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1 Introduction

In recent years there has been renewed interest in understanding how dualities constrain
higher-derivative interactions in string effective actions. The most convenient frameworks
to address this challenge are those in which dualities appear as manifest symmetries. Dou-
ble Field Theory (DFT) [1-6] formulates the two-derivative universal massless sector of
string theory in a way that T-duality symmetry can be anticipated before dimensional
reduction (for reviews see [7-9]). In this context, the question of how T-duality constrains
higher-derivative terms simply translates into the question of what the most general con-
sistent higher-derivative deformations of DFT are. Recent works discussing the duality
structure of the first order corrections to the heterotic string are [10-13]. In [14, 15], a two
parameter family of first order consistent deformations of DFT was introduced, containing
in a unified framework the corrections to bosonic [16] and heterotic strings [16-18].
Higher-derivative theories of gravity are always defined up to field redefinitions. There
are two different set of fields that are important when dealing with duality invariant theo-
ries. On the one hand, there are gauge and diffeomorphism covariant fields, whose duality



transformations receive higher-derivative corrections. On the other hand, there are duality
covariant fields, whose T-duality transformations are exactly those given by the Buscher
rules or more generally the action of O(D, D, R), without higher-derivative corrections. The
latter are non-covariant with respect to gauge and diffeomorphism transformations: to low-
est order in a derivative expansion they transform tensorially, but the gauge transformations
are deformed by higher-derivative corrections. Both sets of fields turn out to be connected
through higher-derivative field redefinitions that are neither gauge nor duality covariant.

The standard way of writing a higher-derivative theory of gravity is in terms of gauge
covariant fields, such that gauge and diffeomorphism invariance is manifest. If the action
turns out to be duality invariant, then the duality symmetries are hidden in this formu-
lation. On the contrary, the fields that are preferred by duality invariant frameworks like
DFT are the duality covariant fields, so the actions obtained from these constructions are
manifestly duality invariant but the gauge symmetries are hidden. When the action is
written in terms of gauge covariant fields, duality transformations mix terms with different
orders in derivatives. Instead, when the action is written in terms of duality covariant fields,
duality invariance holds order by order, but the different orders are mixed by gauge trans-
formations. Presumably, a duality and gauge invariant higher-derivative theory of gravity
will require an infinite number of interactions with increasing number of derivatives. If
such an expansion were truncated to a given order in derivatives, the action would fail to
be either gauge or duality invariant, depending on which set of fields is chosen to express it.

When dealing with duality invariant frameworks such as DFT, the preferred set of fields
are the duality covariant ones. If the theory were truncated to a given order in derivatives,
the resulting action would be exactly duality invariant, but the gauge transformations
would only be approximate symmetries to that order. If instead one first rewrites the action
in terms of the gauge covariant fields, and then truncates to a given order in derivatives,
the truncated action would be exactly gauge invariant, but the duality transformations
would only be an approximate symmetry to that order.

Some years ago, O. Hohm, W. Siegel and B. Zwiebach introduced a gauge invariant
higher-derivative theory of gravity that is both exactly and manifestly T-duality invari-
ant [19], henceforth called HSZ theory. It was built from a duality symmetric chiral CFT,
and does not correspond to a standard string theory. The massless spectrum includes a
metric, an antisymmetric tensor and a dilaton, and the full theory contains in addition two
massive spin-two ghosts and massive scalars [20]. The spectrum is reminiscent but quali-
tatively different to that in the chiral string theory investigated in [21, 22]. The truncated
two-derivative theory exactly matches standard DFT [19], so the theory corresponds to a
higher derivative deformation of DFT. The deformations occur at different levels. While
DFT depends on a generalized metric H sy constrained to be an element of the duality
group, the fundamental field in HSZ theory is an unconstrained double metric M;y. To
lowest order both metrics coincide, but the double metric contains extra degrees of freedom
associated to massive excitations [20]. The relation between the two metrics was discussed
in [23]. To lowest order the gauge transformations are given by the standard DFT gener-
alized Lie derivative, but in HSZ theory they receive higher-derivative deformations that
in turn induce higher-derivative terms in the action. Remarkably, the latter happens to



be cubic in the double metric, and due to the strong constraint (to be defined latter) it
contains at most six derivatives.

As mentioned, HSZ theory is not a string theory and is problematic for different rea-
sons. For example, its spectrum contains ghosts and tachyons [20], and the action contains
unambiguous Riemann-cubed terms that could lead to causality violations [24]. Given
reservations like these, one would be tempted to dismiss the theory altogether. However,
recent works [14, 15] show specific connections between HSZ theory and the heterotic and
bosonic strings, so understanding aspects of the former may be of wider relevance for the
latter.

First-order deformations of duality invariant frameworks that capture the four-
derivative interactions in bosonic and heterotic strings are now pretty well understood.
Some [13] are based on an enlargement of the generalized tangent space, and others [14, 15]
on deformations of the generalized gauge symmetries. The full set of consistent duality co-
variant first-order deformations of the generalized gauge transformations was shown in [15]
to be governed by two free parameters. While specific choices of these parameters account
for the deformations relevant to the heterotic and the bosonic string, a combination of these
corresponds to HSZ theory. Then, in this setup the corrections to the bosonic, heterotic
and HSZ theory are related. It is unclear how to extend this framework to include further
higher-order corrections, and here is where HSZ could be useful: being exactly and man-
ifestly duality invariant, the theory can be worked out perturbatively to any given order,
allowing to compute systematically the deformations to the gauge transformations and the
action.

The ultimate goal would be to find exact consistent higher-order deformations, be-
yond the first order. This would allow to understand how duality constrains and mixes
higher-derivative interactions in general, and in string theories in particular. Here we point
towards a more modest target, namely explore the second-order deformations in the region
of parameter space that corresponds to HSZ theory, keeping in mind that this is part of
a wider network that relates all duality invariant theories. We find novel results like the
fact that duality in HSZ theory relates first-order gravitational Chern-Simons interactions
(which are reminiscent of the heterotic string) with certain second-order Riemann-cubed
combinations (that are present in the bosonic string).

To achieve this purpose, the massive modes in HSZ theory must be integrated out,
ending with a low-energy effective theory for the generalized metric Hysn and generalized
dilaton d that contains an infinite series of higher-derivative terms [20-23]. It is then of
interest to elucidate what these corrections look like in terms of the standard gauge covari-
ant massless fields, namely the metric g,,, two-form B, and dilaton ¢, in a manifestly
diffeomorphism and gauge invariant form expanded in powers of o/.! To first order in

o/, the deformed gauge transformations were shown to reproduce the Green-Schwarz [25]

'Note that since this is not a standard string theory, o’ is in principle not related to the tension of a
string, but simply a dimensional parameter used to balance units. Throughout the paper we will set for
convenience o = 1, but still refer to the different orders in the action as containing different powers of o.
As is standard, terms with 2(i + 1) derivatives in the action are of order O(a’?).



transformation of the two-form

0B, = O[MOpﬁ”FfV}U, (1.1)
so the first order corrections to the action are governed by Chern-Simons terms €2,,, that
correct the three-form field strength of the Kalb-Ramond field [26]

~ 2
1) o ) o A
HIJ«VP - 33[HB,,p] + 3911«1/,07 Ql“’p - F[moalyrpw + gF[H|Ur‘V|>\F|P]5 . (12)

The three-form field strength satisfies the Bianchi identity dH = —%trR A R, and hence
trR N R is exact. Therefore, it is important to note that this construction is necessarily
obstructed: one must restrict to spacetimes where the first Pontryagin class vanishes.

