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1 Introduction

In holographic conformal field theories, states with a simple classical gravity dual inter-

pretation have a remarkable structure of entanglement: according to the holographic en-

tanglement entropy formula [1–3], their entanglement entropies for arbitrary regions (at

leading order in large N) are completely encoded in the extremal surface areas of an

asymptotically AdS spacetime. In general, the space of possible entanglement entropies

(functions on a space of subsets of the AdS boundary) is far larger than the space of possi-

ble asymptotically AdS metrics (functions of a few spacetime coordinates), so this property

of geometrically-encodable entanglement entropy should be present in only a tiny fraction

of all quantum field theory states [4]. It is an interesting question to understand better

which CFT states have this property,1 and which properties of a CFT will guarantee that

families of low-energy states with geometric entanglement exist.

1Even in holographic CFTs, it is clear that not all states will have this property. For example, if |Ψ1〉 and

|Ψ2〉 are two such states, corresponding to different spacetimes MΨ1 and MΨ2 , the superposition |Ψ1〉+ |Ψ2〉
is not expected to correspond to any single classical spacetime but rather to a superposition of MΨ1 and

MΨ2 . Thus, the set of “holographic states” is not a subspace, but some general subset.
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For a hint towards characterizing these holographic states, consider the gravity per-

spective. A spacetime MΨ dual to a holographic state |Ψ〉 is a solution to the bulk equations

of motion. Such a solution can be characterized by a set of initial data on a bulk Cauchy

surface (and appropriate boundary conditions at the AdS boundary). The solution away

from the Cauchy surface is determined by evolving this initial data forwards (or backwards)

in time using the bulk equations. Alternatively, we can think of the bulk solution as being

determined by evolution in the holographic radial direction, with “initial data” specified

at the timelike boundary of AdS. In this case, the existence and uniqueness of a solution

is more subtle, but the asymptotic behavior of the fields determines the metric at least in

a perturbative sense (e.g. perturbatively in deviations from pure AdS, or order-by-order in

the Fefferman-Graham expansion). It is plausible that in many cases, this boundary data

is enough to determine a solution nonperturbatively to some finite distance into the bulk,

or even for the whole spacetime. Thus, for geometries dual to holographic states, we can

say that the bulk spacetime (at least in a perturbative sense) is encoded in the boundary

behavior of the various fields.

According to the AdS/CFT dictionary, this boundary behavior is determined by the

one-point functions of low-dimension local operators associated with the light bulk fields.

On the other hand, the bulk spacetime itself allows us to calculated entanglement entropies

(and many other non-local quantities). Thus, the assumption that a state is holographic

allows us (via gravity calculations) to determine the entanglement entropies and other non-

local properties of the state (again, at least perturbatively) from the local data provided

by the one-point functions:

|Ψ〉 → 〈Oα(xµ)〉 → φα asymptotics→ φα(xµ, z)→ entanglement entropies S(A) (1.1)

where φ here indicates all light fields including the metric.2, 3

The recipe (1.1) could be applied to any state, but for states that are not holographic,

the results will be inconsistent with the actual CFT answers. Thus, we have a stringent

test for whether a CFT state has a dual description well-described by a classical spacetime:

carry out the procedure in (1.1) and compare the results with a direct CFT calculation

of the entanglement entropies; if there is a mismatch for any region, the state is not

holographic.4

In this paper, our goal is to present some more explicit results for the gravity prediction

Sgrav
A (〈Oα〉) in cases where the gravitational equations are Einstein gravity with matter and

the region is taken to be a ball-shaped region B. We will work perturbatively around the

vacuum state to obtain an expression as a power series in the one-point functions of CFT

2Here, the region A should be small enough so that the bulk extremal surface associated with A should

be contained in the part of the spacetime determined through the equations of motion by the boundary

values; we do not need this restriction if we are working perturbatively.
3Results along these lines in the limit of small boundary regions or constant one-point functions

appeared in [5–9].
4Another interesting possibility is that the one-point functions could give boundary data that is not

consistent with any solution of the classical bulk equations; this possibility exists since the “initial data”

for the radial evolution problem obeys certain constraints.
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operators. At first-order, the result depends only on the CFT stress tensor expectation

value [10]:

SB(|Ψ〉) = Svac
B + 2π

∫
B
dd−1x

R2 − r2

2R
〈T00〉+O(〈Oα〉2) . (1.2)

This well-known expression is universal for all CFTs since it follows from the first law of

entanglement δ(1)SB = δ〈HB〉, where

HB ≡ − log ρvac
B = 2π

∫
B
dd−1x

R2 − r2

2R
T00 (1.3)

is the vacuum modular Hamiltonian for a ball-shaped region. Thus, to first-order, the grav-

ity procedure (1.1) always gives the correct CFT result for ball-shaped regions, regardless

of whether the state is holographic.

General second-order result for ball entanglement entropy. Our focus will be on

the second-order answer; in this case, it is less clear whether the gravity results from (1.1)

should hold for any CFT or whether they represent a constraint from holography. To

obtain explicit formulae at this order, we begin by writing

SB(|Ψ〉) = Svac
B + ∆〈HB〉 − S(ρB||ρvac

B ) (1.4)

which follows immediately from the definition of relative entropy S(ρB||ρvac
B ) reviewed in

section 2 below. We then make use of a recent result in [11]: to second-order in perturba-

tions from the vacuum state, the relative entropy for a ball-shaped region in a holographic

state5 is equal to the “canonical energy” associated with a corresponding wedge of the

bulk spacetime. We provide a brief review of this in section 2 below. On shell, the latter

quantity can be expressed as a quadratic form on the space of first-order perturbations to

pure AdS spacetime, so we have

S(ρB||ρvac
B ) = ∆〈HB〉 −∆SB =

1

2
E(δφα, δφα) +O(δφ3) . (1.5)

Rearranging this, we have a second-order version of (1.2):

SB(|Ψ〉) = Svac
B + δ(1)SB + δ(2)SB +O(δφ3)

= Svac
B + ∆〈HB〉 −

1

2
E(δφα, δφα) +O(δφ3)

= Svac
B + 2π

∫
B
dd−1x

R2 − r2

2R
〈T00〉 −

1

2
E(δφα, δφα) +O(δφ3) . (1.6)

As we review in section 2 below, the last term can be written more explicitly as

E(δφα, δφα) =

∫
Σ
ω(δg,£ξδg)−

∫
Σ
ξaT

(2)
ab ε

b , (1.7)

where Σ is a bulk spatial region between B and the bulk extremal surface B̃ with the

same boundary, ω is the “presymplectic form” whose integral defines the symplectic form

5This second-order relative entropy is known as quantum Fisher information.
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on gravitational phase space, T
(2)
ab is the matter stress tensor at second-order in the bulk

matter fields, and ξ is a bulk Killing vector which vanishes on B̃. The first-order bulk

perturbations δφα (including the metric perturbation) may be expressed in terms of the

boundary one-point functions via bulk-to-boundary propagators

δφα(x, z) =

∫
DB

Kα(x, z;x′)〈Oα(x′)〉 , (1.8)

where DB is the domain of dependence of the ball B. Given the one-point functions within

DB, we can use (1.8) to determine the linearized bulk perturbation in Σ and evaluate (1.7).

The expression (1.6), (1.7), and (1.8) together provide a formal result for the ball

entanglement entropy of a holographic state, expanded to second-order in the boundary

one-point functions.

