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1 Introduction

In the literature, two main approaches are used to describe dynamics of M5-brane theory.
The first approach is called the superembedding approach [1], in which a supersymmetric
M5-brane worldvolume is embedded into an 11-dimensional supersymmetric target space.
This approach was carried out in [2, 3]. Alternatively, the approach called the Green-
Schwarz approach, in which a bosonic Mb5-brane worldvolume is embedded into an 11-
dimensional supersymmetric target space can also be used. The first successful attempt on
this approach is shown in [4-6], in which the action known as the PST action is constructed.
Within the Green-Schwarz approach, it is also possible to construct alternative actions
which are expected to serve some specific purposes better. In particular, with the hope to
understand the connection between the five-brane proposal [7, 8] and the known complete
M5 action, the alternative action [9, 10] is constructed. Although it is yet unclear whether
this alternative action would eventually serve its original intended purpose, the possibility
to have more than one action which fully describes a single supersymmetric M5-brane
should already be a good motivation to seek further alternative actions. In this paper,
we construct yet another alternative action. An attempt toward the 2+4 formulation of
Mb5-brane action is put forward in [11]. However, it is still unclear whether the completion
of [11] to an M5-brane is possible.



Making symmetries of underlying theory manifest is always beneficial, and it is no
exception for duality symmetry. For example, the construction of the duality symmetric
action of 11d supergravity allows its direct coupling to both the M2— and Mb5-branes [12].
For us, we are interested in the duality-symmetric worldvolume action for the Mb-brane.
In [13, 14], in order to reflect the duality property of M5-brane, the dual action to the
quadratic PST action [15] for chiral 2-form is constructed. This action, however, still does
not describe the M5-brane as the non-linearisation and the couple to the other fields have
yet to be implemented. The main goal in our paper is to obtain the Mb5-brane action in
the dual formalism.

In order to achieve this goal, we start from considering the quadratic action for the
chiral 2-form in the dual formulation. In a sense, this is obtained from using the gauge
freedom to fix the auxiliary field of the model in [13, 14]. We have checked that despite
the fact that the Lorentz symmetry is not manifest due to a certain space-like direction is
singled out, this action can be shown to have the modified version of Lorentz symmetry.
We next couple this action with 6d gravity and show that it possesses a modified version
of diffeomorphism symmetry. Next, we non-linearise the action by utilising the idea of [16—
18], in which one starts from the known Hamiltonian for the gauge-fixed PST action, relax
certain constraints, and then work out the action. Having obtained the linearised action,
the extension to the Mb5-brane action is straightforward. The most non-trivial check is
whether the action possesses the kappa symmetry. We have shown that this is the case.

In [4, 6], it was shown that the double dimensional reduction of the gauge-fixed PST
Mb5-brane action gives rise to the dual D4-brane action [19]. With the dual nature of the
dual 145 M5 action, it is anticipated that a standard D4 action [20, 21] written in terms
of a worldvolume vector gauge field would be obtained upon double dimensional reduction.
We have carried out the dimensional reduction and found that it is indeed the case.

The paper is organized as follows. In section 2, we first review the M5-brane action in
the PST formulation, and then present the M5-brane action in the dual 145 formulation.
Its derivation is shown in section 3. In section 4, the constraint analysis of the action is
discussed. This presents further verifications on the action. In section 5, we show that
the on-shell values of the dual 1+5 action equals to those of the 145 and 3+3 actions. It
is shown in section 6 that the double dimensional reduction of dual 145 M5 action gives
directly the standard D4 action. In Conclusion we summarise our results and discuss some
open problems and possible future works.

2 The Mb5-brane actions

The action for a single supersymmetric M5-brane in the Green-Schwarz approach describes
an Mb-brane embedded into an 11 dimensional target superspace. Within this approach
its first formulation, known as the PST formulation, is presented in [5, 6]. In the PST
formulation, an auxiliary scalar field is introduced. There is a local gauge symmetry which
reflects the auxiliary nature of this field. After a gauge fixing of this symmetry, the auxiliary
field is identified as one of the coordinates of the 6d worldvolume. As a result, the 6d
worldvoulme indices are separated into 1d and 5d ones. The 6d covariance is therefore no



longer manifest. However, it can be shown that the resulting theory still has the full 6d
diffeomorphism symmetry, which is modified. Furthermore, as in the case of the original
PST formulation, the resulting action legitimately describes a single supersymmetric M5-
brane in a generic 11d supergravity superbackground. Therefore due to the way the indices
are separated, we call this action, which is a result of the gauge-fixing of the auxiliary field
from the one in PST formulation, as being in the 145 formulation. Note that in this
formulation, the singled out direction can either be space-like or time-like. In particular,
we will call the 145 formulation in which the space-like direction is singled out as the
PS145 formulation, whereas the one in which the time-like direction is singled out will be
called the HT'1+5 formulation.