On shell three-point functions with vanishing dilaton were computed to all orders in o/
in [24], leading to the conclusion that to second order the theory contains a Riemann-cubed
interaction. The state of the art is that to second order, the gauge invariant action that
reproduces the on-shell cubic amplitudes of HSZ theory is the following

1~y 1
S = / dPax/—ge2¢ (R + 4(Ve)? — ﬁH2 -5 RWQBRQBPURWW> . (1.3)

The coeflicient of the Riemann-cubed term is minus the coefficient of the same term in the
bosonic string effective action. There could be extra second order terms in this action that
do not contribute to the three-point functions, such as a cubic Gauss-Bonnet term that is
also present in the bosonic string [27].

In this work we compute the full second order action in terms of the standard gauge
covariant fields in a form that is manifestly invariant under diffeomorphisms and the gauge
transformations of the antisymmetric tensor. The procedure is to first find the functional
dependence of the double metric in terms of the generalized metric to second order. Then,
to find the dependence of the components of the generalized metric on (derivatives of)
the standard fields. This is, to find the field redefinitions that relate the duality covariant
with the gauge covariant fields. Finally, one plugs this information in the HSZ action
and rewrites the result in a form that is manifestly covariant under gauge symmetries.
This is our main result, and we display the final form of the full second order action in
subsection 3.2. Let us summarize some of our main findings:

e The Green-Schwarz transformation of the two-form (1.1) remains uncorrected to sec-
ond order in /.

e The first order corrections to the action are exactly those present in (1.3). These were
anticipated in [26] and we find that there are no extra terms such as total derivatives
nor interactions that could have been allowed by gauge symmetries and required by
duality. This is also consistent with the results in [15].

e Up to covariant field redefinitions and boundary terms, O(a’*) corrections with i
even/odd contain even/odd powers of the two-form field. This was known to be
true to first order, and explains why Riemann-squared interactions are forbidden. It
also implies that the second order corrections can only contain even powers of the
two-form.



e The terms in the full second order action that contribute to on shell three-point
functions with vanishing dilaton are in precise agreement with the findings in [24],
and exactly coincide with (1.3).

e When the dilaton and three-form field strength are taken to vanish, the second order
Lagrangian (up to field redefinitions and boundary terms) is given by

3 1 1
L® = =1V — o R P Ragl” Rpoh — OGE (1.4)
where €, is the Chern-Simons three-form defined in (1.2), and G3 is the cubic
Gauss-Bonnet interaction

G3 = R’ Rag” Rpo!” — 2 RMPR 3 R, . (1.5)

Remarkably, as with the Riemann-cubed term, the coefficient of this term is also
minus the coefficient of the same term in the bosonic string.

e The more general case with vanishing dilaton ¢ = 0 but non-vanishing metric and
two-form is (again, up to field redefinition and integration by parts) given by
3 1

1 1 =
L(Q):—Z QP Qpp — 48 Ry Rag” Rpe"” — ﬂGi& + @HgoRpaﬁngaﬂv (1.6)
1

7 7 1 7 7 1 77200y 772
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where we have defined f-\Izy - #paﬁ,,p”. Although further field redefinitions can be
used to eliminate ﬁfw from the action, the dependence on H uvp can not be totaly
removed. This implies that the full action must at least contain up to O(a’*) terms,
confirming the expectation that the second order action cannot by itself be exactly
duality invariant.

The paper is organized as follows. We begin with a review of HSZ theory in section 2.
In subsection 2.1 we introduce the gauge transformations and action for the double metric.
In subsection 2.2 we review how to relate the double metric with the generalized metric.
In subsection 2.3 we show the general procedure that has to be followed in order to relate
the duality covariant components of the generalized metric with the gauge covariant fields
of supergravity. Subsection 2.4 contains a discussion on the Zy-parity (B, — —Bu)
behavior of the different orders. Subsections 2.5 and 2.6 are dedicated to discuss the state
of the art regarding the first and second order corrections in the massless sector of HSZ
theory. In section 3 we present the main result of this paper, namely the full action to
second order for the massless fields, and discuss some relevant interactions. We conclude
in section 4 and include a number of appendices plus a Supplementary file to present some
intermediate relevant results.



2 Review of HSZ Double Field Theory

In this section we introduce HSZ theory [19], its field content, gauge transformations and
action. We then show how to make contact with the generalized metric and how to relate its
components with the standard fields in supergravity. We briefly review the state of the art
on what is known about the first orders in the derivative expansion of the massless sector.

2.1 Double metric, symmetries and action

HSZ theory is defined on a double space of dimension 2D, equipped with an O(D, D, R)
constant and symmetric invariant metric 77, which raises and lowers the duality indices
M,N,=1,...,2D. The derivatives are denoted Jjy;, and all fields and gauge parameters
are restricted by the strong constraint

o ... oM. =oyoM... =0. (2.1)

The fundamental fields in HSZ theory are the double metric M ;n and the generalized
dilaton d. The double metric is symmetric, but otherwise unconstrained. Under infinitesi-
mal generalized diffeomorphisms parameterized by a generalized vector €M, the generalized
dilaton transforms as usual

1
Se~2d = 9p (gpﬂd) & dd=c"opd— SopE", (2.2)
but the double metric receives higher-derivative corrections
SMurn = Le Marn + TV M) arn + T D (M) arw - (2.3)

Here, the first term is the standard generalized Lie derivative

EgMMN ZfPaPMMN-l-KMPMPN-i-KNPMMP, (2.4)
where Ky = 20)/§n] and the other terms J () constitute corrections with 2i 4+ 1 deriva-
tives?

1
TV(M)yn = —§6MMPQ8PKQN — OpMoudn KT + (M « N) (2.5)
1
T (M)yn = —ZaMKMPQaNPKQK + (M < N). (2.6)
Due to the strong constraint, the composition of gauge transformations closes
[5517 552] = 5[51,52]0/ ’ (2'7)
with respect to a deformed C’-bracket
(€1, &) = [&1, @It +opefoManey (2.8)
with the standard C-bracket defined as
(61, &)t =26 0pey) — &f0Méyp . (2.9)

2We use the following convention for derivatives dns, m ... 0. = Onr Oniy - - . O,y -
1 2 k 1 2 k



The deformed gauge transformations (2.3) fail to satisfy the Leibnitz rule with respect
to the standard product. Instead, one defines a star-product x>

(T * T)un = TapTn ' — i OnmTpg INTF? +208Tp Q0T T — 0pTn @ 9T T
+ % OnpTo ! OniT" — anpT 81 Ta ¥ — é OrpoT™ Oy T?
+ % TPR0poTun + % ouTp @ onoGT — % INTPR 0poGa
— % OrpT? OnorGY + % GPopTyn — 0pTar @ OngGY
+ TypoNGY — Ty PopGy + (M < N), (2.11)
where

GM(T,d) = oNTMN —2TMNgnd + TV onpMd (2.12)
1
—iaM [OnpTNY —40NTNP0pd — 2TNF (O pd — 20Nnd Opd)]

The star product now does satisfy the Leibnitz rule with respect to deformed generalized
diffeomorphisms
(5(T1 *Tg) =0Ty Ty +T1 x0T, (2.13)

where (T1 x To)vn, Tivn and Ty n transform in the same way as the double metric
in (2.3).

