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alternative construction of the energy-momentum tensor, which can be quite involved for
higher-derivative theories.
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1 Introduction

It is a truth almost universally acknowledged that there are no non-trivial unitary conformal
field theories in more than six dimensions. Indeed for superconformal theories this is a long
established result [1], and it is often conjectured that the superconformal (2,0) theory in
six dimensions is the one theory to rule them all and in the light bind them.

However, there is now good evidence that there are interacting conformal theories,
which contain an energy-momentum tensor, in more than four dimensions and, indeed, for
non-unitary CFTs, for dimensions larger than six. The O(NN) non-linear sigma model has
a tractable 1/N expansion without restriction on the spatial dimension d [2—4], defining a
conformal theory with calculable scaling dimensions, at least for sufficiently large N [5].
This suggests a non-trivial five-dimensional CF'T which is also accessible by e-expansion
methods starting from 4+4¢ and 6 —e dimensions. Generalisations to higher dimensions were
recently explored in [6, 7]. To leading order in 1/N the non-linear sigma model comprises
an N-component scalar ¢; with dimension %(d —2) and also a singlet o with dimension 2,
clearly violating the unitarity bound for scalars when d > 6.

Apart from the scaling dimensions for conformal primary operators and the parameters
determining the three-point functions and, hence, the operator product expansion, crucial
data defining a CFT are given by the correlation functions involving the energy-momentum
tensor. In any CFT Cp, the coefficient of the two-point function which is fixed up to an
overall constant by conformal invariance, plays a crucial role. The scale of the energy-
momentum tensor is determined by Ward identities and with our conventions

1
(22)

SE(T™ () T°(0)) = Cr THor(z), (1.1)

1 . . . .
for Sy = 2w2?/ I‘(%d) and where 7 is the inversion tensor for symmetric traceless tensors,
constructed in terms of the inversion tensor I for vectors

v,o 1 g TV, vo 1 v, 0O 17 17 2 v
T = S(IMT0 + IPI7) — 0, I (@) = = —patat . (12)



Cr may be regarded as a measure of the number of degrees of freedom. It determines
the contribution of the energy-momentum tensor in the conformal partial-wave expansion,
and so is readily determined in bootstrap calculations. For the conventional free scalar
and fermion theories C'r was determined for arbitrary d and for vector gauge theories for
d = 4 some time ago in [8], and later C7 was calculated for (n — 1)-form gauge in d = 2n
dimensions in [9]. For the O(N) sigma model results for Cp to first order in 1/N were
obtained by Petkou [10, 11] by applying the operator product expansion to the four-point
function for ¢;, and have recently been rederived by direct calculation and extended to the
Gross-Neveu model in [12]. In the non-linear sigma model

cp™ = Crs(N+ PV oY), Crs = (1.3)

d—1"
where Cr g is the result for a free scalar in d dimensions. For general d, Cg (1N) depends on
the digamma function, ¢(z) = I"'(z)/I'(z) but for d = 4 + 2p only the contribution of the
poles ¢(z) ~ —1/(z +n), n=0,1,... for some n are relevant. In consequence, the result
for general d reduces to

4(2p+1)!
(p=DHp+3)!

CO(N)‘ = (—1)p~! (1.4)

d=4+2p

(N)

which is an integer [6]. Thus, C’? 1 = 0, since then the theory reduces to N free

=1
()

scalars with ¢ non-dynamical, whereas C’g 1 = 1. The extra 1 was interpreted in [5]

|d:6
as the contribution of the dynamical free scalar ¢ and for d = 6 — ¢ the e-expansion defines

a CFT at a fixed point starting from the renormalisable O(N)-invariant Lagrangian

1 1
Lo = —5(0"pi0upi + 0"00,0 + g0 pipi) = cAo”, (1.5)

with g, A = O(g). In higher even dimensions there are corresponding renormalisable La-
grangians with higher-derivative kinetic terms for o. For d = 8 — ¢ there is a perturbative
fixed point starting from
1 1
Ly = —5(3’”‘%8“% +0200%0 + gopipi + N 029%0) — ﬁAU4- (1.6)
The § functions for the couplings g, ', A have recently been calculated by Gracey [7]. In
this case C’YQ(N)

1 ’d:8 -
A similar narrative emerges for the Gross-Neveu model with NV fermion fields ;. There

—4, which we show arises from the higher-derivative ¢ contribution.

is also a self-consistent 1/N expansion as a conformal field theory for any dimension d. To

leading order v; has dimension %(d — 1), and there is a singlet scalar field o with scale
dimension 1, which is consequently below the unitary bound for d > 4. The leading 1/N

correction to Cr has been recently determined in [12], and can be expressed in the form
1
CFY = Sdtr(1) N + Crs(CEY + O(N ), (1.7)

where 3dtr(1) is the contribution to Cp for a single fermion with tr(1) the sum over
spinorial indices. For general d the result [12] for C%If is similar to that for the sigma



model; for even dimensions it reduces to

Tllazatop — ( (p—1)!(p+2)!°

(1.8)

In this case C%If ‘ 4—4 = 1, representing the contribution of the dynamical scalar o whereas
C’%Iﬂ g = —90. For d = 4 — ¢ equivalent results can be obtained as a perturbative &
expansion at the RG fixed point starting from the renormalisable Lagrangian

- 1 - 1
Lona =P — 5 000,00 —goip — Ao, (1.9)

with N Dirac fields .

In this paper we calculate the contributions to Cr corresponding to higher-derivative
scalars, such as that for o in (1.6), for general d. The energy-momentum tensor is de-
termined from the corresponding local Weyl-invariant actions on curved space quadratic
in a scalar field . The construction of such actions is equivalent to obtaining conformal
differential operators starting from powers of the Laplacian. We then determine Cr for
scalar theories with kinetic terms with 2p derivatives for p = 2,3, and conjecture a result
for general p.! The formula agrees with (1.4) and (1.8) for the relevant values of d.