More recently it is shown by construction in [10] that, also within the Green-Schwarz
approach, there exists an alternative formulation of a single supersymmetric M5-brane.
In this formulation, there are three auxiliary scalar fields. After the gauge-fixing of these
scalar fields, the 6d worldvolume indices are separated into 3d and 3d ones. The resulting
theory also legitimately describes a single supersymmetric M5-brane, and is said as being
in the 343 formulation. Having an extra formulation at hand, it is natural to expect that
this would eventually prove useful in order to understand more about the nature of M5-
brane, and of course it would be natural to seek for other formulations. In [11], an attempt
was made in order to construct the 244 formulation. However, it has not yet been clear

whether such a construction would be possible.

In this paper, we construct and present yet another formulation, called the dual 1+5
formulation. To the best of our knowledge, the complete M5-brane action in the dual 145
formulation has not been presented nor discussed before in the literature. As for the case
of the 145 formulation, one direction on the 6d worldvolume is singled out. However,
the singled out direction can only be space-like. This feature is different from the 1+5
formulation, in which the singled out direction can either be space-like or time-like.

In this paper, the signature of the metric of the 11-dimensional target superspace is
taken to be mostly plus. It is parametrized by ZM™ = (XM, ), in which XM are eleven
bosonic coordinates and 6 are 32 real fermionic coordinates. The geometry of the 11d
supergravity are described by tangent-space vector super-vielbeins E4(Z) = dZME\A(Z)
(A =0,1,2,---,10) and Majorana-spinor super-vielbeins E*(Z) = dZMEM*(Z) (a =
1,2,---,32).

The vector super-vielbein satisfies the following essential torsion constraint, which is
required for proving the kappa-symmetry of the M5-brane action,

T4 = DE4 = dB* + EPQp? = —iE°T1,E (2.1)

where Qp4(Z) is the 1-form spin connection in eleven dimension, Fgﬁ = Féa are real
symmetric gamma matrices and the exterior differential acts from the right.

The coordinates z# (u = 0,1,---,5) parametrize the worldvolume of the M5-brane

which carries the chiral 2-form gauge field By(z) = 3da#da” B,,(z). The induced metric

on the Mb-brane worldvolume is constructed with the pull-backs of the vector super-



vielbeins E4(Z)
9w (@) = B Elnap,  Ej = 0,2V Ex*(Z(x)). (22)

The Mb5-brane couples to the 11d supergravity 3-form gauge superfield, C3(Z) =
%dZMleMQdZM?ﬁC ‘MamaoMy, and its Cg(Z) dual. Their field strengths are constrained
as follows

dCy = —3EAEBEC“E’3 (TBA)as + 4'EAEBECEDFJ(3<);BA(Z)
1
dCy — CadCs — - EA1 ) .EA5EaE,B(pA5mA1)aﬁ + = —EA. .EA7F1£‘77)“.A1(Z) (2.3)
1
PO Ar-Ar - ZEAV.AIIF;(&?...AH ) 10 = —¢g 10 =1.

The extended field strengths of Bo(x) which appears in the M5-brane action is
Hs =dBy + Csy, (24)

where C3(Z(x)) is the pullback of the 3-form gauge field on the M5-brane worldvolume .

Having discussed the background set-up, we next proceed by briefly reviewing the
original form of the Mb-brane action and then will present our main result, namely, the
alternative worldvolume action for the M5-brane in a generic D = 11 supergravity back-
ground.

2.1 Original M5-brane action

In this case to ensure the 6d worldvolume covariance of the M5-brane action one uses an
auxiliary scalar field a(x), whose gradient d,a could be either time-like, i.e. in a certain
gauge, 0,a = (52 or space-like 0,04 = 52.

The Mb5-brane action in a generic D = 11 supergravity superbackground constructed
in [4-6] has the following form:

ora =
S = —/ d®z —det gw,—l—iiaH
Me

> + Y9 9\aHM H,,,0%

@ay ™) " i(0ay?
1
t3 /M (Cs + H3 A C3), (2.5)
6
with 3 1
Hp,uz/ = m EPNVAUTH)\O-T7 g - det gul/ 3 (26)
where
00 = —€g..5 = 1.

By utilising local gauge symmetries, it is possible to set a = °. The action then
becomes

S = _/M6 d%x [\/ det(gu + i(H - W) + \/P(H W) (H - u)

1
+= / (Cs + H3 N Cs), (2.7)
2



with

(H-u)uw = Hw,pup, (H -u) = Hypu? (2.8)
where
55 A5
Uy = —2—, = = (2.9)
455 e

In the action (2.7), the 6d indices on the M5-brane worldvolume are separated into
the 5d indices and the index 5. The 6d indices are represented by the Greek letters
w, v, = 0,1,2,3,4,5 while the 5d indices are represented by the underlined latin in-
dices a,b,--- = 0,1,2,3,4. Despite the explicit separation of the indices, the action still
possess the diffeomorphism symmetries. See [22, 23] for example.

