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1 Introduction

The high-energy limit of gauge-theory scattering amplitudes has long been understood to

offer a unique insight into gauge dynamics. In this kinematic limit, amplitudes drastically

simplify and factorise in rapidity, giving rise to new degrees of freedom in two dimensions.
Within perturbative QCD, BFKL [1, 2] and related rapidity evolution equations allow



us to translate concepts from Regge theory [3] into calculation tools, leading to concrete
predictions. The simplest example is that of the Reggeized gluon, the effective interaction
which governs the behaviour of 2 — 2 scattering amplitudes in QCD in the limit where
the energy s is much larger than the momentum transfer —¢. In the leading logarithmic
approximation the exchange of a single Reggeized gluon leads to a trivial evolution equation
in rapidity, which amounts to straightforward exponentiation of logarithms of |s/t| to all
orders in the coupling. At higher logarithmic accuracy more complex analytic structure
emerges, which can be understood in QCD as compound states of two or more Reggeized
gluons [4-6]. In contrast to the single Reggeon case, these are difficult to solve in general [7,
8]. Nevertheless, they can be integrated iteratively, thus generating perturbative high-
energy amplitudes order-by-order in the coupling.

Taking the high-energy limit, s > —t, a fast moving projectile can be seen as a cloud
of partons, each of which is dressed by a Wilson line, sourcing additional radiation. The
high-energy limit corresponds to forward scattering, where recoil is neglected, hence the
effective description is in terms of straight infinite lightlike Wilson lines [9, 10]. The number
and transverse positions of these Wilson lines are not fixed, since the projectile can contain
an arbitrary number of quantum fluctuations. The evolution of the system in rapidity
is controlled by the Balitsky-JIMWLK equation [11-15]. In ref. [16] it was shown how
to translate the latter into evolution equations controlling a given number of Reggeized
gluons. These equations are in general coupled, and in particular, the evolution of three
Reggeized gluons involves mixing with a single Reggeized gluon. In the present paper
we explore this mixing for the first time. We use the leading-order Balitsky-JIMWLK
equation to derive the effective Hamiltonians governing the diagonal and next-to-diagonal
evolution terms describing k& Reggeized gluon evolution into k and k + 2 ones, respectively,
and use symmetry considerations to obtain the mixing into k — 2 ones. We then use these
evolution equations to explicitly compute three-loop corrections to the signature odd 2 — 2
amplitude in the high-energy limit, and compare them to other recent results.

It is well known that gauge-theory amplitudes have long-distance singularities, which
cancel in physical observables such as sufficiently inclusive cross sections. Owing to the
factorization properties of fixed-angle scattering amplitudes [17, 18] these singularities are
largely process-independent. Furthermore, they admit evolution equations leading to expo-
nentiation. Of special interest are soft singularities, which in contrast to collinear ones, are
sensitive to the colour flow of the underlying hard process. Soft singularities can be com-
puted by considering correlators of semi-infinite Wilson lines [19-27]. The corresponding
soft anomalous dimension encodes the structure of these singularities to all orders in per-
turbation theory. In recent years there has been significant progress [28-36] in determining
the precise structure of long-distance singularities to massless gauge theories. Through a
recent explicit computation of the soft anomalous dimension, these are now known in full
for amplitudes with any number of legs in general kinematics through three loops [35, 36].

While infrared factorization of fixed-angle scattering and high-energy factorization
start from different kinematic set ups, and are based on different evolution equations, they
lead to partially overlapping predictions for the structure of scattering amplitudes. In
recent years the complementary nature of these two factorization pictures has been put



to use [16, 37—40]. For example, refs. [37, 38] showed that infrared factorization excludes
the simplest form of Regge factorization where the amplitude in the high-energy limit is
governed by a so-called Regge pole, and predicts that contributions associated with a Regge
cut appear starting from the next-to-leading logarithmic (NLL) accuracy for the imaginary
part of the amplitude and starting from the next-to-next-to-leading logarithmic (NNLL)
accuracy for its real part. Conversely, it was shown how the Regge limit can constrain
the (then unknown) three-loop soft anomalous dimension. Ref. [16] used the Balitsky-
JIMWLK equation to compute the first few orders in the Regge cut of the signature even
part of the amplitude at NLL accuracy, and predicted a corresponding correction to the
soft anomalous dimension in the high-energy limit at four loops. In this paper we use a
similar technique to predict the signature odd amplitude at NNLL accuracy. This requires
us to address for the first time the effect of non-diagonal terms in the effective Hamiltonian.
We are then able to compute three-loop corrections generated by the evolution of three
Reggeized gluons and their mixing with a single Reggeized gluon. Finally, we contrast
our result with other recent calculations at three loops. First, the infrared singularities
are compared with predictions based on the soft anomalous dimension [35, 36], finding full
consistency. Second, considering the case of gluon scattering in N = 4 Supersymmetric
Yang-Mills theory (SYM), we find full agreement with the results of ref. [41], expanded in
the high-energy limit. The latter, in combination with the Regge cut we computed, allows
us to fix the three-loop gluon Regge trajectory in this theory.

The outline of the paper is as follows. Section 2 introduces the relevant aspects of
Regge and BFKL theory. This includes, in section 2.1, a review and analysis of the rela-
tion between reality properties and signature within Regge theory. Section 2.2 then focuses
on reviewing the perturbative description of gluon Reggeisation and the structure of 2 — 2
scattering amplitudes in the high-energy limit. We conclude the introduction in section 2.3
where we explain how we use the Balitsky-JIMWLK equation to obtain information on the
(non-diagonal) evolution of states with a fixed number of Reggeized gluons. The computa-
tion itself is described in section 3, which starts with a derivation of the explicit form of the
Hamiltonian for k goes to k, k+2 and k — 2 Reggeized gluons, and concludes with a calcu-
lation of all the relevant signature-odd matrix elements contributing through three loops.
Finally, section 4 is dedicated to a detailed comparison between the results of section 3
with the theory of infrared factorization. We begin by reviewing the latter, specializing the
results of [35, 36] to the high-energy limit. We then systematically determine the “infrared
renormalized” hard function based on our results of section 3 for the amplitude in the
high-energy limit, and verify that the result is indeed finite. Explicit expressions for the
anomalous dimensions are quoted in appendix A, while appendices B and C collect the hard
function in QCD gluon-gluon scattering in the t-channel colour flow basis and the “trace”
basis, respectively. Finally appendix D collects the results for high-energy factorization in
N =4 SYM. Our conclusions and some open questions are discussed in section 5.



2 Aspects of 2 — 2 scattering amplitudes in the high-energy limit

In this paper we explore properties of 2 — 2 QCD scattering amplitudes in the high-energy
limit. This kinematical configuration is interesting because of the appearance of large
logarithms of the centre of mass energy s over the momentum transfer ¢, log |s/t|. It is a
well-known fact that these logarithms exponentiate at leading logarithmic (LL) accuracy,
and also at the next-to-leading logarithmic (NLL) order, for some parts of the amplitude. A
deeper understanding of their factorisation and exponentiation relies however on non-trivial
properties of scattering amplitudes, that we discuss in this section.

Our starting point is the study of analytic properties of scattering amplitudes. This
is historically one of the first approaches to the study of amplitudes, which leads to the
concepts of signature and of Regge poles, Regge cuts and Regge trajectories, that we briefly
review below. Next, we explain how these concepts relate to the standard calculation of
QCD scattering amplitudes as a perturbative expansion in the strong coupling constant.
We introduce then the modern framework in which the factorisation of amplitudes in
the high-energy limit needs to be discussed, namely, the treatment of QCD radiation as
originating from Wilson lines associated to the direction of the incoming and outgoing
quarks and gluons. This framework allows one to link the origin of high-energy logarithms
to the renormalisation-group evolution of amplitudes with respect to the rapidity, which is
governed by BFKL theory, more specifically by the Balitsky-JIMWLK equation.

2.1 Signature and the high-energy limit of 2 — 2 amplitudes

We consider 2 — 2 scattering amplitudes, M;;_;;, where 7, j can be a quark or a gluon. In
the following we will suppress these indices ¢, j, unless explicitly needed. In the high-energy
limit the Mandelstam variables satisfy s > —t > 0. The various terms of the amplitude will
have definite reality properties, which are related to the properties of the amplitude under
crossing. This is a consequence of the analytic structure, which is conveniently summarised
via dispersion relations:

0o . 0o .
M(s.t) = i/o D51 +71r/0 — Dy, (@1
where Dy and D,, are the discontinuities of M(s,t) in the s- and u-channels, respectively.
In general the lower limit of integration should of course be a positive threshold, and there
could be subtraction terms, but this would not matter for our discussion. The important
fact is that the discontinuities Ds; and D, are real, having a physical interpretation as
spectral density of positive energy states propagating in the s and u channel respectively.
To see the consequence on the amplitude, let us parametrize the discontinuities as a sum
of power laws by means of a Mellin transformation:

ai(t) = = /OOO B s <S>] (2.22)

m S —t
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and similarly for a* and D,,. Note that the reality condition of Ds(s,t) implies that the
Fourier coefficients admit

(as- ®)" = aj(t), (2.3)

and similarly for af(¢). Substituting the inverse transform eq. (2.2b) into the dispersive

representation eq. (2.1), swapping the order of integration and performing the § and u
integrals, one obtains a Mellin representation of the amplitude:

M= [ b (ai-(t) (252 + (T)) e

Since the coeflicients aj-’u are real (for real j), and (—s —i0)/ = e~"™|s}’ for s > 0, we see

that the phase of each power law contribution is related to its exponent. The statement

simplifies when one projects the amplitude onto eigenstates of signature, that is crossing
symmetry s <> u:

MB) (s, 1) = %(M(s,t) + M(—s—t,1)), (2.5)

where M) M) are referred to, respectively, as the even and odd amplitudes. Re-
stricting to the region s > 0 and working to leading power as s > |t|, the formula then
evaluates to

Y+ioco di : )
@) j T3\ (+) L
MU (s,t) = 1/y_ioo sin(n]) cos< 5 )% (t)e'™, (2.6a)
Y4100 di - )
() (5. 1) = Jgin (22} o)1) el 2.6b
M (s,1) /Y_ioo Sn(r]) sm< 5 )9 (t)e”, (2.6b)
where we have defined agi) (t) = %(aj(t) + ay(t)) and L is the natural signature-even
combination of logarithms:
L =log 3 iz
t 2
. . (2.7)
1 o —s—zO+lo —u—10
A T )

Let us interpret eq. (2.6). First of all, we notice that the reality properties of aj(t),
aj(t) stated in eq. (2.3) implies that the coefficients of powers of L in M) and M)
are imaginary and real, respectively. Note, however, that it is important for these reality
properties to express results in terms of L defined in eq. (2.7), which has an extra imaginary
part, rather than in terms of the large logarithm log |s/t| itself. This simple observation
will remove many explicit ¢7’s from expressions in this paper, and facilitate non-trivial
checks of the results. Moreover, for gluon scattering, invoking Bose symmetry we deduce
that M), which is symmetric under permutation of the kinematic variables s and wu,
picks out the colour component which are symmetric under permutation of the indices of
particles 2 and 3, and M), which is antisymmetric upon swapping s and u, picks out the

colour-antisymmetric part.
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Figure 1. The t-channel exchange dominating the high-energy limit, s > —t > 0. The figure also
defines our conventions for momenta assignment and Mandelstam invariants. We shall assume that
particles 2 and 3 are of the same type, and similarly for particles 1 and 4.

In this paper we focus on the leading power in ¢/s, and in this limit the Mellin variable
j used above is identical to the spin j which enters conventional partial wave functions.!
This explains our notation. One could easily extend the above discussion to subleading
powers, but one would have to replace the Mellin transform by the partial wave expansion.
For example, (s/t)™7~1 and (s/t)7 in egs. (2.2a) and (2.4) would be replaced respectively
by the associated Legendre function @;(1 + 2s/t) and Legendre polynomials P;(1 + 2s/t),
see [3].

The simplest conceivable asymptotic behaviour would be a pure power law, whose
Mellin transform is a simple Regge pole, namely

-) 1

a; () ~ iCi—a@ (2.10)

The leading perturbative behaviour is obtained upon taking the residue of eq. (2.6b) about
the Regge pole, getting
T S
M) (5,)|Regge pole = ——— > eX D (2.11)

ma(t)
S1n 3 t

!The standard partial wave decomposition of a 2 — 2 scattering amplitude is given by (see e.g. [3])

M;(t) = %% /71 dztPj(z) M (s(z1, 1), 1), j=0,1,2,... (2.8a)
M(s,t) = 16wi(2j + DM, () Pj(z), (2.8b)

where Pj(z;) are Legendre polynomials obeying Pj(—z) = (—1)?P;(z), and z = cos(6;) where 6; is the
t-channel scattering angle (namely, using the conventions of figure 1, it is the angle between the p1 and p2
in the centre-of-mass frame of p; and p4). For massless scattering considered here, where s + ¢ +u =0,

2s 2u
=14+ —=-1-—. 2.9
2t + 7 P (2.9)
The symmetry z; — —z: relates scattering with angle 6; to scattering with angle m — 0;; in terms of the
Mandelstam invariants, it corresponds to s <> u. We see that under an s <> wu interchange M, (t) of

eq. (2.8a) is even for even j and odd for odd j.



where the ellipsis indicated subleading contributions. Regge poles give the correct be-
haviour of the 2 — 2 amplitude at leading logarithm accuracy in perturbation theory,
where a(t) is interpreted as the gluon Regge trajectory, a(t) = ay(t) ~ O(as(t)). In order
to get the precise behavior at higher orders in perturbation theory one needs to take into

account the contribution of Regge cuts, which arises from agf)(t) of the form

_ 1
ag. )(t) ~ 1) (2.12)

which has a branch point from 1 + «(t) to —oo, or a multiple pole if 5(t) is a positive
integer. Integrating along the discontinuity one gets

T s 1

il LP®) gL o) | subleading logs . (2.13)
sin 720 ¢ D(1 + 5(1))

M(i) (37 t) ‘Regge cut =~

While Regge poles contribute to LL accuracy, therefore to the odd amplitude, Regge cuts
start contributing at the NLL order, to the even amplitude. A complete treatment of
scattering amplitudes up to NNLL accuracy requires to take into account the contribution
of Regge cuts both to the odd and the even amplitude. In order to clarify this structure, we
are now going to explore the implications of Regge poles and cuts in perturbation theory.

2.2 The Regge limit in perturbation theory

We write the perturbative expansion of a 2 — 2 scattering amplitude in the high-energy
limit as
o a n
M(s,t) = dmas Z <s> M™) (s,t), (2.14)
m
n=0
where we systematically neglect any powers suppressed terms in ¢/s. This perturbative
expansion correspond to the ultraviolet-renormalised scattering amplitude, with the strong
coupling o, renormalized for convenience at the momentum-transfer scale, pu?> = —t. In-
frared divergences are regulated in d = 4 — 2¢ dimensions.
In the previous section we have shown that an amplitude can always be written as the
sum of its signature odd and even component,

M(s,t) = MO (s,8) + MF)(s,1), (2.15)

as defined in eq. (2.5). Moreover, the reality condition in eq. (2.3) guarantees that, upon
expressing the amplitude in terms of the variable L defined in eq. (2.7), its real and imagi-
nary parts are separately fixed by its odd and even components, respectively, see eq. (2.6).
As a consequence, the perturbative expansion of M=) and M) is of the form

s

!
ME)(s,1) = dras (as> L mELm), (2.16)

Ilm

where the coefficients M (4™ and M(+b™) are purely real and imaginary, respectively.
At tree level, in the high-energy limit, the amplitude reduces to the t-channel exchange
represented in figure 2. Moreover, only helicity conserving scattering processes are leading
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Figure 2. Tree-level t-channel exchange contributing in the high-energy limit to quark-quark,
quark-gluon or gluon-gluon scattering. The solid external lines represent either quarks or gluons,
depending on the process considered.

in the high energy limit. This gives

M, 5= MG =2 (1) (D b, MG =0, (217)
where T;, T; are colour generators in the representation of the corresponding particle:
(T?)aras = 14,4, for quarks, (T7)aa, = —t8,,, for antiquarks, and (1)4,q, = if*b* for
gluons, and the factor dy,x,dx,0, represents helicity conservation. It is a well-known fact
that, at higher orders, the leading logaritmic (LL) contribution is due to a Regge pole term
of the type in eq. (2.10). Such term contributes to the odd part of the amplitude, and
one has

o \ % Caag’®) .
Mijsigl, = MGl = <> 4y MY (2.18)

ij—1] —t ij—ij

which is interpreted as the exchange of a Reggeized gluon, or “Reggeon”, as represented by
(1)

the double wavy line in diagram (a) of figure 4. The function ag ’(¢) in eq. (2.18) represents
the leading order contribution to the gluon Regge trajectory?