Explicit results for 1+1 dimensional CFTs. In order to check the general formula

and provide more explicit results, we focus in section 3 on the case of 1+1 dimensional

CFTs, carrying out an explicit calculation of the gravitational contributions to (1.7) start-

ing from a general boundary stress tensor. We find the result

δ(2)Sgrav
B = −1

2

∫
B′
dx+

1

∫
B′
dx+

2 K2(x+
1 , x

+
2 )〈T++(x+

1 )〉〈T++(x+
2 )〉+ {+↔ −} (1.9)

where the integrals can be taken over any spatial surface B′ with boundary ∂B, and the

kernel is given by

K2(x1, x2) =
6π2

cR2

{
(R− x1)2(R+ x2)2 x1 ≥ x2

(R+ x1)2(R− x2)2 x1 < x2
, (1.10)

where c is the central charge. In this special case, the conservation equations determine

the stress tensor expectation values throughout the region DB from the expectation values

on B′, so as in the first-order result (1.2), our final expression involves integrals only over

B′. This will not be the case for the terms involving matter fields, or in higher dimensions.

As a consistency check, we show that the expression (1.10) is always negative, as required

by its interpretation as the second-order contribution to relative entropy.

We can also check the formula (1.10) via a direct CFT calculation by considering

states that are obtained from the CFT vacuum by a local conformal transformation. In

two dimensions, states with an arbitrary traceless conserved stress-tensor can be obtained,

and the entanglement entropy for these states can also be calculated explicitly. We carry

out this calculation in section 4, and show that the result (1.10) is exactly reproduced.

In section 3.2, we consider the matter terms in (1.7) providing some explicit results for

the quadratic contributions of scalar operator expectation values. Here, as in the generic

case, the result takes the form

δ(2)Smatter
B = −1

2

∫
DB

∫
DB

Gαβ(x, x′)〈Oα(x)〉〈Oβ(x′)〉 (1.11)

with integrals over the entire domain of dependence region.
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Auxiliary de Sitter space interpretation. Recently, in [12] it has been pointed out

that the first-order result δ(1)S(xµ, R) for the entanglement entropy of a ball with radius

R and center xµ can be obtained as the solution to the equation of motion for a free scalar

field on an auxiliary de Sitter space ds2 =
L2
dS
R2 (−dR2 + dxµdx

µ) with the CFT energy

density 〈T00(xµ)〉 acting as a source term at R = 0. In section 5, we show that in the 1+1

dimensional case, the stress tensor term (1.10) for the entanglement entropy at second-

order can also results from solving a scalar field equation on the auxiliary de Sitter space

if we add a simple cubic interaction term. In an upcoming paper [13], it is shown that

this agreement extends to all orders for a suitable choice of the scalar field potential. The

resulting nonlinear wave equation also reproduces the second-order entanglement entropy

near a thermal state in the auxiliary kinematic space recently described in [14].

Including the contributions from matter fields or moving to higher dimensions, the

expression for entanglement entropy involves one-point functions on the entire causal dia-

mond DB, so reproducing these results via some local differential equation will require a

more complicated auxiliary space that takes into account the time directions in the CFT.

This direction is pursued further in [13, 15].

Discussion. While the explicit two-dimensional stress tensor contribution (1.10) can be

obtained by a direct CFT calculation for a special class of states, we emphasize that in

general the holographic predictions from (1.1) are expected to hold only for holographic

states in CFTs with gravity duals. It would be interesting to understand better whether all

of the second order contributions we considered here are universal for all CFTs or whether

they represent genuine constraints/predictions from holography.6 In the latter case, and for

the results at higher order in perturbation theory, it is an interesting question to understand

better which CFT states and/or which CFT properties are required to reproduce the results

through direct CFT calculations. This should help us understand better which theories

and which states in these theories are holographic.

2 Background

Our holographic calculation of entanglement entropy to second-order in the boundary one-

point functions makes use of the direct connection between CFT quantum Fisher informa-

tion and canonical energy on the gravity side, pointed out recently in [11]. We begin with

a brief review of these results.

2.1 Relative entropy and quantum Fisher information

Our focus will be on ball-shaped subsystems B of the CFTd, for which the the vacuum

density matrix is known explicitly through (1.3). More generally, we can write it as

ρvac
B = e−HB , HB =

∫
B′
ζµBTµνε

ν , (2.1)

6There is evidence in [16–18] that at least some of the contributions at this order can be reproduced by

CFT calculations in general dimensions, since they arise from CFT two and three-point functions, though

the results there most directly apply to the case where the perturbation is to the theory rather than the state.
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where Tµν is the CFT stress tensor operator and ε is defined as

εν =
1

(d− 1)!
ενν1···νd−1

dxν1 ∧ · · · ∧ dxνd−1 , (2.2)

so that nµεµ is the volume form on the surface perpendicular to a unit vector nµ, and ζB
is a conformal Killing vector defined in the domain of dependence region DB, with ζB = 0

on ∂B. For the ball B with radius R and center xµ0 in the t = t0 slice, we have

ζB = −2π

R
(t− t0)(xi − xi0)∂i +

π

R
[R2 − (t− t0)2 − (~x− ~x0)2] ∂t . (2.3)

By the conservation of the current ζµBTµ
ν associated with this conformal Killing vector, the

integral in (2.1) can be taken over any spatial surface B′ in DB with the same boundary

as B.

For excited states, the density matrix ρB will generally be different than ρvac
B . One

measure of this difference is the relative entropy

S(ρB||ρvac
B ) = tr(ρB log ρB)− tr(ρB log ρvac

B )

= ∆〈HB〉 −∆SB , (2.4)

where HB is the vacuum modular Hamiltonian given in (2.1), SB = −tr(ρB log ρB) is the

entanglement entropy for the region B and ∆ indicates the difference with the vacuum

state.

For a one-parameter family of states near the vacuum, we can expand ρB as

ρB(λ) = ρvac
B + λ δρ1 + λ2δρ2 +O(λ3) . (2.5)

The first-order contribution to relative entropy vanishes (this is the first law of entanglement

δ(1)SB = δ〈HB〉) so the leading contribution to relative entropy appears at second-order

in λ. This quadratic in δρ1 with no contribution from δρ2,

S(ρB(λ)||ρvac
B ) = λ2 〈δρ1, δρ1〉ρvac

B
+O(λ3) , (2.6)

where

〈δρ, δρ〉σ ≡
1

2
tr

(
δρ

d

dλ
log(σ + λδρ)

∣∣∣
λ=0

)
. (2.7)

This quadratic form, which is positive by virtue of the positivity of relative entropy, defines

a positive-(semi)definite metric on the space of perturbations to a general density matrix

σ. This is known as the quantum Fisher information metric.

Rearranging (2.4) and making use of (2.6), we have

SB = Svac
B +

∫
B′
ζµB〈Tµν〉εν − λ2〈δρ1, δρ1〉ρvac

B
+O(λ3) . (2.8)

This general expression is valid for any CFT, but the O(λ2) term involving the quantum

Fisher information metric generally has no simple expression in terms of local operator

expectation values. However, for holographic states we can convert this term into an

expression quadratic in the CFT one-point functions by using the connection between

quantum Fisher information and canonical energy.

– 6 –
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2.2 Canonical energy

Consider now a holographic state, which by definition is associated with some dual asymp-

totically AdS spacetime M . Near the boundary, we can describe M using a metric in

Fefferman-Graham coordinates as

ds2 =
`2AdS

z2

(
dz2 + dxµdx

µ + zd Γµν(x, z)dxµdxν
)

(2.9)

where Γµν(z, x) has a finite limit as z → 0 and Γ = 0 for pure AdS.

