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ABSTRACT: We propose a new prescription for computing the Nekrasov partition functions
of five-dimensional theories with eight supercharges realized by gauging non-perturbative
flavor symmetries of three five-dimensional superconformal field theories. The topologi-
cal vertex formalism gives a way to compute the partition functions of the matter theories
with flavor instanton backgrounds, and the gauging is achieved by summing over Young di-
agrams. We apply the prescription to calculate the Nekrasov partition functions of various
five-dimensional gauge theories such as SO(2N) gauge theories with or without hypermul-
tiplets in the vector representation and also pure Fjg, Fr7, Es gauge theories. Furthermore,
the technique can be applied to computations of the Nekrasov partition functions of five-
dimensional theories which arise from circle compactifications of six-dimensional minimal
superconformal field theories characterized by the gauge groups SU(3),SO(8), Eg, E7, Es.
We exemplify our method by comparing some of the obtained partition functions with
known results and find perfect agreement. We also present a prescription of extending the
gluing rule to the refined topological vertex.
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1 Introduction

The (refined) topological vertex is a powerful tool to compute the all genus topological
string amplitudes for toric Calabi-Yau threefolds [1-4]. One can compute the full topolog-
ical string partition function like a Feynman diagram-like method and it can yield the full
list of the Gromov-Witten invariants and the Gopakumar-Vafa invariants of a toric Calabi-
Yau threefold in principle. The topological string partition function also has a physical
interpretation through string theory or M-theory. When we consider M-theory on a non-
compact Calabi-Yau threefold with a compact base that is contractible, the low energy
effective field theory gives rise to a five-dimensional (5d) theory with eight supercharges
which has a ultraviolet (UV) completion [5-8]. Then M2-branes wrapping various holo-
morphic curves in the Calabi-Yau threefold yield BPS particles in the 5d theory. Therefore,
the curve counting for a non-compact Calabi-Yau threefold is equivalent to the counting of
BPS particles of the 5d theory and this implies that the topological string partition func-
tion is equal to the Nekrasov partition function up to some extra factors. Indeed several
checks of the equality have been done for example in [9-13] for 5d SU(NN) gauge theories
with flavors by utilizing the method of the topological vertex.

Recently, the topological vertex formalism has been extended for computing the topo-
logical string partition functions of certain non-toric Calabi-Yau threefolds [14-16].! The
new method makes use of a Higgs prescription of the superconformal index in [19, 20].2
In fact, some non-toric Calabi-Yau threefold can be obtained from a topology changing
transition or a Higgsing from a toric Calabi-Yau threefold. Then applying the Higgsing
prescription for the topological string partition function of the “UV” Calabi-Yau three-
fold gives rise to the topological string partition function of the “infrared” (IR) non-toric
Calabi-Yau threefold. This new technique enables us to compute the Nekrasov partition
functions of the 5d rank one FE7, Eg theories [14, 15], the 5d SU(N) gauge theory with
a hypermultiplet in the antisymmetric representation and also the 5d Sp(/N) gauge the-
ory [25]. Furthermore, it has been also applied to the calculation of the Nekrasov partition
functions of 5d theories which has a six-dimensional (6d) UV completion, and non-trivial
checks with the elliptic genus of the 6d self-dual strings have been done in [26, 27].

Although the new method enlarges the space of non-compact Calabi-Yau threefolds
to which we can apply the topological vertex, there is still a large class of non-compact
Calabi-Yau threefolds to which we have not yet known how to apply the topological vertex.
An interesting class of such Calabi-Yau threefolds is the ones which yield 5d gauge theories
with a gauge group SO(2N) or FEg, E7, Eg. In this paper, we propose a new technique
which enables us to compute the Nekrasov partition functions of the 5d pure gauge theories
with a gauge group SO(2N) or Eg, E7, Eg from the topological vertex. The new method
utilizes a dual description of the 5d pure gauge theory with a gauge group of DE-type. In
fact, it turns out that the dual description is given by gauging the diagonal part of flavor

!There is also another vertex-like approach to compute the unrefined topological string amplitudes for
some non-toric Calabi-Yau threefolds [17, 18].

2In terms of geometry, the Higgsing corresponds to a topology changing transition and a similar technique
has been also used in [21-24] in the context of the refined version of the geometric transition.



symmetries of three 5d theories. We call such a gauging trivalent gauging. We have often
encountered the case of gauging the diagonal part of flavor symmetries of two 5d theories
from toric Calabi-Yau threefolds or equivalently 5-brane webs [28-30]. Gauging the flavor
symmetries of three 5d theories is a natural generalization but goes beyond the standard
picture of 5-brane webs. The main aim of this paper is to formulate a novel method
to compute the Nekrasov partition functions of 5d theories constructed by the trivalent
gauging. The 5d theories coupled by the trivalent gauging may be considered as “matter”
parts for the gauging. We indeed develop a way to compute the partition functions of the
5d theories as a “matter” contribution for the gauging from the topological vertex. Then,
the trivalent gauging can be implemented by inserting the Nekrasov partition function of
vector multiplets for the gauging and summing over Young diagrams. The prescription
may be interpreted as a generalization of the gauging for the superconformal index in four-
dimension [31-33]. However, the extension to the gauging for five-dimensional partition
functions is quite non-trivial compared with the four-dimensional case since we need to
add instanton contributions which appear by the gauging.

The new prescription of the trivalent gauging not only apply to the partition functions
of 5d theories which have a 5d UV completion but also apply the partition functions of 5d
theories which have a 6d UV completion. An interesting class of 6d superconformal field
theories (SCFTSs) are non-Higgsable cluster theories [34, 35]. These 6d N = (1,0)SCFTs
are an important ingredient for the atomic classification of general 6d SCFTs [35-37].
When the non-Higgsable cluster has only one tensor multiplet then they are called 6d
minimal SCFTs and labeled by an integer n = 3,4,5,6,7,8 and 12 [34, 35]. 5d descriptions
for some 6d minimal SCFTs with eight supercharges have been proposed in [38]. In fact,
it turns out that the 5d descriptions for the cases of n = 4,6,8,12 can be described by
gauging flavor symmetries of three or four 5d theories. Therefore, we can use the trivalent
gauging method and it is possible to compute the Nekrasov partition functions of the 5d
descriptions of some 6d minimal SCFTs on a circle. The Nekrasov partition function for
a 5d theory with a 6d UV completion can be also interpreted as the sum of the elliptic
genera of the self-dual strings in the 6d SCFT. We will give a non-trivial check between the
result from the trivalent gauging and the elliptic genus for the case of n = 4 by using the
elliptic genus computed in [39]. We will further propose a 5d description of the 6d minimal
SCFT of the case n = 3 and calculated its 5d Nekrasov partition function. Again we will
see a non-trivial matching with the elliptic genus computation recently done in [40].

The organization of this paper is as follows. In section 2, we first determine a dual de-
scription for the 5d SO(2N +4) gauge theory with or without hypermultiplets in the vector
representation and also for the 5d pure gauge theories with a gauge group of E-type. In sec-
tion 3, we present a new technique to compute the topological string partition function from
the trivalent gauging of 5d theories. We then apply the method to compute the Nekrasov
partition function of the 5d SO(2N + 4) gauge theory with or without flavors and perform
non-trivial checks with known results. We then apply the trivalent gauging prescription for
the partition functions of the pure Eg, F7, Fg gauge theories in section 4. In section 5, the
trivalent gauging method is applied to 5d descriptions for some minimal 6d SCFTs. We also
propose a 5d description for the 6d minimal SCF'T in the case of n = 3, and give non-trivial



support for it. We further comment on a 5d description of a non-Higgsable cluster theory
with multiplet tensor multiplets in section 5.4. In section 6, we present a way to extend the
prescription of the trivalent gauging to the refined topological vertex formalism. We then
conclude our work in section 7. In appendix A, we describe a relation between the SO(2N +
4) gauge theory and the SO(2N +3) gauge theory from a Higgsing, which provides a way to
compute the Nekrasov partition function of the SO(2/N +3) gauge theory from the SO(2N +
4) gauge theory. We finally summarize technical tools used in this paper in appendix B.

This paper accompanies a Mathematica notebook which is available from the arXiv
web site. The notebook performs some of the computations of topological vertices exhibited
in section 3, section 4 and section 5, and the computation of the Hilbert series explained
in appendix B. The notebook utilizes the Mathematica application LieART [41]. The
notebook only provides calculations related to the unrefined limit.

2 A dual description of 5d gauge theory with D, E-type gauge group

Five-dimensional gauge theories with eight supercharges can be realized by compactifying
M-theory on a singular Calabi-Yau threefolds X3 [5-8]. When the Calabi-Yau threefold X3
has a G-type surface singularity over a sphere Cg, then the low energy effective field theory
from the M-theory compactification yields a 5d pure gauge theory with a gauge group G.
Here G is either Ay = SU(N +1),(N =1,2,--+), Dyy2 = SO(2N +4),(N =2,3,---)3 or
Eg, Fr, Eg.

The resolution of the singularity means that the 5d gauge theory is on the Coulomb
branch. The Calabi-Yau manifold X3 after the resolution contains a collection of spheres
fibered over the base sphere C'g. The intersections among collection of the fibered spheres
form a shape of the Dykin diagram of the Lie algebra g (the Lie algebra of a Lie group
G) corresponding to the resolution of the G-type singularity. We denote the fiber which
consists of spheres alighted along the Dynkin-diagram of type g by Fy. Each sphere in Fj
corresponds to a simple root of g and let a collection of spheres corresponding to a root «
be C,. Then an M2-brane wrapping a curve C, in Fy yields a massive W-boson for the
root « of g in the 5d gauge theory. Therefore, the size of Cy, is a Coulomb branch modulus.
On the other hand, an M2-brane wrapping the base Cp yields an instanton particle of the

5d gauge theory. The size of the base Cp is then related to —— where gy ) is the 5d gauge

coupling. We also denote a complex surface which is Cl, fibration over Cp by S,.

From this construction it is clear that the gauge theory information is encoded in the
complex two-dimensional space Sy which is given by the [y fibration over the base Cp.
The effect of gravity may be neglected by taking a limit where the transverse direction to
Sy is infinitely large. We will always take the field theory limit and hence the background
)?3 is a non-compact Calabi-Yau threefold whose compact base is given by the complex
surface S;. More generally, M-theory on a non-compact Calabi-Yau manifold which is a
line bundle over a compact surface S will yield a 5d N’ = 1 supersymmetric theory. When
the complex surface S is contractible then the 5d theory has a UV completion [5-8] and

3 An uncommon convention for N is due to the construction of its dual theory in this section.



the theory becomes a SCFT when the volume of S vanishes . We will restrict our attention
to such a case in this paper.

The case of G = Ay is special since the Calabi-Yau manifold )23 is a toric variety. In
this case, we can use the powerful technique of toric geometry or a dual picture of 5-brane
webs in type IIB string theory [28-30]. In this section, we will argue that the cases of
G = Dn.o, Eg, E7, Eg in fact have a web-like description by making use of the geometric
picture, although we are not sure whether there exists any kind of brane construction which
physically realizes that web-like picture.

2.1 5d SO(2N + 4) gauge theory

Let us first consider the case of G = Dyio, N = 2,3,---. The Calabi-Yau geometry )2'3
has the compact surface Sgoan44) Which is a Fyoon4) fibration over the base Cp. The
non-Abelian SO(2N +4) gauge symmetry is recovered at the origin of the Coulomb branch
moduli space which corresponds to the limit where the spheres forming the Fy,on4) fiber
shrink simultaneously over the base Cp, recovering the Dy 4o surface singularity over the
base Cp. It is possible to further shrink the base Cg. Then the whole complex surface
Sso(2N+4) shrinks to zero size and the gauge coupling become infinitely strong. This limit
corresponds to the conformal limit where nonperturbative particles as well as perturbative
particles become simultaneously massless, and therefore the 5d theory becomes a super-
conformal field theory.

In order to obtain a dual gauge theory description we consider a different order of
shrinking of the surface Sgo2n14). The fiber Fy consists of N + 2 spheres whose shape is
the Dynkin diagram of type Dy1o. Among the N + 2 spheres, there is one special sphere
Cy which intersect with adjacent three spheres. We then consider U as a base and shrink
the other spheres including C'g. Since Cp is fibered over Cy, the geometry develops an
Ay singularity wrapping C, after shrinking Cz. Hence the theory has an SU(2) gauge
symmetry. Furthermore, we have three singular points on C,. Two of them originate from
contracting a surface Sg,(2) which has a Fy,() fiber over Cp. The other singular point
originates from contracting a surface Sg,() which has a Fy, vy fiber over Cp. Since the
singularities arise from shrinking the complex surfaces, each singular point yields a 5d SCFT
and they are coupled by the SU(2) gauge symmetry associated to the A; singularity over
Cy. Hence each of the SCFTs should have an SU(2) flavor symmetry and the diagonal part
of the three SU(2) flavor symmetries is gauged. Therefore, the dual description is realized
by the SU(2) gauging of the three 5d SCFTs. We call the gauging trivalent gauging.

Let us then see the three superconformal field theories in detail. Two of them come
from shrinking the complex surface Sg2). Hence, the 5d theory is a pure SU(2) gauge
theory with its mass parameter turned on. The pure SU(2) gauge theory should have an
SU(2) flavor symmetry in UV which can be used for the SU(2) trivalent gauging. Hence,
the discrete theta angle for the pure SU(2) gauge theory should be zero. The other SCFT
comes from shrinking the complex surface Sy, (). Therefore the 5d theory is a pure SU(N)
gauge theory. Since the pure SU(N) gauge theory should have an SU(2) flavor symmetry in
UV again for the SU(2) trivalent gauging, the Chern-Simons (CS) level should be +£N [42].
For each case of the pure SU(2) gauge theory and the pure SU(N) gauge theory, the SU(2)



0o 1 2 3 415 6|7 8 9
D5-brane X X X X X |X
NS5-brane X X X X X X
(p,q) 5-brane | x x x x x| angle
7-brane X X X X X X X X

Table 1. The configuration of 5-branes in the ten-dimensional spacetime of type IIB string
theory. The slope of the (p,q) 5-brane is % in the two-dimensional (z5,z¢)-space. In particular,
a horizontal line represents a horizontal line and a vertical line represents an NS5-brane. Since
the structure of the 5-brane only appears in the (x5, x¢)-plane, we only write the two-dimensional
plane for depicting a 5-brane.

flavor symmetry arises non-perturbatively in UV. To deal with the flavor symmetry we
should directly consider the UV superconformal field theory of the pure SU(2) gauge theory
and the pure SU(N)1y gauge theory,® which we denote by Dy(SU(2)) and Dy (SU(N))
respectively. Here the notation ﬁp(SU(2))5 implies a SCFT which arises from M-theory
on an orbifold C3/T" where the orbifold action of T is given by

g= (wQ,w_l,w_l) (2.1)

with w?? = 1 and p = 2,3, ---. The three components act on the three complex coordinates
of C3. Note that the orbifold action

gp = (wzpaw_paw_p) = (17 _17 _1) (22)

yields an A; singularity, leading to an SU(2) flavor symmetry. The ﬁp(SU(Q)) theory is
then a rank (p—1) SCFT with an SU(2) flavor symmetry. Therefore, it has p— 1 Coulomb
branch moduli and one mass parameter. In particular, Do(SU(2)) theory is the yields the
same SCFT as E; theory in [45].

It is illustrative to describe the lA)p(SU(Q)) theory by a 5-brane web. A 5-brane web is
a dual configuration of a certain Calabi-Yau threefold Xs [30]. The directions which the 5-
brane extend are summarized in table 1. It is also useful to introduce 7-branes attached to
the ends of external 5-branes in a 5-brane web configuration to read off the flavor symmetry
of a 5d theory realized on a 5-brane web [46]. The 5-brane web for the pure SU(p)+, gauge
theory is given in figure 1. To understand the SU(2) flavor symmetry “perturbatively”,
it might help to take a S-dual of the web, which is also depicted in figure 1. The S-
duality of the 5d theory is simply given by the 7 rotation of the web in the (x5, z¢)-plane.
Note that in the S-dual picture, the flavor symmetry of the lA?p(SU(2)) theory is realized
perturbatively as background gauge field on two D7-branes attached to the ends of the
external 5-branes extending in the right direction. However, we do not have internal D5-
branes and the theory does not admit a Lagrangian description. On the other hand the

4SU(N), implies that an SU(N) gauge theory with the CS level &.
®The notation of D, (SU(2)) has been introduced in [38] as a 5d uplift of the 4d D,(SU(2)) theory [43, 44]
which is equivalent to the 4d (A1, Dp) Argyres-Douglas theory.
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Figure 1. Left: the 5-brane web for the pure SU(p) gauge theory with the +p CS level. We have
p D5-branes which lie in the horizontal direction. The parallel two external NS5-branes imply the
non-perturbative SU(2) flavor symmetry. Right: the S-dual configuration to the 5-brane web on
the left. Namely the 5-brane web for the ﬁp(SU(2)) theory.

