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1 Introduction

In recent years there has been renewed interest in understanding how dualities constrain

higher-derivative interactions in string effective actions. The most convenient frameworks

to address this challenge are those in which dualities appear as manifest symmetries. Dou-

ble Field Theory (DFT) [1–6] formulates the two-derivative universal massless sector of

string theory in a way that T-duality symmetry can be anticipated before dimensional

reduction (for reviews see [7–9]). In this context, the question of how T-duality constrains

higher-derivative terms simply translates into the question of what the most general con-

sistent higher-derivative deformations of DFT are. Recent works discussing the duality

structure of the first order corrections to the heterotic string are [10–13]. In [14, 15], a two

parameter family of first order consistent deformations of DFT was introduced, containing

in a unified framework the corrections to bosonic [16] and heterotic strings [16–18].

Higher-derivative theories of gravity are always defined up to field redefinitions. There

are two different set of fields that are important when dealing with duality invariant theo-

ries. On the one hand, there are gauge and diffeomorphism covariant fields, whose duality
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transformations receive higher-derivative corrections. On the other hand, there are duality

covariant fields, whose T-duality transformations are exactly those given by the Buscher

rules or more generally the action of O(D,D,R), without higher-derivative corrections. The

latter are non-covariant with respect to gauge and diffeomorphism transformations: to low-

est order in a derivative expansion they transform tensorially, but the gauge transformations

are deformed by higher-derivative corrections. Both sets of fields turn out to be connected

through higher-derivative field redefinitions that are neither gauge nor duality covariant.

The standard way of writing a higher-derivative theory of gravity is in terms of gauge

covariant fields, such that gauge and diffeomorphism invariance is manifest. If the action

turns out to be duality invariant, then the duality symmetries are hidden in this formu-

lation. On the contrary, the fields that are preferred by duality invariant frameworks like

DFT are the duality covariant fields, so the actions obtained from these constructions are

manifestly duality invariant but the gauge symmetries are hidden. When the action is

written in terms of gauge covariant fields, duality transformations mix terms with different

orders in derivatives. Instead, when the action is written in terms of duality covariant fields,

duality invariance holds order by order, but the different orders are mixed by gauge trans-

formations. Presumably, a duality and gauge invariant higher-derivative theory of gravity

will require an infinite number of interactions with increasing number of derivatives. If

such an expansion were truncated to a given order in derivatives, the action would fail to

be either gauge or duality invariant, depending on which set of fields is chosen to express it.

When dealing with duality invariant frameworks such as DFT, the preferred set of fields

are the duality covariant ones. If the theory were truncated to a given order in derivatives,

the resulting action would be exactly duality invariant, but the gauge transformations

would only be approximate symmetries to that order. If instead one first rewrites the action

in terms of the gauge covariant fields, and then truncates to a given order in derivatives,

the truncated action would be exactly gauge invariant, but the duality transformations

would only be an approximate symmetry to that order.

Some years ago, O. Hohm, W. Siegel and B. Zwiebach introduced a gauge invariant

higher-derivative theory of gravity that is both exactly and manifestly T-duality invari-

ant [19], henceforth called HSZ theory. It was built from a duality symmetric chiral CFT,

and does not correspond to a standard string theory. The massless spectrum includes a

metric, an antisymmetric tensor and a dilaton, and the full theory contains in addition two

massive spin-two ghosts and massive scalars [20]. The spectrum is reminiscent but quali-

tatively different to that in the chiral string theory investigated in [21, 22]. The truncated

two-derivative theory exactly matches standard DFT [19], so the theory corresponds to a

higher derivative deformation of DFT. The deformations occur at different levels. While

DFT depends on a generalized metric HMN constrained to be an element of the duality

group, the fundamental field in HSZ theory is an unconstrained double metric MMN . To

lowest order both metrics coincide, but the double metric contains extra degrees of freedom

associated to massive excitations [20]. The relation between the two metrics was discussed

in [23]. To lowest order the gauge transformations are given by the standard DFT gener-

alized Lie derivative, but in HSZ theory they receive higher-derivative deformations that

in turn induce higher-derivative terms in the action. Remarkably, the latter happens to
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be cubic in the double metric, and due to the strong constraint (to be defined latter) it

contains at most six derivatives.

As mentioned, HSZ theory is not a string theory and is problematic for different rea-

sons. For example, its spectrum contains ghosts and tachyons [20], and the action contains

unambiguous Riemann-cubed terms that could lead to causality violations [24]. Given

reservations like these, one would be tempted to dismiss the theory altogether. However,

recent works [14, 15] show specific connections between HSZ theory and the heterotic and

bosonic strings, so understanding aspects of the former may be of wider relevance for the

latter.

First-order deformations of duality invariant frameworks that capture the four-

derivative interactions in bosonic and heterotic strings are now pretty well understood.

Some [13] are based on an enlargement of the generalized tangent space, and others [14, 15]

on deformations of the generalized gauge symmetries. The full set of consistent duality co-

variant first-order deformations of the generalized gauge transformations was shown in [15]

to be governed by two free parameters. While specific choices of these parameters account

for the deformations relevant to the heterotic and the bosonic string, a combination of these

corresponds to HSZ theory. Then, in this setup the corrections to the bosonic, heterotic

and HSZ theory are related. It is unclear how to extend this framework to include further

higher-order corrections, and here is where HSZ could be useful: being exactly and man-

ifestly duality invariant, the theory can be worked out perturbatively to any given order,

allowing to compute systematically the deformations to the gauge transformations and the

action.

The ultimate goal would be to find exact consistent higher-order deformations, be-

yond the first order. This would allow to understand how duality constrains and mixes

higher-derivative interactions in general, and in string theories in particular. Here we point

towards a more modest target, namely explore the second-order deformations in the region

of parameter space that corresponds to HSZ theory, keeping in mind that this is part of

a wider network that relates all duality invariant theories. We find novel results like the

fact that duality in HSZ theory relates first-order gravitational Chern-Simons interactions

(which are reminiscent of the heterotic string) with certain second-order Riemann-cubed

combinations (that are present in the bosonic string).

To achieve this purpose, the massive modes in HSZ theory must be integrated out,

ending with a low-energy effective theory for the generalized metric HMN and generalized

dilaton d that contains an infinite series of higher-derivative terms [20–23]. It is then of

interest to elucidate what these corrections look like in terms of the standard gauge covari-

ant massless fields, namely the metric gµν , two-form Bµν and dilaton φ, in a manifestly

diffeomorphism and gauge invariant form expanded in powers of α′.1 To first order in

α′, the deformed gauge transformations were shown to reproduce the Green-Schwarz [25]

1Note that since this is not a standard string theory, α′ is in principle not related to the tension of a

string, but simply a dimensional parameter used to balance units. Throughout the paper we will set for

convenience α
′ = 1, but still refer to the different orders in the action as containing different powers of α′.

As is standard, terms with 2(i+ 1) derivatives in the action are of order O(α′i).
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transformation of the two-form

δBµν = ∂[µ|∂ρξ
σΓρ

|ν]σ , (1.1)

so the first order corrections to the action are governed by Chern-Simons terms Ωµνρ that

correct the three-form field strength of the Kalb-Ramond field [26]

Ĥµνρ = 3 ∂[µBνρ] + 3Ωµνρ , Ωµνρ = Γδ
[µ|σ∂|νΓ

σ
ρ]δ +

2

3
Γδ
[µ|σΓ

σ
|ν|λΓ

λ
|ρ]δ . (1.2)

The three-form field strength satisfies the Bianchi identity dĤ = −1
4 tr R ∧ R, and hence

trR ∧ R is exact. Therefore, it is important to note that this construction is necessarily

obstructed: one must restrict to spacetimes where the first Pontryagin class vanishes.

On shell three-point functions with vanishing dilaton were computed to all orders in α′

in [24], leading to the conclusion that to second order the theory contains a Riemann-cubed

interaction. The state of the art is that to second order, the gauge invariant action that

reproduces the on-shell cubic amplitudes of HSZ theory is the following

S =

∫
dDx

√−ge−2φ

(
R+ 4(∇φ)2 − 1

12
Ĥ2 − 1

48
Rµν

αβRαβ
ρσRρσ

µν

)
. (1.3)

The coefficient of the Riemann-cubed term is minus the coefficient of the same term in the

bosonic string effective action. There could be extra second order terms in this action that

do not contribute to the three-point functions, such as a cubic Gauss-Bonnet term that is

also present in the bosonic string [27].

In this work we compute the full second order action in terms of the standard gauge

covariant fields in a form that is manifestly invariant under diffeomorphisms and the gauge

transformations of the antisymmetric tensor. The procedure is to first find the functional

dependence of the double metric in terms of the generalized metric to second order. Then,

to find the dependence of the components of the generalized metric on (derivatives of)

the standard fields. This is, to find the field redefinitions that relate the duality covariant

with the gauge covariant fields. Finally, one plugs this information in the HSZ action

and rewrites the result in a form that is manifestly covariant under gauge symmetries.

This is our main result, and we display the final form of the full second order action in

subsection 3.2. Let us summarize some of our main findings:

• The Green-Schwarz transformation of the two-form (1.1) remains uncorrected to sec-

ond order in α′.

• The first order corrections to the action are exactly those present in (1.3). These were

anticipated in [26] and we find that there are no extra terms such as total derivatives

nor interactions that could have been allowed by gauge symmetries and required by

duality. This is also consistent with the results in [15].

• Up to covariant field redefinitions and boundary terms, O(α′i) corrections with i

even/odd contain even/odd powers of the two-form field. This was known to be

true to first order, and explains why Riemann-squared interactions are forbidden. It

also implies that the second order corrections can only contain even powers of the

two-form.
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• The terms in the full second order action that contribute to on shell three-point

functions with vanishing dilaton are in precise agreement with the findings in [24],

and exactly coincide with (1.3).