The relative entropy S(ρB||ρvac
B ) can be computed at leading order in large N by mak-

ing use of the holographic entanglement entropy formula, which relates the entanglement

entropy for a region A to the area of the minimal-area extremal surface Ã in M with

boundary ∂A,

SA ≡
Area(Ã)

4GN
. (2.10)

This yields immediately that ∆SA = (Area(Ã)M −Area(Ã)AdS)/(4GN ). The result (2.10)

also allows us to relate the ∆〈HB〉 term in relative entropy to a gravitational quantity, since

it implies that the expectation value of the CFT stress tensor is related to the asymptotic

behaviour of the metric through [19]

〈Tµν〉 =
d`d−1

AdS

16πGN
Γµν(x, z = 0) . (2.11)

Thus, for holographic states, we can write

S(ρB||ρvac
B ) =

d`d−1
AdS

16πGN

∫
B
ζµBΓµν(x, 0) εν − Area(Ã)M −Area(Ã)AdS

4GN
. (2.12)

For a one-parameter family of holographic states |Ψ(λ)〉 near the CFT vacuum, the

dual spacetimes M(λ) can be described via a metric and matter fields φα = (g, φmatter)

with some perturbative expansion

g = gAdS + λδg1 + λ2δg2 +O(λ3) ,

φmatter = λδφmatter
1 + λ2δφmatter

2 +O(λ3) . (2.13)

By the result (2.8) from the previous section, the second-order contribution to entanglement

entropy is equal to the leading order contribution to relative entropy. This is related to a

gravitational quantity via (2.12). The main result in [11] is that this second-order quantity

can be expressed directly as a bulk integral over the spatial region Σ between B and B̃ where

the integrand is a quadratic form on the linearized bulk perturbations δg1 and δφmatter
1 .

To describe the general result, consider the region Σ between B and B̃ in pure AdS

spacetime, and define RB as the domain of dependence of this region, as shown in figure 1.

Alternatively, RB is the intersection of the causal past and the causal future of DB; it

can be thought of as a Rindler wedge of AdS associated with B. On RB, there exists a

Killing vector which vanishes at B̃ and approaches the conformal Killing vector ζB at the

boundary. In Fefferman-Graham coordinates, this is

ξB = −2π

R
(t− t0)[z∂z + (xi − xi0)∂i] +

π

R
[R2 − z2 − (t− t0)2 − (~x− ~x0)2] ∂t (2.14)

– 7 –



J
H
E
P
0
6
(
2
0
1
6
)
0
8
5

z

x

t

B

DB

Σ B̃
B

Figure 1. The Rindler wedge RB associated to the ball-shaped region B on the boundary. The

blue lines indicate the flow of ζB , and the red lines ξB . The surface Σ lies between B and the

extremal surface B̃.

The vector ξB is timelike hence defines a notion of time evolution within the region RB;

the “Rindler time” associated with this Rindler wedge.

The “canonical energy”, dual to relative entropy at second-order, can be understood

as the perturbative energy associated with this time, as explained in [20]. This is quadratic

in the perturbative bulk fields including the graviton, and given explicitly by

E(δg1, δφ1) = WΣ (δφ1,£ξBδφ1)

=

∫
Σ
ωfull (δφ1,£ξBδφ1)

=

∫
Σ
ω (δg1,£ξBδg1) +

∫
Σ
ωmatter (δφ1,£ξBδφ1)

=

∫
Σ
ω(δg1,£ξBδg1)−

∫
Σ
ξaBT

(2)
ab ε

b . (2.15)

In the first line, WΣ is the symplectic form associated with the phase space of gravitational

solutions on Σ, and £ξBδφ1 is the Lie derivative with respect to ξ on δφ1, the first-order

perturbation in metric and matter fields. The symplectic form is equal to the integral over Σ

of a “presymplectic” form ωfull which splits into a gravitational part and a matter part as in

the third line. The matter part can be written explicitly in terms of T
(2)
ab , the matter stress

tensor at quadratic order in the fields, while the gravitational part ω is given explicitly by

ω(γ1, γ2) =
1

16πGN
εaP

abcdef (γ2
bc∇dγ1

ef − γ1
bc∇dγ2

ef ) (2.16)

P abcdef = gaegfbgcd − 1

2
gadgbegfc − 1

2
gabgcdgef − 1

2
gbcgaegfd +

1

2
gbcgadgef .

In deriving (2.15) it has been assumed that the metric perturbation has been expressed

in a gauge for which the coordinate location of the extremal surface B̃ does not change

– 8 –
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(so that ξB continues to vanish there), and the vector ξB continues to satisfy the Killing

equation at B̃. Thus, we require that

ξB|B̃(λ) = 0, (2.17)

£ξBg(λ)|B̃(λ) = 0. (2.18)

As shown in [20], it is always possible to satisfy these conditions; we will see an explicit

example below.

3 Second-order contribution to entanglement entropy

Using the result (1.7), we can now write down a general expression for the ball entanglement

entropy of a general holographic state up to second-order in perturbations to the vacuum

state, in terms of the CFT one-point functions. According to (2.8) and (2.15), the second-

order term in the entanglement entropy for a ball B can be expressed as an integral over

the bulk spatial region Σ between B and the corresponding extremal surface B̃, where the

integrand is quadratic in first-order bulk perturbations.

These linearized perturbations are determined by the boundary behavior of the fields

via the linearized bulk equations. In general, to determine the linearized perturbations

in the region Σ (or more generally in the Rindler wedge RB), we only need to know the

boundary behavior in the domain of dependence region DB, as discussed in detail in [21].

The relevant boundary behaviour of each bulk field is captured by the one-point function

of the corresponding operator. We can express the results as

(δφ1)α(x, z)|Σ =

∫
DB

ddx′Kα(x, z;x′)〈Oα(x′)〉CFT (3.1)

where Kα(x, z;x′) is the relevant bulk-to-boundary propagator. As discussed in [21–23],

Kα should generally be understood as a distribution to be integrated against consistent

CFT one-point functions, rather than a function. Since the expression (3.1) is linear in

the CFT expectation values, the result (1.7) is quadratic in these one-point functions and

represents our desired second-order result.

To summarize, for a holographic state, the second-order contribution to entanglement

entropy in the expansion (2.8) is the leading order contribution to the relative entropy

S(ρB||ρvac
B ). This is dual to canonical energy, given explicitly by:

δ(2)SB = −〈δρ1, δρ1〉ρvac
B

= −1

2
E(δφ1, δφ1) = −1

2

∫
Σ
ω(δg1,£ξBδg1)+

1

2

∫
Σ
ξaBT

(2)
ab ε

b . (3.2)

This is quadratic in the linearized perturbations δφα (including the metric perturbation,

and these can be expressed in terms of the CFT one-point functions on DB as (3.1).

3.1 Example: CFT2 stress tensor contribution

In this section, as a sample application of the general formula, we provide an explicit

calculation of the quadratic stress tensor contribution to the entanglement entropy for

– 9 –
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holographic states in two-dimensional conformal field theories. This arises from the first

term in (1.7).

For a general CFT state, the stress tensor is traceless and conserved,

〈Tµµ〉 = 〈∂µTµν〉 = 0 . (3.3)

In two dimensions, these constraints can be expressed most simply using light-cone coor-

dinates x± = x± t, where we have

〈T+−〉 = ∂+〈T−−〉 = ∂−〈T++〉 = 0 . (3.4)

Thus, a general CFT stress tensor can be described by the two functions, 〈T++(x+)〉 and

〈T−−(x−)〉.
Assuming that the state is holographic, there will be some dual geometry of the

form (2.9). According to (2.11), the stress tensor expectation values determine the asymp-

totic form of the metric as

Γ++(x, 0) = 8π
GN
`AdS

〈T++(x+)〉 Γ−−(x, 0) = 8π
GN
`AdS

〈T−−(x−)〉 (3.5)

Now, suppose that our state represents a small perturbation to the CFT vacuum, so that

the stress tensor expectation values and the asymptotic metric perturbations are governed

by a small parameter λ:

Γ++(x, 0) ≡ λh+(x+) Γ−−(x, 0) ≡ λh−(x−) . (3.6)

Then the metric perturbation throughout the spacetime is determined by this asymptotic

behavior by the Einstein equations linearized about AdS. Here, we need only the compo-

nents in the field theory directions, which give

1

z3
∂z(z

3∂zΓµν) + ∂ρ∂
ρΓµν = 0 . (3.7)

The solution in our Fefferman-Graham coordinates with boundary behaviour (3.6) is

Γ
(1)
++(x, z) = λh+(x+) Γ

(1)
−−(x, z) = λh−(x−) (3.8)

with the linearized perturbation Γ
(1)
µν independent of z.

