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1 Introduction

The hypermultiplet is the most general on-shell matter multiplet with rigid N' = 2 su-
persymmetry in four dimensions. It consists of a complex doublet of scalar fields and a
pair of Weyl fermions (equivalently, a single Dirac fermion), whose supersymmetry trans-
formations close only on the equations of motion. For this reason, specifying the hy-
permultiplet is equivalent to specifying the action, or equivalently, specifying the target
space of the sigma model parametrized by the hypermultiplet scalars. It has long been
known that such target spaces must be hyperkdhler manifolds [1, 2]. For locally super-
symmetric theories — by which one usually means those coupled to supergravity with a
canonically normalized Einstein-Hilbert Lagrangian — the target space must instead be
quaternion-Kéhler [3]. This distinction recalls that between rigid N’ = 1 theories, where
the target space is Kéahler [4], and their locally supersymmetric counterparts, which must
be Hodge-Kihler [5].!

It is known that off-shell formulations of the hypermultiplet, employing NV = 2 super-
space and involving (an infinite number of) auxiliary fields, provide a means to generate
the required target space geometry from some unconstrained generating function. To un-
derstand this better, let us elaborate first on the rigid A/ = 1 case. Recall that the chiral
multiplet ¢, the natural N' = 1 cousin of the hypermultiplet, admits a simple off-shell
representation {¢, (y, F'} with a single complex auxiliary field. (We employ a convention
where a single symbol ¢ may stand for both a superfield and its lowest component.) Zu-
mino showed that the most general two-derivative function of off-shell chiral multiplets ¢*
is described by a superspace integral [4]

/d4x d%0 d%0 K (¢, ¢) (1.1)

for an arbitrary real function K.2 When the auxiliary fields F* are eliminated, the com-
ponent Lagrangian takes a sigma model form?

L=~ 450m 80" — 1055 (0™ Dl + P Brn?) + 1o R V)T
Qz = Da¢a7 ﬁmca = mCa + 1—‘bca mébCC . (12)

The metric is determined in terms of the function K, g,; := 0.0;K; of course, this is the
well-known Kahler metric — in using chiral multiplets we have automatically diagonalized
the complex structure — and this construction gives the explicit proof that N' = 1 sigma
models in four dimensions must possess a Kéhler target space geometry [4]. The key
point is that the general off-shell supersymmetric action (1.1) provides both the means to
construct the on-shell action and the generating function for the target space geometry.
This narrative can be repeated for N’ = 2 theories. There one has two complementary
formulations of a general off-shell hypermultiplet, depending on whether one uses harmonic

!See also [6-9] for a new perspective on these results.

2For now we ignore the possibility of a superpotential or gauged isometries.

3The fermion ¢2 is normalized here in an unconventional way. We use the same normalization for N = 2
models, following [10].



superspace [10, 11] or projective superspace [12-14]. In harmonic superspace, which aug-
ments N = 2 superspace with an auxiliary S? manifold with harmonic coordinates u'*,

one has n pseudoreal superfields ¢*T, ¢2+ = —¢"*Qy, where € is the canonical symplectic
form of Sp(n), obeying the analyticity condition

u;rD ¢t = D;qa+ =0, Dé

o = (D, D) - (1.3)
This ¢ hypermultiplet is the natural off-shell matter multiplet of harmonic superspace
and is defined globally on the S?. The most general two-derivative action is

1
/du /d438d40+ <2Qab qa+D++qb+—|—H+4(q+,ui)> (1‘4)

with H+4(¢",u™) an arbitrary real function [15, 16]. The striking resemblance to a Hamil-
tonian system was explained in [16] (see also [17]), where it was shown that any hyperkéhler
manifold locally possesses a Hamiltonian structure.

For projective superspace, one uses the same auxiliary manifold CP! = S? as in
harmonic superspace, but superfields are taken to be holomorphic on an open domain
of CP! rather than globally defined on S?, which is the main distinction between the

4 We denote the auxiliary coordinates by v'* to distinguish them from

two approaches.
harmonic superspace. Sigma models are described by n complex arctic superfields Tt
and their antarctic conjugates Y/t = YI+. These are Grassmann analytic, DYt =0,
and holomorphic on an open domain of CP', DTTY/+ = 0. Arctic multiplets are taken
to be holomorphic near the north pole and antarctics are holomorphic near the south
pole. The combination of Y+ and YI*, collectively known as a polar multiplet, serves
as the general off-shell matter multiplet in projective superspace, and the most general

two-derivative action is given by [13] (see also [23] for a recent discussion)

L / Atz dtet FHE(YT T 0, (1.5)
2m Jo !

involving an arbitrary real function F** that is homogeneous of weight two in its param-
eters, FHEAYT AT Moit) = N2FHH(T+ T+, ). This function can be interpreted as
the generating function for symplectic transformations on the hyperkahler manifold [24]
(see also the pioneering work of [25] and the recent approach of [26]) and turns out to
possess a simple relationship to the harmonic Hamiltonian H** [27].

In both the projective and harmonic cases, the data necessary to define the hyperkahler
geometry are encoded in their respective superspace Lagrangians. In evaluating the com-
ponent actions, one must find a way to eliminate the infinite number of auxiliary fields. In
doing so, one generates a hyperkahler metric and associated complex structures that de-
scribe the sigma model parametrized by the physical scalars. In principle this can be done
explicitly for a specific generating function, although only certain classes of hyperkéahler
metrics have been explicitly constructed in this way. Once the auxiliaries are eliminated

*We follow the projective superspace conventions of [18] (similar to those of [19-22]), to which we refer
for definitions, notations, and further references.



and the geometric data constructed, the component action takes its final form. These are
distinct steps because the component reduction is just as easily done for a general geometry
as a specific one, since one can treat the conversion from generating function to hyperkahler
geometry completely formally. Our concern in this paper will be with the general action
and with the formal elimination of the auxiliaries; we will return to the subject of specific
solvable classes in the conclusion.

What about locally supersymmetric theories? In this case, there are two options,
depending on whether one couples minimally to conformal supergravity or to Poincaré
supergravity with a canonical Einstein-Hilbert term. In the N/ = 1 setting, a sigma model
coupled to conformal supergravity is given by

/d4:v A0 d*0 E K (¢, ), E =sdet Ey? | (1.6)

except now the superconformal algebra includes both dilatations (D) and chiral U(1)g
rotations (A) under which ¢* and K must transform as

0
56 = Apx® + gAAxa, SK = 6¢° Ky + h.c. = 20K (1.7)

The chiral function x*(¢) describes a homothetic conformal Killing vector,
Vix®* = o?, Vix* =0, (1.8)

where V, and Vj; are the target space covariant derivatives. The Kahler potential is
K = XaXBgaB and describes a Kdhler cone [28]. At the component level, the Lagrangian
includes a contribution from the Ricci scalar of the form %RK . Usually one prefers instead
a canonically-normalized Einstein-Hilbert term, which can be achieved by imposing the
dilatation gauge K = —3 and simultaneously fixing the U(1)r symmetry. This eliminates
two scalar fields from the sigma model and converts the Kahler cone of dimension 2n into
a Hodge-Kéhler manifold of dimension 2(n — 1).