SU(2) flavor symmetry appears non-perturbatively in the pure SU(p) gauge theory since
it is associated to a symmetry on the two (0,1) 7-branes or the two NS5-branes.

In summary, when we regard Cy as the base manifold, the geometry gives rise to the
following 5d theory

132<S‘U(2>>
Dx(SU(2)) - SU(2) - Da(SU(2)) (2.3)

The SU(2) in the center of (2.3) implies the SU(2) trivalent gauging which couple the two
D5(SU(2)) theories and the Dy (SU(2)) theory by the diagonal gauging of their SU(2) flavor
symmetries. We argue that this is a dual description of the pure SO(2N +4) gauge theory.
One can check that the number of the moduli and the parameters of one theory match
with those of the other theory. The pure SO(2N + 4) gauge theory has N + 2 Coulomb
branch moduli and one mass parameter corresponding to the gauge coupling. The dual
theory (2.3) has (N —1)+1+1+1 = N + 2 Coulomb branch moduli and one mass
parameter from the gauging coupling of the SU(2) trivalent gauging in (2.3). This duality
between SO(2N + 2) gauge theory and the SU(2) gauge theory (2.3) with non-Lagrangian
matter is a generalization of base-fiber dualities between 5d SU(N) linear quiver gauge
theories [29, 47] as well as 4d theories [48].

It is also possible to write a web-like picture for the dual theory (2.3). Noting that the
BP(SU(2)) theory is given by the web in the right figure of figure 1, we can write a web-like
picture for the theory (2.3) as in figure 2. Due to the trivalent gauging, it is not possible
to write the diagram in figure 2 as a proper 5-brane web on a plane. Verifying that this
picture somewhat makes sense is the main purpose of this paper. In particular, what to do
with the “trivalent SU(2) gauging” in the picture is going to be given in the next section.
Note that the lengths between the parallel horizontal legs for the three 5-brane webs are the
size of C'g and hence they should be equal to each other. We need to impose this condition
for the partition function computation in the later sections. In the dual picture, the size
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Figure 2. A 5-brane web-like description of the theory (2.3) which is dual to the pure SO(2N +4)
gauge theory. The prescription for the “trivalent SU(2) gauging” is going to be given in the next
section. Three webs actually does not live in the same plane, and thus do not cross each other in
the cases we will deal with in this paper.

of Cp becomes the Coulomb branch modulus of the SU(2) trivalent gauging. In terms of
the web diagram, the trivalent gauging may be thought of as trivalent gluing of the three
webs which give rise to the Da(SU(2)), Do(SU(2)) and Dy (SU(2)) theories. We will use
the terminology of trivalent gauging and trivalent gluing interchangeably in this paper.

We can further support the dual description (2.3) in another manner. The pure
SO(2N + 4) gauge theory can be also realized by a 5-brane web with an O5-plane as
in the left figure in figure 3. The 5-brane web configuration can be thought of as connect-
ing a pure SU(N) gauge theory with the CS level +N with a pure SO(4) gauge theory by
the two NS5-branes in the middle of the diagram. Since s0(4) = su(2) x su(2), we may
replace the 5-brane web for the SO(4) gauge theory with the two 5-brane webs for the pure
SU(2) gauge theory as in figure 3. Then the web-like figure on the right in figure 3 may be
considered as an S-dual configuration of the web in figure 2.

This understanding also provides us with a way to introduce hypermultiplets in the
vector representation of SO(2N +4). Starting from the 5-brane web of the pure SO(2N +4)
gauge theory, M7 4+ My hypermultiplets in the vector representation can be added by
introducing M; flavor 5-branes on the left and My flavor 5-branes on the right as in figure 4.
We here assume M; < N +1 and My < N + 1 and also My + My < 2N + 1. In fact the
SO(2N + 4) gauge theory with Ny hypermultiplets in the vector representation has a 5d
UV completion when Ny < 2N +1 [49].% In the case when the number of flavors saturates
the bound Ny = 2N + 1, the 5-brane web configuration is more involved than that in

When N; = 2N + 2, the 5d SO(2N + 4) theory has a 6d UV completion [50].



SU(2) x SU(2)

Figure 3. A transition from a 5-brane web with an O5-plane to a web-like diagram with trivalent
gluing. The left figure represents a 5-brane web of the pure SO(2N + 4) gauge theory using an
O5-plane. The right figure is a web-like description by replacing the 5-brane for the SO(4) gauge
theory part in the left figure with the two 5-branes webs of the pure SU(2) gauge theory with no
discrete theta angle. Now the three 5-brane webs are connected by the trivalent gluing.

Ml(A - /é}]\'fz

Figure 4. A 5-brane web for the SO(2N + 4) gauge theory with M; + My hypermultiplets in the
vector representation.

M(A - /é}m

trivalent gluing

Figure 5. A 5-brane web-like description for the SO(2N + 4) gauge theory with M; + Ms hyper-
multiplets in the vector representation by replacing the web for the SO(4) part with the two webs
for the pure SU(2). The three 5-brane webs are connected by the trivalent gluing.

figure 4 but it is still possible to write down a 5-brane web by introducing a configuration
of 5-branes jumping over other 5-branes [49]. With the 5-brane web picture in figure 4, one
can again apply the replacement of the web of the SO(4) gauge theory with the two webs
of the pure SU(2) gauge theory as in figure 5. A dual picture may be obtained by simply
rotating the web in figure 5 by 5 as in figure 6. By denoting the web on the left part in
figure 6 by lA)]\N/h’MQ(SU(Q)), a 5d theory which is dual to the 5d SO(2N + 4) gauge theory



trivalent j

SU(2)
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Figure 6. A web-like diagram which is obtained by rotating web in figure 5 by 7.

with M7 + Ms hypermultiplets in the vector representation is given by

Dy(SU(2))
o R
Dy"72(SU(2)) —  SU((2) — D2(SU(2)) (2.4)
Here DN*M2(SU(2)) is the 5d rank (N — 1) SCFT with an SU(2) x SU(M; + My) x U(1)
flavor symmetry. When M; = N and My = N, the flavor symmetry is further enhanced to
SU(2) x SU(M; + M) x SU(2).

2.2 5d pure Eg, E7, Eg gauge theories

It is straightforward to apply the idea in the previous subsection to the cases of G = Eg, E7
and Eg. For each case, there is again one sphere C, in the fiber Fj; which intersects with
three adjacent spheres. We may consider Cy as a base and shrink the other spheres including
Cp. Then the shrinking of C'p yields again an A; singularity over Cy, leading to an SU(2)
gauge symmetry. Cy has three singular points and each point gives rise to a certain 5d
SCF'T, depending on G = Fg, E7 or Eg.

When G = FEg, one singular point arises by contracting a surface Sg,) whereas the
other two singularities originate from shrinAking a surface Sg(3). Repeating the same argu-
ment in section 2.1, the former yields the D2(SU(2)) theory and the latter gives rise to the
ﬁg(SU(Q)) theory. Therefore, a dual description of the pure Fg gauge theory is given by
the trivalent gauging of the ﬁg(SU(2)) theory and the two ﬁg(SU(2)) theories, namely

D,(SU(2))

Ds5(SU(2)) —  SU(2) — D3(SU(2)) . (2.5)

~10 -



The theory (2.5) has 2414142 = 6 Coulomb branch moduli and one mass parameter from
the gauge coupling of the SU(2) trivalent gauging. These numbers agrees with the numbers
of the Coulomb branch moduli and the mass parameter of the pure Eg gauge theory.

When G = FE7, the three singular points yield different 5d SCFTs, and they are
the Dy(SU(2)) theory, the 1/)\3(SU(2)) theory and the D4(SU(2)) theory. Hence a dual
description of the pure E; gauge theory is

Dy(SU(2))

) | )
Dy(SU@2)— SU@) - Dsy(SU(2)) (2.6)

The dual theory (2.6) has 3414142 = 7 Coulomb branch moduli and one mass parameter
from the gauge coupling of the SU(2) gauging. The numbers again agree with the numbers
of the Coulomb branch moduli and the mass parameter of the pure E7 theory.

Finally when G = Fjg, three singular points give rise to the ﬁg(SU(Q)) theory,
D5(SU(2)) and the D5(SU(2)) theory. Then a dual picture of the pure Eg gauge theory is

D,(sU(2))

. | ~
D5(SU(2)) = SU2) - Ds(SU(2)) (2.7)

The number of the Coulomb branch moduli is 4 + 1+ 1 + 2 = 8 and it has one mass
parameter. The numbers completely agrees with the eight Coulomb branch moduli and
the one mass parameter of the pure Eg gauge theory.

3 Gluing rule and 5d SO(2N + 4) gauge theory

Having identified the dual gauge theory descriptions (2.3)—(2.7) for the gauge theories with
a gauge group G = SO(2N + 4), Eg, E7, Eg in section 2, we will make use of the picture
to compute their Nekrasov partition functions. The main tool is the topological vertex
formalism [1-4], whose basic formulae are summarized in appendix B.1. When a 5d theory
is realized on a 5-brane web, the application of the topological vertex to the 5-brane web
gives rise to its Nekrasov partition function [9-13]. However, it is not possible to simply
apply the topological vertex to the web-like descriptions of the theories (2.3)—(2.7) due to
the existence of the trivalent gauging of three 5d theories. In this section we propose a
new technique which enables us to apply the topological vertex formalism to the trivalent
gauging of three 5d theories. The result will come in the form of double expansion of
instanton fugacity and the Coulomb branch parameter corresponding to the trivalent node
of the Dynkin diagram of the gauge group, and that is compared with result from the
localization computations up to some orders of those two expanding parameters.

In this section, we focus on unrefined partition functions, and postpone the refined
cases to section 6.

3.1 Trivalent gluing

In the previous section, the web-like descriptions for the gauge theory with G = SO(2N +
4), Eg, E7, Eg came from the duality frame which involves the SU(2) gauging of the diagonal
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part of SU(2) flavor symmetries of three SCFTs. Although each SCFT is a UV SCFT of a
gauge theory, the gauged SU(2) symmetry emerges non-perturbatively at UV, so we cannot
have a Lagrangian description of the duality frame, and thus we need to develop a new
way to compute the partition function of such a theory.

The central idea is regarding those SCFTs as “SU(2) matter”, although they do not
have a Lagrangian description where the SU(2) symmetry is manifest. Recall that the
Nekrasov partition function [51, 52] for an SU(2) gauge theory with hypermultiplets looks
like

Z Q|g>\\+|u| Z;lifer(QBv Qm)Zi[i@) Vector(QB)’ (3'1)
A p
where A, are Young diagrams, @4, Qmn, @B are associated to the instanton fugacity,
a mass parameter and Coulomb branch parameter, respectively.” Zf\l?;fer(Q B, @Qm) is the

contribution from the hypermultiplets, and Zi’i@) Vet () is that from the SU(2) vector

hyper
Z A

. to the partition function of a

multiplets. What we need now is a generalization of
general SCFT with an SU(2) flavor symmetry.

The pair of Young diagrams (A, ) labels the fixed points of the U(1) action in the U(2)
instanton moduli space. Then, Zf\lif’er is the partition function of hypermultiplets with
SU(2) background with the nontrivial instanton configuration labeled by (A, xt). Therefore,
this concept is manifestly generalized into a general SCF'T 7, and we denote the partition
function with the flavor instanton background and flavor fugacity Qg by Z/\T,M(Q B). Then,

the partition function of the trivalent SU(2) gauging of 71, T2 and 73 can be obtained by

Z Q|g,\\+|u| Z}?}u(QB)ZZ?“(QB)ZI?#(QB)Zf}iL(?) VeCtor(QB)- (3.2)

A
This is similar to the gauging formula for 4d index [31-33], One might worry about the
validity of this formula, since the formula (3.1) comes from the U(/N) instanton, and there-
fore it is not clear that the formula can be generalized into gauging of SCFTs with only
SU(2) flavor. Here we just go ahead, and it will turn out this prescription almost works.
However, we occasionally need to subtract “extra factors” similar to what is discussed in
subsection B.1 when the theory have flavor symmetries as we will see in subsection 3.3.

The next task is understanding how to compute such a partition function Zi%FT

with a nontrivial flavor background. Note again that in our case the flavor emerges non-
perturbatively, and therefore methods relying on Lagrangian descriptions cannot be uti-
lized. This is where the topological vertex helps. To be inspired, let us rewrite (3.1) using
the topological vertex. The web diagram representing an SU(2) gauge theory with one
fundamental hypermultiplet can be depicted as

A 0T

% %
Qz] =D QI p % QBIE x jIQB, (3.3)
< <
A A

At

"More precisely, @ implies Q = e~* where k is a modulus or a parameter of a 5d theory. We will call Q
also for moduli and parameters of a 5d theory.
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where f) , is the framing factor:

Pou@) = f (@) fe (@) (3.4)

where f,(q) is that of (B.7) with unrefined limit ¢ = g. The right hand side of the equation
means the summation over a pair of Young diagrams (), ) assigned to the indicated
internal edges. This summation over A\, i can be directly identified with that in (3.1) [9-
13].8 Decoupling the hypermultiplet, the partition function reduces to the that of the pure
SU(2) gauge theory and it is given by

Qg

>

Zng)\H_M Zi[i@) Vector(QB) _ QBI

A

m m

_ ZQL)JJFW‘JC)\’H X QBI |j X j IQB , (35)
< <
A A

Ak

obtaining the equation

pooom
20PN Q) = faux Qp] i X j los - (3.6)
A

Then, equating (3.1) and (3.3) gives aa

o

u o

22 (QB,Qm) = Qp] E/ Qs] E : (3.7)
< <
A A

This equation tells us that assigning nontrivial Young diagrams to parallel external edges
representing the SU(2) flavor symmetry almost realizes the flavor background labeled by
those Young diagrams, but the division by the factor

K K SU(2) vector 1/2
. < < Zy (@B)
23N Q) = QBI E = IQB = = o (3.8)
A A

(2) vector " 4nd thus we call this factor a

is needed. This factor is the square root of Zii
contribution from a “half” vector.
Noe let us apply this division for determining the partition function of the D2(SU(2))

matter. The web diagram is given in figure 1 with p = 2. Since the theory couples to

8This is also true for refined case, if one is careful about the preferred direction. See section 6.
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the SU(2) flavor instanton background, we assign Young diagrams to the parallel external
legs. Then the consideration (3.7) motivate us to declare that the partition function for
the D2(SU(2)) is given by

20 (Q.Q) = 20 (@1, Q)28 (@)
:
\Ed

- iIQB/ QBIi,

(3.9)

where ZDQ(SU(Z))(Q) is the quantity computed by the topological vertex with nontrivial
Young dlagrams A, v on the external edges, with Coulomb branch parameter ). When
A = pu = &, the factor Zg%f, called extra factor appearing in the literature [14, 53-55],
which removes the constitutions coming from decoupled strings bridging the parallel 5-
branes. (3.9) is a natural generalization of that. In general, if a SCFT 7 with an SU(2)
flavor symmetry can be engineered by a web diagram which make the flavor symmetry
manifest, we claim that then the partition function ZZ:M with instanton flavor background
can be computed by the topological vertex in the same matter, namely the ratio of the
naive topological vertex computation EZ'M and Zf\{,zlf.g In particular, a generalization to
the partition function of the ﬁp(SU(Q)) matter is obvious.

Let us check that (3.9) actually works. For that, we consider a limit of Coulomb branch
parameters of the pure SO(8) gauge theory which gives an SU(3) gauge theory. In the dual
frame (2.3), two of Dy(SU(2)) decouples in this limit, and thus we get a dual description

D5(SU(2)) — SU(2). (3.10)
of the SU(3) gauge theory. From (3.9), the partition function of this dual description is

Z Q|)\|+\u\ZD2(SU (Q Q)ZSU vector(QB)

At
Q
2 7 u u
« « « «
=3 QP fy L x [IQB/ Q][ || @s]] x []aes
M < < < <
A A A A
& q,
= los . (3.11)

9If the web of the SCFT T contains other manifest flavor symmetries, then the partition function should
be further divided by extra factors corresponding to those symmetries.
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The resulting web diagram is in fact nothing but the S-dual web for the pure SU(3)4;
gauge theory. Note that @, Qg corresponds to the two Coulomb branch parameters of
SU(3), and @p is the related to the gauge coupling of SU(3). Therefore the parameters
Qg, @B exchanges their roles under the duality between the SU(3); description and (3.10).

