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1 Introduction

The notion of effective field theories (EFT) is central to modern particle physics both at
the conceptual level and as a calculational tool. In particular the large range of quark
masses in nature invites the EFT construction. If the quarks are very light as compared
to the typical scales, their masses effectively become irrelevant and can be treated as a
perturbation; the theory of strong interactions in this limit acquires additional — chiral
— symmetry and can be matched to an effective low-energy theory described by chiral
Lagrangian. Similarly, if the quarks are very heavy, their masses again become irrelevant.
Heavy quarks in loops decouple whereas heavy quarks in initial and final states move along
their classical trajectories and can be thought of as sources of an external Coulomb field.
The corresponding EFT — the Heavy Quark Effective Theory (HQET) [1] — is well estab-
lished and contributed significantly to the studies of flavor sector of the Standard Model.

Gauge theories can have “hidden” symmetries that are not seen at the Lagrangian
level. In particular, it turns out that the renormalization group equations (RGEs) in QCD
are integrable for several important cases to one loop accuracy in the multi-color limit [2—
6]. This property allows one to apply a powerful mathematical apparatus — Quantum
Inverse Scattering Method (QISM) [7—10] — to study properties of these equations and



their solutions in great detail, see e.g. [5, 11-14] for several concrete applications. Inte-
grability was also discovered in the N' = 4 supersymmetric Yang-Mills theory [15, 16] and
is much more powerful in this case. A comprehensive review of integrability in A/ = 4
supersymmetric Yang-Mills theory and its connection with the AdS/CFT correspondence
can be found in [16], together with further references.

It is natural to expect that an EFT describing a certain sector of the underlying theory
retains some of the symmetries. Indeed, it was found [17-19] that RGEs in HQET for the
operators involving one effective heavy quark and light degrees of freedom are integrable
under similar conditions as in QCD with light quarks and are related to unconventional
integrable models with the Hamiltonian commuting with the nondiagonal entry C'(u) of the
monodromy matrix. Analogous unconventional integrable models have appeared recently
in the studies of high-energy scattering amplitudes in the N' = 4 supersymmetric Yang-
Mills theory [20-23].

In refs. [17-19] only the results of immediate relevance for the phenomenology of B-
meson weak decays were presented without derivation. The aim of the present paper is
twofold. First, we provide a more complete mathematical treatment of the RG equations in
HQET in the framework of QISM approach. The relevant spin chain models are identified
and solved for one heavy and arbitrary number of light degrees of freedom.

Second, we discuss the relation of integrable models that appear in the HQET context
with the large-spin limit of integrable models in QCD with light quarks [4-6]. We find that
the conserved charges in HQET models can be obtained from the light-quark counterparts
by a simple rescaling procedure, and also the “ground state” wave functions are related.

2 General remarks

2.1 Renormalization group equations in HQET

For our discussion the two-component spinor formalism is the most convenient. We write
the Dirac spinor as

P B _
q= <_§ , 7= (x"a) (2.1)
and decompose the gluon field strength in terms of chiral and antichiral symmetric tensors
f af and f d,@"

Fopap = UZaUZBFW =2 (%,Bfaﬂ - Eaﬁfdg) ) (2.2)

which belong to (1,0) and (0, 1) representations of the Lorenz group, respectively.
Twist decomposition is usually done by a projection on a pair of auxiliary light-like
vectors n? = 0, 72 = 0 which can be represented by a product of auxiliary spinors

Naa = nll«o-gd — >\a5\o'z> Nag = ﬁﬂo-gd = ,ua/]d (23)
where A = Af, i = uf. The “4” and “” fields are defined as

Xt = A%as Py = A%a, fir = AN fap, fro = X0 fag, Frr = XN F (24)



etc. The effective heavy quark field of HQET h, can be represented by a Wilson line in a
timelike direction v = (1/2)(n +n), v? = 1 with an attached free Dirac spinor so that [24]:

(Ol 0)h.0) = 0. ~v0c] = Pesp i [ :

—00

da UMA‘M(OHJ):| . (2.5)

The equation of motion (EOM) ¢h, = h, implies for the two-component spinors
hy=—h_, h_=hy. (2.6)

In this work we will be dealing with renormalization of gauge-invariant operators built
of a heavy quark and light quark/gluon fields at lightlike separations (“light-ray opera-
tors”). The simplest operator in question is

_ 1
O4(z,p) = 4 (zn)[zn,0]hy(0), [zn, 0] = Pexp {ig/o da nHA“(azn)} . (2.7)

Thanks to (2.5) this operator can be viewed as a single light antiquark attached to the
Wilson line with a cusp containing one lightlike and one timelike segment. Its matrix
element between vacuum and HQET meson state defines what is called a leading twist
heavy-meson (e.g. B-meson in static limit) distribution amplitude (DA) in position space

§(010- (2, I B(v)) ~ B (5 1) (2.8)

The DA &, (z; 1) is an analytic function of the light-cone separation z in the lower half of
the complex plane. Its scale dependence is driven by the RGE for the operator O (z, u),
which has the form
0 0 «asCp
7

o + B(g)a—g + quh> O (z,p1) =0, (2.9)

where the evolution kernel #H,, (the heavy-light “Hamiltonian”) is an integral opera-
tor [25-27]

1 «
Hanf)(2) = [ (£6) - af(@2) + i) £2) = (on + o) 2). a=1-a.

0 «
(2.10)

Here o}, = 1/2 and o, = 3/4 are the heavy and light quark anomalous dimensions, respec-
tively. In what follows we imply using dimensional regularization with minimal subtraction
(MS-scheme).

It was noticed [28] that this operator can be written in a simpler form in terms of the
generator of special conformal transformations

Hon = ln(i,uS;) +vg —on —0q. (2.11)

Thus Hgp, and S; = 220, + 2z share the same eigenfunctions

i9:Qu(2) =5Qu(2),  HpnQo(2) = [n(us) +yp— 00— 0| Qu(z)  (212)



with
1 is/z
Qs(z) = ——e"7, (2.13)

22

providing the complete set of solutions for the RGE (2.9).

In the description of heavy baryons and also of higher Fock states in heavy mesons,
more complicated operators arise that involve more than one light degree of freedom, of
the type

Vi (z1n)h4 (22n) k4 (0)
X+(21n) f+ (22n)h4.(0)
X+ (211) f+— (z2n)h—(0) , (2.14)

etc., where we suppress color structure and the gauge links. The “Hamiltonians” appearing
in the RGEs for such operators to one loop accuracy have a pairwise structure, e.g.

Hagh = Hag + Han + Hgn , (2.15)

where the “heavy-light” two-particle evolution kernels have the form similar to (2.11) with
the generators in the appropriate representation, and the “light-light” ones can be written
in terms of the corresponding quadratic Casimir operators [29]. Explicit expressions can
be found, e.g., in [19].

It turns out [17-19] that these more complicated RGEs are completely integrable and
can be solved using QISM techniques. In this work we construct and discuss the corre-
sponding spin chain models which differ somewhat from the standard ones and may be
interesting in other applications.