Satisfying the gauge conditions. We would now like to evaluate the metric contribu-

tion to (3.2)

δ(2)Sgrav
B = −1

2

∫
Σ
ωgrav(δg1,£ξBδg1) . (3.9)

This formula assumes the gauge conditions (2.17) which differ from the Fefferman-Graham

gauge conditions we have been using so far. Thus, we must find a gauge transformation to

bring our metric perturbation to the appropriate form. In general, we can write

γab = hab + (£V g)ab = hab +∇aVb +∇bVa . (3.10)
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where γ is the desired metric perturbation satisfying the gauge condition, and h is the

perturbation in Fefferman-Graham coordinates (equivalent to Γ for d = 2).

The procedure for finding an appropriate V and evaluating (3.9) is described in detail

in [11], but we review the main points here. Defining coordinates (XA, X i) so that the

extremal surface lies at some fixed value of XA with Xi describing coordinates along the

surface, the gauge condition (2.17) (equivalent to requiring that the coordinate location of

the extremal surface remains fixed) gives(
∇i∇iVA + [∇i,∇A]V i +∇ihiA −

1

2
∇Ahii

) ∣∣∣∣
B̃

= 0 (3.11)

while the condition (2.18) that ξB continues to satisfy the Killing equation at B̃ gives

(hiA +∇iVA +∇AVi) |B̃ = 0 , (3.12)(
hAD −

1

2
δADh

C
C +∇AVD +∇DV A − δDD∇CV C

C

) ∣∣∣∣
B̃

= 0 . (3.13)

To solve these, we first expand our general metric perturbation in a Fourier basis.

hµν(t, x, z) = λ

∫ [
δ+
µ δ

+
ν ĥ+(k)eikx

+
+ δ−µ δ

−
ν ĥ−(k)eikx

−
]
dk , (3.14)

with a gauge choice hza(t, x, z) = 0.

For each of the basis elements, we use the equations (3.11), (3.12) and (3.13) to de-

termine V and its first derivatives at the surface V . For these calculations, it is useful to

define polar coordinates (z, x) = (r cos θ, r sin θ). Since the gauge conditions are linear in

V , the conditions on V for a general perturbation are obtained from these by taking linear

combinations as in (3.14),

Va(t, x, z) = λ

∫ [
V̂ +
a (k)eikx

+
+ V̂ −a (k)eikx

−
]
dk . (3.15)

After requiring Va remain finite at θ = ±π
2 , we find

V̂ −t (k; t, r, θ) =
e−ikt

k3r2 cos2 θ

(
−i cos(kr) + sin θ sin(kr)− i(k

2r2 cos2 θ − 1)eikr sin θ

2

)
V̂ −r (k; t, r, θ) =

e−ikt

k3r2 cos2 θ

(
sin(kr)− i sin θ cos(kr)

− (k2r2 cos2 θ sin θ + ikr cos2 θ + 2i sin θ)eikr sin θ

2

)

∂tV̂
−
θ (k; t, r, θ) =

e−ikt

2 k2 r cos θ

(
(2 + k2r2 cos2 θ − 2 ikr sin θ)eikr sin θ − 2 sin(kr)

k3r2

)
∂rV̂

−
θ (k; t, r, θ) =

e−ikt

k3r2 cos θ

(
2i cos(kr)

+
[
2kr sin θ+r3k3 sin θ cos2 θ+i

(
r2k2 cos2 θ−kr2 + 2

)]
eikr sin θ

)
(3.16)
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where the V ± solutions are related through V̂ +
r (k; t, r, θ) = V̂ −r (k;−t, r, θ) and

V̂ −t (k; t, r, θ) = −V̂ +
t (k;−t, r, θ). The results here give the behavior of V and its derivatives

only at the surface B̃ (r = R in polar coordinates). Elsewhere, V can be chosen arbitrarily,

but we will see that our calculation only requires the behavior at B̃.

Evaluating the canonical energy. Given the appropriate V , we can evaluate (3.9)

using

ω(g, γ,£ξγ) = ω(h+ £V g,£ξB (h+ £V g)) (3.17)

= ω(g, h,£ξh) + ω(g, h+ £V g,£[ξ,V ]g)− ω(g,£ξh,£V g)

where

[ξ, V ]a = ξb∂bV
a − V b∂bξ

a (3.18)

and we have used that £ξg = 0. We can simplify this expression using the gravitational

identity

ω(g, γ,£ξg) = dχ(γ,X) (3.19)

where

χ(γ,X) =
1

16πGN
εab

{
γac∇cXb − 1

2
γc
c∇aXb +∇bγacXc −∇cγacXb +∇aγccXb

}
.

(3.20)

Thus, we have

ω(g, γ,£ξγ) = ω(g, h,£ξh) + dρ (3.21)

where

ρ = χ(h+ £V g, [ξ, V ])− χ(£ξh, V ) . (3.22)

Finally, choosing V so that it vanishes at B, we can rewrite (3.9) as

E =

∫
Σ
ω(g, h,£ξh) +

∫
B̃
ρ(h, V ) . (3.23)

In this final expression, we only need V and its derivatives at the surface B̃. Thus, we can

now calculate the result explicitly for a general perturbation. In the Fourier basis, the final

result in terms of the boundary stress tensor is

E =

∫
dk1

∫
dk2 K̂2(k1, k2) 〈T++(k1)〉〈T++(k2)〉+ {+↔ −} , (3.24)

where the kernel is

K̂2(k1, k2) =
256π2R4GN

`AdSK3(K − κ)3(K + κ)3

[
(K5 − 2 (κ2 + 4)K3 + κ4K) cosK

−(5K4−6K2κ2+κ4) sinK+8K3 cosκ
]
, (3.25)

with K ≡ R(k1 + k2), κ ≡ R(k1 − k2). We note in particular that the result splits into a

left-moving part and a right-moving part with no cross term.
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Transforming back to position space

E =

∫
B′
dx+

1

∫
B′
dx+

2 K2(x+
1 , x

+
2 ) 〈T++(x+

1 )〉〈T++(x+
2 )〉+ {+↔ −} , (3.26)

where the kernel K2 is symmetric under exchange of x±1 and x±2 , and has support only on

x±i ∈ [−R,R]. Focusing only on the domain of support, we have

K2(x1, x2) =
4π2GN
R2`AdS

{
(R− x1)2(R+ x2)2 x1 ≥ x2

(R+ x1)2(R− x2)2 x1 < x2

. (3.27)

Using the relation c = 3`AdS/(2GN ) between the CFT central charge and the gravity

parameters, we recover the result (1.10) from the introduction.

Like the leading order result in (2.8), the integrals can be taken over any surface B′

with boundary ∂B. The fact that we only need the stress tensor on a Cauchy surface for

DB is special to the stress tensor in two dimensions, since the conservation relations allow

us to find the stress tensor expectation value everywhere in DB from its value on a Cauchy

surface. For other operators, or in higher dimensions, the result will involve integrals over

the full domain of dependence. We will see an explicit example in the next subsection.

Positivity of relative entropy requires E to be positive which requires the kernel to be

positive semi-definite. As we show in appendix A, one can demonstrate that the positivity

explicitly, providing a check of our results. An alternative proof of positivity is given in

section 5. As a more complete check, we will show in section 4 that this result can be

reproduced by a direct CFT calculation for the special class of states that can be obtained

from the vacuum state by a local conformal transformation.

3.2 Example: scalar operator contribution

We now consider an explicit example making use of the bulk matter field term in (1.7) in

order to calculate the terms in the entanglement entropy formula quadratic in the scalar op-

erator expectation values. The discussion for other matter fields would be entirely parallel.

This example is more representative, since the formula will involve scalar field expectation

values in the entire domain of dependence DB, i.e. a boundary spacetime region rather

than just a spatial slice. The results here are similar to the recent work in [16–18], but we

present them here to show that they follow directly from the canonical energy formula.