In addition to the conventional abelian gauge symmetry for the chiral 2-form, the
action (2.7) has the following local gauge symmetry:

5Bab = 0, 5352 = (I)Q(l'), (2.10)

with ®,(x) being arbitrary local functions on the woldvolume. The symmetry (2.10) ensures
that the equation of motion of Bs reduces to the non-linear self-duality condition

(H ’ u);w = u;w(ﬁ) ) (2.11)

where

, 57/ det(6 + i(H - u),”)
S(H - ) '

U (H) = (2.12)

The action (2.7) is also invariant under the local fermionic kappa-symmetry transfor-
mations with the parameter k*(z) which acts on the pullbacks of the target-space super-
vielbeins and the Bs field strength as follows

1 _
inE* =6, ZMES = S+ )% 5k7, inE =6, ZME = 0. (2.13)
g = — HEL,(Ty))apinE”, SH®) = i,.d0®, Spa(z) =0,

where (1+ I')/2 is the projector of rank 16 with I having the following form

~ 1 ~
Vdet(8y + i(f - u)¥) T = 4@ — ST (),

1 e B 5
_16\/—7g€m HO(H ) g (H ) pgpua U s

=1, wl=0, (2.14)

where

T,=EA"T4a, 9= T - (2.15)

6!v/—g



2.2 M5-brane action in the dual formulation

In this paper, we construct an M5-brane action in the dual formulation and show that it
has all the required properties, that is it is self-interacting, diffeomorphism invariant and
kappa symmetric. Let us first present the action along with basic discussions.

S = doz [—\/Tg\/det (84 + (H -v),) + @(ﬁ[ )M (H - 0)

M 4
+% /MG (Cs + H3 A C3), (2.16)
with
(H-0)y = Hupv?,  (H-0) = Hyuppt”, (2.17)
where
vy = L2 v = % (2.18)

This theory has the semi-local gauge symmetry

0Bgp = w@(xl), §Bys = 0, (2.19)

where w;j = wyj) (z1) are arbitrary functions of 5d coordinates 2t. This semi-local gauge

symmetry can be used to ensure that the equation of motion of By reduces to the non-linear

self-duality condition

11 oV

ablmn
s g emngn 43 =0, 2.20
395595[5 Imn] 5H¢Lb5 ( )
where
1
V = V(g Hsap) = —/—g4 [det [ 62 + Hab> 2.21
(s Hsa) =~/ ( s (221)

This alternative Mb-brane action is also invariant under the kappa symme-
try (2.13) with

_ 1 1
det((SZ + HMV)F = ’7(6) + ivaHﬂ’Y’Y(ﬁ)FaB’y + mem HGHMMQHM:&MFNSMW (2'22)
which also satisfies
r?=1, trl’ = 0. (2.23)

Notice that the first line of the dual 145 action (2.16) may be obtained from the first line
of the gauge-fixed PST action (2.7) by the replacement rule

i(H )™ — (H o)™, i(H - u)™ — (H - o). (2.24)

This formal relation above between actions is a typical characterisation of a formulation
and its dual. For example, the standard Dp-brane actions in terms of their worldvolume
vector fields are related to their electromagnetic dual counterparts, which is written in
terms of the (p — 2)—forms by a formal replacement rule similar to the above [4, 19].
However, being a self-dual gauge theory, the M5-brane action (2.7) is invariant under the



worldvolume dualisation of the 2-form gauge field. Nevertheless, it is found in [13, 14]
that the dualisation of linearised (2.5) with respect to the auxiliary field a(x) gives the
covariant form of the linearised (2.16). This is why we call (2.16) the dual formulation of
the M5-brane action. Refs. [13, 14] suggest that (2.16) may be covariantized by an auxiliary
4-form. However, the covariantisation issue is quite complicated and we will not touch it
upon throughout this paper.

The derivation and discussions on the M5-brane action in the dual formulation (2.16)
are presented in the subsequent sections.

3 Derivation

3.1 EOM from superembedding

The complete set of equations of motion of the action (2.5) has been shown [24, 25] to
be equivalent to those obtained from the superembedding approach [2]. In particular,
when constructing a single M5-brane action in the 3+3 formulation [10] and in the yet-
incomplete 2+4 formulation [11], the chiral 2-form equations of motion obtained from the
superembedding approach provide useful information on how the action which gives the
required equations of motion should look like. As in the case of the other formulations, also
in the dual 145 formulation, it is useful to discuss the equations of motion of the chiral
2-form obtained from the superembedding approach.

In the superembedding formulation of the M5-brane [2, 3] the field strength Hj of the
chiral field By is expressed in terms of an auxiliary self-dual tensor hs = *hs as follows'

1 1~ 1
ZHMVP _ m;l)‘h)\,,p, Z];I,ulmpl — 66M1V101uupm;1>\h)\yp _ Q—lmm)\h/\mpl (3'1)
where m;l)‘ is the inverse matrix of
m,f‘ = ‘5u)\ - 21‘3;/\ ) m;u = Q71(25u)\ - mu/\)v ku)\ = huuph)\yp (3.2)
and 5 )
Q=1-3tr k2,  HMP = geﬂuﬂaﬁvﬂa/gv. (3.3)

As was shown in [24], by splitting the indices in egs. (3.1) into 145 and expressing com-
ponents of h3 in terms of H,,5, one gets the duality relation (in our convention)

(1—3tr(H?) H + H?