Z(as\' o —t\ 2ot
%@):z(?r) ag’(®), a§”<t>=;;(u2) =T (2.19)
n=1

where rr is a ubiquitous loop factor

I'(1—¢)?T(1+¢)
(1 — 2¢)

1 7
rp = e ~1-— 5(2 e — 5(3 S+ .. (2.20)
At next to leading logarithmic (NLL) accuracy the single Reggeon exchange described
by eq. (2.18) receives corrections, which, based on our discussion in section 2.1, are expected
to be of the form
M) eCaosL 7.4y Dy(t) Z;(t)D;(t) dmag MY (2.21)

1j—i] 1J—1J

2Compared to the standard definition in literature, we single out a factor C'4 from the definition of the
Regge trajectory, see eq. (2.18), in order to simplify comparison with the infrared factorisation formula in
section 4.
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Figure 3. A few sample one-loop diagrams contributing to quark and gluon scattering at next-to-
leading order, in the high-energy limit. Diagrams such as (a) and (b) have the same colour structure
of the tree-level diagram, and contribute to the one-Reggeon impact factor. Diagrams such as (c)
and (d) introduce colour structures different from the colour structure of the tree-level amplitude,
and contribute to the two-Reggeon exchange.

where ag(t) is the Regge trajectory defined in eq. (2.19), and the factors Z;/;(¢)D;/;(t)
represent corrections to the scattering amplitude independent of the centre of mass energy s.
These corrections contain in general collinear divergences, which factorise according to the
infrared factorisation formula, [30-32], to be introduced in section 4.1, see in particular
eq. (4.14). Anticipating our analysis below, it proves useful to make the form of this
factorisation manifest, such that the factors Z; ;(t) contain the collinear singularities, while
the terms D;/;(t), to which we will refer in the following as “impact factors”, represent the
finite correction. In perturbation theory these objects are calculated as an expansion in
the strong coupling constant, according to

Zi(t) = i (‘j:)nzi("’ t),  Dit) = i (f;)"pgm (t). (2.22)

A graphical representation of these corrections is given in diagram (a) of figure 4. More
in details, Eq. (2.21) involves three types of subleading corrections to eq. (2.18): first of
all, there is a NLL contribution which arises because of the exponentiation pattern, which
involve L = log|s/t| — im/2 instead of just log|s/t|, as a consequence of symmetry with
respect to the signature, discussed in section 2.1. Next, there are contributions arising from
higher-order corrections to the gluon Regge trajectory, indicated as a shaded blob denoted
by a4 in diagram (a) of figure 4. At NLL, such a correction arises from the next-to-leading
order (NLO) contribution O(a?) to the Regge trajectory, i.e. ong)(t) in eq. (2.19). As we
will discuss below, beyond NLO the Regge trajectory corresponding to a single Reggeon
exchange is not uniquely defined; clarifying this issue is one of the goals of this papers.
For now, it suffices to say that eq. (2.21) can be interpreted consistently only up to NLL
accuracy. The third type of subleading corrections is due to the impact factor Dj;(t),
which can be seen as an “effective vertex” associated to the emission (or absorption) of a
single Reggeon, indicated by the shaded blobs in diagram (a) of figure 4. These type of
corrections, which depend only on the momentum transfer ¢ (and not on the energy s),
arise in perturbation theory for instance from diagrams like (a) and (b) in figure 3.



(a) (b) (c)

Figure 4. From left to right, exchange of one, two and three Reggeized gluons, respectively.
We draw the Reggeized gluons as double wavy lines, in order to distinguish them from standard
gluon exchange in perturbation theory. Single Reggeon exchange in the first diagram contribute
at LL accuracy, while two-Reggeon exchange in the second diagram contribute at NLL accuracy.
Last, three Reggeons exchange start contributing at NNLL accuracy. The shaded blobs in the
first and second diagram account for single- and two-Reggeon impact factors, which give additional
contributions at subleading logaritmic accuracy to these diagrams.

Starting at NLL accuracy there are new corrections, which cannot be interpreted
as the exchange of a single-Reggeized gluon, and originate instead from Regge cuts as
in eq. (2.13) corresponding to the exchange of two or more Reggeized gluons, as indicated
by diagrams (b) and (c) in figure 4. This paper focuses on the determination of these
corrections.

Restricting for now to NLL accuracy, the Regge cut contribution involves the ex-
change of two Reggeized gluons, and the symmetry properties of this state dictate that
0,
turbation theory this can be understood by inspecting diagrams (c) and (d) in figure 3.

it contributes to the even amplitude, i.e. to M From the point of view of per-
These diagrams introduce new colour structures compared to the tree-level colour factor
(T?) ayas (TJ’-’)aQa3 in eq. (2.17). To proceed and characterise these corrections, let us briefly
review some aspects of colour decomposition of scattering amplitudes.

Scattering amplitudes can be seen as vectors in colour-flow space,

M(s,t) => I Ml(s, 1), (2.23)

i

where ¢l represent the elements of a colour basis, and M[i](s,t) are the corresponding
amplitude coefficients. Examples of colour bases are the t-channel exchange orthonormal
basis provided in appendix B, or the “trace” basis provided in appendix C. From the point
of view of Regge theory it is convenient to focus on the former, in which the colour operator
(defined in (2.30)) in the ¢ channel, T?, is diagonal (see in (B.3)), hence providing insight
into the factorisation structure of the amplitude in the high-energy limit.

An orthonormal colour basis in the ¢-channel can be obtained by decomposing the di-
rect product of the colour representations associated to the incoming and outgoing particle
1 and 4 (see figure 2) into a direct sum. For instance, in case of gluon-gluon scattering the
amplitude lives in the space of the 8 ®8 colour representation. An orthonormal colour basis

~10 -



is obtained decomposing it into a direct sum, i.e. 8®8 = 1B 8, B8, B10P 10D 27D 0. At this
point it is useful to make contact with the discussion following eq. (2.7): because of Bose
symmetry, the symmetry of the colour structure mirrors the signature of the corresponding
amplitude coefficients, which can thus be separated into signature odd and even:

odd: M!8al pq110+10] even: MW, M AT A0 (gg scattering).  (2.24)

Here 85 and 8, represent respectively a symmetric and antisymmetric octet representation,
and 0 is a “null” representation, which is present in general for SU(N), and vanishes for
N = 3. A more exhaustive discussion on how to decompose the amplitude into orthonormal
colour basis, together with explicit expressions for the orthonormal colour basis of quark-
quark, quark-gluon and gluon-gluon scattering have been given in [40, 42, 43], to which we
refer for further details, as well as appendix B.

For our discussion, it suffices to note that the exchange of one Reggeized gluon con-
tributes only to the antisymmetric octet, so that at leading-log order only this structure is
nonzero:

2s

Mggsgg(s,t)| 1y = cigg MBI (s, 1) |LL = " (T)aras (T )azas OrirsOrons - (2.25)
At NLL order, certain diagrams like (a) and (b) in figure 3 contribute only to the 8, colour
structure also, but others like (c¢) and (d) contribute in addition to the even structures
listed in eq. (2.24). These signature-even contributions represent the exchange of a pair
of Reggeized gluons and do not exponentiate in a simple way. Rather they contribute a
Regge cut which can be calculated order by order in perturbation theory within a framework
developed in [16], based on BFKL theory, and reviewed shortly.

This paper will focus on the three-Reggeon exchange at the NNLL order, which con-
tributes to both the 8, and 10 + 10 colour structures. At NNLL order, presently unknown
corrections to single-Reggeon exchange also enter but they only contribute to the 8, colour
structure. We will therefore unambiguously predict the 10 + 10 amplitude. Furthermore,
the relationship between the 8, contributions to gluon-gluon, quark-gluon and quark-quark
amplitudes will be unambiguously predicted.

In order to display the Regge-cut contributions in the most transparent way, it proves
useful to define a “reduced” amplitude by removing from it the Reggeized gluon and
collinear divergences as follows:

Mijoij = (Z:25) " e T L My, (2.26)
where T? represents the colour charge of a Reggeized gluon exchanged in the ¢ channel (see
eq. (2.30) below) and Z; and Z; stand for collinear divergences, defined in (4.14) below.

At tree-level one obviously has MO = MO and based on our discussion so far the odd
component of the reduced amplitude up to NLL reads [16, 44]

~

Mz(j_lz'j‘NLL = |1+ %(Dgl)(ﬂ + Dj(-l)(t)) dmog MY (2.27)

1J—17

where Dz(/lj) (t) are the finite single-Reggeon impact factors evaluated at one loop. Notice

that all the logarithms have disappeared thanks to the definition in eq. (2.26). In contrast,
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the even amplitude at NLL accuracy is not a simple exponential but rather is a Regge cut,
and to parametrize it we need to specify independent data at each loop order:

0
z]—ﬂj’NLL ”TZ /1 ( ) L7 x dy x Amag ng)—m‘j' (2.28)

Setting the renormalization scale to u? = |t|, the coefficients dy depend only on € and colour
operators. They have been computed up to fourth order in [16] using BFKL theory, to be
reviewed in section 2.3 below. One has, for instance,

1
dy =d T2, di =71,
- of 19 27, 5
dy = dQ[TtaTsfu] ’ dp = (TF) - 4e2 - §€€3 - 76 Ga+ O(E ) ’ (229)
1 11 33 357
ds = d3[T7,[T7,T2_]l, ds=(rp) (83 - *C:s *€C4 - 76245 + O(e ))

T2, in eq. (2.29) represents a colour operator acting on the tree-level vector of amplitudes
in eq. (2.24), according to the colour-space formalism introduced in [28, 45, 46]. With this
notation, a colour operator T; corresponds to the colour generator associated with the
i-th parton in the scattering amplitude, which acts as an SU(NN.) matrix on the colour
indices of that parton. More in details, one assigns (T¢)qs = t¢ 3 for a final-state quark or
initial-state anti-quark, (T¢).z = —ta for a final-state anti-quark or initial-state quark,
and (T%)p. = —ifo for a gluon. We also use the notation T; - T; = T{T} summed over a.
Generators associated with different particles trivially commute, T;-T; = T;-T; for ¢ # j,
while T? = (}; is given in terms of the quadratic Casimir operator of the corresponding
colour representation, i.e. Cy = C4 for gluons. In the high-energy limit the colour factors
can be simplified considerably, by using the basis of Casimirs corresponding to colour flow
through the three channels [38, 47]:

T,=T1+Ty=-T5—Ty
T,=T1+T3=-Ty —-Ty
T =T14+Ty=-Ty—Ts (230)

and using the colour conservation identity (T; 4+ T2 + T3+ T4)M = 0 to rewrite in terms
of signature eigenstates. One obtains Tg + T% + T2 = Zle C; = Ciot- One may then
define a colour operator that is odd under s <> u crossing:

T2, = 5(T2 T2), (2.31)
which is the operator used to describe the NLL even amplitude in eq. (2.29). Useful
relations are given by

1 1
Tl-T2+T3-T4:T§f§Ct0t :Ti_u—QTf,

1
T, T3+ Ty -Ty=-T2 , - fo, (2.32)

T, T4+ Ty T3 = Ctot
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The goal of this paper is to provide for the first time a systematic derivation of the
contributions arising at the NNLL accuracy. Based on our discussion so far, we can an-
ticipate that one has to consider the following contributions: on the one hand, there will
be a contribution to the even amplitude, in the form of corrections to the two-Reggeon
exchange. These corrections are expected to be of similar origin as the ones arising for the
single-Reggeon exchange at NLL. Namely, there will be a next-to-leading order correction
to the exchange of two Reggeons; there will be a correction accounted for by the im/2
factor included in the expansion parameter L; and there will be a correction in the form
of impact factors for the two-Reggeon exchange, as indicated by the shaded blobs in the
diagram at the centre of figure 4.

More interesting, however, are the corrections concerning the odd amplitude at NNLL
accuracy, which, for this reason, are the focus of this paper. In this case one has to take
into account for the first time the exchange of three Reggeized gluons, as indicated by the
right diagram in figure 4. This implies that, starting at NNLL, one has mixing between
one- and three-Reggeons exchange. Schematically, this can be encoded by writing the full
amplitude as

~ ~

Mij—)ij |NNLL = ME;—)H] |1—Reggeon+ 3-Reggeon + Mz(j—)m] |2—Reggeon . (233)
The mixing between one- and three-Reggeons exchange has significant consequences. First
of all, it is at the origin of the breaking of the simple power law one finds at NLL accuracy
in eq. (2.27). Such a breaking appears for the first time at two loops, and has been singled
out for the first time in a perturbative calculation in [44], and investigated further from
the point of view of the infrared factorisation formula in [39, 40]. Second, it implies that,
starting at three loops, there will be a single-logarithmic contribution originating from the
three-Reggeon exchange, and from the interference of the one- and three-Reggeon exchange
as well. As a consequence, the interpretation of the Regge trajectory at three loops, i.e.
the coefficient 0423) , needs to be clarified. Understanding these issues requires to investigate
the structure of the amplitude in the context of the BFKL theory, which we are going to
introduce in the next section.

2.3 BFKL theory abridged
The modern approach to high-energy scattering can be formulated in terms of Wilson lines:

oo
U(z)) =Pexp [igS /+ dat A% (zt, 27 =10,2,)T"| . (2.34)
—00

The Wilson lines follow the paths of colour charges inside the projectile, and are thus null
and labelled by transverse coordinates z;. The idea is to approximate, to leading power,
the fast projectile and target by Wilson lines and then compute the scattering amplitude
between Wilson lines. An important feature of this limit is that the full transverse structure
needs to be retained, because the high-energy limit is taken with fixed momentum transfer.
This has nontrivial implications since, due to quantum fluctuations, a projectile necessarily
contains multiple colour charges at different transverse positions: the number of Wilson
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lines cannot be held fixed. However, in perturbation theory, the unitary matrices U(z) are
close to the identity and can therefore be usefully parametrized by a field W as follows

U(z) = 9 T*W*(), (2.35)

Physically, the colour-adjoint field W®, which is propagating in the transverse space (from
now on we drop the L subscript), is interpreted as source for a BFKL Reggeized gluon [16].
The latter concept is unambiguous at leading and next-to-leading logarithmic accuracy, and
in this paper we will generally identify to a state created by W as a “Reggeized gluon”
also beyond this accuracy.

A generic projectile, created with four-momentum p; and absorbed with p4, can thus
be expanded at weak coupling as

-1

7
i) = 2]17%(174)@1(1?1)\@ ~ gs Dir(t) |W) + g2 Dia(t) [WW) + g2 Dis(t) [WWW) + ...
1

= i) + [Yi2) + [Yiz) + ..., (2.36)

where the factor Z; ! removes collinear divergences from the wavefunction [t;), and is
related to our definition of the reduced amplitude in eq. (2.26). The factors D; ; depend on
the transverse coordinates of the W fields, suppressed here, but not on the center of mass
energy. They correspond to the impact factors for the exchange of one-, two- and three-
Reggeons discussed in section 2.2 and represented in figure 4. A more precise definition with
exact momentum dependence will be given in section 3. The energy dependence enters from
the fact that the Wilson lines have rapidity divergences which must be regulated, which
leads to a rapidity evolution equation:

d
" dn i) = H [4;) . (2.37)

The Hamiltonian, known as the Balitsky-JIMWLK equation, is given in the next section.
A key feature for our perturbative purposes is that it is diagonal at leading order in g2:

W Hl‘)l O H3*>1 o .. W
I Ww _ 0 Hey 0 ... Ww
g2 0 gt ... w
0 g2 0 ... WWwW
~1 5% . (2.38)
gs 0 g ... || WWW

Notice, moreover, that only even transition n — n 4+ 2 are allowed: odd transition of the
type n — n + 1 are forbidden by the signature symmetry, because they would originate
transitions between even and odd parts of the amplitude.

After using the rapidity evolution equation eq. (2.37) to resum all logarithms of the
energy, the amplitude is obtained from the scattering amplitude between equal-rapidity
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Wilson lines, which depends only on the transverse scale ¢:

’L.(ZZ‘Zj)il

S Mijij = (Psle™ " i) (2.39)

The prefactor on the left comes simply from the terms like Z; ' /(2p]) in eq. (2.36), which
we have included in order to remove trivial tree-level factors and factorized collinear di-
vergences. In fact, we can go further and make contact with the reduced amplitude M of
eq. (2.26), by removing the Regge trajectory from the evolution:

7 - 7 R
%Mz’j_n‘j = <¢j|€ HLWJ%) , H=H+ T? ag(t) . (2.40)

In these expressions we have identified the evolution variable, the rapidity », with the
signature-even logarithm appearing in eq. (2.7):

s T

nzL:log‘t'—z2. (2.41)
The essential requirement is that 7 increases by one unit under boost of the projectile by
one e-fold compared to the target, which L can be verified to do due to the log s. The t in
the denominator is arbitrary and could be replaced by any other boost-invariant scale, for
example 2, since different choices represent simply different conventions for the impact
factors |¢;). Choosing ¢t however avoids introducing much artificial infrared dependence.
The —im/2 term is a similarly arbitrary choice, but it ensures that the coefficients of
powers of L have simple reality properties, as discussed previously, which greatly minimize
the number of i7’s appearing in equations. All these conventions, embodied in eq. (2.40),
will go a long way toward simplifying the higher-loop BFKL calculations.