• When the dilaton and three-form field strength are taken to vanish, the second order

Lagrangian (up to field redefinitions and boundary terms) is given by

L(2) = −3

4
ΩµνρΩµνρ −

1

48
Rµν

αβRαβ
ρσRρσ

µν − 1

24
G3 , (1.4)

where Ωµνρ is the Chern-Simons three-form defined in (1.2), and G3 is the cubic

Gauss-Bonnet interaction

G3 = Rµν
αβRαβ

ρσRρσ
µν − 2RµναβRνλβγR

λ
µ
γ
α . (1.5)

Remarkably, as with the Riemann-cubed term, the coefficient of this term is also

minus the coefficient of the same term in the bosonic string.

• The more general case with vanishing dilaton φ = 0 but non-vanishing metric and

two-form is (again, up to field redefinition and integration by parts) given by

L(2)=−3

4
ΩµνρΩµνρ −

1

48
Rµν

αβRαβ
ρσRρσ

µν − 1

24
G3 +

1

32
Ĥ2

ρσR
ραβγRσ

αβγ (1.6)

− 1

64
RαβµρRν

ρĤγ
αβĤγµν +

1

128
RαβσµRγνĤ

αβγĤσµν − 1

128
RαβγσĤ

2αγĤ2βσ

− 1

768
RαβĤ

2α
µĤ

2βµ − 1

256
RαβĤ

α
ργĤ

βρ
νĤ

2γν − 1

128
∇σĤαµν∇σĤβ

µνĤ2αβ ,

where we have defined Ĥ2
µν = ĤµρσĤν

ρσ. Although further field redefinitions can be

used to eliminate Ĥ2
µν from the action, the dependence on Ĥµνρ can not be totaly

removed. This implies that the full action must at least contain up to O(α′4) terms,

confirming the expectation that the second order action cannot by itself be exactly

duality invariant.

The paper is organized as follows. We begin with a review of HSZ theory in section 2.

In subsection 2.1 we introduce the gauge transformations and action for the double metric.

In subsection 2.2 we review how to relate the double metric with the generalized metric.

In subsection 2.3 we show the general procedure that has to be followed in order to relate

the duality covariant components of the generalized metric with the gauge covariant fields

of supergravity. Subsection 2.4 contains a discussion on the Z2-parity (Bµν → −Bµν)

behavior of the different orders. Subsections 2.5 and 2.6 are dedicated to discuss the state

of the art regarding the first and second order corrections in the massless sector of HSZ

theory. In section 3 we present the main result of this paper, namely the full action to

second order for the massless fields, and discuss some relevant interactions. We conclude

in section 4 and include a number of appendices plus a Supplementary file to present some

intermediate relevant results.
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2 Review of HSZ Double Field Theory

In this section we introduce HSZ theory [19], its field content, gauge transformations and

action. We then show how to make contact with the generalized metric and how to relate its

components with the standard fields in supergravity. We briefly review the state of the art

on what is known about the first orders in the derivative expansion of the massless sector.

2.1 Double metric, symmetries and action

HSZ theory is defined on a double space of dimension 2D, equipped with an O(D,D,R)

constant and symmetric invariant metric ηMN , which raises and lowers the duality indices

M,N,= 1, . . . , 2D. The derivatives are denoted ∂M , and all fields and gauge parameters

are restricted by the strong constraint

∂M . . . ∂M · · · = ∂M∂M · · · = 0 . (2.1)

The fundamental fields in HSZ theory are the double metric MMN and the generalized

dilaton d. The double metric is symmetric, but otherwise unconstrained. Under infinitesi-

mal generalized diffeomorphisms parameterized by a generalized vector ξM , the generalized

dilaton transforms as usual

δe−2d = ∂P

(
ξP e−2d

)
⇔ δd = ξP∂Pd−

1

2
∂P ξ

P , (2.2)

but the double metric receives higher-derivative corrections

δMMN = L̂ξ MMN + J (1)(M)MN + J (2)(M)MN . (2.3)

Here, the first term is the standard generalized Lie derivative

L̂ξ MMN = ξP∂PMMN +KM
PMPN +KN

PMMP , (2.4)

where KMN = 2∂[MξN ] and the other terms J (i) constitute corrections with 2i+1 deriva-

tives2

J (1)(M)MN = −1

2
∂MMPQ∂PKQN − ∂PMQM∂NKQP + (M ↔ N) (2.5)

J (2)(M)MN = −1

4
∂MKMPQ∂NPKQ

K + (M ↔ N) . (2.6)

Due to the strong constraint, the composition of gauge transformations closes

[δξ1 , δξ2 ] = δ[ξ1, ξ2]C′
, (2.7)

with respect to a deformed C’-bracket

[ξ1, ξ2]
M
C′ = [ξ1, ξ2]

M
C + ∂P ξ

Q

[1∂
M∂Qξ

P
2] , (2.8)

with the standard C-bracket defined as

[ξ1, ξ2]
M
C = 2ξP[1∂P ξ

M
2] − ξP[1∂

Mξ2]P . (2.9)

2We use the following convention for derivatives ∂M1M2...Mk
= ∂M1

∂M2
. . . ∂Mk

.
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The deformed gauge transformations (2.3) fail to satisfy the Leibnitz rule with respect

to the standard product. Instead, one defines a star-product ⋆3

(T ⋆ T )MN = TMPTN
P − 1

4
∂MTPQ ∂NTPQ + 2 ∂NTP

Q ∂QTM
P − ∂PTM

Q ∂QTN
P

+
1

2
∂MPTQ

I ∂NIT
QP − ∂NPT

QI ∂QITM
P − 1

8
∂MPQT

IJ ∂NIJT
PQ

+
1

2
TPQ∂PQTMN +

1

2
∂MTP

Q ∂NQG
P − 1

2
∂NTPQ ∂PQGM

− 1

4
∂MPT

QI ∂NQIG
P +

1

2
GP∂PTMN − ∂PTM

Q ∂NQG
P

+TMP∂NGP − TM
P∂PGN + (M ↔ N) , (2.11)

where

GM (T, d) = ∂NTMN − 2TMN∂Nd + TNP∂NP
Md (2.12)

−1

2
∂M

[
∂NPT

NP − 4 ∂NTNP∂Pd− 2TNP (∂NPd− 2∂Nd ∂Pd)
]
.

The star product now does satisfy the Leibnitz rule with respect to deformed generalized

diffeomorphisms

δ(T1 ⋆ T2) = δT1 ⋆ T2 + T1 ⋆ δT2 , (2.13)

where (T1 ⋆ T2)MN , T1MN and T2MN transform in the same way as the double metric

in (2.3).

The standard inner product that follows from contractions with the duality invari-

ant metric also turns out not to be covariant under the deformed gauge transformations.

However, the following quantity

〈T1|T2〉 =
1

2
T1PQT2

PQ − ∂PT1N
Q ∂QT2

NP +
1

4
∂MNT1

PQ ∂PQT2
MN (2.14)

−3

2
G(T1)NG(T2)

N +
3

2
∂MG(T1)

N ∂NG(T2)
M − 3

2
T2P

N∂NG(T1)
P

−3

2
T1P

N∂NG(T2)
P +

3

4
∂MT2

NP ∂NPG(T1)
M +

3

4
∂MT1

NP ∂NPG(T2)
M ,

transforms as a scalar under the deformed gauge transformations due to the strong con-

straint

δ〈T1|T2〉 = 〈δT1|T2〉+ 〈T1|δT2〉 = ξP∂P 〈T1|T2〉 . (2.15)

The action of HSZ theory is given by

S =

∫
d2DX e−2d L , L =

〈
M

∣∣∣∣ η − 1

6
M ⋆M

〉
. (2.16)

3Or for different rank-two tensors

T1 ⋆ T2 =
1

2
(T1 + T2) ⋆ (T1 + T2)−

1

2
T1 ⋆ T1 −

1

2
T2 ⋆ T2 . (2.10)
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It is gauge invariant by construction, and was fixed to match the equations of motion that

follow from the chiral CFT introduced in [19]

(M ⋆M)MN = 2ηMN . (2.17)

Since both the star and inner products are linear in each argument, the action turns out to

be at most cubic in powers of the double metric. As a result, the strong constraint restricts

the Lagrangian to contain no more than six derivatives. The full explicit form of the action

is given in the supplementary attachment (1.1).

2.2 Generalized metric and massive fields

Consider the following decomposition of the double metric [23]

MMN = HMN + FMN , (2.18)

where HMN is the generalized metric of double field theory, and FMN is a higher order

contribution. The latter corresponds to massive fields [20, 23], which can however be

integrated out by replacing them with their equations of motion. We will be interested

only in the massless spectrum of the theory, so we will assume that the integration has

already been done, and consider the FMN as depending on the generalized metric and

dilaton, i.e. F = F (H, d).

It is sometimes convenient to use matrix notation, identifying the position of indices

as follows

η = η•• , η−1 = η•• , H = H•• , H−1 = H•• . (2.19)

The generalized metric is symmetric and restricted by the constraint

Hη−1H = η ⇔ η−1Hη−1 = H−1 ⇔ (Hη−1)2 = 1 . (2.20)

As a consequence of this constraint, it is possible to define projectors

P =
1

2
(1−Hη−1) = P•

• , P =
1

2
(1 +Hη−1) = P •

• , (2.21)

which satisfy

P + P = 1 , P 2 = P , P
2
= P , PP = PP = 0 . (2.22)

One can then define the following projections on a generic tensor A = [A]+{A} = A••

[A] = PAP
T
+ PAP T , {A} = PAP T + PAP

T
, (2.23)

such that

[[A]] = [A] , {{A}} = {A} , [{A}] = {[A]} = 0 . (2.24)

It is easy to check that the generalized metric and its variations satisfy

H = {H} , δH = [δH] . (2.25)
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On the other hand, it was shown in [23] that the decomposition (2.18) is the most general

ansatz for the double metric, provided the fields F are constrained as

F = {F} . (2.26)

We can now consider an expansion of the field F = F1 +F2 + . . . , where the subindex

labels the order of the field. This means that when thought of as depending on the gen-

eralized metric and dilaton, Fi carries 2i derivatives explicitly. Plugging the expansion in

the gauge transformation (2.3) one obtains on the one hand

δM = δ(0)H+ δ(1)H+ δ(2)H+ . . . (2.27)

+δ(0)F1 + δ(1)F1 + δ(2)F1 + . . .