We suppose that the CFT has a scalar operator of dimension ∆ with expectation value

〈O(x)〉. According to the usual AdS/CFT dictionary, this corresponds to a bulk scalar field

with mass m2 = ∆(∆− d) and asymptotic behavior

φ(x, z)→ γz∆〈O(x)〉 , (3.28)

where γ is a constant depending on the normalization of the operator O. The leading

effects of the bulk scalar field on the entanglement entropy (3.2) come from the matter

term in the canonical energy

δ(2)Smatter
B =

1

2

∫
Σ
ξaBT

(2)
ab ε

b . (3.29)
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Using the explicit form of ξB from (2.14) and ε from (2.2), this gives (for a ball centered

at the origin)

δ(2)Smatter
B = −`

d−1
AdS

2

∫ R

0

dz

zd−1

∫
x2<R2−z2

dd−1x
π

R
(R2 − z2 − x2)T

(2)
00 (x, z) . (3.30)

This expression is valid for a general bulk matter field. For a scalar field, we have

T
(2)
ab = ∂aφ1∂bφ1 −

1

2
gab(g

cd∂cφ1∂dφ1 +m2φ2
1) , (3.31)

where gab is the background AdS metric and φ1 represents the solution of the linearized

scalar field equation on AdS,

1

zd−1
∂z

{
zd−1∂zφ

}
+ ∂µ∂

µφ− m2

z2
φ = 0 , (3.32)

with boundary behavior as in (3.28). This solution is given most simply in Fourier space,

where we have

φ1(k, z) =
2νΓ(ν + 1)

(2π)d

∫
k2

0>
~k2

ddk
eikµx

µ(
k2

0 − ~k2
)ν/2 z d2Jν (√k2

0 − ~k2z

)
γ〈O(k)〉 , (3.33)

where ν = ∆− d/2, but we can formally write a position-space expression using a bulk-to-

boundary propagator K(x, z;x′) as [24, 25]

φ1(x, z) = γ

∫
dx′K(x, z;x′)〈O(x′)〉 . (3.34)

The integral here is over the boundary spacetime, however it has been argued (see, for

example [21, 22]) that to reconstruct the bulk field throughout the Rindler wedge RB (and

specifically on Σ), we need only the boundary values on the domain of dependence region.

We recall some explicit formulae for this “Rindler bulk reconstruction” in appendix B.

Combining these results, we have a general expression for the scalar field contribution to

entanglement entropy at second-order in the scalar one-point functions,

δ(2)Sscalar
B = −`

d−1
AdS

2

∫ R

0

dz

zd−1

∫
x2<R2−z2

dd−1x
π

R
(R2 − z2 − x2) (3.35)

×
{

(∂0φ1)2 + (∂iφ1)2 + (∂zφ1)2 +
m2

z2
φ2

1

}
where φ1 is given in (3.33) or (3.34) .

As a simple example, consider the case where the scalar field expectation value is

constant. In this case it is simple to solve (3.32) everywhere to find that

φ1(x, z) = γ〈O〉z∆ . (3.36)

Inserting this into the general formula (3.35), and performing the integrals, we obtain

δ(2)Sscalar
B = −π`

d−1
AdS

4
γ2〈O〉2R2∆Ωd−2

∆Γ(d2 − 1
2)Γ(∆− d

2 + 1)

Γ(∆ + 3
2)

. (3.37)

This reproduces previous results in the literature [5, 17].
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4 Stress tensor contribution: direct calculation for CFT2

In section 3.1, we used the equivalence between quantum Fisher information and canonical

energy to obtain an explicit expression for the second-order stress tensor contribution to

the entanglement entropy for holographic states in two-dimensional CFTs. This is appli-

cable for general holographic states, whether or not other matter fields are present in the

dual spacetime (in which case there are additional terms in the expression for entanglement

entropy). In special cases where there are no matter fields, the spacetime is locally AdS and

we can understand the dual CFT state as being related to the vacuum state by a local con-

formal transformation. We show in this section that in this special case, we can reproduce

the holographic result (3.27) through a direct CFT calculation, providing a strong consis-

tency check. We note that the result does not rely on taking the large N limit or on any

special properties of the CFT, so the formula holds universally for this simple class of states.

Our approach will be to develop an iterative procedure to express the entanglement

entropy as an expansion in the stress tensor expectation value for this special class of states.

We evaluate the entanglement entropy for these states from a correlation function of twist

operators obtained by transforming the result for the vacuum state.7 Similarly, the stress

tensor expectation values follow directly from the form of the conformal transformation.

Inverting the relationship between the required conformal transformation and the stress

tensor expectation value allows us to express the entanglement entropy as a perturbative

expansion in the expectation value of the stress tensor. Similar CFT calculations have also

been used recently in [13].

4.1 Conformal transformations of the vacuum state

In two-dimensional CFT, under a conformal transformation w = f(z), the stress tensor

transforms as

T ′(w) =

(
dw

dz

)−2 (
T (z) +

c

12
{f(z); z}

)
. (4.1)

Here c is the central charge of the CFT and the inhomogeneous part is the Schwarzian

derivative

{f(z); z} ≡ f ′′′(z)

f ′(z)
− 3f ′′(z)2

2f ′(z)2
. (4.2)

For an infinitesimal transformation f(z) = z + λ ε(z), the Schwarzian derivative can be

expanded as

{z+λε(z); z} = λ ε′′′(z)−λ2
(
ε′′′(z)ε′(z) +

3

2
ε′′(z)2

)
+λ3

(
ε′(z)2ε′′′(z) + 3ε′(z)ε′′(z)2

)
+ · · · (4.3)

The CFT vacuum is invariant under the SL(2,C) subgroup of global conformal transfor-

mations. However, for transformations which are not part of this subgroup, the vacuum

state transforms into excited states. The action of the full conformal group includes the

full Virasoro algebra which involves arbitrary products and derivatives of the stress tensor

Id ∼ 1, T, ∂mT, T 2, T∂nT, · · · . (4.4)

7A similar approach was recently used to derive the modular Hamiltonian of these excited states in [26].
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These states capture the gravitational sector of the gravity dual. Other excited states can

be obtained by the action of other primary operators and their descendants. However we

restrict ourselves to the class states that are related to ‘pure gravity’ excitations, which are

the states obtained by conformal transformation of the vacuum state.

We denote the excited state as |f〉 = Uf |0〉 where Uf is the action of a conformal

transformation on the vacuum |0〉. The expectation value of the stress tensor for the state

perturbed state |f〉 is

〈f |T (z)|f〉 = 〈0|U †f T (z)Uf |0〉 = 〈0|T ′(w)|0〉 =

(
df

dz

)−2 c

12
{f(z); z} , (4.5)

where we used that 〈0|T (z)|0〉 = 0. The anti-holomorphic component of the stress tensor

T̄ (z̄) is similarly related to the anti-holomophic part of the conformal transformation f̄ .

To leading order in a conformal transformation near the identity, this equation relates

the conformal transformation to 〈T (z)〉 by a third-order ordinary differential equation.

The three integration constants correspond to the invariance of 〈T (z)〉 under the global

conformal transformations. Thus we have an invertible relationship between the conformal

transformations modulo their global part and 〈T (z)〉, at least near the identity.

4.2 Entanglement entropy of excited states

In a two-dimensional CFT, the entanglement entropy can be explicitly computed using the

replica method [27, 28]. The computation can be reduced to a correlation function of twist

operators Φ±, which are conformal primaries with weight (hn, h̄n) = c
24(n− 1/n, n− 1/n).

The Rényi entropy is

exp
(

(1− n)S(n)
)

= 〈Φ+(z1)Φ−(z2)〉 = (z2 − z1)−2hn(z̄2 − z̄1)−2h̄n . (4.6)

The entanglement entropy is obtained by taking the n→ 1 limit of S(n).

