , gm =2, 0| <7
0) = m 3.11
pm(0) 9 0 [gm 0 . (Gm\1/2 ( )
— s o[ =St oy g < 2, 10] < 2sin <7> ,
Tm
where?”

fn =a ] u. (3.12)

g i#m

2TThis eigenvalue densities produced above solve the GWW saddle point equations

2N . . 03, — 07,
g—msmﬁ,n:Zcot( 5 ),

i#n

in the large N limit.
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Taking the Fourier transform of (3.11) it follows that

1
D) ngQ

T— (3.13)

1—%”, gm < 2.

We refer to the solution w,, = gim as the wavy phase while the solution u,, = 1 — gjm as

the gapped phase.

Egs. (3.12) and (3.13) may be regarded as a set of 2(¢ — 1) equations for the 2(¢ — 1)
variables u,, and g,,. In order to complete the evaluation of our matrix integrals we will
now solve these equations.

Let us first demonstrate that the variables g,, are either all greater than 2 or all less
than two simultaneously; (3.12) and (3.13) admit no solutions in which some of the g,, are
greater than 2 while others are less than 2.28

Let us assume that g, > 2. It follows from (3.12) and (3.13) that

U 1
au1u2...uq_1:—m:—§

3.14
Im 92 (3:14)

|

On the other hand let us suppose that g; < 2 Then it follows from (3.12) and (3.13) that

au1u2...uq_1zzzzglk—i>i (3.15)
As (3.14) and (3.15) contradict each other it follows that either all g, > 2 or all g,, < 2
as we wanted to show. Moreover it follows immediately from (3.15) that when all g,,, < 2
they are in fact all equal. Similarly it follows from (3.14) that when all g,, > 2 then once
again they are all equal.? It follows that in either case all u,, and all g,, are equal. Let
us refer to the common saddle point value of u,, as u. The saddle point equations (3.13)
now simplify to

aud 2 u <

1 u >

N[ =

N[ =

" 4out2?’

Once we have determined the solution to (3.16) value of the partition function (3.6), in the

Z8Equivalently u,,s are either all less than half or all greater than half. Equivalently the matrix models
for U,, are all simultaneously in the wavy phase or simultaneously in the gapped phase.

29 Actually all solutions are equal up to sign — however saddle points that differ by sign assignments are
actually essentially identical — they can be mapped to each other by U — —U, so we ignore this issue.
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large N limit under consideration, is given by>’

(3.17)

—
=
S
—~
—_
\
S
N
vV
NI~ N

Indeed the saddle point equation (3.16) is simply the condition that the ‘potential” V'(u)
in (3.17) is extremised. In other words the saddle point solutions of our matrix integral are

in one to one correspondence with the saddle points (or extrema) of V' (u); the contribution
_N?2 V(2u)

of each saddle point to the matrix integral is simply given by e

At every positive value of a, V(u) = 0 when u = 0 and V' (u) diverges as u approaches

31

unity from below.”" However the qualitative behaviour of the function V'(u) for values

between zero and unity depends sensitively on a.
-1
It is easily verified that for a < a, = 4((‘1(1__1%

cally as u increases from 0 to unity (see figure 1 (a)). It follows that when o < a the only

the function V(u) increases monotoni-

saddle point lies at u = 0. In this case the saddle point value of the partition function is
Z(z) =1 (see below for a discussion of fluctuations about this saddle point value).

At a = «a, the potential V(u) develops a point of inflection at v = u. = g:—% (see
figure 1(b)). Note that u. > 3. At this value of o we have a new saddle point in the
gapped phase.

As « is increased above . the point of inflection at u = u, splits up into two saddle
points; a local maximum at © = umax < u. and a local minimum at u = upin > U (see
figure 1(c)). To start with both saddle points are in the gapped phase. We refer to the
saddle point at umax as the upper saddle and the saddle point at umi, as the lower saddle.

As « is increased further the value of uy;, continues to increase while the value of umax
continues to decrease. At a = ay = 2073 > (., Umax = % For a > apt, Umax < % and
the upper saddle makes a Gross Witten Wadia phase transition into the wavy phase (see
figure 1 (d)).??

Finally, when the new saddle point at u = u, is first nucleated, we have V(u.) > 0.
As « is increased V (umin) decreases below this value. At a = oy, = we have V(umin) =0

(see figure 1 (f)). For larger values of a, V(umin) < 0 and our matrix model undergoes a

%The factor of 3 in the exponent of the first equation in (3.6) is a consequence of the fact that we
are working with the orthogonal model. The analogous formula for the partition function of the unitary
model, (3.7), is the square of the partition function listed here and so does not have the factor of half in
the exponential.

*'Note that u = T < 1.

32The formula for #max, Umin as a function of « is complicated in general. However the formula simplifies

at large a and we find

1

1\ 73 1 ¢ —3q¢+2
S . Umin = 1 3.18
“ (a> “ +—4a+q—2+2(—4a+q—2)3+ (3:.18)
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Figure 1. Effective potential for different values of temperature and associated phase transitions.

The graphs are drawn for ¢ = 4.

first order phase transition from the saddle at © = 0 to the saddle at u = uyi,. Note that

at o = ayp (i.e. at the ‘Hawking Page transition temperature’) the saddle at u = umax is
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already in the the wavy phase when ¢ = 4 but is still in the gapped phase for ¢ > 4.

3.3 Thermodynamics in the canonical ensemble

The thermodynamics of our system in the canonical ensemble follows immediately from
the nature of the function V(u) as a function of « described at the end of the last section.
For convenience we discuss the phase diagram of our system as a function of a rather than

temperature (recall that « is defined by the relations e #™ =z = zﬁ)

For a < e, the saddle at u = 0 is the only saddle point in the theory (see figure 1 (a)).
For a. < a < ozpt,g?’ there are two additional saddle points at © = Uiy and © = Umax

33In the text of this paragraph and the next we have assumed that apt < a1pt as is the case for ¢ = 4.

For g > 6 the order above is reversed, and the discussion has obvious modifications.
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with % < Umax < Umin < 1. The saddle point at u = umax is a local maximum and
V(tumax) > 0 (see figure 1(c)). The saddle point at © = umin is a local minimum and
however V (upin) > 0. Both these saddles are subdominant compared to the flat saddle in
this range of «.

For ay; < av < ap the two new phases continue to be subdominant compared to the
phase at u = 0; in this range, however, the solution at u = upax < % is now in the wavy
phase (see figure 1 (e)).

At a = ajp we have V(umin) = 0. For a > aip V(umin) < 0, so the solution
at 4 = Upin 18 the dominant saddle point. Our system undergoes a phase transition at
a = aqpt (see figure 1 (e)). The value of oy is given as a function of ¢ by

B 2 exp [— 2(('1;11))}

qg—1

. L 72
qipt = Z(q - 1)w |:1 - )w] , w=—-W_ (3.19)

(¢—1
where W, is the productlog function.

3.4 Thermodynamics in the microcanonical ensemble

In this subsection we compute the density of states as a function of energy corresponding
to each of the saddle points described in the previous subsection. In order to do this we
use the thermodynamical relations

@
E(a) =adsInZ(a) S(a) = <ln Z(a) — E(a)ln ]\7‘1—3p> , (3.20)
where F is the eigenvalue of % We invert the first of these equations to solve for a(E),
and then plug this solution into the second equation to obtain S = S(E). For the trivial
saddle, the saddle value of S(E) is trivial, so we include the contribution of fluctuations
around this saddle.

3.4.1 The saddle at v =0

The saddle point at u = 0 exists at every value of a. In this case the saddle point values
of the energy and entropy both vanish so the first nontrivial contribution to the thermo-
dynamics comes from the study of fluctuations about the saddle point. In this subsection
— which is a bit of a deviation from the main flow of the (otherwise purely saddle point)
computations of this paper we describe the relevant computations. For the purposes of
this subsection — and this subsection only — we retreat away from the scaling limit (1.10)
and work with the full matrix model (1.8) — or more precisely with its generalisation (1.9)
which allows for bosonic as well as fermionic harmonic oscillators. Working with this gen-
eralised model we compute the fluctuations around the trivial saddle point Tr U = 0,
ie. py, = 0.

For the purposes of studying small fluctuations around this saddle point we work with
the integral (3.4). The integral (3.4) can be simplified by making the variable change

ﬂn
n _ “m

3.21
Pm =N (3.21)
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The point of the scaling (3.21) is that it eliminates all explicit factors of N from the inte-
gral (3.4). It follows that — at least for the purposes of the perturbative Wick contraction
evaluations we perform in this subsection — at any finite order in perturbation theory the
integral over ()" receives significant contributions only from values of 8] of order unity.
Note however that if 3" are of order unity then p;' are of order % and so are very small.
We can thus safely integrate over all values of 3,* without worrying about boundaries to
the domain of integration.®* In other words (3.4) may be rewritten in terms of these scaled

variables

Z(.ZL‘) = H Fn(.’IJ),

el 1 g2 [T %) +ece

Mn/ H gy exp [ — 2"; + Npz" - n odd

F _ m=1 m=1
n(l‘) - 1 1 q—1 n

1 Z |Br ’2 Hm:l B ) +cc

Mn/ H gy exp [ — 2"; — Npz" - n even.
m=1 m=1

(3.22)

The expressions for F,, above involve an integral with the usual measure dzdz for the
complex variable 37 . The integral is taken over the whole complex plane.?> The x inde-
pendent normalisation constant M,, above are chosen to ensure that normalisation of Haar
measure,i.e, F,(0) = 1.