The standard inner product that follows from contractions with the duality invari-
ant metric also turns out not to be covariant under the deformed gauge transformations.
However, the following quantity

1 1
<T1 ’T2> = 5 TpoTQPQ —opTin Q 8QT2NP -+ Z 8MNT1PQ (9PQT2MN (214)
3 3 3
-5 G(Th) yG(T)N + 3 O G(TN OnG(Tr)M — 5 Top NonG(T)*
3

3 3
D) Tip NONG(To)" + 1 TN onpG(T)M + 1 T NY onpG(T2)M

transforms as a scalar under the deformed gauge transformations due to the strong con-
straint

§(Ty|Ty) = (0T1[To) + (Th|6To) = £70p(T1|T2) . (2.15)

The action of HSZ theory is given by

S:/dQDXe_QdL, L:<M‘n—éM*M>. (2.16)

30r for different rank-two tensors

1 1 1
Ty xTs = E(Tl +T2)*(T1 +T2) — §T1 * T — §TQ*TQ. (2.10)



It is gauge invariant by construction, and was fixed to match the equations of motion that
follow from the chiral CFT introduced in [19]

(Mx M)un = 2nunN - (2.17)

Since both the star and inner products are linear in each argument, the action turns out to
be at most cubic in powers of the double metric. As a result, the strong constraint restricts
the Lagrangian to contain no more than six derivatives. The full explicit form of the action
is given in the supplementary attachment (1.1).

2.2 Generalized metric and massive fields

Consider the following decomposition of the double metric [23]
Muyn =Hun + Fun, (2.18)

where H sy is the generalized metric of double field theory, and Fjsn is a higher order
contribution. The latter corresponds to massive fields [20, 23], which can however be
integrated out by replacing them with their equations of motion. We will be interested
only in the massless spectrum of the theory, so we will assume that the integration has
already been done, and consider the Fj;ny as depending on the generalized metric and
dilaton, i.e. F' = F(H,d).

It is sometimes convenient to use matrix notation, identifying the position of indices
as follows

77 = T"' ) 77_1 = 77.. ) H = %oo 9 H_l = H.. . (219)

The generalized metric is symmetric and restricted by the constraint
Hy "H=n < n'Hy'=H' < HypyH?=1. (2.20)

As a consequence of this constraint, it is possible to define projectors

1 1 _
P=5(1- Hn ) =PR*, P= S+ Hn ') =P.*, (2.21)
which satisfy
P+P=1, P’=pP, P'=P, PP=PP=0. (2.22)

One can then define the following projections on a generic tensor A = [A]+{A} = Aee
[A] = PAP" + PAPT, {A}=PAPT + PAP", (2.23)

such that
(Al =1[4], {{A}}={A}, {4} ={[A]} =0. (2.24)

It is easy to check that the generalized metric and its variations satisfy

H={H}, &H=I[5H]. (2.25)



On the other hand, it was shown in [23] that the decomposition (2.18) is the most general
ansatz for the double metric, provided the fields F' are constrained as

F={F}. (2.26)

We can now consider an expansion of the field ' = F; + Fs + ..., where the subindex
labels the order of the field. This means that when thought of as depending on the gen-
eralized metric and dilaton, F; carries 2¢ derivatives explicitly. Plugging the expansion in
the gauge transformation (2.3) one obtains on the one hand

oM = 6O 4+ MH 4 6@ + ... (2.27)
+(5(0)F1 + 5(1)F1 + 5(2)F1 +...
+5(0)F2 + (5(1)F2 + 5(2)F2 + ...,

and so on, and on the other hand

oM = Le M+ TV (M) + TP (M) (2.28)
= LeHALeFi+ LeFy+ ...
+TVH) + TV + TO(R) + ...
+TOH) + TP(F)+ TD(E) + ...

Equating order by order in this expansion one finds

§OH = LcH (2.29)
0H = AR+ 7O H) + TV(F) - VR (2:31)

where we have defined the operator A(©) = §©) — Eg that measures the failure of a tensor
to transform covariantly to lowest order. Notice that since 6 = [6()#H], one has

SOH = LcH (2.32)
W = [TV (H)) (2.33)
§IH = [TOH) + TV () — sV R (2.34)

so it turns out that 6% only depends on F; with i < n. Also, notice that since AP =
AOP =0, one has

AO R = (7))} (2.35)
AOE = {TPH) + TV (F) — WY (2.36)



2.3 Parameterizations and field redefinitions

Being symmetric and O(D, D, R)-valued, the generalized metric can always be parameter-
ized in terms of a D-dimensional symmetric and invertible matrix g,,, and an antisymmetric

S g B,
Uy = | 27 - 9. P (2.37)
B,p3"”" guv — Bupg”’ Boy

matrix By,

This is consistent with the choice

0 ot .y
NMN = 50 ) Oy = (8 7(9#) = (O,Qu). (2.38)
n

The generalized dilaton is parameterized in terms of a dilaton QAﬁ and the determinant of g

e 2=/ —ﬁe*Q‘g, (2.39)

and the generalized parameters decompose as

M = (?,j) , (2.40)

where &, are the one-form parameters that generate the gauge transformations of the two-
form, and &* are the vector parameters that generate infinitesimal diffeomorphisms.

To lowest order, the generalized metric transforms as usual with respect to the gener-
alized Lie derivative. However, we have seen that in HSZ theory its gauge transformation
receives in addition an infinite number of higher derivative corrections (2.32)—(2.34)

OH = LeH+0OH+0DH .. (2.41)
1
5d:§-8d—§8-§. (2.42)
These in turn induce an infinite number of corrections to the gauge transformations of the
components
5Gu = LeGuw + 0N G + @G + ... (2.43)
8By = LBy + 20,6, + 0V B, + 6@ B, + ... (2.44)
66 = Legp +6Mg+ P+ . (2.45)

This signals an obstruction to identify the hatted fields g, EW and 5 with the conventional
metric g,,,, Kalb-Ramond B, and dilaton field ¢ in the universal sector of supergravity,
which transform as follows

59;“/ = L{.g;w (2.46)
5BIW = LéB;w + 28[H§l,} + 5BMV (2.47)
0p = L¢o. (2.48)

,10,



Here 5~BW gives us some freedom to consider higher order contributions, presumably of
the Green-Schwarz type, which are present in some string theories (such as the heterotic
string).

The link between both sets of fields -hatted and unhatted- must be given through an
invertible field redefinition of the form

g;w = G + Alg;w + AQQuy + ... (2.49)
By = Buy + A1Buy + DBy, + ... (2.50)
$=0+A16+ M2+ ..., (2.51)

where A;g,,, A;B,, and A;g,, are allowed to depend on g,,, By, and ¢, and contain 2i
derivatives. Each of these terms must be non-covariant under the standard gauge trans-
formations, and are of course defined only up to covariant contributions.