Svac = lim
n→1

S(n) = lim
n→1

(1− n)−1 log(z2 − z1)−2hn(z̄2 − z̄1)−2h̄n

=
c

12
log

(z2 − z1)2(z̄2 − z̄1)2

δ2δ̄2
. (4.7)

For the excited states obtained by conformal transformations z → w = f(z) the Rényi

entropy is

exp
(

(1− n)S(n)
ex

)
= 〈f |Φ+(z1)Φ−(z2)|f〉 (4.8)

=

(
df

dz

)−hn
z1

(
df

dz

)−hn
z2

(
df̄

dz̄

)−h̄n
z̄1

(
df̄

dz̄

)−h̄n
z̄2

〈0|Φ+(z1)Φ−(z2)|0〉 . (4.9)

Here z1, z2 are the points f(z1) = f̄(z̄1) = −R, f(z2) = f̄(z̄2) = R. The entanglement

entropy of the excited state is

Sex = lim
n→1

S(n)
ex =

c

12
log

f ′(z1)f ′(z2)f̄ ′(z̄1)f̄ ′(z̄2)(z2 − z1)2(z̄2 − z̄1)2

δ2δ̄2
. (4.10)
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Therefore the change in entanglement entropy respect to the vacuum state is

δS ≡ Sex − Svac =
c

12
log

f ′(f−1(R))f ′(f−1(−R))(f−1(R)− f−1(−R))2

(2R)2
(4.11)

+
c

12
log

f̄ ′(f̄−1(R))f̄ ′(f̄−1(−R))(f̄−1(R)− f̄−1(−R))2

(2R)2
.

By inverting (4.5), the conformal transformation required to reach the state |f〉 can

be expressed as a function of the expectation value of the stress tensor. Plugging this f

into (4.11), allows us to express the entanglement entropy as a function of the expectation

value of the stress tensor alone, as we set out to do.

In practice, we will invert (4.5) order by order in a small conformal transformation

and express the entanglement entropy as an expansion in the resulting small stress tensor.

The second-order term in this expansion will be the Fisher information metric.

In the following, we will focus on the holomorphic term in (4.5), noting that the anti-

holomorphic part follows identically.8

4.3 Perturbative expansion

Consider a conformal transformation perturbation near the identity transformation

w = f(z) = z + λf1(z) + λ2f2(z) + λ3f3(z) + · · · , (4.12)

where λ is a small expansion parameter.

In this expansion,

12

c
〈T (w)〉 = λ f ′′′1 (w)+λ2

(
−3

2
f ′′1 (w)2 − 3f ′1(w)f ′′′1 (w) + f ′′′2 (w)− f1(w)f ′′′′1 (w)

)
+O(λ3) , (4.13)

and the entanglement entropy is

12

c
Sex = log

f ′(z1)f ′(z2)(z2 − z1)2

δ2

= log
(2R)2

δ2
+ λ

[
R (f ′1(−R) + f ′1(R)) + f1(−R)− f1(R)

R

]
+ λ2

(
− (f1(R)− f1(−R))2

4R2
+
−f1(−R)f ′1(−R) + f1(R)f ′1(R) + f2(−R)− f2(R)

R

− 1

2
f ′1(−R)2 − 1

2
f ′1(R)2 + f ′2(−R) + f ′2(R)− f1(−R)f ′′1 (−R)− f1(R)f ′′1 (R)

)
+ O(λ3) . (4.14)

Linear order. To first-order in λ, the stress tensor is given by

〈T (z)〉 = λ
c

12
f ′′′1 (z) +O(λ2) , (4.15)

8Note that the potential cross-term between left and right moving contributions vanished in the gravi-

tational computation of δ(2)S.
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so that change in the expectation value of the modular Hamiltonian becomes

δ〈HB〉 =
λ c

24R

∫ R

−R
dz (R2 − z2)f ′′′1 (z)

=
λ c

24R

[
(R2 − z2)f ′′1 (z) + 2

(
zf ′1(z)− f1(z)

)]R
−R

=
λ c

12R

[
R(f ′1(R) + f ′1(−R))− (f1(R)− f1(−R))

]
. (4.16)

From (4.11) we also have that the first-order change in entanglement entropy is

δ(1)S =
λ c

12R

[
R(f ′1(R) + f ′1(−R))− (f1(R)− f1(−R))

]
. (4.17)

Comparing with (4.16) we see that the first law of entanglement holds

δ(1)S = δ〈HB〉 . (4.18)

Second-order. The second-order change in entanglement entropy gives the second-order

relative entropy as the modular Hamiltonian is linear in the expectation value of the stress

tensor. This is the quantum Fisher metric in the state space, which is dual to the canonical

energy in gravity [11]. In this section, we obtain the expression for canonical energy from

the CFT side and find an exact match to the results of section 3.1.

Our procedure so far yields the entanglement entropy of a subregion in terms of a

perturbative expansion in small stress tensor expectation value

δS =

∫
B

dz

2π
K1(z)〈T (z)〉 − 1

2

∫
B

dz1

2π

∫
B

dz2

2π
K2(z1, z2)〈T (z1)〉〈T (z2)〉+ · · ·

+ {z ↔ z̄} . (4.19)

To obtain K2(z1, z2), we need to invert the relationship in (4.13) order by order, the

lower order solutions fi−1, fi−2, · · · f1 becoming sources for the i-th order solution.

Taking the explicit expression for 〈T (z)〉 to simplify solving the differential equations,

〈T (z)〉 = λ
(
c1e

ik1z + c2e
ik2z
)
, (4.20)

is sufficient to extract the Fourier transformed kernel.

The first-order solution is

f1(z) = F1 + F2z + F3z
2 +

12i

c

(
c1
eik1z

k3
1

+ c2
eik2z

k3
2

)
, (4.21)

where Fi are constants that corresponds to the global part of the conformal transformation

and do not effect the final result. We take these constants to be zero for simplicity. The

second-order solution is

f2(z) = − 9

c2

[
11i

16

(
c21
e2ik1z

k51
+ c22

e2ik2z

k52

)
+ i

c1c2
k31k

3
2

ei(k1+k2)z
(
k41 + 3k2k

3
1 + 3k22k

2
1 + 3k32k1 + k42

)
(k1 + k2)3

]
.

(4.22)
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With these solutions, we obtain

K̃1(k) =
2

k2

sin (kR)− kR cos (kR)

kR
, (4.23)

as well as

K̃2(k1, k2) =
96R4

c

(K5 − 2(κ2 + 4)K3 + κ4K) cosK − (5K4 − 6K2κ2 + κ4) sinK + 8K3 cosκ

K3(K − κ)3(K + κ)3
,

(4.24)

with K ≡ R(k1 + k2) and κ ≡ R(k1 − k2).

Taking the inverse Fourier transformation of K̃1(k)

K1(z) =

∫
dk K̃1(k)e−ikz = π

R2 − z2

R
W (R, z) (4.25)

where

W (R, x) ≡ (sgn (R+ x) + sgn (R− x))

2
(4.26)

is a window function with support x ∈ [−R,R].

The second-order position space kernel is

K2(z1, z2) =
6π2

cR2

{
(R− z1)2(R+ z2)2 −R ≤ z2 ≤ z1 ≤ R
(R+ z1)2(R− z2)2 −R ≤ z1 < z2 ≤ R

. (4.27)

The anti-holomorphic part is the same with z → z̄, and the cross term vanishes. With the

relation

c =
3`AdS

2GN
(4.28)

this reproduces the kernel for canonical energy in (3.27).

This result holds for regions defined on any spatial slice of the CFT. If we choose the

t = 0 slice, z = z̄ = x and our result becomes

δS
(2)
EE = −1

2

∫
B
dx1

∫
B
dx2K2(x1, x2) [〈T++(x1)〉〈T++(x2)〉+ 〈T−−(x1)〉〈T−−(x2)〉] .