In the N/ = 2 setting, a similar picture emerges. A sigma model coupled to N = 2
conformal supergravity must be a hyperkéhler cone [29] (see [28, 30] for the rigid super-
conformal case and [31] for a discussion in general dimensions), which is a hyperkdhler
manifold possessing a homothetic conformal Killing vector and SU(2)g isometries that
rotate the complex structures; such spaces are also known as Swann bundles [32]. There
exists a one-to-one correspondence between 4n-dimensional hyperkéhler cones and 4(n—1)-
dimensional quaternion-Kéahler manifolds [32] (see also [33] as well as [34, 35] for recent
discussions and references). The component action for a hyperkéhler cone coupled to
conformal supergravity was given in [29], where its relation to the Poincaré supergravity-
coupled quaternion-Kéhler action of [3] was also discussed: the elimination of four scalars
in the target space comes from fixing the dilatation and SU(2)g gauges.

Our goal in this paper is to reproduce in a systematic way the component action
of [29] for a hyperkdhler cone coupled to conformal supergravity directly from (curved)
projective superspace.® This construction is in principle sufficient because the one-to-one

®The corresponding actions in harmonic superspace were discussed in [36]. The relation between the
unconstrained harmonic potentials and general quaternion-Kéhler geometry was established in [37]. The
derivation of the bosonic Lagrangian from harmonic superspace appeared in [38].



correspondence between hyperkahler cones and quaternion-Kéhler manifolds guarantees
one may construct the general action for supergravity coupled to a quaternionic-Kéahler
sigma model by gauge-fixing the superconformal case appropriately [29, 33, 34]. We will
return to the question of a native superspace approach in the conclusion; until then, we
will always be referring to conformal supergravity when we mention locally supersymmetric
sigma models. To accomplish our goal, we require a covariant approach to supergravity-
matter systems employing projective superspace. Such an approach was developed in 4D
by Kuzenko, Lindstrom, Roc¢ek, and Tartaglino-Mazzucchelli [19-22] using conventional
N = 2 superspace (in turn based on the work of Kuzenko and Tartaglino-Mazzucchelli in
5D [39-41]). This approach was later extended in [18], which clarified a number of issues
and changed the superspace geometry to conformal superspace [42], which has a close
relationship with the superconformal tensor calculus. For this paper, we will employ the
conventions and projective superspace geometry of [18], but one could also employ those
of [19-22]. The hypermultiplet action is given in curved superspace by

L dT/d4xd49+ ETTFTT(YT, T . (1.9)
2m Je

We explicitly parametrize the SU(2) contour C by the coordinate 7, and the measure
£~ is a superdeterminant of the relevant superspace vielbein.® The generating function
F T possesses no explicit dependence on v**: this generalizes to curved superspace the
superconformal version of (1.5), constructed originally in flat space [43] and ensures that
the target space describes a hyperkéhler cone [44]. The major barrier to this calculation
is that the usual method of eliminating the infinite number of auxiliary fields in the flat
superspace action (1.5) depends on introducing an intermediate AV = 1 superspace. This is
easy to do in flat superspace and has been accomplished recently in AdS superspace [45-48],
but it is quite daunting in a general curved geometry.” Instead, we will take inspiration from
rigid harmonic superspace and proceed directly from A = 2 superspace to the component
action. The elimination of the auxiliary fields will seem rather different at first glance from
the A/ = 1 approach, but will actually involve solving the same set of equations; this implies
that the coupling to conformal supergravity will in no way affect the elimination of the
hypermultiplet auxiliaries.® Along the way, we will derive explicit formulae in projective
superspace for all of the geometric quantities necessary for describing the hyperkéahler cone
and its sigma model.

This paper is laid out as follows. Section 2 provides a review of how hyperkahler ge-
ometry can be derived from flat projective superspace via the N' = 1 superspace method.
Although this method seems to be useful mainly for rigid supersymmetric spaces such as
Minkowski or AdS, many of the same formulae and notation will reoccur in later sections,

®In the flat space limit, £~ = v} dv’" /d7 so that d7 £~ reduces to the flat measure v;"dv’*. Further
details can be found in [18].

"The approach of reducing curved N = 2 superfields to A = 1 superfields has been discussed in [49-53],
but its application in this case would seem to be very difficult.

8In the quaternion-Kihler case, this is more subtle. As is evident from the corresponding harmonic [37]
and projective [35] descriptions, a hypermultiplet compensator plays the role of the effective auxiliary
variable for the on-shell hypermultiplet superfields.



so some familiarity will be necessary. In section 3, we describe how the full NV = 2 su-
perfield equations of motion lead to on-shell N' = 2 hypermultiplets whose target space
is a hyperkahler cone, and we derive all the geometric data we will need from projective
superspace. We then describe in section 4 how to restrict the A/ = 2 equations of motion
to only the auxiliary sector, eliminating the infinite tail of auxiliary fields while keeping
the physical fields off-shell. In section 5 we test this approach by deriving the component
action in the rigid supersymmetric case, before addressing the curved case in section 6. We
comment on our results and speculate about some open questions in the conclusion.

Two appendices are included. The first gives our conventions for vector multiplets and
their component fields (these conventions were absent in [18]). The second provides some
technical details necessary to calculate the final component action.

2 A review of hyperkahler geometry from flat projective superspace

Let us begin by reviewing how projective superspace permits the construction of hy-

perkdhler sigma models in flat space. This material is well-known and we refer to the

lecture notes [54] as well as [24] and [23, 55] for further details and the relevant references.
We begin with the flat projective superspace Lagrangian F T

Frt = FrH(rt 1+ o) (2.1)

depending on arctic multiplets Y/, antarctic multiplets Y7+ and the coordinate vit. It is
analytic and holomorphic, D} F** = D+ F*+ =0, by construction. The action is

1 , 1 ,
S=—— ¢ vfd'" / dtrdtot Frt = —— 7{ v do't / dtz (D7)AFT . (2.2)
2 C 2 C
This can be evaluated as an integral in A/ = 1 superspace. To do this, recast all superfields
so that they depend solely on the complex coordinate ¢ = v2*/vlT rather than vt and

v2t separately. For example, one introduces a new arctic superfield Y(¢),

1 = .
.= ET” =o'+ (214> Y] (2.3)
n=2

If we interpret the components in this expansion as N = 1 superfields, then ®! is chiral
and ! is complex linear, while the infinite tail of superfields Y are unconstrained N = 1
superfields. The antarctic superfield possesses a similar expansion

o F 1 . 7
I_ I Tl
R 2 + § I (2.4)
Rewriting the projective superspace Lagrangian as F™+ = jvltv2t F((), we find
S = [ d*zd%e, *0te, L = }'{ 2.5
/ x 1 27TZ< ) C) ) ( )



in terms of the A/ = 1 superspace Lagrangian .#. Note that while 7™ had to be homo-
geneous of weight two in its parameters, no such constraint is imposed on F.

Because the superfields Y2 with n > 2 are unconstrained A" = 1 superfields, their
equations of motion are purely algebraic?

d¢ oF ¢ oF ._,
f{ 27i¢ OTIC j{ 2miC oY ("= n=2. (2.6)

Imposing these, the Lagrangian becomes solely a function of ®/, 3/ and their complex con-
jugates. Now perform a duality transformation, exchanging the complex linear superfield
%! for a chiral superfield ¥y,

S = /d4x dzeld29_l<.$ —- 2w, - 21@,) : (2.7)

The equation of motion for W; enforces the complex linearity of %/, recovering (2.5).
Alternatively, we can eliminate %! using its own equation of motion, effecting a Legendre
transformation

K(®,®,0,0)=2(0,3,% %) - 2v, -2y, . (2.8)

The resulting function K is a Kihler potential with complex coordinates ¢* = (&, ¥y).