Note that since the transformation of d is not deformed, it is possible to parameterize
it in terms of the gauge covariant fields

o~

~ 1
e—2d _ \/jge—% = o=0¢+ 1 log g , (2.52)

in such a way that the redefinitions A;¢ are fixed by A;g.
We have then identified two sets of fields:

e Duality covariant fields (g, EW, (Z) They correspond to the components of the
generalized metric and dilaton, and as such transform as usual under Buscher
rules [28, 29] and more generally under the full O(D, D,R). Instead, they trans-
form non-covariantly under diffeomorphisms and gauge transformations.

e Gauge and diffeomorphism covariant fields (g,., Buv, ¢). On the contrary, they
transform as usual -covariantly- under diffeomorphisms and gauge transformations
(possibly with a Green-Schwarz deformation), but the duality transformations of
these fields receive higher derivative corrections.

The two sets of fields are related by field redefinitions that are neither covariant under
diffeomorphisms and gauge transformations nor duality covariant. In order to find the
final form of the action in terms of the standard supergravity fields, in a way that is
manifestly gauge invariant (and where of course the duality symmetries are hidden) one
has to perform the following chain of substitutions

(M, d) — (H, d) — (g, B, 55) (g, B, ¢) . (2.53)

2.4 Zs-parity

The two-derivative DFT features a discrete symmetry [3-6], consisting in invariance under
a Zo-parity transformation generated by

__SH
Z:ZMN:((()S”(SOV), 7’=1, Z=z". (2.54)
I

— 11 —



It transforms the generalized metric as
Zo(H) = ZHZT (2.55)

while leaving the generalized dilaton invariant. Adopting vectorial notation for derivatives
0 = 0, and gauge parameters £ = £°, the parity transformation takes the form

Z9(0) = 20 =077, Zy(&) =¢Z =7T¢. (2.56)

At the level of components, these transformations imply
Zo(Guw) = Guv»  Zo(Buw) = =B, Za(d) =9 (2.57)
Zy(&") = ¢, Zy(&u) = =& Z2(0p) = Oy Z2(0") =—0".  (2.58)

In particular, it exchanges the sign of the two-form while leaving the metric and dilaton
invariant.
Note that the duality invariant metric (2.38) changes sign when acted on by the parity
matrices
Znzt = -y, Z'n'zZ=—n1. (2.59)

The two-derivative DFT is Zs-invariant because when the indices of the generalized metric
and the derivatives are placed in canonical positions, namely Hoe and Jd,, the action contains

1 Since the effect of Zs-parity is to change the sign of the duality

an even number of =
invariant metric, the fact that it enters each term an even number of times renders the
action invariant. This implies that the component action written in terms of standard
fields must contain even powers of the two-form, as is.

Here, based on the Zs-parity analysis of the HSZ action and gauge transformations, we
wish to anticipate the powers with which the two-form enters the action order by order. Let
us point out that (the following statements hold when the indices of the generalized fields

and derivatives are placed downstairs Mee, Hee, Js and all contractions are made with 1*®):

e In the action written in terms of the double metric (see the supplementary file), terms

1

with 27 derivatives depend explicitly on even/odd powers of n~" when i is odd/even.

e The fields F; contain (by definition) 2i derivatives of the generalized metric and dila-
ton, and it can be inferred from their transformation behavior (2.35)—(2.36) that when
expressed in terms of the generalized metric and dilaton they contain an even/odd

1

number of n7* when i is even/odd.

e As a consequence of the previous items, when the HSZ action is written purely in
terms of the generalized metric and dilaton, terms containing explicitly 2¢ derivatives

will involve an even/odd number of 5!

when i is odd/even. Then, terms with
2 (mod 4) derivatives will contain even powers of By, and terms with 4 (mod 4)

derivatives will contain odd powers of EW.

e A close look into (2.32)-(2.34) shows that §()g,, and §0¢ are even/odd under
Zy-parity when i is even/odd, and 5(i)§w, is even/odd under Zs-parity when i is
odd/even. As a result, A;g,,, and A;¢ must contain even/odd powers of B, when i
is even/odd, and instead A; B, contains even/odd powers of B, when i is odd/even.
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Combining this information leads to the conclusion that when the final HSZ action is
written in terms of the standard fields g,,, B, and ¢, terms with 2i derivatives contain
even/odd powers of B, when i is odd/even. To be more precise, this statement is true
only up to covariant field redefinitions that violate the parity behavior. Note that the
parity of 5(")@“,, 5(i)§uy, 5(i)$ only fixes the parity of the non-covariant part of A;g,.,
A;B,, and A;¢, but leaves the covariant part unrestricted. One could, for example,
induce through covariant field redefinitions Ricci-squared terms in the action that seem
to violate the claim that first order contributions are odd under Zs-parity. But then of
course by construction these terms are removable through covariant field redefinitions.

2.5 First order corrections and the Green-Schwarz mechanism

Following a preliminary discussion in [19], the first order corrections to HSZ theory were
worked out in detail in a series of papers [23, 26] by O. Hohm and B. Zwiebach. Here
we briefly review the results that are relevant for our purpose of finding the second order
corrections.

In [20, 23], the fields Fi/n in (2.18) were shown to correspond to dynamical massive
excitations. Once the action is expressed in terms of these fields and of the generalized
metric and dilaton, one can integrate them out ending with an effective action for the
massless fields. The result of such a procedure is a functional dependence of the fields F; in
terms of the generalized metric and dilaton. For the first order, the solution was found to be

1 1 1
Fiun = 1 Harp OgHn T OrHFe — 1 Har POoH N1 OpHO! — 1 Hor PONHOT OgH p1
1 1
+E Has PON'HQI OpHor + 3 HPQap'HM 1 OoHnNT + (M < N). (2.60)

Since Fj is already first order as it carries two derivatives, to first order the components
of Hyrv and d can be taken to be the familiar unhatted gauge covariant g, B, and ¢.

In addition, the double metric (2.18) also receives a contribution to first order from
the generalized metric. Indeed, the first order deformation of the gauge transformation of
the generalized metric (2.33) is given by

1 1

5<1),HMN = 1 8MHPQ apKQN + EIHM PHN QapHIJ a[KJQ (2.61)
1 1

5 OpHom 8NKQP + 5 Hnr PHN Qa[HJp (9QK‘H + (M < N).

This, as explained above, induces a first order transformation of its components

. 1. = 1. = 1. . ~
5(1)9;”/ ~ 1 OuBpo 048" 977 — 92 9pBpuo 048" 977 + 4 OuGpo Ove&u 97797¢

1. . N 1 ~ .
_Z 0 9po 8u’y§e gp'y/gae - Z Bupaz/gcr'y Ocs&” /gaeayé (2'62)
14 ~
=3 BooOudre 0us” §0G° + (u 6 v)
~ 1. 1. PN .
5(1)B/u/ = _5 8pgua au'yfp :q\gv + Z a,ugpa 8’}/656 gyégp'y/g\o - (M e V) . (263)
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One can then try to perform a first order non-covariant field redefinition to make
contact with the gauge covariant fields (2.46)—(2.48). These redefinitions were worked out
in full detail in [23], and up to covariant terms are given by

1 1
Algwf = _Z 8quU 8’}/91/6 gp'ygge - 1 8pB;w a’ygus gpegg'y
1 1
+7 0B 0190¢ 9”197 = 7 0pByus 0u97e 9797 + (4> v)
1
A1B,, = 1 Oubpo OvGue 77 9% — (1 & V). (2.64)

It turns out to be impossible to trivialize the transformation of the Kalb-Ramond field
to first order [26], and one is forced to end with a two-form that transforms to first order
under a Green-Schwarz-like transformation