+δ(0)F2 + δ(1)F2 + δ(2)F2 + . . . ,

and so on, and on the other hand

δM = L̂ξ M+ J (1)(M) + J (2)(M) (2.28)

= L̂ξ H+ L̂ξ F1 + L̂ξ F2 + . . .

+J (1)(H) + J (1)(F1) + J (1)(F2) + . . .

+J (2)(H) + J (2)(F1) + J (2)(F2) + . . . .

Equating order by order in this expansion one finds

δ(0)H = L̂ξ H (2.29)

δ(1)H = −∆(0)F1 + J (1)(H) (2.30)

δ(2)H = −∆(0)F2 + J (2)(H) + J (1)(F1)− δ(1)F1 (2.31)

...

where we have defined the operator ∆(0) = δ(0) − L̂ξ that measures the failure of a tensor

to transform covariantly to lowest order. Notice that since δ(i)H = [δ(i)H], one has

δ(0)H = L̂ξ H (2.32)

δ(1)H = [J (1)(H)] (2.33)

δ(2)H = [J (2)(H) + J (1)(F1)− δ(1)F1] (2.34)

...

so it turns out that δ(n)H only depends on Fi with i < n. Also, notice that since ∆(0)P =

∆(0)P = 0, one has

∆(0)F1 = {J (1)(H)} (2.35)

∆(0)F2 = {J (2)(H) + J (1)(F1)− δ(1)F1} (2.36)

... .
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2.3 Parameterizations and field redefinitions

Being symmetric and O(D,D,R)-valued, the generalized metric can always be parameter-

ized in terms of aD-dimensional symmetric and invertible matrix ĝµν and an antisymmetric

matrix B̂µν

HMN =

(
ĝµν −ĝµρB̂ρν

B̂µρĝ
ρν ĝµν − B̂µρĝ

ρσB̂σν

)
. (2.37)

This is consistent with the choice

ηMN =

(
0 δ

µ
ν

δνµ 0

)
, ∂M = (∂̃µ, ∂µ) = (0, ∂µ) . (2.38)

The generalized dilaton is parameterized in terms of a dilaton φ̂ and the determinant of ĝ

e−2d =
√
−ĝe−2φ̂ , (2.39)

and the generalized parameters decompose as

ξM =

(
ξµ

ξµ

)
, (2.40)

where ξµ are the one-form parameters that generate the gauge transformations of the two-

form, and ξµ are the vector parameters that generate infinitesimal diffeomorphisms.

To lowest order, the generalized metric transforms as usual with respect to the gener-

alized Lie derivative. However, we have seen that in HSZ theory its gauge transformation

receives in addition an infinite number of higher derivative corrections (2.32)–(2.34)

δH = L̂ξ H+ δ(1)H+ δ(2)H+ . . . (2.41)

δd = ξ · ∂d− 1

2
∂ · ξ . (2.42)

These in turn induce an infinite number of corrections to the gauge transformations of the

components

δĝµν = Lξ ĝµν + δ(1)ĝµν + δ(2)ĝµν + . . . (2.43)

δB̂µν = LξB̂µν + 2∂[µξν] + δ(1)B̂µν + δ(2)B̂µν + . . . (2.44)

δφ̂ = Lξφ+ δ(1)φ̂+ δ(2)φ̂+ . . . . (2.45)

This signals an obstruction to identify the hatted fields ĝµν , B̂µν and φ̂ with the conventional

metric gµν , Kalb-Ramond Bµν and dilaton field φ in the universal sector of supergravity,

which transform as follows

δgµν = Lξgµν (2.46)

δBµν = LξBµν + 2∂[µξν] + δ̃Bµν (2.47)

δφ = Lξφ . (2.48)
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Here δ̃Bµν gives us some freedom to consider higher order contributions, presumably of

the Green-Schwarz type, which are present in some string theories (such as the heterotic

string).

The link between both sets of fields -hatted and unhatted- must be given through an

invertible field redefinition of the form

ĝµν = gµν +∆1gµν +∆2gµν + . . . (2.49)

B̂µν = Bµν +∆1Bµν +∆2Bµν + . . . (2.50)

φ̂ = φ+∆1φ+∆2φ+ . . . , (2.51)

where ∆igµν , ∆iBµν and ∆igµν are allowed to depend on gµν , Bµν and φ, and contain 2i

derivatives. Each of these terms must be non-covariant under the standard gauge trans-

formations, and are of course defined only up to covariant contributions.

Note that since the transformation of d is not deformed, it is possible to parameterize

it in terms of the gauge covariant fields

e−2d =
√−ge−2φ ⇒ φ̂ = φ+

1

4
log

ĝ

g
, (2.52)

in such a way that the redefinitions ∆iφ are fixed by ∆ig.

We have then identified two sets of fields:

• Duality covariant fields (ĝµν , B̂µν , φ̂). They correspond to the components of the

generalized metric and dilaton, and as such transform as usual under Buscher

rules [28, 29] and more generally under the full O(D,D,R). Instead, they trans-

form non-covariantly under diffeomorphisms and gauge transformations.

• Gauge and diffeomorphism covariant fields (gµν , Bµν , φ). On the contrary, they

transform as usual -covariantly- under diffeomorphisms and gauge transformations

(possibly with a Green-Schwarz deformation), but the duality transformations of

these fields receive higher derivative corrections.

The two sets of fields are related by field redefinitions that are neither covariant under

diffeomorphisms and gauge transformations nor duality covariant. In order to find the

final form of the action in terms of the standard supergravity fields, in a way that is

manifestly gauge invariant (and where of course the duality symmetries are hidden) one

has to perform the following chain of substitutions

(M, d) → (H, d) →
(
ĝ, B̂, φ̂

)
→ (g, B, φ) . (2.53)

2.4 Z2-parity

The two-derivative DFT features a discrete symmetry [3–6], consisting in invariance under

a Z2-parity transformation generated by

Z = ZM
N =

(
−δ

µ
ν 0

0 δνµ

)
, Z2 = 1 , Z = Z−1 . (2.54)
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It transforms the generalized metric as

Z2(H) = ZHZT , (2.55)

while leaving the generalized dilaton invariant. Adopting vectorial notation for derivatives

∂ = ∂• and gauge parameters ξ = ξ•, the parity transformation takes the form

Z2(∂) = Z∂ = ∂ZT , Z2(ξ) = ξZ = ZT ξ . (2.56)

At the level of components, these transformations imply

Z2(ĝµν) = ĝµν , Z2(B̂µν) = −B̂µν , Z2(φ̂) = φ̂ (2.57)

Z2(ξ
µ) = ξµ , Z2(ξµ) = −ξµ , Z2(∂µ) = ∂µ , Z2(∂̃

µ) = −∂̃µ . (2.58)

In particular, it exchanges the sign of the two-form while leaving the metric and dilaton

invariant.

Note that the duality invariant metric (2.38) changes sign when acted on by the parity

matrices

ZηZT = −η , ZT η−1Z = −η−1 . (2.59)

The two-derivative DFT is Z2-invariant because when the indices of the generalized metric

and the derivatives are placed in canonical positions, namelyH•• and ∂•, the action contains

an even number of η−1. Since the effect of Z2-parity is to change the sign of the duality

invariant metric, the fact that it enters each term an even number of times renders the

action invariant. This implies that the component action written in terms of standard

fields must contain even powers of the two-form, as is.

Here, based on the Z2-parity analysis of the HSZ action and gauge transformations, we

wish to anticipate the powers with which the two-form enters the action order by order. Let

us point out that (the following statements hold when the indices of the generalized fields

and derivatives are placed downstairsM••, H••, ∂• and all contractions are made with η••):

• In the action written in terms of the double metric (see the supplementary file), terms

with 2i derivatives depend explicitly on even/odd powers of η−1 when i is odd/even.

• The fields Fi contain (by definition) 2i derivatives of the generalized metric and dila-

ton, and it can be inferred from their transformation behavior (2.35)–(2.36) that when

expressed in terms of the generalized metric and dilaton they contain an even/odd

number of η−1 when i is even/odd.

• As a consequence of the previous items, when the HSZ action is written purely in

terms of the generalized metric and dilaton, terms containing explicitly 2i derivatives

will involve an even/odd number of η−1 when i is odd/even. Then, terms with

2 (mod 4) derivatives will contain even powers of B̂µν and terms with 4 (mod 4)

derivatives will contain odd powers of B̂µν .

• A close look into (2.32)–(2.34) shows that δ(i)ĝµν and δ(i)φ̂ are even/odd under

Z2-parity when i is even/odd, and δ(i)B̂µν is even/odd under Z2-parity when i is

odd/even. As a result, ∆igµν and ∆iφ must contain even/odd powers of Bµν when i

is even/odd, and instead ∆iBµν contains even/odd powers of Bµν when i is odd/even.
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Combining this information leads to the conclusion that when the final HSZ action is

written in terms of the standard fields gµν , Bµν and φ, terms with 2i derivatives contain

even/odd powers of Bµν when i is odd/even. To be more precise, this statement is true

only up to covariant field redefinitions that violate the parity behavior. Note that the

parity of δ(i)ĝµν , δ
(i)B̂µν , δ

(i)φ̂ only fixes the parity of the non-covariant part of ∆igµν ,

∆iBµν and ∆iφ, but leaves the covariant part unrestricted. One could, for example,

induce through covariant field redefinitions Ricci-squared terms in the action that seem

to violate the claim that first order contributions are odd under Z2-parity. But then of

course by construction these terms are removable through covariant field redefinitions.