This Kéahler potential describes a hyperkéahler manifold. In addition to the manifest
N =1 supersymmetry, there is a hidden second supersymmetry on-shell, which manifests
in A =1 language as [59]

0p* = w?P Pé Dde = waB Pé qu_ﬁg (2.9)
for constant pg = €42, the second supersymmetry parameter. The tensor w?” is antisym-
metric, covariantly constant, and obeys wagwbc = w?*wp, = —6%.. The special coordinates

¢* = (®!, W) are Darboux coordinates for which [24, 55

0 o 0 67
ab J I
— ab = . 2.10
. <—51J 0 ) ’ b <_51J 0 > (2.10)

The presence of such an antisymmetric covariantly constant tensor ensures that the Kéhler
manifold is actually hyperkéahler, with a triplet of closed hyperkéahler two-forms 2;;,

1
Q) = Swab de® A deP = dd! A dTy, (2.11a)
1
gy = Qg1 = —g,5 dg* Adg, (2.11b)
1 _ _ _ _
Qo9 = S0, d¢a AdgP = ddT AdT; . (2.11c)

9These equations of motion were described in [13]. They were given explicitly in [56, 57], for a class of
¢-independent functions F whose resulting hyperkéhler manifolds were shown to be cotangent bundles of
Kéhler manifolds, building off a related observation in [58]. The full explicit form, discussed here, appeared
later in [24].



The three hyperkéhler two-forms are related to three covariantly constant complex struc-
tures (Jij)"v = " (Qij)pv,

00 —1520 0 0 w?s
I B 2 g g b .
(Ju) (wab 0) ;o (i) ( 0 55a3> o (J2)" (0 0 ) , (2.12)

which obey the multiplication rule

1 1
Jij Tkl = 5 Cilk€D); + 5 (Ez’(kjl)j + €j(k$)i) . (2.13)
Introducing Ja = —i(74);J%, A = 1,2,3 with the Pauli matrices (74);, the multipli-
cation rule becomes that of the quaternions, JaJp = —daB + €acJc. The complex

structures in this form are given by

0 —iws % 5 0
()", = (mb Y b) L () = (W ) “’Ob> () = ( . _¢5a5> L (214)

Js = —2iJ12 is the complex structure associated with the manifest N’ = 1 supersymmetry.

o

&l

We will eventually be interested in the case where the model is superconformal [44].
This amounts to the condition that F™* is homogeneous of degree two, 2F ™+ = ,7:I+TI —
f}r'i“j T, which is equivalent to requiring the projective Lagrangian F T to be independent
of v*. In contrast to the N' = 1 situation, there is no requirement that 7+ be separately
homogeneous in Y/*. This is because arctic and antarctic multiplets are both inert under
U(1)g, so there is no superconformal symmetry that distinguishes between them.!°

Now the Kéhler potential K turns out to possess a chiral homothetic conformal Killing
vector (CKV) x® obeying (1.8), implying that the Kahler potential can be chosen (up to a
Kéhler transformation) as K = x®xa. For the Darboux coordinate system, the homothetic
conformal Killing vector takes the simple form y® = (®!, ¥;). The presence of x* ensures
that the hyperkédhler manifold is actually a hyperkahler cone. In addition to the two super-
symmetry transformations, it admits a full set of A/ = 2 superconformal transformations,
including dilatation and SU(2)g transformations. These manifest as [55]

80 = Apx® + M2 — A2y (2.15)

where Ap is the scale parameter and \’; is the SU(2)g transformation parameter. The
fields ¢* are inert under U(1)pg.

3 Hyperkihler geometry and on-shell N' = 2 superfields

Our goal in this section is to establish the geometric properties of the target space geometry
of (1.9) (including the results of the previous section) without explicitly reducing to N' = 1
superspace. This is necessary in order to derive the component action in the presence of

10N\[oreover, imposing a separate homogeneity condition for the arctics and antarctics is equivalent to
assigning an additional global U(1) isometry to the projective Lagrangian, which descends to the hyperkéhler
manifold as a new triholomorphic isometry. Such an isometry is not generically present in hyperkéhler cones.
This issue was already noted in the context of 3D sigma models with (3,0) AdS supersymmetry [48].



supergravity, where an N = 1 superspace is not readily available. Our goal will be to reduce
the arctic superfields to on-shell N' = 2 superfields: we will define these as ¢* = (®!, ¥y)
in analogy to the A/ = 1 superfields of the previous section.

Our starting point is equivalent to that discussed in [57] and [24]: we will analyze the
full N = 2 superfield equations of motion. If the action (1.9) is stationary under arbitrary
variations of Y1+,

—% 75 dr / d*zd*ete—oxit ‘?;;: =0, (3.1)

then OF T /0T!* must itself be an arctic superfield. (The integral vanishes in this case
since the contour C can be retracted to the north pole without encountering singularities.)

This result holds both in the rigid and locally supersymmetric situations. This leads one
to introduce superfields F}r and f}f, defined by

OF+
“orIT

Y ans

F}’— = 11— .
orI+

F}f = (3.2)
The equations of motion require F? and f‘}' to be, respectively, arctic and antarctic.!! The

superfields ®! and ¥; correspond to the leading terms in the ¢ expansions of Y+ and I‘}*‘,

I+ =l (qﬂ + o<<)) . T =olt (qff + (’)(C)) (3.3)
and can be defined equivalently via contour integration,?
d¢ v+ d¢ Tf
ol — i U, = L 3.4
f({ 2miC vlt ! ?({ 27 vlt (34)

We will assume that the contour C winds around the north pole (and thus the south pole as
well) exactly once and that the arctic (antarctic) multiplets possess no singularities in the
northern (southern) chart bounded by C. Consistency with the flat space N/ = 1 analysis
implies that the on-shell " = 2 superfields Y+ and Y/ must be given by power series in
the N = 2 superfields ¢* = (®, ¥) and their complex conjugates. Because no fields of
the conformal supergravity multiplet appear in the solution of the power series, the sigma
model for local supersymmetry will be identical as for the rigid superconformal case.

The N = 2 superconformal transformations of ®/ and ¥; can be derived from their
definitions (3.4),

d¢ sri+ d¢ orf
I __ _ I
00" = fé omi¢ vit oWy = 757 2miC vit (3.5)

where ¢ consists of any local (super)symmetry transformation. Consistency dictates that
ST can equivalently be calculated by

OYIH = 6920, 1T + 542011 . (3.6)

Using only these results, let us briefly discuss how the geometry of the target space follows.

"These can be interpreted as dual superfields; see [60] for a discussion of polar-polar duality.
2Tn defining the N' = 2 superfields ®' and ¥, we implicitly choose to work in the central gauge of
projective superspace as discussed in [18].



3.1 Hyperkahler geometry

Here we follow closely the approach of [24]. The two-form!?

