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ABSTRACT: Vacuum energy changes during cosmological phase transitions and becomes
relatively important at epochs just before phase transitions. For a viable cosmology the
vacuum energy just after a phase transition must be set by the critical temperature of the
next phase transition, which exposes the cosmological constant problem from a different
angle. Here we propose to experimentally test the properties of vacuum energy under
circumstances different from our current vacuum. One promising avenue is to consider
the effect of high density phases of QCD in neutron stars. Such phases have different
vacuum expectation values and a different vacuum energy from the normal phase, which
can contribute an order one fraction to the mass of neutron stars. Precise observations
of the mass of neutron stars can potentially yield information about the gravitational
properties of vacuum energy, which can significantly affect their mass-radius relation. A
more direct test of cosmic evolution of vacuum energy could be inferred from a precise
observation of the primordial gravitational wave spectrum at frequencies corresponding to
phase transitions. While traditional cosmology predicts steps in the spectrum determined
by the number of degrees of freedom both for the QCD and electroweak phase transitions,
an adjustment mechanism for vacuum energy could significantly change this. In addition,
there might be other phase transitions where the effect of vacuum energy could show up
as a peak in the spectrum.
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1 Introduction: a brief history of vacuum energy

The discovery of the acceleration of the Universe [1, 2] has led to one of the deepest puzzles
of modern day physics. Within cosmology the dark energy responsible for the acceleration
can simply be described by adding a new parameter, the cosmological constant, to the ex-
pansion equations. However, within particle physics this cosmological constant is expected
to correspond to the vacuum energy of the quantum field theory of our Universe, deter-
mined by the underlying microscopic physics. It is then difficult to explain why a simple
estimate for the vacuum energy is many orders of magnitude larger than the observed value,
A ~ (1073 eV)*, which is much smaller than any other scales appearing in the Standard
Model (SM) of particle physics. Supersymmetry (SUSY) is the only known mechanism
to set the cosmological constant to zero, however SUSY breaking does contribute to the
vacuum energy, resulting in the oft quoted 60 orders of magnitude discrepancy known as
the cosmological constant problem. On the other hand, if there is a (yet to be identified)
adjustment mechanism for the cosmological constant,! then why is it not exactly zero?
This has led many scientists to embrace Weinberg’s approach, who predicted the expected
magnitude of the cosmological constant from anthropic considerations: if the cosmological
constant was much larger than the critical density then structure could not have formed,
given the observed size of primordial density perturbations.

Looking at the cosmic history of the Universe, one can realize that the cosmological
constant problem is actually more severe than the tuning of a single parameter. At every

! Any such adjustment mechanism is strongly constrained by the Weinberg no-go theorem [3], for recent
discussions see [4-7].



phase transition (PT) the Universe undergoes (when the vacuum expectation values of
fields are changing), the vacuum energy is expected to jump by an amount proportional to
the critical temperature T, [3, 8]:

AN < Ty . (1.1)

In order for vacuum energy to not dominate after the PT (and thus allow ordinary radiation
dominated expansion of the Universe in accordance with successful structure formation),
the total vacuum energy after the end of the PT has to be quite precisely equal to the
change in vacuum energy generated at the next PT. Viewed from this angle the cosmological
constant problem is even more disturbing: every time vacuum energy is about to dominate
the energy density, a new PT must happen, and the amount of cancellation of vacuum
energy during the PT already anticipates the future history of the Universe. For example
at temperatures above the electroweak (EW) scale the vacuum energy in the SM is of order
M{}V. As the Universe cools and goes through the EW PT vacuum energy gets reduced to a
size of the order of AéCD, which then gets reduced to its current size during the QCD PT.
Depending on the UV completion of the SM there may be another GUT and/or SUSY PT
(or something else). A sketch of the evolution of the pressure due to radiation together with
that of the vacuum energy (assuming a GUT, EW and QCD PT) is shown in figure 1, which
illustrates the main features: vacuum energy was much larger at earlier times, nevertheless
it always remained a sub-dominant component of the total energy density except around
the times of the PTs. This picture again underlines the interpretation of the cosmological
constant as a quantity determined by microscopic physics, as the resulting final vacuum
energy that has changed during the PTs. From the point of view of the cosmological
constant problem, this issue is summarized by the equation

Aeff = Abare + Z azTéz ) (12)
[

where Aeg is the currently observed effective cosmological constant of order (1073 eV)4,
the Tt ; are the various critical temperatures for every PT the Universe went through, the
corresponding «; being determined by the dynamics of the individual PTs, and Apare 18
the bare cosmological constant that is used to tune the whole sum to its current value. We
can see that the tuning of Ay, involves tuning against a sum with several contributions
of widely different magnitudes, and the final cosmological constant is extremely sensitive
to each one of them. Thus while one gets away with tuning a single parameter, this single
tuning encodes sensitivities to a large number of independent dynamical parameters. This
is what is reflected in figure 1 and is necessary for a viable cosmic history of vacuum energy.

Whether this is indeed the correct picture of the evolution of vacuum energy is one
of the most important fundamental questions of physics that is yet to be verified exper-
imentally.? Any such experimental test would also verify the microscopic origin of the
cosmological constant as the gravitational effect of the vacuum energy of the quantum

2A potential alternative history (corresponding to that of an adjustment mechanism) would have a
vacuum energy that is always very small, except for some spikes during the PTs, though there is no known,
successful, implementation of such a mechanism. Other adjustment mechanisms would go as far as invoking
non-local and acausal dynamics, see e.g. [9, 10].
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Figure 1. Sketch of the evolution of vacuum energy (dotted-red) and the total pressure (solid-
purple) dominated by radiation (dashed-blue) during the expansion of the Universe. Left: standard
model evolution where the vacuum energy jumps at every PT (the ones pictured here correspond to
the GUT, EW and QCD PTs). Right: the evolution assuming some form of adjustment mechanism
for vacuum energy.

field theory of our Universe, and would thus yield a test of the Equivalence Principle for
vacuum energy. The difficulty in verifying this picture experimentally is clear: until very
recently, vacuum energy was always a sub-leading component of the energy density, and
thus was never the main driver of the expansion. Moreover, the most recent known PT is
that of QCD, at a temperature TP ~ 200 MeV. While this is a relatively low particle
physics scale, most of the phenomena relevant to experimental cosmology (nucleosynthesis,
structure formation, CMBR) are sensitive only to temperatures well below the QCD scale.
Thus one would need to consider new observables that are potentially sensitive to the de-
tails of the QCD or the EW PTs. This is further complicated by the fact that both of
these PTs are thought to be quite weak: the QCD PT is a cross-over, while the EW PT in
the SM with a 125 GeV Higgs boson is second order. The imprints of such PTs are weaker
than those of strongly first order PTs would be. For example a strongly first order PT is
expected to lead to the production of gravitational waves (GWs), whose spectrum could
potentially be sensitive to the evolution of vacuum energy during the PT [11]. Since neither
of the PTs is expected to be first order, no significant GWs would have been produced.