The expressions for F), presented in (3.22) are formal as the integrals that define F,, do
not converge. However this fact does not bother us, as we are not really interested in the
the expression for Z(x) but only in the coefficients in of 2* for each k in that expression.
Each of these coefficients is easily obtained (by Taylor expanding the non Gaussian terms
in the integrands in the formulas for F), above and performing all integrals using Wicks
theorem. We find

F,(x) = i zkn (p2(2n)q_3)k (K73, p= Np, (3.23)
k=0

Let E denote the eigenvalues of %; in other words E is the energy of our theory in
units of the oscillator mass (or frequency). It follows from (3.23) that the functions F,(x)

represent the partition function of a system whose entropy as a function of energy is given
by Sn(E) where

= (z]i) (p(20)7%) % (3.24)

34More generally the variables p” are constrained by the requirement that the function pm(0) =
i >on pre” i is positive for every value of 6. This constraint is trivial when all p?, as is effectively
the case for the perturbative evaluations discussed above.

35As mentioned above, the difference between this measure and d#?, is sub-dominant in large N limit.
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At large E ( i.e. when E > 2n) we may use Sterling’s approximation to simplify (3.24) to
obtain the asymptotic formula

Sn(E) = (q — 3)% In <E> + % (—(¢g—3)+2Inp+ (¢—3)In(2n)). (3.25)

Notice that the density of states grows faster than exponentially as a function of energy,
explaining the divergence of the integrals that define F), (or, equivalently, explaining why
the sums in (3.23) are divergent at every z no matter how small.

As the partition function of our system is simply the product over the functions F;,,
the entropy of our system at large energies is obtained by distributing the available energy
E among the various systems S,, in such a way as to maximise the entropy. A glance
at (3.25) is sufficient to convince oneself that the best one can do is to put all available
energy into the ‘system’ S;. It follows that for E¥ > 1, the contribution of the saddle point
at u; = 0 to the entropy of the system is

S(E)=51(F)=(q— 3)% In <§> + g (In(2) = 1)(g —3) +2Inp). (3.26)

The saddle at v = 0 is exceptional in that it is trivial as a saddle point; in order to

determine the thermodynamics of this ‘phase’ we had to perform the one loop expansion

about this saddle point. The remaining saddle points we will study in this section are

nontrivial even at leading order, and so will be analysed only within the strict saddle point

approximation. In the rest of this subsection we also return to the study of the strict
scaling limit (1.10).

3.4.2 The wavy phase

In this subsection we study the thermodynamics of the wavy saddle, i.e. the saddle point at
U = Umax fOr o > o = 29=3. The contribution of this saddle point to partition function is
N? 2

InZ(a) = —7(q —3)a a3, (3.27)

The energy of the corresponding phase is given by

E(a) =adaInZ(a) = N: , (3.28)

a3

Note that the energy is a decreasing function of « so that this phase has a negative specific
heat. As this phase exists only for a > oy it follows that the energy in this phase is
bounded from above by

N2
Ept = E(Oépt) = T (329)
The entropy of this phase is given by
@
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Eliminating a between (3.28) and (3.30) we obtain

E E E E
Note that (3.31) is in perfect agreement with (3.26). This match strongly suggests that
the formula (3.31) is correct for all values of E in the range

2

N
1< E < (3.32)

3.4.3 The gapped phase

The analysis of this section applies to the saddle point at u = umax for o < vy and to the
saddle point at uin. The partition function of this saddle is given by plugging the solution
of the equation

1 1
into the formula
N? 11
mZ=——"|(¢g—1(=—--In[201 —w)] ) — 20ui™t]. (3.34)
2 4 2
As we have explained above, for a < a, = % there are no legal solutions to (3.33).

For a. < o < apy = 2973 there are two legal solutions and for o > oyt there is a single legal
solution to this equation. After the partition function is obtained one obtains the energy
and entropy of the solution using the thermodynamical formulae

E(a) = adaInZ(a), S(a)= <an(a) — E(a)ln Nf;p) . (3.35)
Eliminating « from the expressions obtained in (3.35) we find the entropy S as a function
of the energy. This function S = S(F) is difficult to find explicitly simply because (3.33) is
difficult to solve. The procedure described above, however, implicitly defines this function.
It is not difficult to convince oneself that there is a single saddle point of this nature for
every energy E > NT2 and that the function S(F) is an analytic function of energy for every
energy greater than NT2.
While explicit formulae are difficult to obtain in general, they are easy to obtain in

three special limits which we now describe

A. The solutions with o near oy, i.e. (E near Ep). At o= oy (3.33) admits the
solution u = % (This is a solution at u = umayx, i.e. the solutions that is a local maximum).
It follows that at o = ayy — dcx, (3.33) admits a solution with u = § + du. Here du is solved
order by order in da. A few lines of standard algebra gives:

1 94—3 \3—q — 2(g—3)/2 \r3—q
S(Ept+5E):—1N2 [log( >+q23]—log[ 0F
p p (3.36)
2(q —3) 2 | 4(7—3q) 3
+ oy OB+ =5 OB + .
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Comparing (3.36) and (3.31), it is easily verified that while S(F), S'(F) and S”(F) are
continuous at E = NTQ, S"(E) is discontinuous. In that sense the function S(E) has a
third order phase transition’ at £ = NTQ. Further taking the limit:

. " N2 4(6 — 2q) . " N2 4(7 — 3q)
i s (0 ) = O s () MG

This discontinuity is a consequence of the fact that the saddle point undergoes a Gross
Witten Wadia transition at this energy.

B. The solutions with « near a. (i.e. E near E.). At a = a, (3.33) admits the
solution u = Z%f. For o = a.+0a the (3.33) admits two solutions near this critical solution
at u = u. + du; these are the solutions at © = umax and u = upmin respectively. A careful
calculation shows F,S as a function of a are different for this two branches but S as a
function of E is same for both of them and given by:

§ (Ee +0B) =1 N? [_<q_2> log (<q—2>2‘q<q—1>q‘1N3‘Q> 1) 10g<q31> ) <q—3>]

4p 2
(¢ —2)° (g — 1) 'N>9 8
—log[ S/, }(6E)+ [—3N4(q_2)(q_1)}(6E)3+...
(3.38)

Note that (3.38) is completely smooth around E = E, = 1 N?(q — 2).

C. The solutions with a > 1 (i.e. E > NT2) At a > 1 (3.33) admits the solution

near u = 1; this is the thermodynamically dominant saddle at © = upax. Setting u = 1—9du,

du is solved to give as series in é:

ou = (i) a4 <ql_62) a4 (3.39)

It follows that:

InZ(a) = N%a + <—iN2(q — 1)) log(a) + ...,

N*(g—2)(g—1) (3.40)
39 >a+...,

S(a) = (—=N*) alog(a) + (N* (1 +1og (2pN7%))) o + ...

E(a) = N%a + <—
which gives

S(E)=F — Elog (pNqu> - ]f [q;l log <]2V€> + %(q—l) + é(q—l) <]2Vb;>_1] b

(3.41)
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. N2
3.4.4 Entropy as a function of energy for £ > =-

We have verified above that for £ > N72 the saddle point for the eigenvalue distribution
function becomes very peaked and so is well approximated by a delta function. Whenever
the eigenvalue distribution becomes so peaked effect of the holonomies on the partition
function of the system can be ignored. It follows that for energies much greater than N2
the partition function of our system is simply that of NpN9~! complex fermionic oscillators.
The partition function for our system thus reduces to

InZ(z) = Np N n(1 + ), (3.42)

For x < 1 (3.42) reduces to
InZ(zx)= zp N1 (3.43)

Substituting x =
first line of (3.40):

N%B‘p we find that (3.43) agrees precisely with the leading term in the

InZ(a) = N?a. (3.44)
The energy of the corresponding phase is given by
E(a) = ady In(Z(a)) = N3a. (3.45)

The entropy of this phase is given by

S(a) =InZ(a) — E(a)In Nqi_% = N? <1 —log <p]\f‘q_:,)>> a. (3.46)

Eliminating a between (3.45) and (3.46) we obtain

S(E)=E <1 — log (pNqu» . (3.47)

Note that (3.47) matches with the leading and 1st subleading term in (3.41).

4 The holonomy effective action with weak interactions

In the previous section we studied the free energy of the mass deformed SYK model in the
zero coupling % = 0. In this section we will study corrections to the results of the previous
section in a power series expansion in the coupling constant. For simplicity we also study
the special case Np =1 in (1.7).