O = dr adrf = dYt adlt (3.7)

is both arctic and antarctic when the full N/ = 2 equations of motion are imposed, so it must
be globally-defined on the auxiliary manifold. This means it is given by QT+ = €;; v* T T
for a triplet of two-forms €;;. It is obvious from its definition that €1, = de! A d\Il 7 and
Qyy = d®! A d¥;, while Q)5 can only be a (1,1) form, 1y = $de A dgEBgaB, for some
tensor g,;. The expression for QT+ can then be written as

Ot = plty2t (2 z dg® A deP wap, + dé® A dPg,; + qusa A dgP ab) , (3.8)
identifying

wap = 1+1 (@I — AT, (3.90)

9ab = ﬁ(ag“agry — 9, FopT™y, (3.9b)

Wap = ﬁ(aﬂ”agrj — 0al'] Y1) (3.9¢)

These relations also hold upon replacing Y+ — Y+ and It — f}f

Because Q11 is closed, it follows that both w,}, and g,; must be closed when viewed
respectively as (2,0) and (1,1) forms. (The closure of wyy, is obvious in the Darboux
coordinates.) The closure of g,; implies that it must be the second derivative of a function
K. This function can be chosen as in the explicit N’ = 1 reduction as

]:++

K=%-3v,-sy; L= 7{ :
! r omiC ivlto2t

(3.10)

Identifying ¥/ and ¥; as the second terms in the expansions of Y+ and I'T, one can show

0K = 210,80 — 219,0; |

d¢ 1
Op0a K = 05 810,0" — 0p210,U; = 7{ < (Y10, — 0T 0 Y ) =g, - (3.11)
c 27T'L<C
Let us next establish that wap = gaew®gy, where w® is the inverse of wyp, given by
ab 0 o ab a
Wi = <—51j OJ> , wPur, = 6% . (3.12)
A proof of this follows by using the explicit antarctic expression for g,j and writing
_ 1 o o 7 = o o = S
Gacw gg, = —m(a YT ORTE — 9 LLTORYIT)(0F YT o T — 08T o, YT
1 I+ oK Pt o R AT+ T+ g, Tt St g AT
( 1+U2+)2(8 TTONTT = Gl 70" Y ) (0 Y MO — 07007,
0 7 0
O = —= = 3.13

3For target space quantities such as Q7T we follow the standard conventions for differential forms rather
than the superspace conventions of e.g. [61].

,10,



This expression must be independent of v**, so we can discard all terms that go as negative
powers of (. Using

o7TT =2 (6T + 0(1/¢)), 9T =B (6] + 0(1/0)),
0. TTH ~ 8,01F ~ 9T ~ 97T F ~ 02F0(1/0), (3.14)

we see that the only terms that contribute are

e g, = o (00T = 0T ) = (3.15)
which is what we wished to establish. This result actually guarantees that g,; is invertible
because both sides of (3.15) must have non-vanishing determinant. In other words, the
non-degeneracy of the metric g, is implied if we can solve the equations (3.1) completely
in terms of the coordinates ® and W;. This equality also guarantees that wyy, is covariantly
constant. It follows that the manifold is hyperkéhler.

3.2 (Gauged isometries from projective superspace

Suppose that the projective superspace Lagrangian possesses some gauge invariance —
that is, the arctic multiplets possess gauged holomorphic isometries of the form

S, X = gt Tt = gt (et vt (3.16)

for an arctic function Jr] T, and similarly for the antarctic multiplets, with r labelling the
adjoint representation of the gauge group. Let us show how these descend to triholomorphic
isometries in the hyperkihler manifold, rederiving the results of [59].14

Because the projective Lagrangian is gauge-invariant,®

G FHT =X (Uf gl —-TE7) =0, (3.17)
we may introduce a real quantity
Dft =T gt =Tt (3.18)

This is the A/ = 2 moment map (or Killing potential) in projective superspace.'® By
construction, the gauge transformation of I' ;r is
0

S LF =NTh=-N0J/ Ty, o= SyIT (3.19)

A treatment based on NV = 1 superspace methods can be found in [62] and [63] for flat 4D and 5D
cases, and [47, 48] for AdS geometries.
151t is actually not necessary for the Lagrangian to be fully gauge invariant, provided that one can

consistently introduce a naked prepotential to counter its gauge transformation property. As discussed
in [59], the prepotential can be absorbed in a covariant framework by introducing a fictitious multiplet that
drops out of the action (its metric vanishes), except for its modification of the moment map. In this way, we
retain the description above with only covariant hypermultiplets and no prepotentials. We thank Martin
Rocek for pointing out this important subtlety.

The N = 1 formulation of the N/ = 2 Killing potential appeared in [59]. Harmonic and projective
superspace formulations appeared explicitly in [36] and [63].
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and so it follows that DT transforms in the co-adjoint of the gauge group,
69D1“++ = )‘SF}_(JSJJraJ-FerJF - '~77“J+8J+‘751+) = _)‘sfSTtDt—Hr : (320)

When the equations of motion are imposed, the gauge transformations of the arc-
tic fields must be manifested on the target space of complex fields. As a consequence
of the transformation properties of Y/* and I'f, the two-form QFF is gauge-invariant.
Interpreting the gauge transformation as a target space transformation, it follows that
L;Q%F vanishes, ensuring that gauged isometries in projective superspace descend to tri-
holomorphic isometries in the target space. To derive this explicitly, observe that for
TIH(T* %) = v+ g1, ),

Gg0* = NI, I =TH®,0), T =—0rT (D) ¥, . (3.21)
Now D;"* must be both arctic and antarctic and so must be given by D, ;v v/ where
1 . <
Dt = iyt (EAT +1D, + CAT) ,
A =0 JH®), D, =—iJ'K,=iJ*K; . (3.22)

The quantity D, is the N/ = 1 Killing potential and is related to the holomorphic quantity
A, and the Killing vector J2 via [59]

J* = ig?P0. D, = WA, ,  J* = —ig® 0D, = w™OA, . (3.23)
The relations (3.23) can equivalently be written
VD, = —(Q49),,J" . (3.24)
From this equation, one can prove that the Killing vector J} is triholomorphic.
It is worth mentioning that if F*7 is independent of v**, so that the target space is a

hyperkihler cone, /T must also be independent of v+ and homogeneous in T+ of degree
one, Y9, 7 = JI*. The N'= 2 moment map can then equivalently be defined as

1 1 1 1
Dt = S TP XX = SXX T = TP = ST (3.25)

This can be derived from QFF, replacing one d with D° and the other with the gauge
generator X, leading to an explicit expression for its components,

1 1 i _
Drij = _i(Qij);wX'uJ;/ — A= _iwabXaera D, = _Q(JfXa - JfXé)a (3-26)

in terms of the homothetic conformal Killing vector x*.
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3.3 Superconformal isometries

Now let us analyze the superconformal properties of the target space, following roughly
the same approach as [44, 55], to which we refer for further details. The arctic multiplet
Y+ transforms locally under dilatations and SU(2)g transformations as

YT = ApDYIT + NG 7,0 = (A + A )Y - At D

F _ yij, F— g o —
ATT =Ml AT = A (3.27)

and similarly for Y7+, Both are inert under U(1), and so are their dual fields I'} and f‘}f
The above transformation should map to the target space as

6™ = Apkd + N jk?* = Apkd — X k2 (3.28)

for some choice of vectors kf := D¢* and k;;* := I;;¢*. Let us recover their properties
using projective superspace.
Superconformal invariance dictates that the projective Lagrangian transforms as

SFtY = (20p + 20T ) FHt — At DFt (3.29)

implying that T is homogeneous of degree two in the projective multiplets and possesses
no explicit dependence on v**. It follows that the fields I‘;r and f;f transform in the same
way as Y/t and Y/* under superconformal transformations. From the definitions (3.4) of
®! and Wy, it is clear that they possess unit dilatation weight, so we establish k2 := D¢ =
(®7,W;). A similar calculation with 3!, the second component in the (-expansion of T/
establishes that it also has unit dilatation weight. This leads to

2K = k2O, K + kRO K (3.30)

using the definition (3.10) of the K&hler potential.
Next, we establish the SU(2)g transformation properties of the fields. Consider first
the diagonal U(1) subgroup of SU(2)g generated by I1; = —125.17 It acts as

1 . 1 -
o = — 5k IM¢* = 5k - (3.31)

Using 142! =
implies that k2

!, it is easy to show that the Kihler potential (3.10) is inert. This
x? is a homothetic conformal Killing vector. Now the off-diagonal

D=

SU(2) g component Ity = Iy annihilates the antichiral fields and acts on the chiral ones as

0K 0K
In®! = IV = ———
22 22¥7r ool

=5 —  Ipd® = WK, = w0t (3.32)

Putting these results together, we deduce that
I'jeht = ()" X" - (3.33)

This implies that the K&hler potential is invariant under all of the SU(2) generators.