In section 3 we consider (n — 1)-form gauge theories with additional derivatives in
2n + 2 dimensions when they also define a CFT and obtain C7 in this case. Reflecting the
lack of unitarity, C7 < 0. We also discuss in section 4 the (n — 1)-form theory, without
additional derivatives, extended to define a CFT away from d = 2n dimensions when gauge
invariance is lost.

The energy-momentum tensors in the higher-derivative theories are rather non-trivial.
In section 5 we discuss an alternative construction which constructs a spin-two conformal
primary by successively subtracting the descendants of lower-dimension primary operators.
The final expressions thereby obtained are identical with those derived from curved-space
Weyl-invariant actions; the subtractions are related to improvement terms which need to
be added to the canonical energy-momentum tensor to obtain a tensor which is traceless
as well as symmetric.

2 Higher-derivative scalar theories

The actions for higher-derivative free scalars considered here have the form
1 1
Siel= - [dle 302000, Silel=- [alsjodPeait. (21)

Theories starting from such actions were considered in [13, 14]. A symmetric traceless
energy-momentum tensor may be obtained by the usual Noether procedure or by extend-
ing (2.1) to a general curved space background so as to be invariant under Weyl rescalings of
the metric. Assuming diffeomorphism invariance then reducing to flat space ensures that
the resulting energy momentum tensor satisfies conformal Ward identities which ensure
that it is a conformal primary.

'Cr,s in (1.3) corresponds to p = 1.



For S, the extension to a Weyl invariant form on curved space is equivalent to con-
structing the Paneitz operator [15] (see also [16] and [17] for the d = 4 version of the Paneitz
operator) and for Sg this involves the generalisation of the d = 6 Branson operator [18] to
general d. These operators provide extensions of V2V? and —V2V?2V? to conformal differ-
ential operators. A convenient form for the Branson operator for general d was constructed
in [19]? by extending Sg to a Weyl invariant form on an arbitrary curved background. A
useful mathematical discussion for arbitrary powers of the Laplacian is contained in [20],
such operators fail to exist in particular integer dimensions, for the Paneitz, Branson opera-
tors these are d = 2,4.% Varying the metric about flat space gives (an alternative derivation
based on a generalised Noether procedure is given in [25])

THY = 20"0%0 0% — %n‘” P?pd%p — 00 0*p) — 9" (0" 0*p) + 1M 8,(0Pp 8*)

+ 2 DHVIP (E?Ugo 8p<p) b (010¥ — ' 9?) <8pg0 Dpp — %(d —4)0%p go) ,

d—1
(2.2)
for
1
DHYIp (nu(vap) o + 771/(030) Ot — nu(anp)va2 _ 77“”8"8/’)
d—2
1 b L /1,1/82 op (23)
S g@ o P
where 0, DHP = 0, 1, D*?? = —0°0”, and
1
T:;”G = D% 07 0%p — 20100 0% — 3 " 0702 p 0,0%¢
+ 0 (00 00%p) + 0 (D" 0707 0) — 1 0,(0P0 0707 )
1
+ 8D P (9,00 B2 p) — 1 (0"9” — " 9*)O (2.4)
+ ADE P (0500,0),
1 3
0= §(d —6)0%(0*p @) + (10 — d) 0,(0%¢ d%p) + Z(d —2)0%pd%p,
where 1
D7 = DP9 — o (040 — 0 0%) 870" (2.5)
It is useful to note that
D%Wp(aavp + apvo—) =0, D%angp =0, 8N’D%Wp =0, nw,D%Wp =0. (2.6)

The terms in the expressions for T}, T's involving the second- and higher-order derivative
operators DH*7P 9L9¥ — ni*9? and D'y’"” arise from explicit curvature-dependent terms
in the curved-space action and represent improvement terms to be added to the canonical

2See version 3 of [19].

3This is then an obstruction to relating Weyl and conformal invariance [21], but it also prevents the exis-
tence of a symmetric traceless energy-momentum tensor which is a conformal primary. Related discussions
are given in [22] and for d = 2 in [23, 24].



energy-momentum tensor. In particular the contribution involving D/;°” comes from the
reduction of a term in the curved-space result proportional to 9,,00,¢ B*, with B*” the

Bach tensor, and this gives
8
A=———. 2.7
T4 (2.7)
The results for T} and T}’ in (2.2) and (2.4) obey the conservation and trace condi-

tions,

v — v v — 1

OuTLs, = (1P 00 d"p, muwThh, = (=177 Ay (0700, Agp=_(d—2p),

(2.8)
which of course vanish on the relevant equations of motion (9%)Py = 0.
Correlators and operator products in the free field theories are determined just by
1 1
0)) =
1 1

0),. = .

(#(2) #(0))g 8(d—6)(d —4)(d — 2)Sq (52)3(@0)

(2.9)

These are respectively singular when d — 4, 6 but in (2.2), (2.4) the only terms not involving

d¢ have overall factors d — 4, d — 6 in each case. From this term, for both T0%, T/, we

may verify for the leading term in the operator product

» dA 1 xtz 1,
54TV () (0) ~ 22 (xQ)%d( Ly >¢<o>. (2.10)

The coefficient is determined by Ward identities assuming T:, 12/[) is canonically normalised.