In principle the leading large N contribution to Seg is given as follows (we restrict
attention to the massless case for simplicity in this paragraph). Consider the gap equa-
tion (2.4). We are instructed to solve this gap equation on a thermal circle, subject to the
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requirement that the solution respect the boundary conditions

G <t1 + g,b) =-UG <t1 — g,h)
G (tl,tg + g) = -G <t1,t2 — g) U_l
; ; (4.1)
b)) (tl,tz + 2) =-UX <t1,t2 — 2)
by (t1 + g,t2> ==X (tl — §7t2> Ut

We must then plug this solution into (2.2) and the corresponding result is represented by
Set(U). While this prescription is clear it is rather difficult to implement in practice. In
order to get some intuition for the effect of interactions on Seg(U) present some perturbative
results for this object.

The thermal partition function of theory (1.7) is given, as usual, by the Euclidean
path integral of the theory on a thermal circle of circumference 5. The free result (1.8)
is obtained by integrating out all fermions at at ‘one loop’ (i.e. by computing fermionic
determinants — we explain how this works in more detail below). Corrections to (1.8) are
obtained by including the contribution of more general diagrams.

It was demonstrated in [16] that, in the strict large N limit of interest to this paper,
the only graphs that contribute are melonic graphs. One way of organising the graphs
that contribute to our computation is by the number of melons a graph contains. We will
refer to a graph with n melons as an n'® order graph. Such graphs are proportional to
J?". As in the previous section we will be interested in the effective action as a function of
holonomies, Seg(U). Let the contribution to Seg(U) from graphs of n* order be denoted
by Sp(U). We have

Set(U) = > Su(U). (4.2)
n=0

As in the previous section we will principally be interested in the partition function in
the scaling limit (1.10). In this limit the temperature is very small and so 3 is very large
B ~ In N. For this reason it is important to keep track of explicit multiplicative factors of 3
(as opposed, for instance, to factors of x = e‘ﬂm) in our results. Below we will demonstrate
that n* order graphs have at least one and at most n explicit multiplicative factors of 3.
It follows that the contributions of n** order graphs to the effective action can be organised
in series

suy = 20005 () s =- (;ZL) Fou(mfoa,U). (43)

n
mr = mp
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Substituting (4.3) into (4.2), we can rearrange the sum over graphs as

s =52 () 1 (22,00

25 ko:oo 2,8 n—~k 44)
J J
Hy(—2 = kalad n .
(28 ) Zk( 2 R
As we are interested in the scaling limit (1.10) it follows that:
2 ~ 2 q—1
H, (M:UU> = H, <‘]5> e[ U,
m m paley
q—1
(@ U) = fiw H U,
i=1
(4.5)
J2,8 JQB n—k _
H _ - n

_xnwxﬂ ) (1),

where we will present an argument for the u dependences asserted here below.
Eq. (4.5) represents an interesting reorganisation of usual perturbation theory. This

reorganisation is particularly useful at small 7{722 < 1 but ﬁnite values of ﬁ As B~ %

in the scaling limit, it follows that % is fixed only for 7‘7]1 ln ~ - At these small values of
the coupling, Seq(U) is well approximated by the first term in the expansion in (4.5), i.e. by
the term proportional to Hy. We will explicitly evaluate Hy in this section and so reliably
determine the partition function when - <5 is in the parametric range described above. 36
In the rest of this section we present the results of our explicit perturbative compu-
tations. Although we are principally interested in the function Hjy in the scaling limit,
to set notations and for practice we first present the results of simpler computations. To
start with we work out the partition function at level zero and recover the free partition
function of the previous section. We then work out the partition function at level 1 (i.e.
including graphs with a single melon). Next we present our results at level 2 (i.e. including
all graphs with two melons). Finally we turn to the problem of principal interest to us,
namely the sum of the infinite set of graphs that generates Hy. As preparation for all these
computations we first briefly discuss the structure of the free Greens function.

36 Although this is far from guaranteed, it is possible that the approximation S.g ~ Ho has a larger
2
range of validity. Let us consider the parametric regime in which # is small compared to unity but large
compared to %ﬁ In this regime Lmﬁ is effectively scaled to infinity. Let us define

re = lim ﬂ (4.6)

2
I28 o0 120
m

If it turns out that ry is bounded (finite) then it follows that Hy is in fact also a good approximation to
2

the partition function for all values of 8 assuming only that # < 1. It would be interesting to investigate

whether r; above are actually bounded for all k; however we leave that to future work.
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4.1 Free Greens function

Consider the free fermionic Greens function

(0% (£)¥(0)).

We work in a colour basis in which the holonomy U is diagonal. In this basis in which the
action of holonomies on the fermions is given by

Uwa — eiﬁawa’
B (4.7)
U% = 6_26a¢
The free fermionic Greens function at finite temperature is given by
W ()¥p(0)) =Go(t)dy, Golt) = f(t,m,0a), for —B<t<p (4.8)
where
1 » 1
f(t,m,0,) = ie_(m"'wa)t [sgn(t) + tanh (2(m + zﬂa)ﬂ)]
4.9
e—(m+iba)t o o 6.5 ( )
e FICIORCICOET
Note that the function f obeys the identity
f<§+t,m,9a> =—f <—§+t,m,0a> for O§t<§, (4.10)

from which it follows that the Greens function is antiperiodic on the circle as required on
physical grounds.

Note that we have presented the Greens function only in the ‘fundamental domain’
—B <t < B. Our fermionic Greens function is taken by definition to be a periodic function
of ¢ with period 20; this property plus the explicit results (4.8) and (4.9) can be used to
define the Greens function at every value of Euclidean time as required. The extended
Greens function defined in this manner has singularities at t = nf for every integral value
of n, and is smooth everywhere else.

Note also that the ‘reversed’ Greens function (1, (#)1)°b(0)) is also given in terms of
the function Gy by the formula3”

(a(t)9"(0)) = —Go(~t)6;. (4.11)

This formula is also manifestation of symmetry of mass deformed SYK Lagrangian under
the simultaneous swaps 1) <+ ¢, U <> U™, m < —m.

3"Owing to time translation symmetry.
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4.2 Level zero: free theory

In this brief subsection we compute Seg at one loop, i.e. in the free theory. The result for
Set(U) was already presented in the previous subsection; we obtain that result here from
a one loop computation as a simple practice exercise. Let

oy = 25” (n+ ;) . (4.12)

The fields ¥* and 1), can be independently expanded in Fourier space as
_ Z ¢n€fiwnt J} Z 1/} etiwnt (4‘13)
When substituted the free part of action (1.7) becomes

S = Z 77/_}a,n[6(_i(«€)n +m + iea)]@/)a’n' (414)

Fermionic integration gives:

n=-+oo

Ze =[] TI [B(~iwn +m +ib,))
n=-+o0o
= H H i(2mn 4+ ) + mB + i6,0]
.
= H H —i2mn + ¢(0,)]
t n=-+oo
_ H c(0a)? T] [(=i2mn + c(8a))(+i2mn + c(fa))]
i (4.15)
=[Ie@w” TI [2rn)* + @)’
n=1
=[] <(6.)? (n f[oo(zm)2> nﬁm bt <C(€rar)z/2> 2]
a n=1 n=1

n=1

:NH [Sinh ¢ ga)] ~ H — (1 — =%y,

5 noteo 5 sinh@
=11 ca) ( IT @m) ) [C(ga)]
a 2

where

c(by) =mpB+ 10,8 — i

and
n=+oo

N=1TI II @vam)
a n=1
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Figure 2. Single loop contribution to free energy.

is an infinite holonomy independent constant. As for every 6, there is —f, to be taken
c(0q

)
into account [[,e 2 becomes independent of holonomy. Keeping only holonomy depen-
dent terms3® A
InZ = Z log[l + ze P 1 =e ™F, (4.16)
a
In other words
InZ = Trin[l + zU]. (4.17)

Expanding (4.17) in a power series in x we recover (1.8) at Ny = 1. In the scaling limit
we recover (3.6).

4.3 Level one: single melon graphs

The contributions of graphs with a single melon (figure 2) to the Free energy is given by
1 q
Fy = 5 203 (~1)q m? / T[] Golt1 — t2,04,) dtrdts, (4.18)
k=1

In this graph we contract each of fields in the interaction vertex ¢ with one of the
fields in 9. Consider any particular v field. This v field has to contract with one of the
q v fields in the second interaction vertex. It is thus clear that there are ¢ choices for this
contraction (the choices of which 9 our specified 1 pairs up with). Once this choice has
been made, if we are interested — as we are — in graphs that contribute only at leading
order in large N there are no further choices in our contraction. Recall that every one of
the remaining v’s (respectively 1’s) has exactly one colour common with the 1 (resp 1)
that we have just contracted together. The leading large N behaviour is obtained only if
the ¥ that shares any given gauge index with our special contracted 1 is now contracted
with the ¢ that shares the same gauge index with the special contracted ¢. This rule
specifies a unique contraction structure for the remaining fields. It follows that, up to a
sign, the symmetry factor is simply ¢. The sign in question is simply (—1)(@—1D+(g=2)+.+1
Recalling that ¢ is even, it is easy to see that this phase = (—1)‘1/ 2,

38Note that this also ensures for 8 — oo partition function is 1 and for 8 — 0 total number of states for
a given a are 2.
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The integral in (4.18) is very easy to perform. To see this note that the analytic
structure of the integrand as a function of t = t; — t5 takes the form

™M (Aq sgn(t) + By),

for various different values of q. The integrand is integrated from —g to g The integral

over t1 + to produces an overall factor of 3. The integrals are all trivial to do; evaluating
them we find the final answer

Fy = (;q/ *C3 qmp 1%9(q, ), (4.19)

where
1P (gz) = =2t |q|( ) (4.20)
1D Lr 1+ 20 '

The expression Trp(...) in the equation above represents the trace over an operator built
on a particular Auxiliary Hilbert space. The operator in question is a function of the
elementary operators Uy, that act on this Hilbert space. We will now carefully define the
relevant Hilbert space and the operators Uy and so give meaning to (4.20).