The inner product in eq. (2.40) is by definition the scattering amplitude of Wilson
lines renormalized to equal rapidity. It must be calculated within the full QCD theory
and therefore cannot be predicted within the effective theory of Wilson lines that we are
working in. For our purposes of this paper, however, it will suffice to know that it is
Gaussian to leading-order:

) 5a1a’1

Gy = (Wh|Wy) =i o 572 (py —pl) + O(g?) . (2.42)
1

Multi-Reggeon correlators are obtained by Wick contractions, e.g.

(WiWo|[ W1 Wa) = G11/Gay + G12Gayr + O(g2),
(WA WoW3|[Wy WoWsr) = G11/GaorGsz + (5 permutations) + (’)(gg) ,
etc. (2.43)

We believe that the O(g?) corrections could be extracted, if needed, from the results of [48].
There are also off-diagonal elements, which can be defined to have zero overlap:

(WiWoWs|Wy) = (Wy|[W1WoW3) = 0; (2.44)
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in other words, we assume the Reggeons to be free fields. This is an implicit assumption
in the classic BFKL literature. In the Wilson line approach it can be justified by noticing
that, starting from a scheme in which the inner products in eq. (2.44) is different from zero,
it is always possible to perform a scheme transformations (redefinition of the W field, for
instance WWW + WWW —g2G W) such as to reduce to eq. (2.44). It is possible to derive
the transformation G only by calculating the inner product in eq. (2.44) in full QCD in a
given scheme. While we leave this calculation to be investigated in future work, we notice
that the precise form of G is not needed in order to obtain quantitative predictions for
NNLL amplitudes. Indeed, choosing the 1-W and 3-W states to be orthogonal, combined
with symmetry of the Hamiltonian, which in turn is a consequence of boost invariance:

dcf7<01’02> =0 = (HO1|02> <01‘H02> <01|H‘02> (2.45)

where 01, Os represent an arbitrary number of W fields, implies that in this scheme one
has Hi_,3 = Hs_,1, and more in general Hy ,x12 = Hpiok. This relation is known as
projectile-target duality. As we will see in the next section, it is actually essential in order to
obtain predictions at NNLL accuracy based only on the leading order BFKL hamiltonian.
As an additional comment, we note that in principle one could diagonalize the Hamiltonian
in eq. (2.38), given the fact that it is symmetrical with respect to the inner product, so
there is no invariant meaning to its “off-diagonal elements being nonzero”. In practice,
however, this would require inverting its (complicated) diagonal terms, and for this reason
we work with the undiagonalized Hamiltonian.

We can finally list the ingredients which build up the amplitude up to three loops.
Since the odd and even sectors are orthogonal and closed under the action of H (as a
consequence of signature symmetry), we have

5 Mijiy =25 (MG MG ) = Dl TE D)+l M) (2.46)
Using that multi-Reggeon impact factors are coupling-suppressed, [t;,) ~ g*, and using
the suppression eq. (2.38) of off-diagonal elements in the Hamiltonian, the signature even
amplitude becomes to three loops:

loo
*Mz(]lz P = (y2li2) ", (2.472)
/[: oops ol
%nglfgl "= —L<¢j72\H2—>2!¢i,2>(LO) + (52| 2) N9, (2.47h)
1 oons L2 N N
Q*SMZ(]JFEJI P = ?<¢j,2|(H2—>2)2|¢i,2>(LO) — L(3 2| Hooy2 |1 2) VO)
+ (195,00 + (1 20403,2) TN, (2.47¢)

Here “LO” means that all ingredients are needed only to leading nonvanishing order. The
first term was analyzed in ref. [16] and found to be quite powerful: it predicted that there
should be no ~ a2L? corrections to the dipole formula. At four loops, a similar leading-
logarithmic computation predicted a non-vanishing I' ~ a?L3 correction to the dipole
formula, which hopefully will be tested in the future.
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In this paper we analyze the similar expansion for the signature odd sector:

*Mz(]—);;ee = (Wjali) M, (2.48a)
*Mwlzloop Lty i 9i,) ) + (0 [13,) N, (2.48b)
28/\/‘5]—)3]1001)8 =+ L2<¢j,1|(ﬁ1a1)2|¢i 1)) — L3 | Hs ¢y ) V2O

<¢j,3\¢z‘,3>(m + (W[, ) NNV (2.48¢)

oops 1 i ]_ ~
7Mz]~)3jl P = _6L3<'¢j,1’(H1—>1)3’¢@1>(LO) + §L2<wj,1 (Hl%l)z‘wiJ)(NLO)

- L{(¢j,1|f11—>1|¢i,1>(NNLO) + [0 3| Hass |t 3) + (3| Hios]tin)

([ s [1s.8)] Y + (0 50001.3) VO 4 (4|4 1) NEO),
(2.48d)

where, for illustrative purposes, we have listed all terms that need to be considered by

taking into account eq. (2.44), but without any specific assumption about the form of
H. Inspecting eq. (2.40), we notice now that the 1 — 1 transition is given, according
to eq. (2.21), by the Regge trajectory Hi1 = —Cagy(t). As a consequence one has
Hi_ = 0, and this set to zero all terms of the type

W1l (H1)™ i) =0, (2.49)

in eq. (2.48). Starting from NNLL order, the “gluon Regge trajectory” is scheme-dependent.
In this paper we define it to be —H1_1/C4 in the scheme defined below eq. (2.44), so
that Hy_ identically vanishes. Excluding these terms, subleading logarithms in the re-
duced amplitude arise from roughly two mechanisms: corrections to the single-Reggeon
exchange in the form of impact factors, such as for instance the term <¢j71|¢i,1>(NNLO) in
eq. (2.48), and exchanges of multiple Reggeized gluons, such as terms like <¢j73|@bi73>(LO)
and (¢; 3| H1—3)1h;1) 0

The key observation for us will be that the NLO and NNLO effects are strongly con-
strained by factorization: for example, since the elementary Reggeon is colour-adjoint, any
term in the (full) amplitude related to the exchange of a single Reggeon vanishes upon pro-
jecting the amplitude onto other colour structures. Due to this, as noted below eq. (2.25),
many formally NNLL (~ L!) terms in the three-loop amplitude can be predicted using only
the LO BFKL theory! In the next section we quantitatively work out these predictions.

3 The Balitsky-JIMWLK equation and the three-loop amplitude

The BFKL prediction eq. (2.48) for the three-loop amplitude involves the rapidity evolution
H and impact factors [¢)). We now describe both to the relevant order in perturbation
theory.

The evolution equation takes a simple and compact form in the planar limit, known
as the Balitsky-Kovchegov equation [11, 12, 49-51]:

asCy d?z ziz
HU;j = = / ) (2),3 [Uij = UioUgs] + O(e) , (3.1)
0705
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where U;j = N% Tr[U(2;)U(2;)1] is the trace of a colour dipole and z;; = z;—2; is a transverse
distance. Physically, this accounts for radiation of a gluon at the impact parameter zy and
its effect on the perceived colour charge density of a projectile.

This form holds for a colour singlet projectile, but a similar equation can also be
derived for scattering of coloured partons. However, since U;; = 1+ O(1/N2) in the planar
limit, the equation turns out to linearize and its solution for 2 — 2 scattering is essentially
trivial: a pure Regge pole M o s¢42() to any order in the ‘t Hooft coupling g2N.. We
refer to section 3 of [16] for more details.

The effects we focus on in this paper are fundamentally non-planar. To describe them
we will need the finite N, generalization of eq. (3.1), known as the Balitsky-JIMWLK
equation, which involves a sum over all possible colour attachments of the radiated gluon:

Qs

H =
272

Jaslids )zl [T T3 + T
U o) (T T + T T + 0. (32)

Anticipating infrared divergences, here we have switched to dimensional regularization:
[dz] = d?>~%¢z, where we recall that z parametrizes the transverse impact parameter plane.
Ugé’ is the adjoint Wilson line associated with the radiated gluon, and the 77 g’s are
generators for left and right colour rotations:

o o

T = UG gy Tal) = WET g

(3.3)

These act on the projectile and target impact factors |¢)), which are represented as func-
tionals of Wilson lines U(z). (In perturbation theory these are just polynomials, so the ¢
and j integrals effectively represent discrete sums.) The O(a2) correction in eq. (3.2) has
been recently determined by three groups [52-57]. In the following, however, we will need
only the leading-order dimensionally-regulated kernel Kjj.p, which turns out to admit a
simple, dimension-independent expression in momentum space (see ref. [16]):

2
R(q,p) = @qu?. (3.4)

The corresponding coordinate space expression is then

iq-(zi—20) ip-(2;—2 Fl—EZZi-Z‘
Kijo = 5.0 [ a7 50 (2 Rig.p) = 5.2) ok S

20i%04
(3.5)
2—2¢ 2 € .
where we have defined the integration measure [dq] = (;lﬂ)Tge, and S.(u?) = (47“57,”9) is

the usual MS loop factor. As e — 0 this reduces indeed to the well-known four-dimensional
formula (compare for instance with eq. (2.7) of [16]). We note that in computing this
Fourier transform we have dropped contact terms §272¢(29—z;), which vanish in eq. (3.2)
as a result of the colour identities U“b(zi)TfR =T, and U“b(zi)ﬂf‘L = TiljR, see [16].

The corrections to the Balitsky-JIMWLK Hamiltonian eq. (3.2) are suppressed by o
in a power-counting where the Wilson lines are generic, U ~ 1. This is more general than
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the perturbative counting of the preceding section, where 1 —U ~ g;W ~ g5, implying that
the equation resums infinite towers of Reggeon iterations. The relationship will be clarified
shortly. First of all, one expands the Wilson line U in terms of the Reggeon field W:

> a a 2 3
U=e9WT —1 4 g, WOT — %Wawb T %SW“W”WC ToTbTe
4
+ ‘;]—ZW“WbWCWd TP TeT? 4 O(g° WP). (3.6)

Then, to extract the interactions efficiently, we simply use the Campbell-Baker-Hausdorf
formula to convert the rotations defined by eq. (3.3) to derivatives with respect to W:

) 5 g 5
T _ - abm”r:c S ”rz”ry FE e
ILIR T g 5Wa f Towh 12 (FF) SW?
gs T YTNV 2T ( T z ot 0
Wi W Wi Wi(F FYF*F 3.7
720 i )% 5W]b+ ’ (3:7)

where we have introduced the Hermitian colour matrix (F®)%, = i f%?. Tt is then a straight-
forward, if lengthy, exercise in algebra to expand the Hamiltonian eq. (3.2) in powers of gs:

H = Hyp+ Hyp g2+ ... (3-8)

For the diagonal terms, commuting 6 /6W’s to the right of W’s by using

5Wb(zl) bs2—2
— T = {5 (22 .
W (z) (z—2"), (3.9)
one finds [16]:
asC 0o 0
Hyp = 2 / [dzi)[dz0] Kiio (Wi—Wo) 5
Qs T ab 52
~ oo [ 4 Aol Ko (Wi Wo)” (W= Wo) (P FY) e (410
For the first nonlinear corrections, not previously written in the literature, we find:
o? 0
HkaJrQ = % /[dzz] [dZO] Kii;() (Wi—Wo)JCWg(WZ'—W())Z [FxFyFZFa] (SW (3.11)
a?
+ a [dz;][dz;][dz0] Kij0 (F””FyFZFt)ab[(W —Wo)*WIWg (W; —Wo)!
62
— WE(Wi=Wo) Y W§ (W —Wo)' — (Wi —Wo ) "W (W;—Wo )W
i ( 0) 0( J 0) ( 0) 0( 0) ]5wa(swb

We have included the second term, which contributes for example to the 2 — 4 transition,
for future reference only: in this paper we will only need the 1 — 3 transition, entirely
generated by the first line. (We observe, a posteriori, that the two terms are not completely
independent: the first can be obtained from the second by moving §/6W; to the left and
letting it act on W;.)
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Finally, let us explain the relationship between the Balitsky-JIMWLK power counting
(U ~ 1) and the BFKL power-counting (W ~ 1), and how it justifies our extraction
of the multi-Reggeon vertices. The key is to substitute eqgs. (3.6) and (3.7) into (3.2),

which show that an m—m+k transition taken from the ¢-loop Balitsky-JIMWLK equation

20+k

. Thus for £ > 0, all the leading interactions can be extracted

is proportional to g
from just the leading-order equation. On the other hand, because of the symmetry of
H (2.45), interactions with k& < 0 are suppressed by at least g§+|k|, which means that
they can first appear in the (|k|+1)-loop Balitsky-JIMWLK Hamiltonian. Thus to obtain
the m—m—2 transition by direct calculation of the Hamiltonian would require a rather
formidable three-loop non-planar computation. However, this is unnecessary, since the
symmetry of H predicts the result; this is carried out explicitly in the following subsection

(see eq. (3.18)).

3.1 Evolution in momentum space

Due to the simple form eq. (3.4) of the kernel in momentum space, the perturbative cal-
culation will be easier in this space. Let us thus introduce the Fourier transform:

We(p) = / de] e P We(z),  WO(z) = / [dp] €7 W(p) (3.12)

Substituting into eq. (3.10), and using the Fourier representation of the kernel eq. (3.5),
one finds, after a bit of algebra again,

Hic = [ ] Ca s 0) W20 (313)
v dalldpn )l a1 p) W (1) WY (o2 ) (PP s s

where the gluon Regge trajectory and pairwise interactions come out as some specific
combinations of the momentum space kernel R of eq. (3.4) (see [16] for more details).
Given that we consider here only the leading order contribution to the kernel Kjj;.q in
eq. (3.2), the gluon Regge trajectory in eq. (3.13) is actually the leading-order trajectory
defined in eq. (2.19), that we recall here for the reader’s convenience:

ag(p) = = af (p?) + O(a2)

= — as(1)Se( 2)/[d 20 - W("2> +0(a?).  (3.14)

o e Teo—9? Y 2me \p? v
The solution to the single-Reggeon part of the evolution equation above, in which one
consider the LO Regge trajectory, is responsible for the leading-logarithmic behaviour of
the amplitude. Below we will analyse the structure of the scattering amplitude up to NNLL
accuracy, which means that we will need also the first two corrections to ay (p?), namely
aéQ) (p?) and 0423) (p?). The NLO Regge trajectory aéQ) (p?) has been calculated in [58-61];
it can also be extracted from two-loop calculations of 2 — 2 scattering amplitudes, see [44].
The NNLO correction to the Regge Trajectory aég) (p?) is instead not yet known in full
QCD, though it will be possible to extract it below at least in A" = 4 SYM from a recent
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Figure 5. Diagrams representing the kinematical structure of the 1 — 3 and 3 — 1 evolution, i.e.
the factor Hqs3(p1,p2,ps) in eq. (3.17). The hamiltonian Hq5(p1,p2,ps) is derived in the context of
an effective field theory in 2 — 2¢ dimensions, therefore the vertices indicated by black dots must
be thought as effective vertices. The actual colour structure associated to the 1 — 3 and 3 — 1
evolution is given by the diagrams in figure 7.

three-loop calculation [41]. As we will discuss below, it is not even possible to define it
precisely, beyond the planar limit, without taking into account the mixing in the evolution
between one- and three-Reggeon exchange given by H;_,3 and H3_,;. The other ingredient
appearing in eq. (3.13) is then the leading-order momentum kernel for the evolution of two
Reggeon states, [16], i.e

pL+p2)? (1 +9)?  (p2—q)?
Hao(g; p1,p2) = ( 55 " | 5 _ ! 5 2) : (3.15)
Piv3 piq a*p3

These ingredients are of course precisely as in the classic BFKL equation [1, 2], and

eq. (3.13) encapsulates in a concise way its generalization to multi-Reggeon states [62—
64]. Here they has been obtained in a systematic and straightforward way by linearizing
the non-planar version of our starting point, the Balitsky-Kovchegov equation (3.1).

The less familiar ingredient we will need is the 1 — 3 transition, obtained again as the
Fourier transform of eq. (3.11):

1)
Hkg—at/mﬂwmmmTHF%ﬁWFﬂWﬂmﬂVﬁMWM@QHB@hmm@Mvwﬂa
(3.16)
where p3 = p — p1 — p2 and the kernel is (see figure 5)
2 (p1+p2)? (p2+ps3)?
Hi3(p1,p2,p3) = —Se(p? / d [ +
13(p1, P2, P3) 3 () [ ldd] (p1+p2—9)?  ¢(p2tp3 —q)?
2( 2 (0 —a)2 :
C Elptpetps—0)?  (p2—q)

) + () () ()]

Taking its transpose with respect to the inner product eq. (2.42) then gives the conjugate
vertex:
0 )
Hyy = a? [ ldp)ldpalldpa) TP FP P Wyt patn)

5
SWa(py) Wb (pa) SWe(p3)

+p2+p3)?
X (—1)% Hi3(p1,p2,p3) - (3.18)
P1pP3aP3
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This was obtained simply by equating the matrix elements

(WWW|H)|W) = (WWW|(H|W)),

taking into account the mismatching propagators, (m+p++103)2 compared with @.