Y"This transformation was called the shadow chiral rotation in [44, 55].
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At this stage, we should point out how these isometries act on the two-form Q1.
Under dilatations,

QT = AL, QT = 20,077 = Lywab =2wab,  LyGab = 2.5 » (3.34)
while SU(2) transformations rotate the complex structures,
Ssu QT = ATTDT=QT 4 20°07F = —2)\F, 0 v T T =
SsueQij = =22, Q) - (3.35)
This is consistent with the target space transformations
5 = Apx" + N5 (T X" (3.36)
These comprise the isometries required of a hyperkéhler cone.

3.4 Supersymmetry and fermion transformations

In addition to the 2n complex bosons ¢* parametrizing the target space, there must be 2n
Weyl fermions. It will be convenient for us to define the fermions to be consistent with the
N = 1 reduction — that is, we will associate one left-handed Weyl fermion with each of the
¢* and one right-handed Weyl fermion with each of the ¢®. Using the on-shell superfields
#* and ¢, we define (using the curved superspace spinor derivatives V¢ and Vg;)

G=Vad",  G=Vad®. (3.37)

The set of fields {¢?, ¢?, (2, Ei} constitute the on-shell field content of the supersymmetric
sigma model. Our goal in this section is to derive their supersymmetry transformations.
We first establish the action of the spinor derivatives on the scalars ¢#:'8

Vie* =2, Vig*=0, Vi¢gP=0, Vi¢P=uw"(2, (3.38)

and similarly for their complex conjugates. Take the partial pullback of Q" to the super-
manifold, replacing one of the exterior target space derivatives with a spinor derivative:

d¢t9, Y+t VLT — d¢to, I Vi Yt

1
— plty2+ (,

¢

Now contract with U;L and the desired results follow.

A6 Vi @Puwgp, + dg* Vi dPg.c + P Vi ¢Pg ¢ + CdG® vgq’s‘_)wab> . (3.39)

The spinor derivatives of (§ and Eg can be derived directly. Noting, for example, that

Ch = V%qﬁa = —waBV%gfgb one can evaluate any spinor derivative of (5 by exploiting the
fact that each spinor derivative annihilates either ¢? or ¢P. This leads to

Vi = 2ea W w5 P — Ty 5 ¢, VA = 2esa W2, (3.40a)

VpCh = 2i wa,—avanEb — Teg®w EB ¢, Vo= =20V, 50, (3.40Db)

'8Such superfields ¢* were called deformed Fayet-Sohnius multiplets in [64].
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and similarly for their complex conjugates. The superfield W is the chiral field strength
of the N = 2 vector multiplet, involving components {W", A7 A" . Y"%}. We collect their

i)
definitions and supersymmetry transformations in appendix A.
We will also need the dilatation, U(1), and SU(2)r transformations of the fermions,

3 . ; ;
DG = 560 — Do (D°) ¢ ACH = —iCh, T'5¢h = —Tune™(I'59°) ¢S, (3.41)
and their S-supersymmetry transformations,
Sp1CE = degax®,  Spalt = —depawpx”,  SPE=0. (3.42)
All of the matter fields are invariant under the special conformal generator K.

3.5 Sp(n)-covariant formulation and summary

We have not commented yet on one important feature of hyperkahler manifolds: the tan-
gent space group is actually Sp(n) x Sp(1) (due to the existence of the covariantly constant
holomorphic tensor w,p) and the Sp(1) part of the target space connection vanishes. Fol-
lowing [65, 66] (see also [3]), we can introduce a tensor f,;* and its inverse f,'#, with an
Sp(n) index a =1,---,2n. These obey the conditions

fuiafaiy = 6,uy ) faiufujb = 5ab5ij ’ fuia = —€5 wabguu fbjy (3'43)

and allow one to convert any vector V# into an Sp(n) x Sp(1) vector, V;* = V¥ f,;*. They
are related to the metric, the hyperkéhler two-forms and the complex structures via

Juv = 6ijWab fuiafujby (Qij)uu - fpa(ifubj) Wab (jA)uu - ifuia(TA)ijfaj'u . (344)
Requiring f,;* to be covariantly constant,
Vo fui = 0ufui® = Topl foi + T fui® = 0, (3.45)

defines the Sp(n) connection I',;,*.

We are actually interested in the situation where the indices a, b, --- are not quite flat
tangent space Sp(n) indices, but rather complex world indices in the coordinate system
that diagonalizes the complex structure [J3. We impose the pseudoreality condition

(465u) " = a0 £, = 99w AP £, (3.46)

where g,p is the Kahler metric associated with [J3. In our conventions, the tensors f,;?,
fui?1 and their inverses are given by

and the Sp(n) connection is identical to the Ké&hler connection.

,15,



The advantage of introducing the tensors f,;* is that they simplify the equations given
in the preceding sections. For example, the spinor derivatives of ¢* in (3.38) become

Ve =G . Vigr =S (3.48)
equivalent to the supersymmetry transformations
St = &C" " + & fr” (3.49)

where £ and 5_3 are the supersymmetry parameters.
Similarly, if we introduce the pseudoreal Sp(n) x Sp(1) sections A;* associated with
the conformal Killing vectors x* [29]

AP =P, AR =R (AR = AR = Tt AR (3.50)

then the supersymmetry and S-supersymmetry transformations of the fermions can be
written compactly as

0C3 = 20 (V5 A:%) €% — 2W" i €9¢,; — Anl A — Tucd6® (S
0G0 = 2 (VP A™) g5, + 2W7 T, €, — At A™ — T 290 (¢, (3.51)

where 7'® and ;s are the S-supersymmetry parameters, J,;* = J.*f,;* is the Killing
vector associated with the gauged isometries, and V, includes the Sp(n) connection. For
reference, we also give the transformations of the fermions under gauged isometries,

G2 = NCOVLTE = Toc8dPCs, 0,08 = NCOPVRJE — Tp0,0°C° . (3.52)

Note that the scalar fields ¢* and the fermions ¢ transform into each other (and
into the components of the vector multiplet) under supersymmetry. The conditions (3.38)
(equivalently (3.48)) have eliminated the hypermultiplet auxiliary fields and placed the
entire multiplet on-shell: in particular, one can check that the supersymmetry algebra closes
only up to the equations of motion. These results match those of [29], up to differences in
conventions discussed at the end of section 6.