In order to experimentally test properties of vacuum energy, we must find systems
where vacuum energy contributes a sizable fraction of the total energy. This can be either
in a compact system that can be observed today, or at some earlier epoch in the cosmic
expansion in the Universe. We will suggest examples of both types in this paper: we will
study the effects of vacuum energy inside the core region of neutron stars,? and consider the
epochs around cosmic PTs, where vacuum energy approaches the energy stored in matter.?
The interesting possibility of searching for effects of vacuum energy on the dark matter
relic abundance was considered in [13].

3 After this paper appeared we became aware of [12] which pursues similar ideas in the context of
strange stars.

4One more interesting system could be that of a superconducting PT where Cooper pairs condense and
generate a tiny photon mass. However, the relevant energy scale is set by the mass gap A ~ kT, ~ 10" % eV,
which is much smaller than the actual mass of the superconductor, and thus any effect will be extremely tiny.



The argument leading us to consider neutron stars is the following. Since it is quite
difficult to test the evolution of the true vacuum energy of the Universe, one can look
for perturbations where the structure of the vacuum is significantly rearranged, yielding a
potentially sizable local shift in vacuum energy. This could happen in the presence of large
local densities, when the large density leads to a change in the structure of the VEVs of
the fields. A typical example of this sort of PT is thought to be QCD at high densities. As
the chemical potential is increased, QCD is expected to go through a series of PTs even at
zero temperature: at very high densities a color-flavor locked (CFL) phase should appear,
while at intermediate values a non-CFL quark matter phase should be present [14]. Both
of these phases have VEVs different from the ordinary hadronic phase, and therefore one
expects the vacuum energy to also be modified. Of course in this case the change in vacuum
energy is tied to the presence of a large density (and its accompanying pressure following
an equation of state determined by the QCD dynamics), and experimentally the shift of
the vacuum energy in the region of large density manifests itself in a change of the equation
of state for the matter in the unusual phase of QCD (which we will just call the condensate
or condensed phase). Nevertheless this change in the equation of state of the condensate
should have observable experimental consequences. Consider for example a neutron star,
one of the densest systems in the Universe. Given that their central density is expected to
go well beyond the nuclear saturation density, it is thought likely to have an exotic quark
condensate of this sort at its core. If vacuum energy indeed contributes an additional piece
to the pressure of the condensate, then the structure of the whole neutron star will change
compared to the situation where no such additional pressure term is present (for example
due to a local adjustment mechanism of the vacuum energy). Thus one will obtain differing
structures for neutron stars depending on whether a shift in the vacuum energy is locally
cancelled or not. A careful measurement of the mass-radius relation M (R) of the neutron
star could potentially distinguish between these scenarios, especially if the equation of state
for the condensate is eventually precisely determined by QCD simulations.

In the second part of the paper we consider the epochs around cosmic PTs, when
for a short period vacuum energy becomes sizable compared to radiation. This could
modify the propagation of primordial GWs, and leave an imprint on its energy spectrum.
The well-studied effect of PTs on GWs [15-18] is to yield a step in the spectrum which
is determined by the number of relativistic degrees of freedom in thermal equilibrium.
Vacuum energy can add a peak in the spectrum, if its magnitude becomes comparable to
that of radiation. However, such a peak might be washed out if the step due to the change
in the number of degrees of freedom is large, which is indeed what is expected to happen
for the QCD PT [19], while for the EW PT the vacuum energy never becomes large enough
to produce a peak. However other PTs can potentially produce a peak, and we will show
the conditions needed for that to happen. We also consider the possibility that the time
scale for a hypothetical adjustment mechanism for the vacuum energy is somewhat longer
than that of the PT. In this case vacuum energy will dominate the total energy for a short
period after the PT, and will result in a suppression of the modes that entered before the
PT started, yielding a much larger step in the energy spectrum of the GWs than in the
standard scenario.



Before we discuss the details of our analysis, we want to comment on what exactly we
mean by a changing vacuum energy. There are many different types of PTs in nature. Most
of them involve a transition between two phases of matter, without actually changing the
VEV of the underlying fields. One example is the recombination of electrons and protons
into hydrogen atoms, which happens at around z ~ 1100 in the evolution of the Universe,
and can be thought of as a transition of ordinary matter from a plasma to a gaseous phase.
In this process there is a binding energy of 13.6 eV per hydrogen atom, which will appear
as a decrease in the energy density of ordinary matter. Nevertheless we would not consider
this a change in vacuum energy. The binding energy is localized around the actual H-atoms,
and would dilute like ordinary matter in an expanding Universe, while vacuum energy does
not actually get diluted. The type of transition we are after is when the VEVs of fields
actually change in a region of space by a significant amount,® leading to a change in the
vacuum energy.

Finally, while we will investigate the effect of a hypothetical adjustment mechanism
that cancels the vacuum energy associated with the PT, we will not deal with the details of
the adjustment mechanism: we simply assume that it cancels the vacuum energy. Of course
one can imagine other potential adjustment mechanisms, which will require modifications
of the analysis presented here.

The paper is organized as follows. In section 2 we present our analysis of the effect
of vacuum energy on the structure of neutron stars. Section 3 contains the discussion of
the consequences of vacuum energy on the primordial gravitational wave spectrum. We
first present some of the general properties of the propagation of gravitational waves in
section 3.1 (while some more related details are in appendix A). The description of the
effects of phase transitions is contained in section 3.2, while the numerical results for the
QCD phase transitions are in section 3.3. In section 3.4 we present the conditions and an
example for the case when a peak appears in the gravitational wave spectrum, while the
discussion of the effects of an adjustment mechanism can be found in section 3.5. Finally
we conclude in section 4.

2 Vacuum energy and the structure of neutron stars

In this section we present our analysis of the effects of vacuum energy on the structure of
neutron stars. We will present a toy model for a neutron star, with just two regions: the
inner core corresponding to the high-density QCD condensate phase, where the vacuum
energy is different from that of low-temperature and low-density QCD, and an outer core in
the conventional hadronic phase, with the same condensates that appear all through space
since the temperature of the Universe dropped bellow about T, CQCD ~ 200 MeV. This outer
region of the star is usually treated as a fluid made of neutrons (and protons and electrons),
with a polytropic equation of state (EoS) with no extra vacuum energy. Realistic neutron
star simulations are of course much more involved, with many more layers matched onto
each other. We are essentially neglecting the crust, the envelope and the atmosphere of

5Tiny shifts in VEVs are expected due to matter effects and changing binding energies all the time, but
these secondary effects are very small.



the neutron star. We are not attempting to present a precise description of a neutron
star, rather to establish the importance of the QCD-scale vacuum energy at the center in
contrast to the outer regions. We will show that it has a significant effect on the structure
of the star, which would change significantly if the jump in vacuum energy in the inner
core was actually not present. See ref. [20] for a review of the physics of neutron stars.