Eq. (3.11) describes not only the 1 — 3, but also 2 — 4 transitions in position space.
The latter are not necessary for the calculation of the odd contribution to the amplitude
at three loops: 2 — 4 transitions start contributing only at four loops. It is however
straightforward to derive their representation in momentum space, and we list it here for

future reference. One has

7'('042
Hypa = =22 Sc(p?) / [dp1][dp2](dps][dpa)[dpa)[dps) (27)* 6% (pr+p2-+ps+pa—pa—ps)

) 1)
Hou(p;) (FTEFYE*FH® W2 (p YWY (po) W (p3) W
x Haa(pi) ( ) (p1)W¥ (p2)W* (p3)W* (pa) W (ps) 5 ()
(3.19)
where:
Hay(pi) = 2R(pa, pp—p4) + 2R(pa—p1,ps) — R(Pa,pb)
— 3R(pa—p1,Po—pa) + R(pa—p1, Pb—Pa—p3) — R(pa, pb—pa—D3)
+ R(pa—p1—p2, Pb—p4) — R(Pa—p1—p2, Pb) (3.20)

and we recall that R(p,q) = % from eq. (3.4). Similarly, taking its transpose,

2

s / [dpa) [dps)[dp1] [dp2] [dps] [dpa] (27)°~>6° > (pa-+pp—p1—D2—Pp3—pa)

3

Hy o=

2.2
DPa Py T z t\ab a b
% (—1) =222 ) () (FEFY F? FH% W (p )W (p
( )p%p%pgpi 24( )( ) ( ) (b)
" ) ) ) )
SW=(p1) OW¥(pa) 6W=2(p3) 6Wt(ps)

3.2 Impact factors

(3.21)

Given the Hamiltonian, all one needs to compute the amplitude are the target and projectile
impact factors. At leading order these follow simply from the naive eikonal approximation:

) (20) = / (d=]ePUi(2) (3.22)

where the Wilson line is in the representation of particle i, and p in the transferred mo-
mentum, p? = —t. Expanding in powers of the Reggeon field according to eq. (3.6), and
going to momentum space, this can also be written to NNLL accuracy as

2
)0 = gy TEW* (p) — LTI / [dq] W (g) W (p—q) (3.23)
S
- T / [dg1][dg2] W ()W (g2)W“(p—a1—g2) + O(N’LL) ,

where we have dropped the coefficient of the unit operator.
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At higher orders in the coupling, the colour charge of the projectile is no longer con-
centrated at a single point. Hence, multi-Reggeon impact factors acquire nontrivial mo-
mentum dependence, which can in principle be computed from the perturbative expansion
of the projectile lightcone wavefunction. Restricting again to NNLL accuracy, the relevant
corrections at relative order as can be parametrized as

Qs | . a a
)80 = % ig, 2w ) D) (3.24)

—ggT@T’?/[dw(”( W (g)Wh(p—q) + O(N’LL
5 Li Ty [ ldaly;(p,q) W (@)W’ (p—q) + OIN'LL) |,

and at the next order one has:
a\2
by ) (NNLO) <W> [igs T¢W*(p) D) (p) + O(NPLL)] . (3.25)

The presently unknown impact factor 1/1(1) (p, q) does not contribute to the odd amplitude
considered in this paper.

3.3 0Odd amplitude up to two loops

According to eq. (2.48), to get the signature-odd amplitude to two loops we need exchanges
of one and three Reggeons, the latter first appearing at two loops. Let us consider first the
single Reggeon exchange.

W — W amplitude. Concerning the reduced amplitude, the one-Reggeon exchange
is rather simple, since the Regge trajectory is subtracted to all loop, see eq. (2.49). As
a consequence, the 1 — 1 transitions involves only the impact factors, and is given by a
generalisation of eq. (2.27) to include NNLL effects. In terms of transitions between Wilson
lines it is given by

) i ~ (0
(Wale™ 1 1) = Dilt) D (1) 5 dmas MU (3.26)
where MS)LU = MS)LU has been defined in eq. (2.17). Effects up to NNLL are retained

by considering impact factors D;,; up to NNLO. At tree level one trivially has

7 ~
(W51 105,1) ) = % Ao MS)LU ; (3.27)
while at one and two loops one obtains

g 7 N

(51 lthi ) VO = - (DY () + Dg(‘l)(t)) 55 s ME;)LZ] ; (3.28)
2 .
Qs i -

(W [pi 1) NN = (W) (D + D + DYDY - dma M, (3.29)
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3W — 3W amplitude. The exchange of three Reggeons contributes to the amplitude
starting at two-loops, and is given according to eq. (2.48¢) by a simple Wick contraction
of free propagators:

2 2
(;.3]10 3) 1O = —im? (rp)2 Z[1] 973 <O‘> ) (3.30)

™

where C?(,? represents the colour factor, to be discussed below, and we have defined the
basic two-loop integral

— AmSe(p®) ? P’
i = (5 fantd et o

where N should be understood to be a function of the momenta pi, po and p. Integrals
of the type Z[N] are trivial to calculate, because they correspond to bubble integrals of
the type

2—2¢ €
/ (d k 1 Ba,f( 2 (p2)1*€7047

3.32
with B (6):F(l—a—e)F(l—ﬂ—e)F(a+5_1+€) (3.32)
) T T —2e—ap)
In particular, in case of eq. (3.30) we need the case N = 1, for which we get
4 By 14e
= S0l _ % s - o (3.33)

1= €2 Bia(e) T2

This is a nice feature of the Regge limit: a two-loop amplitude has been reduced to essen-
tially a free theory computation in the effective Reggeon theory. The more difficult aspect
is to deal with the colour factor:
1
o = 5 3 (17T

36 0cES3

b
T}T;T5) (3.34)

a1a4( asasz

Our strategy, keeping in mind our goal to compare the infrared divergent part, is to ex-
press this as some kind of operator acting on the tree colour factor. Fortunately, there
is a systematic way to do so: we iteratively peel off contracted indices, starting from the
outermost ones, and re-express them in terms of Casimirs, for example

[(T;l e )a1a4 (T;l e )a2a3] = %(Tg - Cl - Cj) [( e )a1a4( e )azag] : (3'35)

With the help of the identities used in eq. (2.32), the Casimirs can be further decomposed
into signature even and odd combinations, which gives us the following two useful formulas:

(T e (T3 o] = 5 (T2 = 572 [+ v+ o]

(T s o] = 5 (T2t 5T [C s Dams] - 330)
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By repeatedly applying these formulas it is now a simple exercise to obtain that

1

2 1
08 = 51| (7202 - 52| (T T (3.37)

and substituting into (3.30) gives the two-loop amplitude:

™

2 2 .
)0 — T (s 2 2 2 Lot 4O
(Uralia) 0 = =5 (9] (o 20 (7207 = G52 5 dame 0 (338)
Total to two loops. Adding the results of eqgs. (3.27), (3.28), (3.29) and (3.38) as in-
dicated in eq. (2.48) we get the total contribution to the odd amplitude at one and two
loops. Explicitly, expanding the reduced amplitude in powers of ag/m as defined for the
complete amplitude in eq. (2.14), we have

Ml(;_}l)] = (ngl) + DJ(I))ME?LU ) (3.39a)
(=12 2 2 1) /(1 1 ~ (0
MR = {Dz‘ '+ D + DYDY + 72 R ((Tiu)2 - 12(C‘A)Zﬂ M. (3.39D)

where we have introduced the function

1
24

(TF)2 By 14¢(€)

1 3 9
R® = —— (rp)*Z[1] = — 62 DBiile (rr)® <—862+4€C3+8€2C4+- : ) , (340

where B, s(€) is given in eq. (3.32). Here we have factored out 7* to emphasize that this
term originates as a Regge cut proportional to (i7)2. This formula, in particular the fact
that R multiplies the nontrivial colour factor (T?2_,,)?, is responsible for the breakdown of
Regge pole factorization as will be discussed in section 4. The fact that with two unknown
impact factors D§2), DéQ), this formula can describe the three processes of gluon-gluon,
gluon-quark and quark-quark scattering is highly nontrivial.

3.4 0Odd amplitude at three loops

The calculation of the three-loop amplitude through NNLL requires the evaluation of the
triple, double and single L coefficients in eq. (2.48d).

W — W amplitude. Once again, given eq. (2.49), the contribution of the 1 — 1
transition to the reduced amplitude is given by the higher-orders corrections to the impact
factors, according to eq. (3.26). This equation does not involve evolution, and therefore at
three loops it contributes only at N3LO:
3 .
N3LO) _ [ @s (3) 3) (2) (1) (1) p2)y ¢ ~(0)

(g1 |01, 1) VO = <7T> (D + Dj7 + D7Dy + DDy ) o dmas M5 (341)
This is beyond the logarithmic accuracy which is the target of this paper, and therefore we
will not consider this contribution further.
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Figure 6. Example of a diagram involved in the calculation of the three-Reggeon cut at three loops.
This diagram, together with all the other diagrams obtained by inserting a rung in all possible
ways between the three Reggeons, and considering all possible permutation of the three Reggeons
themselves, arises from the insertion of a single factor of Hs_,5, as discussed below eq. (3.42).

3W — 3W amplitude. We start by considering the single logarithmic term originating
by applying the diagonal term Hj_,j; given in (3.13) to the wavefunction |¢);3). A major
simplification is that only the leading order wavefunction eq. (3.23) is required, whose
momentum and colour dependence are separately permutation invariant. This allows the
sum over pairwise colour factors in the Hamiltonian (3.13) to be simplified in terms of the
total Casimir in the ¢-channel (a typical graph is shown in figure 6). After a computation
we find

Hy 3 W (p1) W (p2) W (ps)| g5 =

osr NI .
st 1230 ) | v
—as(Tf — 3CA)5e/[CTQ}H22(Q;p1,p2) W pr+q) WP (pa—q)W¢(p3) , (3.42)

where Hgg is the BFKL kernel in eq. (3.15). We emphasize that the simplification of the
Hamiltonian is only valid for permutation invariant momentum dependence. Contracting
the W’s against the target then gives the colour factor derived in eq. (3.37), times three
propagators, which produce simple two-dimensional integral:

2 3
(V) 3| Hs—3|i3) = %8 (f:) (re)? [T} (2T,—To—T.) + 3Ca (Z. — Tp)]
1 ] .
(e - | i, ey

Here, using the elementary bubble integral in eq. (3.31), we have expressed all integrals in
terms of three basic ones:

-1 4 Bl 1+€(6) 3
T,=T|-| = 2L 2 q8¢; — 27 3.44
. _e] S Bl e ST (3442)
1/ p*\° 4 Biyentele) 2
T,=T|- (5% )| = S 24elte™ 2 4465 — 66 3.44b
"= e (ﬁ)] €3 Bii(e) € o~ BBely + ( )
(1 p? ¢ 4 Bi 1y2c(€) 8 128
T.=7|-( —5 )| =202 2 2% 64 3.44
=2\ (Grime) | = 5 B —3e gt (3.44c)
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Figure 7. Diagrams representing the colour structure of the 1 — 3 and 3 — 1 transitions. Notice
that these diagrams are different from the ones representing the kinematical structure of the 1 — 3
and 3 — 1 transitions, i.e. H13(p1,p2,ps) in eq. (3.17). This is a consequence of the fact that the
BFKL evolution derived in section 3.1 represents an effective field theory in 2 — 2e dimensions, in
which the longitudinal degrees of freedom have been integrated out.

While the integrals Zp . are readily available in terms of B, g(e€) of eq. (3.32) to all orders
in €, here we chose to display the first few orders in their expansion, which will be used
below.

3W — W and W — 3W amplitudes: transition vertices. The next contribution
comes from the off-diagonal 1 — 3 and 3 — 1 terms in the Hamiltonian, given in egs. (3.16)
and (3.18). These produce the colour factor (represented by the graphs in figure 7):

3 1 a 7o agl(c leg a C C a
Cryyar = g O T [FOFOF O RO (1) a0y ()T T asay + (TP T araa (T asas) -
ceSs3
(3.45)

Multiplying with the propagators according to our master equation (2.48d), and collecting
the integrals, this contribution to the reduced amplitude is again written in terms of the
same elementary integrals:

1 [ o

3 9
(V3| Hi-s|vi1) + (1| Has1|vi3) = — <> 7 (rr)?[2Zc—Za—T) 978 CSLM (3.46)

12\«

The main nontrivial task is to simplify the colour factor. Again we would like to obtain a
colour operator acting on the tree amplitude. This can be achieved by a simple systematic
algorithm: move all f%¢’s onto the external states by using the Jacobi identity:

FoTy = (T8, T - (3.47)

In fact this can be done in multiple distinct ways, since one can applies this on the ¢ or j
leg. This makes it possible to arrange to get 4 colour generators to act on each of the ¢
and j legs, which then enable to use eq. (3.36) to read off the result in terms of quadratic
Casimirs. In fact, we find that for the 1 — 3 and 3 — 1 transitions separately, the quadratic
Casimir operators do not provide a sufficient basis since the nesting for some terms does
not allow to extract any generator acting from the outside. However, the obstruction is
odd under interchange of ¢ and j, and upon adding the two diagrams we do find a compact
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expression:
(3) 1 2 2 m2 2 m2 2
Cl3+31 = Z 2Ts—u[Tt ) Ts—u] - [Tt ) Ts—u]Ts—u

~ (200 = 15O ) T )esos e (3.48)

thus leading to

<wj,3 ﬁ1—>3’"¢z‘,1> + <T/Jj71’ﬁ3_>1]1/1i73> =
2 3
ZT; <0‘> (rp)*(2Z.—Za—Ts) <2T§_H[Tf, T2 ,] - [T7,T2_,|T2_, (3.49)
™

95 ij—ij

—(T%_)2C — 112(0,4)3) 2 trag M9

Adding the results in eqgs. (3.43) and (3.49), and expressing the colour operators in a
common basis, we get:

(i 3| Ha 3|13 3) + (03| His3]thi1) + (i1 | Ha1|vi3) =
72 (g \?
(%) (0 BTz T T @ T TR TTE (g
1
6

ij—ij *

(2T, —~T,—T3) (C'a)? i ey MY

3.5 Result: the three-loop reduced amplitude to NNLL accuracy

To summarize, in this section we used BFKL theory to calculate the signature odd part
of the 2 — 2 amplitude to NNLL accuracy. The result at one- and two-loop is recorded
in eq. (3.39), while the three-loop result is obtained by multiplying the preceding equation
with the appropriate minus sign and factor from eq. (2.48):

Ml =7 (R T2 [T3, T2+ R [T7, T2 T2, + RE (CaP )M, (351)

i ij—sij

where we have introduced the functions

@ _ 1 7 7y s L 37
@ _ 1 3 YR 1
RB - 173 (TF) (Zc_Ib) = (TF) <24€3 + Eﬁg +.. > ,
R’ = 555 (m)*CLe~To=T) = ()’ gorm — 1339+ ) (3.52)

This equation is the main result of this section. The integrals Z, s . are defined in eq. (3.44)
where they are evaluated, using the bubble integral (3.32), to all orders in € in terms of T’
functions. Here we will be interested in particular in their ¢ — 0 limit, hence we quote

their expansion through finite terms.
We note that all the integrals entering MZ(;_?Z; ) in eq. (3.51) are of uniform polyloga-
y (773’1)

rithmic weight 3 (as usual in this context, € is assigned weight —1). Given that M50 s
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itself the coefficient of a single (high-energy) logarithm, and taking into account the overall
factor of 72 in eq. (3.51), we see that the weight adds up to 6, which is the maximal weight

at three loops. Such a uniform maximal weight structure is expected in N' = 4 SYM theory,
(77371)
ij—ij

gluon interactions, and therefore entirely independent of the matter contents of the theory.

while in general not in QCD. However, as we have seen, M is fully determined by
Thus, it is indeed expected that the result, which is valid for any gauge theory, should
retain the uniform maximal weight nature characteristic of N'=4 SYM.

We further emphasise that these results are valid for arbitrary projectiles (quarks or
gluons) in arbitrary representation of the gauge group; only the impact factors DZ(I) and
Dz@) in eq. (3.39) depend upon this choice. In the next section we discuss our predictions
for the amplitude itself, and discuss its nontrivial consistency with infrared exponentiation
theorems.

Finally note that the gluon Regge trajectory does not enter the above formulae, because
it is subtracted in the definition of the reduced amplitude, eq. (2.26). This definition is also
the reason why terms with more logarithms are absent: ./\;lgj_jzjl ) = ./\;lij_jzj ) = M'E;jzj) =0
and well as ./\}lgj_jwl ) = ng_ji) = 0. The logarithm-free term at three loops, /\;ll(-;ji’?), is
beyond our current NNLL accuracy. The presently known results from BFKL theory in
the even sector, which hold to NLL accuracy, have been reviewed in eq. (2.28).