In free field theories any local operator formed from ¢ with derivatives at the same
point can be decomposed in terms of conformal primaries and descendants, or derivatives,
of conformal primaries of lower dimension. Since T is a conformal primary the result
in (1.1) is therefore unchanged for 777 — T7° + 0, X" for any local X°P7 expressible as
a conformal primary or descendant. This ensures that, dropping also terms which vanish
on the equations of motion,

(TpA() T25(0)) = 2(T /5 (2) 070°0dp(0)) ,

2.11

(Th6(x) TJE(0)) = = 3(TL5(x) 070700 0%p(0)) = 3 (T} (x) 9700”57 4(0)) =
We get, with A as in (2.7),

o B 2d(d+4) o ~ 3d(d+4)(d+6) 519

Tt = Tamga-n TS u-nad-2@-n &P

There is an obvious generalisation of (2.1) to actions with more derivatives, S, formed
from (8%)"¢ or 9,(8%)"¢ for p = 2r or p = 2r + 1. On the basis of the results in (2.12) we
may guess X
7S—p(51d+2)”’1 . p=1.2,...,

(=3d+1)p
where (a), = I'(a + n)/I'(a) is the Pochhammer symbol and C7 g the free scalar result
given in (1.3). The result (2.13) agrees with (1.4), (1.8) for the particular cases of d.

Crp2p = Or (2.13)



3 Higher-order (n — 1)-form gauge theories

In d = 2n dimensions free conformal theories can be formed from (n — 1)-form gauge fields
Apy .y With n-form field strengths F,, ., = n 0, Ay,...u,) With the gauge invariant ac-
tion Sy, o[A] = —%n! [ a2y priein By generalising the conformal invariant Maxwell
theory in four dimensions. Here we consider the corresponding theory with two additional
derivatives given by the action in d = 2n 4 2 dimensions

1
Sn,z[A] - _ ﬁ d2n+2x 8)\F,u1“.una>\meun
1 2n+2 A (3-1)
T 2n—1)! /d R ONFM O Fp

This may be extended to a general curved background metric 7,, so as to be invariant
under Weyl rescalings in the form

1
Sm?[A] = — o /d2n+2$\/j7 (V)\Fm.uunv/\FMlmun
+ (2n Py + (n+2) ypp R) PNt P
+ cw n(n — 1) W/U/)‘p Fuuulmun_zF)\p‘ul...pn,Z) 5
(3.2)
where P, = ﬁ(R,\p — Yap R) is the Schouten tensor, R = 2(TI—QR a rescaled scalar

curvature and W, the Weyl tensor. The Weyl tensor term is invariant under Weyl
rescaling by itself and so, for n > 1, has an arbitrary coefficient. The expression for the
action may be written in various forms with the aid of the identity, for d arbitrary,

”V/\Vp(F)\m“'”"flFpm...un_l) —v? (meunFMW“n)
= — V)\meunvAFm...un +n VAFAM---/MA \J

R 3.3
-n ((d —2n) Py, + 7 R)F’\“l“'“”—lem...#%l (3.3)

1 4
+ in(n o 1) WIU'V)‘p FM MlmunizF/\pﬂln-/—L'rLfZ )

depending on the Bianchi identity for F.*
Varying the metric in (3.3) determines the corresponding flat space energy momentum
tensor for (n — 1)-form gauge fields involving two derivatives

uy A LT ey — v WU - b QY
n' Tn’2 = na FHH n-1 a)\F M1 —1 + 8 1 8 FMl---Mn

1 o
-5 i 3/\F“1"'“”3)\Fm...un +2n0) (F/\m...unA 8(uFV)H/1~~~Mn—1)

4In d-dimensions there is a conformal scalar
(4n +9- d)((d _ 2n) V/\Ful"‘WLVAFpl...M,,L _ nv)\kamunf1 Vprul---an)

R (3.4)
—(n+1)(d—2n) (V> =2nR) (F* """ Fuy pn) s

which generalises an expression obtained by Parker and Rosenberg [26]. For d = 4n + 2 this is just the
conformal Laplacian acting on F2.



1
_ Qn o (F‘L‘ul"'“n’lem...un—J +nDHP (FammunilFPulmun—l)

n 4+ 2
o wayv v 92 FHL-bn
72(2n+1) (0"o n*"'o )( u1.-~un)
+ cw TL(TL - 1) EW“UVP7H7H)\ 808,0 (FenulmunianAul...unfz) ) (35)

where § = %(8 — 5) In the last line &y is the projector for traceless tensors satisfying
the symmetries of the Weyl tensor and has the properties EyyHovPemd = gy lnollvellenllsAl —
Ewenrrmovp, s Eyhoveenid — g mlovplensA — (0 The energy-momentum tensor in (3.5)

satisfies, using the Bianchi identity,
nl 9, ThY = —n P FrH-int F¥ o g T =0, (3.6)

and so T#; 5 is conserved subject to the equation of motion 929, F#H1-Fn—1 = (.
In a Feynman type gauge the action (3.1) reduces to

1 n
Sn72[A] — —m /d2 +2fL‘ 8214#1“.#”71 8214“1”.“”_1 3 (37)
so that in this gauge
(n—2)! 1 e
(At (@) A1 (0)) = G s EM D v (38)
where
EM g = 0 (3.9)

is the projector on to rank n antisymmetric tensors. Then, with F defined in (3.1), the
two-point function for F', which is gauge independent, is given by

n! 1

= m W g(n)ul...,un,h-.-/\n])\l ” () ... Iy, v, (z), (3.10)

(Fyuropon (%) Fuy 0 (0))

with I, (z) determined by (1.2). The result (3.10) has the expected form for Fj, ., a
conformal primary of dimension n.