We are assuming a static neutron star in equilibrium at close to zero temperature.
Gravitational pressure is balanced by the degeneracy pressure of the fluid. The general
form of the metric of a static and spherically symmetric spacetime is given by

ds? = e*Mdt? — (1 —2Gm(r)/r) "  dr? — r2dQ? . (2.1)

Einstein’s equations for a static and spherically symmetric configuration of a fluid with
pressure p(r) and energy density p(r) are given by the Tolman-Oppenheimer-Volkoff equa-
tions [21-23]:

m!(r) = 4nr’p(r), (2.2)

p(r) = —MG [m(r) + 47rr3p(r)] , (2.3)
/ o 2p(r)

Y0 = o T o) (2:4)

where / denotes differentiation with respect to the radial coordinate r. These are three
equations for four unknown functions: p(r), p(r), m(r) and v(r). The extra equation
needed to solve the system is the EoS, p = p(p), which is the only model dependent
input sensitive to the actual phase of the fluid in the various layers of the neutron star.
The radius of the neutron star, R, is determined by the condition of vanishing pressure
p(R) = 0. Outside the radius of the neutron star, »r > R, the solution is matched to the
Schwarzschild solution in radial coordinates, with total mass M = m(R).

We model the fluid and its corresponding EoS in the following way: as the pressure
increases toward the center of the neutron star, it eventually reaches a critical value pe,, at
some critical surface r = r¢;, where the fluid undergoes a phase transition, from a hadronic
phase to a quark matter phase, the latter with a non-vanishing vacuum energy A. To
the critical pressure corresponds a density above nuclear saturation, ~ (200 MeV)?, where
nucleons seize to be a good description. There are therefore two EoS’s for the two different
regions:

p:p*(p*)7 D2 Pexrs TS Ter
p=p+(p+), P<Pa, TZTc.
The usual Israel junction conditions [24] of continuity of the induced metric and extrinsic

curvature at the critical surface require /(r) and m(r) to be continuous across the phase
transition. These in turn imply the continuity of the pressure p(r).> The energy density

SWe are neglecting a possible localized surface tension on the layer separating the two phases, which
would allow for a small discontinuity in the pressure at the critical surface.



p is in general discontinuous at r.. as is generically the case for phases separated by a
spacelike surface, such as the vapor-liquid phases of water.

In the inner core region r < 7. we take a polytropic fluid supplemented by a non-
vanishing vacuum energy A

p-=pm—A, p_=pmt+A, Pm = K—pP)y (2.7)

where p,,, and p,, represent the ordinary matter partial density and pressure, that could
include e.g. the effect of binding energy and interactions, but not the vacuum energy. In
the outer core region, r > r¢, we take another polytropic fluid described by x4 and ~4
but no vacuum energy, A, = 0, that is simply

Pt = Ripi (2.8)

We will restrict our attention to an outer polytropic EoS with mean exponent v = 5/3,
which reproduces the low pressure and density limit of a degenerate Fermi gas, and fix the
compressibility factor x to match nuclear saturation pressure and density, ps = (65 MeV)*
and ps = (185MeV)? respectively. For the inner polytropic, we will assume v_ = 1 and
k— = 0.1 as an approximate description of relativistic quark matter (this is an EoS close
to the MIT bag model, which presumably includes the vacuum energy contribution from
the QCD PT as part of the bag constant [25, 26]).

In addition, we will impose some restrictions on the vacuum energy of the inner phase.
On the one hand, should A be smaller than —p.., the matter partial pressure p,, would
become negative, triggering an instability of the fluid that would split in more than two
phases of matter. Thus one has the condition

A > —per. (2.9)

On the other hand, we will require the equilibrium configurations obtained after solving
egs. (2.2), (2.3) and (2.4) to be stable. The transition from stability to instability as we
vary the pressure at the center of the star, po = p(r = 0), takes place when M /dpy = 0.
For the EoS’s at hand, it can be shown that we can avoid a stationary point for the total
mass of the star if at the transition between the inner and outer fluid the energy density
jump is positive,

1/v+
p(rer) — p(res) = (p) - > 0. (2.10)

Kt

1/v-
<pcr+A> + A

This condition imposes an upper bound on the value of the vacuum energy, which depends
on per and the EoS’s parameters.

In figure 2 we show a representative set of radius versus mass curves for different
values of the vacuum energy. We have taken a critical pressure above nuclear saturation,
per = (100MeV)?. Each trajectory has been obtained by varying the central pressure,
po. As the central pressure increases, so does the mass of the star, until it reaches its
maximum. Notice that all the curves converge at low masses, since the outer EoS does not
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Figure 2. Radius versus mass trajectories for a two-polytropic fluid with y_ = 1 and v, = 5/3, for
various values of the vacuum energy in the inner core, sign(A)|A|'/* = —90MeV (red dot-dashed),

—75MeV (brown dotted), 0MeV (black solid), 50 MeV (blue dashed), and 100 MeV (orange dot-
dashed).

depend on A. Most importantly, note that there is a significant variation of the maximum
mass depending on the value of A. This fact can be best appreciated in figure 3. We show
in the left panel several curves of maximum mass as a function of A for several values of
the critical density pir/4 = 75,100, 150 MeV, while the right panel shows contours of the
maximal mass as a function of the vacuum energy and the critical pressure. If A is of the
order of p.,, then there is a sizable difference between the maximal possible neutron star
mass in the presence of A, as expected in the standard picture, versus A ~ 0 as one would
expect for a case with a local adjustment mechanism for the vacuum energy. Furthermore,
the sensitivity is higher for smaller values of the critical pressure, as well as for negative
values of A. Depending on the parameters chosen, an up to 50% effect can be observed.
However, there is generically a long plateau around A = 0, implying that for low values of
A when compared to pc;, the effect of turning off the vacuum energy is small. Finally, the
behavior observed in the figures, in particular the reduction of the maximal mass with A
for a given critical pressure, can be understood by noticing that a larger value of A implies
a larger matter pressure for the same total pressure at the center. This makes the star end
at a smaller radius, and hence it has a lower mass. We show in figure 4 the pressure profile
of two stars with the same properties except the value of A to illustrate this point.