4 Comparison between Regge and infrared factorisation

As mentioned in the introduction, the structure of infrared divergences in massless scat-
tering amplitudes is known in full to three-loop order [35]. The prediction for the reduced
amplitude presented in the previous section is based solely on evolution equations of the
Regge limit, and has taken no input from the theory of infrared divergences. It is therefore a
highly nontrivial consistency test that this prediction is consistent with the known exponen-
tiation pattern and the anomalous dimensions governing infrared divergences. Conversely,
the prediction of the previous section can also be seen as a constraint on the soft anoma-
lous dimension: the high-energy limit of the latter has a very special structure, which may
ultimately help in determining it beyond three loops.

The possibility of performing a systematic comparison between results obtained in the
context of Regge theory and the infrared factorisation theorem has been considered in the
past [16, 37-40]. Given our calculation of the reduced amplitude up to NNLL within the
Regge theory, we are now able to extend this analysis systematically to this logarithmic
accuracy. In the following section we exploit this possibility by performing a comparison
up to three loops: this will allow us to check consistency with the structure of infrared
divergences in the first place; moreover, we will be able to use our result obtained in the
context of Regge theory to extract the infrared renormalised amplitudes, i.e. the so-called
hard functions, up to three loops.

We start this discussion by reviewing the structure of infrared divergences in the high-
energy limit. In particular, the expansion of the quadrupole correction at three loops in
this limit has not been presented elsewhere.
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4.1 Infrared renormalization and the soft anomalous dimension

The infrared divergences of scattering amplitudes are controlled by a renormalization group
equation, whose integrated version takes the form

Mo ({pi}, s s(1?)) = Zo({pi}, o s (02)) Mo ({03} 1, 5 (1%)) (4.1)

where M,, represents now an n-point scattering amplitude, and Z, is given as a path-
ordered exponential of the soft-anomalous dimension:

B 7\2
Z,((pd o) =Poxp{ -~ 3 [ STl A0 )

where the dependence on the scale is both explicit and via the 4 — 2e dimensional coupling,
which obeys the renormalization group equation

dog a? & as\"
s, €) = = -2 3_78 n|{ — | > 4.
Blas, €) I ca 27r§%b (ﬂ) (4.3)

with bg = %C 4 — %n 7. The soft anomalous dimension for scattering of massless partons

(p? = 0) is an operator in colour space given, through three loops, by [30-32, 35, 65]

r, ({pi}7 A as()‘Q)) = I‘gip. ({pi}v A as()‘Q)) + A, ({pijkl}) (4'4)
with T9P ({p;}, A, 0.(A2)) = —w Y log (Tf) T Tj+ Y 7ilas),
i<j i

where I8P involves only pairwise interactions amongst the hard partons, and is therefore
referred to as the “dipole formula” [30-32, 65], while the term An({pijkl}) involves in-
teractions of up to four partons, and is called the “quadrupole correction”. In eq. (4.4)
one defines the kinematic variables —s;; = 2|p; -pj\e*”)‘if with A;; = 1 if partons 7 and
J both belong to either the initial or the final state and \;; = 0 otherwise; T; represent
colour change operators [28] in an arbitrary representation, according to the notation in-
troduced in section 2.2. The function vx(ay) in eq. (4.4) is the (lightlike) cusp anomalous
dimension [19-21], divided by the quadratic Casimir of the corresponding Wilson lines.
The universality of yx (so-called Casimir scaling) may be broken at four loops and be-
yond. Corresponding corrections may be induced in T',, in eq. (4.4), but these will not
be discussed here, since we restrict explicit computations to three loops. In turn, ~;(as)
represent the field anomalous dimension corresponding to the parton ¢, which governs hard
collinear singularities. The coefficients of both g and ~; are known through three loops
and are summarized in appendix A.

The quadrupole correction A, ({pijkl}), which appears first at three loops, depends
on the cross ratios Pijkl = %,
momenta. The quadrupole corlzectiojn is expanded in powers of ag /7 as follows:

which are invariant under rescaling of any of the

A, ({pijui}) = Z <(j:>ZA$f)({Pijkl}) ) (4.5)
=3
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The leading contribution has been computed for the first time only recently [35], and is
given by

1 abe pcde a ¢
Ag’)({pz‘jkz}) — Zf be fed Z [T T?Tkal}"(pika,ﬂujk)

1<i<j<k<I<n
+ T?TZTﬁT? F(piji, pitkj) + T?T?TﬁTZ F(pijir, piri;)]
O n
=y Y T T TTY, (46)
i—1 1<j<k<n,
okt

where F is a function of two cross-ratios and C' is a constant:

F(pirjis pikg) = F(1 = zijr) — Fzijm)
C = (5 + 20(3, (4.7)

with zijp Zijer = pijrer and (1 — 2i551) (1 — Zijir) = pakj- In turn one has
F(Z) = £10101(2) + 2(2 (£001 (Z) + Eloo(z)) s (4.8)

where the functions £, (z) are Brown’s single-valued harmonic polylogarithms [66] (see
also [67]) in which w is a word made out of 0’s and 1’s. The function F' implicitly depends
on Z as well, but it is initially defined in the part of the Euclidean region where z = z*,
where it is single valued. One may then analytically continue the function beyond this
region, treating z and Z as independent variables. It can then be seen that F' develops
discontinuities, with three branch points for z and z equals {0,1,00} corresponding to
forward or backward scattering.

Focusing now on the case of 2 to 2 scattering amplitudes, we restrict the index n in
eq. (4.1) above to n = 4, and drop the index n from now on. The dipole contributions
to the anomalous dimension for 2 — 2 scattering with timelike s = s;5 > 0 and spacelike
t=s514 <0and u=s13 <0, is

TP ({p}, A, as(A?)) =

Vi (s)
_KT (

s e*lﬂ'

)\2

Ty -To+ Ty T4) log (49)

4
—U —t
+ (T1 ‘T3+T2'T4)10gﬁ + (T1 'T4+T2-T3)]Og)\2:| +Z%~(as).
i=1

In the high-energy limit u &~ —s this expression simplifies significantly. In particular, by
expressing it in terms of the colour operators introduced in eq. (2.30) one obtains

Ctot 10 ;t
9 B2

P () A (7)) 2225 0w it (4.10)

> e +o(L).

=1
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where L = log ‘%‘ —i% is the natural signature-even combination of logarithms introduced
in eq. (2.7).

Obtaining A®) in the high-energy limit requires some more work [35, 68]. This function
is initially defined in Euclidean kinematics where the invariants are all spacelike, and the
momenta of the coloured partons p; are not required to admit momentum conservation.
One therefore needs to first analytically continue the functions F in eq. (4.6) across the cut
to the region where p; and po are incoming while p3 and ps outgoing. Once this is done,
one imposes the momentum conserving limit where one identifies s = s19 = s34 > 0 and
t = s14 = s93 < 0, and the variables z and Z approach the real axis from opposite sides
and coincide, such that z,zZ — s/(s+t). At the final stage one takes the high-energy limit
where s > —t. Details of these calculations will be presented elsewhere. One obtains

A® =i [T?, T2, Tg_u]& [GL+11¢] + i[TE_u, (T, T3] [G5 — 46aGs]
2
- et +8 s {f‘”’ef“le {8 T (T 0 TS} + {T8 s Ty )

5

+ {Tgfu’ Tgfu}{Tnguv T§+u}] - 8

Cin} : (4.11)

where we introduced the colour operators

L= S(TIT. T, = (T, (4.12)
Note that the second and third lines in (4.11) correspond to the kinematics-independent
term C' in the quadrupole correction of eq. (4.6); it appears that it cannot be written in
terms of quadratic invariants. The symmetry properties of (4.11) under s to u exchange,
are nevertheless clear, and as expected (recall that the hard function on which this operator
will act is colour odd) the imaginary part is colour odd while the real part is colour even. We
observe that this expression contains only a single factor of L, with an imaginary coefficient.
Therefore the quadrupole contribution to the even amplitude M () starts at NNLL while
for the odd amplitude M(7) it starts only at N®LL. The evaluation of the colour operator
in the second and third line of eq. (4.11) in an explicit colour basis is provided in the
appendices. More specifically, in appendix B we provide it in an orthonormal colour basis
in the t-channel, while in appendix C we give it in a “trace” colour basis.
The anomalous dimension would be straightforward to exponentiate according to
eq. (4.2), were it not for the fact that T?, T2

2 and the colour operators in A®) do

not commute. This non-commutativity by itself implies that the amplitude projected on
the tree-level colour factor cannot be written as a simple power law, that is, it cannot be
interpreted as exchange of a single Reggeized gluon [16, 38], as discussed in section 2.2.

The last two terms in the dipole formula Eq. (4.10) do not depend on colours nor or
the total energy s, which suggests to attribute them to the projectile and target separately
and write Z factor in eq. (4.2) in the following factorized form:

Z({p:i}, pas(p?)) = Z (j 1, as(u2)> Zi(t, py s (1)) Zj (£ 1y s (1)) (4.13)
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where the Z;,/; are just scalar factors that depend only on either the projectile or target:

Z; = exp { -~ /O g d;j [W Cilog 5 - (as@?))]} (4.14)

The more interesting factor is Z which is a colour operator given to three-loop accuracy as:

s .
Z <t’ i, as(u2)> = exp { K (as(p?))[L T} +im T2_,] + Q(Ag)} , (4.15)
with K (as (,uz)) defined as the integral over the cusp anomalous dimension:
1 [# dx? 1 g (2
K (as(4?)) = —4/ VVK(%()\Q)) =5 2sr’) +..., (4.16)
0
while Q(A3) represent the contribution of the quadrupole correction at three loops,
1 g2 3 (3) 2)\3
:_/ dA ( )> _Aa (QS(“ )) . (4.17)
6e s

The extra logarithm of A in the integration in eq. (4.14) is responsible for double

poles combining infrared and collinear singularities. Thus we see that all double poles are
included in the factors Z;/;, while the factor K (and consequently Z) contains at most a
single infrared pole per loop order. To three loops one has

1 2 1
K(as) = 0‘574(1()+ <O‘S>2<7(K) _ b07§()>’
s €

T Se 32¢2
3,3 (2) (1) 5o (1)
as\" (k. _ Dok Hhive | bovk 4
(w) (12e 48¢2 + qg9es ) HOW): (4.18)

where explicit expressions for the a; expansion of the cusp anomalous dimensions vx, as
well as the quark and gluon anomalous dimension ~; and the scalar factor Z;,; are provided
in appendix A.

The scalar factors Z; removed in eq. (4.13) are the same as those we removed from the
reduced amplitude eq. (2.26) in the BFKL context, and in fact, at leading log accuracy the
exponent of eq. (4.15) is also very similar to the gluon Regge trajectory subtracted in the
reduced amplitude. This makes the relation between the “infrared-renormalized” ampli-
tude (hard function) #;;j—i; and reduced matrix element particularly simple. Comparing
eq. (4.1) with eq. (2.26) and using egs. (4.13) and (4.15), we indeed find

Hijois ({pi} e s () = exp™ {6 (s (p) [LTF +im T3, + Q) }
~exp {ag ()L T} } Mijoij ({pi}, 1y 0s(4?) - (4.19)

This equation allows us to pass from directly from the reduced amplitude ./\;lz-j_n'j, predicted
in the previous section using BFKL theory, to the more conventional scattering amplitude
or hard function. In particular, the statement that the left-hand-side H;;_,;; is finite, which
is equivalent to the exponentiation of infrared divergences, is a highly nontrivial constraint
on our result.
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4.2 Expansion of the hard amplitude

Similarly to eq. (2.14), we introduce a power expansion for the hard function:

oo (pih () =m0, 5 (%) e ()

n=0 k=0 K

In the rest of this section we derive the coefficients H™*) order by order in perturbation
theory, applying eq. (4.19) to the results of the preceding section. The colour factors in
the exponent do not commute, but the formula can be expanded in perturbation theory
by repeatedly applying the Baker-Campbell-Hausdorff formula. Up to three loops we find

explicitly:
L . 2\) 1 K3(O[5) 2 2L T2 T? T2 3 L2 T2 T2 T2
,Hz]—mj({pl}aﬂyas(u ))_ + 3! (7T [ sfw[ to sfu]] tm [ tv[ t sfu]])
K?(as
+in e )L[Tf,Tg_u]— (§)>-exp{mK(a3)T§_u}

- exp { (ag(t) — K(as)) LT?} Mijﬁij ({pi}, T8 as(/ﬂ)) . (4.21)

Notice that we have combined the exponent containing the Regge trajectory with the
T? term in the infrared factorisation formula, since they have the same colour structure.
Because of the structure of this exponent, the combination ag4(t)—K (o) frequently appears
in the following. For this reason, it proves useful to introduce the short-hand notation

g (1) = 0y (1) — K (0r). (1.22)

to indicate the “finite” Regge trajectory divided by N.. Expanding in the coupling, we

by(t) = (O‘(_’f)y (4.23)

write

s

The fact that the combination entering the hard function is the difference between the
Regge trajectory and K («y) is a manifestation of the relation between the divergent part
of the gluon Regge trajectory and the cusp anomalous dimension discovered in refs. [9, 10].
Below we will see that this relation breaks down as a consequence of the Regge cut, and
in our scheme ég4(t) will not be finite at three loops.

At one- and two-loops, using the known trajectory in eq. (A.6) and cusp anomalous
dimension in eq. (A.2) we get d,(t) with

1 1 7
A1) _ 2 3
a; ) ?E(TF —1) _142 € — ECS e+ 0(e), (4.24a)
) 101 (5 ™m
A (2) _ U 83y +0 b
g CA<108 8) 54 (€)- (4.24D)

This is nicely infrared finite. The first term would in fact vanish if we worked in a scheme
where the coupling is agrp instead of a;, which would simplify many of our predictions.
However, to simplify comparisons with the literature, we will stick with the standard MS
coupling a.
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At leading logarithmic accuracy, and to any order in the coupling, only the rightmost
exponential factor in (4.21) is relevant, and we obtain
(n,n) 1 A(1)\7 M2 ~(0)
Hij iy = m(aé )) (T)" Mg (4.25)
which is of course finite. At NLL accuracy and beyond the expansion of (4.21) requires
input with regards to the coefficients of Mij_m-j. The computation is significantly simplified

(n7n)
ij—>ij
whose next-to-leading logarithms beyond one loop are purely imaginary and are given by
eq. (2.28) above (the real part of M)

ij—ij
next-to-leading logarithms in the real part of M;;_,;; are determined by the BFKL analysis

here by working with the reduced amplitude, whose leading logarithms M vanish, and

for n > 2 vanishes by construction). Next-to-

of the previous section.

An important feature visible in eq. (4.21) is that the conversion to the hard function
does not commute with the projection onto even and odd signatures. Specifically, the odd
part of the hard function at NNLL receives some contamination from the even reduced
amplitude at NLL, multiplied by i7K (as)T?2_, or m%[T?,Tg_u]. This is not going
to pose a problem, because these ingredients are already known.

Our comparison between Regge and infrared factorization below follows closely the
analysis in [40] (see also [16]). Nevertheless, there are several new elements allowing us to
make a significant step forward: first, our present analysis makes a clear and transparent
separation between signature odd and even, corresponding respectively to real and imagi-
nary parts of the amplitude expressed in terms of L = log |§‘ —15; second is the possibility
to compare the infrared factorisation formula with the contribution originating from three
Reggeon exchange at two and three loops, which we have calculated here for the first time;
third is the availability of the complete infrared structure at three loops, i.e. eq. (4.11)
based on [35, 68], which implies, in particular, that the odd amplitude receives no new
NNLL high-energy corrections beyond the dipole formula through three loops, while the
even amplitude does; a final new ingredient is the availability of the N' = 4 SYM result
for 2 — 2 gluon-gluon scattering amplitude [41], which beyond consistency checks, also
provides new information on the odd amplitude at NNLL: together with the computation
of the three-Reggeon cut performed here, it allows us to fix the three-loop gluon Regge

trajectory in this theory.

4.3 Comparison at one loop

At tree level one has H(©® = M© = MO, Comparison at one loop is simple, and
completely equivalent to the discussion in [16, 40]. We repeat it here in order to adapt it
to the conventions used in this paper, in particular, the fact that we expand the amplitude
in powers of L = log|s/t| — im/2 instead of powers of log |s/t].

Expanding eq. (4.21) to one loop, and suppressing the indices ij — ij for brevity,
we get

(LY — dgl) T? M), (4.26a)
HOO = MO0 _ i kO T2 MO, (4.26b)
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As anticipated (see the discussion regarding eq. (4.22)) the fact that the hard function
(1)

must be finite relates to the connection between the divergent part of ay’ and the cusp
anomalous dimension [9, 10]. The vanishing of évf(,l) in the four-dimensional limit, as shown
in eq. (4.24a), reflects the fact that gluon Reggeisation at this order is determined entirely
by soft corrections, hence no high-energy logarithms arise in the hard function at one loop

in the € — 0 limit.