The operators Uy, in (4.20) have the following meaning. These operators are unitary
operators that act on a vector space whose dimensionality is IV 3(¢=1) The vector space
in question is the tenor product of ¢ — 1 factors, each of which has dimension N 3. Each
factor described above is associated with one of the ¢ — 1 gauge groups. Let us focus on
any one gauge group, say the first. The factor associated with this gauge group consists
of 2 distinct factors of isomorphic N dimensional spaces on which the N x N holonomy
matrices of the first gauge group naturally act.

Recall that each v field that appears in an interaction has exactly one gauge index
contraction with every other v field. This means, in particular, that the indices of gauge
group 1 are contracted between Z pairs of vs. This fact is the origin of the 2 distinct
factors of the space on which the holonomy matrices of the first gauge group act

With all this preparation we now explain the form of the operators Uy. Each Uy acts
as Uy (the holonomy of the first O(N) gauge group) on one of the  copies of the N
dimensional vector space associated with the first O(/N), and as identity on the remaining
2 — 1 copies of this space. In a similar fashion it acts as U on one of the 2 copies of
the N dimensional vector space associated with the second O(N), and as identity on the
remaining 4 — 1 copies of this space. And so on. Exactly two Ugs act as U; on the same
Hilbert space. Exactly two Us act as Us on the same Hilbert space, etc. Finally every two
Ugs act on the same Hilbert space for one and only one gauge group.® The symbol Trp
in that equation denotes the trace over the full N 3(4=1) dimensional Hilbert space.

From a practical point of view it is less complicated to use the definitions of the U
operators than it might at first seem. We could, for instance, expand the result (4.20) in
a power series in x. The formal looking expressions of traces of sums of products of U,

39This means that if U; and Us act on the same copy of the Hilbert space for gauge group 1, then they
necessarily act on different copies of the Hilbert space for all the other gauge groups.
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operators that appear as coefficients in this expansion can easily be evaluated in terms of
traces of powers of the holonomy matrices Uj ...U,—; of the factors of O(N).

A little thought will allow the reader to convince herself that the rules described above
imply that, for instance

q
Tr (Z Uk> = N RO T Uy T, (4.21)
k=1

q q—1
~ q 75q+6
Tr| Y OOk, | =oN [HTrUf (TrlUy)? ... (TrU,_1)?

k1#£k2 k=1
+1e2)+1e3)+...(1eqg-1), (4.22)
1 iy} (a—=2)(g—1) 2 2 2
T (Y U7 ) =qN 2 (TeU} Tol5 ... TeU; ). (4.23)
k=1

As an illustration of these rules let us evaluate the partition function in the low energy
scaling limit described in the previous section. Recall that in the limit of interest z ~

1

=3
and we are instructed to retain only those contributions to Seg(U) that are linear 1];[1 x;
terms of higher order in x can be discarded. It follows that the partition function in this
limit may be evaluated by Taylor expanding (4.20) in x and discarding all terms that are
quadratic or higher order in x. Using the first of (4.21) we conclude immediately that

(=12, I
Fy, = o1 C'2/2 gmpB N9~ H Pm (4.24)
where pl = % as in the previous section, and we have dropped the terms of order z°

which are independent of U,,.

4.4 Level 2: 2 melon graphs

At level 2 we once again have contributions from a single Feynman diagram figure 3. In
order to evaluate this graph we must evaluate in integral

q—1
Fy = 4' 10y (- /Hdt (H Go(t12,0a;) ) (H Go(taa, O, ))

=1
xGo(ts2,0c,)Go(t1a, bcy )- (4.25)

We give some details of this expression and the evaluation of this integral in the
appendix B. We have completely evaluated this integral with the help of mathematica
(see appendix B.2 for arbitrary number of melons), but the final result for Seg(U) in the
general case is too complicated to transfer to text. As before, however, the answer simplifies
dramatically in the low energy scaling limit of the previous section (see appendix B.1.1)
and we find

1)

q—1
Fy = <4, 10y 2(¢*)2mB IV (q) +m?8* 1LY ()] N 1a [T b, (4.26)
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Figure 3. Two loop contribution to free energy.

where

1) = —j(zq ~3), .

LY(q) = -1.
Note that the final answer had two terms; one proportional to an overall factor of 8 and
the second proportional to 2. In the next subsection we will argue that a graph at level
n, in the low temperature scaling limit, has terms proportional to 5 for ¢ =1...n.

4.5 The infinite sum H

We will now turns to a study of the free energy at level n. As in the previous subsection
we will focus on the start at the low energy scaling limit of the previous section, and so
retain only those terms in all graphs that are proportional to x. As we will see below,
general graphs in the scaling limit and at level n break up into different pieces that are
proportional to ¥ for k = 1...n.%0 We will further focus our attention on the graph with
the largest power of 3, i.e. in this subsection we will contribute that piece of the level n
answer that scales like 8"x. It turns out that this piece is rather easy to extract as we
now explain.
Let us first recall that the propagator in our theory takes the following form:

e—(m+iba)t

— —O(— —i0a 8 4.28
= O)—0O(-t)xze . (4.28)

(a(t)9"(0))

It will turn out (and we will see explicitly below) that the denominator in (4.28) only
contributes at order "' or lower in free energy linear in . For the purposes of the

4OFor instance the level one graph computed above was proportional to 8 while the level two graph was
the sum of one term proportional to A and another term proportional to 32.
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current subsection, therefore (where we wish to ignore terms at order z? or higher and
only keep highest power of ) this denominator can be dropped, and we can work with the
simplified propagator!

(Wa()9"(0)) =~ ("I O(t) — O(—t) @ e P | . (4.29)

In this subsection we assume m > 0; the case m < 0 can be argued in a completely analo-
gous manner with the role of ¢ and v reversed in the analysis below. In the computation
of Feynman diagrams on the circle we will need to choose a ‘fundamental domain’ on the
circle; our (arbitrary but convenient) choice of fundamental domain is

p g

——<t< = 4.30
2< <2 ( )

Finally some terminology. We will call the part of the propagator (4.29) that is proportional
to 6(t) the ‘forward’ (‘normal’) part of the propagator, and the part of the propagator
proportional to 6(—t) the ‘reverse’ part of the propagator. Note that the normal part of
the propagator ranges is modulus from 1 to /x; it is maximum (i.e. unity) at ¢t = 0 and
minimum (i.e. \/x) at t = g The modulus of the reverse part of the propagator varies in
magnitude from /z to x. It is minimum (i.e. equal to x) at t = 0 and maximum (i.e. equal
to \/T) at t = 5.

With all this preparation we are now ready to isolate the parts of the level n diagrams
whose contribution is proportional to z3".

To start with let us consider the simple nt" level ring diagram depicted in figure 4.
In this diagram we have n a type vertices and n b type vertices. In this graphs we have
q — 1 propagators connecting adjacent a and b type vertices, but only a single propagator
connecting b to a type vertices.