0By = 08T, (2.65)

where gB,w was defined in (2.47). Due to this transformation, the standard supergravity
action fails to be diffeomorphism invariant to first order, so the three-form field strength
must be corrected with a Chern-Simons term. This is reminiscent to what happens in
the heterotic string, where anomaly cancellation requires a deformation of the three-form
field strength with a Lorentz Chern-Simons term constructed from a spin connection with
torsion. In HSZ theory the connection in the Chern-Simons term is the Levi-Civita (or
Christoffel) connection. The minimal action consistent with the deformed gauge transfor-
mations and the standard zeroth order action is given by

1

S = / dPx\/—ge2? <R + 4V, Vi) — AV ¢ VH ¢ — mﬁwﬁfﬂ”ﬂ> : (2.66)

where

Hyp = Huvp + 3, - (2.67)
All these quantities were defined in appendix A. The first order contribution to the La-
grangian is given by —% H,,, WP, and consistently satisfies the expectation that first
order corrections involve odd powers of the two-form field. The bosonic and heterotic
strings contain a Riemann-squared term to first order, but in HSZ theory such a term is
forbidden by Zs-parity.

As mentioned in the introduction, any theory that results in a formula like (2.67)
must be defined on spacetimes with trivial first Pontryagin class. Then, the field redef-
initions (2.64) are necessarily obstructed, and can not hold in general. It is unfortunate
that this becomes clear only after the ordinary variables are identified. While in HSZ the-
ory issues like this are hard to anticipate, other approaches based on transitive courant
algebroids, such as [13] have the advantage that these obstructions are naturally realized
a priori.

2.6 Second order corrections and the Riemann-cubed terms

Already from the results of the previous subsection one can anticipate a second order
contribution to HSZ theory given by the Chern-Simons squared term in (2.66)—(2.67),
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namely —% Qup QP In [30], O. Hohm and B. Zwiebach explored to what extent higher
derivative corrections are constrained by T-duality. Building on the seminal work by K.
Meissner [31] (see also [32]), they refined a procedure to test the T-duality invariance of a
generic gauge invariant action, offering necessary conditions. By applying the method to the
action (2.66), they found that the theory is consistent with T-duality to first order, but fails
to be duality invariant to second order. As a result, the action (2.66) faithfully reproduces
the interactions in HSZ theory to first order, but is expected to contain additional second
order interactions beyond the Chern-Simons squared terms.

Analyzing on-shell three point functions to all orders in the derivative expansion, U.
Naseer and B. Zwiebach concluded in [24] that HSZ theory must contain, in addition to the
quadratic Chern-Simons terms, a Riemann-cubed interaction to second order. Their work
shows that to second order, the following is the gauge invariant action that reproduces the
on-shell cubic amplitudes of HSZ theory

1 ~ -~
S = / dPxy/—ge 2 (R + 4V, Vip — AV ,¢VF ¢ — EHWPHWP

—41—8 RWO‘BRQBW’RPUW) : (2.68)
The coefficient of the Riemann-cubed term is minus the coefficient of the same term in
bosonic string theory. No such term appears in the heterotic string. It was shown in [33]
that interactions that contribute to three-point amplitudes with three external gravitons
lead to causality violations that require the existence of an infinite tower of new particles
with spin higher than two. Such violations are avoided when the full structure of string
theory is taken into account [34].

In bosonic string theory there is also a non-zero Gauss-Bonnet Riemann-cubed term Gg
G3 = R "PRag’ Ry — 2 R™PR,55, RN, (2.69)

but its presence can only be seen from four point amplitudes [27]. Note again that these
corrections satisfy the expectation that the second order corrections must involve even
powers of the two-form.

3 The full massless action to second order

In this section we present the original results of this paper. Since many computations
produce large outputs, we separate some intermediate results and show them in a sup-
plementary attachment. Most computations are conceptually simple but computationally
challenging. Without the aid of Cadabra software [38], some of the computations would
have been for all practical purposes impossible to carry on.

The main result is the computation of the full massless second order action of HSZ the-
ory. We begin explaining the procedure, then display the result and conclude by analyzing
some relevant interactions.
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3.1 Second order gauge transformations and field redefinitions

Let us schematically illustrate the procedure and some intermediate relevant results:

e First. We compute explicitly how the generalized metric transforms to second order.
The formal expression is given in (2.34)

SOH =17DH)+ TV(F) —6W ], (3.1)

and we already have all the ingredients to perform the computation, namely Fj[H]
in (2.60). Note that (¥ is independent of the generalized dilaton, because so is F}.

e Second. We compute the second order transformation induced on the set of fields
that parameterize the generalized metric. The results can be found in the supple-
mentary attachment

693, —  Supp. (2.1) (3.2)
§¥B,, — Supp. (2.2). (3.3)

e Third. We find the field redefinitions that connect the duality covariant fields
(v, Buv) to the gauge covariant fields (g, Bu) by demanding that the gauge
transformations trivialize to (2.46)—(2.47). The results for the metric (2.49) and

two-form (2.50) are given in the supplementary attachment

A9Gu,  —  Supp. (2.3) (3.4)
AQEW —  Supp. (2.4).

Interestingly, under these redefinitions, 5~B;w in (2.47) does not receive a second order
deformation, and remains the first order Green-Schwarz transformation (2.65).

e Fourth. The last piece of information we need is the functional dependence of
F>[H, d]. With this, and the information obtained above on how the generalized
metric and dilaton are parameterized in terms of the gauge covariant fields, we are
ready to compute the action in terms of the standard supergravity fields. We then
seek the most general Iy that satisfies equation (2.36). This of course determines F
up to terms that are covariant with respect to the lowest order transformations. One
expects a splitting of the form

Fy = F2nonfcov + FQCOV, A(O)F2cov =0, (3.6)

non—cCcov
where Fj

is unique. We show in appendix C that the covariant piece can be
simply ignored to second order, because it leads to covariant boundary terms in the
action. Since the right hand side in (2.36) does not depend on the generalized dilaton
(because Fj in (2.60) is independent) it follows that F5°" ™" is independent as well.
Again, the result is shown in the supplementary file

Fyonv  —  Supp. (2.5). (3.7)
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3.2 Full second order action in covariant form

We now have all the necessary ingredients to compute the full second order correction to
the HSZ action. The procedure has been outlined before, but let us sketch it once again.
The starting point is the action in terms of the double metric and generalized dilaton (2.16).
Since we are interested in the second order terms, we need to consider the full action with
all up to six derivatives. Then, one needs to find the parameterization of the double metric
M and dilaton d in terms of the gauge covariant fields g,,,,, B, and ¢. This is accomplished
through the substitution chain

(M, d) = (1, d) (3. B. §) = (9, B, 6) , (3.8)

truncated to second order in the action. After this sequence is implemented, the output
is a huge expression in terms of fields and their derivatives, which is covariant under
diffeomorphisms and gauge transformations by construction, but the symmetries are far
from being manifest. One then has to re-write the final output in terms of contractions
of covariant quantities, such as the Riemann tensor, three-form field strength, dilaton and
covariant derivatives acting on them.