At this point it is important to take into consideration the fact that there is strong
observational evidence of neutron stars with masses above 2Mg. Such large masses have
been taken as an indication in favor of pure hadronic neutron stars, given the difficulty of
reproducing them with EoS’s like the MIT bag model. We are showing here that if the
vacuum energy, which is presumably included in the MIT bag model as part of the bag
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constant, was to be relaxed towards negligible values, larger values of M,,x could easily
be obtained, improving consistency with observations (see also [26, 27]). Nevertheless, it
is certainly crucial that a reliable EoS for the matter component is obtained [28-30] before
making any definitive conclusions.

With the expected improvement in quantity and quality of experimental data on neu-
tron stars, one might hope to obtain better lower bounds on the maximum mass of a neutron
star, along with crucial information on the associated radius. To date, radius measurements
have low accuracy, and they have only been achieved for a handful of neutron stars in binary
systems, and inferred from X-ray measurements. A promising avenue that is expected to



provide new data is the detection of gravitational waves from in-spiraling binary neutron
stars [31]. From the properties of the gravitational wave signatures during coalescence,
different competing models for the EoS of the neutron star can be distinguished from one
another. Properties such as the mass-radius relationship, and the response of the star to
tidal forces are imprinted on the “chirp” gravitational wave signature given off by the col-
lapsing binary pair. Given input from theoretical studies of QCD at high densities where
the non-CFL phase is expected to occur, and of the nuclear superfluid equation of state that
describes the physics of the outer core, Advanced LIGO could test whether or not there
are non-standard contributions to the EoS that may be related to dynamics responsible
for the small observed value of the vacuum energy density. The most challenging aspect
of this program, however, is to obtain this theoretical input. Progress on first-principles
determination of the finite chemical potential portion of the QCD phase diagram has been
slow, as the typical tools for non-perturbative studies, i.e. the lattice, are ill-suited for large
baryon densities. Further development of experimental techniques to determine properties
of exotic phases of QCD, along with the aforementioned advances in theoretical predictions
are key to determining the gravitational properties of vacuum energy in neutron stars.

3 Vacuum energy and primordial gravitational waves

In this section we investigate the effects of vacuum energy on the propagation of primordial
gravitational waves (GWs). Since vacuum energy is comparatively sizable only around the
cosmic phase transitions (PTs), those epochs will be the focus of our attention. A main
goal of future GW detector experiments (either space based [32] or using atom interferom-
etry [33, 34]) should be to explore the frequency regimes corresponding to the QCD and
EW PTs, as well as to look for signals of other possible PTs and search for potential effects
of vacuum energy as described below.

3.1 General properties of the gravitational wave spectrum

GWs correspond to transverse traceless tensor perturbations h;; (with h;’: =0, and Gkh,’f =
0) of the metric in an expanding Universe

ds* = a(1)? (d7* — (8;5 + hyj) da'da?) | (3.1)

where we have used conformal time 7, related to co-moving time ¢ via a(7)dr = dt. The

expansion equations in conformal time are given by

8 G " . .9 4 G
a? = (ad)2 = (CLZH)Q = 7rTa‘lp, % =a® <Z + 22) = WTCLQT;L. (3.2)

where H = a/a is the Hubble scale with respect to time ¢, ’ indicates a derivative in 7, and
the trace of the energy momentum tensor is T}y = p — 3p. The linearized Einstein equation
for the tensor perturbations h;; (assuming no anisotropic stress in the perturbed 7},,) is

hY + 2HR, — V2hiy =0 (3-3)

~10 -



where H = a’/a is the Hubble parameter with respect to conformal time 7. The spatial
Fourier transform provides the mode expansion of the gravitational waves:

hij= Y. /
o=+,—

and the evolution equation for the rescaled modes (omitting the polarization index o)

ek (o), (0 ik
(277)36’(j)h1(€ )(7')6 K (3.4)

Xt = ahy becomes

"
Xp+ (k2 — ‘;) Xk = Xh + [kZ — Mf&ifﬁ] i =0. (3.5)
where in the second expression we used eq. (3.2). Thus the crucial quantity which deter-
mines the detailed properties of the GW spectrum is the trace of the energy momentum
tensor.

The basic properties [35] of the solution to eq. (3.5) can be understood quite easily.
As long as the k2 term dominates the damping term, x will freely oscillate, and hence
the full solution h = y/a will be damped by the scale factor. This damping starts when
the given mode enters the horizon.” Before that the mode is frozen, which corresponds
to the solution x(7) o a(7) of the equation x”/x = a”/a. Thus the spectrum will be
determined by the rate of entering the Hubble horizon. The details of the definitions and
evolutions [16] of the relevant quantities characterizing GWs are discussed in appendix A,
where we explain that the energy density per log scale in units of the critical density is
approximately given by

Qh(T, k‘) >~ (Aﬁ)2

~ Wk%?(fhc), (3.6)

where 7y, is the time of horizon crossing, and Aﬁ is the (approximately constant) primordial
power spectrum. We can see that the relevant quantity is k2a?(mc).

3.2 [Effects of a phase transition

If we now consider a mode that enters during radiation domination, when a o< 7, H o a2,
then we find that the energy spectrum €, is flat:®
Ok > keq) o< k2a? (The) o< a* () HE, o const. (3.7)

since the condition of re-entry is k% ~ a’H 2|Thc. Here and in the following we will drop the
overall factors in eq. (3.6) that are common for all the modes. Also, by k > keq we mean
modes that enter before matter-radiation equality.’

It is the real Hubble horizon that a mode k has to enter for the damping to start, k¥ > aH. When
the solution enters the “horizon” calculated from T} in eq. (3.5), k > a+/4nGT}//3, it still has a large
velocity, which will start decreasing only when the actual Hubble horizon is entered, in accordance with
our expectations from causality.

8Here we are neglecting the trace anomaly, which makes the equation of state of radiation deviate
from the pure conformal behavior p/p = 1/3, and whose effect on the GW spectrum is to introduce a
slight tilt [36].

9Modes entering during the matter dominated era have a spectrum that scales as 1/k2.
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If however, there is a PT then there is a departure from pure radiation domination, and
one expects features to show up in the spectrum. The traditional discussion of second order
PTs assumes thermal equilibrium and conservation of entropy, with a changing number
of relativistic degrees of freedom in thermal equilibrium g.(7).!° In this case entropy

conservation implies
pPtp 3
S=—a
T

while the number of degrees of freedom determine p + p o g.(T)T*. Thus the expansion

= const. (3.8)

rate is set by
1

acxx T g, . (3.9)

This will set the GW spectrum to be
_1
Qp(k > keq) o E?a®(he) o a* (The) HEe o< gi ® (3.10)

dependent only on the number of degrees of freedom g,. Therefore one expects to see a
step in the GW energy spectrum during a PT, of size of approximately (g°/ gf)% [15], where
a and b denote after or before the PT.