2.2 Spin chain models

The RGE kernels in HQET of the type (2.15) can be identified with the Hamiltonians
of certain spin chain models with SL(2,R) symmetry. These models describe quantum
mechanical systems of interacting spins, S((xk) = {Ssrk), S(_k), S(()k)}, which are the generators
of SL(2,R). The index k = 1,..., N enumerates the sites of the chain, where the number
N corresponds to the number of light degrees of freedom. The spin operators on a given
site k obey standard commutation relations

(567, 8] = s, [s,59] = 25" (2.16)

and commute with each other for k # k’. The generators can conveniently be realized as
the first order differential operators

Sgrk) = 270z, + 225k, S(gk) = 20z, + Sk, s = 0z - (2.17)

The spin si, labels a representation of the SL(2,R) group. The choice of the representation
depends on the problem under consideration. In statistical physics one usually encounters
spin chains with finite dimensional representations, while in QFT one deals with infinite



dimensional representations. In the present context we need the so-called discrete series
representation of SL(2,R) group, Dy [30]. It is defined on the space of functions analytic
in the lower half-plane and equipped with the scalar product [30]

(. g)e = / Dyz (f(2))"9(2), (2.18)

Im 2<0

where

_25—1
I

Dsz (—2Im 2)*2dxdy z=x+1y. (2.19)

This scalar product is invariant with respect to the symmetry transformations

1 az+b
T = 2.2
16 = @A) = (g ! (g ) (2.20)
where g~ = “ Z) € SL(2,R). The operators (2.17) are the generators of infinitesimal
c

transformations corresponding to (2.20). They are anti-hermitian with respect to the scalar
product (2.18).

The Hilbert space of the N-site spin chain is given by the space of functions of N
complex variables analytic in the lower complex half-plane in each variable and equipped
with the scalar product

N
G 0)orow =11 / Dot (F(z1r- o 2w)) (o1 o 2) (2.21)
k=1 Imz, <0
In the following we will often drop the subscripts si,...,sy if the spins are clear from

the context.

3 Heavy-light spin chain models

3.1 Closed spin chain
3.1.1 Monodromy matrix

The QISM approach allows one to construct a set of mutually commuting operators
(charges) for spin chain models as follows. One defines the so-called Lax operator

gk gk)
Lk(u):u+i< o T | (3.1)
s _gh)

where the spectral parameter v is a complex number. The monodromy matrix is defined
as a product of the Lax operators

Tw(uw) = Ly (u1)La(uz) . .. Ly (uy) = (gzggi gﬁ:ﬁ;) , (3.2)



with up = u 4 &, where the &, are the so-called impurities and we assume s = s unless
stated otherwise. By construction, the entries of the monodromy matrix are polynomi-
als in the spectral parameter u. It can be shown that these operators form commuting
families [7], i.e.

[An(u), An(v)] =0, [Bn(u), Bn(v)] =0, [Cn(u),Cn(v)] =0, [Dy(u), Dn(v)] =0.

(3.3)
Since [So + 0a/2, T (u)] = 0 where o, are the Pauli matrices and S, = S0, S is the
operator of total spin, it is easy to show that
[So, An] =[S0, Dn] = 0, [S—,BNn] = [5+,Cn] =0,
[St, Dn] = =[S+, An] = Ch, [S_,Ay] = —[S-,Dn] = Bn . (3.4)

In the familiar field-theory applications such as the RG equations for light-ray operators
built of light quarks/gluons in QCD, one deals with the SL(2,R) invariant systems. For
such systems the proper object to consider is the transfer matrix,

tN(u) :AN(U)+DN(U), [tN(’u,),tN(’U)] =0, (35)

which is an invariant operator, [Sy,tn(u)] = 0. It turns out that the transfer matrix of a
homogeneous chain without impurities commutes also with the (Hamiltonian) operator

N
Hy = ZH’CkH ; Hikr1 = 2(0(Jres1) +78) — 204, (3.6)
k=1

where 1 (z) is the polygamma function and Jyi41 is the two-particle operator of confor-
mal spin,
2

Terst (et — 1) = (§<k> v §<k+1>) (3.7)

The operator Hy can be identified with the leading-order evolution kernel for certain
RGEs in gauge theories [4]. Since Hy commutes with ¢y (u) they share the same set of
eigenfunctions which can be constructed with the help of QISM [7, 10].

3.1.2 Heavy-light Hamiltonian

The main new element in the present case is that the evolution kernels in HQET are
not SL(2,R) invariant. It was shown, however, that at leading order all heavy-light kernels
commute with the generator S, of special conformal transformations [27]. Since [Sy,Cn] =
0 (3.4) it is natural to expect that the conserved charges (if there is any hidden symmetry) in
the heavy-light sector have to be generated by the Cx(u)-entry of the monodromy matrix.
An example of such a system is given by the heavy-light baryon [31-33] corresponding to
a two-site chain and first studied in [17]. Motivated by this application, we consider from
now on a homogeneous (s = s) closed spin chain without impurities ({; = 0), but with an
arbitrary number of sites V.



As the first step, we show that the Hamiltonian

N-1

Hy =H1+ Y Hiksr + Ha s (3.8)
k=1

where Hy1 are defined in (3.6) and the boundary Hamiltonians are given by!

i =In (ws(j)) e, Hy =1In (wsiN)) e, (3.9)

commutes with the Cn(u)-entry of the monodromy matrix. This statement follows almost
immediately from the relation [34]

[Hk1, Lip(w) Lis1 (u)] = i(Lg(w) = Liya(u)) (3.10)

which is a consequence of the defining RLL relation for the R-operator [7],
Riz(u —v)Li(u)La(v) = La(v) Ly (u) Ri2(u — v), (3.11)
and its small-u expansion: Ris(u) = Pjo (1 —iuHio +O(u2)>. Here Pjo is the permutation

operator, Piaf(z1,22) = f(22,21). In addition, [Sp,InSy] = 1 implies that

K =[SY L) = —i (é _*1> . Ky =[N Ly(u)] = —i (é _*1) . (3.12)

Using (3.10) and (3.12) one easily finds

N-1
[Z ,Hkk—f—l, TN(U) = —iLg(u) R LN(U) + 114 (u) C.. LN_l(u) (3.13)

k=1

and
[H1,Tn(u)] = K1 Lo(u)...Ly(u),  [Hn,Tn(u)] = Li(u)...Ly—1(u)Kn.  (3.14)
Adding up all terms one verifies that indeed
(Hy, T (w)]o1 = [Hay, C(u)] = 0. (3.15)

It is convenient to consider the operator By (u) instead of Cn(u) at the intermediate
steps, using the fact that they are unitarily equivalent: the inversion operator J (which is
an unitary operator) intertwines Cn(u) and By(u). The inversion operator is defined as

[1f1(2) = 27 f(=1/2), 175117 = [1£1I%, (3.16)

where ||f||? = (f, f)s. It intertwines the generators, JSy = —SpJ, JSi = —S+J, and as
a consequence the following relation for the monodromy matrix holds:

JTn(u)J ™t = 09Ty (u)oy, (3.17)

In this discussion we omit trivial constants corresponding to the quark wave-function renormalization,
cf. (2.11).



where o9 is the Pauli matrix. Comparing the off-diagonal entries in this relation one gets

JCN(U) = —BN<U)J. (3.18)
Thus Cny(u) and By (u) are indeed unitarily equivalent and their eigenfunctions are related
to each other by inversion. The Hamiltonian (3.8) transforms under inversion into

N-1
Hy=JHyJ ' =Hi+ > Higpr + Hu s (3.19)
k=1

Eigenfunctions of the operator By(u) provide the basis for Sklyanin’s representation
of separated variables. They have been constructed explicitly in [35] and are given by the
product of layer operators acting on the exponential function. For the homogeneous chain
considered here