Now we can write down a prescription for partition functions for gauge theories dealt
with in the previous section. For simplicity, here we explicitly state the pure SO(8) case. Let
us denote the Coulomb branch parameters corresponding to edge nodes by Q1,Q—_1,Q—2,
that corresponding to the center node by @4, and the parameter associated to the instanton
counting by @p. From (2.3) and (3.9), the partition function is

Zsos) ZQIAHIMIZDQ SU@) (. 0) 2] Dz(SU( )

v (QB, Q ) Dz SU(2 (QB, Q ) 52(2) Vector(QB)
_ ZQlA\—i-lul ADz SU(Q) (Qp,Q1)Z} D2(SU( )

) P Z Q)
x (Qp,Q-1)Z, zP SU N(Qp.Q-2) ;Ha)ifngB)S
. ZQWHM?DQ (SU(2)) (QB:Q ) DZ(SU( )
A
D2 SU(2)) fA,u
X (@B,Q-1)Z, (@B, Q2 )ZEZH(QB) (3.12)
Q1 Q-1
< -
< «
_ Z ng’\m“'f/\,u % IQB X EIQB
A X K

x iIQB/ lei.

Note that we have the factor 1 /ZEZH(QB) in addition to the naive expectation from the
dual description (2.3). In the latter part of this paper we are going to make non-trivial
checks of (3.12) and its generalizations by explicitly calculating the righthand side and
comparing the result with field theory computations.

3.2 5d pure SO(2N + 4) gauge theory

We then move onto the explicit computation of the Nekrasov partition function of the pure
SO(2N + 4) gauge theory, making use of the trivalent gluing rule obtained in section 3.1.
Its dual theory is described by the trivalent gauging as in (2.3). Namely, it is realized by
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I/NT

ANZQJ

Figure 7. The assignment of the Young diagrams, A, u, \;, u; as well as the Kéahler parameters
Qp,Q;fori=1,--- N —1.

the trivalent SU(2) gauging of the diagonal part of the three SU(2) flavor symmetries of
the Dy (SU(2)) and the two D2(SU(2)) theories. The web-like description of the 5d theory
which is dual to the pure SO(2N + 4) gauge theory was given in figure 2. We then apply
the gluing rule as well as the topological vertex to the web diagram. For that we first
compute the partition function of the “Dy(SU(2)) matter” part with non-trivial Young
diagrams on the parallel external legs representing the SU(2) instanton background.

To compute the partition function of the ﬁN(SU(Q)) matter system, we assign Young
diagrams {v,} = {v1, -+ ,vn}. { A} = {1, A1), {a} = {01, ,MNi and also
Kahler parameters Qp,{Q.} = {Q1, - ,@n—1} to the lines in the web for the Dy (SU(2))
as in figure 7. By using the techniques in appendix B.1, the application of the (unrefined)
topological vertex to the web in figure (7) yields

~ N
ZUOQp Q) = 33 ST |(-@s@iQs @)l g)  (3.13)
{Va} {>\a} {:U'a} a=1

<t @ (@ (~Q)ICye i (@) M @)(~ Q)

t
a

where A\g = A\, g = p and Ay = uy = @. Note that we chose the last suffixes of the
topological vertices as the Young diagrams assigned to the vertical lines in the web in
figure 7. The choice is useful for the comparison with the Nekrasov partition function from
the localization method since then (3.13) is expanded by @) p which is eventually related to
the instanton fugacity of the pure SO(2N +4) gauge theory. A straightforward computation

~16 —



of (3.13) gives

ZDN(SU (Q5,{Q.}) = q*§|\#\|2+ [l*]]?

a

XZH[QBQ2Q2 Q) wal gallvilP (a—lmuau‘?ya(q)gut(q)}

{va} a=1
. - 2

X H H (QaQa—H T quH_] 1)

1<a<b<N-1

2 - 2

< JI  Zho., QuQar1- @) [ Zoow, (@Qos1Qa1)

1<a<b<N-1 1<b<a<N
Xsa(g 7", Qug P Q1Qaq TR, Qg
X8, (q P, Q1gT T Q1Q2q T, QTN (3.14)

where s is the Schur function and ¢~7 is the specialization of its arguments, both of which
are briefly reviewed in appendix B.3. We introduced the notations

HQ) =[] @-Q¢+ 7, (3.15)
ij=1
1

75 (@) = ] (1 — Qg™ (S)i%(s)ﬂ)_ , (3.16)

IS 41
N—

Q=] Qa (3.17)
a=1

where =+ signs in (3.16) are taken in the same order.

As discussed in section 3.1, the partition function of (3.14) is not the one for the
ﬁN(SU(Q)) matter but one needs to divide it by the contribution of a “half” of the vector
multiplets of (3.8), and its explicit partition function is

Z?,ZH(QB) = Z(*QB) Iylfut (Q)C)\tQV(Q)CQ,u}Vt (Q)

v

— g3 llulP+3 ||u|\2ZQ\VI 1 Z,(9) Zye ()52 (g "), (g7 7"). (3.18)

Therefore, the partition function of the Dy (SU(2)) matter is finally given by

ZONEUR) (@, AQuh)

Z)\Dl]j(SU (QB7{QG}) - ZHalf(QB)

(3.19)

One might worry that the contribution of the Dy (SU(2)) matter may be different
when one rotates the diagram in figure 7 by m and puts Young diagrams on the parallel
external legs with an orientation outward. When we consider the usual quadrivalent SU(2)
gauging, we glue such a web with the web in figure 7. However, it turns out that the
partition function (3.19) does not change after the 7 rotation with the opposite orientation
of the arrows for A\, u. Therefore we may use the partition function (3.19) both for the gluing
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from the left and the right. Due to this symmetric property, it is possible to use (3.19)
even for the trivalent gauging.

Then as described in section 3.1, our proposal is that the partition function of the
pure SO(2N + 4) gauge theory can be computed by treating the partition function (3.19)
as a matter contribution for the SU(2) gauging. After inserting also the Nekrasov partition
function of the SU(2) vector multiplets, we obtain

Zso(2n+1)(QB, Qg {Qu}, Q-1,Q-2) = Y Q'QMH“'ZfEL(Q) VECtor(QB)ZQi(SU(Q))(Q_l)

A

XZD2<SU< ))(QQ)ZDN SUD)(Qp,1Q4)), (3.20)

where Z SU(Q) veetor (@) is the contribution from the SU(2) vector multiplets
SU(2) vector v| ||Wt||?2 > > —p—v —p—v
0@ = 3 QR ) (e a4 )

XZQ‘”" W Zo (@) Zun (@)sn(a ™ ), (7). (3.21)

In the dual picture @Qp corresponds to the Coulomb branch modulus of the SU(2)
gauging and Q4/Qp corresponds to the instanton fugacity of SU(2). For the original
frame, @), is rather related to one of the Coulomb branch moduli of the pure SO(2N + 4)
gauge theory and @ p is related to the instanton fugacity of SO(2N + 4).

It is possible to determine the precise relations between the Kéhler parameters Qp,
Q-2,Q-1,Q4,{Qq} and the Coulomb branch moduli and the instanton fugacity of the
pure SO(2N + 4) gauge theory. Let Cy be the curve whose Kéahler parameter is Qs for
f=-2-1,9,1,---,N—1. The N + 2 curves Cy, f = —-2,-1,g,1,--- , N — 1 form the
Fyo2n+4) fiber whose shape is the Dynkin diagram of so(2NV + 4). Therefore, they are
associated to the simple roots of the Lie algebra so(2N + 4) and we can parameterize

Q; = e*(cu\rfi*aNfiJrl)7 i1=1,--- ,N—1, Qg — e*(aN*aNH)

Q1= 6*(GN+1*(1N+2)’ Q_o=¢e" “N+1+aN+2) (3.22)

where a;,i =1,--- N + 2 are the Coulomb branch moduli of the pure SO(2N + 4) gauge
theory.

One the other hand, the instanton fugacity ugony4) is related to the size of the base
Cp and hence it is equal to @ up to a factor consisting of Q, f = -2,-1,9,1,--- | N —1,

ugo@eN+4) = @Bh(Q—2,Q-1,Q¢,{Qu}), (3.23)

where h is a certain monomial of arguments. In order to fix the factor h, let us see the
intersection numbers between the curves C;,i = —2,—1,g,1,--- , N — 1, B and the surface
Sy which has the Cy fibration over Cp where f = —2,—-1,9,1,--- ,N — 1. Due to the
Dynkin diagram structure of the fiber Fy,2n44), the intersection matrix between Cy and
Sy for f,f = —1,9,1,--- ;N — 1 forms the negative of the Cartan matrix of the
s0(2N + 4) Lie algebra. Furthermore, Cp intersects only with S, with the intersection
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Sn-1 Sn—2 -+ St S S-S

Cn-1 -2 1 o0 0 0 0
Cn—o 1 -2 -0 0 0 0
Ch 0 0 201 0 0
C, | 0 0 1 2 1 1
C_y 0 0 0 1 -2 0
C_ 0 0 0 1 0 -2
Cp 0 0 0 -2 0 0

Table 2. The intersection numbers between the surfaces Sy, f = —2,—-1,¢,1,--- ,N — 1 and the
curves Cy,i = —-2,—-1,¢9,1,--- /N —1,B.

number —2. The intersection numbers are summarized as in table 2. In other words,
the intersection numbers imply the Coulomb branch moduli dependence for the Kahler
parameter. Since the instanton fugacity does not depend on the Coulomb branch moduli,
the factor h(Q-2,Q-1,Qg,{Qa}) in (3.23) should be chosen so that wuson44) does not
depend on the Coulomb branch moduli or equivalently the corresponding curve has the
zero intersection number with any surface Sy, f = —2,-1,¢,1,--- , N — 1. This uniquely
fixes the factor h(Q_2,Q—1,Q4,{Q.}) and the instanton fugacity is given by

N-1
Uso(an14) = QBQ, N QY QY H Q2N T2, (3.24)
a=1

Therefore, we conjecture that the partition function (3.20) yields the Nekrasov par-
tition function of the pure SO(2N + 4) gauge theory after inserting the gauge theory
parameters given by the relations (3.22) and (3.24).%°

3.2.1 Example: 5d pure SO(8) gauge theory

Let us explicitly compute the partition function (3.20) obtained from the SU(2) trivalent
gauging for an example. We work on the simplest case when N = 2, namely the 5d pure
SO(8) gauge theory. Inserting N = 2 to (3.20) yields

Zsos) (@5, Qg Q1. Q—1,Q—2) = Y QP Z D vector () 72V (_y)

A

XZf,fL(SU(Q))(Q—z)Zf,Z(SU(Q))(QB,{Ql}), (3.26)

10T this paper, we ignore the perturbative partition function from vector multiplets in the Cartan
subalgebra of a gauge group G. The contribution cannot be captured from the topological vertex calculation
but it can be easily recovered by the general formula

Zcarian = H(1)*™D, (3.25)

where rank(G) is the rank of the gauge group G.
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and we argued that this gives rise to the Nekrasov partition function of the 5d pure SO(8)
gauge theory. The Coulomb branch moduli a;,7 = 1,2, 3,4 of the SO(8) gauge theory are
given by (3.22) with N = 2, namely

Q) = e (@1a2) Q= e~(@—as) 0 | = () , = c~(astas) (3.27)

and from (3.24) the instanton fugacity ugo(s) is

()7

Uso(8) = QQ_QQQ_—W- (3.28)

Perturbative part. Since the instanton fugacity is written by (3.28), the perturbative
part is obtained at the order O(Q%). Its explicit form is given by

Z58)(Qgr Q1,Q-1,Q—2) = H(Q-2)*H(Q-1)*H(Q1)? (3.29)
Hz—f2 7113/\(61 P,Qiq™P)sut (g7, Qig™")
[A[+]ul [
2.9 sx(qP)sut(q) '

A

Indeed we have checked that

[lic o 118277 Qig™")s,e (77, Qig™?)

[Al4[pef 222 s

%;Q Sx(qP)sue(qP)

:H(Qg)27'[(Q—2Qg)27{(@—1@9)2%(Q1Q9)2H(Q—2Q—1Qg)27{(@—2@1Qg)QH(Q—lQng)z
XH(Q-2Q 101Q,)*H(Q2Q 11Q})%, (3.30)

until the order of Q3. Combining (3.29) with (3.30) yields

Z58) = H(Q-2)*H(Q1)*H(Q1) H(Qy) H(Q2Qy)*H(Q1Qy)*H(Q1Q,)”  (3:31)
H(Q-2Q-1Qy)*H(Q-2Q1Q¢)*H(Q-1Q1Qy)*H(Q—2Q-1Q1Q¢)* H(Q-2Q_1Q1Q2)*,

which precisely reproduces the perturbative partition function of the pure SO(8) gauge
theory except for the Cartan part which cannot be captured from the topological vertex.

Instanton part. Next we turn to the instanton partition function of the pure SO(8)
gauge theory. The instanton part is obtained by normalize the full partition function by
the perturbative partition function,

s Z, (QBQ)QlQ 17Q )
éOES (QBanQl Q 1>Q )_ S;Pert (Qg?ng’Q 17Q ) '

(3.32)

We checked that (3.32) agrees with the result obtained from the localization (B.17) until
the order of Q5 for the one-instanton part and also the two-instanton part. Note that the ¢

vz coming from

dependence of the unrefined one-instanton partition function is just — =)

the center of mass mode. This behavior alone is nontrivial from (3.26).
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Prt, Prgy—1 Py Py (P, = Py 4i)

Py, Py Py

Figure 8. The assignment of the newly introduced Kahler parameters {P.} = {P1,- -, Ppy+1, } tO
the web diagram of the B%II’MZ (SU(2)) matter theory. The Young diagrams A;, (i =1, - , N+M;—
1), p, (1 =1,--- , N+ Ms—1) are assgined by generalizing the Young diagram assignment in figure 7
and the Kéhler parameters {Q,} = {Q1, - ,@n—_1} are assigned in the same way as in figure 7.

3.3 Adding flavors

As described in section 2.1, the trivalent gauging also provides us with a web-like diagram
for the 5d theory which is dual to the SO(2N + 4) gauge theory with M; + My vector
multiplets in the vector representation. The figure is depicted in figure 6 and the quiver-
like description of the dual theory is given in (2.4). In this section, we assume M; < N
and My < N and excludes the case M7 + My = 2N — 1. This is a technical assumption
which eases the computation of the partition function, but it is straightforward to apply
the trivalent gluing method to the case of My + My = 2N — 1.

In order to compute the Nekrasov partition function of the SO(2N + 4) gauge the-
ory with My + My flavors, we first calculate the partition function of the lA?f\V/‘ll’MQ(SU@))
matter. We then assign Young diagrams {v,} = {v1, - - ,vn}, {A} = {1, -, danv-1},
{mp} = {1, , pon—1} to the internal lines in figure 8 by generalizing the Young diagram
assignment in figure 7. The assignment of the K&hler parameters {Q,} = {Q1, -+ ,Qn-1}
is the same as the assignment in figure 7. We further introduce new labels {P.} =
{P1, -, Pny+m,} to the lines in the web as in figure 8. Then the application of the
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topological vertex to the web in figure 8 yields

5D M2(sU(2)

g (@atQu 2 = 05 ST [C-am@iab Q25
{Va}{/\b}{ub}a 1

H C)\a 1)\aua Qa)"\“|f/\g(Q) ngv_l,\NuN(Q)

I/\ a— IH —1
X HCANMV\?VHLA@( ) et f>\N+a 1 q

a=1

N—1
chau;_lygm (—Qu) 1. a)| C

NNNN 1VN (q>

H H‘N+a 1UN+aD ( )(_PN+a)|MN+a71‘fugv+a(Q), (333)

where Ao = A\, AN+, = D, po = W, UN+M, = . A tedious but straightforward calculation
gives rise to

SDytM2(su(2 _1
R TR CAR B
val Lallvt|2=(a=D)||val|? &7 >

XZH[Q Q2 ... QXerVlvel gallvil P=(a=D)llval* 7 ua(q)ZVg(q)]
{va}a=1
< I H(QuQas1--- Q)
1<a<b<N-1
< I Zho QaQarr- Q0 [ Zooun(@Qbsr--Qa1)?
1<a<b<N-1 1<b<a<N
x [ H@PaParr--P) [ HPuvaPasitasr- Payts)
2<a<b<M; 2<a<b<M>

X H H(QuQat1 -+ Qn_1 PPy P)7!

1<a<N, 1<b<M;

X H I} 5(QaQa+1- - QN-_1P1Py - P!