4 Building blocks of a component reduction

In the previous section, we addressed the on-shell structure of the target space multiplets
¢*, where the auxiliary fields were completely eliminated. In a manifestly supersymmetric
setting — which we have implicitly been using — this actually is a stronger condition than
what we want. It corresponds, in the N' = 1 situation, to specifying not only the algebraic
equations of motion for the auxiliaries F'* but also the dynamical equations of motion for
the physical fields ¢* and (§. Our goal in this section now is to describe how to analyze
the superfield equations of motion for the arctic multiplet so that only the auxiliary fields
are placed on-shell.
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4.1 Component expansions of the projective multiplets

We begin by analyzing the component structure of the projective multiplets. The conven-
tional approach is to reduce to N = 1 superfields and superspace, but as we have already
discussed in the introduction, this is far more difficult in the curved case. Instead, it will
be more convenient to reduce directly to component fields. Much insight can be gleaned
from the harmonic superspace approach to sigma models (see section 11.4 of [10]), where
no N = 1 subspace is readily available. The first step is to choose an appropriate system
of coordinates. In projective superspace, the following coordinates are well-defined in the
north chart and suitable for arctic superfields [46, 47]:

=™ — Ul%(GJramél +i0ta™ot), 0x = vE0,"
2+ 1— Vo o
v 1+ —-— . _ v 2 2
C'_vl+’ v, A T o e C. (4.1)
These lead to the simple expressions
0 0
+_ ++ _

Dy = Sga= DT = f, (4.2)

implying that holomorphic analytic multiplets are independent of z;~ and 6%. An arc-
tic multiplet Y/, well-defined in the north chart, is then simply specified as a function
Y (xn,vit, ¢,07) possessing an arctic expansion in ¢. Schematically, such a superfield
admits a decomposition (following closely the approach of [10])

TI+ _ T[+‘9+:0 + 004-{- \Ilgé + é;t \Ijlé‘ + (0+)2 MI— 4 (é—i—)? N[—
+ifT o0t A7 — 2(67)200t =L — 2(0%)20F EIA 4 (97)2(6)2 PIY) | (4.3)

where the component fields ¥/, , P1(=3) depend on zy, v1t and ¢ = v2t /vlt. Their
dependence on vt is indicated by their charge, that is,

~ 1
vl =vl(ay,0), -, PICY= 7jH)L,\,)PI(ch,g) (4.4)

—

and all expressions are arctic in (.
In a curved background, it is more convenient to define the components of Y/* in a
covariant way. The closest analogue to the expansion given above is to define

1 I &
I ._ 1~nI+ I._ 1A~T+
W, = o1+ VarT, Vo = vTJrvdT ' (4.52)
1 1 1 1 _
[V 12T+ NI-.— = Ly2ylt 4.
(TP TV )
1
I— . . 1lA~T+
A= i Ve VT (4.5¢)
s =L L gLyt sl 1 L grgupeyi (45
_ 1 1 =
P = 16 (v1t)4 (VA (VAP (4:5¢)
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Each of these components is manifestly holomorphic and well-defined in the north chart.
The corresponding formulae for the components of an antarctic multiplet Y7+ are found
by replacing v1t — v and Vg — Va.

An inconvenient feature of these component fields is that the arctic and antarctic fields
are naturally defined in terms of different sets of spinor derivatives. Moreover, when we
actually analyze the component action, we will encounter the spinor derivatives V, :=
v, V’é, which involve a linear combination of Vé and Vi. Using V, = U%V%l +2 *Vg, it
is straightforward to determine the relation between expressions like V;Tl T and VéTl +.
The expressions for the lowest few components are rather simple:

Vo rt =wl, VoV T =il = 2i27 7V 5T, (4.6a)
1, 1 .
—Z(v—)QW+ = NI — 7w gt —Z(v—)%ﬂ+ =M= -~ Wwrglt . (4.6b)

Recall that the arctic function J/* arises from the action of the gauge generator on Y!+,
so some of the terms in the second line above are present only when isometries are gauged.
The expressions with three spinor derivatives are

1 _ ) _ 1
gV;(v—)%r” ==l ( - %vaﬁvﬁ—r” + 2 g 4 iwrv;Jﬁ

1 3 3
— §WO/3VET” — XY+ X;D——T”>

2 2
— (21 NI (4.6¢)
1-., - b g y 1 - =
gva—(v—)ZTI-f— — E’é__ + zl—— (;VO@BVETI-‘F _ 2)\ar_\77~[+ + iw’l‘va—x‘fﬁ‘
1. 3 . 3 .
_IWe L Bt L 2pdmylt 2 pat p——yl+
2W 5V + X X
+ (2 )PATT (4.6d)

and involve the covariant conformal supergravity fields W,3 and x; as well as the gaugino
AL;- The term with four spinor derivatives is the most complicated:

1 _ i
1TS(V*)2(V*)2I” = pI=3) 4 z;—{ - %vaav;v;r” —3DD~ T+
+ gxa+fov(;T1+ _ gXIfo?dfTPF

+ 2)\0&7‘7v;‘7r[+ o 25\2—?(5!7‘771[+

1 - - 1
+ ZwT(v—)Q@I-F + Zw?’(v—)?jrf—l- + 3YT__\,7TI+}
+ (Zf_)Q{;DTIJr _ )\arJrv;erJr 4 j\g+?dfjrf+

— %W’"WS (X, X1t —3y™—Ft7l+ ¢ ;vmvwr”}

+ (2 )Y g (4.6¢)
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component e.o.m. — constrained field
F? — D?K, ~ g, F”
CZ - DQDQKa ~ Yab 8adcgfbd
* =  D?D’K, ~ g,;0¢"

Table 1. N/ =1 component equations of motion.

Similar equations to (4.6) arise if we replace the arctic T'* with the antarctic Y7+ — the
only change is the replacement of z; ~ with 2z, ~ := vE= Jo2T.

4.2 Auxiliary field equations of motion

Now we need to understand what conditions arise from placing only the auxiliary fields
on-shell. It helps to recall again the rigid N/ = 1 situation where, in the absence of a
superpotential, the on-shell equation of motion is given by

/d4ac d%0 (D*K,)6¢* =0 = D?K,=0. (4.7)

The chiral superfield D?K, is constrained to vanish. At the component level, this corre-
sponds to three distinct equations, corresponding to the equations of motion of the three
components of ¢*. Setting to zero the lowest component of D?K, amounts to constrain-
ing the auxiliary field, while constraining the higher two components leads to dynamical
equations of motion. The situation can be rendered schematically as in table 1.

These statements apply equally well in the A/ = 2 setting. There we have the equa-

tions (3.1), equivalently written as

—% 4 dT/d4a: d*ore 7Y =0 = T arctic, (4.8)
which place the arctic multiplet on-shell and imply that the composite I‘I+ is an arctic
multiplet. If we introduce the component fields ¥,r, - - - ,P[(_S) for I‘}“ in analogy to (4.5),
then the equations of motion for each of the Y+ component fields implies the corresponding
arctic nature of these components of F}r. For example, by considering the component
reduction of (4.8), the equation of motion for the highest component P’ (=3) of TI* must
set the lowest component of F? to be arctic, and similarly throughout the multiplet. The
precise relations are given in table 2.

The key issue here is that the auxiliary field equations consist of all but the final two
lines of table 2, which for dimensional reasons must contain the field equations for the
physical fermions and scalars. Keeping in mind that F}F is a composite quantity, it follows
that setting the components F}r through N, to be arctic must correspond to fixing them
and the original quantities Y+ through N~ to be given by their on-shell expressions. For
the on-shell superfields discussed in the previous section, these expressions are easy to work
out. We already know that the lowest components ¢* = (®!, ;) are defined by (3.3). The
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component e.o.m. = constrained arctic field
pI(=3) = rf
=l = A
NI= = My
I— _
Aad = AI ad
M= = Ny
I _—
vy, = Ela
I+ (=3)
T == P;

Table 2. N/ = 2 component equations of motion.

components at next order in 6 are

1 1 T
WE = QT = o QP T (4.9a)

S
|

1 5 I
b=l = e (490)

Analogous expressions follow for ¥y, by replacing Y/* with F}L. The 6 components are

2 - i .
- _ b o I+ e P
Age = mvaa(b HRYT + P ES R Cala OO T, (4.10a)
,7 2 . . . 5
Aaa = ‘mvad¢b T+ oLt 2t Cala OO T, (4.10b)
and
- 1 T aa
M’ = oIt 2+ (W Jb oY + C & w” ) abTI+) (4.11a)
_ 1 .
NT= = (W TP ot - f<aC P wp? 950, 11 ) (4.11D)
[ 1 1T 1 aa b T
M = Ul+v2+< WP o, T + ZC o wy® 005 T > (4.11c)
- 1 ’ v R o
N = ( = WP 9y = G aaabr”) : (4.11d)

These conditions, as well as the corresponding ones for the components of I‘+ and F+
constitute the set of auxiliary equations of motion. We cannot specify the components
Eé“ and P!(=3) without placing the physical fields on-shell.