Changing variables using x1 = x− r, x2 = x+ r, the kernel is simply

K2(x, r) = K2(x,−r) =
12π2

cR2

[
(R− |r|)2 − x2

]2
Θ (R− |r| − |x|) . (4.29)

4.4 Excited states around thermal background

A similar analysis can be applied to perturbations around a thermal state with temperature

T =β−1. If we denote homogeneous thermal state |β〉, the stress tensor one-point function is

〈β|T |β〉 =
π2c

6β2
. (4.30)

This can be obtained by a conformal transformation from the vacuum with

fβ(z) =
β

2π
log(z) . (4.31)
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On top of this transformation, one could also apply an infinitesimal conformal trans-

formation to obtain non-homogeneous perturbation around thermal state.

A similar computation as the previous section leads to the first-order kernel

Kβ
1 (z) =

2β

sinh(2πR
β )

sinh

(
π(R− z)

β

)
sinh

(
π(R+ z)

β

)
, (4.32)

which is the modular hamiltonian of thermal state in 2d CFT.

Furthermore, the second-order kernel is

Kβ
2 (z1, z2)=

24β2

c sinh2(2πR
β )

sinh2
(
π(R−z1)

β

)
sinh2

(
π(R+z2)

β

)
−R≤z2≤z1≤R

sinh2
(
π(R+z1)

β

)
sinh2

(
π(R−z2)

β

)
−R≤z1<z2≤R

. (4.33)

Consistency check: homogeneous BTZ perturbation

As a check, consider the homogeneous perturbation example, where 〈T 〉 = 〈T̄ 〉 = λ
8GN

.9 In

AdS3 this is a perturbation towards the planar BTZ geometry

ds2 =
1

z2

(
dz2 + (1 + λz2/2)2dx2 − (1− λz2/2)2dt2

)
(4.34)

in Fefferman-Graham coordinates. Holographic renormalization (2.11) tells us the stress

tensor expectation value of the dual CFT is

〈Ttt〉 =
1

2π

(
〈T 〉+ 〈T̄ 〉

)
=

λ

8πGN
. (4.35)

As the black hole corresponds to the thermal state in CFT, the dual state be obtained by

the conformal transformation (4.31).

First, applying (4.11) for this conformal transformation, the change in entanglement

entropy with respect to the vacuum is

δS = λ
R2

6G
− λ2 R

4

90G
+ λ3 4R6

2835G
+O(λ4) , (4.36)

which matches the previous known results [5, 11].

The linear order equals δ〈HB〉 as expected from the entanglement first law.

The second-order term gives the quantum Fisher information or the canonical energy

E =
d2

dλ2
(∆E −∆S)

∣∣∣
λ=0

=
R4

45GN
. (4.37)

Using the formula using the second-order kernel (4.19) and (4.27), we obtain the same

canonical energy

E = 2
d2

dλ2

[
1

2

∫
B

dz1

2π

∫
B

dz2

2π
K2(x1, x2)〈T 〉〈T 〉

]
λ=0

=
R4

45GN
. (4.38)

9λ = 2π2

β
sets the temperature.
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5 Auxiliary de Sitter space interpretation

In [12], it was pointed out that the leading order perturbative expression (1.2) for entan-

glement entropy, expressed as a function of the center point x and radius R of the ball B,

is a solution to the wave equation for a free scalar field on an auxiliary de Sitter space,

with 〈T00(x)〉 acting as a source.

It was conjectured that higher order contributions might be accounted for by local

propagation in this auxiliary space with the addition of self-interactions for scalar field.

In this section, we show that for two-dimensional CFTs, the second-order result (1.10)

can indeed be reproduced by moving to a non-linear wave equation with a simple cubic

interaction to this scalar field. A slight complication is that we actually require two-scalar

fields; one sourced by the holomorphic stress tensor T++, and the other sourced by the

anti-holomorphic part T−−; the perturbation to the entanglement entropy is then the sum

of these two scalars, δS = δS+ + δS−, reproducing both terms in (1.10). We will focus on

δS+ since δS− follows identically.

To reproduce the second-order results for entanglement entropy, we consider an auxil-

iary de Sitter space with metric

ds2
dS =

L2
dS

R2

(
−dR2 + dx2

)
. (5.1)

and consider a scalar field δS+ with mass m2L2
dS = −2 and action

L =
1

2
∇a (δS+)∇a (δS+) +

1

2
m2 (δS+)2 +

4

cL2
dS

(δS+)3 . (5.2)

The equation of motion is(
∇2
dS −m2

)
δS+(R, x) =

12

cL2
dS

(δS+(R, x))2 . (5.3)

As shown in [12], the first-order perturbation (1.2) obeys the linearized wave equation(
∇2
dS −m2

)
δ(1)S+(R, x) = 0 . (5.4)

We can immediately check that the second-order perturbation (1.10) is consistent with the

nonlinear equation by acting with the dS wave equation on the second-order kernel (4.27)(
∇2
dS −m2

)
K2(x1 − x, x2 − x) = − 24

cL2
dS

K1(x1 − x)K1(x2 − x) . (5.5)

Integration against the CFT stress tensor then gives (5.3).

Alternatively, introducing the retarded10 bulk-to-bulk propagator [29]

GdS(η, x; η′, x ′) = −η
2 + η ′2 − (x− x ′)2

4ηη′
(5.6)

10These propagators are defined to be non-zero only within the future directed light-cone. This is impor-

tant in reproducing both the support and the exact form of K2(x1, x2).
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x−R x+R

δS+ δS+

δS+

x1 x2

g3

(R, x)

Figure 2. Feynman diagram which computes δ(2)S. The δS+ field propagates in de Sitter with a

cubic interaction given by (5.2). The bold (red) line is the conformal boundary of de Sitter which is

identified with a time slice of the CFT. δS+ is sourced by the CFT stress tensor on this boundary.

and bulk-to-boundary propagator

KdS(η, x;x ′) = lim
ε→0

[
−4πε lim

η′→ε
GdS(η, x; η′, x ′)

]
= π

η2 − (x− x′)2

η
, (5.7)

we can show directly that the solution with boundary behavior

δS+ =
4π

3
〈T++〉R2 +O(R3) . (5.8)

For R→ 0 gives

δ(1)S+(R, x0) =

∫
dxKdS(R, x0;x)〈T++(x)〉 (5.9)

at first-order and

δ(2)S+(R, x0)=
12

cL2
dS

∫
dS

dη′dx′
√
|gdS |GdS(R, x0; η′, x′)

(∫
dxKdS(η′, x′;x)〈T++(x)〉

)2

, (5.10)

at second-order, where the latter term comes from the diagram shown in figure 2.

The integrals can be performed directly to show that these results match with the

expressions (1.2) and (1.10) respectively.

A useful advantage of writing the second-order result in the form (5.10) is that it is

manifestly negative. More explicitly, we have

δ(2)S+(R, x0)=− 3

cL2
dS

∫
dηdy

√
|gdS |

R2+η2−(x0−y)2

Rη

[∫
By

dxKdS(η, y;x)〈T++(x)〉
]2

.

(5.11)

where
√
|gdS | and the squared expression are manifestly positive and the bulk-to-bulk prop-

agator (5.6) is positive over the range of integration where (y− x0)2 ≤ (R− η)2. That this

expression is negative is required by the positivity of relative entropy, since we showed above

that −δ(2)S represents the leading order perturbative expression for the relative entropy.

Recently, it has been realized that the modular Hamiltonian in certain non-vacuum

states in two dimensional CFTs can be described by propagation in a dual geometry [14]
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matching the kinematic space found previously in [30–33]. We find that the results of

section 4.4 can be explained by the same interacting theory (5.2) on this kinematic space.

The kinematic space dual to the thermal state is11

ds2 =
4π2L2

dS

β2 sinh2
(

2πR
β

) (−dR2 + dx2
)
. (5.12)

The second-order perturbation to the entanglement entropy from (4.33) obeys the wave

equation (5.3) with the same interactions in this kinematic space.