W, (21,..2n) = An (@) An-1(z2) ... Ao(zy—1)e 77, (3.20)
where
Z={x1,...,xNn-1}, xi € R. (3.21)
The “momentum” p € Ry is an eigenvalue of the generator of translations
(s&” FRE s<_N>) Va2 2n) = ip U a2, 28) (3.22)

The layer operator Ajs(z) maps a function of M —1 variables into a function of M variables
and is defined as follows:

M-1
[Ar(2) fl(z1, ...y 20m) = (H /Dswk> App(z1, oy zpr|we, - cwpg—1) flw, .o wpr—1) .
k=1

(3.23)
Here
M-1
Ani(z1,e o znlwn, - wag 1) = ] Dsiae(z wi) Dayin (241, wi) (3.24)
k=1

where the function D, (z,w) ("propagator”) is given by the following expression

Z—w

Doz, w) = ( _i)a . (3.25)

Here and below w = w*. The layer operator Aps can be visualized as the diagram shown
in figure 1 where a directed line from w to z with an index « stands for the “propagator”
D, (z,w) and the a and S indices take the values s—iz and s+iz, respectively. A summary
of the properties of the layer operators can be found in [36] (see also section 4). We mention

here that Wy, . y are symmetric functions of separated variables z1,...,zy-1 and

s TN—1



Figure 1. Diagrammatic representation of the layer operator Ay—4(z) for a closed spin chain.

they are orthogonal to each other with respect to the scalar product (2.18) for different
sets, T+ .

The eigenfunctions of the operator By(u) (3.20) diagonalize the Hamiltonian
Hy (3.19). The corresponding eigenvalues can be found either with the help of QISM
machinery that involves construction of the relevant Baxter-(@) operators, see e.g. [37, 38|,
or by a more brute-force approach described below. To this end we notice that in the region
21> 29> ... > 2N, e |zp1/2k] = O(e), € — 0, the eigenfunction (3.20) is simplified to
a linear combination of “plane waves”

\If{pj}(zl, .oy 2N) ~ ¢(p, @) zszxl . z]:,s_—:ifole_ipzN 4+ (3.26)

where ¢(p, Z) is a certain coefficient and ellipses stand for the similar terms with permu-
tations of the separated variables z1,...,zy—_1. Action of the Hamiltonian (3.19) on the
eigenfunction (3.26) can be brought to a more convenient form using the following identi-
ties [22, 28, 38]:

In(id,) = ¥(—20,) — In(iz), In(iz%0,) = (29,) + In(iz). (3.27)
The “bulk” Hamiltonians can be written as Hyy+1 = hg g1 + hrt1,x Where [39, 40]

hpr = zp(zkk@k + 28) —(1). (3.28)

These expressions can be simplified in the chosen kinematics as

P k1 = ¥ (2£0k + 28) — (1) + O(e)
Py1p = n(iz) + (=2 410k11) — (1) = In(izgy1) + O(e) . (3.29)

The last identity can be obtained as follows

¥ (24 1,k0k41 + 28) = € RO 250 (211 Op ) 2 €O+
= ¢kt (— Inizpq1 + Zk__f‘i Ini (z,%+lak+1) zgj_l) ROk
= —Inizgp1x +1n Z,% +In (i0k+1) + O(e)
= In(iz) + ¥ (—2k410k+1) — In(izgg1) + O(e). (3.30)

Thus, in the chosen region |zj11/2| = O(¢), the Hamiltonian Hy takes the form

N-1

Hy = ((—2k0k) + ¥ (20k + 25) — 20(1)) + 2In(ipdn) — 2¢(1) + O(e),  (3.31)
k=1



from which one immediately reads the eigenvalue from eq. (3.26)

E,z=2In(up) — 2¢(1 Z ( s+ixg) + (s —izg) — 2¢(1 )) (3.32)

The special case considered in [17] (heavy baryons) corresponds to s = 1, N = 2. In this
case one obtains (in a certain convenient normalization)

1 X
U, 2(21,22) = p/ do (g) exp[—ip(az1 + az)], a=1-a«, (3.33)
0
and
E,. =2In(up) + (1 +ix) + (1 —ix) + 4y — 203, — 4oy, (3.34)

where we have added the constant term corresponding to the (light and heavy) field anoma-
lous dimensions.

Finally, one has to perform an inversion transformation z — —1/z (3.16) in order to
go back to the original problem with the Hamiltonian commuting with C3(u), and obtain

the wave function, ¥y, »(z1, 22) A D, (21, 22) [17]

P 1 a\ T o

Bty 22) = 1y [ da (£)” explipta/an +a/z)
1%2 J0

prx P2 1

P F (1 P . ) 3.35

sinh(mz) 2222 VA (1 2,ip(z =2 (3:35)

which coincides with the expression found in [17]. Note that in this representation p

(p — s in the notation of [17]) becomes an eigenvalue of the generator of special conformal

transformations
(S_(:) + S_(f))@pyx(zl, 29) = —ip Pp (21, 22) - (3.36)

The functions (3.35) define the basis of states for the heavy-light baryon DAs with au-
tonomous scale dependence (for the case of aligned light-quark helicities), where z; and
z9 are the light-quark light-cone coordinates. The energies (3.34) are nothing but the
corresponding anomalous dimensions.

3.2 Open spin chains

A systematic approach to construct integrable models with nontrivial boundary conditions
(open spin chains) was developed by Sklyanin [41]. The monodromy matrix for such systems

is given by the following expression?

An(

e (3.37)

£ &
=]

==
£ E
N——

T (u) = (=) T (u)ooTh(—u)os = (

2Qur definition differs from the standard one, Tn(u) = T (u)Tx"' (—u + i), by a numerical factor.

~10 -



where T (u) is the monodromy matrix of the closed spin chain (3.2), T% (u) is the trans-
posed matrix. It can be written in terms of the Lax operators as follows:

Ty (u) = Ly(u)La(u) ... Ly(u) Ly(w) ... La(u)Lq(u). (3.38)

This representation can easily be obtained using the identity
(Lip(u))t = —o9Lp(—u)os. (3.39)
Off-diagonal elements of the monodromy matrix satisfy the following relations (see e.g. [42])
(—2u+ ) By(—u) = 2u+19)By(u), (—2u+i)Cn(—u)=(2u+1i)Cpy(u). (3.40)

As a consequence, the operators By (u) and Cy(u) vanish at u = ¢/2 and can be represented
as By(u) = (—2u + z)@N(u) and similarly for Cy(u). The operators with a “hat” are
even functions of w, I@N(u) = I@N(—u), @N(u) = ((A:N(—u). These operators and the
transfer matrix,

tN(’U,) :AN(U)—FDN(U), tN(u) :tN(—u), (3.41)
form commuting operator families?
B (u), By (v)] = [Ca(u),Cn(v)] = [t (u), ty(v)] = 0. (3.42)