Consider any propagator between a and b type vortices — which has a type vertex A at
time £; and its adjacent b type vertex B at time t3. Depending on whether t; > t5 or 1 < t9,
all the ¢— 1 propagators from A to B are either simultaneously all reverse or simultaneously
all normal. If all propagators are reverse, the modulus of these propagators is less than
\/Eq_l < x (recall ¢ > 4). It follows that configurations in which the propagators from
A to B do not contribute in the scaling limit, and so all propagators from A to B must
be normal. Given that these propagators are all normal their modulus is proportional to
e~mla=Dlti—t2| Tt is intuitively clear that separating ¢; from t5 over a finite fraction of the
circle forces us to pay a high cost in factors of x; it can be shown (this will be clearer in

“1The role that of the overall holonomy dependent phase factors above is quite subtle. Naively these
overall factors can be dropped in their contribution to free energy diagrams. The naive argument for this
is that the net contribution to of these phase factors at any interaction vertex is proportional to ], eifa)ts
where the sum runs over the phases 6, of all the ¢ propagators that end at that interaction vertex. As the
interaction vertex is a gauge singlet, > 6, vanishes, so it might at first seem that the contribution of all
these phase factors drops out. This is in general incorrect. The subtlety is that ¢ is not single valued on
the circle. In diagrams in which propagators ‘wind’ as they go around the circle, one of the factors in the
product may effectively be evaluated at, e.g. t1 + 8 and so the net contribution of this phase factor could
B0,

turn out to be e”“e. While this contribution is constant (independent of t1), it is nontrivial in nonzero

winding sectors. Such a contribution will play an important role in our computation below.
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Figure 4. Circle diagram: a, b represents respectively insertions of 1, 1. Direction of arrow is
from 1 to 1p. The diagram is drawn for ¢ = 4.

a bit) that such configurations do not contribute to the result in the scaling limit. In the
scaling limit we only receive contributions from configurations in which |¢; — t5] is of order
%. It follows that for parametric purposes, we can simply regard ¢; and o as the same
point, replacing the integral over t; — t9 by % For parametric purposes, in other words,
each of the melons in figure 4 can be thought of as a single interaction vertex, inserted at
a single ‘self energy vertex’, inserted at a single time, with effective an effective insertion
factor of order JEQ

Now let us turn to the propagators between b and a type vertices. These are now n
different propagators connecting the effective self energy blobs described in the previous
paragraph. Let the effective times of insertions of these self energy blobs be T, T5...T,,.
Our graph is proportional to the product of n propagators, the first from 77 to T3, the
second from 75 to T3 ... and the last from T, to T} + w( where w is an integer. As each
reverse propagator contributes a factor of at least \/x to the integrand, no more than two
of these propagators can be reverse.

Let us first consider diagrams in which all propagators are forward. As all propagators
move forward in time, the final propagator in the sequence must end not at time 77 but
at time 77 4+ wB where w is a positive integer. The modulus of the product of these
propagators is then easily seen to be proportional to e~®™? = 2. In the scaling limit of
interest to us, the only option is w = 1. Once we set w = 1, the integrand of the diagram
is now independent of the effective insertion times 7;. The integral over these n insertion
times thus gives a factor 5", and the contribution of the graph in question is proportional
to 8™ as desired.

Now let us consider diagrams in which one of the propagators between the effective self
energy vertices is reverse, and the rest are forward. It is easy to verify that the modulus of
the product of propagators in such a graphs is proportional to ze~*™? where w = 0,1, .. ..
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In the scaling limit under consideration we are interested only in w = 0. Once again
the modulus of these graphs is independent of the insertion positions of the effective self
energy vertices, and integration over their locations produces a result proportional to z5™
as required.

Diagrams in which two of the propagators are reverse are kinematically very con-
strained. Similar argument as above shows these graphs are proportional to z only if
= —1, i.e, if the two reverse propagators each have length g (up to corrections of order
) and so all the forward propagators have length zero, again up to corrections of order

3-3- &

. These constraints ensure that such graphs are proportional to 8 but no higher power
of 8 (certainly not 8") and so are not of interest to the current section.

In summary, graphs of the form depicted in figure 4 only contribute at order 3™ if all
propagators from a to adjacent b type vertices are normal, if the separation between a and
adjacent b type vertices is of order %, and if the propagators between adjacent melons are
either all normal with net winding number one or one reverse and the rest normal with net
winding number zero. Once we have identified the parts of these graphs that contribute at
order z3", the computation of these contributions is very simple (see below).

Let us now turn to more general graphs than those drawn in figure 4. All graphs
that contribute to the free energy at leading order in the large N limit are of the general
structure depicted in 4, but with the melons in figure 4 replaced by effective melons or
‘cactus graphs’. The net effect of this is to replace the bare propagators between a and b
type vertices in figure 4 by exact propagators. Recall that we are only interested in the
propagator corrections at times ¢t = |t; — to| ~ % < (. The k" order correction to the
forward propagator at short times takes the schematic form

2k K n
G(t) ~ ‘Jjn,f pyes (%) (4.31)
n=0

As all values of ¢ that contribute to our integrand in the low energy scaling limit of interest
to this paper are of order %, it follows that all terms on the r.h.s. of (4.31) are of order %
As compared to the contribution of the graphs of figure 4, in other words, these graphs
have extra powers of J2 but no compensating factors of 3. It follows that The contribution
of such graphs at level n is always of the form 28" with h strictly less than n. Consequently
all such graphs can be ignored.

In summary, the only graphs that contribute at terms proportional to z5™ at level
n are the very simple ‘necklace’ graphs depicted in figure 4. We have already explained
above that the contribution of each of these graphs is easily evaluated in the scaling limit.
It follows that the computation of the sum of these graphs is a relatively simple job.

Relegating all further details to the appendix B.1.2 we simply list our results. The
contribution of order z3" to Seg(U) from graphs of level n is given, for n > 2 by

2n g-1 o n n—1
L Py =2 N0 (H p3n> ot o C20e| (2-22) o, )

m=1

where

¥(g) = (~1)2@ D2, (4.33)

4
2
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Summing these contributions over all n = 2 to infinity and adding the separate contribution

of n =1 we find Hy.
e _ n n—1 a2 )
2 (n_ll)! [V(Q)S”B)Uﬂ <2_ 2n > = 12) fﬁ‘ﬂ ]

q—1
Hy=2x NI™* (H pin)
m=1 n=2
q—1
=2z N¢! ( H p71n>

m=1

Lintg) EDpeta S2ue_Lana oo L CUTE VR

(4.34)

so that the free holonomy effective action takes the form (4.3) with Fj in that equation
given by Hy in (4.34).

Note that «(q) is positive for ¢ = 4,8,12... but is negQative for ¢ = 6,10,14.... It

%

q but blow up for the second set of values of ¢. It would be interesting to better understand

follows that the exponential terms in (4.34) decay at large for the first set of values of

the meaning and consequences of this observation.

4.6 Thermodynamics

At sufficiently weak coupling we have demonstrated in the previous subsection that the
free result for Seg(U) in the scaling limit, (3.6), is replaced by the formula

q—1
— Sen(U) = N7~ (H ph) xHo, (4.35)

m=1

where Hy was computed in the previous subsection.

Note that (4.35) has the same structure of U dependence as (3.6); it follows that
the partition function obtained by integrating e~%f#(Y) over U is simply Z(%) (where the
function Z(x) was defined in (3.6)). At small enough coupling Z is close to x, and the
structure of the canonical partition function generated by (4.35) is very similar to the
results described in detail for the free theory in the previous section.

What does consequence does the replacement of x by & have for the micro canonical
partition function? Let us first recall a simple formal result. Let

e Pm e_mﬁ(l + € ho(B)).

By linearizing the usual thermodynamical formulae it is easy to show that this replacement
results in the replacement

E [aso(E)

S(E) = So(E) + egho 55 ] + O(é%), (4.36)

(this result holds provided we expand about an analytic point in the phase diagram, i.e.

away from phase transitions). Clearly in our context this result applies if 7{722 ~ % and «

is taken to be small. However our results for the partition function are valid over a larger
parametric regime; they are definitely valid whenever T{TQQ ~ % even at finite values of a.
In order to understand the effect Hy has on the entropy as a function of energy at such

values of a we take a slightly different route.
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Define a ‘particle mass probability function’ p(m) by the following requirement
/dm'e_ﬂm/p(m') = zHy. (4.37)

Intuitively p(m) denotes a spread in the mass density function (which was a ¢ function for
the free theory) that mimics the effects of interactions in thermodynamics.

A little thought demonstrates that the following ansatz for p(m’) reproduces the struc-
ture of our perturbative expansion for xHy

p(m') = 3 %Qk <7|T5|ZT/Z> ('Tn‘]'>2k_2, (4.38)

k=0

where the functions gx(y) do not depend on J. Working with the probability distribu-
tion (4.38) is equivalent to replacing x by

© ., 1 P8\ (1IN .
x%/o e P p(mydm! = x Z o <’7lf> <|m|> / u"gg(u)du.  (4.39)
nk=0

—m2/J2

The lower limit of the integration in (4.39) can safely be approximated by —oo. If we want
the r.h.s. of (4.39) to equal Z we must choose

/ Z m(udu=1, [ Z u go(wdu = 24(0), "

0 2n—2
/ u" go(u)du = 4n <1 — > v(@)", n> 2
n

— 00

These relationships determine the moments the as yet unknown gg. Inverting these relations
we find
N ’ / |J12
p(m’) =26(m" —m) =& (m" —m —2v(q) -

m

) ) (4.41)
—47(q) 7y (m’ —m — V(Q)%)

m

Recall that the function p(m') in the free theory was just a § function localised at m’ = m.
The interaction effects considered in this section split this ¢ function into a set of 4 localised
d (or &') spikes, distributed in a width of order sz around m’ = m. As an aside we note
the striking fact that interaction effects — at least at the order we have computed them
— do not smoothen the free spectral function out.

It is not difficult to convince oneself that the function S(E) that follows from (4.41)
is qualitatively similar to the entropy as a function of energy derived in detail for the free
theory in the previous section, and in particular displays faster than Hagedorn growth.