4.3 Some relevant quantities

In performing the component reduction, there are a number of geometric quantities that
we will encounter that arise from simple expressions in terms of the arctic superfields.
Rather than discuss them piecemeal, one at a time as we come across them, we present
them here together to emphasize their common features. They can be grouped loosely into
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three classes: quantities corresponding to pullbacks of the hyperkahler two-forms, which
exist even in the flat limit; quantities associated with gauged isometries; and quantities
that arise from the cone structure.

4.3.1 Hyperkahler two-forms and their pullbacks
Recall that the hyperkéahler two-forms can be represented equivalently as
Ot = dY Adrf = ATt A dlE

¢

1 -

2¢

We can interpret the second line as a superfield expression with on-shell superfields ¢*

dg® A dgP wa5> : (4.12)

provided we only work at most to order #2. Taking the pullback to the supermanifold and

using two spinor derivatives of opposite chirality, we find

PR v e B v ot Rl vasl ek v AL O A v At VAR v A aE A v o A vasia

Q5 =V TV T = VoI VT = VoT Vil - VT v i,
1 a b a 7b

= Ul+U2+ COLCE (aa'rf-i- a’t_)rjr - aa]‘-‘? aETI+) = —Coz CE Gab > (413)

where the second line follows from (4.9) and (3.9b). Similar expressions for other quantities
can be derived:

Qo = Vo T VTF = VaTf VX = G G,
Q= Va T VT = VAT VT = G Gwgp - (4.14)

Note that each of the quantities €2,g, Qa/j’ and Qa/j’ are harmonic-independent at lowest
order in their 6 expansion. Similar pullbacks can be defined using the vector derivatives,

O, = Vor VN — VT VX = o2 w0, Vi + 02t ¢ 9,5 Vo,
Qf =V YTV - VT VYT = 02T G w0y Vs + 07 gan Vg, (4.15)
or with the gauge generator,

Ofy = X, T VT, — XU VT = ol Jrwan g — v* "I ganCs

Qf = XX VIT - X I VT = —02 gl — o TR0 (4.16)

It is also possible to define other pullbacks such as Q:flf or Q:lf, but these will not play a
major role in our discussion so we do not give their explicit forms.

It can be useful to employ a condensed notation to simplify the right-hand sides
of (4.15) and (4.16). Using the Sp(n) vielbeins f,;* introduced in section 3.5, we define

C,Bi'u = V%QZ)# = Cgfaiua EB’L# = @Bzﬁbﬂ = C_;féiu . (4.17)
Then one can alternatively write (using also the fields A;* and J,;*),
O = =19 Vb = —GVeA o5, O, = =19 Ve = —CVeA T g,

Q;rﬁ = C;MJTH = Cgt]:_bgafga Q:ﬁ = (.T;HJT/L = _ng_Fbgéb . (4'18)
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It is also useful to note some relations between these various quantities. For example,
V%Qad and ?Jﬂ-ﬂad are found by taking

ViQas = 265aW°Qf +2iQ0) = Vi = 2ep,WVQ, + 200

o fa a B

vgﬂaa = =263, WQf, — 22'Q;“a5 = ?]ﬂ.ﬂad = —2e5, W'Y, — 202, ..

5o (419)

Relations such as these will be extremely useful in our analysis.

4.3.2 Components of the N'= 2 moment map

Recall that the N = 2 moment map D, is given in projective superspace by (3.18). With
the auxiliary field equations imposed, D,/ " is a globally defined superfield to order 62. Its
lowest component was given already in (3.22). Its higher components can be analyzed by
applying spinor derivatives to (3.18). A single spinor derivative gives

ViDIT =0, VoDt =qf, . (4.20)
For two spinor derivatives, one finds
(V72D = —AW* f,' D~ — 2W5 T Ty — CPCPVa(whe JE) s (4.21)
which implies
1
3
4.3.3 Hyperkihler cone potential and hyperkahler one-forms

VijD¥ = —2W*J! ], — (*CPVa(we JS) (4.22)

Recall that the hyperkéhler cone possesses a globally defined function, the hyperkéahler
potential K. In terms of superfield quantities, K is given by the pullback of Q" onto the
auxiliary SU(2) manifold,

K:=D Y Drf -pY"* p-rf=rfD """ YD I} (4.23)

Let us prove this result. Because F7 is independent of vt in the superconformal case, this
expression is equivalent to its conjugate so K is real. It is easy to check that DT TK = 0.
Because K is both arctic and antarctic, it must actually be harmonic-independent. To
prove that it is the hyperkahler potential, observe that an SU(2)g transformation acts on
projective multiplets and on the target space respectively as

Nl = =AD" 4+ XD £ AT DT = N (7)Y, (4.24)
For projective multiplets T/* and I'}, this implies
D= (N0, DO = 2TV, DT = (TN, (4.25)
It follows that (4.23) can be written

K =2(J )" X"(T NPex(0,XY70,0f — 9,0F0,T)
= -2,(T T T )X . (4.26)
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From (2.13), one finds (77 ")#, = (T, and (T~ T )k, = =161, — (T )M,

This implies that K = %XHX/‘, so K is indeed the hyperkahler potential. It should be

emphasized that (4.23) defines the hyperkihler potential to order 62 if we impose only the

auxiliary equations of motion. This is because at higher order, FT ceases to be arctic (with-

out imposing all the equations of motion) and so K ceases to be harmonic-independent.
It will be useful to have explicit expressions for various derivatives of K, such as

VEK = K, (G, VViK = K, V(™ — 0y, (4.27)

where 65 carries the target space connection.
Although we will not explicitly make use of them, it is also interesting to note that
the hyperkéihler one-forms k% can be written in superspace as

ETT=rfay’t —xtdrf,  dktt =207, (4.28)

These are given by a partial pullback of Q7T replacing one d with the derivative D° of
the auxiliary manifold. Because they are globally defined, QT is exact. Because F}r and
T+ are both Weyl weight one, we can rewrite this on the target space in the familiar way,

T = dgk v (aurf To,T7 — 8,0 F9, YT ) = do" QX"

= plty?t <2d¢awabxb + (d9* Xa — d¢B Xp) + Cdd)awaEXb) . (4.29)

5 The component action in rigid projective superspace

Now that we have established a great deal of preliminary material, we now can turn to
deriving the component action from superspace. This is fairly involved, so we have chosen
to separate the task into two distinct stages. In this section, we will derive the component
action from rigid projective superspace. This calculation will yield a subset of the terms
we actually need. Of course, the result can already be derived via a reduction to N = 1
superspace as discussed in section 2, and we will be able to compare our result to the
component version of that action. The point of this exercise is to introduce the techniques
we will need in the curved case. In fact, it will turn out that reconstructing the rigid terms
is actually more involved than finding the additional supergravity contributions! For this
reason, we will be rather explicit in the calculation. To emphasize the applicability to the
rigid case, we will avoid assuming in this section that the target space is a cone.