The finite part in eq. (4.26b) contains informations both its in real and imaginary parts.
Using the direct correspondence between the real and imaginary parts of the amplitude,
respectively, and its odd and even signature parts, we get

~

Re[H10] = M(—10), (4.27a)
iIm[HB0) = MEL0 i kKO T2 O (4.27b)

Using the results for M(—19) and M(+19) in eqs. (3.39a) and (2.28) one explicitly gets

Re[H19] = (D" + DY) MO, (4.28a)

iIm[HM0] = ir(dp — K)T2_, MO = iralh T2, MO, (4.28b)

where d; = 3= is the one-loop coefficient in eq. (2.29); in the last expression in eq. (4.28b)

we used (4.24) to replace the difference of divergent coefficients d; — K1) by the O(e)
(1)

coefficient &4 ’. This replacement will be used in what follows to obtain simpler expressions
at higher orders.

Infrared factorization tells us that both of the equations in eq. (4.28) are finite as
e — 0. This is evidently satisfied for the imaginary part, eq. (4.28b). Finiteness of the real
part in eq. (4.28a) in turn implies that the impact factors D; must also be finite — indeed
they are, as we have already extracted the divergences into the factors Z; of eq. (4.14)
(see eq. (2.21)). A systematic way to extract these, which will work to higher orders as
well, is to consider the fixed-order hard functions projected onto the colour octet (see e.g.
eq. (2.24)). Then we have simply

(4.29)

Explicitly, using the one-loop gluon-gluon and quark-quark octet hard function from
ref. [40], converting to the convention where the amplitude is expanded in powers of
L = log|s/t| —im/2 instead of powers of log |s/t|, we extract the results for the one-loop
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impact factors, which are indeed finite:

67 5 101 11 17 TG
DW= N[ 2L - 2 No- o+ ot L2
g <72 @) T 36™ +6[ ( s e T 12<3) +”f<27 24)]

607 67 77 41 41 5 7
2N (=L 2 e 22 2 2L O3
+6[ e\ " Pt s TG ) trrl g TG %) O,
(4.30a)

13 7 1 1 5 0 G 5
pW=nN (241 —(1-2¢) -2 N 2,72
“ <72+8C2) +NC< 8@) 36”f+{ (27 24+6C3>
1 3 7 7T (o 9 121 13 7 35
i S _ L5 L e A i
+NC< 6% 12<3> +”f< 27+24>] e [ <162 122%2 365 T 1%
1 G 7. 4T 415 7 5
Bl VR T 2+ : 4.30b
+Nc< 5 g% 64C4)+nf< 81+72C2+36C3)} + O(e”) (4.30b)
Note that, with these two coefficients extracted, the quark-gluon amplitude is then pre-
dicted unambiguously and correctly, as explicitly shown in ref. [40] (see eq. (4.17) there).
4.4 Comparison at two loops

At two-loops, the expansion of eq. (4.21) gives

1, 2 ~
H(22) — 5(04;1)) (T2)2 M), (4.31a)
421 — A1) +&§1)Tf/\?1(1’0) +d§2)TfM(0)

+irKW %K(l)[Tf,Tg_u] a2 TH MO, (4.31D)

2
HEO — 3120 - T ()T MO i [KT2 MO+ KOT2 N09).
(4.31c)

We recall that the left-hand-side and &M, 4(?) (defined in eq. (4.22)) are finite, while the
reduced amplitude M, which we computed from BFKL theory, has infrared divergences.
These must therefore cancel on the right-hand-side of egs. (4.31) with the singularities
contained in KM = 1/(2¢) and K® given in eq. (4.18). This cancellation provides a
nontrivial consistency check. Note that the leading-log term of eq. (4.31) is a simple
exponentiation of eq. (4.26a). More interesting are the lower-logarithmic terms of the
amplitude. Using explicitly the information for M19 and M2V in eq. (2.27), (2.28)
and (3.39b) we obtain

Re[H?V] = [a®) + D (DY + DY) T2 M©), (4.32a)
iIm[H®Y] = ir [(;dz + %(K(l))Q + K(1>a§}>> [T2,T2_,] + (&) * 1?12, | MO,

(4.32D)

Finiteness of the first line is manifest, and finiteness of the second line is a constraint on
the divergent part of do, which again is satisfied by the explicit expression in eq. (2.29);
this was also verified in ref. [16].
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Considering finally the coefficient of the zero-th order logarithm, i.e. eq. (4.31c), the
operator (T?2_,,)? makes its first appearance. We focus on the odd component, i.e. M(_’Q’O),
which we have calculated in eq. (3.39b). Inserting this result along with the previous result
for the one-loop even amplitude we obtain

2007 _ | »® (2) W 1) 2p@) 1 2
Re[#H! )]—[Di +D;” + D;’D; —WR()E(CA)

1 R
+ 7 <R<2> +3 (KM)? + K“)agl)) (Tzu)Q] MO, (4.33)
It is clear at this point that the term proportional to (T2_,)? in the infrared factorisation
formula can be attributed to multi-Reggeon exchange, and this is confirmed by the fact
that the quantity in squared brackets in eq. (4.33) proportional to (T2_,)? is finite. Upon

explicit substitution of R? in eq. (3.40), we get

67
i+ ... (4.34)

1 3
2 = R@) 4 2 (KMY2 L gWa) = 2 il
R = RY 4+ S (KVY)" + KWag) = 2eGs + o

which is indeed finite, as required for the infrared renormalized amplitude Re[#Z9)].

This equation can thus be used to extract the impact factors at two loops from the
known two-loop fixed-order amplitudes. As before, it suffices to consider the projection of
the amplitude onto the adjoint channel, but the projection of the colour factor (T?2_,)?
needs to be carried out on a case-by-case basis. This can be done using the matrices given
in appendix B. For gluon-gluon scattering with SU(N.) gauge group, we get:

(2,0)[84] 2 2
H ) N, ooy N2+ 24
oD@ — 99299 (p()y? 4 p2p@) e p2Rp(2) e TAR (4.35)
* g~ 12 !

where in turn Dél) can be found in eq. (4.30a). The impact factor D!(f) would be finite,

were it not for the double pole originating from the R ~ _8% term. For quark-gluon
scattering we find:

(2,0)[84] 2 2
H N, Aoy NS+ 4
2 2) _ Ttqg—qg 1) n(1 2 »(2) Ve 2 5(2) Ve
D§)+D§)_W_D((I)Dé)+ﬂR()ﬁ_ﬂ-R()T (436)
Hag—ag
Finally, for quark-quark scattering, we find instead:
Re[H 20)[8) ) N? o NY — AN2 412
(2) — *l7tag—ag 1 (1) 2p(@)fec  2H02) e c
2D = 2/ OF. (Dq ) + R 5 " R N2 (4.37)
a9—qq

The important thing to notice is that the coefficient of the R® term, which represents the
colour structure (T2_,)? attributed to three-Reggeon exchange, is different in each case.
This contribution (in addition to the extra factors of (T2_,)? coming from the infrared
renormalization) explains why the amplitude does not take a simple factorized form, as
was first observed in ref. [44] based on explicit computations of two-loop amplitudes for
gluon-gluon, quark-gluon and quark-quark scattering (for the departure from simple Regge-
pole factorization see also [16, 37-40]). Quantitatively, it is a highly nontrivial check on

— 38 —



the BFKL formalism that the three equations (4.35) through (4.37) can be solved for the

two unknowns D;Q) and D((IQ). By using the explicit result for the two-loop gluon-gluon and

quark-quark hard functions Hgﬂ)i[f“}

of L =log|s/t| —im/2 we find:

provided in ref. [40], and expanding them in powers

DY = _%NE + NCQ(— % + %Cz + %Cﬁi - éjl)

4 NJLf(?)ZE?S _ %@ 4 %) + 3 <— % 4 ij) _ %nfc LO®),  (4.38)
DY) = L N2 3<f$+§1<2+ic3—;556<4) + 2004 D0

g ;<4+z\%<§5é+242 - G- 5;44)

325 ¢ 23 ng( 505 G 19 2%
Nengp — 2252 =2 W 2202 4 O(e) .
ey < 648 4 144C3> * Nc< 1206 16~ 144%*) T 62" O

Remarkably, these impact factors then correctly predict the quark-gluon amplitude accord-
ing to eq. (4.36), as it should!
)

Finally, we comment on the infrared divergences in D;”’, which contrast with the
finite Dgl). We believe one should not be overly concerned about this, because of the
arbitrary basis choice in eq. (2.44) which has forced the physics into a very specific basis,
where one- and three-Reggeon states are orthogonal to each other, therefore removing
1 — 3 and 3 — 1 correlators of Wilson lines. In practice, the colour factors ~ (C4)? of
such correlators would not be distinguishable from single-Reggeon exchange at this order.
It seems plausible that, in a more natural basis, the infrared divergences would appear
only in these off-diagonal contributions rather than being pushed into the 1 — 1 single-
Reggeon transition, thus leaving finite impact factors which may be closer to the ones
defined empirically in ref. [40]. We leave this for future investigation: since the choice used
in this paper corresponds to a well-defined basis, it should always be possible to convert

the result to other schemes.

4.5 Comparison at three loops

Let us now turn to the comparison between the BFKL results and infrared factorization
at three loops. Because the expressions are rather lengthy, we will discuss the various
logarithmic orders in turn. At leading logarithmic accuracy the expansion of the infrared
factorisation formula in eq. (4.21) gives

233 1 (600)3(T2) (1), (4.39)

(=)
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as anticipated in eq. (4.25). At next-to-leading logarithmic accuracy, the infrared factori-
sation in formula in eq. (4.21) gives

. . 1 . .
732 — A2 4 dél) T? MED 4 5(&21))2(T?)2M(1’0) +aWa@) (T?)? MO

. T, a2 1.
i (= Haf) ROTL (T2 + Jaf

~

(KWY3 (T2, [T%,Tz_un)w.

(n,n—1)

Inserting the explicit results for the M terms as given in egs. (3.39) and (2.28) the

hard function can be brought into the form

1 i
Re[H®?)] = 4V [ag” + 5080 (DY + D](.l))] (T?)2 MO, (4.41a)
(B2) — ir | L 10)3 _ 351 (41?2 Y24 (T2, 172 T2
iTm[HOD] = i | = (g5 — (K)° = 3D (a))? = 3(6 )4V )17, [T7, T2,
1 A
+ ;(@él))3(T?)2T§u] MO (4.41b)

It is easy to check by explicit substitution of the functions involved in eq. (4.41) that
H32) is indeed finite. The only O(e”) contribution is given by Im[#(3?)], i.e. one has

Re[H®] = O(e),

iIm[H32)] = m(— %Cg + O(e)> [T2,[T2,T2_,]] + O(e) . (4.42)

More interesting is the amplitude at NNLL, since at this logarithmic accuracy we can
confront our new predictions concerning the three-Reggeon exchange to the infrared fac-
torisation formula. Starting from the latter, eq. (4.21) gives

HGD B 4 &21)T§M(2,o) + d§2)Tt2M(1,o) + &és)TgM(O)
2
+ 5 (=30 (B W) (12,207 + (K M) (202, 02,12 )4 (17,12, )12, )] M©)

+im [— KOT2 ;2D <;(K M)2[12,T2_,] - KU)@gl)Tg_uT?)M(LO)

N ( KOK®T2,12_) - K@aIT2 T2 - KWa@ T2 T?

€

- ST T MO (4.43)

Note that the last term this equation, proportional to (3/e, originates from the recently-
computed quadrupole correction [35], as shown in section 4.1 (see egs. (4.11) and (4.17)
above), while all other terms in eq. (4.43), which involve K () originate in the dipole
formula T4, Eq. (4.43) shows explicitly that, in the high-energy limit, the quadrupole
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correction contributes first at NNLL, and it only contributes at this logarithmic order to
the even part of the amplitude.

Our prediction from BFKL theory concerns the odd amplitude, hence we focus now on
the real part of eq. (4.43). Inserting results for the amplitude coefficients M) determined
in the previous section, we get

Re[H®Y] = [6{)) +a?@ (DY + D) + () (D + DI + DV DIV) T2 M(©)

+ 72| RY — 112dg1>R<2>] (T7P MO + 7260 RO THTZ ) MO (4.44)
+ 72| RY) + é KO (2(K<1>)2 +3aV KM + 3d2>] T2 T2 | MO
+x2|RY — éK(l) ((K(l))2 +3aVK® 4+ 3(alY) )} T2, 12,12, MO,

In this equation, the parameters olg) are related to the perturbative expansion of the
Regge trajectory, representing the one-Reggeon evolution, according to the definition in
eq. (4.22). As already discussed, these parameters are unknown in our formulation of the

Regge theory, beyond dél). However, dé2) can be determined from the two loop analysis,

see eq. (4.24b), which means that only ozés) is unknown in eq. (4.44). We discuss below
how this parameter can be extracted from a three-loop calculation. Similarly, the impact
factors D /) represent corrections to the one-Reggeon wavefunction, and can be determined
by matching with explicit calculations. Eq. (4.44) depends on the impact factors up to two
loops, and these have all been determined through the one- and two-loop analysis, see
eqgs. (4.29) and (4.35) through (4.37). The two terms proportional to T2, [T?, T2 ,] and
[T?, T2 ,]T2 , depend only on quantities which have been calculatated explicitly: the
loop functions RE‘i)BC originating from the BFKL evolution of the 1 — 3, 3 — 1 and
3 — 3 Reggeon exchange, terms from the one-loop soft anomalous dimension cubed, plus
the signature-odd log part of the quadrupole correction eq. (4.11) (which turns out to be
zero). The fact that these terms add up to something finite is therefore a highly non-trivial
check of both BFKL theory and of the specific form of the quadrupole correction. Indeed,

expanding explicitly to O(e®) one finds
Re[H)] = [d?’ +a (DY + D) + 4 (D + DY + DV DY)

m? (1 _ 156 17;’43 )} Ca MO (4.45)

2C3

T Tomu[T7, T2 MO 7?20 [T, T2 TS, MO+ 0(e),

where the term proportional to (3'124 originates in the combination 72 [Rg’) — i A (1)R(2)

eq. (4.44). Here we recall again that ézél), 4 and DO are finite, while D( ), which is
sensitive to the three-Reggeon cut, is infrared dlvergent in our scheme (see eq. (4.38)). We
(3)

will shortly see that also dg "’ is divergent in this scheme.
We stress that the colour operators TZ2_, [T?, T2

S—Uu

]in

| and [T7,T% ,|T3

5_, oOriginate,

within the infrared factorisation approach, only from the expansion of the “dipole term”
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in eq. (4.10), since, as discussed after eq. (4.43), the quadrupole correction turns out to
contribute at NNLL only to the even amplitude. The fact that the calculation of the odd
amplitude at NNLL within the Regge theory matches exactly the poles originating from
the dipole contribution can be seen as an indirect confirmation of the result in ref. [35]; in
the computation of the previous section, the fact that the quadrupole contribution to the
odd amplitude vanishes can be seen to be a reflection of the absence of 1/e single poles in
the bubble integrals of eq. (3.44). Finiteness of the left-hand-side also predicts the infrared
poles of the presently unknown “trajectory” ds.

Eq. (4.44) represents not only a check of the infrared factorisation formula, but also a
prediction for the real part of the infrared-finite amplitude, in the high-energy limit, up to
three loops. In order to show what parts of the amplitude are predicted, we focus now on
gluon-gluon scattering. Recalling our discussion in section 2.2, in particular eq. (2.24), we
see that the real part of the hard function corresponds to the antisymmetric octet 8, and
the 10 + 10 components of the amplitude. Evaluating the colour operators in eq. (4.45) in
the orthonormal colour basis in the t-channel defined in appendix B we find

Re[H(3,1),[8a}] _ {CA [&!(]3) +&gz) (ngl) JrD](‘l)) +a§1)(DZ(2) +D](g) +D51)D§1))]

2 1 15 175 2 -
(4.46a)
2
Re[H B 00410 _ /3 cm/cz,4{11§4¢3+0(e)}/\h<0>’[84. (4.46b)

Concerning the antisymmetric octet component, we see that it involves the Regge trajectory
at three loops, dg?’), which is unknown within our formalism. Given that the impact factors
up to two loops are known from our previous analysis, see in particular eq. (4.35), this
means that, knowing Re[H(31)[8a]] eq. (4.46a) can be used to extract aé ). We will take
this point of view below. Before, however, we note that ozé ) does not contribute to the
10410 component of the amplitude. Therefore, in our formalism we are able to predict this
term unambiguously, and in eq. (4.46b) we have provided the explicit result up to three
loops. As already mentioned, this result does not depend on the matter contents of the
theory. Indeed, we find that our prediction agrees perfectly with a recent calculation [41]

of 2 — 2 gluon-gluon scattering amplitude at three loops in N' =4 SYM!

In appendix B we provide an explicit prediction for the gluon-gluon hard amplitude
up to three loops in perturbation theory, which is based on the combination of the BFKL
theory developed in section 3 and the comparison with the infrared factorisation formula
discussed in this section. The hard function is provided in appendix B in an orthonormal
colour basis in the t-channel, while in appendix C we provide the same quantity in the
“trace” basis commonly used in literature, see ref. [69].