1<a<N, 1<b<M;

1
X | | H(QuQa+t1 - Qri—1Prry+1Prry+2 - - Prry+b)
1<a<N, 1<b<M>

—1
X 11 L}, o(QaQa+1 - QN-1Puy 11 Pay+2 -+ Pary )
1<a<N, 1<b<Ms

X Z S\/a (q—,D—Vl’ qu_p_y27 QlQQq_p_V37 Ty Qq_p_VN)
o

XSt (—QP1q_P7 — QP Pyg -, _Q’])lq—p) ’
XY sy (007 Qua T, Q1Qag T Qg
8

xsgt (—QPvy+14 7, —QPyy+1Paiv2q™ ", —QPaq™?) (3.34)
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where we defined
M1 M2
Pi=[[Pe Po=]]Purte (3.35)
a=1 a=1

The partition function (3.34) contains an extra factor associated to the parallel external
legs in figure 8. In order to recover the partition function of a 5d theory realized on a 5-
brane web, one needs to divide the topological vertex result by the extra factor [14, 53-55].
The contribution of the extra factor is

Zextra,l(QBa {Qa}a {Pc}) = H /H(Papa+1 ce Pb) H H(PM1+QPM1+¢1+1 te PM1+b)
2<a<b< M 2<a<b<Ms

X (QB [T @2V PPy )N—““) 00, NOMyN- (3.36)
Note that when M; = My = N, another two parallel external legs appear and the extra
factor from the parallel external legs is the last factor in (3.36). Furthermore, we also
divide (3.34) by the half of the vector multiplet contribution of SU(2) given by (3.18).
Hence the partition function of the DMl’M2(SU( 2)) matter is

~ My, Mgy M17M2(Q 7{@11} {P })
ng (SU(2))(QB,{Qa},{Pc}) ZI(Qp) 2 extraBl(QBv{Qa} (P

(3.37)

Having identified the partition function of the DM1 M2(8U(2)) matter, the Nekrasov
partition function of the SO(2N + 4) gauge theory with M; + Ms hypermultiplets in the
vector representatlon is obtained by the trivalent gauging of DMl’M2 (SU(2)) matter with
the two Dy(SU(2)) matter. Namely the partition function is given by

Zia QB Qg {Qu} P}, Q1,Q0) = > QRNHHZEI DY Q) (3.38)

A

y ZDz(SU( ) (Q’2)Z§Z(SU(2)) (Q—l)

(QBa {Qa} {Pc})

DMl Mo (

SU(2))
N
xZ)w

However, this is not the final partition function. We argue that the trivalent gluing
yields another extra factor. The presence of the another extra factor may be understood
from the 5-brane web with an O5-plane in figure 4. The extra factor is associated to the
parallel external legs. In figure 4, the diagram has M; flavor D5-branes on the left and My
flavor D5-branes on the right. In the absence of the O5-plane, the extra factor contribution
may be given by a half of the perturbative vector multiplet contribution of SU(M;) from
the left and that of SU(Ma) from the right. Here SU(M;) and SU(My) are the flavor
symmetries associated to the M; flavor D5-branes on the left and Ms D5-branes on the
right respectively. In the presence of the O5-plane, the M; flavor D5-branes imply an
Sp(M;) flavor symmetry and the My flavor D5-branes imply an Sp(Ms) flavor symmetry
since the flavor branes are on top of an O5"-plane. Therefore, the extra factor from the
parallel external branes on the left may be a half of the perturbative contribution of Sp(M;)
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vector multiplets and the extra factor from the parallel external branes on the right may
be a half of the perturbative partition function of Sp(Ms) vector multiplets. The combined
partition function is written as

a b
Zextra7 pert — H H(PaPa—i-l e Pb) H HIR H Pk H Pj (339)
k=1 7=1

2<a<b<M; 1<a<b<M;

a b
X H H(PM1+GPM1+G+1"'PM1+I?) H H RHPM1+1€HPM1+J' )
2<a<b<M> 1<a<b<M> k=1 7=1

where

N—-1
R=Q_2Q1Q? [H Q2 (3.40)

a=1

Compared with the extra factor (3.36) of the E?V/Il’]\/b (SU(2)) matter with (3.39), we can
deduce the additional extra factor

a b
Zexira2(Qg {Qa}, {P},Q-1,Q2) = [ H(RI[A]]P (3.41)
k=1 7=1

1<a<b< M

a b
< T #(RITPweIT P
1<a<b< My k=1 j=1

Hence we claim that the final expression for the Nekrasov partition function of the
SO(2N + 4) gauge theory with M; + My hypermultiplets in the vector representation is

M Ma Zibime, (@8, Qg {Qa}, {Pe}, Q1,Q2)
ZSO 2N+4 (QB)Q97{QG} {P} Q 17 ) - extra72(Qg, {Qa},{Pc}7Q_17 B )

(3.42)

Lastly, we relate the Kahler parameters with the Coulomb branch moduli, mass pa-
rameters and the instanton fugacity of the 5d SO(2N + 4) gauge theory. The Coulomb
branch moduli of the SO(2N + 4) gauge theory are again related to the Kéhler parameters
{Qu},Q—2,Q_1 by (3.22). The mass parameters m;,i = 1,--- , My + My are related to the
height of the flavor branes of the 5-brane web in figure 4. This leads to the parameterization

P = (mimmiz) - p = em(mima)) - py = e (Mannimay) (3.43)

fore =2,--- ,My,My + 2,--- ,M; + M>. The determination of the instanton fugacity
is more involved. First we note that from the localization result of (B.17) one needs to
redefine the instanton fugacity when one decouples one flavor as

USO(2N+4),N; e = USO(2N+4),Ns—15 (3.44)

where m is the mass parameter which we send to infinity. In other words, the combination
on the lefthand side of (3.44) remains finite in the limit m — oo. Therefore, decoupling
My + M, flavors imply

_ ZMH-Mz m

USO(2N+4), M+ Mz = USO(2N+4),0€ (3.45)
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Sn-1 Sn—2 -+ St S S-S
Cn-1 -2 1 o0 0 0 0
Cn—o 1 -2 -0 0 0 0
Ch 0 0 201 0 0
C, | 0 0 1 2 1 1
C_y 0 0 0 1 -2 0
C_ 0 0 0 1 0 -2
Cp 0 0 0 -2 0 0
C’ M, 0 0 0
c’ My 0 0 0 0

Table 3. The intersection numbers between the surfaces Sy, f = —2,—-1,g,1,--- , N — 1 and the
curves C',C" Cy,i = —-2,—-1,¢9,1,--- ,N — 1, B.

eq. (3.45) suggests that the instanton fugacity may be written as

M1 M2
USO(2N+4),M,+M, = @B Hp(fwl_ﬁl] HP]%QJH] MQ-2,Q-1,Qg, Q1+ ,QN-1).
a=1 a=1
(3.46)
The remaining task is to determine h(Q_2,Q—1,Qy, Q1, -+ ,@N—-1) so that the instanton

fugacity does not have the Coulomb branch moduli dependence. For that we denote the
curve whose Kahler parameter is Q5 by Cy for f = —2,—-1,9,1,--- ,N — 1. We further
introduce C’,C"” whose Kahler parameters are PlMl,PAJ‘/;If 1 respectively. Note that only
Py, Py, 41 in the set {P.} have the Coulomb branch moduli dependence. Let S; be the
surface which is C'y fibration over Cp for f = —2,—1,¢,1,--- , N —1. Then the intersection
numbers are summarized in table 3. By making use of table 3, we can fix the remaining
factor h(Q—2,Q—-1,Qq4, @1, - ,@n—1) and the instanton fugacity is given by

My M>
_ Mi—a+1 Ma—a+1| ~—2N+M;+M:
uSO(2N+4),M1+M2 - QB H Pa, ! H PM1+a Qg ! 2
a=1 a=1
N-1
My +M. My +M.
—N+=5=2 -N4+—52 —2N+Mi+Ma+2a
xQy T QL eVt (3.47)

a=1
in the case of the M; + M5 flavors.
Therefore, we claim that the partition function (3.42) with the relations (3.22), (3.43)
and (3.47) yields the Nekrasov partition function of the SO(2N + 4) gauge theory with
M + My hypermultiplets in the vector representation.

3.3.1 Example: 5d SO(8) gauge theory with four flavors

Let us then see an explicit simple example with N = 2 and M; = Ms = 2. Then the 5d
theory in (2.4) with N = 2 and M; = M» = 2 is dual to the 5d SO(8) gauge theory with
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four flavors. The full partition function is given by

Zgg(g) (QBa an Qla {Pc}7 Q*lv Q*Q) = )\Z QLA‘+|M|Z§E(2) VeCtor(QB)Z)?Z(SU(Q)) (Q*Q)
M

) nN2,2
XZSZ(SU(z))(Q_l)ZAL?Z (SU(Q))(QBlej{PC})

XZextra,Q(qu {Qa}7 {PC}7 Q—17 Q—2)_la (3'48)

where

Zestra2(Qg: {Qa}, {Pe}, Q-1,Q—2) = H(PFQIQ;Q 2Q 1) H(PPTQIQQ 2Q 1) (3.49)
xH(Ps PPQIQ2Q—2Q-1)H(P{ Q1 Q2Q—-2Q—1)
xH(PyP;QIQ;Q 2Q 1) H(PIPFQIQ0Q 2Q1).

The Coulomb branch moduli a;,i = 1,2,3,4 of the SO(8) gauge theory are the same
as (3.27) and four mass parameters m;,7 = 1,2, 3,4 are given by

P = tm-a)  p,—e-(m—m)  p o =(ms—a) p — g=(ma—ma) (3.50)
The instanton fugacity ugos)4 is
uso()a = QePLP2PiPAQ;. (3.51)

The comparison with the Nekrasov partition function of the SO(8) gauge the-
ory with four flavors can be achieved by using the partition function (3.48) with the
maps (3.27), (3.50) and (3.51). Indeed we checked that our proposal agrees with the local-
ization result (B.17) until the order of Qg for the perturbative part and the one-instanton
part, and we also checked the agreement until the order of Qg for the two-instanton part.

4 5d gauge theory with E-type gauge group

In section 3, we computed the Nekrasov partition function of the 5d SO(2N + 4) gauge
theory with or without hypermultiplets in the vector representation by making use of the
topological vertex and the gluing rule for the trivalent gauging. In fact, the technique can
be applied to the calculation of the Nekrasov partition functions of the 5d pure Fg, F7 and
Eg gauge theories by using their dual descriptions (2.5), (2.6) and (2.7). In this section we
will obtain the Nekrasov partition functions of the 5d pure Fjg, E7 and Eg gauge theories
and perform non-trivial checks with the general one-instanton result (B.16).

4.1 5d pure Eg gauge theory

The dual description of the 5d pure Fg gauge theory is given by (2.5). Namely the theory
is realized by the SU(2) gauging of the diagonal part of the SU(2) flavor symmetries of the
EQ(SU(Q))theory and two ﬁg(SU(Q)) theories. A web-like description of the dual theory is
given in figure 9.

The partition function of the theory (2.5) can be computed by using exactly the same
technique obtained in section 3. The assignment of the Kahler parameters to the web is
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Figure 9. A web-like description of the 5d theory which is dual to the pure Fg gauge theory.

\
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$0B 30z
o A > A
Qs Q4
Qs

Figure 10. The assignment of the Kéahler parameters to the web in figure 9. We write the three
webs separately for simplicity.

summarized in figure 10. @1, @2, @3, Q4, Q5 are related to the size of the spheres in the
F,, fiber other than C; and hence they correspond to the five Coulomb branch moduli of
the pure Fg theory. In the dual frame, ()1, @2 correspond to the Coulomb branch moduli
of the ﬁg(SU(Q)) theory coming from the leftmost web in figure 10, Q3 corresponds to the
Coulomb branch modulus of the Dy(SU(2)) theory from the middle web in figure 10 and
Q4, Q5 correspond to the Coulomb branch moduli of the ﬁg(SU(Q)) theory coming from the
rightmost web in figure 10. The other Coulomb branch moduli of the pure Fg gauge theory
comes from trivalent gluing parameter @), in the dual picture. @p is the Kahler parameter
for the size of the base Cp, related to the instanton fugacity of the pure Eg gauge theory.

Since the web diagram in figure 9 preserves the structure of the Dynkin diagram of eg,
Q1,Q2,Q3,Q4, Q5 and @, are related to the simple roots of ¢g. Hence, we can read off the
explicit Coulomb branch moduli dependence for the Kahler parameters as

Q) = o3 (a1—a2—as—as—as++/3as) Qg = e~(aatas) . — o~(az—as),

)

Qp=e @70 Qu=e @m0 Qp= e il meartasyii (g )

where a;,7 = 1,--- ,6 are the Coulomb branch moduli of the pure Eg gauge theory. The
instanton fugacity ug, is equal to @p up to a factor made from @Q;,7 = 1,---,5 and Q.
We can determine the factor from the geometric data as done in section 3.2. Let C; be the
curve whose Kéhler parameter is given by @); for ¢ = 1,--- ;5. We also define S; as the

—97 —



S1 S Sy Si S5 S3
ci|/-2 1 0 0 0 O
Co |1 -2 1 0 0 O
¢g/0 1 -2 1 0 1
Cy |0 0 1 -2 0
Cs| 0 0 0 1 -2 0
Cs;| 0 0 1 0 0 -2
Cg| 0 0 -2 0 0 O
Table 4. The matrix of the intersection numbers between the divisors S;,7 = 1,---,5,¢ and the
curves Cy,i =1,--- 5,9, B.
surfaces which has the C; fibration over Cp for ¢ = 1,--- ,5,g. The intersection matrix

between S; and C; inside )?3 is the negative of the Cartan matrix of e¢g as in table 4.
On the other hand the curve Cp has —2 intersection number only with S, but does not
intersect with the other divisors. The intersection numbers are then summarized in table 4.
Then the instanton fugacity ug, can be obtained by multiplying (Jp by a combination of
Q1,---Qs5 and Qg4 so that the intersection numbers with any surfaces S;,¢ = 1,---,5,9
vanish. This uniquely fixes the instanton fugacity as

_ @B
QRIS
The partition function of the dual theory (2.5) is then given by the trivalent SU(2)
gauge of the partition functions of the two D3(SU(3)) theories and the Dy(SU(2)) theory,

Zro(Qg Q5. Qr2345) = Y QR ZY (@) 725V (G {Q2, Q1))

(4.2)

UF,

A
x 22V (Qp {Qs) 2 VP (Qp, {Q4, Q5}),  (4.3)
where the Kéhler parameters @y, Q1, - ,Q5 and ()p are related to the Coulomb branch

moduli by (4.1) and the instanton fugacity of the pure Eg gauge theory by (4.2). We
checked that the partition function (4.3) perfectly agrees with the perturbative part (B.13)
until the order of QS. We also checked that it matches with the known result of the Fg
instanton (B.16) until the order of Q for the one-instanton part.

The fact that Zg, is a positive power series of Q1,2 34,5 4 combined with (4.2) alone gives
non-trivial information. The one-instanton partitions function is ug, times (B.16), and
that should be a positive power series of Q12345,4. Therefore, for G = Eg, the numerator
of (B.16) should be proportional to Q%Qg@g@i@é@g, which is alone non-trivial from the
form of (B.16).

4.2 5d pure E; gauge theory

We then move onto the calculation of the partition function of the pure E; gauge theory.
The dual theory is given in (2.6) and its web-like description is depicted in figure 11.
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Figure 11. A web-like of the 5d theory which is dual to the pure E7 gauge theory.

Figure 12. The assignment of the Kéahler parameters to the web in figure 11. We write the three
webs separately for simplicity.

We then assign Kéahler parameters to the web as in figure 12. Like the case in section 4.1,
Q1,- -, Qs and @, correspond to the Coulomb branch moduli of the pure E7 gauge theory.
Here Q4 is again the Kahler parameter for the trivalent gluing. Since Q1,---,Q and @y

are associated to the simple roots of er, the relations between Q1,---,Q¢, @, and the
Coulomb branch moduli a;,2 = 1,--- ,7 of the pure E7 gauge theory are given by
Q=) Qyo el gyt Q, (),
Q, = e (a5—a0) Qs = ef%(a17a27a37a47a5+a67\/5a7), Qo = o~ V2a7. (4.4)

On the other hand, the instanton fugacity ug, of the pure E; gauge theory can be
read off from the intersection numbers between complex surfaces and curves inside )?3.
Let C;,i =1,---,6 be the curves whose size is given by the Kdhler parameters Q1,--- Qg
respectively. We also denote S; by the surface which has the C; fibration over Cp for
i=1,---,6,9. Then the intersection matrix between S; and Cj for 7,7 = 1,---,6,¢ and
also Cp inside )23 is summarized in table 5. The instanton fugacity ug, of the pure Ey;
gauge theory is equal to @ p up to a factor made from Q;,7 =1,--- ,6,g. The factor can be
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S1 S Sg Si S5 Se¢ S3
cCi|-2 1 0 0 0 0
Cy | 1 -2 0 0 0
d|0 1 -2 1 0 0 1
Cy |0 0 1 -2 0 0
Cs | 0 0 1 -2 1 0
Cé | 0 0 0o 1 -2 0
Cs |0 0 0o 0 0 -2
Cg| 0 0 -2 0 0 0
Table 5. The matrix of the intersection numbers between the divisors S;,4 = 1,---,6,¢ and the
curves C;,i=1,--- ,6,9, B.
determined by requring that the intersection numbers with all the surfacesS;,i =1,--- ,6,g¢

vanish. The condition leaves the unique choice

QB
QA3 Q2 QP Q8

(4.5)

up, =

The partition function of the pure F; gauge theory can be calculated from the trivalent
SU(2) gauging of the D3(SU(2)) matter, the Dy(SU(2)) matter and the D,(SU(2)) matter.
Hence its expression becomes

Z5,(Qg,QB,Q123456) = ZngMH“‘ZiE@) Vecm(QB)ZD?’(SU (Qp,{Q2,Q1})

A

%225V (@ (a1 2P VD) (Qp, {Qu, @5, Qs )), (4.6)

where the relations between the Kéhler parameters and the Coulomb branch moduli and
the instanton fugacity are given by (4.4) and (4.5) respectively. Then We found (4.6) agrees
with the perturbative partition function (B.13) of the pure E7 gauge theory until the order
of QS. We also checked that the partition function (4.6) agrees with the known result
of (B.16) until the order of Qg for the one-instanton part. Again, (4.5) indicates that the
numerator of (B.16) is proportional to Q?Q%QQ?Q?Q%QQSQ%G for G = F7.