5 Discussion

In these notes we have argued that the quantum mechanical model (1.1) — which is known
to agree with the SYK model in the strict large N limit — displays qualitatively new
dynamics at subleading orders in % We argued that the fluctuation spectrum about the
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finite temperature saddle point in this theory has new light modes — that originate in time
dependent O(N)?~! transformations — in addition to the modes that arise from conformal
diffeomorphisms and that were present also in the original SYK theory. The total number
of new light modes is (¢ — 1)]\772 and so is very large in the large N limit. We have also
proposed that the dynamics of these new modes is governed by the sigma action (1.3), with
a normalisation constant A whose value we have not been able to calculate.

Assuming that our proposal for the new light modes is correct, it raises several in-
teresting questions. It should be possible to check our proposal for the structure for the
effective action (1.3) by performing an independent computation of the four point function
of four operators in the theory (1.1) (by summing ladder diagrams) and comparing the
long time behaviour of this computation with what one obtains directly from (1.3). Such
a procedure should also permit the direct computation of the as yet unknown constant A.

It is also natural to attempt to find a bulk interpretation of our new modes. One
natural suggestion is that these modes are dual to gauge fields in AdSy*? If this is the case
it is interesting that the rank of the bulk gauge fields diverges in the effectively classical
N — oo limit. In other words the bulk classical dual of this theory is given in terms of a
weakly coupled theory of an infinite number of classical fields. The situation is somewhat
reminiscent of the proliferation of ‘light states’ in the duality of [48], and also the situation
with ABJ ‘triality’ in the ABJM limit [49] (although in this context the number of bulk
Vasiliev fields is never both parametrically large and parametrically weakly coupled). It
would be very interesting to investigate this further.

We have also shown that the density of states in an extreme mass deformation of
the model (1.1) displays a faster than Hagedorn growth at energies of order N2. In our
opinion this is also a very striking result; the phase that displays this rapid growth is the
‘thermal graviton’ or ‘string gas’ phase. The rapid growth in the density of states of this
phase presumably means it cannot thermally equilibriate with another system. It would
be interesting to understand what consequences this rapid growth has for potential bulk
duals of mass deformed versions of the theory (1.1).

Finally we have performed detailed calculations for the holonomy effective action of the
mass deformed theory (1.1) away from the strict large mass limit. In a particular scaling
limit that zooms in on the dynamics of the theory at energies of order N? we demonstrated
that the holonomy effective action of our theory, Ses(U) takes a simple universal form. We
were able to capture the leading interaction effects by summing the appropriate infinite
class of graphs and obtain a very simple effective action that captures the leading deviation
away from free behaviour. It should certainly be possible to generalise our perturbative
computation of Hy to a computation of H;. More ambitiously, it may eventually prove
possible to completely sum this perturbative expansion. We leave investigation of this
possibility to the future.
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A Conformal kernel

In this appendix following main result is proved

~ 1
/dt3 dty Ko(ty, to;t3,t4)(9e) (13, 1a) = B (ge)a (11, b2), (A1)
where relevant quantities are defined by
~ —2 -2
EKo(tr, ta; ts,14) = — |Geltr, 12)| ' Gt 13)Gelta, 1a) | Gelta, 1a)| 7,

. (A.2)
ge(t1,t2) =|Ge(tr, t2)| T Gelty, t2)[H(t1) — H(ta)).

Important part of the integration is given by:

Q(h,tg)z/dts dty Ge(ty, t3)Ge(ta, ta)Gel(ts, ta)? ' [H(ts) — H(ts)]

== 1 [ s Gt t)H (1) [ s Gultant) TP Get

- ‘Jl,Q /dt4 Gc(tQ,t4)H(t4)/dt3 Ge(t1,t3) |J‘2G6(t37t4)q71
= g s Gl ) H (1) (=Bt ~t3)) = 155 [ s G t) HCt) (=601 1)
:|J1|2 [Ge(t1,t2)H (t2) + Ge(ta, t1)H (t1)]

__ uﬂzac@l, ta) [H(t) — H(t2)].

q—2

This proves claimed result when multiplied with —|G.(t1,t2)| = .

B Details of the perturbative computations

B.1 Leading power of 3
B.1.1 Two melon graphs

In this subsection we consider the contribution to the free energy given by figure 5. First
non-trivial effect of winding is seen at this level as explained below. The term whose Wick
contraction is calculated is %(sz4 + h.c.)* — where each of *Cy /2 terms contribute the
same. The symmetry factor is calculated as follows. Any one of ¢ number of ’s of first
Y-vortex contracts with any one of ¢ number of 1’s of any one of two 1)-vortex to give a
factor of 2¢%. Any one of ¢ number of ¢’s of second 1)-vortex contracts with any one of ¢
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Figure 5. Direction of arrow is from 1 to ¢. The diagram is drawn for ¢ = 4.

number of ¥’s of remaining -vortex to give a factor of ¢2. In large-N only non-suppressed
diagram is obtained by joining v to ¢ (of same vortex) of same common colour. Choice
of external propagator gives ¢ — 1 possibilities at each blob. Sign of the symmetry factor
comes from noticing as there are two identical ’blobs’ sign of contraction of each blob cancel
and overall sign is just because of contraction between two ’blobs’, it turns out to be -1.

Contribution of symmetry factor at this order becomes

1
Fy= 1 404/2 (—1)2[¢*(q — 1’1, (B.1)
where
4 q—1 q—1
@ — / 14 (H Go(tlg,ﬂai)> <H Go(t34,9bi)> Go(ts2,0cy)Golt1a, 0e,). (B.2)
=1 =1 =1

Where s are holonomies on different propagators. Here time differences are not necessarily
single valued and to satisfy the constraint

tig 4 taz + t34 + ta1 = wp,

where w = 0,+1, £2 (note that each ¢ is in (—g, g), and this restricts allowed values of
n) we introduce dimensionless Lagrange multiplier integration

too ds . t t t ta1 —
P= /8/ iels(t12+t23+t34+t41*w/3) =4 < 12 + f23 + 3ﬂ4+ 41 wﬂ) . (B3)

In the scaling limit (assuming m > 0), the propagator becomes

Go(t) — 6_(m+wa)t9(t) - xe—iGaﬁe—(m+i9a)te(t) o xl/Qe—mB/2e—i0aﬁe—(m—&—i@a)te(it)' (B4)
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This way of writing ensures in each of three parts of Gy excluding explicit x dependence

integration over —g to g gives only positive powers of x. We will refer to these three parts

of Gy as 20, z, z1/2

contributions.
In the scaling limit of interest I*) can receive contribution from 5 different types of

integration

I® =20 everywhere + /2 on one of the outer (f,,,0,,) lines
+ 2'/2 on both of the outer lines + x on one of the outer lines (B.5)

+ @ on one of the inner lines (04, 0a, -y 06;5 0y - Op,_1)-

Note that choosing #'/2 on one of the inner propagators will force choosing all the inner

1/2 term due to unit step function. Therefore this choice

propagators in the same blob to be z
is ignored in scaling limit calculation. Here we’ll present the calculation corresponding to
the first one and mention results for others.

Consider /2

on 6., say, and on all others we choose x independent part of Gy. This
ensures following time ordering for non-zero integrand tio > 0,t30 > 0,t34 > 0,41 > O,
with which only consistent values of n are 0,1. Contribution to I becomes, omitting
B(—a'/?)e=WerBetiberwl (for a contribution like Fy we must have n = 0 which is shown to

be true below)
](4) ~ ﬁ(_x1/2)6i9c156+i9c1w5/35 dt1o ditsy dtsy dtyg efiswﬁ e*(m(Q*l)*iS)th
s

6—(m(q—1)—is)t34 6+(m+is)t41 —mﬁ/Ze— (m—+is)tsz

» ) ds (ez‘sﬁ/2 _ x1/2)(z1/26—isﬂ/2 . 1) »

— _ 1/2 196 ﬁ +Zec wﬁ _ zswﬂ 3/2
floz e afem™ /277 Grilg=Oms—amez ¢ TOE,
(B.6)

where we ignored higher order contributions in x. Simplifying the numerator gives 3 terms:

z independent piece that comes with a non-zero phase factor e**8/2 (which will give a factor
of B upon integration because only w = 0 will contribute), 21/2 term that comes with no
non-trivial phase (cannot give a § upon integration),  term drops out in scaling limit.
Rest of the integration can be done easily choosing proper contour (semi-circle on upper
or lower half plane as required by convergence) to ensure only w = 0 term contributes to
give the following result

2 q
e 2 (14 D). |
w,0L (qm)3 + 4mﬁ (B 7)
All other integrations can be performed similarly to give leading order contribution to free
energy

1 (q— 1) : T

Fi= 3 0y 2202 N0 TT o, + 0(9) (5.3)
4! q> .
m=

B.1.2 n melon graphs

Here a circle diagram with n > 2 blobs (figure 6) is considered and leading term in f is
calculated using methods demonstrated in previous sub-section.
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Figure 6. Free energy diagram with n melons.