For completeness, we end this section by quoting the infrared factorisation result for
the N3LL coefficient of the hard function, namely, 739, This result relies on the 3-loop
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soft anomalous dimension described in eq. (4.11) but not on BFKL theory. One has

2
HOD = 100 - T (ROYHT2 2N — KO KO (T2, 20O
1 2 2 2 1165 — 4C2C3
66 |:[TS u? [Tt7T ]] 4

M’,{fabefcde[{T Tg}({TS w S u}+{Ts+u7 §+u})

) -
+ {Ts u’ u}{Terua ngu}] - éC?qT? }:| M(O)
_ iW{K(l)Tg_uM(Q,O) + K(?)Tz_uM(LO) + 6K(3)T§_UM(O)

20132 \3 Ay (0) 11¢4
2 (KW)(T5_,)° M 51c

S TTRTL MO
This result is interesting on its own, because it provides the structure of infrared divergences
at three loops, for a 2 — 2 scattering amplitude in the high energy limit, including the
quadrupole correction calculated in [35]. The explicit structure can be obtained in the
orthonormal colour basis in the ¢-channel defined in eq. (B.1), or in the “trace” basis defined
in eq. (C.1), by substituting the colour operators with their explicit matrix representations
in that basis, which are also provided in the appendices B and C. The structure of infrared
singularities in eq. (4.47) agrees with the calculation of gluon gluon scattering at three
loops in N' = 4 SYM presented in [41]. Eq. (4.47) is however more general, as it predicts
the infrared structure for any 2 — 2 scattering amplitude in QCD, thus including also
quark-quark and quark-gluon scattering.

Three-loop gluon Regge trajectory. Finally, let us state the precise relation between
the three-loop “gluon Regge trajectory” and the logarithmic terms in the three-loop am-
plitude. Starting from three loops the “gluon Regge trajectory” is scheme-dependent. In
this paper we pragmatically defined it to be the one-to-one matrix element of the Hamilto-
nian, oy (t) = —Hi-1/Ca, in the scheme defined by eq. (2.44) where states corresponding
to a different number of Reggeon are orthogonal, as discussed following eq. (2.48). This
can be related to fixed-order amplitudes by taking the logarithm of the reduced amplitude
projected onto the signature-odd adjoint channel. When projected onto that channel, the
full amplitude and reduced amplitude defined in eq. (2.26) differ by a simple multiplicative
factor whose logarithm is linear in L. Therefore, evaluating the prediction eq. (3.51) in the
adjoint representation using the matrices given appendix B, we find

3
log Mé’f’)@g? - L{ — Hy_a(t) + <a> w2 [Ne(—2RY) +2RY) + N3RY] } +O(L° ad),
Mgg—@g T
(4.48)
where the constants R(3) Rg), Rg) are given in eq. (3.52).
While this paper was in preparation, a remarkable calculation of the non-planar three-
loop gluon-gluon amplitude in A" = 4 SYM appeared [41], which yields, in terms of the MS
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coupling at scale —t,

M[“]N 4 o o\ s \®
ol |, e (B (F) ] o
Mgg%gg L g T g
with
_ 1 G af. 847 T3l 5
ki = 5c " €4 C3 € 32C4+6 <12C2Cs 10C5> + O(€”) (4.50)
_ _97_473_ 3 71 41 3
k2—Nc|: P C +e <24C2C3+ 8(5>+O(€ )]
o[l 5 1 Gl 1561 77
ks = N¢ [48 ; 24C2C3+4C5+O(€) T E e - 1 Re ol

Using (4.48) we are therefore able to obtain, in this theory, the “trajectory” ag4(t)N. =
—Hj_,; to three loop:

2 3
o @ o
— B = N, [;aél)’NALSYM + <7:> 0652) |V=asYM + (7:) Oéég) IN=asYM + - ]
(4.51)
with the first two coefficients, agl)]/\/:4 sym = k1 and aéQ) |n=45vM = ko given in eq. (4.50),
while the three-loop one given instead by

Plveasni = N2 |- (5 + T+ 1yt + § + 0] + 8200+ 00) . @452)

It is important to stress that, even though to three loop accuracy the adjoint amplitude
may look like a Regge pole, e.g. a pure power-law, it is actually not: starting from two-
loops it is really a sum of multiple powers. Simply exponentiating the exponent defined by
eq. (4.49) would predict a definitely incorrect four-loop amplitude. The correct, predictive,
procedure is to exponentiate the action of the Hamiltonian following eq. (2.39). With the
“trajectory” eq. (4.51) now fixed, this procedure will not require any new parameter for
the odd amplitude at NNLL to all loop orders.

Finally, we comment on the fact that the trajectory of eq. (4.51), minus single-poles
from the cusp anomalous dimension, is not finite. Superficially, this would seem to contra-
dict the prediction of ref. [10]. However, it is important to stress that a§3) is not physically
observable by itself and in the present BFKL framework, it depends on an arbitrary choice
of scheme used to separate one- and three-Reggeon contributions. As explained below
eq. (4.38), it is likely that our (arbitrary) choice to force the physics into a somewhat
peculiar basis, in which multi-Reggeon states are orthogonal, is causing these spurious di-
vergences in the intermediate quantity Hi_,1. In fact this can be seen clearly in the planar
limit, where general arguments show that in the U-basis the evolution is trivial and the
amplitude is a pure Regge pole [16], whereas in the present W-basis this pole is split be-
tween 1 — 1, 1 — 3 and 3 — 3 transitions. Thus our H;_1, even in the planar limit, is
not equal to the position of this pure Regge pole.

Despite the not entirely satisfactory properties of the basis we used with regards to the
simplicity of the large- N, limit, nor the relation between the singularities of the trajectory
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and the cusp anomalous dimension, it is important to stress that the basis is well-defined
and sufficient to provide a fully predictive framework to all loop orders. A non-trivial
confirmation is the fact that the 10 + 10 amplitude component eq. (4.46b) is predicted
correctly. Furthermore, one would expect the ambiguities from the choice of basis described
below in eq. (2.44) to be proportional to C%, which is completely consistent with the fact
that the N part of eq. (4.52) is finite. In fact, we see that the subleading colour term
proportional to N? is zero, up to O(e). This is an interesting result, which would be
important to understand further, especially in light of the integrability properties of the
planar amplitude [7, §].

5 Conclusions

In this paper we have analyzed parton-parton scattering in gauge theories in the high-
energy limit (Regge limit), pushing the accuracy to the next-to-next-to-leading logarithmic
order. Our main tool has been BFKL theory, or more precisely its modern formulation
as an effective theory of Wilson lines reviewed in section 2. An important observation is
that many terms at this order can be fully predicted using only leading-order ingredients.
These terms are distinguished, for example, by their colour factors, and this paper has
focused on such terms. Our predictions provide stringent constraints that the Regge limit
of three-loop 2 — 2 QCD amplitudes must satisfy. Specifically, the odd reduced amplitude
is predicted in eq. (3.51) to all order in e.

An interesting feature of the Regge limit is the reduction to a two-dimensional effective
theory. Technically, this dramatically simplifies the loop integrals, and indeed the most
complicated integral we needed in this paper is the standard bubble integral in eq. (3.32).
The main work is reduced to the bookkeeping of colour factors.

The NNLL amplitude is conceptually interesting from the BFKL perspective because
it exhibits a new phenomenon: the mixing between one- and three- Reggeon states, both
contributing to the odd part of the amplitude. To deal with this we used the symmetry
property of the Hamiltonian, eq. (2.45), also known as target-projective duality, to obtain
the 3 — 1 terms in the Hamiltonian from the 1 — 3 terms. This is the first time that this
symmetry property is tested quantitatively. The tests described below can therefore be
viewed as a nontrivial check of this symmetry.

As a consequence of the mixing between one- and three- Reggeon states, starting at
NNLL the gluon Regge pole is not physically distinct from the Regge cut. In particular,
in the t-channel colour flow basis, the antisymmetric octet colour component receives con-
tributions from both the pole corresponding to 1 — 1 Reggeon transition and the 3 — 3
as well as the 1 — 3 and 3 — 1 cut components. In general, using this formalism one may
compute the signature odd NNLL 2 — 2 amplitude in QCD to all loop orders up to a sin-
gle presently unknown parameter, the three-loop gluon Regge trajectory. The other colour
component of the odd amplitude, 10 + 10, is entirely determined by the cut contributions,
and hence it is fully predicted already, see eq. (4.46b). Because of the mentioned mixing,
the result in either channel does not take the form of a single exponential (except in the
planar limit), rather what exponentiates is the Hamiltonian in eq. (2.46).
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Our results have been tested in two ways. First, the infrared divergent part of the
result is in agreement with predictions from the general theory, including the recently
computed three-loop soft anomalous dimension [35, 36]. Conversely, our results provide
a valuable test of the latter. Second, our predictions, which are general and valid in any
theory, turn out to agree with a recent explicit three-loop calculation in N' = 4 super
Yang-Mills. This comparison also allows us to fix in this theory the one free parameter we
have left, the three-loop gluon Regge trajectory in eq. (4.51), thereby making the formalism
fully predictive at higher loop orders. Our predictions for the odd part of the three-loop
amplitude are summarised in appendices B and C in a t—channel orthonormal basis and in
a trace basis, respectively. These explicit results may be used as a stringent test of future
multiloop amplitude computations.

To complete the NNLL description of 2 — 2 amplitudes, the only missing ingredient
is in the even sector, namely the NLO impact factor to two gluons, which would thus be
interesting to compute in the future. More generally, we have seen that the BFKL theory
is consistent with infrared exponentiation, such that the hard function H (see eq. (4.1)) is
finite; it would thus be interesting to understand how to setup the BFKL calculation of
‘H in a manifestly finite way, which would alleviate the need to e-expand all intermediate
quantities. This would make it possible to exploit the integrability of the Hamiltonian in
two dimensions [7, 8].

Note added. While this paper was being completed, partially overlapping results were
announced in ref. [70].
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A Anomalous dimensions, renormalization group factors and Regge tra-
jectory

We write the s expansion of the anomalous dimension (in the MS scheme) as

Yilovs) = i’n(k) (f:)k (A.1)

k=1
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With this notation, the coefficients of the cusp anomalous dimension (with the quadratic
Casimir factor C; removed) read [19, 71, 72]

7 =2,
’y}?) = ((15; - (2) Ca— %Tpﬂf,
73 = (52 (490 - ?@ + 88(5 + 264<4> + Cﬁgw (— ? + 6443)
+ CAggnf <— 16972 + %@ - 224@‘3) - 21;1%:% : (A.2)

where Tr = 1/2. The coefficients of the quark and gluon anomalous dimension are given
by [73, 74]

7V = —Z Cr,
= ( - 2126 - 24<3>
y Gacr (— oG+ 264‘3) y Gy (12370 + 4@) L (A3
and
W = —%0,
7P = ?g‘(-?erl?)lCﬁ%g) +@‘1T§W<22576—§C2> +%- (A.4)

The scalar factors in eq. (4.14) start at O(a?). In terms of the coefficients in eqs. (A.3)
and (A.4), and setting u? = —t, they are:

A
(1)
W_ w1
Zi Ci K462+ €’
(2) (12 1 171 3bo (1) 17(2)
2 2 K K
. gy | 2K (220 _ 2K A
27 =Gl pat 34<16 ) 6216] (4.5)
+1fy,»(1) m _ bo +ﬁ
2 9 v 4 2¢

Finally, we quote the one- and two-loop gluon Regge trajectory (divided by Cjy) in terms
of the coupling at scale % = —t [58-61]:

.
() = 5.
b 1[[67 10Tk
@y b0 16T _ 10Tgny A
(1) = ~{5a T 5 [(18 C2>CA 9 ] (4.6)
101 G\ 7Tgny
+CA(108 8) L 0(e).
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B The hard function for gluon-gluon scattering in an orthonormal t-
channel colour basis

Predictions for the infrared renormalised amplitude (hard function) based on the Regge
theory developed in this paper have been presented in section 4. These predictions have
been given in colour space notation, i.e., writing the amplitude in terms of colour operators
acting on a vector amplitude. Predictions for the single components can be obtained by
choosing a specific colour basis. In this appendix and the next we provide explicit results
within two colour basis widely considered in literature. Here we focus on the orthonormal
colour basis in the ¢t-channel, which, as discussed in the main text, is particularly useful to
highlight the factorisation properties of the amplitude in the high-energy limit. In the next
appendix we will focus on a “trace” basis, which has been typically used in the context of
multi-loop calculations.

Before proceeding, we stress once more that the calculations performed on this paper
are based solely on the BFKL evolution at leading order. The corrections D; to the impact
factors, defined in eqs. (3.24) and (3.25), as well as the higher-loop corrections to the
gluon Regge trajectory o, (more precisely Hi_,; in the scheme eq. (2.44)) are therefore
kept in this appendix as free parameters. Their values can be obtained by matching with
fixed-order amplitudes and are listed in appendix D.

Definition of the t-channel colour basis. We consider gluon-gluon scattering with
external legs labelled as in figure 2. Within SU(N,), an orthonormal colour basis in the
t-channel can be obtained decomposing the colour representations 8 ® 8 of legs one and
four into the direct sum 1@ 8@ 8, ® 10+ 10 27 @ 0. Such basis has been provided in [40],
and we repeat it here for the reader convenience:

1
C[l] = ch 1 5a4a1 6a3a2 )

C[8S] — NC 1 da1a4b 4293

NZ-4 /NE 1 3

1 1
[8a] _ = araqb razas
C Nc NCQ — 1 f f b
el 2 1 1
[10+10] — - 50,1 5(13 o 6(13 50,4 __— raiaadb razag
’ \/<N3—4><N3—1> 30700 8%, ) =
TR R .~
N/ (Ne +3)(N. —1) [ 2Ne(Ne+1) ™0 @
Nc +2 ) . Nc +4 b
5(11 5(15 6a.3 6(14 _ dala4 da2a3
+ 4Nc ( a2 aq + ai a2) 4(Nc+2) b
+ i(dalazb da3a4b + da1a3b da2a4b):| , (Bl)
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0]

o0l — 5%, 5%,

2 [ N, —2
Ney/(Ne = 3)(Ne + 1) [2Ne(Ne — 1)
N, —2 N, —4

b
+ Tj\fc(éalw 5a3a4 + (5a3a1 5a4a2) + m dmaa da2a3b

1

4(da1a2b da3a4b + dalagb da2a4b):| )

We treat the two decuplet representations together, since they always contribute to the
amplitude with the same coefficients. The tensors ¢®al and ¢19+10 are odd under the ex-
changes a; <> a4 and a2 <> a3, while ) eBsl cl27 and ¢l are even. The last representation

does not contribute for N, = 3, since its dimensionality is given by

NZ(Ne = 3)(Ne +1)

dim[0] = ¢ - : (B.2)

and it vanishes for SU(3). In the orthormal basis defined by eq. (B.1) (in that order), the
diagonal matrix T? evaluates to

(T%),, = diag[0, N, Ne, 2N,, 2(N.. + 1), 2(N, — 1)], (B.3)

while Ts_,, can be calculated starting from T provided in [40], by exploiting the relation
T% + Tg + Tﬁ = Ciot. Ts—_y is symmetric and traceless, and reads

0 Tis, 0 0 0
0 0 7Ts,8, 78,0 O 0
Ti8. Tss8. O 0 78,27 T8..,0

T2 )eg = , B.4
( Jas 0 Ts,10 O 0 Tioz2r Ti0,0 (B4)
0 0 Tg,2r Twoer 0 0
0 0 78,0 Two O 0 |
where
2N, N, 2
S _e =-N, ,
,E,Sa \/@ ) 7-83,80, 2 ) 7’83,10 NCQ _ 4
N.+3 N.—3
78,271 = — N1’ 78,0 = — N 1’ (B.5)
Tooor — — (Ne+3)(Ne + 1)(Ne — 2) T — (Ne = 3)(Ne — 1)(Ne +2)
10,27 = 3N, 1 2) ; 10,0 = 2N, —2) :
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Similarly, for the gluon-gluon amplitude we obtain also the colour matrix representing the

colour operator associated to the constant term (5 + 2(2(3 in eq. (4.11):

{7 T T (TS T} 4 (T T )

5
+ {Ts u’ s u}{Teru? §+u}] - 8031’:[‘?} = (B6)
99
[ 2N.T?, NeTigaTg.s. O 0 —2T1,8,78,,27 2718, 7840
Nc7-178a 7-8578a 2N07_825,10 O 0 7-8(1,27% 7-8[1,07-3
NC
0 0 14}1\){20 — 0 0 |
0 0 T 5N, 0 0
—2T18, T8a 27 Tgo277a 0 0 Tc —2N:Tg, 2778, .0
| 2718,78..,0 78,078 0 0 —2N.Tg,2778.,,0 Tp i
where we have introduced the colour factors
8N, +6N2 — N3 8N. — 6N2 — N3
Ta= T = ;
202+ N,) 2(2+ Ne)
T — 26N, + 31N2 + 10N? + N2 T 26N, — 31N2 + 10N? — N} B.7)

(1+ N.)(2+ Ne) (14 N.)(2+ N.)