H= (3.4)
V1= Ste(H2) + Lor(H2)2 — Lor(H4)
where H and H are matrices with components
gb = H5gb, ~QQ = f{5gb. (35)

'Our normalisation convention of the field strength differs from that in [24] by the factor of 1 in
front of Hs.



Inverting the equation (3.4) gives

(1 + %tr(ﬁﬂ)) - i3

H (3.6)

1+ Ste(A2) + Lor(H2)2 — Lur(A4)

Although both the equations (3.4) and (3.6) are essentially the same, only the latter
one arises directly, as a consequence of Euler-Lagrange equation for the By sector (with
all background fields and other worldvolume fields turned off) of the action (2.7), which
first presented by [4, 26]. On the other hand, to the best of our knowledge, the Lagrangian
which directly gives rise to the equation (3.4) has not appeared before in the literature, let
alone its extended version to describe the complete single M5-brane theory. Thus in this
paper, we construct and present the complete single M5-brane theory in the form which
serves this purpose. This action is given in the equation (2.16).

The construction of this action starts from constructing the flat space free theory and
then its nonlinearisation. To achieve the latter, we appeal to the Hamiltonian analysis and
apply the idea of [16-18].

3.2 Free theory in non-covariant form

Let us start by deriving the linearised version of (3.4) from an action principle.
We would like to derive the linear self-duality condition

1 -
HMP = PO gy = HI (3.7)

on the 3-form field strength Hs = dBy of a 2-form potential By from a 6d Lagrangian.
Consider the following 1+5 splitting of field strength,

Hyup = (Hipnn, Hmns ), I,m,n=0,1,2,3,4. (3.8)

The Levi-Civita symbol is split according to

Q12345 oo o Q012345 0123405 _ 01234 oo (3.9)
The Greek letters are 6d indices p,v,--- = 0,1,2,3,4,5 while the underlined latin indices
are bd ones [,m,n = 0,1, 2, 3,4. Therefore,

rrlmn 1 Imnpq r7pg5 1 pglmn
H™ = ie Hlﬂ57 HPY — —gﬁfiHlmin- (3'10)

The self-duality equation (3.7) could be derived from the following action:

S = —i/d% (ng, ( mn, _ Nm5)) . (3.11)

The action has the following semi-local gauge symmetry

6 Bpmn = Qn (28), §Bps = 0, (3.12)



where Qw(mﬁ) are arbitrary functions of 5d coordinates zE. To be eligible as a gauge

symmetry, the Noether charge associated with the semi-local symmetry must vanish at
least on-shell. The conserved Noether current associated with (3.12) is

= % (Hmf’ - FIM5) Q0L (3.13)
It is clear that the Noether charge @ = [ 4%z vanishes identically off-shell, as j° = 0.
Had we aligned the temporal direction in the ‘1’ of ‘1+5’ splitting, this would not be the
case. In other words, the special direction chosen in the dual 1+5 formulation must be a
spatial one.

The equations of motion derived by varying (3.11) are

1 .
95 (S,Equm”(Hlm - ln)) =0,
1’ (3.14)
Op <3.€pqlm"(Hlnm - m)) =0.
The general solution to the field equations (3.14) is
1 pglmn 7 1 pglmn k
3¢ (Hymn — Himn) = ST Owmn (27), (3.15)

where Wy, (25) are arbitrary functions of 5d coordinates .

Notice that the components of the field strength H,,,5 are invariant under the trans-
formation (3.12). Under (3.12), the left hand side of (3.15) transforms as

1 ~ 1
5 (?"emlm”(Hlmn — Hlmn)) =5 LA ) i (3.16)
which is in exactly the same form as the right hand side of (3.15). Therefore, by the
gauge-fixing (,,, = Wmn, one obtains the self-duality equations

1

56pqlﬂ"m(Hlmin_ Hjpn) = 0 (3.17)

which is obviously equivalent to (3.7).

The action (3.11) is manifestly invariant under the SO(1, 4) subgroup of the 6d Lorentz
symmetry. However, although less obvious, it is also invariant under the following modified
Lorentz transformation parametrized by A,,5 = A, mixing the 2° and other directions 2™:

B = [(A- )05 — 2*(A - 0)] Bun — 2Apn By + w57 (Hm _ ﬁmnl)

6Bms = [(A-2)05 — 2°(A - 0)] Bims — A%Binn,

(3.18)

where (A - x) = Apsz™ and (A - 9) = A™50,,. Therefore, the action (3.11) enjoys the full
6d Lorentz symmetry. The modified Lorentz symmetry reduces to the standard one when
the field strength satisfies the self-duality equation.