The result is the following action

S= / aPay=ge (1O + L0 + LO) . (3.9)

Here, L(©) is of course the usual two-derivative action

1
LO =R —4V,¢VF¢ + 4V, VF¢ — g HwpHM (3.10)
The first order contribution is exactly the expression anticipated in [26]

. — 1 H. Qe

= 5y , (3.11)

and contains neither extra boundary terms, nor other extra covariant terms that could
have been required by duality. This is consistent with the findings in [15]. The second
order contribution is rather lengthy, and it helps to separate it in powers of the two-form
and dilaton as follows

L@ = poo 4 g1 4 plo2 | rlo3] 4 r04]
L0 4 pl2a] 4 22 4 pl23] (3.12)
L[470] + L[471] + L[4=2] -+ L[&O} .

The notation L["B:7¢] indicates that such terms contain n B two-forms and ny dilatons.
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Concretely, each contribution is

3 1 1
L8 = 4 P — ] VER™TTN Rypoy + 3 RFPPR,T 5 Ryyoc

1 1
— S VIVuV'VUR + L RUVIV, R, + RV, VR,

1 1 1
+ 5 VR VyRup + 5 VFR, NP Ry — 5 BB, % R

o = VYRV, V,6 — 2 VHVYV,R V¢ + nguv'fvpvyv,@

—3VAV, V'V, VPV,¢ —2R"™V,RV,¢ —3VFR"V,V,V 0
— VAV, R V,V,6 —ARMR,PV,V ,p — g RN, R,V

3
F2RYRLP OV 4 5 RNV Ryp, TV 60,

L2 = f% VAVYR V6 V,6 +3VHIVIV, VPV, V,up +11VAVIVPY 6 V,V,6
+4VIV, VG YV, VPV 0 +4VIVVPH V,V,V 6
+2RMVPY YV up Vih — 5 RV, NV, VPG Vo + 4 RFVPY 6 V,V,0
—4VHFRP NN 0 Vyup +10VFRP Y,V 6 Vo — 5VHR,Y VPV b V0
+ VAV, R V,6V 0 — 8 RMP VY,V 6 V, Ve + RWR,?,V 0V,
L3 = 2VIV"VIY 6 V,ud Vi +4VIVIVPV,6 Vih Vo
—8VIV'VPV b VoV, —2VHVYVPH V, V0 Vo
— 16 VAV 'V, ¢ VPV .6 V,0 — 20VEVYVPG V.V 0 Vo6
—12VHVY$ V, VP V,V,6
LA = 4 VHVPVPH V0 V,0 Vo + 16 VHVY ) VPV, Vb V6,

L0 — 3% VAV, VYVP(H? ,YHyy) — é H"*H,,°V,V,R — i H"PY°H,,,V,R
- é H"PN Hyo V R + % VEHYP NN AN Wy Hypo + % VAVYH,, P V'V, H o,
- % H"PH,,, "V IV, R,y — % HMPROVN N oHyp + é H"PR,°V,V" Hppry
- 1% HMPR, VoV H,py — g HMPNH,, " VyRyy — 3 H"PNH,, YV, R,

1
4

1 1 1
+ g H'PH, " Ryo Ry — o H'PH, OV Ve Rypoy — S HPR, TV, V Hone

1 5
RN, H,? V" Hygy + 5 R¥NPH, " Vo Hypy — 1 RV H, 7V Hyo

1 1 1
—JHPY R TN N o Hype = PN H Yy Ry + 16 RPN Hyw, Vs Hpge

1 1 3

— Tﬁ RMVPUV"/HMV’Y VEHpO'e + Z Rm/poqup Ve VaHu'ye + Z HquH,u U’YRV ERpo"ye
3 1 5

15 H""H Rywo * Ryes = H" P Hyy " Ry ) Boeys — o H'PHy, "V Ry * Ryers

1 1
+ g H‘LWPHM O-,YRZ/O' E(;Rm/eé - E H#VPH},LI/ Cer 765Ra'ye5 )
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1 v o 5 4 o 5 4 g
LY =2 greH,, oV, RV ¢ — 3 H"PH,, "NV V,Vep — S HMPN Hyyo VIV ¢

4
5 17 g v, g

= 5 1"V sy VOV V¢ = HYPNT Hy, 'V Vo Va0
3 oo Lo wpoo

= L HYNIN Hyy VN o = 1 HYPNON Hyp Vo Va0
1 1

-3 HuupvavavaMW V,p — 1 H“"’JVUV'YVHHV,W Voo

1 1
= VI N Hypo ViNo¢ = 5 VFH7 Vil Vo Va0

3 14 o 1 vpo

1 VFH, "N H,," VoVyp — 1 VEH"P? NN Hpyyp Vo
1 oo 1 vpo

— 5 VIH VNV Hyy Vo — 5 VIH VNV Hyy T Va6
1

1
— I VIHL VNG Hyy T Vg = VI, VNV Hyy T V6

5 3
+ 3 B Hyu "Ry VoV 4 HUPHyy "N Ry Va6 — S H'PHy OV Ryo Vo

1 1 1

+ g HYP RN o Hyyp Noy$ + 5 H'PRTN o Hyy Vp§ — 7 H'P R,V Hygr, V6
) 1 1

+ g H‘LLVPRM OV’YHVp'y va¢ + Z H“VPRM UVO'HVp vy V»ygf) + Z Hul’pHU%Ruya'yvpveqb
1 1

+ 3 H"PH,°"Ryps ‘V Ve — 3 H"PH,,°R,” 5V ,Vp

1 1
+ Z H#VPHH U,YveRVpUe V’Y¢ + 5 HquRN U%VUHVP’Y v€¢

1 1
+ g H'WPR/W vaeHa’ye Vp¢ + 5 HquRu UVEVVHP’YE VU¢ ’

5

4
3

+ 2 HMVPH,LLV UVpVWGb VUV’Y¢ + 5 HMVIDVO—HHV K V'va(z) VU¢

5 3
+ 1 H"PN7H, e VIV y0 Vi + B HMPNHy " VoVayd Vo

5
122 — H"™PH,, "NV, V6 Vb + EHMWHAW IV, VoV b Vo

+ 1% HM™PN H,)y ViV o Vo — 3 HHPY  H, 7Y VoV y) Voyp
1 1

5 HYONT Hy Vp6 ¥ + < HYPNTY iy VoV
1 1

— S HYPNTHyo Y V6 Va6 — 5 VEHY Y, H,, Ve Vo

3 1
+ 1 VA" N Hy,, " Ve Vyd + 1 VIH, PN H,, " VeV

3 17 g 1 17 g€
— JHMPH TRy V¢ V6 — o HPH RugusVp6 Vet
3 17 a € 1 17 g €
= S HPPH, T Ry Va6 Veb — o H*PHy "R, ¢ V16 Ve,

5 - |
L = 2 HI Hy N N6 Vg Vo — 5 H'PNV Hyw TV 56 Vah Vo,
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1 1
L[4’O] - 372 H/w pHa’ %HMVUVpV(SH’Yeé o TG HM VpHU %HMUJVJVVHPWE

1 1
+ Zg H;w PHUVEH#MV(SVPHU’YE + Tﬁ HHVPHMV ovaU e V6H7€5
+%H‘“"’H IV, H,y Vo Hoyes —%H’“’"H IV, Hy © Vo H e
6 o H’“’”HW NV, H" V,H, 5 + —GH“""H”VEV Hyo 'V H, s