Our aim is to construct a Hamiltonian which commutes with C ~(u) (or with B N(u)).
Let us consider at first the homogeneous spin chain. In this case using the representation
in (3.38) for the monodromy matrix and the relation in (3.10), it is easy to find that the

commutator of the bulk Hamiltonian
N—1

Hy = Z Hik+1, Hik+1 = 2(0(Jprt1) — (1)), (3.43)
)

and the monodromy matrix reads
Hy, Ty(u)] = —iLa(u) ... Ly(u) Ly(u) ... Li(u) +iLlq(w) ... Ly(u) Ly(u) ... Lo(u)
= i[Ll (u), ']I‘N_l(u)] s (3.44)
where Ty_1(u) = Lo(u)...Ly(u)Ly(w)...Ly(u). Taking the trace over the auxiliary
space in (3.44) results in
Hy,ty(u)] =0. (3.45)

Furthermore, considering the off-diagonal matrix elements of (3.44) and taking into ac-
count eq. (3.12) one can show that

I (ipS")) + Hy,Cy(w)] =0  and  [In(—ipSY) +Hy,By(u)] =0.  (3.46)
Thus in the homogeneous case the Hamiltonian belonging to the Cy(u) family is obtained
from the bulk Hamiltonian (3.43) by adding the boundary operator In (i,u,SSrl)). In full
analogy to the closed spin chain it can be shown that the operators C ~N(u) and By (u) are

related to cach other by the inversion transformation, JC N(u) = -B ~n(u)J. Therefore, it
is sufficient to consider only one of them.

3Note that in distinction with the closed spin chains diagonal elements of the monodromy matrix for
open spin chains do not commute.

- 11 -



3.2.1 Inhomogeneous chains

Spin systems that are interesting in QCD context are somewhat more complicated and
correspond to inhomogeneous open spin chains with impurities [43]. In a typical setup one
can assume that the spins on all sites except for the last one are equal to each other, s, = s,
1 < k < N. The monodromy matrix in this case takes the form

T () = Ly (u)Lo(u) . .. Ly(u + iw) Ly (u — iw) . .. Lo(u) Ly (u), (3.47)

where w is an impurity parameter. The dependence on w comes only through the Lax
operators Ly so that it is easy to check that Tgf,”)(u) is an even function of w, i.e. I@g\lfu) (u) =
I@s\;w) (u) etc. Since (@E\lfu) (u)t = I@g\?w*)(u*) = @%ﬂ*)(u*), this symmetry implies that the
corresponding conserved charges are hermitian operators if the impurity parameter w is
either real or imaginary.
We will show that the operators ]@5\1]”) (u), @S@U) (u) commute with the Hamiltonian %]\(,w)
with added boundary operators, cf. (3.46),
M (ipSM) + 28 Cyw)] =0,  [n(—ipS?Y) + 2 By(u)] =0,  (3.48)

which is modified compared to Hy (3.43) by one term

A" = NZQ%MH +HY 1y (3.49)
k=1
where
Hier = Righes (0 Byga )| =2((en) —0(1)) (3.50)
nglfule = Rﬁl—lN(iw)%RN—lN(iw)
= Y(In-1n +w) + Iy —w) = P(1+w) —P(1 —w). (3.51)

Here Ry is the sl(2)-invariant R-matrix [9]

F(Jkk+1 - zu) F(l + zu)

R — (—1) Ek+175E—Sk41 )
e (u) = (=1) T (Jpr1 + iu) D(1 — iu)

(3.52)

Note that R,;klﬂ(u) = Rpk+1(—u), and hence 7—[5\1,”21]\, is a hermitian operator for both real
and imaginary w.
The main task is to calculate the commutator of the Hamiltonian jf]\(,w) with the

monodromy matrix Tg\qfu)(u). Using the relation in (3.10) repeatedly one obtains

N-2
[Z Hyosr, TV (u)] = i[Ly (u), TS\ (u)] + iLl...N_Q{LN(u +iw) Ly (u — iw)Ly_1(u)
k=1

— Ln—1(u) L (u + iw) Ly (u — iw)}LN_g..,l, (3.53)
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where L.y = Ly (u) -+ Ly (u) and TS) \ (u) = Lo(u) ... Ly (u+ iw) Ly (u—iw) . .. Ly(u).
The expression in the curly brackets on the r.h.s. of eq. (3.53) can be simplified to

(. )=(u~— i){LN(u)LN_l(u) _ LN_l(u)LN(u)} (3.54)
with the help of the following identity for the Lax operators:
Li(u) = ps(u) + (2u — i) Ly (u) ps(u) = —(s+iu)(s — 1 —iu). (3.55)
Next, differentiating the RLL relations (below R(iw) = Ry_1 n(iw)):

R(iw)Ly—1(u)Ly(u —iw) = Ly(u —iw)Ly—1(u)R(iw) ,
R(z’w)LN(u + iw)LN_l(u) = LN_l(u)LN(u + zw)R(zw) (356)

with respect to w results in

HN o I (= iw) Ly 1 (u)] = i (R(iw) Ly 1 (u) R(—iw) — Ly (),

M i L1 (W) Dy (u+ iw)] = i (L1 (u) = R(iw)Ly 1 (w)R(—iw)) . (3.57)
Thus we get
HY s T ()] = il -2 X Ly 9.1, (3.58)
where
X = —i[Hy) e Lv—1(u) Ly (u + iw) L (u — iw) Ly 1 ()] (3.59)

= —2iwL?_,(u) — R(iw) (L?V,l(u)LN(u — iw) — Ly(u+ iw)L?V,l(u))R(—iw).
Using egs. (3.55) and (3.56) this expression can be simplified to
X = —(2u — i) (In(u) L1 (u) — L1 () Lv(w) ) (3.60)
which exactly cancels (3.54). Thus we obtain

[ﬁf]&’), ng’)(u)} — [Ll(u), TgﬁN(u)} . (3.61)

Finally, adding the contribution from the boundary operator ln(—iuS(_l) ) one ends up with
the desired result

[m (—iuS(_l)> + W BW (u)] ~0. (3.62)

The similar equation with In ( — i,uS(_l)) — In (iuSSrl)) holds for @%ﬂ) (u).

It is instructive to compare this result with the more conventional spin chains
that appear in the analysis of the RGE for light quark-gluon operators, of the type
x(z1n) f(zen) ... f(zy—1n)¥(2yn), cf. (2.14). In such applications the spins on the first
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and the last sites can differ from the spins in the bulk, which are all equal, and also the im-
purity parameters wy and wy, on the first and the last site can be nonzero. The monodromy
matrix for such a system takes the form

TN (4) = Ly (u + iwy) Lo (w) . .. Ly (u + iwy) Ly (u — iwy) . .. Lo(w) Ly (u — iwy) .

(3.63)
The conserved charges are generated by the transfer matrix, tg@”l’wN )(u) =Tr ’]I‘X,Ul’wN )(u),
which commutes with the Hamiltonian [43]
N-2
%ﬂ]éwl,wzv) - Hgl) + Z Hper1 + HE\IfUivl)N' (3.64)
k=2
The proof given in [43] is not explicit. A more direct way to show that

[%]\(fwl’w]\]), tg\q}vl’wm(u)] = 0 is the following. Making use of eq. (3.61) we get

N—-2

> Mk + HEN) e ) ()
k=2

=4Tr <L1(u + dwy) [Lg(u), TéﬁN]\),(u)] Lyi(u— iwl))

—iTr <L1(u) [Lg(u), ’]I‘éiN]\),(u)} Ll(u)) . (3.65)

In order to calculate the commutator with the remaining term, ”Hgl), it is convenient

to write the transfer matrix in a different form. Namely, using eq. (3.39) one can write
tgz,“’wN)(u) =Tr ']I‘S\qfl’wN)(—u), where

TN (4) = Ly (u — iwy) . .. Ly(w) Ly (w — iwy) Ly (w + iwy) Lo (w) . .. Ly (u + iwy) .
(3.66)

Using this representation it is easy to bring the commutator in question to a form similar
to (3.58)

MY TV (w)] = iLy..s X Ls.. (3.67)
with
X' = =(2u i) (L1 (w)La(w) — Lo() Ly (w)) = = (L3(w)La(u) = Lo(u)L3(w)) . (3.68)

Finally, using (3.39) one can bring the trace of (3.67) to the same form as in eq. (3.65)
with an opposite sign, which completes the proof.