4.3 5d pure FEg gauge theory
Finally we consider the 5d pure Eg gauge theory. The dual theory is given by (2.7) and

its web-like is drawn in figure 13, The assignment of the Kéhler parameters to the web is
summarized in figure 14. @1,---,Q7 and ), correspond to the simple roots of the eg Lie
algebra and are related to the Coulomb branch moduli of the pure Eg gauge theory,

Q) = e—%(al—az—ag—a4—a5—a6—a7+as)’ Qq = e~(@7—a8) (. — o~(artas) (4.7)

Qp=e @, Qu=cT®Tn) Q=) Qp=e (T Qp = el
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Figure 13. A web-like of the 5d theory which is dual to the pure Eg gauge theory.

Figure 14. The assignment of the Kahler parameters to the web in figure 13. We write the three
webs separately for simplicity.

where a;,7 = 1,--- ,8 are the Coulomb branch moduli of the pure Eg gauge theory. The
instanton fugacity up, is again equal to @5 up to a factor consisting of Q1,--- , Q7 and Q.
Let C;,i = 1,--- ,7 be the curves whose size is given by the Kéhler parameters Q1,--- , Q7
respectively. Let S; be the surface which has the C; fiber over Cg for i =1,---,7,¢9. Then
the intersection matrix is given by the numbers summarized in table 6. The instanton
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S1 S Sy S4 S5 Se¢ St S3
cCi|-2 1 0 0 0 O
Co | 1 -2 1 0 0 0 O
/0 1 -2 1 0 0 0 1
Cy | 0 0 1 -2 0 0 O
Cs| 0 0 O 1 -2 1 0 O
C¢ | 0O 0O 0O O 1 -2 1 0
c:10 0O O 0 O -2 0
cs{ 0 0 1 0O O 0 0 -2
Cg| 0 0 -2 0 0 O 0 O

Table 6. The matrix of the intersection numbers between the divisors S;,¢ = 1,---,7,¢ and the

curves Cy,i=1,---,7,9,B

fugacity ug, of the pure Eg gauge theory is then

Q
TRGE TR

UEs = (4.8)

From the dual description (2.5), the Nekrasov partition function of the pure Eg gauge
theory is given by the trivalent SU(2) gauging of the D3(SU(2)) matter, the Dy(SU(2))
matter and the D5(SU(2)) matter. Therefore, the partition function can be written by

Zps(Qg, @B, Q1,2,34,5,6,7) :ZQLMHMZEE@ veCtor(QB)ZDs(SU (@B, {Q2,Q1}) (4.9)

A

><ZD2 (SU2 (QB,{Qg}) D4 U@ (Qp,{Q4, Qs, Qs, Q7))

The relations between the Kahler parameters @1, - ,Q7,Qg4, @p and the Coulomb branch
moduli and the instanton fugacity of the pure Eg gauge theory are (4.7) and (4.8). Then
We found (4.9) agrees with the perturbative partition function (B.13) of the pure Eg gauge
theory until the order of QS.

In principle, we can also compare the partition function (4.9) with the parameteriza-
tion (4.7) and (4.8) with the general result of the one-instanton (B.16). However, because
of the same reasoning explained of Ep 7 case, the numerator of (B.16) is non-trivially pro-
portional to the denominator of (4.8), which is a very high power. This means that one
needs to expand the expression (B.16) to the order 60th in @, for the comparison. This is
computationally difficult and hence we performed the comparison by inserting some spe-
cific values to @1, Q2, Q3, @4, Qs, Qg, Q7 and found the agreement until the order of Q; for
the one-instanton part. When we take ()2 generic, then we checked the agreement until
the order of Qg.
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5 A 5d description of non-Higgsable clusters

So far we have considered 5d theories which are dual to the 5d gauge theories with a
gauge group of type G = Dy 2, Eg, E7, Eg by utilizing the trivalent SU(2) gauging. In this
section, we further make use of the trivalent gauging and construct 5d theories given by
a circle compactification of certain 6d SCFTs called non-Higgsable clusters [34, 35]. Non-
Higgsable cluster theories with one tensor multiplet on a tensorial Coulomb branch are
called 6d minimal SCFTs. We will mainly focus on these examples and also comment on
another non-Higgsable cluster in the last subsection. 6d minimal SCFTs can be obtained
from an F-theory compactification on a Calabi-Yau threefold X3 which has an elliptic
fibration over the Hirzebruch surface F,, with n = 1,--- 8,12 [56, 57]. We may take the
field theory limit by sending the size of the fiber IP’}; in [F,, to infinite. Then the Calabi-Yau
threefold X3 becomes non-compact and the non-compact direction is given by a line bundle
O(—n) over the base PL. The low energy effective field theory is a 6d minimal SCFT with
one tensor multiplet on a tensorial Coulomb branch, and we denote it by O(—n) model.
When n > 3, the 6d theories preserve eight supercharges and have no flavor symmetry,
and they are in a class of non-Higgsable clusters. The 6d minimal SCFTs are important
building blocks to construct more general 6d SCFTs [35-37].

In fact, the geometry of some of the O(—n) models has an orbifold limit [5] given by
(T? x C?)/T where the orbifold action is

cwhw™ (5.1)

with w™ = 1. Here n should be restricted to n = 2, 3,4,6,8,12 so that the orbifold action
consistently acts on the torus. In (5.1), the first component acts on the complex coordinate
of T? and the other two components act on the two complex coordinates of C2.

The case of n = 2 is special since it corresponds to 6d N = (2,0) SCFT of A; type. The
self-dual strings of the theory are called M-strings [58, 59]. On the other hand the other
cases of n = 3,4,6,8,12 yield 6d N' = (1,0) SCFTs and hence we will focus on these cases.

A 5d description from a circle compactification of the 6d minimal SCFTs for n =
4,6,8,12 has been obtained in [38]. In fact, the 5d theory also exhibits the structure of the
SU(2) gauging of three or four non-Lagrangian theories. The fact that the similar structure
appears to the cases of the dual theories of the pure gauge theories of Dy 9, Fg, E7, Eg-type
is not coincidence. Let g1 be the radius of the S! for the circle compactification and con-
sider a limit where r¢1 — 0. Then the limit makes the Kaluza-Klein modes associated to
the circle compactification decouple and leads to a 5d N = 1 theory with a 5d UV comple-
tion. In fact, the O(—n) models with n = 4,6, 8, 12 reduce to the 5d pure SO(8), Eg, Er, E3
gauge theories in the limit respectively. Hence, the 5d description of the 6d minimal models
in the cases of n = 4.6, 8, 12 should be closely related to the dual description of the 5d pure
gauge theories of Dy 9, g, E7, Eg-type after taking the limit. Since we have developed the
technique of the trivalent gluing for computing the partition functions of the pure gauge
theories with a gauge group G = SO(2N + 4), Eg, E7, Eg in section 3.1, it is also possible
to apply the method to the 5d description of the 6d minimal SCFTs.
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Furthermore, we will also propose a 5d description from a circle compactification of
the O(—3) model and compute the partition function of the 5d theory. The comparison
with the elliptic genus of the O(—3) model obtained in [40] gives non-trivial support for
the 5d description as well as the trivalent gluing rule.

One of other non-Higssable clusters can be also realized by an orbifold construction [38]
and we will propose its 5d description.

5.1 O(—4) model

We first consider a 5d description of the O(—4) model on a circle. The 6d theory is the
SO(8) gauge theory with no flavor symmetry accompanied by one tensor multiplet on its
tensorial Coulomb branch. The orbifold geometry for the O(—4) model is X3 = (T?xC?)/T
where the orbifold action I is

g=(whw o), with w?=1. (5.2)

F-theory compactification on X3 x S! is dual to an M-theory compactification on X3 [60].
Hence, a 5d description of the O(—4) model is given by a low energy effective field theory
from M-theory on X3 = (7% x C?)/T" with the orbifold action (5.2).

Let us review the 5d construction in [38]. First, since g = (1;—1,—1), the orbifold
yields an A; singularity over the torus, leading to an SU(2) gauge symmetry. Along the
torus direction, the orbifold reduces to Zs. Hence the torus becomes a sphere Cy with four
fixed points. Around each fixed point, the orbifold becomes C3/T" where the orbifold action
is the same as (5.2). This is exactly the same orbifold geometry considered in section 2.1
and yields the 5d SCFT, Dy(SU(2)). Therefore, the 5d description of the O(—4) model is
given by the SU(2) gauging of four Dy(SU(2)) theories,

ﬁ2<S|U<2>>
E2<SU<2>>—SU|<2>—E2<SU<2>>
D5(SU(2)) (5.3)

Note that when one sends a Coulomb branch modulus of one of the 52(SU(2)) theories to
infinite, the 5d description reduces to (2.3) with N = 2, namely it is a dual description of
the pure SO(8) gauge theory. This is consistent with the fact that the rgi — 0 limit of
the O(—4) models yields the 5d pure SO(8) gauge theory. In terms of the geometry, (5.3)
comes from a surface which has a fiber consisting of a collection of spheres whose shape is
the affine Dynkin diagram of so(8). The limit reduces the affine Dynkin diagram of so(8)
to the Dynkin diagram of so(8) and the 5d theory reduces to (2.3) with N = 2 from (5.3).

Let us also see the number of 5d gauge theory parameters can be reproduced from a
circle compactification of the O(—4) model. The O(—4) model has four vector multiplets in
the Cartan subalgebra of SO(8) and one tensor multiplet. After the circle compactification,
both become 5d vector multiplets in the Cartan subalgebra Hence the number of the
Coulomb branch moduli in the 5d theory should be five. Indeed we have five Coulomb
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branch moduli from the 5d theory (5.3). One comes from the SU(2) gauging and four come
from the four rank one EQ(SU(Q)) theories. Since the 6d theory has no flavor symmetry,
the 5d theory should has only one mass parameter originating from the radius of the
compactification circle. From the 5d description (5.3), we have only one mass parameter
associated to the gauge coupling of the middle SU(2) gauging.

We then compute the partition function of the 5d theory (5.3). The gluing procedure
is essentially the same as the one for the trivalent gluing even when we gauge four copies
of the Dy(SU(2)) matter. The partition function is given by

Zo(-1)(Qqg, @B, Q1234) = ZQLAH'“‘Z,%E@) et(Qp)

A
><ZD2 (SU@ (QB,{Ql}) D2 SUED (Qp, {Q2})

<225V (@ {Qo}) 2] D2 SV Qp,{Qa)). (5.4)

@1, ,Q4 and Qg correspond to the five Coulomb branch moduli and @Qp is related to
the instanton fugacity of the SU(2) gauging.

Since eq. (5.4) is the Nekrasov partition function of the 5d description (5.3) of the 6d
O(—4) model on a circle, it should also agree with the elliptic genus of the self-dual strings
of the O(—4) model. The full elliptic genus is in general given by the sum of the elliptic
genus of k strings Z,

o0
Zelliptic(Qv QT) = ZO(Qa Q‘r) <1 + Z Zk(Q’ QT)Q?) (5'5)
k=1
where Q, is the string fugacity counting the self-dual strings and Q, is Q@ = €?™" with the
complex structure modulus 7 of a torus for the elliptic genus computation which is given by
localization of a two-dimensional theory on a torus. () represents the other fugacities. The
elliptic genus of the O(—4) model has been computed in [39] and the 1 string contribution
is given by!!

2
4 (le 5 Qm27 Qm37 Qm47 QT) - _;O()Z(t_l) (56)
s [0(4@2,) 0 (5Q2,)
2 " };“11 0@, @i, )0 ( Qm Qi)

where t = ¢ for the unrefined case. Q,,,7 = 1,2,3,4 are the fugacities for the SO(8)
symmetry. 7 is the Dedekind eta function and 6(Q) is an elliptic theta function, which are
defined by

n=Qr [[a-qn. (5.7)
n=1
0(Q) = 01 (@, Q) = —iQEQF [[(1- Q) (1 - Q) (1- Q")) (58)

n=1

1YWe put an overall minus sign compared to [39]. This sign is needed so that in the 5d limit the partition
function reduces to the 5d SO(8) Nekrasov Partition function written in (B.17).
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In order to compare (5.6) with (5.4), one needs to find a map between the parameters.
The map has been also worked out in [39], and we reproduce a part of it since we can
apply it to other cases. The Kéhler parameters (1, Q2, @3, @4, Q4 are related to the size of
spheres which form the affine Dynkin diagram of so(8). Shrinking spheres which form the
shape of the s0(8) Dynkin diagram leads to the SO(8) gauge symmetry in the 6d theory.
Therefore, the Kahler parameters for the shrunken spheres are related to Qy,,, 1 =1,--- ,4
and we for example choose Q1,Q2, @3, Q) for giving the 6d SO(8) gauge symmetry. Note
that Q1, Q2, @3, Q4 correspond to the simple roots of s0(8) whereas Qp,,,7 =1,--- ,4 take
values at the Cartan subalgebra of s0(8). Therefore their relations are

Q1= Qm1 ;év Qg = szQ;éa Q2 = ng,Q;Lia Qs = Qm3Qm4' (59)

Furthermore, @, can be written by Q- = [[,_; 554 g Qy*" where ¢; is the comark associated
to a simple root of s0(8) and ¢y = 1 for the extended node. Therefore, we obtain

Qr = Q1Q2Q7Q3Q4. (5.10)

The final parameter which we need to identify is the string fugacity (s which counts the
self-dual strings in the elliptic genus calculation. Since the self-dual strings arise from
D3-branes wrapping the base JP’}3, it should be related to Q5 by

QS = QBh(Q17Q2)Q37Q47Qg)' (511)

One can restrict the explicit form of h(Q1,Q2, @3, Q4,Qg4) by requiring that the string
fugacity has no Coulomb branch moduli dependence. As in section (3.2), the curve P4 has
nonzero intersection number —2 with Sy which has the Cy fibration over P}B. Then, we can
deduce that

Q

(Q1Q2Q3Q2%)

with a + b = 2. The precise value of a,b cannot be determined from the conditions so far

Qs =QnB (5.12)

but we may determine it by the explicit comparison between (5.4) and (5.6). In fact, it
should be easy to determine a, b since we can just observe the overall rescaling difference
between (5.4) and (5.6) at the order O(Q%). We here simply quote the result of [39],

Q4
Q1Q2Q3Q%

With the relations (5.9), (5.10) and (5.13), one can perform the explicit comparison

Qs =QB (5.13)

of (5.4) with (5.6). Since (5.6) is the one-string contribution, we can use the one-instanton
result of (5.4). Furthermore, the partition function (5.4) is expanded by @, and hence we
need to expand (5.6) by @ for the comparison. Although it would be in principle possible to
perform the comparison by the double expansion in @ g and @4, we need an exact expression
for (). In order to use the truncated form of the elliptic theta function, we further expand
the both equations by (4 which appears only in @7, not in Q,,,? = 1,2,3,4. Then we
have found the complete agreement between the two results until the order of QgQi for
the one-string part. Hence, the gluing rule indeed works for the case when the 5d theory
has a 6d UV completion.
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5.2 O(—n) model with n = 6,8,12

The analysis for the O(—n) models with n = 6,8,12 is parallel to the case of the O(—4)
model. The elliptic genus of one-string for the O(—6) model has been computed in [61-
63]. Furthermore, ref. [63] also computed the elliptic genus of one-string for the O(—n)
model with n = 8,12. The calculation in terms of the BPS invariants from the Calabi-Yau
geometry by using the mirror symmetry has been done in [39]. We here present another
approach to compute the elliptic genus of the O(—n) models with n = 6,8,12 from the
Nekrasov partition functions of their 5d descriptions. Although comparisons between the
result here and in the literature is possible in principle, it is technically difficult because
unrefined limit ¢ — ¢ we take is not compatible with the results in the literature, at least in
a naive way. Thus, unfortunately, we do not provide comparison of the results for O(—n)
theory with n = 6, 8,12.