For this theory the two-point function of the energy-momentum tensor is deter-
mined from

(Ts(2) T,75(0)) = (T3 (x) X7°(0)), (3.11)
for, discarding total derivatives and terms which vanish on the equations of motion,
n! X3P = n P Forbn-1 9\ FP QTR 9P, (3.12)

The ¢y contribution in (3.5) can also be dropped since this term is a conformal primary
descendant of a conformal primary and does not contribute to (3.11). Using the two-point
function (3.10) the combinatorics for arbitrary n can be handled with the identities

g(n)m.../m,01...Up>\1--->\n—p g(n)/il-..I»Ln7p1...pp>\1~..>\nfp —& n)m...ap)\l...)\nfp,pl...pph“')\"’p
pl T(d—p+1)
S AP E gy p=On AP =B Gy



and, if n > 1,

gm R Al An—p

(n)
& WL fhy—1,01...0pAL...An—p 1---Pp

- Ign) 0,0 5uX5(p)al...ap,x,\1...xp71 g(p)Pl..~va)\,)\1m)\p_1 +C}(}n) M 5(p)01---0p791---ﬂp7 (3.14)

where

o _ PP T(d=p) oy _ (n—p)p! T(d—p)
P nn! T(d—n)’ P nn! T(d-n+1)’

p=0,...,n. (3.15)
Consistency requires Bz(,n)+d CI(,n) = A](,”), ;()71)1 = B,()n) B}(fi) 1> as well as C](fi)l - B,()n) Cz(fi)ﬁ—
Bén) Affj ;- Evaluating (3.11) then gives

Cgange _ _Qn(n + 1)(n+3)(2n)!
Tn,2 (n+2)n!?

(3.16)

Note that C’%?ﬁ%e = Cr 4 for d =4.

Large N methods, similar to those for the O(N) and Gross-Neveu models, have been
extended to an Abelian gauge theory coupled to N fermions [27]. For d = 4 + 2p, p =
0,1,..., this becomes equivalent to a renormalisable theory with /N fermions and a higher-
derivative gauge theory with a Lagrangian —% Frv(—9*)PF,,. Using the large N results
for Cr and subtracting the free fermion contribution [27], in the notation used above,
predicted that for the free gauge theory C%?;%‘; =(—1)P2(p+2)2p+)!/((p+ 1) (p+3)).
For p = 0 this is the standard result and the case p = 1 agrees with (3.16) when n = 2.

4 (n — 1)-form theories away from integer dimensions

The usual gauge invariant action for (n — 1)-form gauge fields is only conformally invariant
in d = 2n dimensions although it may be extended, as in the previous section, in higher
even dimensions with additional derivatives. However abandoning gauge invariance the
action may be extended to be conformal for general d. The corresponding Weyl-invariant
action on a curved-space background was obtained by Erdmenger [28], following from
the construction of a conformal second-order differential operator on k-forms obtained by
Branson [18], and the corresponding flat-space action for vector fields or one-forms was
given in [29].

The curved-space action obtained in [28] may be expressed, with a similar notation
to (3.2), as

1

Snoldl = = 2n!

/ddﬂf\/j'?/ <Fu1'“'u’”F,u1...Hn + OZVAA)\MM“TWQ VPAPM1~~~un—2

1 A
+ 5n(d —2n) (R —2(n—1) PA,,)AW--M2APM_..M_2) , (4.1)

d—2n



On flat space this is tantamount to a particular choice of a covariant gauge fixing term [29].
The flat space energy-momentum tensor is then

1

12 clbn—1 TV v
nl TH = n Frs--tn—t [ _577“ Fra-bin

M1 —1 1.-Hn

+(n-2)a O\ AN b —3 OpAPY s — 20 Al pn—2 3V)apz4pu1...u

1
PR Y ONAN 2 AR

n—2

—2(n — 2)ady (A)\(M|N1~~~Mn—3 apAp\V)m._.Mnia) (4.2)
+an™ oy (A)\M1-~-Nn—2 AP s i)

1 vo
+ zn(n — 1)(d — 2n) D*7P (A Hm2 Ay i)

2
n(d — 2n) y y
S @ (AT A ). (4.3)
This satisfies
n! 8HT7% = (n Oy FHHt-—tn=1 4 a8“16,014””2'““"*1)F”mmun_l (4.4)

_ 2 PHL--in—2 AV
ad 8PA n2A M1 hn—2 9

1
TG = = 1 (d = 2n) (MO FHHnt £ a9 AP ) Ay, (45)

and so the energy-momentum tensor is conserved and traceless on the equations of motion.
Of course for d = 2n, T reduces to the usual gauge invariant form.

The two-point function for the (n — 1)-form field determined by the action (4.1) on flat
space was calculated in [28] by inverting the Fourier transform of the kinetic differential
operator and then returning to xz-space giving

(Aproppnr () Avy 1 (0))

(n—1)! 1 (n—1)

Al Ap—1
(d —2n) Sy (xQ)%(d_Q) € H1eefin—1, Iy (x)... In, Vn—1 (z), (4.6)

which has the form required by conformal invariance for A, ,,_, a conformal primary.
From (4.6)

nl

<FM1---Mn (x) Al’l---l’nfl(o)> = (d — 2.n

1 1
n_ 1 n
) Sq 8)‘<(x2);(d—2) 0! = 2(n ) (:Ez)%d Twl >

ABAL .. An_2 (c/'(n—l)

(n)
X g H1---Bn—1, n)\l--'An—QJ/l'nVn—l

n! 1

- S e, W
and
(Fe(8) Fore (0)) =50, < (I;);d $A> N 1
= nnl 1 <5 p_ di x a;P> gn) A An-1 g(n) ) (4.8)
Sa ($2)%d A z2 A H1-pin, DM An_1, V1o n



This has the conformally invariant form in terms of the inversion tensor only when d = 2n
and is identical in this case to the expression obtained for gauge choices for A, ., other
than that implicit in (4.6) [25].