2.5 First order corrections and the Green-Schwarz mechanism

Following a preliminary discussion in [19], the first order corrections to HSZ theory were

worked out in detail in a series of papers [23, 26] by O. Hohm and B. Zwiebach. Here

we briefly review the results that are relevant for our purpose of finding the second order

corrections.

In [20, 23], the fields FMN in (2.18) were shown to correspond to dynamical massive

excitations. Once the action is expressed in terms of these fields and of the generalized

metric and dilaton, one can integrate them out ending with an effective action for the

massless fields. The result of such a procedure is a functional dependence of the fields Fi in

terms of the generalized metric and dilaton. For the first order, the solution was found to be

F1MN =
1

4
HMP ∂QHN

I ∂IHPQ − 1

4
HM

P∂QHNI ∂PHQI − 1

4
HM

P∂NHQI ∂QHPI

+
1

16
HM

P∂NHQI ∂PHQI +
1

8
HPQ∂PHM

I ∂QHNI + (M ↔ N) . (2.60)

Since F1 is already first order as it carries two derivatives, to first order the components

of HMN and d can be taken to be the familiar unhatted gauge covariant gµν , Bµν and φ.

In addition, the double metric (2.18) also receives a contribution to first order from

the generalized metric. Indeed, the first order deformation of the gauge transformation of

the generalized metric (2.33) is given by

δ(1)HMN = −1

4
∂MHPQ ∂PKQN +

1

4
HM

PHN
Q∂PHIJ ∂IKJQ (2.61)

−1

2
∂PHQM ∂NKQP +

1

2
HM

PHN
Q∂IHJP ∂QK

JI + (M ↔ N) .

This, as explained above, induces a first order transformation of its components

δ(1)ĝµν =
1

4
∂µB̂ρσ ∂νγξ

ρ ĝσγ − 1

2
∂ρB̂µσ ∂νγξ

ρ ĝσγ +
1

4
∂µĝρσ ∂γǫξν ĝ

ργ ĝσǫ

−1

4
∂µĝρσ ∂νγξǫ ĝ

ργ ĝσǫ − 1

4
B̂µρ∂ν ĝσγ ∂ǫδξ

ρ ĝσǫĝγδ (2.62)

−1

4
B̂ρσ∂µĝγǫ ∂νδξ

ρ ĝσγ ĝǫδ + (µ ↔ ν)

δ(1)B̂µν = −1

2
∂ρĝµσ ∂νγξ

ρ ĝσγ +
1

4
∂µĝρσ ∂γǫξ

δ ĝνδ ĝ
ργ ĝσǫ − (µ ↔ ν) . (2.63)
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One can then try to perform a first order non-covariant field redefinition to make

contact with the gauge covariant fields (2.46)–(2.48). These redefinitions were worked out

in full detail in [23], and up to covariant terms are given by

∆1gµν = −1

4
∂µBρσ ∂γgνǫ g

ργgσǫ − 1

4
∂ρBµσ ∂γgνǫ g

ρǫgσγ

+
1

4
∂ρBµσ ∂γgνǫ g

ργgσǫ − 1

4
∂ρBµσ ∂νgγǫ g

ργgσǫ + (µ ↔ ν)

∆1Bµν =
1

4
∂µgρσ ∂γgνǫ g

ργgσǫ − (µ ↔ ν) . (2.64)

It turns out to be impossible to trivialize the transformation of the Kalb-Ramond field

to first order [26], and one is forced to end with a two-form that transforms to first order

under a Green-Schwarz-like transformation

δ̃Bµν = ∂[µ|∂ρξ
σΓρ

|ν]σ , (2.65)

where δ̃Bµν was defined in (2.47). Due to this transformation, the standard supergravity

action fails to be diffeomorphism invariant to first order, so the three-form field strength

must be corrected with a Chern-Simons term. This is reminiscent to what happens in

the heterotic string, where anomaly cancellation requires a deformation of the three-form

field strength with a Lorentz Chern-Simons term constructed from a spin connection with

torsion. In HSZ theory the connection in the Chern-Simons term is the Levi-Civita (or

Christoffel) connection. The minimal action consistent with the deformed gauge transfor-

mations and the standard zeroth order action is given by

S =

∫
dDx

√−ge−2φ

(
R+ 4∇µ∇µφ− 4∇µφ∇µφ− 1

12
ĤµνρĤ

µνρ

)
, (2.66)

where

Ĥµνρ = Hµνρ + 3Ωµνρ . (2.67)

All these quantities were defined in appendix A. The first order contribution to the La-

grangian is given by −1
2 HµνρΩ

µνρ, and consistently satisfies the expectation that first

order corrections involve odd powers of the two-form field. The bosonic and heterotic

strings contain a Riemann-squared term to first order, but in HSZ theory such a term is

forbidden by Z2-parity.

As mentioned in the introduction, any theory that results in a formula like (2.67)

must be defined on spacetimes with trivial first Pontryagin class. Then, the field redef-

initions (2.64) are necessarily obstructed, and can not hold in general. It is unfortunate

that this becomes clear only after the ordinary variables are identified. While in HSZ the-

ory issues like this are hard to anticipate, other approaches based on transitive courant

algebroids, such as [13] have the advantage that these obstructions are naturally realized

a priori.

2.6 Second order corrections and the Riemann-cubed terms

Already from the results of the previous subsection one can anticipate a second order

contribution to HSZ theory given by the Chern-Simons squared term in (2.66)–(2.67),
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namely −3
4 ΩµνρΩ

µνρ. In [30], O. Hohm and B. Zwiebach explored to what extent higher

derivative corrections are constrained by T-duality. Building on the seminal work by K.

Meissner [31] (see also [32]), they refined a procedure to test the T-duality invariance of a

generic gauge invariant action, offering necessary conditions. By applying the method to the

action (2.66), they found that the theory is consistent with T-duality to first order, but fails

to be duality invariant to second order. As a result, the action (2.66) faithfully reproduces

the interactions in HSZ theory to first order, but is expected to contain additional second

order interactions beyond the Chern-Simons squared terms.

Analyzing on-shell three point functions to all orders in the derivative expansion, U.

Naseer and B. Zwiebach concluded in [24] that HSZ theory must contain, in addition to the

quadratic Chern-Simons terms, a Riemann-cubed interaction to second order. Their work

shows that to second order, the following is the gauge invariant action that reproduces the

on-shell cubic amplitudes of HSZ theory

S =

∫
dDx

√−ge−2φ

(
R+ 4∇µ∇µφ− 4∇µφ∇µφ− 1

12
ĤµνρĤ

µνρ

− 1

48
Rµν

αβRαβ
ρσRρσ

µν

)
. (2.68)

The coefficient of the Riemann-cubed term is minus the coefficient of the same term in

bosonic string theory. No such term appears in the heterotic string. It was shown in [33]

that interactions that contribute to three-point amplitudes with three external gravitons

lead to causality violations that require the existence of an infinite tower of new particles

with spin higher than two. Such violations are avoided when the full structure of string

theory is taken into account [34].

In bosonic string theory there is also a non-zero Gauss-Bonnet Riemann-cubed term G3

G3 = Rµν
αβRαβ

ρσRρσ
µν − 2RµναβRνλβγR

λ
µ
γ
α , (2.69)

but its presence can only be seen from four point amplitudes [27]. Note again that these

corrections satisfy the expectation that the second order corrections must involve even

powers of the two-form.

3 The full massless action to second order

In this section we present the original results of this paper. Since many computations

produce large outputs, we separate some intermediate results and show them in a sup-

plementary attachment. Most computations are conceptually simple but computationally

challenging. Without the aid of Cadabra software [38], some of the computations would

have been for all practical purposes impossible to carry on.

The main result is the computation of the full massless second order action of HSZ the-

ory. We begin explaining the procedure, then display the result and conclude by analyzing

some relevant interactions.
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3.1 Second order gauge transformations and field redefinitions

Let us schematically illustrate the procedure and some intermediate relevant results:

• First. We compute explicitly how the generalized metric transforms to second order.

The formal expression is given in (2.34)

δ(2)H = [J (2)(H) + J (1)(F1)− δ(1)F1] , (3.1)

and we already have all the ingredients to perform the computation, namely F1[H]

in (2.60). Note that δ(2)H is independent of the generalized dilaton, because so is F1.

• Second. We compute the second order transformation induced on the set of fields

that parameterize the generalized metric. The results can be found in the supple-

mentary attachment

δ(2)ĝµν → Supp. (2.1) (3.2)

δ(2)B̂µν → Supp. (2.2) . (3.3)

• Third. We find the field redefinitions that connect the duality covariant fields

(ĝµν , B̂µν) to the gauge covariant fields (gµν , Bµν) by demanding that the gauge

transformations trivialize to (2.46)–(2.47). The results for the metric (2.49) and

two-form (2.50) are given in the supplementary attachment

∆2ĝµν → Supp. (2.3) (3.4)

∆2B̂µν → Supp. (2.4) . (3.5)

Interestingly, under these redefinitions, δ̃Bµν in (2.47) does not receive a second order

deformation, and remains the first order Green-Schwarz transformation (2.65).