O(—6) model. When n = 6, the F-theory geometry is given by (T2 x C?)/T" where the
orbifold IT" is given by

g=(whwhw), with w®=1. (5.14)
Then a 5d description of the O(—6) model is obtained by considering M-theory on the same
background geometry. Since g3 = (1; —1,—1), we again have an A; singularity over the
torus, leading to an SU(2) gauge symmetry. In the torus direction the orbifold action is Z3
and the torus becomes a sphere with three Zs fixed points. Around each fixed point, the
geometry becomes C3/T" with ' given by (5.14). Hence each fixed point gives rises to the
5d D3(SU(2)) theory, and the three D3(SU(2)) theories are coupled by the SU(2) gauging.
In summary, the 5d description of the O(—6) model is given by the trivalent SU(2) gauging
of the three ﬁg(SU(Q)) theories,

Dy(SU(2))

D5(SU(2)) — su'(z) — D5(SU(2)) (5.15)

Note that sending one Coulomb branch modulus of one of the ﬁg(SU(2)) theories to infinity
reproduces the 5d description of the pure Fg theory given by (2.5).

We can again see the number of 5 gauge theory parameters can be reproduced from a
circle compactification of the 6d O(—6) model. The 6d O(—6) model has six vector multi-
plets in the Cartan subalgebra and one tensor multiplet. Hence we should have 6+ 1 vector
multiplets in the Cartan subalgebra in 5d after a circle compactification. Indeed the SU(2)
gauging provides one Coulomb branch moduli and each of the three ﬁg(SU(2)) gives two
Coulomb branch moduli, leading to the seven-dimensional Coulomb branch moduli space.
Since the 6d theory does not have any flavor symmetry, we expect one mass parameter in
5d. This agrees with the one instanton fugacity from the trivalent SU(2) gauging.

The computation of the partition function is straightforward by using the trivalent
gauging as well as the partition function of the ﬁg(SU(Z)) theories. The proposed partition
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function is then

Zo-6)(QQp. Qu2aass) = 3 QPHZED ¥ Q) 22V (@2, Q1Y)

A

<2275V (Qp {Qs, Q1) 2DV (Qp, (@5, Qs)), (5.16)

For the relation to the elliptic genus of the O(—6) model, @, can be written by @, =
Hi:17273 456, Q" where ¢; is the comark associated to a simple root of e and ¢; = 1 for
the extended node. Hence we get

Q- = Q1Q5Q3Q4Q3Q6 Q5. (5.17)
The string fugacity Qs is again proportional to Qp.

O(—8) model. When n = 8, the F-theory geometry is an orbifold (72 x C?)/T" where
the orbifold I' is given by

g=(whwhw), with ®=1. (5.18)
A 5d description of the O(—8) model is realized by M-theory on the same background
geometry. Since g* = (1;—1,—1), there is an A; singularity over the torus. On the torus,
we have a Z4 orbifold which induces a sphere with one Zs fixed point and two Z4 fixed
points. The Zj fixed point gives rise to the 5d ﬁg(SU(Q)) theory and each of the two Z4 fixed
points yields the 5d Dy(SU(2)) theory. Therefore, the 5d description of the O(—8) model is

Dy(SU(2))

Dy(SU(2)) — su‘(z) — D4(SU(2)) (5.19)

Again sending one Coulomb branch modulus in one of the 134(SU(2)) theories yields the
5d theory in (2.6), which is dual to the 5d pure E; gauge theory.

The partition function of the 5d theory is then given by the trivalent SU(2) gauging
of the partition functions of one Dy(SU(2)) theory and two Dy(SU(2)) theories, and it is
given by

Zo—8)(Qg,QB,Q1234567) = ZQL’\H‘“‘ZfE(Z) veCtor(QB)ZD4(SU (@B, {Q3,Q2,Q1})

A

<225V (@ {Qu1) 2P VD) (Qp, {Qs, 6, Q1)) (5:20)

The relation to the complex structure modulus of the torus for the elliptic genus calculation
is

Qr = Q1Q3Q3Q1Q2Q5Q7Q;. (5.21)
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O(—12) model. Finally we turn to the case of n = —12. The F-theory geometry is
given by (T? x C?)/T" where the orbifold T is given by

g=(wihwhw), with w'?2=1. (5.22)

For a 5d description of the O(—12) model, we consider M-theory on the same orbifold
background. Since g% = (1; —1, —1), we have an A; singularity on the torus. On the torus,
the orbifold action is Zg which gives rise to a sphere with a Zs fixed point, a Zg fixed point
and also a Zg fixed point. Each fixed point is associated to the Dy(SU(2)) theory, the
Ds(SU(2)) theory, and the Dg(SU(2)) theory respectively. Therefore, the 5d description of
the O(—12) model is

D,(SU(2))

Dg(SU(2)) — SU|(2) — D5(SU(2)) (5.23)

Again when we send one Coulomb branch modulus of the Dg(SU(2)) theory, we recover
the 5d theory (2.7) which is dual to the 5d pure Eg gauge theory.

The partition function of the 5d theory (5.23) is then calculated by the trivalent SU(2)
gauging of the partition functions of the Dy(SU(2)) theory, the Ds(SU(2)) theory and the
136(SU(2)) theory, and we propose that

Zo(-12)(Qg, B, Q12345678) = Y QI ZVE veCtor(QB)ZD?’(SU (@B, {Q2,Q1})

Ak
<22V (@ {Qe1) 2P VD) (Qp, {Qu, @5, Q5 @7, Qs)), (5.24)

The relation to the complex structure modulus of the torus for the elliptic genus calculation
is

Qr = QIQQ3Q5Q5Q3Q7Qs Q. (5.25)
5.3 O(—3) model

So far we have considered a 5d description of the 6d O(—n) models with n = 4,6, 8,12 and
all of them are described by the SU(2) gauging of three or four non-Lagrangian theories of
type ﬁp(SU(2)). We here consider a 5d description of the O(—3) model, which has a slight
difference from the other cases.

The F-theory geometry of the 6d O(—3) model is given by an orbifold (T2 x C?)/T
where the orbifold I' is given by

g=(whwhw), with w®=1. (5.26)

Again a 5d description of the O(—3) theory is obtained from M-theory on the same orbifold.
One difference from the other cases is that we do not have an A; singularity or other
singularity which exists over the torus. However the Zs action acts on the torus and it
becomes a sphere Cy; with three Zj fixed points. Around each fixed point the geometry
becomes C3/Z3 and the resolved geometry is a local P? Calabi-Yau threefold. The 5d SCFT
obtained from the fixed point by shrinking the P? is called Eq theory [6]. The Ey theory has
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Figure 15. A 5-brane web for the Ey theory.

Figure 16. A 5-brane web for the connecting two Fy theories.

one Coulomb branch modulus but no other parameter. Therefore, a 5d description of the
O(—3) consists of three Ej theories coupled to each other. Note that since the Ey theory
does not have a flavor symmetry we cannot couple them by gauging flavor symmetries.

From the geometric picture the three Ey theories are coupled by the presence of the
sphere Cj. Before considering coupling the three Ey matter, let us think of coupling two
FEy matter. The 5-brane web picture for the Ey theory is given in figure 15. Then we can
connect the two Fy theories as in figure 16. Note that a resolved conifold appears along
the gluing and hence this geometry corresponds to a local Calabi-Yau threefold whose
compact base is P! on which we have two fixed points described by C3/Z3 in a singular
limit. Similarly, for coupling three Ey matter along the Cy ~ P!, we glue the three copies
of the 5-brane web corresponding to a local P? manifold by a single line as in figure 17.
We call the gluing trivalent “SU(1)” gluing. Schematically, we may write

N
|
Eo—SU(1) — Ey (5.27)

We propose that the “SU(1)” gauging of three 5d Ey matter is a 5d description of the 6d
O(—3) model on a circle.

One can check the number of gauge theory parameters in 5d agrees with the expectation
from 6d. In 6d, we have two vector multiplets in the Cartan subalgebra of su(3) and
one tensor multiplets. Hence, the 5d description should have three vector multiplets and
indeed the three copies of the Fy theories provide three 5d vector multiplets in the Cartan
subalgebra. Since the 6d theory has no global symmetry, the 5d theory should have only
one mass parameter from the radius of the compactification circle. This corresponds to the
instanton fugacity of the trivalent “SU(1)” gauging or the gluing parameter.

Another consistency check is that the 6d O(—3) model in the limit rg1 — 0 should
give rise to a pure SU(3) gauge theory. When one decouples one Ej theory we arrive at a
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trivalent
“SU ( 1 ) b2
gauging

Figure 17. A web-like description for the connecting three Fy matter which is a 5d description of
the O(—3) model.

Figure 18. The assignment of Young diagrams and Kéahler parameter for computing the Ey matter.

5d theory whose web diagram is given in figure 16. A flop transition with respect to the
gluing 5-brane indeed reproduces a 5-brane web diagram for a pure SU(3) gauge theory.

We then present a prescription for the trivalent “SU(1)” gauging of the three F matter.
The essential point is the same as the trivalent SU(2) gluing done in section 3.1. Namely,
in order to get the partition function of the Ey matter for the “SU(1)” gauging, we divide
the partition function for the Fy theory with non-trivial Young diagram on one external leg
by a “half” of the partition function of the resolved conifold. More concretely, we compute
the partition function of the Ey theory with non-trivial Young diagram on one external leg
corresponding to a web in figure 18. The application of the topological vertex to the web
in figure 18 yields

ZP@Q) = > (@)l £y ()72 Fri (9)7 Fag ()*Cogatit () Cryng () oy ag (9)-

A1,A2,A3
(5.28)
The explicit calculation gives
ZP(@Q) = ¢ Z,4(g) (5.29)

% E <_Q>I>\1\+\>\2I+\>\3Iq*% SN =TIAL )
A1, A2,A3,m,10" 0"

. _ _ _ Lt
XS)\tl/n(q P U)S)\tl/n/(q p)s)\g/n/(q p)SAg/n“(q p)s)\g/n(q P

-V

)8)\%/77” (7).
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Figure 20. Another web diagram for the Ey matter with an opposite direction for the arrow
associated to v compared to the one in figure 18.

We then divide (5.29) by a “half” of the partition function of the resolved conifold repres-
nted by a web in figure 19. Its partition function is simply given by

Zgalf SU(1) H12 >

Zy(q)- (5.30)

= Cppyt = Q%HV
Then we claim that the partition function for the Ey matter is

75
750Q) = (5.31)
The partition function after the 7 rotation compared to the one in figure 18 but with an
opposite direction of the arrow for v as in figure 20 in fact gives the same answer as (5.31)
after the division by the partition function of another “half” of the partition function of
the resolved conifold. Hence, this means that the partition function (5.31) can be used for
gluing from the left and also from the right. Therefore, one can use (5.31) for each of the
contribution of the three Ey matter.

Finally, we couple the three Ey matter system by the “SU(1)” gauging corresponding

the resolved conifold. The “SU(1)” gauging contribution is

290 = ()M MRV Z, () 2,0 a). (5.32)
Therefore, the partition function of the 5d theory (5.27) is

Zo(—3)(Qq, Q1. Q2,Qs) = Y_ QW ZSVW ZF0(Q1) 250(Q2) 2P (Q3). (5.33)

Since eq. (5.33) is the partition function of the 5d theory for a circle compactification of
the 6d O(—3) model, it should agree with the elliptic genus of the 6d O(—3) model. The el-
liptic genus of the 6d O(—3) model has been calculated in [40] and one string contribution is

7’ Z n'6(Q7,)8(Qum.)
Q(Q)Q(q_l) i=1 Hj;éi Q(szQ&i)e(Q;ﬁQmJ)H(QmJ)

Here Qm,,i=1, 2,3 are the fugacities for the SU(3) symmetry and satisfy Qum, Qm,Qms=1.

O(-3
Zl ( )(Q’T7 le,mg,mg) =

(5.34)
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Figure 21. A flop transition for the gluing cuve in figur 16.

For the comparison of (5.34) with (5.33), we need to perform a flop transition with
respect to a curve for the gluing. As mentioned before, the limit Q3 — 0 in (5.33) does not
directly yield the web diagram of the pure SU(3) gauge theory but we needed to perform
a flop transition associated to 4. Therefore, in order to compare (5.33) with (5.34), we
need to compute the partition function after the flop transition.

Before going to the flop transition for web in figure 17, let us consider the flop transition
for the web in figure 16. The partition function from the web in figure 16 is

Zsu(3)(Qg: Q1. Q2) = >_ QM Z5VW 250(Q1) 20 (Q). (5.35)

v

The flop transition is given in figure 21. From the web in figure 21, the flop transition
relates the Kéhler parameters in the two webs by

Qo =Q%' Q1Qy,=Q1, Q2Q, = Q, (5.36)

where @1, @2 correspond to the Coulomb branch moduli of the pure SU(3) gauge theory
and @ p is related to the instanton fugacity of the pure SU(3) gauge theory. Inserting (5.36)
into (5.35) does not work since it seems to include the negative power of @)p which should
not appear in the pure SU(3) partition function. A trick is that when we divide it by
partition function of the resolved conifold, namely

Zsu(3)(Qp', Q1Q5,Q2Qp)
H(Qp') ™!

then the terms with negative power of @Qp disappears [64—69]. Since we divide (5.35) by

Zsu(3(Qp, Q1,Q2) =

(5.37)

H(QR') ™!, we need to multiply (5.37) by H(Qp')~!. Here we can use the flop invariance
of the partition function of the resolved conifold [64]

HQEH) " =H@pB) ", (5.38)

up to some factor which we neglect. Therefore, the partition function after the flop tran-
sition as in figure 21 is given by

Zsu3)(Qp', Q1Q5, Q2Q5)

MO H(Qp) " (5.39)

Zg%?g) (QB7 @17 @2) =
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Eq. (5.39) should agree with the SU(3) Nekrasov partition function given by

Z566) = Zstm) (1 + “1§U(3)Z§%S(t3),k) ; (5.40)
where
1
ZII'ISt — , (5‘41)
SU(3)7k Z |Zy:| kzﬂnl sg[/ 2 Slnh z] 8)2 h E (S)_2(€1+62)
Eij(s) = a; — aj — e14i(s) + e2(a;(s) + 1). (5.42)

Here Y;’s are Young diagrams and a1, as, ag with a1 + as + ag = 0 are the Coulomb branch
moduli related to Q1,Q2, Q3 by

~2 1 ~ 1.1
e M=0Q{Q;, e?=0Q,°Q;. (5.43)
Zg{jr(%) is the perturbative part of the SU(3) partition function and

Z56e) = H(Q1)*H(Q2) H(Q1Q2)*. (5.44)

We checked that eq. (5.39) agrees with the Nekrasov partition function (5.41) of the pure

SU(3) gauge theory by identifying the instanton fugacity ugy(s) as
QB

@1Q2

usu(3) = — (5.45)

until the order of Q%@%@% and QQB@?@%

We are now ready to apply the flop transition to the partition function (5.33). We
assume that the same prescription for the flop transition apply for the trivalent “SU(1)”
gauging. We conjecture that the partition function of the 5d theory (5.33) after the flop
transition is given by

Zo3(Qp", Q1Q5, Q2Q5, Q3Q5)
HQp) !

The partition function (5.46) can be directly compared with the elliptic genus (5.34). The

H(Qp) " (5.46)

ZeyP 5 (Q5, Q1. Q2. Q) =

Kaéhler parameters @1,@2,@3 form the affine Dynkin diagram of su(3) and we can for
example choose @1, Q2 for the simple roots of the su(3) corresponding to the 6d SU(3)
symmetry. Then a map between Q,,,, Qm,, @m; and Q1, Q2 is

Q1= Q@ Q2 = QuyQrt, (5.47)
which can be written by
~2 1 ~_1 1
Qm, = Q7iQ3, Qm,=Q,°Q3, (5.48)

with Qm, = Q, Q.. From the comarks of the affine Dynkin diagram of su(3), the

2
complex structure modulus of the torus is

Q- = Q1Q2Qs. (5.49)
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base 3,2 3,2,2 2,3,2
gauge | g2 X su(2) | g2 xsp(l) | su(2) x so0(7) x su(2)
matter | $(7+1,2) | 2(7+1,2) | £(2,8,1) + 3(1,8,2)

Table 7. Non-Higgsable clusters with multiple base curves. The first row of the table represents
the negative of the self-intersection numbers of the base spheres.