As in other cases, evaluating the energy-momentum tensor two-point function can be
simplified to

(Too(@) T,76(0)) = (Tyg(2) ¥;7°(0)) ,
nlY,7P =n POt FP (0 — 2)a Oy AN b8 9 AR,
—9q Al pn—2 3,0)3’{14%”1“_“”_2 ] (4.9)

This then determines

d (d—n+2)n_1
T d-1 (-1

n=1,2,.... (4.10)

As expected C71 = Cr,g. The corresponding result for (n — 1)-form gauge fields in d = 2n
dimensions, whose energy-momentum tensor is obtained just from the F'F' terms in (4.5),
is CE% = 2n?(2n—2)!/(n—1)!?, 9, 25]. This is not equal to Cr,, in (4.10) when d = 2n,
although (4.3) apparently reduces to the required form for this d.> The difference arises
since the (AA) two-point function in (4.6) is also singular when d = 2n. The representation
of the conformal group generated from a conformal primary A, . ,,_, is reducible when
d = 2n and an irreducible representation for the associated gauge theory is obtained by
quotienting by the invariant subspace corresponding to gauge transformations. Since Cr
is related to the number of degrees of freedom it is expected to differ between the gauge
theory and that corresponding to the (n — 1)-form A, ., _,.

To demonstrate this further we may consider the Fourier transform of the two-point
function in (4.6) letting 2(d—2) — A, k = n—1 and also setting the overall coefficient to 1,

DA —1L1d+1) - 1 \A-3d
1d 2 2 2y 2
™2 F(A + 1) F(p )AMI-.-Mk,Vl...Vk(p) ’ F(p ) Sinﬂ'(A _ ld) <4p > )

Au1~~-uk: Vl...Vg (p) =

1\ 1
<(A — k) 6y — 2k (A - 2d> p2p>\pp> W gk e (411)

Noting that (F(p? —ie) — F(p? +ie)) /2mi = 6(—p?) (—3% pQ)A_%d unitarity requires that the
matrix Ay, ., v () should be positive definite for p? < 0. The eigenvalues are A — k,
d— A —k, but for the the second case the eigenvectors py,, €,,.. ,,] have negative norm for
p? < 0 so that we must have, for a unitary CFT of k-forms,

A>k, A>d—k. (4.12)

5If the energy-momentum tensor (4.3) is restricted to the gauge-invariant F'F' terms and we use (4.8)
then the resulting two-point function is not of the required conformal form (1.1). If Cr is identified through
the coefficient of the zzza terms for n = 2 then Cr,2 = 1d*(d — 2) as obtained in [27]. This prescription in
general gives Cr, = 3 d*(d —2) - (d —n)/(n — 1)L

~10 -



When A = k or A = d — k there are zero modes related to the reducibility of the repre-
sentation. For the case of interest above A = $(d —2) and A = k corresponds to d = 2n.
For d an integer it should be noted that the conditions (4.12) are invariant under duality
Apyge = CA) .

cHd—k*
5 Conformal primary operators

The energy-momentum tensor is a conformal primary operator. The detailed expressions
in (2.2) and (2.4) are necessary to ensure this and we show here how they can be recovered
by requiring T, 5, 4 to be a conformal primary, and that this determines the parameter A
in accord with (2.7), although this term is conserved and traceless by itself.

For a local tensor operator X,,. o, formed from multinomials in ¢ and derivatives at
x = 0 we define

[Kb7 6#] Xal...an = b,u DXal...an + Zz (bai Xal...u...an — Nuoy b)\Xal.../\..,an) 5 (51)

with
D({?“ = 8“(D + 1) s DXCU...OZn - A)( Xal...an 3 (52)

where Ax is determined just by counting the number of derivatives and fields ¢ in X, . q,,-
For any conformal primary X4, A = {a1...a,}, then K X4 = 0 (this is of course the
usual condition K, X 4(0) = 0). Otherwise X4 is not a conformal primary and generates a
reducible representation of the conformal group. Acting with K} removes derivatives so that
for some finite N, KV 71 X4 = 0 and hence we can write Kz X4 = Zr,[ far1(b) Or, where
{Or} is a basis of conformal primaries with Ag, = Ax—N and fa,7(b) = O(bY). For Y, =
3,1 Dar1(9) Op then Ky¥ (Xa—Ya) = 0gives 3o, ; Myr,65 Dass(b) = farr(b). Extending
{far1(b)} to include all possible rotationally covariant forms, with fa,; = 0 for some r if
necessary, M is a square matrix and we may solve for D4 ,;(b) unless {O;} have conformal
primary descendants with N derivatives so that det M = 0. For generic Ax this does not
arise. Iterating this construction then gives the conformal primary X4 — » y Y4 which is
the lowest weight state for an irreducible representation. If det M = 0, for particular Ax,
the representation space obtained from X 4 is reducible but not decomposable.

The result (5.1) can be extended successively to multiple derivatives. For a scalar
conformal primary ¢ with scale dimension J, so that D ¢ = § ¢, and an arbitrary vector a,
we have

1
Ky(a-0)"¢=n(0+n—-1a-bla-0)" Ly - §n(n —1)a’b-9(a-0)" 2p, (5.3)
from which, by acting with 9, - d,,

Ky(a-0)"0?p=n(6+n+1)a-bla-0)" 10?0+ (20 +2—d)b-9(a-0)"p
5.4
- %n(n 1) a?b-9(a-9)" 2. (54)

From (5.3) then

Ba0) = 2 =Y (M) @O o (55)
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satisfies Kj ®,(a) = O(a?) and so taking a®> = 0, which projects out the traces, this
demonstrates that ®,(a) defines a symmetric traceless conformal primary with Ag, =
20+ n and twist 20 [30, 31]. For higher twist results are more complicated. In the following
we will work out O(a?) terms in a few examples and obtain some results for higher twist.
Note that (5.5) of course gives ®,(a) = 0 for n odd.