Symmetry factor for the diagram in large N limit is*3

_ 1\ +ntl
(1()71!)2 n! (¢*)" (n— 1) (B.9)

The leading order contribution in 5 comes from two distinct choices — i) considering /2

in any one of the n external propagators (with holonomy 6, say) with z° part of the free

propagator in all others and ii) 2° part of the free propagator in all propagators.
Contribution from the integral due to choice (i) is easily seen to be

. . ds . 1 1
2 1/21 n =16 8+iwb. 6 —i(w—3)spB
v lgl" e ﬁ/ o € ’ (—is+m(q—1))"(is + m)"
1 3 n (B.lO)
- _9 n _—i0.0 5
T lg" e (n—1)! (qu) w,0>

where we have kept only highest power of 3. Note that extra powers of beta 87~ came from
the integration because of evaluation of residue around a pole of order n. This contribution

is to be multiplied with a factor of n due to freedom in choosing one external propagator

1/2

on which z*/“ is considered.

“3Here an extra factor of (n — 1)! comes as compared to n = 2 case because of freedom of joining n blobs
with one another.
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Now we turn to the choice (ii). In this case contribution to the integral is

_isB
‘g|n eiw%ﬂ 6/ @ e—iwsﬁ : (1 — x1/2€ is 2.>n
27 (—is+m(q—1))"(is + m)"

) 1 n o /on—1
=2z |g|" e P b — 1) dwa.
(n—1)! \ 2mgq n ’

As before we have kept only highest power of 3. Note that this contribution vanishes for

(B.11)

n=2.
After summing over the holonomies, and canceling loop N’s with that of scaling of g,
contribution to free energy becomes

m

g—1 _ n n—1
Fyu =22 NH(H@) ot po S| (-2 ) row . @

m=1
where
Wg) = (~DIO (B.13)
B.2 All powers of § in a circle diagram

In this subsection we shall compute explicitly the integral involved in computing the con-
tribution to the free energy in the scaling limit linear in x = =",
The free fermionic Green’s function at any finite temperature is given by,

(¥(1)1(0)) = Go(t)

_ %67(m+iaj)t [sgn(t) 4 tanh <§(m + iog))]
_ o (mepiay)t [9@) _ xefiajﬁ] , (B.14)

where, 2 = e™™% < 1 (scaling limit). Hence, one can also write the ‘reversed’ Green’s
function at finite temperature as,

(BOU0) = Gi-m) = 36 sgut) — it (Som +i0p)) | (B9

Here a; are holonomies, satisfying the following constraint

q
> a;=0. (B.16)
j=1

Now in the computation we use discrete representation of the delta function

6 (o1 +ts2 + taz +tsa +tes + .. . — by 95, + 1 37
1 = —2mi% (ta1 o tlas it R —
_ 5 (a1 +ts2ttazHsattes+ - - - —lgp—7 9+t 2, )‘ B.17
273 w:z_:ooe ( )
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B.2.1 Evaluating the integral
Let us focus on the diagram which can be computed as using the integral,

s B/2 ) » )
e = ﬁ (%)Qn Z [/5/2 dty e~tr(mtiog) =2mi5h (sgn(tl) + tanh (7’”52“"1/3))

n

B/2 . o
/ dty ela(@=m=iea) 2G4 son(ty) — B)) (B.18)

—B/2

Here the first integral inside the sum is a single propagator while the second one represents
the melon with ¢ — 1 propagatrs, where A and B are defined as

qﬁ jsen(ty) — tanh (#5242) | = (—1)7 (4 sgn(t) = B) (B.19)

We integrate over the time intervals of these propagators in (B.18) and since there are n of
them we raise it to the power n. However, we would also have to implement the constraint
that the times add up to an integral of 5. This is achieved by repesenting the delta function

W,
on a circle of length § as an infinite sum. This contributes a factor of ¢*™B" in each of
the propagators as shown in (B.18).

Now we would like to focus on the integrals within the box brackets in (B.18)

o0

FED = 3 [160] " (B.20)
Upon integrating over ¢ and ¢, one finds that
19 = hitfo o 2T (B.21)
@ ((g—1)m —iag+ 2)(m+iog — z)’ B

Here f1 consists of terms with eTF2P where k € Zeyen while fo consists of terms eEkzb/2

where k € Zgyqq. Its is evident that upon raising Io(f]) to n one would have to evaluate sums
in z of the form

g - i othzB .
Lo W= —00 (((q - 1)m — iaq + z)(m + iaq _ Z))"’ even
> k=82
% k € Zoda- B.22
’ w_z_:oo (((g — D)m —iag + 2)(m + iy — )™’ € ZLodd ( )
Since z = —% we see that these reduce to
.- 1
S B )
1 wzz_oo (((g = 1)m —idag + z)(m + iag — 2))"
> ez,B/Q
%= . B.23
’ w:z_:oo (g — D)m — iy + 2)(m + iy — 2))" (B.23)
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We will use the technique of Matsubara summation to evaluate the above, where a
weighting function is included to replace the sum by a contour integral. So, first let us

evaluate S;. With a weighting function f(z) = ﬁ, one can replace the above summation

1—
with the following contour integral,

dz
?{ (1—e*P)(((g— 1)m —iag + 2)(m + iag — 2))"

Notice that the integrand has two poles at z = 2z, = —(¢ — 1)m + iy and z = 2z, =

Sy = (B.24)

m +1iay and both are of n-th order. Using the residue theorem, one can evaluate the above
integral as,

1 1
— (n—1) . (n—1)
e v T MG pepec)y popmns TR O prng YL MY ppecch pop

(B.25)

Now, it is very easy to verify that for any function f(z),

n—1 (n—k—1)
(-1 | (., 1 Nk ey (PR 0: f(z)
) [f( >(Z — za)”] kzo( 1) o =1 (2=t (B.26)

In the present case, taking f(z) = ﬁ, one can evaluate
1 Bne—ﬁz
o [1 - eﬁZ] = e = A (B.27)

where, A(n) is the Eulerian polynomial in e=#%, given by,

1
A(n) = (=) Oy (m+1— k)" e Pm (B.28)
0 0

3
t

3
|

® i
b
Il

Using equation (B.27) and

agn—k—l)f<z)_a£n—k—l)|: 1 ]

.28), one can easily obtain,

1—ef?
Bn k—1 n—k—2m+1
= l k —k—1_—B(m+1
S Sy e 1t
m=0 (=0
1
+m(5n,k,170 (B29)

Finally Substituting equation (B.29) into equation (B.26), we have,

o [(Ji()>] = o {u - eﬁ'ﬂl(z - >]

n—1 n— n—k—2m+1
B T B S S &
(z — zg)"tk (n—1! |[(eBz—1)nk
k=0 m=0 [=0
1
n—kCl (m +1 - l)n—k—le_ﬁ(m-‘rl)z + 1 _ o> 6nk1,0:| (B?)O)
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Evaluating the above expression at both the poles z = z, and z,, one can compute S as
expressed in equation (B.25).

Now let us discuss about evaluating the summation S as given in equation (B.23).
With a weighting function f(z) = fft;j,
following contour integral,

one can replace the above summation with the

eP2/2qz
j{ (1—e)(((q = )m —iag + z)(m + iog — 2))"

Notice that we encounter the same n-th order poles in the contour integral as we had with

Sy =

(B.31)

S1. The residue computation for evaluating this contour integral needs to evaluate the
following term as before,

B(n) (B.32)

eBz/2 B Bne—ﬁz/Q
1—ef?

(n) — o) -
9" f(z) = 0 |: Qn(efﬁz _ 1)n+1

where, B(n) is the Eulerian polynomial of type-B in e P%_ given by,

= > ()G, 2k + 1) e (B.33)
m=0 k=0

Finally, using equation (B.26), (B.32) and (B.33), one can obtain,

z/2
agnfl)[ f(Z) } _ gn 1) eh/ :|
(z — zg)" (1 —eb2)(z — z4)™
n—1 n—k—
— _ n+k k (n _ 1)] 2n7k71(67/3z _ 1)nfk
—k—1 m
Z m l n— kC (2l + 1)n k—1 —(2m+1)ﬁz/2 (B34)
m=0 [=0

Now using the above equation one can compute the residue and hence the integral (B.31).
This finishes the computation of Sy as given in equation (B.23).

One finds that S; depends only linearly on 2 = e~™? while Sy depends as /z. Further
noting that the difference in A and B in (B.19) behaves as A — B = O(x97!) we find that

fi = (A B)O@Z ) = 0@92) and fo = (A— B)O(z— 2 ) = O(z3). Therefore in

=1
the scaling limit one can take A = B = 2972 (1 -z 6250‘1').
j=1
Therefore evaluating (f; + f2) ~ Fy + F in the scaling limit — where once again

*k2B/2 where

F) consists of terms with e*#*% where k € Z while F» consists of terms e
ke Zodda F(n) = Slpl + SQFQ. Here FLQ = F172(Z == O).44
The fact that only these two type of summations contribute for any integer value of k,

makes it easier to evaluate equation (B.18) in the scaling limit as,

(2n) 2nn_ 2(q ! zp" i n 2+k n—1
1@M—=g ZW@ — 27 ) ("L (n + k) Hpm (B.35)
k=0

44Gince their 2z dependences were where taken into account in evaluating S; and Ss.
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which can be re-written as

" J2B\" 22N\ om \F ol n e o
7o) _ (m) T <m2) ( ﬂﬂ) o @ = 2T+ ) [ ol
q k=0 q m=1

+0(B) (B.36)

or equivalently keep all orders in 3 as

G0 _ miit]" (zi)j(;;) [(n(in& ?1!_1 mB <1 —n(q—2n+ 3)) (B.37)

+ Z n+k— 1)' (1 . 2k+27nn)(mﬂ>n7k T ‘]1:[1 pl
Kl(n—k—1)! g~ L
This multiplied with (B.9)x N9~! gives contribution of a circle diagram with n melons.