The free theory introduced above could be put on a curved 6d space. Consider the

1 —_— - = .
S=— /dﬁgc <gH5jk (HE)ﬁ - H5]k)) ; (3.19)
4 gs5

following action

where

= 1
HHP =
3l/—g

Indices in (3.19) are pulled up and down by the 6d metric g, with the mostly positive

MVPTONH . (3.20)

signature (— 4+ + + ++). The action is still invariant under the semi-local gauge symme-
try (3.12). By varying the action (3.19), we obtain the field equations

4 -
05 <61mnpq95[5(H - H)lmn]> =0,

3
155 ) (3.21)
O | emmPd——gors(H — H = 0.
iy (6 Cy 9515 ( )lmn]>
The general solution to (3.21) is
4 ~ .
elm"pq3—g5[5(H — H)pn) = epq”kﬁkwg(mé), (3.22)
955
where w;; = wiiy) (x1) are arbitrary functions of 5d coordinates z!.
One could obtain the self-duality equations
4 -
e — g (H — H)pyyn) = 0 (3.23)

3955

by an appropriate gauge-fixing of the semi-local gauge symmetry (3.12).

The action (3.19) enjoys the full 6d diffeomorphism. However, the diffeomorphism
transformations of 6.B,,, are modified in the directions ¢. Indeed, after a somewhat
lengthy algebra, one shows that the action (3.19) is invariant (up to total derivative
terms) under

¢r ~
0cBiy = & Hyj =4 —gels (Hijp) — Hisy))
/— P ~
= éuH/,Lij + geijpmni (Hm5 - Hm5) )
=20 T gss

(3.24)

5eBE>m = g'uHu5m-

In the next subsection, we will generalise (3.19) to a nonlinear theory following the idea
of [16-18].

3.3 Dual 145 Lagrangian from Hamiltonian

The HT1+5 nonlinear theory, which is the chiral 2-form part of PST M5 action (2.5) with

0

the gaugg—ﬁxing a = x°, contains primary constraints foab + b = 0 (d,i) =1,2,3,4,5),

where 7% are conjugate momenta to B;. Refs. [16-18] showed that one could obtain the

PS1+5 nonlinear theory, which is the chiral 2-form part of (2.7), if one replaces H 0ab i the

~10 -



HT1+5 Hamiltonian by (H O&i’—wdi’) /2 and then relax the primary constraints H 0ab 1 qab —
0to HY% 47 = 0 (i = 1,2,3,4). The manifest SO(5) covariant form of HT1+5 formulation
would be first decomposed to SO(4) by relaxing the primary constraints, and then the
indices 0 and ¢ would be recombined to get a PS1+5 Lagrangian with the manifest SO(1,4)
covariance. In this section, we will apply the similar technique by relaxing the primary
constraints 7040 + mib — 0 to F0 + 7% = 0. The result is expected to be the nonlinear
dual 1+5 Lagrangian written in terms of the components Hs;,,, where m,n =0,1,2,3,4.
Let us start from HT1+45 Lagrangian

HOabHO 5 1 - .
L:— —__ab det 5b HOJ), 3.25
R \/ N (3.25)

which is manifestly SO(5) covariant and is already in a first-order form in the gauge field
By. The H Oab is defined as HY, b= 1 O“bgu&. For the future convenience of this section, let
us rescale the Lagrangian £ — £ = 4L and then put it in the first-order form:

" s . 1 - 1 - 1 ~
I _ b 0ab
E = 'ﬂ'a HO&B + H @ Hé&I;Nc — 4Nﬁ\/1 — %trH2 — 47721]I'H4 + 8772(‘51"]{2)2 (326)
+E (ﬂaé i ﬁoai))
where A A
trH? = HY, bHO a tri* = 0% A% H A H 2, (3.27)
and the metric is Arnowitt-Deser-Misner decomposed
_N2 + ,Y&I;NdNb ,yl;éNé
Juv = . (328)
YaeN© Vab
We define the inverse of 7,; and its determinant as 7&5, and -y, respectively. The inverse of
the metric is

N2 NP
gW:< SN (3.29)
N® ab _ N°N
N2 Y N2

In [16-18], the PS1+5 Hamiltonian can be obtained from the HT1+5 Hamiltonian by
first modifying

_ . fpoab _ rab
A _, % (3.30)
and then modifying the constraint mab 4 F0ab — ) to
7 = [, (3.31)

Using the obtained form of the Hamiltonian, then the PS1+5 Lagrangian can be obtained.
For us, we wish to obtain the dual 1+5 Lagrangian by following the similar way. So,
we start from the first-order Lagrangian given in the equation (3.26). Let us modify

ﬁoaz} _ Faz}

Fy0ab . ]:—ai; _
- 2

(3.32)

- 11 -



Then modify the constraint rab + H 0ab — () to

7 = —[%, (3.33)
This gives
Fo, = 05 Fa_ <%C - 7057”‘”’) 0 (3.34)
V55 V55

Foy = —%]}05 + %ﬁ%d%m (3.35)