• Fourth. The last piece of information we need is the functional dependence of

F2[H, d]. With this, and the information obtained above on how the generalized

metric and dilaton are parameterized in terms of the gauge covariant fields, we are

ready to compute the action in terms of the standard supergravity fields. We then

seek the most general F2 that satisfies equation (2.36). This of course determines F2

up to terms that are covariant with respect to the lowest order transformations. One

expects a splitting of the form

F2 = F non−cov
2 + F cov

2 , ∆(0)F cov
2 = 0 , (3.6)

where F non−cov
2 is unique. We show in appendix C that the covariant piece can be

simply ignored to second order, because it leads to covariant boundary terms in the

action. Since the right hand side in (2.36) does not depend on the generalized dilaton

(because F1 in (2.60) is independent) it follows that F non−cov
2 is independent as well.

Again, the result is shown in the supplementary file

F non−cov
2 → Supp. (2.5) . (3.7)
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3.2 Full second order action in covariant form

We now have all the necessary ingredients to compute the full second order correction to

the HSZ action. The procedure has been outlined before, but let us sketch it once again.

The starting point is the action in terms of the double metric and generalized dilaton (2.16).

Since we are interested in the second order terms, we need to consider the full action with

all up to six derivatives. Then, one needs to find the parameterization of the double metric

M and dilaton d in terms of the gauge covariant fields gµν , Bµν and φ. This is accomplished

through the substitution chain

(M, d) → (H, d) →
(
ĝ, B̂, φ̂

)
→ (g, B, φ) , (3.8)

truncated to second order in the action. After this sequence is implemented, the output

is a huge expression in terms of fields and their derivatives, which is covariant under

diffeomorphisms and gauge transformations by construction, but the symmetries are far

from being manifest. One then has to re-write the final output in terms of contractions

of covariant quantities, such as the Riemann tensor, three-form field strength, dilaton and

covariant derivatives acting on them.

The result is the following action

S =

∫
dDx

√−ge−2φ
(
L(0) + L(1) + L(2)

)
. (3.9)

Here, L(0) is of course the usual two-derivative action

L(0) = R− 4∇µφ∇µφ+ 4∇µ∇µφ− 1

12
HµνρH

µνρ . (3.10)

The first order contribution is exactly the expression anticipated in [26]

L(1) = −1

2
HµνρΩ

µνρ , (3.11)

and contains neither extra boundary terms, nor other extra covariant terms that could

have been required by duality. This is consistent with the findings in [15]. The second

order contribution is rather lengthy, and it helps to separate it in powers of the two-form

and dilaton as follows

L(2) = L[0,0] + L[0,1] + L[0,2] + L[0,3] + L[0,4]

L[2,0] + L[2,1] + L[2,2] + L[2,3] (3.12)

L[4,0] + L[4,1] + L[4,2] + L[6,0] .

The notation L[nB ,nφ] indicates that such terms contain nB two-forms and nφ dilatons.
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Concretely, each contribution is