4 Heavy-light eigenfunctions

The basis formed by the eigenfunctions of the operator B plays a distinguished role in the
QISM and defines the so-called Sklyanin representation of separated variables (SoV) [10].
Since By commutes with the Hamiltonian (3.48), the latter is diagonalized in this basis and
therefore the calculation of its spectrum becomes straightforward. These eigenfunctions
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Figure 2. Diagrammatic representation of the layer operator Ay—4(z) for open spin chains. The
notations are the same as in figure 1, the vertices imply integration with the measure (2.19).

for homogeneous spin chains, for closed as well as open ones, were constructed in [35, 42].
For our applications it is necessary to generalize this construction to inhomogeneous open
spin chains with impurities.

The eigenfunctions of By operator for homogeneous closed spin chains were already
introduced in section 3.1, eq. (3.20). The eigenfunctions for the open spin chain [35, 42]
take a similar form. In both cases the eigenfunctions are labeled by N real parameters,
X ={p,x1,...,xN-1}, where p > 0, and have the form

Ux(2) =Vipar.an 1} (Z) = N(P)AN(T1)AN -1 (72) . .. Ag(zn_1)e”P%. (4.1)

Here Z={z1,...,2zn} and by(p) is a normalization coefficient which we choose as
by (p) = pNS_l/Q(F(Qs))_N2/2 closed chain,
bn(p) = pNS_1/2(F(25))_N(N_1/2) open chain . (4.2)

All differences between the closed and open spin chain in the construction (4.1) come from
the form of the layer operators Ajs(x),

M—1
Arfl(z1,.0 0 20) = ( H /Dswk> Apr(z1y oy 2w,y - ccwpgp—1) f(wy,y - ooy war—1).
k=1
(4.3)

The function Aps(21,. .., 2zp|wi, ... wpr—1) for a closed chain is given in eq. (3.24) and can
be visualized as the diagram in figure 1. The corresponding expression for an open chain
is more complicated and is presented in diagrammatic form (for M = 4) in figure 2 where
the vertices imply integration with the measure (2.19). Diagrammatic representation for
the eigenfunctions ¥ x (2) of open and closed spin chains is shown in figure 3.

The proof that ¥x(Z) (4.1) diagonalizes the corresponding B-operator relies on the
following properties of the layer operators [35, 42]:

BN<1')AN(.Z') =0 and AM([I})AM_l(y) = AM(y)AM_1<1') . (44)

The layer operator for open chain has an additional symmetry Ag(xz) = Ag(—z). From
the second equation in (4.4) it is obvious that ¥y is a symmetric function of separated
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Figure 3. Diagrammatic representation for the eigenfunctions of the open (left) and closed (right)
homogeneous spin chains for N = 4. The indices are ax = s — ixy and S = s + ixy.

variables z1,...,2n_1 (23,..., x?\,fl for the open chain). The first equation ensures that
the operator By (zy) (for open chain By(4xy)) annihilates the function ¥ x. Taking into
account that the operator By (u) (closed chain) is a polynomial of degree N — 1 in u and
the coefficient of the senior power v~ is simply S(_l) + ...+ S(_N), one can write it in

the form
N i N-1 N-1 "z
BN(u):i<ZS(_)> H(u—mk)Jr Z H — i Bn(zj) . (4.5)
k=1 k=1 j=1 \k#j Ly Tk

From this representation using eq. (3.21) it follows immediately that WUx for closed chain
is an eigenfunction of the operator By (u) with an eigenvalue by (u) = —p [[no;' (u — 1)
Similarly, the operator B ~(u) for open chain is a polynomial of degree N — 1 in u? and the
representation analogous to (4.5) holds, with obvious substitutions u — u?, z; — x? It
follows that Wy for open chain is an eigenfunction of B ~(u) with an eigenvalue by (u) =
N-1¢2 .2

—p[limy (0 —a3). N

Since By (u) (closed chain) and By (u) (open chain) are self-adjoint operators for real
u, their eigenfunctions are orthogonal for different sets X, X’ of separated variables. One

obtains [35, 42]

_ _ [1;2 T(i2g — 25))
Uy, Ux) = 2m)N L s(p—p/ sV (z — S i#k (4.6
(Uxr, Ux) = (2m)N 1 6(p— 1) (%: ( )) EI TR (4.6)

and
(Uxr, Ux) = 20N 5(p—p') (Z SNz — Sf’))
S
= L Ty £ 25))D(—i(xg £ 25))

'(2iz,)T(—2ix,) —~ , 4.7
B e e s T TP o
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Figure 4. Diagrammatic representation for an eigenfunction of the operator B n for an inhomoge-
neous open spin chain for N = 5. The modified propagators are shown by fat lines with arrows.
The corresponding modified indices are af = sy w—ixE and ﬁki = sy = w+ixg. The conformal
spin in the integration measure in the vertices is always given by the half sum of the indices of the
outgoing lines. The dashed lines separate different layers.

for closed and open chain, respectively. In these expressions «, = s — iz, 8, = s + ix, the
sum ) ¢ goes over all possible permutations of separated variables & = {z/,...,2y_;},
and for the open spin chain it is assumed that all z; € R,..

In the applications to operator renormalization in HQET [18, 19] one encounters an
inhomogeneous open spin chain with impurities and the above construction of the eigen-
functions of B ~ operator for homogeneous spin chain has to be modified. In practice one
needs a special case where all spins except for the last one are equal, s = s for k < N
while sy # s, and the impurity parameter £y = iw # 0.

2

Note that the operator I@g\l,u) (u) depends only on w?, as can easily be seen from

eq. (3.47), and as a consequence I@S\va) (u) is a self-adjoint operator for both real and imag-
inary w. One can show that the corresponding eigenfunction has the form (4.1) with
modified layer operators that still obey the relations in (4.4). The necessary changes are
summarized in figure 4 where the modified propagators are shown by fat lines. Note that
also the integration measure for the vertices involving these lines is affected. Using the
technique developed in [35, 42] it is easy to check that the modified layer operators have
the required properties.

As mentioned above, the operator I/B\B%U) depends on w? only so that one expects
Qfgé”)(i) o~ \Ilg;w)(z?). This symmetry is, however, not manifest as the diagram for the
eigenfunction in figure 4 does not go into itself for w — —w. For N = 2 going over to
the momentum representation one can find explicit expression for the eigenfunction that is
an even function of w. For a general case, taking into account that the dependence on w
comes only from the Ly (u =+ iw) operator, cf. eq. (3.47), one can argue that \Ilg?)(é’) and
\Ilg(_w) (Z) have to be proportional to one another and, comparing the asymptotics in the
region z1 > 22 > ... > zy, find that indeed ‘lqu(u) (2) = \I'ggw)(z_'). A manifestly symmetric
representation for N > 2 is not known.