Foy = B fe 3.36

°T s ° (3:36)

Fi5 = F%, (3.37)

where ]-:dl; = ]}dévéi) and we have intended to maintain the matrix form of F which has

one index up and one index down. Define ﬁ‘ié = ﬁ[&i’] such that

j:’a
=B =0 « pPr=_pB="273 (3.38)
gs5
and TB& as
Tba _ <,ch o ’Yc5’Yb5> ﬁOac’ Tb5 _ Eﬁ[()cd,yd& TE)& =0, (3.39)
V55 V55
so that we have
Fly = g5ed™ + T = 5" + T} (3.40)

The matrix Tg‘i encodes the components Hj,, while 5° contains the conjugate momenta
7% which must be replaced with its equation of motion in order to get the Lagrangian of
the theory.

It is natural to expect the resulting dual 1+5 theory is described by the SO(1,4) covari-
ant tensor Hsgqp (a,b=0,1,2,3,4). Therefore, following the similar spirit of decomposition,

we do the SO(1,4) — SO(4) decomposition by writing

a0

Hs5%, = zmHsob +7*“Hsep (3.41)
gab b
H5% = —gﬁHL%Ob = YN Hsep (3.42)
90(1
H5% = —gﬁH50a (3.43)
H5%, = H5",. (3.44)
Let us define pgp = ppap) such that
H 0
Pab = poo = 0, Poa = —Pa0 = % (3.45)
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and T%, such that

T =0, T = v"“Hse, T% = " N°Hsy. (3.46)

Therefore,
H5% = g%pep + T%. (3.47)

After performing our version of [16-18] procedure, the full nonlinear Lagrangian is
then

' r70ab 70a5 ~a5 ﬁoac%L%HOaS L ~o0ab 770 5

L =-H" H()ab +2H> Hogs — 4pa Pa0 + 4700 +_-_H™ €abmn N
V559 2 (3.48)

— 4N AV A+ Capp®pbS,
where
L =g 1 & psesdsa
A=1- ;Ta Ty — ?Ta T,°T Ty (3.49)
1 m 1 T nom 1 m .t

Cab = (—9559mb + Jms965) —§5a — ? ., — 55,1 7T . (3.50)

To get the final form of the Lagrangian, we need to replace 5% (which contains the conjugate
momenta 7%%) with its equation of motion. The equation of motion of p* is

oL N7

0= ~<F — —4p 0 — 4
5ped ¢ A+ Cop %

(CapP™), (3.51)

or

Nﬁ (Cabﬁbf))‘

V A + Cabﬁa5]5b5

Using the above equation of motion to rewrite —45%p,o in the Lagrangian. This gives

Ozpa0+

(3.52)

- - 1 - ~ 1 ~
El _ _HOabHOab + 2HOQ5HOCL5 + §H0ab6abmnH0mnN5 _ 4WHOd5H0ndM
g 55
AN/~

-4 A+ Copp5phs (3.53)
VI e Hs 2 — 4 el

955 VA + Capp®pts

By noting

1 ves - - .
Tamen’an _ 5 755 TmnTnm,yab 755 ,yamenTnb, (354)
g g

and using (3.52) we can obtain

£ = YIH  Hs® — AN AVX + Z%paopo, (3.55)

gs5
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where

1 1
X =1- ggTa[bTba} - gTTa[bTbcTCdea]a (356)
55
1 ~v% 1 1 11 ,
g Bl (mTameﬂ"b 3 N?’VabTmiTz’”> (3:57)
55

Note that the manifestly SO(4) covariant expression inside the square root can be
assembled back to a nice SO(1,4) covariant form

1 1
X+ Z%aopu = 1 = = Hs*yH'y) = - Ha"pHis "o HpsiaHis - (3.38)
55

The nonlinear dual 1+5 action is then

— - 1
S’:/d6 I H. o Hs® — 4,/= dt<53+Hab> , 3.59
l’( sabHs V—g4/det { dq s e (3.59)

955

or

S = /d6 ( NI W Hs® — /=g det<2 \/% b>> (3.60)

As the nonlinear part of the action depends on the field strength through Hs,p, the action
still enjoys the semi-local gauge symmetry (3.12). As a result, the procedures of gauge-
fixing to get the self-duality equations follows exactly the steps presented for the free
theory. The upshot is that field equations of the above action is equivalent to the nonlinear
self-duality equations (2.20).

Note that the action (3.60) enjoys the full 6d diffeomorphism invariance. However,
the diffeomorphism transformations of 0B, are modified in the directions €L Indeed,
after a somewhat lengthy algebra, one shows that the action (3.60) is invariant (up to total
derivative terms) under

1 1%
§.Bi; = &M H i — €2 ( 4 H, .
ij = & Hpig — € <g 95[5 Jp]+3€abjp5Hab5>

(3.61)
5€B5m = g'uH,uE)m-
The above transformations reduce to the standard diffeomorphism rules if the self-duality
equations are satisfied.
In this subsection, we have obtained the dual 145 Lagrangian from the Hamiltonian.
However, in order for this derivation to be justified, one of the requirements is to show that

the theory has the correct number of degrees of freedom. In the next section, we will show
that this is indeed the case.