L[0,0] = −3

4
ΩµνρΩµνρ −

1

8
∇µRνρσγ ∇νRµρσγ +

1

3
RµνρσRµ

γ
ρ
ǫRνγσǫ

− 1

8
∇µ∇µ∇ν∇νR +

1

4
Rµν∇ρ∇ρRµν +Rµν∇µ∇ρRνρ

+
1

2
∇µRνρ∇µRνρ +

1

2
∇µRµ

ν ∇ρRνρ − 1

2
RµνRµ

ρ
ν
σRρσ ,

L[0,1] = −∇µ∇νR ∇µ∇νφ − 3

4
∇µ∇ν∇νR ∇µφ +

5

2
∇µ∇µ∇ν∇ρ∇ν∇ρφ

− 3∇µ∇µ∇ν∇ν∇ρ∇ρφ − 2Rµν∇µR∇νφ − 3∇µRνρ∇µ∇ν∇ρφ

− 2∇µ∇µR
νρ ∇ν∇ρφ − 4RµνRµ

ρ∇ν∇ρφ − 5

2
Rµν∇µRν

ρ∇ρφ

+ 2RµνRµ
ρ
ν
σ∇ρ∇σφ +

3

2
Rµν∇ρRµρν

σ ∇σφ ,

L[0,2] = −1

2
∇µ∇νR ∇µφ∇νφ + 3∇µ∇ν∇ν∇ρ∇ρφ ∇µφ + 11∇µ∇ν∇ρ∇ρφ ∇µ∇νφ

+ 4∇µ∇µ∇νφ ∇ν∇ρ∇ρφ + 4∇µ∇ν∇ρφ ∇µ∇ν∇ρφ

+ 2Rµν∇ρ∇ρ∇µφ ∇νφ − 5Rµν∇µ∇ν∇ρφ ∇ρφ + 4Rµν∇ρ∇µφ ∇ρ∇νφ

− 4∇µRνρ∇ν∇ρφ ∇µφ + 10∇µRνρ∇ν∇µφ ∇ρφ − 5∇µRµ
ν ∇ρ∇νφ ∇ρφ

+∇µ∇µR
νρ ∇νφ∇ρφ − 8Rµνρσ∇µ∇ρφ ∇ν∇σφ +RµνRµ

ρ
ν
σ∇ρφ∇σφ ,

L[0,3] = −2∇µ∇ν∇ρ∇ρφ ∇µφ∇νφ + 4∇µ∇ν∇ρ∇νφ ∇µφ∇ρφ

− 8∇µ∇ν∇ρ∇µφ ∇νφ∇ρφ − 2∇µ∇ν∇ρφ ∇ν∇ρφ ∇µφ

− 16∇µ∇ν∇νφ ∇ρ∇µφ ∇ρφ − 20∇µ∇ν∇ρφ ∇µ∇ρφ ∇νφ

− 12∇µ∇νφ ∇µ∇ρφ ∇ν∇ρφ ,

L[0,4] = 4∇µ∇ν∇ρφ ∇µφ∇νφ∇ρφ + 16∇µ∇νφ ∇ρ∇νφ ∇µφ∇ρφ ,

L[2,0] =
1

32
∇µ∇µ∇ν∇ρ(Hσ

ν
γHργσ) − 1

8
HµνρHµν

σ∇ρ∇σR − 1

24
Hµνρ∇σHµνρ∇σR

− 1

8
Hµνρ∇σHµνσ ∇ρR +

1

48
∇µHνρσ ∇γ∇γ∇µHνρσ +

1

16
∇µ∇νHµ

ρσ ∇γ∇νHρσγ

− 1

32
HµνρHµν

σ∇γ∇γRρσ − 1

4
HµνρRσγ∇µ∇σHνργ +

1

8
HµνρRµ

σ∇ν∇γHρσγ

− 3

16
HµνρRµ

σ∇σ∇γHνργ − 3

8
Hµνρ∇σHµν

γ ∇σRργ − 1

4
Hµνρ∇σHµσ

γ ∇νRργ

− 1

4
Rµν∇µHν

ρσ ∇γHρσγ +
1

2
Rµν∇ρHµ

σγ ∇σHνργ − 5

16
Rµν∇ρHµ

σγ ∇ρHνσγ

+
1

8
HµνρHµ

σγRνσRργ −
1

32
HµνρHµ

σγ∇ǫ∇ǫRνρσγ − 1

8
HµνρRµ

σ
ν
γ∇ρ∇ǫHσγǫ

− 1

4
HµνρRµ

σγǫ∇ν∇σHργǫ − 1

8
Hµνρ∇σHµ

γǫ∇νRρσγǫ +
1

16
Rµνρσ∇γHµν

ǫ∇γHρσǫ

− 1

16
Rµνρσ∇γHµνγ ∇ǫHρσǫ +

1

4
Rµνρσ∇µHρ

γǫ∇σHνγǫ +
3

4
HµνρHµ

σγRν
ǫRρσγǫ

+
3

16
HµνρHσγǫRµνσ

δRργǫδ−
1

4
HµνρHµ

σγRν
ǫ
ρ
δRσǫγδ−

5

8
HµνρHµ

σγRν
ǫ
σ
δRρǫγδ

+
1

8
HµνρHµ

σγRνσ
ǫδRργǫδ −

1

16
HµνρHµν

σRρ
γǫδRσγǫδ ,
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L[2,1] =
1

4
HµνρHµν

σ∇ρR∇σφ − 5

8
HµνρHµν

σ∇γ∇γ∇ρ∇σφ − 5

8
Hµνρ∇σHµνσ ∇γ∇γ∇ρφ

− 5

24
Hµνρ∇σHµνρ∇γ∇γ∇σφ −Hµνρ∇σHµν

γ ∇ρ∇σ∇γφ

− 3

4
Hµνρ∇σ∇γHµνγ ∇ρ∇σφ − 1

4
Hµνρ∇σ∇γHµνρ ∇σ∇γφ

− 1

8
Hµνρ∇σ∇σ∇γHµνγ ∇ρφ − 1

4
Hµνρ∇σ∇γ∇µHνργ ∇σφ

− 1

4
∇µHνρσ ∇γHνρσ ∇µ∇γφ − 1

4
∇µHνρσ ∇µHνρ

γ ∇σ∇γφ

− 3

4
∇µHµ

νρ∇σHνρ
γ ∇σ∇γφ − 1

4
∇µHνρσ ∇γ∇γHµνρ ∇σφ

− 1

2
∇µHνρσ ∇µ∇γHνργ ∇σφ − 1

2
∇µHνρσ ∇µ∇νHρσ

γ ∇γφ

− 1

4
∇µHµ

νρ∇σ∇σHνρ
γ ∇γφ − 1

4
∇µHµ

νρ∇ν∇σHρσ
γ ∇γφ

+
5

4
HµνρHµν

σRρ
γ∇σ∇γφ +HµνρHµν

σ∇ρRσ
γ ∇γφ − 3

8
HµνρHµν

σ∇γRρσ ∇γφ

+
1

8
HµνρRσγ∇σHµνρ∇γφ +

1

2
HµνρRσγ∇σHµνγ ∇ρφ − 1

4
HµνρRµ

σ∇γHνσγ ∇ρφ

+
5

8
HµνρRµ

σ∇γHνργ ∇σφ+
1

4
HµνρRµ

σ∇σHνρ
γ ∇γφ+

1

4
HµνρHσγǫRµνσγ∇ρ∇ǫφ

+
1

2
HµνρHµ

σγRνρσ
ǫ∇γ∇ǫφ − 1

2
HµνρHµν

σRρ
γ
σ
ǫ∇γ∇ǫφ

+
1

4
HµνρHµ

σγ∇ǫRνρσǫ∇γφ +
1

2
HµνρRµ

σγǫ∇σHνργ ∇ǫφ

+
1

8
HµνρRµν

σγ∇ǫHσγǫ∇ρφ +
1

2
HµνρRµ

σγǫ∇νHργǫ∇σφ ,

L[2,2] =
5

4
HµνρHµν

σ∇γ∇γ∇ρφ ∇σφ +
5

4
HµνρHµν

σ∇ρ∇σ∇γφ ∇γφ

+ 2HµνρHµν
σ∇ρ∇γφ ∇σ∇γφ +

3

2
Hµνρ∇σHµν

γ ∇γ∇ρφ ∇σφ

+
5

4
Hµνρ∇σHµνσ ∇γ∇ρφ ∇γφ +

3

2
Hµνρ∇σHµν

γ ∇σ∇γφ ∇ρφ

+
5

12
Hµνρ∇σHµνρ∇γ∇σφ ∇γφ − 3Hµνρ∇µHν

σγ ∇σ∇ρφ ∇γφ

+
1

2
Hµνρ∇σ∇γHµνγ ∇ρφ∇σφ +

1

12
Hµνρ∇σ∇γHµνρ ∇σφ∇γφ

− 1

2
Hµνρ∇σ∇µHνσ

γ ∇ρφ∇γφ − 1

2
∇µHνρσ ∇νHµρ

γ ∇σφ∇γφ

+
3

4
∇µHνρσ ∇µHνρ

γ ∇σφ∇γφ +
1

4
∇µHµ

νρ∇σHνρ
γ ∇σφ∇γφ

− 3

4
HµνρHµν

σRρ
γ∇σφ∇γφ − 1

2
HµνρHσγǫRµσνγ∇ρφ∇ǫφ

− 3

2
HµνρHµ

σγRνσρ
ǫ∇γφ∇ǫφ − 1

4
HµνρHµν

σRρ
γ
σ
ǫ∇γφ∇ǫφ ,

L[2,3] = −5

2
HµνρHµν

σ∇ρ∇γφ ∇σφ∇γφ − 1

2
Hµνρ∇σHµν

γ ∇ρφ∇σφ∇γφ ,
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L[4,0] =
1

32
Hµν

ρHσ
γǫHµνσ∇ρ∇δHγǫδ − 1

16
Hµ

νρHσ
γǫHµσδ∇δ∇νHργǫ

+
1

48
Hµν

ρHσγǫHµνδ∇δ∇ρHσγǫ +
1

16
HµνρHµν

σ∇ρHσ
γǫ∇δHγǫδ

+
3

64
HµνρHµ

σγ∇νHρ
ǫδ ∇σHγǫδ − 1

32
HµνρHµ

σγ∇νHσ
ǫδ ∇γHρǫδ

+
1

64
HµνρHµν

σ∇ρH
γǫδ ∇σHγǫδ +

1

16
HµνρHσγǫ∇µHνσ

δ ∇ρHγǫδ

− 1

32
HµνρHσγǫ∇µHνσ

δ ∇γHρǫδ +
3

64
HµνρHσγǫ∇µHσγ

δ ∇ǫHνρδ

− 1

32
HµνρHµν

σ∇γHργ
ǫ∇δHσǫδ

+
1

16
HµνρHµ

σγ∇νHσγ
ǫ∇δHρǫδ +

1

32
HµνρHµ

σγ∇ǫHνρǫ∇δHσγδ

+
1

288
HµνρHσγǫ∇δHµνρ∇δHσγǫ +

1

48
HµνρHσγǫ∇µHσγǫ∇δHνρδ

− 1

16
HµνρHσγǫ∇µHνσγ ∇δHρǫδ − 1

16
HµνρHσ

νρHγ
ǫσHδǫ

µRγδ

− 1

32
HµνρHσγ

ρHǫ
σγHδ

µνRǫδ − 1

32
HµνρHσ

νρHγǫ
δHλδ

µRγǫλσ

− 1

16
HµνρHσγ

ρHǫ
δγHλδ

νRǫλσµ − 1

32
HµνρHσγǫHδ

γǫHλ
νρRδλσµ ,

L[4,1] = −1

8
Hµ

νρHσγµHǫν
δHσγ

ǫ∇ρ∇δφ − 1

8
Hµ

νρHσγµHνρ
ǫHσγ

δ∇δ∇ǫφ

+
1

8
Hµ

νρHσµγHσ
ǫδ∇γHǫδν ∇ρφ − 1

8
Hµ

νρHσγµHσγ
ǫ∇δHǫνδ ∇ρφ

− 1

8
Hµ

νρHσγµHσγ
ǫ∇νHǫρ

δ ∇δφ +
1

8
Hµ

νρHσµγHσ
ǫδ∇ǫHδνρ∇γφ

− 1

8
HµνρHσγǫHσγ

δ∇µHǫνρ∇δφ − 1

8
HµνρHσγǫHσγ

δ∇ǫHδµν ∇ρφ

− 1

16
Hµ

νρHσγµHσγ
ǫ∇δHǫνρ∇δφ − 1

8
Hµ

νρHσγµHσγ
ǫ∇δHνρδ ∇ǫφ ,

L[4,2] = −1

8
Hµ

ν
ρHσγνHρµ

ǫHγσ
δ∇δφ∇ǫφ − 1

8
Hµ

ν
ρHσγνHǫ

δρHγσ
δ∇µφ∇ǫφ ,

L[6,0] = − 1

384
Hµ

νρH
σνρHγ

ǫδH
λ
µ
αHαγλHσ

ǫδ +
1

128
HµνρHσγ

ǫHδ
λαHδǫ

αHµν
γHσ

ρ
λ .

This action can of course be simplified combining Bianchi identities, integration by

parts and field redefinitions. Finding the minimal form of the full action is an ambitious

program that we will not pursue here. In the case of the four-derivative theory, it was shown

in [16] that any gauge invariant action can be reduced to contain only eight terms. Some

of these terms were dubbed unambiguous because their coefficients can not be modified

through field redefinitions nor integrations by parts. An example of an unambiguous term

is the Riemann-squared contained in the bosonic string. The six-derivative case is far more

complicated, and was discussed in [35] for the case of vanishing dilaton. There, it was

shown that the most general theory can be reduced to only twenty-one terms, ten of which

are unambiguous. In the next section we will briefly discuss some limit cases that will help

in identifying some relevant six-derivative interactions in the theory. In particular, we will

provide the minimal form this action when φ = 0.
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Let us finally note here that gauge invariance (more precisely, the Green-Schwarz

transformation of the two-form (2.65)) requires putting a hat over all the three-form field

strengths Hµνρ → Ĥµνρ, in order to restore the Chern-Simons terms (2.67). This replace-

ment leaves the second order terms untouched, but would be required by gauge invariance

when analyzing the next orders in α′.

3.3 Riemann-cubed, Gauss-Bonnet and more

Here we wish to study the action in some limit cases, in order to understand what the most

relevant terms are.

As a first check, we have verified explicitly full consistency with the results in [24].

Setting the dilaton to zero φ = 0, after repeated use of integrations by part and the lowest

order equations of motion (which as we show in appendix B corresponds to performing

second order field redefinitions), we expanded the metric around a flat background gµν =

ηµν + hµν keeping terms up to cubic order in fluctuations.4 We then imposed on-shell and

polarization conditions, namely ηµν∂µ . . . ∂ν · · · = 0 and ∂µhµν = ∂µBµν = 0, and verified

that the only contribution to the cubic action is given by

− 1

48
∂µνhρσ∂

δσhλµ∂
λρhδν , (3.13)

in agreement with [24].

Let us now take both the dilaton and two-form to zero Bµν = φ = 0, and keep the full

(unexpanded) metric field. In this case, the only terms that survive are those in L[0,0], and

moreover integrating by parts, using Bianchi identities (A.5)–(A.7) and taking Rµν = 0

and R = 0 (which corresponds to performing field redefinitions) one is left with

L[0,0] = −3

4
ΩµνρΩµνρ −

1

48
Rµν

αβRαβ
ρσRρσ

µν − 1

24
G3 , (3.14)

where G3 is the cubic Gauss-Bonnet interaction term

G3 = Rµν
αβRαβ

ρσRρσ
µν − 2RµναβRνλβγR

λ
µ
γ
α . (3.15)

This term vanishes on-shell to cubic order and is then transparent to three-point ampli-

tudes.