This analysis of PTs so far ignores the potential effects of vacuum energy. Next we
will discuss qualitatively what those could look like, while later on we will present the full
numerical results for the case of the QCD PT.

Let us define £(7) as the relative size of the vacuum energy pp compared to radiation
o = pra”: PA _ PA 4

= n=oa (7). (3.11)
pr carries the dependence on the degrees of freedom g,. Both radiation and vacuum energy
set the comoving horizon, which determines the re-entry of the mode k,

k> =a?H? = (1+&)a’pr = (1 +€)a?pR, (3.12)

in units where 8wG/3 = 1. The resulting power spectrum is thus

wl=

Qk > keq) o a*(mhe)k* = (14 &)pr = (1 +&)g. T a" o< (1+&)g. ? (3.13)

where in the last step we used entropy conservation, eq. (3.9). This is the equation that
controls the non-trivial features of the GWs spectrum generated by adiabatic PTs where
generically both ¢ and g, change, affecting the otherwise flat (or standard) spectrum. Since

OWhether entropy is conserved in a PT where vacuum energy is reduced depends in large part on how
quickly the PT proceeds. A nice analogy is to consider a bath with expanding walls, where a compressed
spring is also inserted between the walls, where the spring plays the role of the vacuum energy. If the walls
expand very quickly while releasing the spring, the spring will start oscillating and its energy eventually
is dissipated into the bath. In this case entropy increases, the energy of the spring will go directly into
heating the bath, a case analogous to reheating at the end of inflation. However, if the walls expand very
slowly, then the spring will slowly relax to its equilibrium position without oscillations and decouple from
the system. In this case entropy is conserved and the process is reversible. This is the analog of the scenario
usually considered for the QCD and EW PTs.
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well before the PT starts £ is very small and after the PT & has to be small again, while
during the PT ¢ will become sizable, one expects that the effect of the vacuum energy on its
own is to produce a peak in the spectrum. Whether this peak will remain as an observable
feature will depend on the relative magnitude of the peak (controlled by &) versus the size of
the step (controlled by the change in the number of degrees of freedom). Below we present
a discussion of the approximate shape of the expected peak. Those only interested in the
actual shape of the spectrum for the QCD PT or for a hypothetical SU(N)/SU(N —1) PT,
may skip ahead to section 3.3 or section 3.4 respectively.
The general expression of the energy spectrum based on eq. (3.13) is given by

Qka > keq) _ 14+ & <9$>_%
Qlkp > keq)  1+& \ ¥ .
The generic label in &, = &(7,) and g¢ = g.(7,) refers to the mode k, = a(7,)H (7,) that

(3.14)

crosses the horizon at 7 = 7,. In the following we call 7 the starting time of the PT, k;
the mode entering at that moment, and &; the vacuum-to-radiation energy ratio &(7;).

Well before and after the PT, where £ — 0, we recover the standard flat spectrum with
an overall step between the asymptotic values of magnitude (g%/ gi)fé. However, around
the PT the vacuum energy is non-negligible and so is £&. The frequency dependence carried
by £ can be exposed inverting

where the last step holds only for £ < 1. From this expression and eq. (3.14) we see that

before the PT, that is before the number of degrees of freedom changes, g, = const., the
spectrum scales as
Qnp(k 2 ki)

ke )\t
Qn(k > k) b <k> ] 7 (310

for & < 1, implying an increasing spectrum as k approaches k; from larger values.

X

In order to illustrate the qualitative effect on the spectrum of the vacuum energy for
k < ki, let us consider the case with no change in the number of degrees of freedom during
the PT, g% = ¢g%. Assuming for simplicity that the PT proceeds very quickly, the vacuum
energy jumps at 7 = 7y from its initial value pp to zero, and the horizon jumps, consistently
with entropy conservation, from k? to k2 = k2 /(1 + &;). The resulting scale factor a(mc)
is approximately k-independent for the modes k; < k < k¢, which enter the horizon all at
once. Therefore, the spectrum €, o< k2a?(m,.), decreases as k2 for k < k!

(k) <k Ski) <1<;

2
k= ) kt) (1+&). (3.17)

One thus expects a peak of size of approximately 1+ &;. Whether this peak is indeed visible

in the spectrum will then depend on the change in the number of degrees of freedom,
which gives rise to a step. If & < (¢%/ gff)% — 1 then the peak will be washed out by

"F¥or a slower PT a(me) is a monotonic function of k, thus Qx(k < k) is expected to decrease slower
than k2, the quadratic behavior reached only for an instantaneous PT.
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the step in the spectrum due to the large change in the number of degrees of freedom.
However if the change in degrees of freedom is modest such that & > (g2/ gf)% — 1 then
a genuine peak is indeed expected. However, if entropy is to be conserved while the
number of degrees of freedom change during a PT, the Universe must expand by the factor
a(tq)/a(my) = (Tb/Ta)(gZ/gf:)%, where T}, is the temperature at the start of the PT, and Ty,
at the end. This implies that the drop of the spectrum for the modes with k < k; will be
slower than that in eq. (3.17).

Below in section 3.3 we will show that for the standard QCD and EW PTs the peak
is indeed washed out and one only expects a step. In section 3.4 we will show an example
of a hypothetical PT where the effect of vacuum energy is to produce a peak in the GW
spectrum. Finally we will show the case of the QCD PT with an adjustment mechanism
whose time scale is longer than that of the PT, resulting in a short period of late inflation
in section 3.5.

3.3 Effects of vacuum energy during the QCD and EW phase transitions

Above we have presented the general qualitative picture of the effects of PTs, and in
particular the effect of vacuum energy, on the GW spectrum. Here we show the results of the
numerical simulation for the QCD PT, and comment on the EW PT as well. For the case
of the QCD PT one can use the results of lattice simulations to learn about the details of
the PT, and in particular to read off the effect of vacuum energy. A simple parametrization
that has been used in [37-39] is for the trace of the energy momentum tensor

1 dy d
O=TI=T (1 q +6(T_q)/cz)2> ( =+ 4) (3.18)

where this parametrization is applicable for 100 MeV < T < 1GeV, and the approxi-
mate values of the constants are ¢; = 193MeV, co = 13.6 MeV, do = 0.241 GeVz, dy =
0.0035 GeV*. The meaning of these parameters is quite clear: ¢; is the critical temperature,

s is the characteristic temperature width of the PT, d4 corresponds to the QCD vacuum en-
ergy, while dy is a matter density present during the PT. Eq. (3.18) determines the equation
of state of the QCD matter during the PT, modified from pure radiation. Since © = p—3p,
using the first law of thermodynamics p = T'(dp/dT) — p, we can obtain the pressure as

T4 T @(T/)
T)=po—s +T* | dT’ . 1
§T) =g + T [ TS (3.19)

One can choose Ty = 1GeV, and assume that at those temperatures the pressure arises
from pure QCD radiation pg = g—; gs 1 é‘, with g, =~ 55. The energy density is then obtained
from the knowledge of © = p — 3p and p.