17 -



Assuming that w is either small and positive, 0 < w < sy, or imaginary, one gets for
the scalar product

N-1
<\11§§“,),\11§§”)> @m)N-1 s(p—p) (Za x—Sf’)) I1 r@iz.)r-2iz,)
n=1

[T e D(ils % )T (~ilg % 7))
IS T + 0+ i) — w4 i) P [ (@ )G D
In this case the set of functions \I/g?)

(w

system and the operator B N

. (4.8)

) for real separated coordinates xj form a complete
) has only continuous spectrum.

If w is real and w — sy, the I'-functions in the denominator, I'(s y — w + ixy), develop
singularities that signal the formation of discrete states for w > sy corresponding to
imaginary values of separated variables*

sN—w—i:E,(gn):—n,Where neN, 0<n<w-—sy. (4.9)

The complete description of the discrete eigenstates goes beyond the scope of this paper.
As an illustration we consider the N = 2 case [18, 19], s — s1, sy—2 +— s2. To this
end it is convenient to go over to the momentum space. We define the momentum-space

eigenfunction \Ilgq(u) (p1,p2) by
\pg?])(zl, 22) — / dp p281 1/ dp p282 1 —zp1z1 ip222 \If( )(ppr) ,
0 0
\T’(w)(plypz) _ ;<67imzrz‘pzzz‘w(w)(zl,22)> 7 (4.10)
X ['(2s1)T(2s2) X 51,52
where we have used
(e™'P=|e=""%), = T(25) p' > 5 (p — p'). (4.11)

Using (4.1) and evaluating the scalar product one obtains after a short calculation (here
we put the normalization constant by(p) — 1)

5 (w) D(s1+ 82 +w)l(s1+ 52 —w)
T = —p1-
x (P1,p2) = po(p —p1 — p2) T'(2s2)[ (s + i2)T(s2 — i)

wW—81—52 L _ .
x( P1 > 2F1<82 w—iz, s —w+ix _p2>‘ (4.12)

p1+ D2 2s9 D1

The scalar product (4.8) in the momentum space takes the form
(U Ty = T (251)T(252) / dp1dpa p2* T p22 N0 (py, po) (BE) (p1,p2), (4.13)
0
and using the explicit expression in (4.12) one obtains

(‘Ilgé”), \f/&?’)) ~(p— p’)/ du y2(w—s2)—152s2—1 o F) (52 —W—1T,82 —w+ zx‘ _ u)
0 282 u

I . _
x o F1 <82 “ Z:UQ;? W Z) . (4.14)

1

4Note that \I/gé”) is symmetric to xy <> —x and therefore it suffices to consider I (zy) > 0.
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If x = 2’ the u-integral is finite only if ss — w — iz = —n and w — sy > n > 0. In this
case the hypergeometric function reduces to a polynomial of degree n in (u/u) and the
condition w — s9 > n > 0 guarantees that the integrand has no pole at v = 0.

The spin chains which are relevant for the heavy hadron phenomenology correspond
to the s =1, N = 2 closed spin chain [17] and s; = g, so=1,w= g open spin chain [18§].

5 Light-to-heavy reduction

Physics behind the construction of the HQET is that one restricts oneself to the situations
where the heavy quark interacts with light particles (quarks and gluons) with momenta
that are much smaller than the quark mass mg. In this case the heavy quark becomes

almost stationary in its rest frame, with its wave function oscillating rapidly with time
(h)

U(t) ~ e"™met g0 that the generator of translations reduces to S ~ —imgq. Physical

intuition suggests that this limit can be studied starting from usual sl(2) algebra and
rescaling the symmetry generators acting on the heavy quark

S0 AP s s A (51

In this section we investigate this possibility.
Consider a system consisting of one heavy quark (h) and one light quark (¢). The
two-particle generators are

S = 50 1 51 s 510 4 A1 = 519 L oY),

S = 5@ 4 5"y 519 1AM — A5 L o(1),

sS4 = 580 4+ 5 — o(1). (5.2)
The two-particle quadratic Casimir operator becomes

52, = S\ gl 1 gl (5l _ 1y 1y A9 5™ o(1) (5.3)
and the two-particle Hamiltonian (3.6) simplifies to

Hon = 2[¢(th) - ¢(1)] — In (As(f)s(_h)) +OoOY. (5.4)

Since the “heavy” and “light” generators act on different spaces we can write, omitting the
inessential constant

Han > In (in81 ) +1n (= ip~As™) (5.5)

where p is an arbitrary parameter with dimension of mass. Thus the heavy and light
degrees of freedom decouple from one another which is the statement of factorization, with
i being the factorization scale. In HQET only light degrees of freedom remain so that the
second part of the Hamiltonian in (5.5) is dropped and the remaining part

Hop " = (inns?) (5.6)
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coincides with the heavy-light Hamiltonian (2.11) (up to the scheme-dependent constant)
found in [25-27] by explicit calculation of one-loop diagrams.

Next consider the eigenfunctions. Let z; and zj, be the positions of light and heavy
quarks, respectively. For light quark systems, eigenfunctions of the Hamiltonian are usually
sought on the space of polynomials that can be mapped to local composite operators, see.
e.g. [44]. For the two-particle Hamiltonian in (5.4) the eigenfunctions on this space are
well known

U (zgr2n) = (S5 (zg — 2n), 82Uk = (n 4 2)(n + 1) W, (5.7)

where k is a non-negative integer. For our purposes we need eigenfunctions analytic in the
lower half of the complex plane that can be constructed as follows:

_i 1 i g (2 — 2n)"
\Ijgln)z’z = e % (29 — )" = <—S> 2g — 2p)" ~ — 1 . )
(24> 21) (2g — 2n) Ek AN (2q — 2n) (2q — i1)"F2(2p, — in)"+2

(5.8)

where 7 is a parameter. For Re(n) > 0 they have a finite norm with respect to the scalar
product (2.21).

The scaling in (5.1) corresponds to z, — A~'2, so that z;, < 2, and also n = O(A\1/?).
Extracting the leading behavior at A — oo one breaks the conformal symmetry so that the
states (5.8) with different 7 are no longer degenerate and the system “chooses” a particular
solution that satisfies the residual symmetry to the special conformal transformations,

\Ilgl”)(zq, zn) = Wo(2q) Sg_q)\I/(S)(zq) =is W5 (2q) - (5.9)
Using
2 . .
(ah) g (n) _ “q Fh U5 (n)
)\ = 2 \\ 1
S e 0) = { 2 (22 0] 4 a2 U ) (610

it is easy to convince oneself that the expression in the braces reduces in the A — oo limit
and n = O(X/?) to a finite constant, {...} + inn = is, if and only if n = O(A~/?) so that
zp K n K zg. The eigenfunction then becomes

V(o (2g) = U (2g, 20)]

1 in> "
~——— 1+ — 1+0
(im) 222 < Zq ( (n)) (5.11)
1 L sz ( —1/2
= ————=e¥ %1+ 0(A / )),
(“7)71+2 Zg
reproducing the result in (2.13) [28] up to a different normalization.