3
5 L pie gorey wHyo O Vo Hopes + o HMPHT Y yHoo O Ve Hyps

3 64

- ﬁ H"™PH,, "N H,y ¢ VO Hyes

1 1
+ 173 H#VPHM U'YVVHJ’Y € V6Hp€6 4 @ H‘LW’DHM U’YVGHVPE V(;Hmﬂ;

1
+ @ HWPHOVN H o Vs Hypre + @ HMPHOYN | Hopr e VO Hy s

- Tﬁ HMWPHOYN gy VO H e “ 1 HWpH VP H., “ Hsc "R

1 1

32 HypHyy PH "V Hs ™ R — §HW,)H PH. O Hys "RV

16 H;pra»y PH, 5’YH>\ VREATH _ 32 HuupHafyeHé TR pré)\g# :

Lt = —2 L1, O, T H Va6 5 L H, P HOH,, o SV Y0
+ %HM YPHOM Hy N Hes, YV pp — éHM YPHOM Hyo NV Heys YV pp
_ % HH VpHCWMHa'y equep 0 Vso + % HM VPHOMY H €6V6H5Vp V'y¢

- %H“VPH‘”GH Oy Hep Vs — éH“l’f’H"’YGHm O Hsp V b

1
— H YWHOWH,. NV Heppy Vs — S Hu""HT Ho NH, 5V,

16
1
L2 = -3 L VPHOH,, “H, Vs Ve — S H'yPHTVH 5,Hoo W, Ve,
1
L[G’O] = _@ H" zpr{UVpI_I7 e5H>\ o aHa’y)\Ho € + 1728 HMVpHG“/ 6H6 )\aHés ale TH? P A :

This action can of course be simplified combining Bianchi identities, integration by
parts and field redefinitions. Finding the minimal form of the full action is an ambitious
program that we will not pursue here. In the case of the four-derivative theory, it was shown
in [16] that any gauge invariant action can be reduced to contain only eight terms. Some
of these terms were dubbed unambiguous because their coefficients can not be modified
through field redefinitions nor integrations by parts. An example of an unambiguous term
is the Riemann-squared contained in the bosonic string. The six-derivative case is far more
complicated, and was discussed in [35] for the case of vanishing dilaton. There, it was
shown that the most general theory can be reduced to only twenty-one terms, ten of which
are unambiguous. In the next section we will briefly discuss some limit cases that will help
in identifying some relevant six-derivative interactions in the theory. In particular, we will
provide the minimal form this action when ¢ = 0.
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Let us finally note here that gauge invariance (more precisely, the Green-Schwarz
transformation of the two-form (2.65)) requires putting a hat over all the three-form field
strengths H,,, — H up, in order to restore the Chern-Simons terms (2.67). This replace-
ment leaves the second order terms untouched, but would be required by gauge invariance
when analyzing the next orders in .

3.3 Riemann-cubed, Gauss-Bonnet and more

Here we wish to study the action in some limit cases, in order to understand what the most
relevant terms are.

As a first check, we have verified explicitly full consistency with the results in [24].
Setting the dilaton to zero ¢ = 0, after repeated use of integrations by part and the lowest
order equations of motion (which as we show in appendix B corresponds to performing
second order field redefinitions), we expanded the metric around a flat background g, =
N + hyw keeping terms up to cubic order in fluctuations.* We then imposed on-shell and
polarization conditions, namely n*¥d,...0,--- = 0 and 0"h,, = 0"B,,, = 0, and verified
that the only contribution to the cubic action is given by

1
- Zs&“”hpaﬁéghwﬁ’\phgy : (3.13)

in agreement with [24].

Let us now take both the dilaton and two-form to zero B,,, = ¢ = 0, and keep the full
(unexpanded) metric field. In this case, the only terms that survive are those in L% and
moreover integrating by parts, using Bianchi identities (A.5)—(A.7) and taking R,, = 0
and R = 0 (which corresponds to performing field redefinitions) one is left with

3 1

v o o v 1
L0 — ~1 QP — 18 Ry BRa,Bp Ry — ﬁG?” (3.14)

where (3 is the cubic Gauss-Bonnet interaction term
G3 = R’ Rag” Rpo!” — 2R PR35 R, . (3.15)

This term vanishes on-shell to cubic order and is then transparent to three-point ampli-
tudes.

Let us finally discuss another limit case with vanishing dilaton ¢ = 0, but non-vanishing
metric and two-form. After some redefinitions and integrations by parts the Lagrangian
can be drastically simplified to

3 1 1 1 ~
2 v v v 2
L ):_ZQM PQuup — ERWQBR%BPURWM + ﬁRwaﬁng R.PSS + ?TQHPURWMR%M

1 ~ B vy 1 0By T 1 o0y 772
—&Raﬁup}zyﬂﬂfﬁmﬂ - @RQBWRWHWHW ~ Jog R H**TH Fo (3.16)
1

~ ~ 1 ~ ~ ~ 1 ~ ~ ~
—@RQBH%HW - Q—%RagHamHﬁp,,H%” - @vUHWVUHﬂWHW,

“For a discussion on the cubic-order duality covariant expansion of DFT see [36, 37].
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where we have defined H 31, —H M,Uff 7. Written in this way, except for the Chern-Simons-
squared term, it fits into the minimal form of the action introduced in [35], implying that
the number of terms can not be reduced further.® One can however ask if the dependence on

H,,, can be eliminated by field redefinitions. Using the equation of motion with vanishing
dilaton H 3U =4R,,,, the Lagrangian can be rewritten as

3 1 1 1 1
L®=— 4 QWPQMVP 48 RuvaﬁRaﬂpaRpoW - ﬁGi’) + ngoRpaﬁ’yRaaB'y B gRaﬁ'mRa’yRﬁa
1 1 PR 1 B
—@RagRauR’B“ — aRaﬁupRyﬂﬂfﬁHW + @RMWRWHO‘/BVH”W (3.17)

1 =, = 1_ = -
—@RaﬁHamHﬁpyRW — GZVUHQ”VV"HM”RO‘B.

We conclude that H uvp can not be totally eliminated from the action, and taking into ac-
count that it hides a first order correction, the fact that it appears quadratically announces
that the full action must at least go up to O(a’*). This confirms the expectation that the
second order action is not exactly duality invariant, and that duality invariance will require
an infinite expansion in powers of /.

Let us finally note that the lowest order equations of motion combined with integration
by parts always allow to eliminate from the Lagrangian all terms with covariant derivatives
of the dilaton, even without assuming that some particular field vanishes. In fact, whenever
the dilaton appears covariantly derived once, it can be eliminated through an integration
by parts 6_2¢V“Vu¢ = —%V“VHe_Q‘z’ = %V“V“e_%’. If instead it appears derived more
that once, the equations of motion can be used to eliminate the dependence on it V¢ =
_%R#V + %HupaHVpa'

4 Outlook and concluding remarks

We have computed the full second order action for the massless sector of HSZ Double Field
Theory [19]. The theory features an exact duality invariant extension of the Green-Schwarz
mechanism [26]. The first order o/-corrections are given by Chern-Simons deformations of
the three-form field strength. To second order in o’ the theory was known to contain
a Riemann-cubed interaction, with minus the coefficient of the same term in the bosonic
string [24]. Here we provide the full second order action in a manifestly covariant form (the
result can be found in subsection 3.2). The gravitational sector includes a cubic Gauss-
Bonnet interaction, also with opposite coefficient to that in the bosonic string. The second
order contributions contain even powers of the three-form field strength, and the fact its
dependence can not be eliminated from the action anticipates that exact duality invariance
requires further higher-derivative terms.