Assuming that the PT proceeds sufficiently slowly, and that entropy is conserved during
the QCD PT,'2 we can determine the scale factor a(T) as a function of the temperature:

o= (L)} (Aol iy (320

12This is not a trivial assumption. We will see later in section 3.4 that if the change in the vacuum

energy is too large during a PT (with the change in the number of degrees of freedom fixed), then entropy
can not be conserved. We have checked that with the given equations of state the QCD PT does proceed
sufficiently slowly such that it might be adiabatic.

— 14 —



Finally, the temperature as a function of the conformal time 7 is obtained from integrating
the Friedman equation:

T da(T") 1 1
T(T)=1+ [ dT’ :
@)= To a1’ a*(T") \/87Gp(T")/3

This latest integral can be performed numerically, leading to a numerical function of T'(7),

(3.21)

which in turn can be used to determine the input function 47G7T}//3 in eq. (3.5). This can
then be used to numerically study the spectrum of GWs over the QCD PT as follows. We
assume that a particular mode prior to entering the horizon was just given by a plain sine
function (the solution to the free equation), so for the boundary condition of the numerical
solution to the differential equation we will use x%(79) = sin(k7o)/k and x}.(79) = cos(k7),
with arbitrary overall normalization, however the k dependent factor is included in order
to reproduce a flat primordial spectrum. Once the PT is over, we match the x function
again to sines and cosines xx(7) = (Ag sin(k7) + By, cos(k7))/k. The energy spectrum will
then be given by Qp (k) = (A2 4 B?)/k?*. The results of the simulation are given in figure 5.
We can see that there is no peak appearing in the spectrum: the step due to the change
in the number of degrees of freedom during the QCD PT from approximately 51.25 down
to 17.25 completely covers up the small effect of the vacuum energy. This in in accordance
with our qualitative expectations from the previous section. There we argued that the
magnitude of the peak is set by & = pa/pr(7t). Here we can identify pp = d4/4, and for
pr(m:) we take the value of radiation at the PT temperature pg(7;) =~ 0.025 GeV*4, leading
to an estimated peak size & ~ 0.04. On the other hand the magnitude of the step for QCD
is given by (gf/gf)% — 1 ~ 0.43. The large step, of order 43%, covers up the peak of the
order of a few percent. In fact we have tried to see how robust this answer is to the details
of the QCD PT, by modifying the relative magnitudes of dy and ds. One extreme case
would be when dy = 0, and dy4 is chosen such that the number of degrees of freedom still
matches the QCD value at the end of the PT. We can see in figure 5 that increasing the
value of d4 to the maximal possible value does not change the basic features of the GW
spectrum: there are small distortions in the details, but the basic shape dominated by the
large step remains unchanged, and no peak appears in either case.

Similarly, no peak is expected for the case of the EW PT in the Standard Model. The
reason for this is again the very large number of degrees of freedom, coupled with the fact
that the Higgs mass is quite low, giving rise to a small vacuum energy. The vacuum energy
before the PT is 1

pA = gmw ~ (105 GeV)* (3.22)

because (|H|*)r~7. = 0. The critical temperature T,. ~ myv/miop =~ 175 GeV, where the
coefficient of the |H|? term in the Higgs potential vanishes, is mainly determined by the
top quark’s thermal loop contribution dm?% (T') = y?T?/4. With g, = 106.75 before the

PT, we find

7T2

T
pr(T:) 30
resulting in & ~ 0.004, a tiny peak compared to the expected step of order 7% due to the

T} ~ (425 GeV)*, (3.23)

change in the number of degrees of freedom from 106.75 to 86.25.
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Figure 5. The effect of the QCD PT on a flat primordial GW spectrum from a numerical simulation.
The solid curve uses the results of the lattice simulations eq. (3.18), which includes the effect of
vacuum energy. The dashed curve corresponds to a modified equation of state describing the QCD
PT, where the coefficient d4 describing vacuum energy has been increased (while dy set to zero)
such that the number of degrees of freedom remains the same after the end of the PT. We can see
that neither curve contains a sharp peak, but rather the expected step in the spectrum due to the
change in the number of degrees of freedom. There is only a small change in the detailed shape of
the spectrum, while another curve with no vacuum energy and only do turned on would lie right
on top of the solid curve.

3.4 Conditions for a peak in the spectrum

We have seen above that the effect of vacuum energy on the GW spectrum is quite small
during the QCD and EW PTs. The reasons for this can be summarized as follows. There
are a large number of degrees of freedom, which will make the relative contribution of
vacuum energy small, if the couplings are perturbative. For non-perturbative couplings
like for the case of QCD, one still needs to make sure that the change in the number of
degrees of freedom does not overwhelm the effect of vacuum energy.

We can look for conditions on the details of a PT such that a peak actually remains
visible in the GW spectrum. Since the total entropy is proportional to p + p, and the first
law of thermodynamics tells us that this is equal to T dp/dT, we require dp/dT > 0. This
condition is equivalent to

1 dpp 1 dg. 4
e — — 3.24
PR dr < (g* dT+T> ( )

where we parametrized the pressure as pr = 72g.(T)T?*/90 for radiation in terms of the
number of effective degrees of freedom ¢, (7) at temperature 7'. At linear order in temper-
ature change AT, and recalling that Apy = —Appy = —pp and pr = pr/3 at the beginning
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and at the end of the PT, we get'?

1 (Ag, A4AAT
(52550
PR 3\ G« T

(3.26)

This is an upper bound on & given the change in the number of degrees of freedom. If
Ag./g« > AAT/T then the peak is overwhelmed by the step due to the change in the
degrees of freedom, since in this case

1 Ag 3
<z — = (93/92) - 1. (3.27)
gx

In order to show a visible peak one needs the opposite limit, Ag,/g. < 4AT/T, that is
the fractional change in the number of degrees of freedom is small compared to the relative
width of the PT. In this case the positive entropy condition just requires

(3.28)

but a peak can still dominate over the step in the GW spectrum because the step is much
smaller than the upper bound on & set by the fractional change in the temperature.

An extra condition, d*p/dT? > 0, ensures a decreasing temperature in the expanding
Universe. However, using dp/dT = s, it implies dp/dT > 0 which in turn gives a condition
that it is trivially satisfied at the linear level when eq. (3.26) holds.