In the remainder of this section we apply the procedure outlined above for constructing
conformal primaries. Initially we construct a conformal primary starting from 0,4 0, ¢.
Using (5.1) we get

K (0,0 0up) = 262 b,uby, 2, (5.6)

and also
K§(0,0,6%) = 26(2(20 + 1) buby — 1 b*) * . (5.7)
Hence, a symmetric tensor conformal primary with dimension Ap, = 20 + 2 and twist 26

is given by

B ) 1 2\ o
O2,40 = O Oy m <8M8,, + 012 _d Nuw O )‘P

(5.8)
SN PP S (5+1)33_L 0% ) ¢?
BEERGEA A ARSTCY N " T 5o —q e )Y
so that Kj O3, = 0. A scalar conformal primary is then
20+2—d
" Oy = —O? N 5.9
" Oz, Ty s L (5.9)
For § = 1(d — 2) we have '
TSO72,MV = O27MV — 5 nuy 0270—0— . (510)

With more derivatives the construction becomes more lengthy as the descendants of
more conformal primaries have to be subtracted. To construct conformal primary symmet-
ric tensors with four derivatives we start from

Ky ((a-0)* @) = 65(5+1)(4(64+2)(643) (a-b)* —12(5+2) (a-b)*a*b*+3(a’b?)?)p*. (5.11)
This can be cancelled by terms involving four derivatives acting on ¢? so that

K ((a-9)* 00— Dy ¢) = 605 +2)(2(5 + 3)(a- 1) — a®6?) O

5.12
+24(0+2) a-ba® Oy + 6(a*)? Oz, 12
where
B 1 1 600+2) 5 5252
Pret = 4251 1)(25 1 3) <(5 FROE @ O) gy g (5.13)

30(0+1)
+ 12— d)d+4—d) (CL2)2(82)2>7

and O3 qq = a*a”Os ,, with O3, the conformal primary given by (5.8). By adding extra
contributions with two derivatives acting on O ,, the remaining terms in (5.12) may be
cancelled so as to obtain a four index conformal primary

aa”a’a” Oy pvop = (a - 8)4g0 0 — Dy 2 g02 — Dy O (5.14)
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3 §+2
w— a2 9T4a 292\ 4w
D = (300 - )t
3 9 1
— 2 oamay) Lt 2\2 guay 1
(25+5)(45+6—d)< aa-0at0" + oo (a”) 33) (5.15)
3 2 . 2 e 2\2 92 uv
+(26+3)(26+5)(45+6—d)<a (a-0) + a0 ()07 | ™.

It is straightforward to check that Kj Oy, = 0, as guaranteed by the fact that there
are no primaries with three derivatives and two ¢’s. By acting with 0, - J, we obtain a
spin-two primary with twist 20 + 2,

o v
n Pata O4,uyo‘p

= (a-0)’Pp¢
e (R LR ks T o
" 2(45+16—d) <(25 t2-d e’ (5.16)
R L = e L
* 2(26 + 3)(4115 16— d) (((2(5 +1)(20 +5) —d(6 +2)) (a-0)*

20456 +5-d(0+1)
20+3—d

202 v
a“o ) " O2
as well as a scalar primary,

(6+1)(20+2—d)(26 +4— d)

uv, op — 2\2 o 2\2, 2
S e G 2(20 + 1)(46 + 2 — d)(40 + 4 — d) (0°)% (5.17)
26 +4—d (0 2042-d 5 '
25+3—d<88 Yot _al " )Orm
For § = 3(d — 4),
1
Toauw =204 o0 — D) Nuw O,50pp - (5.18)

In this case 40 + 6 — d = d — 2 and the construction of T} ,, fails when d = 2 since then
02, has a spin two conformal primary descendant with two derivatives.
For six derivatives (5.11) is extended to

Ky ((a-9)%p ) =905(6 + 1)(6 + 2)(8(6 + 3)(6 + 4)(6 + 5) (a - b)°
—60(5 +3)(6 +4) (a - b)*a*V? (5.19)
+90(6 + 3)(a - b)*(a?*)? — 15(a2b2)3)g02 .
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Then,
Ki'((a-0)°¢ ¢ = Dg 2 %)
= —90(5 +2)(0 +3)(4(a- b3+ 4)((0 +5)(a - )* — 3a%) Osaq
+3(a*?)?O2,00 — 8a-ba*(2(a - b)* — 3a%b*)Oap
+6(a?)?(2(6+ 3)(a- b)* — a®*) Oam)

(5.20)

with
1 545
Do = 8(20 +5) <(5 +3)0+4) ((25 +1)(26 + 3) (a-0)°

150
T (46(0+2) +3) (45 + 2 — d) a262) (a-0)°

156(5 + 1) 3(5+3)
(46 +2—d)(40 + 4 —d) (45(5+2)+3

542
T (20+1)(26 +3)(40 + 6 — d) “262> (“28(2>2>')
5.1

(a-9)

Further, we have
K2 ((a-8)°0 ¢ — D6 Oz — Dy 2 %) = 15(5 +4)(2(6 + 5)(a - b)? — a?0?) Ot 0aaa
—120(8 +4) a - ba*O4 gaab + 90(a?)? Oy aah »

(5.22)
with
P i ;)5(25 +7) <(‘5 +4) (3 +5)(a-9)" - W a*(a- )%
@ f (65_+ ;ﬂf;fg 3 (a2)2(82)2> aia
T (20 +5)(2 +4§)(45 g ((5 +4)(a-0)? — 45‘1;2_61 a?@?) 2a- 9ahe”)

45
2(2645)(20 +7)(20 + 3 — d)(46 + 6 — d) (46 + 8 — d)

X <(452 +260 + 36 — d(6 +5))(a-0)* — (6 +2) a2a2> (a®)%0r0”

45
T 25+ 3)(26+5)(20 + T)(45 1 6 — d)

((5 +4)(a-0)*

262 4196 + 30 — 3d
(20 +3—d)(46 + 8 — d)
B o+2 20279242 \ 2, v
@ 3 d@rs—a @) @) ).
(5.23)