B.3 Evaluating the subleading correction

We end this appendix by presenting a technical result which we do not use in the main
text of the paper, but record here anyway, just in case this result finds application subse-
quent work.

The technical result we report here is the evaluation of the Feynman integral for
diagram figure 7 (the figure is drawn for ¢ = 4 but we present the evaluation in general),
which is one of the diagrams that would contribute to the generalization of the results
presented in this paper to subleading orders in % We present the result for the Feynman
diagram ignoring the symmetry factor (which can easily be independently evaluated). We
evaluate the diagram of figure 7 as follows. In order to get the integrand of the diagram we
first multiply together all the propgators that make it up, keeping careful track of holonomy
factors and making use of the fact that holonomies at any interaction vertex sum to zero.
The integrand is the term in the big square bracket in (B.38) with ¢; and ez temporarily
set to zero. The first two lines on the r.h.s. of (B.38) are the n — 2 factors on the in the

diagram figure 8.4°

The next four lines on the r.h.s. of (B.38) represent the second factor in figure 8. Lines
3-6 on the r.h.s. of (B.38) are the remaing factors (the propagators outside the square

45¢, in this term is the length of the straight line in these factors, while t is the length of the 3 (or more
generally ¢ — 1) melonic lines in the part figure 8 that is enclosed in the square bracket. Really there are
n — 1 different t1s and n — 2 different t2. As ¢t; and t2 are dummy variables that we integrate over, we have
used the same symbol for all of them.
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Figure 7. Subleading diagram.

bracket) in figure 8.4

1 = () K / i/; dtre” "IN (san(n) + tanh (242 )
= iVA

&y "
(g=Dm—ioa=i'g)ta (sgn(ta)Ar — Bl))
5/2

~(mian+i ﬁ) (sgn(tl) + tanh (‘mﬁgiOélﬁ))

5/2 2
(m+za2+l )tS mptiazp
dise B sgn(t3) — tanh ( =525
( —B/2 ( ) ( 2 >>)
ﬁ/2 (e1+e2)
/ ((g=2)m—i(entaz)—i==F—")ts (sgn(ts)Ar2 — Bi2)

’3/2 —(g—1)m+ica ig 5
/ e TIOR3 40 4 By) (B.38)

—B/2

After evaluating the integrand we need to perform the integrals. Roughly speaking we
must integrate all propagator lengths in the integrand above from —é to g However we
need to do this subject to the constraint that as we go round either of the two circles in
the diagram figure 7 we come back to the same time as we started out, modulo 5. This
is where the parameters €; and ez in (B.38) come in. €; couples to the sum of lengths of
propagators in units of 8 around the big circle in figure 7, while e multiplies the sum of
the lengths of all the propagators as we go around the small circle — again in units of 5 in
figure 7. The constraint that these lengths evaluate to an integral multiple of 8 can then
be implemented by setting €12 = 27w 2 and then summing w; over all integral values, as

we have done in (B.38).

46The third line in (B.38) is the straight line in this part of figure 8. The last and secondlast lines in (B.38)
are, respectively, the blobs of ¢ — 1 and ¢ — 2 propagators in this part of figure 8. Finally the fourth line
in (B.38) is the product of the two proagatogrs that run between the ‘¢ — 1 blob’ and the ‘g — 2 blob’. The
times in all these terms represent the lengths of the corresponding propagators.
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Figure 8. Parts of subleading diagram.

In order to proceed we perform the time integrals in an unconstrained manner. The
result can be rearranged (according to its w; dependence) as a sum of four types of terms.

1. Terms containing e*(21+22)8 where k € Z
2. those with e¥#16/2 where k € Zoad
3. with eF%28/2 where k € Zoad

4. and eF(51+22)8/2 where k € Zogq;

where z; = —%wi.

We deal with these four classes of terms spearately; for each class we explicitly perform
the sum over w; (by reducing it to a contour integral as in the previous subsection) and
expand the resultant expression in a Taylor series in = (again as in the previous subsection),
keep only the terms that are linear in x. Combining together the results from each of the
four classes we obtain our final result

gy (T2BY'S= wlg—1) 260204 (n—1)22K) 2n+k—2)0(ntk—1)
! (%) 2 (mgBy T(n—k — DI+ k) f:[
+0(8%) (B.39)

(the terms O(3?) that we have omitted to list in (B.39) are the terms with k = n — 3 and
k = n — 2 which exist in the final answer but the values of whose coefficients do not follow
the uniform rule of the other terms).

Note that (B.39) scales like % in coordinated large 8 small J limit in which J24 is
held fixed.

C The holonomy effective action from the sigma model

In this section we ask the following question: what is the contribution to Seq(U) — the
effective action for holonomies — resulting from integrating out the new light degrees of
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freedom discovered in the massless tensor model in early sections in this paper? In the bulk
of this section we address this question at the technical level. At the end of the section we
turn to a quick discussion of its physical import.
Turning on holonomy is equivalent to putting appropriate boundary condition on
B8

fermion fields. This translates into boundary condition on V;, given by V] (—5) =

UV, (+§), U € O(N). This boundary condition is equivalent to the computation of

the partition function
Z = e %enlU) = Ty ¢ BHY (C.1)

where H is the Hamiltonian of the quantum mechanical system (1.3) and U is the quantum
mechanical operator that implements left rotations on the sigma model by the O(N)4~!
group rotation U. The partition function (1.2) is the product of ¢ — 1 factors, associated
with the sigma models on the ¢— 1 gauge groups. It follows that the effective action Seg(U)
that follows from this computation takes the form

Se(U) = Z S(U;). (C.2)

In the rest of this section we compute the functions S(U;)

Let us first note that the Hilbert H space on which any one of the factors of ¢ — 1
distinct factors the sigma model (1.3) acts is given as follows. The Hamiltonian acts on
the Hilbert space H

H = Rl ® Rz (C.3)

R;
The sum R; runs over all genuine (as opposed to spinorial) representations of O(N). R;
denotes the vector space on which O(N) acts in the ith representation. The space R; ® R;
transforms in the representation R; x R; under O(N)z x O(N)pg; the operator U acts
as an O(N) rotation on the first R; but as identity on the second R;. The Hamiltonian

corresponding to action (1.3) is diagonal under the decomposition (C.3); the energy of the
JCa(Ry)

DANT -

Representations of O(V) are conveniently labeled by the highest weights (hq, ha, h3 .. .),

ith factor of the Hilbert space is

the charges under rotations in mutually orthogonal two planes. Let h =), h;. At leading
order in the large N limit the dimensionality of the representation R; depends only on h
and is given by

Moreover the Casimir Cy(R;) of representations of O(/N) also depends only on h at leading
order in the large N limit and is given by

C2(R;) = Nh.
Let xg,(U) denote the character in the R; representation of O(/N) and let

XnU) =Y xr,(U), (C.4)

R;eN
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where 7 denotes the collection of all representations of O(N) with h = n. In other words
Xn(U) is the sum over the characters of all representations with h = n.

Note that all representations with h = n can be constructed — and can be constructed
exactly once — from the direct products of n vectors of O(NN) (this is true when N > n
as we assume).*” Let P, denote the projector onto representations with h = n

PLlf(U))] = / A" X, (U)X, (U ). (C5)
R;en
It follows that
xn(U) =P, [(TrU)"]. (C.6)

where U on the r.h.s. of (C.6) represents the group element in the vector representation
of O(N).
Finally we define
J
2 = ¢ 2ANG-3 (C.7)
It follows immediately from all the facts and definitions presented above that
o0

e—SWi) Z (zN)" X (U5). (C.8)

n!

n=0
Using (C.6), (C.8) can be rewritten in the (perhaps deceptively) elegant form

Note that
/dUe_S(U) =1. (C.10)

This is an immediate consequence of the fact that the vacuum is the only representation in
the spectrum of the group sigma model that is a singlet under O(N)r. It follows that the
partition function generated by S(U) by itself is trivial. However S(U) is only one piece
of the effective action for U in the massless tensor model (1.1); we get other contributions
to the effective action by integrating out the fermionic fields themselves (as was explicitly
done earlier in this paper for the case of massive fermions). When put together with other
contributions the effective action (C.9) could have a significant impact on the partition
function, especially at temperatures scaled to ensure that the matter contribution to the
effective action — like the contribution of the sigma model considered in this section — is
of order N2.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

4TNote, however, that not every representation of n vectors has h = n; the product space includes
representations (formed by contracting 2 vector indices) with h = n — 2, and representations (formed by
contracting 4 vector indices) with h=n—4 ....
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