4 Constraint analysis
Recall that from section 3.3, we have used the first-order Lagrangian for dual 1+5 theory

L = xim 0ab T 5 Lpabpee . N©

abc:cy

1 1 (4.1)
_ - 2 4 4 2 .
4N\f\/1 trF 12 tr]: + 82 (tr]: )2

+ &j(m + HO”)
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to arrive at the non-linear dual 145 action (3.59). By reading off from the first-order
Lagrangian (4.1), the Hamiltonian and momentum densities are then given by The Hamil-
tonian and momentum densities are then given by

1 - 1 ~ 1 ~
— L r P2 S AL (1pF2)2
Ho 4\Fy\/1 27‘51"]: 472‘51“}' + 52 (trF?)2, (4.2)

1 s -
He = —f@"ﬂyu

abeay”

(4.3)

After combining the Lagrangian (4.1) with that of 6d gravity, one then follows for ex-
ample the Dirac constraint analysis [27, 28]. Finally, One obtains the first-class constraints:

I, ~0(6), a%~0(), Hy~0(6), 0 (4), (4.4)
where II, is the conjugate momenta of N#, and the second-class constraints:
HO® 4 79 %~ 0 (6). (4.5)

In total, the nonlinear dual 1+5 chiral 2-form theory has 21 first-class constraints and 6
second-class constraints. As there are 72 phase space variables (30 from B, and 7" and
42 from g, and II#, ¢"™"), the number of degrees of freedom is then
72—-2x21-6
2
We thus have 9 propagating degrees of freedom for graviton and 3 for chiral 2-form.

=12=9+3. (4.6)

By using the identities

(ﬁg)agﬁﬁdémﬁﬁz} = itr(f2)6ﬁjgmﬁfmﬁﬁfg, (4.7)
(P53 (P = — () = (PP ) P F By, (08)
it can be shown that the hypersurface deformation algebra [29]
(HE" (@), 1" ()] = (P @) @)+ (@ Y ()00 (a2, (4.9)
0Ho

[ (), M (2')) = HED ()06 (2,2') + O™ (1) 2 ()60 (2,2'), (4.10)

§F
(M (), 1 )] = HE ()00 () + M ()00 (a2
—I—@mﬂmﬁ(x)eiﬁ]%&ﬁ(x)fjl%(x)(S(‘r’) (x,2"), (4.11)
(9)

where Hffu = H;’ + H,, is satisfied. The pure gravity energy and momentum densities
are given by

V7

where v,;,5 is spatial 5d metric, ("™ is the conjugate momenta to ¥4, R is 5d Ricci scalar

eiel A A 1 A~ =
HE = — AR+ (C”Cm"%m;ﬁ - Q(Cmnmﬁ)2> o HY = 293V, (412)

and V,;, is v-compatible covariant derivative.

By following for example the procedures outlined in [28], it can be shown that the
Hamiltonian density ’HB“H and momentum densities ’ngn generate the modified diffeomor-
phism transformation presented in equation (3.61).
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5 Comparison of on-shell actions

Although the duality-symmetric actions corresponding to formulations with different split-
tings of space-time are different off-shell, they should agree with each other on-shell. For
free chiral 2-form theories, it was found that the free theory actions with different splittings
all vanish on-shell in [9]. In [10], it was shown that the chiral 2-form part of both 145 and
3+3 Mb-brane action agree with each other and is given by

S(on—shell) _ —/d6x\/jg§2 + 1

> /M6 (Cs + Hs N C3) (5.1)

on-shell.2 Physically, the on-shell value of the chiral 2-form part of the M5 action deter-
mines the tension of the string soliton [26]. This on-shell property of duality-symmetric
action was used in [11] to obtain the nonlinearisation of the 2+4 action.

To put the dual 1+5 Mb-brane action on-shell, the superembedding equations

Haps = 4Q71 (1 = 261 f%) fup + 8(F*)ap) »
Haps = 4Q 7" (14 20 f2) fa — 8(F%)a)
where fa, = haps, are substituted into the M5-brane action. We found that the on-shell
dual 145 Mb5-brane action is also given by (5.1), and hence it agrees with the on-shell

actions for the 145 and 343 cases, despite the fact that all of them have different off-shell
actions from one another.

(5.2)

The off-shell differences are of interests because their understanding may shed some
light on the issue of quantising self-dual fields. However, this is still an open problem.

6 Double dimensional reduction

It is known that M-theory on a circle is dual to type IIA string theory [30, 31]. Indeed, if
one wraps the M5-brane on the compact direction, one expects D4-brane be obtained. This
is called double dimensional reduction because both dimensions of the worldvolume of the
Mb5-brane as well as the target space are reduced. It was shown in [4, 6] that the gauge-
fixed PST M5 action gives rise to the dual D4-brane action [19] upon double dimensional
reduction. In this section, we will show that the dual 145 M5 action reduces to the standard
D4-brane action written in terms of the worldvolume vector gauge field directly.