We could imagine adding additional fields propagating in de Sitter to capture the con-

tributions to the entanglement entropy from scalar operators discussed in section 3.2. How-

ever, unlike the contribution from the stress tensor, this contribution involves integration of

the one-point functions over the full domain of dependence DB. In higher-dimensions, this

will also be true for the stress tensor contribution. The R = 0 boundary of the auxiliary

de Sitter space does not include the time direction of the CFT, so any extension of these

results to contributions of other operators or higher dimensional cases will require a more

sophisticated auxiliary space. Promising work in this direction is discussed in [13, 15].
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A Direct proof of the positivity

Consider the left moving part of perturbation h+(x+) ∝ T++(x+). The real space h+(x)

must be real valued functions for a perturbation of AdS3. We can expand h+(x) in a Taylor

series h+(x) =
∑∞

n=0 anx
n so that the canonical energy is given by

E ∼
∑
n

∑
m

anam

∫
B

∫
B
dx1dx2 x

n
1x

m
2 K2(x1, x2) ∼

∑
n

∑
m

anamR
n+m+4An,m . (A.1)

where the proportionality factor is up to a positive constant and

An,m =
1

(n+m+ 3)(n+m+ 1)


0 if n+m odd

1
(n+1)(m+1) if n,m even

nm+n+m+3
nm(n+2)(m+2) if n,m odd

(A.2)

which is clearly non-negative and symmetric in n,m.

11The kinematic space dual to the BTZ black hole was first described in [30, 31]. The explicit form of

the metric in the coordinates we are using can be found in [14].
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To show that the canonical energy is positive, we need to show the matrix M with

entries given by An,m = An−1,m−1
12 is positive definite. To do so, we will use proof by

induction and Sylvester’s criterion which states that a square matrix M is positive definite

if and only it has a positive determinant and all the upper-left submatrices also have a

positive determinant.

Proof by induction

Suppose that the N × N matrix MN whose components are given by An,m is positive-

definite. Then consider the block matrix constructed as

MN+1 = AN+1,N+1

(
MN B

BT 1

)
(A.3)

where B is a N -column vector with entries given by Ai,N+1. Since MN is positive-definite,

it has a positive determinant and all the upper-left submatrices of MN also have a positive

determinant by Sylvester’s criterion. To show that MN+1 is positive-definite, we need only

show it has a positive determinant since all the upper-left submatrices are already known .

The determinant of MN+1 can be evaluated using the formula

det(MN+1) = AN+1,N+1

[
2 det(MN )− det(MN +BTB)

]
(A.4)

so it is sufficient to show

det(MN +BTB) < 2 det(MN ) . (A.5)

We denote the eigenvalues of MN +BTB by λM+B
i where they are ordered from largest

to smallest λM+B
1 ≥ λM+B

2 ≥ . . . ≥ λM+B
N . Since BTB is a rank-one matrix, the sole

non-zero eigenvalue is given by β = Tr(BTB) =
∑N

i=1Ai,N+1 ≥ 0. Since BTB is positive

semi-definite, there exists an upper bound on det(MN +BTB) given by the Weyl inequality

λM+B
i ≤ λMi + βiwhere λMi are the eigenvalues of MN in order from largest to smallest

λ1 ≥ λ2 ≥ . . . ≥ λN . We then expand the determinant as

det(MN +BTB) =
N∏
i=1

λM+B
i ≤ λM+B

1

λM

N∏
i=1

λMi =

(
1 +

β

λM1

)
det(MN ) . (A.6)

So it remains to show that λM1 − βB ≥ 0 to complete the proof. The maximum eigenvalue

λM1 is bound from below by the minimum sum of a column of MN through the Perron-

Frobenius theorem (equivalently Gershgorin circle theorem). For the matrix MN , the

minimum sum of a column vector is simply the sum of the N -th column
∑N

i=1Ai,N since

Ai,j decreases with i and j. Therefore it remains to show

N∑
i=1

(
Ai,N −A2

i,N+1

)
≥ 0 . (A.7)

12The inelegant notation change is due to conventional matrix notation starting at n = 1, while the

Taylor series starts at n = 0.
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We split this sum up into two cases. The first case is if N is even. Then we have

N/2∑
i=1

A2i,N −
(N+1)/2∑
i=1

A2
2i−1,N+1 =

n/2∑
i=1

(
A2i,N −A2

2i−1,N+1

)
(A.8)

since the final term in
∑(N−1)/2

i=1 A2
2i−1,N+1 is zero. Explicitly analyzing the coefficients, we

see that
(
A2i,N −A2

2i−1,N+1

)
is always positive for all i ∈ {1 . . . N/2}, so clearly the entire

sum is positive. In the case of odd N , the sum becomes

(N+1)/2∑
i=1

A2i−1,N −
N/2∑
i=1

A2
2i,N+1 = AN,N +

N/2∑
i=1

(
A2i−1,N −A2

2i,N+1

)
. (A.9)

Each term in this sum is also positive, so we have shown λM1 − βB ≥ 0. The expressions

in (A.8) and (A.9) are not obviously positive, but they reduce to some polynomial equations

which can be shown to be positive. Therefore we’ve shown det(MN +BTB) < 2 det(MN ),

thus MN+1 is positive-definite given that MN is. Since M1 is positive-definite we completed

the proof by induction. The kernel for canonical energy is explicitly positive-semidefinite

as required by the positivity of relative entropy.

B Rindler reconstruction for scalar operators in CFT2

In this appendix we find an expression for the matter contribution to the second-order

perturbation to the entanglement entropy of a ball B using Rindler reconstruction so as to

only use the one-point functions of the scalar operator in the domain of dependence DB.

We specialize to two dimensional CFTs in order to obtain a more explicit expression which

can be compared to the gravitational contribution (1.10). Further discussions of Rindler

reconstruction can be found in the literature [21, 22, 24, 25, 34].

Coordinates on the Rindler wedge RB of radius R can be given by (r, τ, φ) which map

back into Poincaré coordinates by

z =
R

r coshφ+
√
r2 − 1 cosh τ

, (B.1)

t =
R
√
r2 − 1 sinh τ

r coshφ+
√
r2 − 1 cosh τ

, (B.2)

x =
Rr sinhφ

r coshφ+
√
r2 − 1 cosh τ

, (B.3)

where 1 < r <∞.

The scalar field dual to an operator O can be reconstructed in this Rindler wedge

using [21]

φ(r, τ, φ) =

∫
dωdk e−iωτ−ikφfω,k(r)Oω,k , (B.4)

fω,k(r) = r−∆

(
1− 1

r2

)−iω
2

2F1

(
∆

2
− i(ω + k)

2
,

∆

2
+
i(ω + k)

2
; ∆; r−2

)
, (B.5)
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where Oω,k is the Fourier transform of the CFT expectation value of the operator

Oω,k =

∫
dτdφ eiωτ+ikφ〈O(τ, φ)〉 . (B.6)

This can be expressed in terms of the operator in the original coordinates

Oω,k =

∫
DB

dtdx
[
(R+ x+ t)i

k+ω
2 (R− x− t)−i k+ω

2

× (R− x+ t)i
ω−k

2 (R+ x− t)i k−ω2

]
〈O(t, x)〉 , (B.7)

where the region of integration is only over the domain of dependence DB.

This form of the scalar field can be combined with (3.29) to obtain an an expression

for δ(2)Sscalar which only depends on the expectation value of O in DB,

δ(2)Sscalar =−1

4

∫ ∞
1
drdkdω1dω2 r

√
r2−1

[
fω1,k(r)fω2,−k(r)

(
− ω1ω2

r2 − 1
+
k2

r2
+∆(∆−2)

)
+
(
r2 − 1

)
f ′ω1,k(r)f

′
ω2,−k(r)

]
Oω1,kOω2,−k . (B.8)
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