For quark-quark scattering, the representations are more limited and we let simi-

larly [40]
L

8a] b b
= e = S (T (T (B3
and one finds
0 /N2-1
(T%)qq = diag[0, N], (Tg—u)qq = \/ﬁ NJQVC4 (B.9)
N
Finally for quark-gluon scattering we have
1 2N,
[1} -~ 5% 593 , C[Ss} — c Tb aq da2a3b
= maeoy e G S\ mEogeeop e
2
(8a] — Tb azazb B.10
Cqg N.(N2 — 1)( ) f ( )
with
0 0 -2
(T?)qg = dlag[07 N07 NC] ) (Tg—u)qg = _% Nc2 - 4 (Bll)

0 0

—V2 —-1/N2 -4 0
Note that in the quark-
quark case the signature in the adjoint channel is not determined by the colour projection
In the
quark-gluon case the structures have definite signatures (respectively even, even, odd) due

For antiquark scattering we define the same colour structures.
and can only be determined by comparing the quark and antiquark amplitudes.

to Bose symmetry on the gluon side.
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The hard function for gluon-gluon scattering. Let us now present explicit results
for the hard function components in the orthonormal ¢-channel basis defined above. We
restrict the discussion here to the gluon-gluon amplitude, since it should hopefully be clear
how the formulas presented below are obtained from the formulas in section 4 by evaluating
the colour operators. We decompose the hard function according to eq. (2.23), namely

Hogorge(s,t) = > (s 1) (B.12)
Within the orthonormal basis eq. (B.1) the tree-level hard function in eq. (2.17) reads
H O = 77(0),[8s] — 24(0).[10+10] _ 2/(0),[27] — 2/(0).[0) —
7O [8a] = —2§Nc NZ 1. (B.13)
In section 4 we have presented results up to three loops, but the Regge theory develop
in section 3 allows one to calculate higher orders, too. For feature reference, therefore, we

expand here the amplitude in powers of €, consistently as it would be needed for a four

loop calculation. Namely, we expand the one loop functions up to power €, the two loop

ones up to €*, and the three loops functions up to power €.

The one loop amplitude, and more in general the leading logarithmic contribution can
be expressed entirely in terms of the one-loop function defined in eq. (4.24a). Up to €8
one has

R 1 1 7 47 7 31
ag) = %(TF —1) =7~ *C3€2 - *4463 + (CzCa - C5> et

49 949 329 127
+ <36C§ 256C6> ( C2Gs + 753@ - C7>6 +O(€"). (B.14)

In term of this function, the leading-logarithmic amplitude in components reads:

H(nvn)v[l] — H(nzn)r[&g} — H(nvn)7[10+ﬁ} — H(nvn)v[Qﬂ — H(n’n)’[o} — 0,
YIGEDRCH —% NE/NE T (a0 ()" (B.15)

Next, we consider H(19) whose result has been obtained in eq. (4.28). In components one
obtains

HOOM = jr 4N @gU; ,
2 (L0):[8s] — 4 N%/ﬁ@ﬂ)f
2(1,0),[84] 2N\/N2—( 1)+D1)t
2(10),[10+10] _ (B.16)
HOOLT = jroN, /(N + 3)(N. — 1) @U)f

HOEDO = i 2N /(N — 3) (V. + 1) & A(l)
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At two loops the NLL term reads

H(zvl)v[l] s N3 f(271)§
C a t ?

MO i N3NE T () ()72
( 1
g

HED B — _oN2 /N2 —1[al? + a4V (DY 4 D)2
24(2,1),[10410] _ 0, (B.17)
HEDPT = iz N/ (N + 3)(Ne = 1) [(Ne + 2) £V + 4(Ne + 1) (650 (¢ ))2]?
HEDO = i Noy/(Ne = 3)(Ne + 1) [(Ne = 2 /20 + 4N = D)(af) (1))

where we have expressed the amplitude in terms of the functions

F20 = KW (260 + KW) + dy

= —gﬁs - EQ (ngCs - 623C5> e

1193 , 14585
+ < C3 5% Cﬁ) e+ (’)(65) . (B.18)

At NNLL accuracy we are able to make predictions for the real component of the hard
function only. Given that this contribution corresponds to the odd amplitude, it implies
that this correction affects only the 8, and 10 + 10 representation:

Re[H®O W] =0,
Re[H@0B:] = 0,

Re[H>0:Bal] — _oN, /(N2 — 1) { 4 p? 4 pi?

N2 N2 424 . s
_ 22 e p2) e TEEHER) L2
e (Tre -t )

Re[H 010110 — 32N /2(N2Z — 4)(N2 — 1) R@)% :

Re[HZORT =0,
Re[HZO:0 =0, (B.19)

where the function R has been defined in eq. (4.34). Explicitly, up to O(e®) one has

R® = ZCgG + g@g + (241 G5 — C2C3> (4541223% - Zm3(3) O(e’).  (B.20)
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At three loops, the NLL component reads

BN = i N ff”z);,
7N%W=mW¢W—M¢WW?
1)

(
1 1 | S
24(3,2),[84] /7N2 la(l 2 (Dz()—i_Dj(' )) -

7_[(3,2),[10+E} -0

O = i 22 [N, = D)V, +3) [(Ne 20082 + 8(N, + 12 (a4 (1))

+ (N + DN+ 2)17) 5,

D) = i 22 [N (N, — 3) [(Ne = 2012 + 8(Ne — 1) (af (1))

+ (Ne = D)(Ne = 2)£] 2. (B.21)
where we have expressed the amplitude in terms of the functions
2
189 = =2[KD(3(a)* + 3a{D KW + (KD)*) — a4
11 11 119
T et ( G2(3 — C5>6 +0(e),
2 = 460 (KD (28 + KW) +¢y) = 5@@2 +O(). (B.22)

Notice also that (é& (1)(t))3 = O(e?). Last, the real part of the NNLL term at three loops

reads

Re[H®D W] =0,
Re[H®VB:] = 0,

Re[H® 8] = _aN2,/NZ =1 [a“”) +a? (DM + D) +aM (D + D)

N2 424
+ 4DV - <+f<3 D o(fBD 4 pBD) foflg’l))] ;
Re[H(3D:10+T0)] _ ch\/(l\f,;2 - 4)2(N3 - 1) 24731 95D 4 ;1] %)
Re[f}_[(3,1),[27]] —
Re[HGD0 =, (B.23)
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where we have expressed the amplitude in terms of the functions

1
FB31 = idgl) (KW (KW +2a{1) + 2R®)]
3
= _ECQQ’)EQ +0O(e),
31 1 . 3
10 = 2[R (KO (360 + 2K W) + 36 ) + 6RY|
_ 8.0 65. 19 2 3
50+ ghet ( 16 16C2C3>6 + O(e”), (B.24)
£ 1 [ KO ( KO (360 42 K(l)) +3a) (2D + K(l))) _ 6 R<3>}
C 3 g B
1t 1.1 o),
=5 3—4C4€+ 2C5+ 2G3 )€ +
1
Fi30 = 5= aMR® 1+ 12RY)]
1 5 11 425 99 1\ , 3
= 3628 1152¢2 T 1728% T 3072t T (128C2C3 4C5>6 +0(€).

C Gluon-gluon hard function in a “trace” colour basis

In SU(N,) gauge theory, the four-gluon amplitude can be written in a basis of single-
and double-trace operators. We follow the definitions in [69] (with traces normalized as
Tr[1] = N, and Tr[T°T°] = 55%):

T = Ty[TO 72T T] 4 Ty [T T T T
(Tr2] — qy[papeepaaTes) 4 Ty [TUTBTUT?]
ATl = My e es) 4 Ty [TU TR TR TM)
T4 = T[] Te[T92 7]
T8 = Ty [ o] Ty [T T
M6l = e[ o2 Ty [T T (C.1)

Within this colour basis the tree level amplitude is easily obtained by noting that
fa1a4bfa2a3b _ 2(6[’1‘1" 1] _ C[TrS]) ’ (C2)

and the amplitude reads (recall that M©) = H(©)):

9O _ _ 48 20).[1r3) _ 43
t’ t’
2 (O1[Tx2] _ 2/(0),[Tr4] _ 4/(0),[Tr5] _ 7/(0),[Tr6] _ (C.3)

Explicit result for the colour amplitude components in the trace colour basis can be ob-
tained either by deriving a rotation matrix, which rotates from the orthonormal basis in
eq. (B.1) to the trace basis in eq. (C.1), or by obtaining an explicit matrix representation
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2

S—u

for the operators T? and T in the trace basis. We have performed the calculation in
both ways, and here we report about the second method.

To represent the colour Casimirs as matrices acting on this basis, the first step is to
express the generators on the external colour-adjoint gluons in terms of commutators inside

the trace, which follow from the definition:
TYTM = — fbuere — (7 TP, (C.4)

Color contractions inside the traces can then be simplified using the SU(N,) identities

1
2N,

1
Te[T*XTY | = 3 Tr[X] Tr[Y] Tr[XY]. (C.5)
Thus, for example,

T ™Y = Ty [T (TP T2 7% — TP o2 b Ta2 T O T )T
= N, T — 9 ITro] (C.6)

Proceeding similarly for the other basis elements, we obtain the matrix representation:

[N, 0 0 0 0 —1] —%= 0 0 0 =1 =37
02N, 0 1 0 1 0 0 0—-30 1%

T = 0 0 No-100 | T 0 o0& 1 1 0 )
0 2 0 2N.0 0 0 1 2 N0 0
-2 0 -2 0 0 0 -1 01 0 0 0
[0 2 0 0 02N |2 -10 0 0 —N

Similarly, in the trace basis the colour operator defined in eq. (B.6), and associated to the
constant term of the quadrupole correction reads

1
5 {fabefcde [{Tga T?} ({Tgfuv Tgfu} + {Tngu? Tngu})

5
+ {T(sl—u? Tg—u}{Tg—i-u? Tg—l—u}} - CEXT?} =
99

8
[ 9N. —4N, —4N. —4 4+ N?) 34+ N2
—4N. 9N. —4N. f(4+N?) -4 14+N?)
—4N, —4N, O9N. 3(A4+N?) i(4+N%) -4 (©8)
2 2+ N22+ N2 6N, 0 0 '
2+N2 2 2+ N? 0 6N, 0
2+ N22+ N2 2 0 0 6N, |
By using these result we obtain the following results: the LL hard function at all order
reads
2/ (). [Tr1] _ _%(&gl))n%7 qy(nn) [Tr3] %(&gn)n%’
H(n,n),[TrQ] _ rH(n,n),[Tr4] _ fH(n,n),[Tr 5] _ fH(n,n),[Trﬁ] —0. (Cg)
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Next, the we provide the NLL and the NNLL terms at each order of the perturbative
expansion, starting at one loop. We obtain

(L0 ] — [217rN a 4(D§1) —i-D](-l))]f

t )
2012 _

HEOTS = (947 N,

jo)
=
+
N
—
S
=
+
]
=
N

HOOMTA _ g i (D)

1
g

~—

HEOMS] — Qi

=
Sl VRS S VAR N IRV

(
2 (L0[Tr6] _ g im0t

¢ (C.10)

At two loops the NLL term reads

4 2D),[1Tr2] _ gin [f(2,1) n 2(&(1) 2}§
a t )

7_[(2,1),[%3] {4N [ ) + Oé( )(D 1)

HEOITA = g N [ f2D 4 4(alV)?]
HEOITS) = _gNir[£2Y + (alV)?

fH(Z,l),[TrG] = AN 7 [f(52,1) + 4(&51))2] , (Cll)

where the function fa ) has been defined in eq. (B.18). At NNLL the real component of
the amplitude reads

Re[H 20T 1) — —% [12(D{" DY + D + D)

™ (3(NZ + 12)R® — N2R®)] 2,
Rem(zo),[TrQ]] _
Re[H (O3] —

I

(1) (1) (2) (2)
[12(D, D;’ + D;” + D; )

W= O

72 (3(N? +12)R® — N2R®)] ; ,
Re[H 20T 4] = 1272 N, R@);,
Re[H O8] — o
Re[HZO 6] = _1972N, R@); . (C.12)
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At three loops, the NLL component reads
D = Lo g0 1240 — (42 - 12) (a0
1 s
24(1) | 2 (2 ~(1) (1) (1)
— 4N2a( [ag )+ §a§, )(D;" + D] )”t,

13212 _ o, Nc(4f[53’2) 116 d51))3 n 3fb(3,2)>;7

)’

H(3,2),[Tr3] — { . 'iﬂ'Nc [2f(§3,2) + 2fl§32 (
2,(1) | 1) (D) 1 $
+4Nca§){a§) @ &M (D; +D }}t
BT = 947 [(N? 4 4) 32 4 (N2+2) (52) L (N2 +1)(a ‘”)3]?
H(3,2),[Tr5] 427[_[(]\[2_"_2)](' (3,2) +f32 ( ) ]
HODTO = 947 [(N2 + 4) £ + (N2 +2) f(32 8(N2+1)( M. ()

where the functions f(3 2) , fég’z) and fc(3’2) have been defined in eq. (B.22). The real part

of the NNLL term reads

Re[#(* 1] = —4N. [ 0+ é)(D( '+ D(l)) A(l)(D(Q) + D](Z)) + ol(l)DZ(l)D(,l)
S

( 4f(31 F3D) - (4f31 e h’

RG[H(3’1)’[Tr2]] —0

Re[H T3] = 4N, [@23) + d§2) (DZQ) + D](.l)) + @él) (‘Dz@) + DJ('Q)) La 1)D(1)D(1)
+ 2 (Ncg (4fc(l3,1) _ ff”l)) _ 4(4fz53’1) + fc(3’1))>]

Re[’].[(S,l)v[Trzﬂ] = —472N? [61’153’1) _ 2f£3,1) + fc(3,1)] ;,

Re[H(3’1)’[Tr5]] _ 0’

Re[H(S,l),[TrG]] _ 47r2N02 [6f<§3’1) _ 2fé?),l) + fc(3,1)]§,

A/
Qg
s
t

I

(C.14)
and the functions f(3 1) flfg’l), fc(s’l) and fa(lg’l) have been defined in eq. (B.24).

D Gluon Regge trajectory and impact factor in N/ = 4 SYM

In section 4 we have shown how to extract the impact factors and Regge trajectory from a
given amplitude. These ingredients are necessary to obtain a complete description of the
1 — 1 transition up to NNLL in the high-energy logarithm. As discussed in section 4, the
recent calculation of the gluon-gluon amplitude up to three loops in N/ =4 SYM [41] allows
us to obtain the Gluon Regge trajectory at NNLO in this theory, which was previously
unknown. According to egs. (4.29) and (4.35), we are able to extract also the gluon impact
factor in this theory. This information represents the last ingredient which is necessary
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in order to obtain a complete description of the 1 — 1 transition up to NNLL in the
high-energy logarithm, and we collect it in this appendix. We express the gluon Regge
trajectory in terms of the coefficients déi) , which enters directly the fixed-order amplitude
coeflicients provided in appendix B and C.

At one loop the gluon Regge trajectory in N' = 4 SYM is of course identical to the
QCD case, i.e.

. 1 1 7
&) | n=asym = ?E(TF —-1) = —ee 6(3 €+ 0(e). (D.1)

The gluon impact factor at one loop reads
17 41 59 67
DWW = N, — 2 S [— —
g IN=4sYM C|:<2+€12C3+6 32C4+6 24C2C3+20C5
35 7
4 2 5

— - = . D.2
+e < 1353 6<6> +0(e )] (D.2)

It is easy to check that the impact factor in N/ = 4 SYM correspond to the highest
trascendental weight of the N, term of the correponsing QCD impact factor, see eq. (4.30a).
At two loops the Regge trajectory reads

A(2) IS DS R Y 4 3

Qg IN=15YM NC[ 3 616C4+6 (24C2C3+ 8C5 +0(e) |, (D.3)
which corresponds to the O(a/7)? coefficient of —Hj_,1/Cy4 in eq. (4.51). Once again,
it corresponds to the term with highest trascendental weight of the N, term of the QCD

result, see eq. (4.24). The impact factor at two loops reads

17 39 659 ., 5531
p@ N2l S G (17 39 2( 097 ,9 0992 H. (D4
g [ 322 61 T\ 2198156 ) T T aggG T Hp o) HO) (D-4)

Last, the Regge trajectory at three loops (with meaning explained below eq. (4.51)) reads

AG) :N2_£l 56l | 107 G 10) D5
g |n=1sYM c|: 14463+1926+144C2C3+ i (e)] - (D.5)
Notice that this expression for &g is equivalent, upon using eq. (4.22), to the Regge trajec-

tory recorded in eq. (4.51) of the main text.
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