Let X' be the compact direction that z° wraps on. After the dimensional reduction,
only the zero Fourier modes are kept. For simplicity, let us consistently neglect the vector
and scalar fields that arise from the reduction of the metric tensor. In particular, the
various objects reduce according to

Hyvp — (Hma Fin),
Juv =7 Gmn;
Cravo = (Connps Conn), (6.1)
Crir-pg = Oy

U)\—>(5§\, v)‘—>(55/\,

2The action in [10] is twice as our (2.5) in the convention of overall numerical normalisation.
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where we have defined

Hpns = Fin, Cins = Cnns - Oy o5 = Cmy oo - (6.2)
The Cinpp is the Ramond-Ramond 3-form while Ciy,, serves as Kalb-Ramond field in string
theory.
A straightforward computation leads to
S5 = _/d%\/— det(gmn + Finn) — / (e A (C3+ CY)),, (6.3)
Ms
where
o1 1
C5 = -5 — =Cy NCs, (6.4)
2 2
Fon = OmAn — OnAm + Con, (6.5)

is the extended field strength with A, = Bss. The H,,,, components appear in total
derivative terms after reduction and hence are discarded. As a result, only B,5 components
of the chiral 2-form survives and serves as the vector gauge field A, in the D4 worldvolume.
The Wess-Zumino term is written in a formal manner that only 5-forms out of the wedge
product of (C3 + Cf) with the formal expansion of exp(F5) are integrated.

The D4-brane action (6.3) obtained by double dimensional reduction of dual 1+5 M5
action is in a standard form [20, 21]. It is obtained by trivial computation without the
need to further dualise any resulting worldvolume gauge field.

7 Conclusion

We have constructed a dual 145 formulation with respect to the conventional PST formal-
ism for the single Mb5-brane action propagating in a generic 11d supergravity background.
The dual 1+5 M5 action has both the required local gauge symmetries on the worldvolume,
i.e. general coordinate diffeomorphism invariance and kappa symmetry, although the action
is in a non-manifestly covariant form. To equalise the field equations and the self-duality
conditions, a semi-local gauge symmetry is utilised. In order for this semi-local symmetry
to be eligible as a gauge symmetry, the special direction singled out from 6d must be spatial.
Similar restrictions on the choices of temporal direction from the subspaces of splittings
of worldvolume space was also observed in 2+4 formulation [11]. The use of semi-local
gauge symmetry is also necessary for theories of chiral forms in topologically nontrivial
space-time [32-34]. The dual 145 M5-brane formulation will be even more useful if we
could validate its usage on topologically nontrivial worldvolume in the future.

The construction of the dual 1+5 M5 action starts from the free theory. The detailed
analysis and gauge-fixing in Lagrangian formalism is presented. To nonlinearise the free
theory, we followed the idea outlined in [16-18] by switching to Hamiltonian of HT1+5
and then relaxing certain constraints and finally completing the Legendre transformation.
After obtaining the nonlinear dual 1+5 theory in curved 6d space in one go, we coupled the
theory to background supergravity and found the kappa symmetry completion. Extending
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the idea of [16-18], it will be remarkable if one could find other possible formulations of
self-interacting chiral 2-forms in a curved space by relaxing the primary constraints of
HT1+5 in a different manner.

We computed the on-shell value of the dual 1+5 M5 action and found that it is written
in terms of the superembedding scalar variable as in the case of its counterpart formulations,
albeit the M5 actions in different splittings disagree with each other off-shell. On the other
hand, we performed the double dimensional reduction on a circle and showed that dual
145 M5 action reduces directly to the standard conventional D4-brane action. This is in
contrast to the conventional PST M) action for which the double dimensional reduction
results in a dual D4 action.

The dual 1+5 action presented here is in a non-manifestly covariant form. Although
the splitting of 6d worldvolume by picking up a special direction is similar to the case
of conventional 1+5 formalism, the PST covariantisation procedure [15, 35-37] with a
scalar field seems to be not doable. Instead, an auxiliary 4-form is suggested by [13, 14]
to covariantise the theory. However, we found this issue to be more nontrivial than we
thought at this stage, and we will leave it as a possible future work. Similar obstacles in
the PST covariantisation was also found in the 2+4 formulation [11]. We hope to report
progress on these issues in the near future.

In [38], the PST M5-brane action in the background of AdS; x S* is regarded as the
exact effective action (called highly effective action there) of the (2,0) superconformal field
theory in the Coulomb branch. It will be interesting to verify whether the dual 145 M5
action as well as the 343 M5 action [10] satisfy all the requirements [38] to be a highly
effective action. Moreover, it will be interesting as well to see how these off-shell different
actions capture the same quantum nature of the (2,0) superconformal field theory.
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