It is easy to convince oneself that the same reduction procedure applies to the con-
served charges for both closed and open spin chains. For this discussion it is convenient to
enumerate sites of the chain by ¢ = 0,1,..., N and associate the “heavy quark” with the
site 1 =0, zg — A_lzh.
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For a closed spin chain one can start from the monodromy matrix (3.2) for the system
of N light and one heavy quark,

(s g™ An(u) By(u)
Tt (u) = {u—i—z (S‘ih) —Séh)>} (Cz(u) D]A\;(u) , (5.12)

so that rescaling the heavy quark generators (5.1) one obtains the transfer matrix (3.5)
i1 () = NSOy (u) + O (5.13)
(h)

assuming v < A. Dismissing the prefactor A\e.S™" that acts on the heavy degrees of freedom
we are thus left with a family of conserved charges C'y acting on the light quarks. For the
simplest case of leading-twist distribution amplitudes of heavy baryons considered in [17]

one obtains
Co(u) =uQi +Qa,  Q =i(S"V+5%), Q@ =5Ms? —gPs  (514)

Exactly in the same way one finds that the transfer matrix for the open spin chain
tgf,”i’fﬂN)(u), see eq. (3.63), takes the form

6w L A2 (= 2) P () + 000). (5.15)

z20— {L A—00

For the simplest case N = 2 we get

Co(u) = 2i <u + ;) (v*Q1 + Q2), (5.16)
where

Q=5 +57, (5.17)
Q2 = [wf — (i — IS — (18P 4 s(UsP) - sV (S84 - sV,

For the twist-four heavy-light operators considered in [19] there is additional complication.
In this situation several operators exist which mix together by the RG equations. i.e. the
relevant Hamiltonians have matrix structure. This case is considered in the appendix.
Thus we see that conserved charges and Hamiltonians of the spin chain models which
describe the scale dependence of the light quark-gluon operators in the “heavy-quark” limit
2n = Zn/ N, 2n0n ~ O(A%), A — oo go over to the conserved charges and Hamiltonians of
the spin chains that arise in studies of the scale dependence of heavy-light operators. This
observation alone is, however, not sufficient to guarantee equivalence of the spectra of these
models; it is only true if the correspondence can be extended to their eigenfunctions. As
shown above, this correspondence indeed holds for the eigenfunctions of the two-particle
Hamiltonian, eq. (5.11), i.e. for N = 1. The general case N > 1 (we remind that N refers to
the number of the remaining light degrees of freedom) is more complicated. From the gen-
eral concept behind effective field theories it is natural to expect that such correspondence
exists for the lowest part of the spectrum and, indeed, we are able to verify its existence for
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all cases of physical relevance that have been considered so far. Whether this conclusion
can be extended beyond these examples, is not obvious.

Consider closed spin chains first. To this end we start from the “light” chain with
N +1sites, i =0,1,...,N. The corresponding eigenstates diagonalize the transfer matrix
tn+1(u) which is a polynomial of degree N 41 in u, ty11(u) = 20N+ S0 gruN 1k,
The eigenstates can be labeled by eigenvalues of the conserved charges g, or, alternatively,
by roots of the transfer matrix ug, k =1,...,N + 1, ty41(ux) = 0. Note that ), up =0,

N in the transfer matrix is absent.

since the subleading in u term ~ u

We found that in the limit (5.1) the transfer matrix for u < A takes the form ¢y (u) ~
ACN(u) (5.13), where Cn(u) is a polynomial of degree N — 1. This means that some of
the roots of the transfer matrix must become large in this limit, and the simplest way
how eq. (5.13) may hold is when a pair of roots move to infinity with opposite sign,
say, UnNt+1 ~ —UN ~ VvA. This asymptotic behavior corresponds to the situation when
all conserved charges are large and of the same order, ¢z ~ A. Eigenstates for which
the conserved charges satisfy this relation are close to the lower boundary of the energy
spectrum, see e.g. [45, 46].

Our conjecture is that for such eigenstates the correspondence between the large-spin
limit 7 ~ v/A — oo of the “light” spin chain and the “heavy-light” chain holds, of the form

~ h
\Ijq(ti--s-,/u\z/vle(zl’ C  ZNS 20 = 2R/ A) )r;)o Wiy un_1 (21,45 2N), (5.18)
where WIS (z1,...,2y) is the cigenstate of the “heavy-light” spin chain.

This correspondence can be illustrated by the following example. The lowest-energy
eigenfunctions for the closed spin chain with three sites (spin s = 1) correspond to the
solutions with g3 = 0 and are known explicitly for even n [5]

0+ A+

\I’n’quo(ZQ, 21, 2’2) = 201212720 5 Zik — 2 — Rk - (519)

Mapping these polynomial solutions to analytic functions of the coordinates in the lower
half-plane, cf. (5.8), one obtains

L n+3+ 1 n+3+ 1 n+3
20—1in 21—1in 21—1n Zo—1in Zo—1in 20—1in

\117(17?()]3:0(Z07 Z17 22) ~

201212220
(5.20)
In the limit zg ~ 1/, 7 ~ 1/V/A, n ~ V/A, s = nyn, this expression goes over to
v 70(20 21 22) — # <eis/z1 — eis/m) (5 21)
3= T A—00 212922192 ’ '

which coincides with the solution ¢s,—¢ obtained in [17]. For higher-lying states, expres-
sions for the eigenfunctions of three light quarks are not known in explicit form so that
verifying this correspondence is less straightforward. However, it is possible to check that
the energies expressed in terms of the roots uy indeed coincide in this limit.
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The corresponding construction for open spin chains is analogous. In this case we also
can label the eigenfunctions of the original “light” model with IV + 1 sites by the roots of
the transfer matrix, which come in pairs tuy, k = 1,..., N+1. We consider the limit when
one root is large, uy41 ~ VA, and all others are finite, O(XY). Similar to closed chains such
a hierarchy corresponds to the situation when all charges are large and of the same order.
We notice also that one of the roots in this limit is purely kinematical, uy = i/2. Thus the
limiting eigenfunction is labeled by the remaining N — 1 roots of the transfer matrix and
depends also on the parameter n related to the residual symmetry transformation. We,
therefore, expect that the conjecture (5.18) may hold for the lowest eigenstates of open
spin chains as well.

As an example, consider the open spin chain with three sites that arises in the de-
scription of the evolution of quark-antiquark-gluon operators of twist three in the large
N, limit [4, 43, 47]. This is a model with spins (so, s1,s2) = (1,3,1) and impurities
(wo, w1, ws) = (3,0,3). Its eigenstates satisfy the equation Qu¥,, = gs(n)¥, where

Q4 = {52, 5%} — 2wsS2, — 2wy Sy . (5.22)

Here {.,.} stands for the anticommutator and S3 are the two-particle quadratic Casimir
operators.
. . 75
The lowest-energy eigenstate corresponds to the eigenvalue gs(n) = n(n +6) + 2 [43]

and can be found in explicit form,?

1 n+3 1 Zn+4_2n+4 2 Zn+4 Zn+4
%(Zo,m,m):[ "+3+z30+3+n+4< 20 "7 ) % (220 _ZFi0

20177 ntd’1o 201 z12 \n+4 n+>d
n+5__ _n+5
+ (n+4)2(n+5) Z20201zf221 } (5.23)
Mapping this polynomial solution to an analytic function in the lower half-plane
_ig 2 1 20 21 Z2
Wn = 1117(177) =c 7 W20, 21, 22) ~ kli[() (2 — in)2sk W <20 —in’ 21 —in 29 — in)
) (5.24)

and taking the limit A — oo with zg ~ 1/A, n ~ 1/vV/X, n ~ /), s = nn, one easily finds

‘I’%n)(zo, 21, 22)

. , 2 i ;
[ew/m ol 22 (e _ezs/za)], (5.25)

This expression coincides with the discrete state solution Y;(O)(zl, z9) for the heavy quark

— light antiquark — gluon RG equation found in [18].