By wusing the maps (5.48) and (5.49), we checked that (5.46) agrees with
1
QBQQ—%Z?(_S)(QT, {Qm,;}) until the order of Q?Q3Q3 for the one-string part. This also
12
implies that the string fugacity is given by
1
QQ
Qs =Qp—>. (5.50)
Qi Q3

5.4 Another non-Higgsable cluster

So far we have focused on the O(—n) models which contain only one tensor multiplet or
equivalently one P! base. In particular when n = 3,4,6,8,12 the O(—n) model has an
orbifold description of (T2 x C2)/T' with the orbifold action given by (5.1), leading to its
5d description after a circle compactification. There are still another non-Higgsable cluster
theories which contain multiple tensor multiplets or more than one base curves [34, 35].
The 6d theories again have no flavor symmetry. The F-theory geometry has a compact
base which is an elliptic fibration over a collection of spheres given in table 7. They are
also important ingredients for constructing 6d SCFTs.

Among the three non-Higgsable clusters, the last entry in table 7 has an orbifold
description [38]. The F-theory geometry is (72 x C?)/T with the orbifold action

g= (w_6;w,w5), (5.51)

with w® = 1. On the torus the orbifold action is Z4. The torus then becomes a sphere with
one Zo fixed point and two Z4 fixed points.

Then we consider a 5d description of this 6d theory. We can simply consider M-theory
on the same orbifold geometry. Since g* = (1;—1,—1), the orbifold action induces an A;
singularity and the 5d theory has an SU(2) gauge symmetry. Around the Zy fixed point,
the geometry becomes C3?/T” with the action

J = g% = (W12, w2 W)

yw'w'), (5.52)
with w = 1. This is the same geometry as (2.1) with p = 2. Namely, the 5d theory
is the D2(SU(2)) theory at the Zj fixed point. Around the Z, fixed point, the geometry
is an orbifold C3/T" with the orbifold action (5.51). It is possible to write a 5-brane web
corresponding to the orbifold geometry and it is depicted in figure 22. The 5d theory has
an SU(2) flavor symmetry with three Coulomb branch moduli. We denote the 5d theory
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Figure 22. A 5-brane web diagram corresponding to the orbifold C3/T" with the orbifold ac-
tion (5.51).

by Dr(SU(2)), Therefore, the 5d theory for the non-Higgsable cluster is

Dy(SU(2))

Dr(SU(2)) — su‘(z) — Dr(SU(2)) (5.53)

The 5d theory is again given by the SU(2) trivalent gauging.

Let us see whether the numbers of 5d gauge theory parameters agrees with the ex-
pectation from 6d. The number of vector multiplets in the Cartan subalgebra in 6d is
1+3+1=2>5. The number of tensor multiplets is 3. After a circle compactification they
should become 5 4+ 3 = 8 vector multiplets in the Cartan subalgebra and the 5d theory
should have an eight-dimensional Coulomb branch moduli space. In 5d, D2(SU(2)) theory
has one Coulomb branch modulus and two Dp(SU(2)) theories have 2 x 3 = 6 Coulomb
branch moduli. By adding one Coulomb branch modulus from the trivalent SU(2) gauging,
the 5d theory has an eight-dimensional Coulomb branch moduli space which agrees with
the expectation. Since the 6d theory has no flavor symmetry, the 5d theory should have
only one mass parameter, Indeed the 5d theory (5.53) has one mass parameter coming
from the instanton fugacity of the SU(2) trivalent gauging.

6 Refinement

So far we have considered the unrefined partition function where the two 2-deformation
parameters €1, €5 are set to €; = —eo. In this section, we extend the rule for the trivalent
SU(2) gluing to the refined topological vertex formalism. Instead of performing the calcu-
lation in full generality, we will focus on a specific example of the pure SO(8) gauge theory
and describe how the trivalent SU(2) gauging can be generalized to the refined case. The
application to other cases will be carried out in a similar manner in principle.

6.1 Refined partition function of Dy(SU(2)) matter from flop transition

In order to perform the computation for the trivalent SU(2) gauging for the refined case, we
first need to determine the refined partition function of the Dy (SU(2)) matter correspond-
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Figure 23. A 5-brane web for a theory which is S-dual to the SU(2) gauge theory with two flavors.
The Kéahler parameters satisfy Q.,, Q@ = Qm, @’

ing to the web in figure 7. Similarly to the topological vertex formalism, we assign the
refined topological vertex which is labeled by three Young diagrams corresponding to three
legs at each vertex of a 5-brane web. However the role of the three legs is not symmetric
and we assign t, ¢ and a preferred direction for each leg. Furthermore, when one glues a
leg with t(or ¢) with another leg, then the another leg should be labeled by ¢(or t).

Let us first think about the case when we choose the vertical directions in figure 7 for
the preferred direction, then the gluing leg in the horizontal direction should be labeled
by t or q. In order to have the consistent gluing for the refined topological vertex, one
needs to label t or ¢ in a different way for the horizontal legs in the web for the other
Dn(SU(2)) matter. When we glue two Dy (SU(2)) matter system then this gluing rule
causes no problem. However when we consider the trivalent gluing with three ﬁN(SU(2))
matter system, then it is difficult to glue three webs consistently with the gluing rule for
the refined topological vertex.

This problem can be avoided when we choose the horizontal direction in figure 7 for
the preferred direction. This is also conceptually plausible. The equation (3.6) which we
relied on can be generalized to the refined case only when the preferred direction is taken
to be horizontal. However another problem arises since some vertex does not have a leg in
the preferred direction and we cannot apply the refined topological vertex to such a vertex.

In fact, there is a way to solve the second problem by using a flop transition. To see that
we focus on the case of the lA)g(SU(Q)) matter which we will use for the computation of the
refined partition function of the pure SO(8) gauge theory. Although we cannot apply the
refined topological vertex to the web for the EQ(SU(Q)) matter with the horizontal direction
chosen for the preferred direction, we can first apply the refined topological vertex to a
different but a related to web in figure 23. From the web in figure 23, we can perform a
flop transition with respect to the curves whose Kahler parameters are (,,, and @, as in
figure 24. Then we obtain a web on the right in figure 24. From the right web in figure 24,
one can send Qn,,@m, — 0, giving rise to a web in figure 23. From the comparison
between the webs in figure 24, the Kéhler parameters are related by

le = Qg‘llv Q = QFQEN ng = QE; Ql = QFQE2 (61)

The same trick has been used to obtain the refined partition function for the Dp2 theory [69].
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Figure 24. Two flop transitions from the web in figure 23.

We then first compute the refined partition function for the web in figure 23. The
application of the refined topological vertex to the web in figure 23 yields

~L ~
Z5u(@8,Q,Q, Qs Qms) = D Cligus (1:0)Cayny (1:0)(—~QBQRQN s (¢, 9)

A1,A2, 001, 142,01,02

XC@,LL ,ug( t)( Q)mllcut,ul,u ( aQ)(*QB)Wllﬁ/f (tvq) (62)
XC)\1V1)\t(t7Q)(_Q/)‘)\llc)\tl@)\z(% t)(—le)“Q'(—ng)'/\ﬂ’

where QQpn, = Q'Qpm,. After a calculation, we get

I” 7z

=L 1,.t t
25, (Q5,Q,Q, Quys Quy) = 2N Zy0(4,9) Z,0 (1, q) (6.3)
% Z Qg1|+|l’2|(_ )|u1|+\>\1|Q|u1\+\V2|Q/\>\1|+\V2|

/
A17N17V17V2777777

—u —p —ut A —p A
Xsm/n(t 'uq p)5u1/77(t pq a )Sul/n’(t q p)Skﬁ/n’(t pq )

1 ’
q *(|TI\+|TI|*|V2\*\V1|)
x (;)2 M V2(Qm17t q)Z)qu(szv% )’

where

235, (Qit,0) = > (=Q)Mg2 M Z (1) 2,k (g, 1) (7P ) sy (EP07Y). (6.4)

v

In order to apply the flop transition in figure 24, we use a similar trick which we used
in section 5.3. The insertion of (6.1) into (6.3) gives

=L _ _ 10,812 112 ~
Z,,(QB,QrQp,, QrQr,, Q5. Qpl) = 2 W I INIEZ\ (t,9) Z,1 (1, q) (6.5)
% Z Q‘é’l|+|l/2|(_1)|p1‘+‘)\1|Q|}l;1‘+‘)\1|+2|1/2‘

)‘17H17V17V2777777/
—p - —p_—u A “p A
XSy fy(EH )80 (8P )80 1y (87207 ) 830 1y (7 PG)
y (3)%(77|+77/|V2||V1|)

RC 1. _1 " s
X206, (@it ) 200, Qi 4 DR, Q.

48 —



Then we consider the quantity

RC .
Z (@5t,q)

Gu(Q;t,q) = ma (6.6)
where )
Zconifold(Q) = H <1 - qu_itj_§> (67)
ij=1

In fact, G, (Q) is a polynomial of degree |u| + |v| in @ [66, 68]. Therefore, the following
limit is well-defined

G (t,0) = Jimy G (Q 7131, ) QM. (6.8)

By using the flop invariance for the partition function of the resolved conifold (6.7), the
limit for ZEEJ(Q; t,q) can be taken as

ZRC(Q_l't q)
ZIP (¢ ¢) = lim Zeon; Spw 2 D) ol
pv ( 7Q) Q1£n>0 conlfold(Q) X Zconifold(Q_l) Q
RC/H—1.
_ 2w QD) g

Zconifold(Q_l) (69)

QO
where [F'(Q)]go implies that we take the zeroth order of Q from F'(Q). Therefore, applying
the limit Qg,, Qg, — 0 to (6.5), we obtain

-~ 1 t12 12\ =~ ~
Z)ﬁu(QBaQF) = qzUlHIPHIA )Z)\t(t,q)Zut(t, q)

|1 |42 M| Alet A +2]ve|
> Z Q% (_1)|u1| | 1|QF
AL,p1,v1,v2,1,m

e . N o
Y G I EOWA G e EP M U R DIy G )
1 ’
g\ z(Inl+In'I=lval=lnl) g q
. (%) 2 2,00, (6270, (0 1). (6.10)

For the refined partition function of the D5(SU(2)) matter, one needs to divide the
refined partition function by a “half” of the partition function of the SU(2) vector multiplets

ZIL(Qp) = g2 INIFHIID Z,, (8 g) 2, (1, q)

A
o (gD e o
x> Qp (%)2 s (g7 ) s (g ), (6.11)

Therefore, the refined version of the Dy(SU(2)) matter contribution is given by

5 Z},(Q5,Qr)
D2 (SU(2)),ref A )
Zy, (@B, QrF) = m-
M

In order to treat (6.12) for the ﬁg(SU(Q)) matter, we check whether the web diagram
which is given by the 7 rotation compared to figure 23 but with the opposite direction

(6.12)

for the arrows of A, u yields the same partition function. We then compute the partition
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Figure 25. Another 5-brane web for a theory which is S-dual to the SU(2) gauge theory with two
flavors.

function for the web in figure 25 and apply the limit (6.1). By following the same steps,
we obtain the partition function

Z8(Qp,Qr) = t2WHPHIND Z, (4. 1) Z,,(¢,1)

|1 |42 +|A1]| Al [+ IA1[+F2]v2]
> Z Q% (_1)|u1| \ 1|QF
AL,p1,v1,v2,1,m

o ot B —p A
Xsm/n(t Hq p)slq/n(t Pg~H )SVI/’II/(t q p)s/\ﬁ/n’(t Pg)

+ 5 (Il | =lv2|=|v1]) o o
«(4) 2% (1,021, (0.1). (613)

Dividing (6.13) by the another half of the partition function of the vector multiplet for the
SU(2) theory gives

5 ZE (QB,Qp)
1D5(SU(2)),ref _ A ’
ZA,; (QB,QF) = ZH/{TXQB)’ (6.14)
A

where

L _ _
Z§21f7R(QB) — t§(||/\‘|2+HHH2)Z)\(q7 )Z,(q,t)

G ) )
x> Ql (2) st (gt )8, (g7, (6.15)

It is not clear whether (6.12) is equal to (6.14) but we checked that they are indeed equal
to each other until the order of Q%Q7% for the cases (i, \) = (@, 9), (1, A) = ({2,1},{1,1}).
Therefore, we can use (6.12) for the refined partition function of the Do(SU(2)) matter.

6.2 Examples: 5d pure SO(8) gauge theory and O(—4) model

In the previous subsection, we computed the refined version of the partition function of
the EQ(SU(Q)) matter. In this section we apply the trivalent SU(2) gauging for the refined
partition function and obtain the Nekrasov partition functions of the pure SO(8) gauge
theory and the 5d theory from the O(—4) model on a circle.
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Pure SO(8) gauge theory. A 5d dual description of the pure SO(8) gauge theory is
described by (2.3) with V = 2. The Nekrasov partition function of the pure SU(2) gauge
theory is given by

SU(2) v ;ref
Zsu()(Qp. Qq) = 3 QI Z0 2 vectortel oy (6.16)
A
where
ZEE(Z) vector,ref(QB) _ t%H'LLHQ_%H/\HQ(]_%H'ut"2+%||/\t||2ZEsz(QB)ZEZIf’L(QB)- (617)

Hence, we propose that the refined Nekrasov partition function of the pure SO(8) gauge
theory is given by

ZSO (QB ng Ql QQ, QS) _ Z QLA|+|M|Z§2(2) Vector,ref(QB)Zf\)Z (SU(2)), ref(Q {Ql})

A
% 72U 10 2DV G 1Q4)), (6.18)

where the Kéhler parameters are related to the gauge theory parameters by (3.22)
and (3.24) with N = 2. We checked that eq. (6.18) agrees with the refined Nekrasov
partition function of the pure SO(8) gauge theory until the order of Q?Q%Q%Qg for the
one-instanton part.

O(—4) model. We can also make use of the refined BQ(SU(Q)) matter contribution to
compute the Nekrasov partition function of the 5d theory (5.3) which arises from a circle
compactification of the O(—4) model. In this case, we gauge four refined partition functions
of the EQ(SU(Q)) matter and the full partition function is given by

—4) (QB) ng Ql’ Q27 Q3a Q4) = Z QLA|+|#|Z§2(2) Vector,ref(QB) (619)

A

XzDQ(SU ref(Q {Q }) D2 (SU(2)), ref(Q {QQ})
XzDQ(SU ref(QB;{Q3}) D2 (SU(2)), ref(Q {Q4})

We checked that (6.19) agrees with the elliptic genus (5.6) of the O(—4) model until the
order of Q%Q%Q%Qng for the one-string part.

7 Conclusion

In this paper, we have proposed a novel method to compute the topological string par-
tition functions/Nekrasov partition functions of 5d theories constructed by the trivalent
gluing/gauging. A dual description of 5d pure gauge theories with a gauge group of D, E-
type is given by the SU(2) trivalent gauging of three 5d ﬁN(SU(Q)) matter theories. We
have proposed a way to apply the topological vertex formalism to the trivalent gauging
and successfully calculated their Nekrasov partition functions. We first computed the par-
tition function of the 5d Dy (SU(2)) theory with non-trivial flavor instanton backgrounds,
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which can be used for a matter contribution for the SU(2) gauging. Then, combining the
D ~(SU(2)) matter contributions with the partition function of the SU(2) vector multiplets
yields the Nekrasov partition functions of the 5d pure gauge theories of D, F-type gauge
groups. This method gives a new way to compute the Nekrasov partition functions and
one advantage of this technique is that the higher-order instanton partition functions can
be obtained systematically simply by summing over Young diagrams with more boxes. We
also performed non-trivial checks with the known results of the SO(8) gauge theory with or
without flavors and also the pure Fg, F'7, Eg gauge theories up to some order of the gluing
parameters. Moreover, we will see in appendix A that applying a Higgsing prescription to
the Nekrasov partition function of a gauge theory with a D-type gauge group and flavors
may yield the Nekrasov partition function of a gauge theory with a B-type gauge group.
Therefore, with the Higgsing procedure as well as the trivalent gluing method, it is now
possible to compute the Nekrasov partition functions of 5d pure gauge theories with a
ABCDE gauge group from the topological vertex.

Another application of the trivalent gluing method is that we can also compute the
Nekrasov partition functions of 5d theories which have a 6d UV completion. In particular
the 5d description of the O(—n) models with n = 4,6, 8,12 is written by gauging four or
three 5d Dy (SU(2)) matter theories. We applied the trivalent gauging method for the
5d theories and performed a non-trivial check for the case of n = 4 by comparing the
Nekrasov partition function with the elliptic genus of the one-string calculated in [39]. We
also proposed a 5d description of the O(—3) model and calculated its Nekrasov partition
function. Remarkably, we found perfect agreement with the elliptic genus result of the
one-string in [40] up to some orders. In every case, the computation for higher instantons
can be achieved very systematically and the trivalent gauging method provides a powerful
tool to compute their elliptic genera. We also determine a 5d description of another non-
Higgsable cluster theory and the 5d theory can be again described by the SU(2) gauging
of three 5d theories.