Let us finally discuss another limit case with vanishing dilaton φ = 0, but non-vanishing

metric and two-form. After some redefinitions and integrations by parts the Lagrangian

can be drastically simplified to

L(2)=−3

4
ΩµνρΩµνρ −

1

16
Rµν

αβRαβ
ρσRρσ

µν +
1

12
RρσαβR

σµβνRµ
ρ
ν
α +

1

32
Ĥ2

ρσR
ραβγRσ

αβγ

− 1

64
RαβµρRν

ρĤγ
αβĤγµν +

1

128
RαβσµRγνĤ

αβγĤσµν − 1

128
RαβγσĤ

2αγĤ2βσ (3.16)

− 1

768
RαβĤ

2α
µĤ

2βµ − 1

256
RαβĤ

α
ργĤ

βρ
νĤ

2γν − 1

128
∇σĤαµν∇σĤβ

µνĤ2αβ ,

4For a discussion on the cubic-order duality covariant expansion of DFT see [36, 37].
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where we have defined Ĥ2
µν = ĤµρσĤν

ρσ. Written in this way, except for the Chern-Simons-

squared term, it fits into the minimal form of the action introduced in [35], implying that

the number of terms can not be reduced further.5 One can however ask if the dependence on

Ĥµνρ can be eliminated by field redefinitions. Using the equation of motion with vanishing

dilaton Ĥ2
µν = 4Rµν , the Lagrangian can be rewritten as

L(2)=−3

4
ΩµνρΩµνρ−

1

48
Rµν

αβRαβ
ρσRρσ

µν− 1

24
G3+

1

8
RρσR

ραβγRσ
αβγ−

1

8
RαβγσR

αγRβσ

− 1

48
RαβR

α
µR

βµ − 1

64
RαβµρRν

ρĤγ
αβĤγµν +

1

128
RαβσµRγνĤ

αβγĤσµν (3.17)

− 1

64
RαβĤ

α
ργĤ

βρ
νR

γν − 1

64
∇σĤαµν∇σĤβ

µνRαβ .

We conclude that Ĥµνρ can not be totally eliminated from the action, and taking into ac-

count that it hides a first order correction, the fact that it appears quadratically announces

that the full action must at least go up to O(α′4). This confirms the expectation that the

second order action is not exactly duality invariant, and that duality invariance will require

an infinite expansion in powers of α′.

Let us finally note that the lowest order equations of motion combined with integration

by parts always allow to eliminate from the Lagrangian all terms with covariant derivatives

of the dilaton, even without assuming that some particular field vanishes. In fact, whenever

the dilaton appears covariantly derived once, it can be eliminated through an integration

by parts e−2φV µ∇µφ = −1
2V

µ∇µe
−2φ = 1

2∇µV
µe−2φ. If instead it appears derived more

that once, the equations of motion can be used to eliminate the dependence on it ∇µνφ =

−1
2Rµν +

1
8HµρσHν

ρσ.

4 Outlook and concluding remarks

We have computed the full second order action for the massless sector of HSZ Double Field

Theory [19]. The theory features an exact duality invariant extension of the Green-Schwarz

mechanism [26]. The first order α′-corrections are given by Chern-Simons deformations of

the three-form field strength. To second order in α′ the theory was known to contain

a Riemann-cubed interaction, with minus the coefficient of the same term in the bosonic

string [24]. Here we provide the full second order action in a manifestly covariant form (the

result can be found in subsection 3.2). The gravitational sector includes a cubic Gauss-

Bonnet interaction, also with opposite coefficient to that in the bosonic string. The second

order contributions contain even powers of the three-form field strength, and the fact its

dependence can not be eliminated from the action anticipates that exact duality invariance

requires further higher-derivative terms.

It would be desirable to take the full second order action to a minimal form, combining

field redefinitions, Bianchi identities and integrations by part. We have done this in the

particular case of vanishing dilaton, obtaining a very simple expression for the action (3.17).

5Comparing with the minimal action (5.1) in [35] we see that the only non-vanishing coefficients are

B1 = − 1

16
, B2 = 1

12
, A6 = 1

32
, A9 = − 1

64
, A14 = 1

128
, A20 = − 1

128
, A22 = − 1

768
, A24 = − 1

256
, A38 = − 1

128
.
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It would be interesting to compare our results with the second order corrections to the

bosonic string, and explore to what extent the coincidences that occur in the gravitational

sector apply to the general action.

HSZ theory is presumably the simplest higher-derivative theory of gravity with exact

duality invariance. Although it is not a conventional string theory, understanding how

duality and gauge invariance organize the action can shed light on how duality constrains

higher-derivative interactions in more general set-ups. In [15] a deformation of DFT was

proposed in the frame-formalism, which captures the first order corrections to the bosonic,

heterotic and HSZ theory. It would be interesting to see how to extend these deformations

to higher-orders, so understanding them in the particular case of HSZ theory is a convenient

starting point.
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A Conventions and definitions

In this appendix we introduce some notation used throughout the paper.

Space-time indices are denoted with greek letters µ, ν, . . . . The Lie derivative of a

tensor is given by

LξVµ
ν = ξρ∂ρVµ

ν + ∂µξ
ρVρ

ν − ∂ρξ
νVµ

ρ . (A.1)

The Christoffel connection is defined in terms of the metric as

Γρ
µν =

1

2
gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) , Γρ

[µν] = 0 , (A.2)

and transforms anomalously under infinitesimal diffeomorphisms (whenever the Lie deriva-

tive acts on a non-tensorial object, we use the convention that it acts as if it were covariant)

δξΓ
ρ
µν = LξΓ

ρ
µν + ∂µ∂νξ

ρ , (A.3)

so it allows to define a covariant derivative, given by

∇ρVµ
ν = ∂ρVµ

ν − Γσ
ρµVσ

ν + Γν
ρσVµ

σ . (A.4)

The commutator of two covariant derivatives

[∇µ, ∇ν ]Vρ
σ = −Rδ

ρµν Vδ
σ +Rσ

δµνVρ
δ , (A.5)

is expressed in terms of the Riemann tensor, which can be expressed as

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µδΓ
δ
νσ − Γρ

νδΓ
δ
µσ . (A.6)
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Its symmetries and Bianchi identities are

Rρσµν = gρδR
δ
σµν = R([ρσ][µν]) , Rρ

[σµν] = 0 , ∇[µRνλ]
ρ
σ = 0 . (A.7)

Traces of the Riemann tensor give the Ricci tensor and scalar, respectively

Rµν = Rρ
µρν , R = gµνRµν . (A.8)

The Chern-Simons three-form is defined as

Ωµνρ = Γδ
[µ|σ∂|νΓ

σ
ρ]δ +

2

3
Γδ
[µ|σΓ

σ
|ν|λΓ

λ
|ρ]δ , (A.9)

and it transforms under infinitesimal diffeomorphisms as

δΩµνρ = LξΩµνρ − ∂[µ

(
∂ν|∂σξ

δΓσ
|ρ]δ

)
. (A.10)

The Kalb-Ramond two-form transforms both with respect to gauge transformations,

parameterized by a one-form ξµ, and diffeomorphisms

δBµν = LξBµν + 2∂[µξν] + ∂[µ|∂ρξ
σΓρ

|ν]σ . (A.11)

The last term corresponds to a first order deformation know as the Green-Schwarz trans-

formation [25]. Due to this contribution, the standard three-form curvature of the Kalb-

Ramond two-form

Hµνρ = 3∂[µBνρ] = ∂µBνρ + ∂νBρµ + ∂ρBµν , (A.12)

fails to transform covariantly under diffeomorphisms. Instead, the proper covariant curva-

ture tensor is given by

Ĥµνρ = Hµνρ + 3Ωµνρ , δĤµνρ = LξĤµνρ . (A.13)

This tensor satisfies the following Bianchi identity

∇[µĤνρσ] = −3

4
R[µν

δλRρσ]δλ . (A.14)

B Covariant second order field redefinitions

The lowest order action (3.9)–(3.10) is

S(0) =

∫
dDx

√−ge−2φ

(
R+ 4∇µ∇µφ− 4∇µφ∇µφ− 1

12
HµνρH

µνρ

)
. (B.1)

The equations of motion for the dilaton, two-form and metric are

Dφ = 0 , DBµν = 0 , Dgµν = 0 , (B.2)

where

Dφ = R+ 4∇µ∇µφ− 4∇µφ∇µφ− 1

12
HµνρH

µνρ (B.3)

DBµν = −2∇ρφHρ
µν +∇ρHρµν (B.4)

Dgµν = −1

2
gµν Dφ+Rµν + 2∇µ∇νφ− 1

4
HµρσHν

ρσ . (B.5)
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We now explain that any six derivative term in the action that involves at least one

of these quantities, can always be eliminated through a second order field redefinition.

Indeed, consider a generic six derivative term depending on any of these quantities, then

integrating by parts it can always be taken to the form

S′ =

∫
dDx

√−ge−2φ (Dgµν T
µν
1 +DBµν T

µν
2 +DφT3) , (B.6)

for some T
µν
1 , Tµν

2 and T3 that depend on the Riemann tensor, three-form field strength,

dilaton and their covariant derivatives. On the other hand, through a covariant second

order field redefinition

gµν → gµν +∆2gµν , Bµν → Bµν +∆2Bµν , φ → φ+∆2φ , (B.7)

the two-derivative action (B.1) shifts as

∆2S =

∫
dDx

√−ge−2φ (Dgµν ∆2g
µν +DBµν ∆2B

µν +Dφ∆2φ) , (B.8)

up to boundary terms. Then, fixing the field redefinition to

∆2gµν = −T1µν , ∆2Bµν = −T2µν , ∆2φ = −T3 , (B.9)

eliminates S′ from the total action.

C Covariant part of F2

We have delayed to this appendix the discussion on why it is consistent to ignore the covari-

ant second order contributions to F2 in (3.6). Consider the most general parameterization

of a tensor with projections F = {F}

FMN =

(
gµρF+

ρσg
σν gµρF−

ρν − gµρF+
ρσg

σδBδν

F−
µρg

ρν +Bµδg
δσF+

σρg
ρν F+

µν − F−
µρg

ρσBσν − F−
νρg

ρσBσµ −Bµρg
ρσF+

σδg
δǫBǫν

)
.