A word of caution has to be added. Although the given examples support the conjec-
ture in eq. (5.18), we do not claim that there exists a one-to-one correspondence between
the eigenfunctions of generic light models in the large spin limit and heavy-light models.
A counterexample can easily be found. Indeed, in the same open chain model considered

5 . .
°This is a new result.
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above one can try to make the particle with ¢ = 2 heavy instead of i = 0, i.e. consider
the limit z9 = 2,/A — 0 instead of zyp — 0. It turns out that the eigenfunction in this
limit becomes non-normalizable. Thus the lowest energy discrete state of the “light” chain
disappears from the spectrum and is not present in the corresponding “heavy-light” chain.
A detailed study of this phenomenon goes beyond the tasks of this work.

Another issue is that beyond leading order the identification of the effective theory
acting on light degrees of freedom as HQET is expected to break down because of con-
tributions of hard-collinear gluon emission and a more general, e.g. soft-collinear effective

theory, may arise. This is one more topic for future study.

6 Summary

Evolution equations for many physically relevant heavy-light operators in QCD turn out to
be integrable in the multi-color limit. The novelty of these systems is that the corresponding
conserved charges are generated by the off-diagonal element of the monodromy matrix
C(u) instead of the trace of monodromy matrix as it happens for the light quark-gluon
operators. These evolution equations can be solved with the help of QISM, resulting in a
better understanding of the structure of the B-meson distribution amplitudes of leading and
subleading twists [18, 19]. The aim of this paper is to present a more detailed mathematical
treatment of such spin chain models in QISM formalism and explain details of the derivation
omitted in [18, 19]. This is done in sections 3—4.

Another aim is to explore the observation made in [17, 18] that a certain similarity
exists between the spectrum of the heavy-light spin chains and ordinary SL(2,R)-invariant
spin chains in the large spin limit [45, 46]. One finds on several examples that the ex-
pressions for the ground state wave functions, mass gaps, etc. in both models coincide. In
section 5 we suggest an explicit mapping behind this correspondence. It turns out that
sending z, — 0, where zj is a coordinate associated with the “heavy quark”, the Hamil-
tonian and conserved charges of the “light” spin chain models factorize and go over to the
Hamiltonian and conserved charges of the “heavy-light” models.

We further argue that such correspondence extends to the low-lying states at the
eigenfunction level in a certain scaling limit, which means that such states can be studied
using effective theory methods. In particular, eigenfunctions of the lowest energy states
with large spin in the “light” sector can be approximated by the eigenfunctions of the
conserved charge C(u), which can be constructed with the help of Sklyanin’s method of
Separation of Variables (SoV). We have checked that this conjecture indeed works in several
cases where analytic expressions for the eigenstates are known. Alternative method for the
analysis of low-lying states for the “light” spin chain models in the large spin limit is based
on the semiclassical expansion of the solution of the Baxter equation, see e.g. [45, 46]. In
this approach the wave functions of “light” models can be obtained as a convolution of the
corresponding Baxter functions with the transition kernel to the SoV representation which
is nothing but an eigenstate of the “heavy-light” spin chain, inviting for an effective theory
interpretation of this method. One can hope that using QISM technique it will be possible
to give this interpretation a more precise meaning.
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A Twist-four operators

In this section we explain the method which was used in [19] to construct the conserved
charges for the Hamiltonians describing the scale-dependence of higher-twist heavy-light
operators. To this end we consider a particular example of an operator doublet

— (Y- (21) f++(22)hs(0)
o= <¢+<z1>f+_<zZ>hv<o>> ‘ -

_%
The evolution kernel (Hamiltonian) for the operators Qp, is given by a 2 x 2 matrix

Hy1 Hyo
Hy, = . A2
" <H21 H22> (4-2)

Explicit expressions for the kernels H;; can be found, e.g., in [14, 48, 49]. Our aim is to
find the conserved charges Q) that commute with the Hamiltonian Hj;,. This can be done
using standard techniques starting from the spin chain with complete conformal SO(4, 2)
symmetry. The method described below allows one to stay with the SL(2) subgroup and
achieve the same result in a more straightforward way.

To start with, consider the twist-three light quark-antiquark-gluon operator,

Qagq = ¥+(21) [+ (22) v+ (20) - (A.3)

The corresponding evolution equation is well-studied. The evolution kernel in the large
N, limit commutes with the (three-particle) quadratic Casimir operator S? and with an
additional conserved charge, Q4 (5.22) with impurity parameters, w; = wy = % Note that
Qq is written in terms of the two-particle quadratic Casimir operators of the SL(2, R) group.

The trick is to use this result to construct the conserved charges for the twist-four
operator,

Y (21) f++(22)¢4 (20)
G = | v ()fs () (20) | - (A1)

V4 (21) [+ (22)¢—(20)
The operators (A.3) and (A.4) do not mix under the collinear conformal SL(2,R) transfor-
mation, but they are related by a transformation involving the full conformal group. As
a consequence, the conserved charge @4 for the twist-four operators (A.4) can be found

by promoting the SL(2,R) two-particle Casimir operators in eq. (5.22) to the two-particle
Casimir operators of the full conformal group SO(4,2), SZ — S?,

@4 = {g%%ggo} - 2w3§%2 - leggo (A.5)
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and projecting the SO(4,2) operators onto the twist-four subspace (A.4). Explicit ex-
pressions for the generators of the full conformal group in the so-called light-ray operator
representation are given in [50]. The corresponding two-particle Casimir operators can be
written as [14]6

& _ (fm(flg—n 0> (712__( ~1/2 zQ182+2>
12 — ’ - ’

0 5’%2 21201 + 1 1/2

~ S2 0 - —1/2 20200 + 1
§2 _ (P20 ¢ Jop = — A6
20 ( 0 Jao(J20 — 1)) ’ 20 2002 +2  1/2 ) (A.6)

where S, 53, are the corresponding SL(2,R) Casimir operators:

3
S%O = —80822(2]2 + Oozo2 + — - (A.7)

3
S = —010927y + 01210 + 1

17
Using these expressions in (A.5) one obtains the conserved charge @4 as a 3 x 3 matrix
with operator entries.

Finally, we perform the “light-to-heavy” reduction for this charge, zo — 25/, A = 0.
The Casimir operator S3; factorizes in this limit:

§2, = AsME 4 0\, (A.8)
where
25023 0 0
S — 0 &2 0 |, (A.9)
0 0 2y 0023

and as the result the charge @4 takes the form
Qs = AsMQP + o), (A.10)

where @gf) is a two-particle operator acting on the remaining light degrees of freedom,

N R R (9)
@iq)z{cn,c;‘”}—zw%@”:<Qg g) (A1)
2

Here Qiq) is a 2x 2 matrix, which commutes with the evolution kernel (A.2) for the operator
doublet (A.1) and the remaining entry Q2 is the conserved charge (5.17). The conserved
charges for all other twist-four heavy-light operators considered in ref. [19] can be obtained
in this manner.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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SIn the corresponding expressions in [14], eq. (5.24), there is a misprint: I should be o3 = (0 01>.
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