Most of the computation in this paper have been done in the unrefined limit. We also
argued that it is possible to extend the computation for the refined topological vertex when
we choose the preferred direction to the gluing direction. Indeed we have checked that the
trivalent gluing prescription works for the refined one-instanton partition function for the
pure SO(8) gauge theory and also the refined one-string elliptic genus of the O(—4) model.
We expect that the refined calculation can be generalized to other cases.

As for the comparison with the exceptional instantons of 5d theories, we restrict the
check to the one-instanton order which can be computed from the general formula (B.16).
The higher-instanton partition functions of the exceptional gauge groups have been calcu-
lated in [19, 70-72]. However, a direct comparison of the results obtained in this paper
with the results in [19, 70-72] may not be straightforward since the explicit expressions
in the literature seems not to be compatible with the unrefined limit. It would be inter-
esting to extend the computation for the Nekrasov partition function of the exceptional
gauge groups to the refined one by using the technique in section 6. Similarly the un-
refined limit also prevented us from comparing the results with computations from other
methods in the literature about 6d O(—n) theories with n = 6, 8,12. It would be interest-
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ing to extend the Nekrasov partition function computation for the 5d descriptions of the
O(—6),0(—-8),0(—12) models to the refined partition function computation and perform
checks with the results in [61-63].

We expect that our trivalent gauging method has vast applications. In this paper
we only consider vector matter of the SO(2N + 4) gauge group. It will be interesting to
generalize our method to include matter in different representations. Furthermore, our
method is applicable to any SU(N) gluing of possibly non-Lagrangian matter. Finding
more dualities among 5d/6d theories like what we argued in section 2 and computing
Nekrasov partition functions would be fruitful.
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A  5d SO(2N + 3) gauge theory

In section 3.3, we have computed the partition function of the SO(2N + 4) gauge theory
with Ny = My 4+ M, flavors by making use of the trivalent SU(2) gauging. On a Higgs
branch of the SO(2N + 4) gauge theory with M; + M flavors, it is possible to realize a 5d
SO(2N + 3) gauge theory with Ny —1 flavors in the far infrared. A 5-brane web picture for
the Higgsing has been presented in [73]. Therefore, one can apply the Higgsing prescription
for the Nekrasov partition function of the SO(2N +4) gauge theory with Ny flavors to obtain
the Nekrasov partition function of the SO(2N + 3) gauge theory with Ny — 1 flavors.

From the Higgsing procedure of the 5-brane web with an O5-plane, the Higgsing from
the SO(2N +4) gauge theory with Ny flavors to the SO(2N + 3) gauge theory with Ny —1
flavors may be achieved by setting one mass parameter and also one Coulomb branch
modulus to be zero. We can for example choose

aAN+2 = me =0. (Al)

Here we denote the Coulomb branch moduli of SO(2N +4) by a;,i =1,--- , N +2 and the
mass parameters by m;,i=1,---, Ny.

In fact, the tuning condition (A.1) can be directly applied to the Nekrasov partition
function of the SO(2N + 4) gauge theory with Ny flavors. A similar Higgsing prescription
has been used to compute the Nekrasov partition function of the rank one E7 theory [14]
and also the rank one Eg theory [15]. In the refined case, the tuning is not as simple
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1

) 1
as (A.1) but the parameters are fixed to be (%) 2 or (%) ?. However, in the unrefined case,

we can directly use the tuning condition of (A.1).

Let us see how the condition (A.1) works for the perturbative part. The perturbative

partition function of the SO(2N + 4) gauge theory with Ny flavors can be written as'?
wia\?| | TT T (myas)) !
Pert _ N—+2 —(a;*a; —(my¢ta;
Z56(aN+ay,N; = H(1) H H (6 7 ) H H H (e f )
1<i<j<N+2 i=1 f=1
(A.3)
Inserting the condition (A.1) into (A.3) yields
N+1 ) 5
ZsSon+ay vy lBq. (A1) = H)Y [H H (™) ] I # (e_wiiaj))
i=1 1<i<j<N+1
N+1Ng—1 o] [t
<[ IT T * (e_(mfiai)> 1T H (e ™)
i=1 f=1 f=1
= H(1)"tzbat (A.4)
SO(2N+3),N;—1

up to flop transitions (A.2). Therefore, the perturbative partition function of the SO(2N +

3) gauge theory with Ny — 1 flavors is reproduced except for the factor H(1)~! which can
be understood as a singlet contribution o the Higgs vacuum.

When one includes the instanton partition function, a natural expectation is that

Z30@N+4)N; [Ba. (a.1) = H(1) ™ Zso@n43).8,-1- (A.5)

We checked that (A.5) indeed holds for the one-instanton part of a simple case of N =
2, Ny = 2 by using the localization result (B.17).

Assuming that (A.5) is correct, it is then possible to compute the Nekrasov partition
function of the 5d SO(2N + 3) gauge theory with flavors by combining (3.42) and (A.1)
from the relation (A.5).

B Some formulae for computation

In this appendix, we collect formulae which we have used for the calculation of the (refined)
topological vertex as well as the Nekrasov partition function in this paper.

2Note that the flop invariance of the partition function of the resolved conifold implies
HQ) = H(Q ™). (A2)
We always make use of (A.2) to compare the perturbative partition functions from the topological vertex

with the perturbative partition function from the localization result. Namely we check the equality between
the two perturbative partition functions up to the flop transitions (A.2).
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Figure 26. A vertex whose three legs are labeled by a pair of (¢, \), (¢, u) and v with the preferred
direction. The preferred direction is denoted by ||.
B.1 Refined topological vertex

The topological vertex is a powerful tool to compute the all genus topological string am-
plitude [1, 2] for a Calabi-Yau manifold X3 of the form

oo
Ziop = €xp Z Fggfg;Q , (B.1)
g=0
where
F,= ) N&Qo. (B.2)
CEHQ(Xg,Z)

Jtop 1s the topological string coupling constant, /N, gC is the genus g Gromov-Witten invariant
for a curve C and Q¢ = e % with the Kihler parameters k¢ for a curve C. The topological
vertex is parameterized by the topological string coupling and it is possible to further gen-
eralize it to the refined topological vertex by introducing two parameters ¢, t corresponding
to the Q-deformation parameters by ¢ = e~“',¢t = e [3, 4]. The unrefined limit is given
by setting ¢ = t. Although the original refined topological vertex has constructed for
the application to toric Calabi-Yau threefolds, it can be also applied to certain non-toric
Calabi-Yau threefolds by making use of a Higgsing or topology changing transition from
a toric Calabi-Yau threefold [14-16, 25-27]. Here we summarize the rule for applying the
refined topological vertex to a toric Calabi-Yau threefold or a dual 5-brane web.

The refined topological vertex formalism provides us with a method to compute the
all genus topological string amplitude on a background of a toric Calabi-Yau threefold by
a way which is similar to the method using Feynman diagrams. We first decompose a toric
diagram or 5-brane web into trivalent vertices with three legs. We assign a Young diagram
to each leg with some orientation. When the leg is an external leg, then we assign a trivial
Young diagram on it. We also need to choose a preferred direction in the diagram and one
leg of the refined topological vertex should be in the preferred direction. We then assign
t, q for the other two legs of the vertex. The ¢, ¢ assignment should be compatible with the
gluing rule which we will mention below. Let A, u, v be three Young diagrams. When the
three legs of a vertex is labeled by a pair of (¢, A), (¢, n) and v with the preferred direction
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Figure 27. The assignment of the vectors for determining the framing factor.

as in figure 26, we assign to the vertex of a 5-brane web the refined topological vertex

Ltz Lsl2Hil? ~ S ¢
Onu(t:0) = 3PS 2,00 Y (1) 7 snegnt P s 07,
! (B.3)
where N .
Zu(t,q) = H (1 _ qu(s)tau(s)-‘rl) ' (B.4)
sev
Here we also defined
L(i,j) =vi—j, a(i,j)=v}—i. (B.5)

for (i,75) € v.

Then we need to glue the vertices for going back to the original 5-brane web. For each
gluing of two legs, the assigned Young diagram on one leg should be transposed compared
to the Young diagram on the other leg. Then the gluing is done by summing over a Young
diagram v associated to the two legs with a weight. When we glue along the preferred
direction then the weight takes a form of

(_Q)h/lfl/(ta Q)n’ (BG)

where the framing factor for the preferred direction is

| =t pel?
t 2

folt.q) = (1) q 2. (B.7)

When we glue along the non-preferred direction then the weight has a form of

(_Q)h/'.ﬁ(ta q)n, (BS)

where the framing factor for the non-preferred direction is

[v|

Tt q) = (—1)Mg e e (1) F

() = (g S ()7 (8.9
where n is given by n = det(v1,v2) as in figure 27. Q is given by Q = e~*¢ where k¢ is the
Kéhler parameter for a curve associated to the glued internal line. When we glue along
the non-preferred direction, we need to connect a leg on which ¢ is assigned with a leg on
which ¢ is assigned.
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Figure 28. A 5-brane web which contains extra factor from the topological vertex calculation.

By assigning refined topological vertex (B.3) for each vertex and also the weights (B.6)
or (B.8), the topological string partition function is given by summing all the assigned
Young diagrams. The rules for the unrefined version can be obtained simply by setting
t=gq.

An important point is that the topological string partition function for a certain local
Calabi-Yau threefold X3 is related to the Nekrasov partition function of a 5d theory with
eight supercharges realized from M-theory compactification on )?3 or equivalently on a 5-
brane web dual to X3 [9-13]. In fact, it turns out the topological string partition function
calculated from the refined topological vertex contains contributions that are not present
in the Nekrasov partition function and one needs to extract that factor [14, 53-55]. The
factor is related to the contribution from strings between parallel external legs. Therefore
the factor can be read off from a 5-brane web and for example the extra factor from a web
in figure 28 is given by

oo
Zextra = H (1 - qutj_l)il . (B'IO)
i,j=1
We call such a factor extra factor.
Therefore, the Nekrasov partition function of a 5d theory can be computed by the
topological string partition function of the corresponding Calabi-Yau threefold by dividing

it by the extra factor,
Ztop

Zextra‘
Note that the refined topological vertex computation does not include the perturbative

ek = (B.11)

contribution from vector multiplets in the Cartan subalgebra but it can be easily recovered
since it has a general form

e o _rank(G) o _rank(G)
ZCartan = H (1 - qltjil) 1; - (1 — qliltj) EG (B12)
ij=1

for a gauge group G.
B.2 Nekrasov partition function

In this section we summarize the result of the Nekrasov partition function for some 5d
gauge theories with eight supercharges.
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For a gauge with a gauge group G, the perturbative partition function of the vector
multiplets is given by

-1
00

Z‘iecrt ZCartan H H (1 . e—maqitj—l) (1 . e—a~aqi—1tj) , (B.13)
i,j=1 | acAy
where A is a set of positive roots and a = (a1, - - , Grankg) represents the Coulomb branch

moduli in the Cartan subalgebra. The perturbative partition function of hypermultiplets
in the representation r is

Zre _ H [H (1 emtwemgi=byi- )] (B.14)

1,j=1 Lwer

where w is a weight of the representation r. Note that the comparison using the pertur-
bative partition functions (B.13) and (B.14) is done up to flop transitions. For the pure
gauge theory with a gauge group G, the general result for the one-instanton part has been
also known and it is given by [74-78§]

(1)~ -

ZlG' t = ‘
-1ns -a -a «-a o-a
T 0 (7 e P s (7 )

(B.15)
a,~ are roots of the Lie algebra g, h" is the dual Coxeter number,' A; is a set of long

roots.' 4V is a coroot of 4. When G is simply-laced and we take the unrefined case ¢ = t,
the expression after putting all the terms over a common denominator takes a form

. Shea, [(FDT (B e g )]y (P - 12 A

G
Dilinst = — 1—0)2 aa _ 1)2 ’
(1-4q) [loca, (e )
(B.16)
where AL is again a set of positive roots and y_ = ZW-B:—LEGAJF B. n stands for the
number of positive roots 3 which satisfy vV -8 = —1.

Next we turn to the result of the instanton partition function from the localization tech-
nique [51, 52, 79-82]. The k-instanton partition function can be computed from the index
of the one-dimensional ADHM quantum mechanics whose moduli space is given by the cor-
responding k-instanton moduli space. We here quote the result of the instanton partition
function for the SO(NN) gauge theory with hypermultiplets in the vector representation.

The k-instanton partition function for the SO(NN) gauge theory with Ny hypermulti-
plets in the vector representation is given by a contour integral over the dual Sp(k) gauge

d¢1
Z ins
A i [

B The relevant numbers in this paper are h,Y;G =12, hh =18, hYES = 30.
111 the case when G is simply-laced, A; is a set of all the roots.

group variables,

ZLyecLhyp, (B.17)

— H8 —



where

[Ticrcer 2sinh (E25502) sinh (2G2S [T 9 ginh (dy) 2sinh (67 + €. )

ZVeC -

II§:1IE212SHH1($QL%%iEt)Ilkg<Jgk25hﬁ1<éﬁ£%?dfl>2shﬂ1(¢9iﬁgiﬁz)
(2sinh ey )"
(B.18)
(2sinh $-2sinh %)k
for N = 2n and

p [Ti<re <), 2sinh (%) 2sinh (imwfﬁh) [1%_, 2sinh (+6¢;) 2sinh (£¢; + € )

vec —

[T 2sinh (2255 ) TT;_, TTL., 2sinh (Epeees)
(2sinh e, )F

X
(2sinh $2sinh )" [T, ;<) 2sinh (%) 9 sinth (%)

(B.19)

for N = 2n + 1. Here the notation 2sinh(+z £ y) means 2sinh(+z £+ y) = 2sinh(zx +
y)2sinh(x — y)2sinh(—z + y)2sinh(—z — y). a;,¢ = 1,--- ,n are the Coulomb branch
moduli of the SO(N) and we also defined e = 9£<. Z, ., is the contribution from the
hypermultiplets in the vector representation and it is given by

k Ny
Zigp = [ [ 2sinh <mf2_¢f> 2sinh (mf;@) . (B.20)

I=1 f=1

Finally |W}| is the order of the Weyl group of the Sp(k) which is the dual gauge group of
SO(N). More concretely, |W| = 2Fk!.

The contour integral (B.17) can be systematically evaluated by so-called the Jeffery-
Kirwan residue rule [82].

B.3 Schur functions

Here we summarize the formulas on Schur functions which is needed to perform the topo-

logical vertex computations. Schur polynomials sy(x1, -+ ,x,) with finite variables can be
defined by
detA)
e = B.21
5)\(-%'17 7xn) detA¢’ ( )
/\j+n—j .
x, j <L
(AN)is = ney o (B.22)
i j>1L
where A = Ay,---, Ar is a integer partition. Schur polynomials have a scaling property
sa(azy, - azn) = aMsy(z1, -, 2n) (B.23)

with [A| = > A;. Schur functions are the infinite variables generalization of this polynomial.
In particular, we often use principal specialization of Schur function, defined by

Sk(qip) = SA(q1/27 q3/27 q5/27 T ) (B24)
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Stanley’s hook-length formula [83] says

_ [IENI 1
sx(q7”) =q 2 H T ook (B.25)
UEA

where u runs through boxes of the Young diagram A, and hook(u) is a(u) + ¢(u) + 1. The
important point is that the righthand side is finite product and thus this formula is exact
with respect to ¢. This formula is the reason why we can compute partition functions from
topological vertices exactly with respect to the exponentiated e parameters.

We also encounter Schur functions with arguments like

sx(q7P7Y) = sx(¢V/2 7, e M P gD/, (B.26)

where v = (v, -+ ,vp/) is another partition. To compute this function explicitly, we make
use of the formula

V)= > usu()su(y), (B.27)

MV CA

where x,y are sets of variables and cu , are Littlewood-Richardson coefficients. Set x to

be the first L’ variables of (B.26) and y to be the remaining, and use (B.22) for the former
and (B.25), (B.24) for the latter. Using (B.27) repeatedly, we can also compute Schur
functions like

SA(qipiyl ) q7p7,/27 e ) qipin)' (B'28)

We also encounter two variants of Schur functions, which are skew Schur functions

SA/M ch (B.29)
vCA
and super Schur functions
sxly) = D el su(x)s,(y). (B.30)

MV CA

The skew Schur function sy, is equal to the Schur function s, when u = @, and 0 when
1 is not included in A.

A Mathematica implementation which automates computations of Schur functions
like (B.28) and those generalization to skew and super Schur functions is available online
at https://github.com/kantohm11/SchurFs.

In the main part of this paper, we used the following formulas [84]

Z Sx/n(% = s\(xy) (B.31)

Zsu/m ,U/772( ) = H (1- ZL‘ij Zsm/T nz/T(X) (B.32)
7]

Zsu/m X) Syt (Y) = H + z;y5) ZS f/Tt ( )- (B.33)
H 7]
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