(C.1)

A symmetric tensor with projections PFP T (PFP
T
) contains the same degrees of free-

dom as a symmetric matrix Fµν (Fµν). Thus, a symmetric tensor with projection

F = {F} = PFP T +PFP
T
contains as degrees of freedom two symmetric matrices, which

have been named in (C.1) F±
µν = Fµν ± Fµν . Due to its projections F cov

2 must admit a

parameterization of the form (C.1), with F±
µν covariant under diffeomorphisms and gauge

transformations. We can then study how the action gets shifted when a non-vanishing F cov
2

is turned on. The result turns out to be simply

SF cov
2

=

∫
dDx

√−g∇µ

(
−1

6
e−2φ∇µF+ ν

ν

)
. (C.2)

This is a covariant total derivative, and can then be dropped out from the action.
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Let us now give a complementary argument on why it is possible to ignore the covariant

part of F2. We have checked with Cadabra [38], that the most general form of a covariant

range two tensor with the projections of F2 = {F2} takes the form

F cov
2MN = aRMPRP

N +HMN

(
bR2 + cRMNRMN + d∇M∇NRMN

)
(C.3)

where R and RMN = RMN + RMN are the generalized Ricci scalar and tensor of

DFT [39, 40]. The covariant derivatives in the last term above are determined/covariant

due to the projections of the Ricci tensor. The observation is that the Ricci scalar (tensor)

encodes the lowest order equations of motion of the dilaton (metric and two-form), and

then any covariant piece of F2 can be ultimately eliminated from the action through field

redefinitions.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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[15] D. Marques and C.A. Núñez, T-duality and α′-corrections, JHEP 10 (2015) 084

[arXiv:1507.00652] [INSPIRE].

[16] R.R. Metsaev and A.A. Tseytlin, Order α′ (two loop) equivalence of the string equations of

motion and the σ-model Weyl invariance conditions: dependence on the dilaton and the

antisymmetric tensor, Nucl. Phys. B 293 (1987) 385 [INSPIRE].

[17] E. Bergshoeff and M. de Roo, Supersymmetric Chern-Simons terms in ten-dimensions,

Phys. Lett. B 218 (1989) 210 [INSPIRE].

[18] E.A. Bergshoeff and M. de Roo, The quartic effective action of the heterotic string and

supersymmetry, Nucl. Phys. B 328 (1989) 439 [INSPIRE].

[19] O. Hohm, W. Siegel and B. Zwiebach, Doubled α′-geometry, JHEP 02 (2014) 065

[arXiv:1306.2970] [INSPIRE].

[20] O. Hohm, U. Naseer and B. Zwiebach, On the curious spectrum of duality invariant

higher-derivative gravity, JHEP 08 (2016) 173 [arXiv:1607.01784] [INSPIRE].

[21] Y.-T. Huang, W. Siegel and E.Y. Yuan, Factorization of chiral string amplitudes,

JHEP 09 (2016) 101 [arXiv:1603.02588] [INSPIRE].

[22] M.M. Leite and W. Siegel, Chiral closed strings: four massless states scattering amplitude,

JHEP 01 (2017) 057 [arXiv:1610.02052] [INSPIRE].

[23] O. Hohm and B. Zwiebach, Double metric, generalized metric and α′-deformed Double Field

Theory, Phys. Rev. D 93 (2016) 064035 [arXiv:1509.02930] [INSPIRE].

[24] U. Naseer and B. Zwiebach, Three-point functions in duality-invariant higher-derivative

gravity, JHEP 03 (2016) 147 [arXiv:1602.01101] [INSPIRE].

[25] M.B. Green and J.H. Schwarz, Anomaly cancellation in supersymmetric D = 10 gauge theory

and superstring theory, Phys. Lett. B 149 (1984) 117 [INSPIRE].

[26] O. Hohm and B. Zwiebach, Green-Schwarz mechanism and α′-deformed Courant brackets,

JHEP 01 (2015) 012 [arXiv:1407.0708] [INSPIRE].

[27] R.R. Metsaev and A.A. Tseytlin, Curvature cubed terms in string theory effective actions,

Phys. Lett. B 185 (1987) 52 [INSPIRE].

[28] T.H. Buscher, Path integral derivation of quantum duality in nonlinear σ-models,

Phys. Lett. B 201 (1988) 466 [INSPIRE].

[29] T.H. Buscher, A symmetry of the string background field equations,

Phys. Lett. B 194 (1987) 59 [INSPIRE].

[30] O. Hohm and B. Zwiebach, T-duality constraints on higher derivatives revisited,

JHEP 04 (2016) 101 [arXiv:1510.00005] [INSPIRE].

[31] K.A. Meissner, Symmetries of higher order string gravity actions,

Phys. Lett. B 392 (1997) 298 [hep-th/9610131] [INSPIRE].

[32] H. Godazgar and M. Godazgar, Duality completion of higher derivative corrections,

JHEP 09 (2013) 140 [arXiv:1306.4918] [INSPIRE].

– 27 –

https://doi.org/10.1007/JHEP11(2014)160
https://arxiv.org/abs/1407.7542
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.7542
https://doi.org/10.1007/JHEP11(2014)075
https://arxiv.org/abs/1407.3803
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.3803
https://doi.org/10.1007/JHEP10(2015)084
https://arxiv.org/abs/1507.00652
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.00652
https://doi.org/10.1016/0550-3213(87)90077-0
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B293,385%22
https://doi.org/10.1016/0370-2693(89)91420-2
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B218,210%22
https://doi.org/10.1016/0550-3213(89)90336-2
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B328,439%22
https://doi.org/10.1007/JHEP02(2014)065
https://arxiv.org/abs/1306.2970
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.2970
https://doi.org/10.1007/JHEP08(2016)173
https://arxiv.org/abs/1607.01784
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.01784
https://doi.org/10.1007/JHEP09(2016)101
https://arxiv.org/abs/1603.02588
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.02588
https://doi.org/10.1007/JHEP01(2017)057
https://arxiv.org/abs/1610.02052
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.02052
https://doi.org/10.1103/PhysRevD.93.064035
https://arxiv.org/abs/1509.02930
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.02930
https://doi.org/10.1007/JHEP03(2016)147
https://arxiv.org/abs/1602.01101
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01101
https://doi.org/10.1016/0370-2693(84)91565-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B149,117%22
https://doi.org/10.1007/JHEP01(2015)012
https://arxiv.org/abs/1407.0708
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.0708
https://doi.org/10.1016/0370-2693(87)91527-9
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B185,52%22
https://doi.org/10.1016/0370-2693(88)90602-8
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B201,466%22
https://doi.org/10.1016/0370-2693(87)90769-6
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B194,59%22
https://doi.org/10.1007/JHEP04(2016)101
https://arxiv.org/abs/1510.00005
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.00005
https://doi.org/10.1016/S0370-2693(96)01556-0
https://arxiv.org/abs/hep-th/9610131
https://inspirehep.net/search?p=find+EPRINT+hep-th/9610131
https://doi.org/10.1007/JHEP09(2013)140
https://arxiv.org/abs/1306.4918
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4918


J
H
E
P
0
6
(
2
0
1
7
)
1
0
4

[33] X.O. Camanho, J.D. Edelstein, J. Maldacena and A. Zhiboedov, Causality constraints on

corrections to the graviton three-point coupling, JHEP 02 (2016) 020 [arXiv:1407.5597]

[INSPIRE].

[34] G. D’Appollonio, P. Di Vecchia, R. Russo and G. Veneziano, Regge behavior saves string

theory from causality violations, JHEP 05 (2015) 144 [arXiv:1502.01254] [INSPIRE].

[35] D.R.T. Jones and A.M. Lawrence, Field redefinition dependence of the low-energy string

effective action, Z. Phys. C 42 (1989) 153 [INSPIRE].

[36] O. Hohm, On factorizations in perturbative quantum gravity, JHEP 04 (2011) 103

[arXiv:1103.0032] [INSPIRE].

[37] O. Hohm and D. Marques, Perturbative Double Field Theory on general backgrounds,

Phys. Rev. D 93 (2016) 025032 [arXiv:1512.02658] [INSPIRE].

[38] K. Peeters, Introducing Cadabra: a symbolic computer algebra system for field theory

problems, hep-th/0701238 [INSPIRE].

[39] I. Jeon, K. Lee and J.-H. Park, Differential geometry with a projection: application to Double

Field Theory, JHEP 04 (2011) 014 [arXiv:1011.1324] [INSPIRE].

[40] O. Hohm and B. Zwiebach, On the Riemann tensor in Double Field Theory,

JHEP 05 (2012) 126 [arXiv:1112.5296] [INSPIRE].

– 28 –

https://doi.org/10.1007/JHEP02(2016)020
https://arxiv.org/abs/1407.5597
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.5597
https://doi.org/10.1007/JHEP05(2015)144
https://arxiv.org/abs/1502.01254
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.01254
https://doi.org/10.1007/BF01565137
https://inspirehep.net/search?p=find+J+%22Z.Physik,C42,153%22
https://doi.org/10.1007/JHEP04(2011)103
https://arxiv.org/abs/1103.0032
https://inspirehep.net/search?p=find+EPRINT+arXiv:1103.0032
https://doi.org/10.1103/PhysRevD.93.025032
https://arxiv.org/abs/1512.02658
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.02658
https://arxiv.org/abs/hep-th/0701238
https://inspirehep.net/search?p=find+EPRINT+hep-th/0701238
https://doi.org/10.1007/JHEP04(2011)014
https://arxiv.org/abs/1011.1324
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.1324
https://doi.org/10.1007/JHEP05(2012)126
https://arxiv.org/abs/1112.5296
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.5296

	Introduction
	Review of HSZ Double Field Theory
	Double metric, symmetries and action
	Generalized metric and massive fields
	Parameterizations and field redefinitions
	Z(2)-parity
	First order corrections and the Green-Schwarz mechanism
	Second order corrections and the Riemann-cubed terms

	The full massless action to second order
	Second order gauge transformations and field redefinitions
	Full second order action in covariant form
	Riemann-cubed, Gauss-Bonnet and more

	Outlook and concluding remarks
	Conventions and definitions
	Covariant second order field redefinitions
	Covariant part of F(2)