To verify that the peak in the primordial GW spectrum can indeed dominate the
step from the change in degrees of freedom, we consider a hypothetical PT corresponding
to a high-scale SU(NN) symmetry breaking via a complex scalar multiplet ®. In order
to maximize & compared to any possible step we need to make sure that the change in
the number of degrees of freedom is small, and the actual vacuum energy is maximized.
Therefore we consider a theory with N complex scalars ® = (®4,...,Py) and a potential
with a sizable quartic self-interaction A of the form

2\ 2
V(o) = A <|<I>|2 — J;) . (3.29)

The self-interactions yield a thermal mass contribution dm3 (T') = A(N + 1)T?/6 which
determines the critical temperature T, ~ 6f2/(N + 1) (and hence the time 7;) where the

13Here we have neglected the contribution from changing the equation of state parameter w. Including
such contributions, the condition (3.24) would be modified to

1 dpa dlogwya ,dlog pa 1 dg. 4
P L 2. 2
WA dT ( tdoeT ! dog ) <Y\ g ar T T (3.25)

However, we expect the extra term proportional to dwg,a/dT # 0 to be actually harmless. Considering

e.g. the limit where dwa /dT becomes the dominant term in the bracket, the condition becomes

Awp \ pa 1 Ag. 4AT
( AT)pRWR(g* AT TTT )
This is a trivial condition since wy = —1 is the lower bound for sensible EoS’s, requiring therefore
Awp /AT > 0.
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Figure 6. The effect of a hypothetical SU(N)/SU(N — 1) PT on a flat primordial GW spectrum
from a numerical simulation. We set the critical temperature at T, = 10'' GeV, a small change in
the number of degrees of freedom, giving rise to a 3% step (dashed), or absent altogether (solid),
and a large ratio of vacuum energy to critical temperature, due to a sizable quartic A = 18 in
eq. (3.30). The peak due to the vacuum energy is clearly observable, both with and without a step.

PT starts. The vacuum-to-thermal energy ratio is therefore

BRI (5. e

The last term in the bracket is bounded by perturbativity to be O(1) or smaller. Taking
A =~ 18 and N = 5, the number of degrees of freedom is g, = 116.75, and & =~ 0.12.
The magnitude of the step can be quite small, if the masses of the 2N — 1 Goldstone
bosons resulting from the breaking of the SU(NV) global symmetry to SU(N — 1) are much
below the critical temperature. In this case the step and the peak can be separated from
each other in frequencies and a clean peak is expected to arise. In figure 6 we show an
example where the step and the peak are separated, and hence only the peak is visible at
frequencies corresponding to the PT, as well as a case where they are both present, but
the peak dominates over the step.

These GW spectra have been obtained by modeling the hypothetical PT, specifically
the pressure, with an ansatz compatible with the constraints (3.24) and (3.25). The be-
havior of p(T') interpolates (by means of tanh functions) between the asymptotic EoS’s
before and after the PT, p(T > T.) = ¢?m?T4/90 — A\f*/4 and p(T < T.) = g¢n*T*/90
respectively. We have extracted the energy density p(7T) during the phase transition from
dp/dT = (p+p)/T, computed the trace of the energy momentum tensor 7}, = p — 3p, and
then followed the same procedure presented in the previous subsection for the calculation
of the spectrum.

Finally, we would like to note that a similar spectrum is obtained when considering
a Peccei-Quinn U(1) symmetry breaking via two sets of coupled scalars: a complex scalar
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¢, whose VEV breaks spontaneously the PQ symmetry and its self-coupling A sets the
resulting vacuum energy, and additional N complex scalars <Z~>z~,i =1,...,N whose large
coupling X to ¢ set the critical temperature. A large ratio \'/\ allows relatively large
values of &, and a sizable peak in the GW spectrum.

3.5 Effects of an adjustment mechanism

It is conceivable that the dynamics of an adjustment mechanism for the vacuum energy
completely changes the character of the cosmological PTs associated with QCD, EW, or
other high temperature vacuum re-arrangements. In particular, the time scale of vacuum
energy adjustment may be significant in comparison with the elapsed cosmological time
over which these PTs usually take place. In such cases, after the PT, the vacuum energy
associated with the high temperature phase would be temporarily stored in the sector
associated with the relaxation of the vacuum energy. A short period of inflation is then
possible after each PT, during which the vacuum energy is slowly released. A reheating
mechanism would also be necessary, with the temperature of reheating being lower than
the critical temperature for the PT.

Such inflationary epochs would strongly suppress the amplitude of the GW modes
which had already entered the cosmological horizon prior to the PT. The factor by which
they are suppressed is approximately r ~ (ag/ af)4, where ag is the scale factor at the
beginning of the inflationary regime, and ay is the scale factor when it ends. Modes which
are outside the horizon during this short inflationary era are simply frozen, and remain
immune to the rapidly growing scale factor [40].

In order to study the possible effects of an adjustment mechanism, we model a PT
(such as that associated with QCD) by assuming a high temperature phase during which
the pressure of the fluid is given by pure radiation

2
T hi
Prign(T) = g5 g8 T, (3:31)

For the temperature of the PT, we use T, = 198 MeV. Ordinarily it is assumed that there
is a vacuum energy that drops across the PT, being converted adiabatically into cosmic
expansion and/or lower temperature radiation. If there is an adjustment mechanism at
work, however, energy could be transferred to a sector that is not in thermal equilibrium
with standard model fields. In this case, there would be a vacuum energy that carries an
explicit time dependence, much like it does in standard early Universe inflationary models:

PR = pa(t). (3.32)

The form of this time dependence is model dependent, but the presumption in this section is
that it decreases slowly, and that the time scale for this relaxation is significant compared
with the cosmic time over which the PT usually takes place. For the purpose of this
analysis, we take the energy density after the PT to consist of pure vacuum energy that
remains constant for some co-moving time At = t,elax, after which it drops quickly, being
replaced by radiation at some low temperature T = Tieheat < Te-
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Figure 7. The effect of an adjustment mechanism on the spectrum of GWs that are entering the
cosmological horizon near the time of the QCD PT. Curves are normalized to 1 at low wave number.
The three curves correspond to epochs of inflation that last for different amounts of co-moving time
given by trelax = tqep (long dash), 5tqep (short dash), and 10tqeop (solid), where tqep is the
age of the Universe in co-moving time at the QCD PT. The reheat temperature is taken to be
Trehcat = Tc/lo

In summary, we envision the following alternative history of the QCD PT to be:

o At T'> Tqyep, the system is in thermal equilibrium, with the pressure given by pure
radiation, as in eq. (3.31). This is the history up until comoving time ¢ = tqcp.

o At times ¢ satisfying tqcp < t < tQeD + trelax, the Universe is dominated by vacuum

energy, which we assume to be constant: p = —pp. Based on lattice studies of high
temperature QCD near the cross-over, we take p%CD = (243 MeV)*. We note that

this choice is model dependent. The details of the spectrum will be sensitive to the
way in which the adjustment sector couples to QCD dynamics.

o At times ¢ > tQeD + trelax; We presume a reheating has occurred, and the Universe is
again radiation dominated and in thermal equilibrium at some temperature Tieheat
below the critical temperature associated with the PT.