A two-derivative operator on Oy .0, can now be constructed to obtain a conformal primary

a?(a - 0)%0*

with six indices, namely

ataa’a’a” a” Og pvoprew = —(a - 0)lo o+ D 2 o+ De"" 02, + D" P O4 oy, (5.24)
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where

Do = st (0450 0 - a0 et
MO 9)(4350+ 10—d) " Oalta’a’d"
+ (25+9)(25+34—5d)(46+ 10—d) (a®)2a*a” 97 0°)
_ 251 7)(25 +Z;5)(45 0= d) ((a - 9)% + 53 a282) a(“a”n"p)
(264 7)(26 + 9)(251_?_03 —d)(40 + 10 — d) (a®)2a - 9aHovn7P)
(264 7)(26+9)(26 + 3 _Sil(;(% +5—d)(46 + 10— d) (a?)30Wa¥nor)
" (20 +5)(20 +7)(26 + 9)9(025 +3 —d)(46 +10 — d)

X <(a -0)% + %5 d +15 — da232> (a2)27]“(’/77”)p.
(5.25)
We have Ky Og uv0prw = 0 since there are no conformal primaries with five derivatives and
two ¢’s.
A four-index as well as a two-index and a scalar conformal primary can be obtained
from Og by acting with 9, - d,. To avoid even more lengthy expressions we only list here
the scalar primary,

070" O ywopr = —(0°) >0 @
(5+2)(20 +2—d) (26 + 4 — d)(26 + 6 — d)
420 1 1)(40 +2 —d)(40 + 4 —d)(40 1 6 — d)
326 +4—d)(25 46— d) <a“a”
2(26 +3 —d)(40 1 6 — d)
262 +55 +1— (64 2)d
(20 +3)(A0 + 8—d)

(9%)°¢?

82 nuu) 82 02““”

3(20 + 6 — d) 26+3—d
— (290" —— 0" " O voo -
+2(25+5—d)( T Hor0-a?" > o
(5.26)
For § = 5(d — 6) we can express
1 . 8
T%@“u,, =3 Ogjwjggpp - = 77!“’ O&TTUJPP, if A=———. (5.27)

2 d—4

Thus, we see that the requirement that T, ., be a conformal primary determines A,
independently and consistently with the result (2.7) obtained from the curved-space action
contribution of the Bach tensor.

The poles in (5.13), (5.15), (5.21), (5.23), (5.25) at 40 = 4 — 2k, for k = 1,2,...,
arise for these ¢ since there are corresponding differential operators generating conformal
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primary descendants given by, for O, . ,, a symmetric traceless tensor,

4 1
r (*d+€+7’l_1)r
>, (D zri! =7 (n+r)!

(a- 8)Z’T(82)"+Ta“1 L aMr ErrL e Om---ue ,

1
a?=0, n+l>1, AO:§d—n—€, (5.28)

is a conformal primary symmetric traceless tensor of rank £ and A = %d +n. Thus (0?)"0
is a conformal primary scalar for Ag = 2d—n. The poles (5.15), (5.23), (5.25) at 26 = d—n
for n = 3,5 correspond to conformal primary descendants

M OOy ey k=1,...0, Ap=d+k—2, (5.29)

which are symmetric traceless tensors of rank ¢ — k. There are also conformal primary
traceless tensor descendants of the form

(a-a)ka’“...a’“Om“M, a2=0, k=1,2,..., Ap=1—0—k, (5.30)

of rank k + ¢ and correspond to the poles at 20 = —n forn=1,3,....

6 Conclusion

In this paper we have computed Cr for various free field theories outside the usual range.
Although such theories involving higher derivatives in general correspond to non-unitary
quantum field theories, they appear to be relevant in understanding some CFTs for large
N numbers of component fields where the 1/N expansion remains valid for arbitrary di-
mension d. Of course there are additional parameters, such as those associated with the
energy-momentum tensor three-point function, one of which is related to Cr by Ward iden-
tities. For the usual free CFTs these were also calculated in [8]. The theories discussed here
might also be extended to determine the energy-momentum tensor three-point function,
but the complexity of the expressions for 7}, makes this a rather formidable task, as are
the corresponding large N calculations.

In general in even dimensions Cp in a CF'T is related to a particular term quadratic
in the Weyl tensor in the energy-momentum tensor trace on a curved space background.
In four and six dimensions, where the trace anomaly coefficients are ¢ and c3, the relations

are [19]
4 3

CT:§><5!C, CT:5><7!03, (6.1)
with a normalisation chosen so that for conventional free field theories ¢, c3 are given by
Sle=ng+3nw+12n4, T'cs = 2ng+ 40 nyw + 180 np with ng scalars, ny Weyl fermions
and n4,np the number of vector, 2-form gauge fields in four, six dimensions. There is of
course complete agreement between the results for C7 and the curved space results based
on using the heat kernel for second-order conformal differential operators. The results

obtained here allow some contributions to the heat kernel for higher-order operators on
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curved backgrounds to be obtained. These have been discussed for Ricci flat backgrounds
in [32, 33].

Heat kernel techniques allow a perturbation expansion for arbitrary curved back-
grounds so as to determine the leading corrections to ¢, c3. In six dimensions for a cubic
interaction %Aijkqﬁigéjd)k then results in [19, 34] give to lowest order

7T . % Q 3
7! C3,1 = —% )\ijk)\ijk s )\ijk = /\ijk/(47r) 2, (6.2)
For the theory defined by (1.5), where ¢; — (o, ¢;), Xijkj\ijk =3N§* + A2 and to lowest
order B = —2eg+ H(N -8)3° — A+ 53X, Bi = —eA = NGB+ INgh - 233,
so that at the fixed point, to leading order in &,1/N, §% = 6¢/N, \> = 63¢/N and hence
in (1.3), (1.5) gives for the CFT at d = 6 — ¢ for large N

Crp=1- 26, (6.3)

agreeing with the perturbative flat space calculation in [12] and also the expansion of the
large N result. The corresponding results for four-dimensional renormalisable theories
were obtained some time ago. For n 4 gauge fields, with a simple gauge group and coupling
g, Dirac fermions and Yukawa, scalar interactions 1Y ¢;, i Aijk1@i®; k¢ the results
obtained in [35-38] by expanding about flat space and, using heat kernel methods for a
curved background, [39, 40] give®

1 .