It would be desirable to take the full second order action to a minimal form, combining
field redefinitions, Bianchi identities and integrations by part. We have done this in the
particular case of vanishing dilaton, obtaining a very simple expression for the action (3.17).

®Comparing with the minimal action (5.1) in [35] we see that the only non-vanishing coefficients are
B, = By = As = 35, Ao = — 5, A = 135, Aso = Azz = Asy = — 555, Ass = — 1

_L 1 1 1 L R __L __1 L
16 127 327 64’ 128> 128° 768 256 128"
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It would be interesting to compare our results with the second order corrections to the
bosonic string, and explore to what extent the coincidences that occur in the gravitational
sector apply to the general action.

HSZ theory is presumably the simplest higher-derivative theory of gravity with exact
duality invariance. Although it is not a conventional string theory, understanding how
duality and gauge invariance organize the action can shed light on how duality constrains
higher-derivative interactions in more general set-ups. In [15] a deformation of DFT was
proposed in the frame-formalism, which captures the first order corrections to the bosonic,
heterotic and HSZ theory. It would be interesting to see how to extend these deformations
to higher-orders, so understanding them in the particular case of HSZ theory is a convenient
starting point.
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A Conventions and definitions

In this appendix we introduce some notation used throughout the paper.
Space-time indices are denoted with greek letters p,v,.... The Lie derivative of a
tensor is given by
LV, = §P0,Vi” + 0,8°V)," = 0,87V, . (A.1)

The Christoffel connection is defined in terms of the metric as
1 g
FZ,I/ = 7gp (8ugua + 8ugua - 3ag,w) s Ff) =0, (A2)

2 w]

and transforms anomalously under infinitesimal diffeomorphisms (whenever the Lie deriva-
tive acts on a non-tensorial object, we use the convention that it acts as if it were covariant)

o, = Lel'h, + 0,0,87, (A.3)
so it allows to define a covariant derivative, given by
VoV, =0,V —T7,Vo" + T, V.7 (A.4)
The commutator of two covariant derivatives
[vm ] Vpa = _R(Sp/w Vs? + Raéuvvpé ) (A.5)
is expressed in terms of the Riemann tensor, which can be expressed as

Rl oy = 0,105 — 0,10, + 1010, —T0T),, . (A.6)
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Its symmetries and Bianchi identities are
Rpa,uu = gp5R§Juu = R([pa}[pu]) ) Rp[a,u,z/] =0, v[,u,RV)\]pU =0. (A7)

Traces of the Riemann tensor give the Ricci tensor and scalar, respectively

Ruu = Rp,upu ) R = g#l’RMV . (AS)
The Chern-Simons three-form is defined as
2
_ 19 o 1) o A
Quvo = lgo O L5 + 3To T (A.9)

and it transforms under infinitesimal diffeomorphisms as
0 = LeQunp — N (040565 ) (A.10)

The Kalb-Ramond two-form transforms both with respect to gauge transformations,
parameterized by a one-form ¢, and diffeomorphisms

0By = Le By + 20,8, + 01,)0,6°T) (A.11)

[v]o -

The last term corresponds to a first order deformation know as the Green-Schwarz trans-
formation [25]. Due to this contribution, the standard three-form curvature of the Kalb-
Ramond two-form

H/“,p = 33[“31,,)} = OHB,,p + apr# + apB/“, , (A.12)

fails to transform covariantly under diffeomorphisms. Instead, the proper covariant curva-
ture tensor is given by

~

Hyup = Huvp +3mp,  0Hupp = LeH,up. (A.13)
This tensor satisfies the following Bianchi identity

~ 3 Y
Viullupo) = =3 Ry ™ Ry (A.14)

B Covariant second order field redefinitions

The lowest order action (3.9)—(3.10) is

SO = / dPx/—ge (R + 4V, VHip — 4V, ¢VHe — 112HW,)HW”> : (B.1)
The equations of motion for the dilaton, two-form and metric are
D¢=0, DB, =0, Dg, =0, (B.2)
where
D¢ =R+4V, V'p -4V, 0V — 11—2HM,,,)H’“”’p (B.3)
DB, = -2V, H?,, + VP H,,, (B.4)
D = — 5030 DO+ By + 2V, V16— Hops H 7 (B.5)
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We now explain that any six derivative term in the action that involves at least one
of these quantities, can always be eliminated through a second order field redefinition.
Indeed, consider a generic six derivative term depending on any of these quantities, then
integrating by parts it can always be taken to the form

S = / dPry/=ge * (Dg, T/ + DB,, Ty" + D¢ T) , (B.6)

for some T}, T4" and T3 that depend on the Riemann tensor, three-form field strength,
dilaton and their covariant derivatives. On the other hand, through a covariant second
order field redefinition

Juv = Guv + AQQ,uV ) B;u/ — B;u/ + AQB;W ;0= o+ Agg, (B7)

the two-derivative action (B.1) shifts as
AyS = / dPe/=ge % (Dgu, Aag"” + DB, AgB" + D¢ Aoo) (B.8)
up to boundary terms. Then, fixing the field redefinition to
Doy = —Thw, AoBu, = —Ts,,, Ayp=-T3, (B.9)

eliminates S’ from the total action.

C Covariant part of Fy

We have delayed to this appendix the discussion on why it is consistent to ignore the covari-

ant second order contributions to F in (3.6). Consider the most general parameterization

of a tensor with projections F' = {F'}

Fun — g ES g% g'PF,, — g""F g7 By,
Fo9" + Busg’ Flg™ Ff, — F, 9° Bsy, — F,,9°° Boy — Bupg? F.f g’ Bey

(C.1)

A symmetric tensor with projections PFPT (PF FT) contains the same degrees of free-

dom as a symmetric matrix F,, (F,). Thus, a symmetric tensor with projection

F={F}=PFPT +PFP’ contains as degrees of freedom two symmetric matrices, which
have been named in (C.1) Fi, =F,, + F,,. Due to its projections F7°" must admit a
parameterization of the form (C.1), with F, ljcy covariant under diffeomorphisms and gauge
transformations. We can then study how the action gets shifted when a non-vanishing F5°"
is turned on. The result turns out to be simply

SFé:ov = /de A/ — v <— 672¢) VHF+V> . (02)

This is a covariant total derivative, and can then be dropped out from the action.
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Let us now give a complementary argument on why it is possible to ignore the covariant
part of F5. We have checked with Cadabra [38], that the most general form of a covariant
range two tensor with the projections of Fy = {F3} takes the form

Espin = aRupRE N + Hun (0R? + cRynRMN 4+ dV  VyRMY) (C.3)
where R and Ryn = RMN + Rﬁﬂ are the generalized Ricci scalar and tensor of

DFT [39, 40]. The covariant derivatives in the last term above are determined/covariant
due to the projections of the Ricci tensor. The observation is that the Ricci scalar (tensor)
encodes the lowest order equations of motion of the dilaton (metric and two-form), and
then any covariant piece of F5 can be ultimately eliminated from the action through field
redefinitions.
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any medium, provided the original author(s) and source are credited.
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