We again solve the wave equation governing the evolution of primordial GWs in the early
Universe, only now the vacuum energy acts as an explicitly time dependent mass term. We
numerically solve for the evolution for various wave numbers, presuming a scale invariant
primordial spectrum, with the results displayed in figure 7.

The position of the step on the k-axis depends on the amount of inflation. This
is because reheating occurs at different values of the scale factor in each scenario. The
physical frequency of the modes that would be observed by GW experiments scales like
1/anow, which varies in each case, shifting the location of the step. If one were to reduce the
reheating temperature further, a,o, would shrink in order to maintain the correct values
of the currently observed fluid densities, and the steps would move to higher frequencies.
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The reheat temperature however cannot be too low, as this would interfere with big bang
nucleosynthesis. For the EW transition, the bound on the reheat temperature would be
less severe, and there would be more freedom in the position of the step.

The assumption of equilibrium in the previous cases related the size of the step to the
change in the number of degrees of freedom: AQy,/Qp, ~ (gf:/gf)% —1, which for QCD is ap-
proximately 0.43. For the case of out-of-equilibrium dynamics associated with a dynamical
adjustment of the vacuum energy, we find that much larger steps are possible. Observation
of anomalously large steps in the GW spectrum at wave numbers associated with cosmo-
logical PTs is a possible indicator of a dynamics that may play a role in stabilizing a small
value for the vacuum energy.

There might be other interesting types of PTs that are each worthwhile to study in
the context of signals of vacuum energy or effects of adjustment mechanisms. One often
discussed PT is that of the breaking of the conformal symmetry in RS1 models. The PT
itself is expected to be first order, and should produce GWs on its own [11]. In addition,
the details of this PT might significantly influence the dynamics of the other PTs, such as
EW and QCD. The nature of the EW PT might also change significantly if embedded into
a larger theory like supersymmetry. All of these are interesting directions that should be
explored in connection with possible signals of vacuum energy.

4 Conclusions

Vacuum energy changes during phase transitions, and has settled to its current value only
after the QCD phase transition (or later). While at earlier epochs vacuum energy was
much larger than its current value, it was always a subleading component of the total
energy density, except perhaps around the times of the phase transitions. Confirmation
of this picture would provide major support of the multiverse scenario, and rejection of
it would call into question the necessity of anthropic arguments for the smallness of the
cosmological constant. In this paper we have proposed potential experimental tests for two
different aspects of vacuum energy in phases different from ours. The core of neutron stars
may contain a non-standard phase of QCD, in which vacuum energy is expected to con-
tribute an O(1) fraction of the total energy. We presented a simple model of neutron stars
which demonstrated that vacuum energy can significantly affect their mass-radius relation.
A careful measurement of this, together with a first principles theoretical determination of
the equation of state of the various phases of QCD can provide evidence for the presence
of vacuum energy at the core of the neutron stars. Our second approach is more directly
related to the cosmic evolution of vacuum energy. Here we propose that a careful measure-
ment of the primordial gravitational wave spectrum at frequencies corresponding to phase
transitions may contain interesting information about the nature of the changing vacuum
energy during the phase transition. While we expect there not to be a signal from the
standard model QCD and EW phase transitions, an adjustment mechanism might change
this significantly. If the adjustment time scale is much larger than that of the phase transi-
tion, there would be a significant suppression of the higher frequencies of the gravitational
wave spectrum. We also demonstrated that additional phase transitions might show up as
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peaks in the spectrum. This connection of primordial gravitational wave signals with the
dynamics of vacuum energy provides a strong additional motivation for planning and build-
ing more sensitive gravitational wave experiments testing different frequency bands. While
measuring the effects of vacuum energy is quite challenging, the importance of this issue
warrants that all stops be pulled for eventually completing the program of the verification
of the cosmic history and gravitational effects of vacuum energy.
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A Energy density in gravitational waves

We define h, ;. as the Fourier transform of the metric perturbation

&k e
<ha,kho’7k’> = (27‘(‘)3(500/5(1{ + k/>‘h0,k’2; hij(7—7 X) = /Weg‘;hU,k(T)elk . (Al)

The physically relevant quantity characterizing gravitational waves is the energy density
at a given conformal time

3
nr) = Tomgar | et (A2)

where the integral runs over comoving wave numbers k£, and summation over polarizations
o = +, — is understood, while the associated power spectrum is given by

2 4k3 2 2 2
Aj, = ﬁlhk\ : |he|* = |hok|” - (A.3)

When considering primordial perturbations created during inflation, it is convenient to
define the transfer function 7 (7, k) such that

hi(T) = hET (1, k) (A.4)

- 29 —



where the primordial amplitude from inflation hf has (approximately) constant power,

(A%)

9 4k3 2 H?
= o3l ~ 55 (A.5)

= Vs

which remains constant once the modes exit the horizon during inflation. H, is the Hubble
constant at horizon exit. We then have

(An)? = (A))*T?(7,k) (A.6)
We can then write the energy density in terms of the transfer function

(APY T72(7, k)
32w Ga?(T)

pn(r) = / dnkpn(r, k), pu(rik) = (A7)

It is customary to work instead with the energy density per logarithmic scale normalized
to the critical density

(7 k) = ﬁ’;ﬁ?;?) (A.8)

where p. = 3H?(7)/87G. Therefore one has
(A" 1 1
12 H?(1)a?(7)

Qh(Tv k) = T/Q(Ta k) (Ag)
It will be convenient for the arguments below to approximate 7’ above assuming that the
wave modes are deep inside the horizon k7 > 1 (or k > aH), in which case

T2(r,k) ~ K2 T2(1,k) . (A.10)

Based on our discussion on the freeze-out and reentry of modes we can easily understand
the basic properties of . All modes become super horizon, k£ < aH, during inflation,
and once outside the horizon their power spectrum A% freezes to the value set by inflation
eq. (A.5), independent of k. This means that once a mode reenters the horizon at 7 = 7y,
it does it asymptotically with the same power, irrespective of when it enters. Thus we
will approximate [T (7, k)]? ~ 1. Since gravitons are already decoupled from the thermal
bath from the very start of the expansion, the evolution of the energy density once inside
the horizon should scale with the expansion as radiation py(7) ~ pp(7, k) ~ a=*(7). This
implies, from egs. (A.7) and (A.10), that [T (7 < Tie, k)]* ~ a~2(7). Taking into account
the value of the transfer function at horizon crossing, we find

2 N a2(Thc)
T(T < The, k) =~ 20 (A.11)

This way we obtain eq. (3.6) in this approximation.
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