2 7 1 ~2 1 Yo", \
1= (O § R fRo a0 — g b (6

8 24
for g = g/4m, Y; = Y;/4m, ;\ijkl = Aijr1/167% and we take the spinorial trace tr(1) = 4. The
conventions in (6.4) for C, Ry, Ry are such that the lowest order gauge S-function becomes
By = —3£G+3(11C—4Ry— 1 Ry)§®. For the O(N) scalar theory, with interaction § A(¢?)?
and B35 = —e A + (N + 8) A2, this was shown in [11] to give a O(¢2) contribution to ¢ at
the RG fixed point in 4 — ¢ dimensions, 5!¢; = — 5 N(N +2)/(N + 8)% 2, consistent with
large N results. For the Gross-Neveu model starting from (1.9) the one-loop S-functions
are B3 = —2c g+ (2N +3)§%, B = —e A+ 372 + 8N A g2 — 48N g*. At the fixed point to
leading order for large N from the Yukawa terms in (6.4) 5!¢; = —5N/(4N + 6) ¢, which
agrees with explicit calculations and the expansion of the large N Gross-Neveu result for
Cr in [12].

For scalar and fermion theories large N methods allow non-trivial CFTs to be for-
mally defined for general dimensions d which interpolate between physical theories for d
an integer. The situation is less clear for gauge theories since maintaining conformal in-
variance and gauge invariance is more difficult, as was demonstrated in section 4. For
a gauge-invariant quantum field theory the energy-momentum tensor in general contains
contributions arising from the gauge fixing and ghost terms in the action. However these
are BRS exact and do not contribute to correlation functions for gauge-invariant operators

In terms of some previous literature ¢ = —167%8,. In [39] in the final result a misprint in (4.16) is
corrected by taking é — %.
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so that the calculations of Cr in [8, 9] did not take account of them. In section 4 the gauge
fixing terms made a contribution to the energy-momentum tensor (4.3) whose effect did not
disappear in correlation functions when they notionally decoupled. It is an open question
whether the ghost contributions to T#” could be extended to general d while maintaining
conformal invariance. Their contributions to Cr should account for the difference between
Cr in (4.10) and the corresponding gauge theory result when d = 2n.

Note added: for higher-derivative scalar theories calculations of Cr have also been car-
ried out by Guerrieri et al. [41], who further considered the theory with eight derivatives.
Prompted by their discussion there is a quick derivation of Cr, 9p, agreeing with (2.13) for
any p, based on known results for conformal partial-wave expansions of four-point func-
tions as a sum over conformal primaries. Using Mellin transform methods Fitzpatrick and
Kaplan [42] obtained a conformal partial-wave expansion for the four-point function of
generalised free fields in any dimension d. Their results give the expansion

o0

u5 = Z Cre G2§+2T+€,Z(u7 U) ) (65)
£,7=0

where u, v are the standard conformal invariants and Ga ¢(u, v) are the conformal partial
waves for a conformal primary operator with scaling dimension A and spin ¢ and its

descendants. The partial waves are normalised here so that Ga ¢(u,v) ~ u%(A*Z)(—l + )
as u — 0, v — 1. From [42],

_ (0= 3d+1)r (9)esr)”
O (+2d), (20 +7—d+1), (20 +L+7—3d); (26 +27+ - 1),

Crp (6.6)
The four-point function for free fields (p(z1) ¢(z2) @(x3) p(z4)) defines a function of the
conformal invariants F(u,v) = N2 (14u®¢ 4 (u/v)2¢), where N,, is the coefficient for the
two-point function, which may be expanded in terms of conformal partial waves using (6.5),
for u — u/v ¢, 0 — (=1)¢c, 4. Coresponding to the operator product (2.9),
N, dA, 1
Cryp,d—1 (xQ)Asa*%dH

p(x) p(0) ~ zuy T (0) - (6.7)

Since L12 L34 v I”V(CC24)/($122$342)% ~ —(1 - 1})/(2\/17) as r12,T34 — 0, we must have

_— _ (dA2p>2 1 1y d(d—2p)? (Ad—p+1),
P 6=1(d—2p) d—1) 8Cryap 32p(d-1) (Ad+2),1

This gives a result for Cr , 9, identical to that in (2.13). The restriction on ¢ is of course

(6.8)

necessary to ensure that the expansion contains a conformal primary contribution which
may be identified with the energy-momentum tensor, for this case in (6.5) 7 < p—1 and the
operators which contribute have A — ¢ = d + 2(7 — p) and are expressible as ¢(§)f (0% .

These results can easily be extended to consider the differing conserved currents present

in these free theories. If we allow ¢ — ¢;, there is a conserved current J ;. = —J/ ., with
14 1 4
<JZ’”(IE) @,kl(0)> = CJ7<P W IM (IL‘) (5%5]1 — &Ll(sjk) . (69)
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For its contribution in the operator product expansion we have

Ny ! JY.(0). (6.10)

pi(z) p;(0) ~ T Clp (a2)hediT1 T o i

The four-point function in this case has the form Fj;y(u,v) = N<p2 (5ij6kl + 0ik0j1 ule +
810k (u/v)2¢), and using (6.5) we find

1 1 (da- P
=2cp-11| | = (—1)P1 = 7§2 Jo . (6.11)
Cup2p 6=3(d—2p) P (3d+1)p1
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