The action we seek to evaluate is

1
2

vt dott / dwel, L = (D 2D RFH (5.1)

5= 16

with D4 the gauge covariant derivative associated with rigid projective superspace. It
will be convenient for later reference in the curved case to refer to L=~ above as Ty :=

1= (D7)%(D7)2F . In the curved case, there will be additional terms.
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The function FTT depends on the collective set of projective multiplets QT =
(v, ! ). We will suppress any index on Q" to keep the notation compact, denoting
derivatives of the function F™+ as FJ, Foo, etc. The Lagrangian T can now be written

N2 1 o= A
Ty = 15(D (D7)’ Qt FE + gD D Q"D D, Ff

| P e 1, - _ _
+ 5 )’D; QT DY FL + 3@ )*D*" QD FS

LN S ST S PRI g
+35(D7)°QT (D7) Fg + 5 (D7)°QT (D7),
1
+32( T)?Q* Dot DY Q+‘FQQQ+32( T)?QT DO D, 9 Foog

-Pé— o+ - o+ P-ot -
+§D°‘ DY QD Q" D; Q" Fooo

+ %Da* Q"D Q" D, Q" D Q" Frgao - (5.2)
In the first three lines, we have chosen to write explicit spinor derivatives of .7-"5 rather than
expanding them out. The reason is that F = (iFT, —zf}f) is arctic or antarctic to order
62, and applying the auxiliary field equations tells us quite a bit about these quantities. In
contrast, we cannot say anything about Df (D*)? FJ without applying dynamical equations
of motion, so we have written Ty in a particular way to avoid such terms.

Even in the rigid case, the expressions for the various terms we will encounter can be
involved. To simplify the analysis, we will first consider only those terms that contribute in
the rigid ungauged limit. Afterwards, we will include the covariant terms associated with
the gauged isometries.

5.1 Rigid ungauged terms
Denote the first line of (5.2) by Tp.1. It can be rewritten as

1 _ 7 _ . _
Tor = 15 — (D)D) + gpa—pa—r” D, DT}
- E(D—)?( DY T - SDa—ﬁd—T” D, DT . (5.3)
Now let us apply the equations (4.6) for the components of the arctic multiplet. Taking

only those terms that survive in the rigid ungauged limit, we find

1 .
Toq ~iTF PIE3) ¢ 521 T DD, DY 4 2( ) Do DT

; . LT AS= DT 421 —poerlt AT
7

5( 27 7 )PDY T D, T — (antarctic term) . (5.4)

Aaa[ Aaa[ 4 -

The antarctic term is found by replacing Y/+ — ! +, F}r — flf and 2]~ — 2z, . We will

use the symbol ~ to denote the terms we are examining at each stage of the calculation.
The above expression is valid off-shell, that is, without assuming that F}r is an arctic

superfield. If we did not make this assumption, we could begin to derive it now. The
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above expression is the only place where the arctic component field P/(=3) appears, and
so it acts as a Lagrange multiplier enforcing that the lowest component of F}r is arctic.
We could proceed in this way, rederiving all of the auxiliary equations of motion, but it
would be quite involved. Because we already know their content — the lower components
of F? must be arctic — it is easier to simply assume them without comment. Proceeding
in this way, we see that in the expression (5.4), the terms F;FPI (=3) and A%l ~Aqa; drop
out under the contour integral as they are purely arctic expressions — that is, they are
of the form ﬁ Y oo2 o CnC™ for some field-dependent coefficients Cy,, and these vanish
under the contour integral. Similarly, their antarctic conjugates, which take the form
ﬁ >0 o(=1)"C (™™ also vanish. The remaining terms can be rearranged to

To1 ~ %Zl__'DdaYI+ Aad[_ — izl__Adalf 'Dadl_‘}_
1 . _ .
+ =D Do DY iz )P DY) — (antarctic term) . 5.5
) 1 11 PaFs 1 I

The total derivative can be discarded in the rigid case. Now we exploit the on-shell condi-
tions (4.10) for Ay~ and Aqgj - Using the definition (3.9b) of g,; as well as the relations

—— _ 1
TR T ey Doa T = Daad® 9,1, (5.6)
one finds
v 1 . =
Tor ~ 5 zrgzr D*9" Daad” gu
11 B B
T oitg2t (o Ca DA (21 MO YO, IT — 27 0,070, T — a.t.) . (5.7)

(We will occasionally abbreviate antarctic terms as “a.t.”)
Next, we consider the second line of T;. We have

Tho = Eﬁfr}L (D)2D Y — —D T (D7)*D* YT+ 4 hee.,

i
g @ 8
~ W, 2T — ZIT\IIM DY¥! — (antarctic term) + h.c. (5.8)

The leading term is purely arctic and vanishes under the contour integral, leaving

1 R . 1 YRR
Too ~ 121__‘1’? D aa W — 121"‘1’1@ A
1 . _ _
+ D% (s DATI D YT — 57 DT DL YY) — (antarctic term) . (5.9)
In the rigid case, we can discard the total derivative. Using the relations (4.9),
Syeg : 1 = —ab
UGD (o U1 = s (CPOTT) D 0a (PO YT (5.10)

which leads to

= . 1 _c
(€™ D 0aC*™) + 37576 Daad’ x

(z;—v#abr; G5 Yt — 27 VO YT O — 27V, 0TI T}

1 1
T02 ™ 4Tz 9ob

AV AT —at ) (5.11)
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At this stage we have recovered the kinetic terms for both scalars and fermions, along
with some extra terms involving two fermions and a spacetime derivative of ¢* that should
be absent in the final action. The only other contribution involving such terms is in the
fifth line of Tp:

1 . _

i 1 va 7ba I+ ——myad I+ \ - ot B O+ T—
N4<UHU2+DM¢ O YT — 27 DY) D, QF D QF Fipg

— Z( 1 Do’za(bbabﬂf[_—i- + zQ——rDadTI_-i-)fD; Q+ fD; Q+ F-

4\ plty2+ 190
11 b o N
— e SOy QT DL QT D QT Fogg - (5.12)

The terms in question can be written as
1 -
Toa +Too + Tos ~ mcab (™ Daad°Syp + hic. (5.13)
where S, is given by

S,

i = 21 (VL] 5T = Veth X GT]) + 227 Ve (0T 0T F — 9T 95 77)
— 2y T (Vedo I 0511 — Vo0, YIH 05107F) — 2257V, (ab]*r“ N e o +)
+iz; 0.9 B QT QT Fopg - (5.14)
We want to show that this expression vanishes. The second and fourth terms of S are
proportional to V(cu]p which vanishes. With the useful identity

0,Q" 0,97 0,97 Fooo = —i1 0,0, YT 9,I'f +i9,X" 9,0,I'f
+10,0, T 9,1t — 19,71+ 9,0,1'F | (5.15)
the remaining terms can be rewritten as

]_ . - > =3 . ~ ~“T v
Senh = 7% [vc(abr; YT — YT O TT) — (BT} 350X — YT 950.1F)

The first set of terms involves Vg5, which vanishes. The second set is purely antarctic
and so vanishes under the contour integral. Thus S does indeed drop out. This leaves

i1 - B 1 =
Toa+Toz +Tos ~ 55 57 D0 Do ®” gap + 1ol g2t Ibb (¢* D aal™)
11 o )
+ ¢ 0,09 3, QT 9, QT F g - (5.17)

8 (vl p2t)2

The only term we must still reconstruct is the four fermion term involving the hy-
perkahler curvature. It should be found by including the remaining terms in the third,
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fourth and sixth lines of Ty. The third line is purely arctic or antarctic in the absence of
gauged isometries so we may ignore it. The fourth and sixth lines give

1 _ _ . 1 -
Tos = 372(13—)%” D, Q"D Q" Fioo + ﬁ(D_)2T” D~ Q" D Q" Figpo + at.
L Leehe (v 0Ot 007 3 QT + Vadp QT 0,0" ab@) 75 (5.18)
32 (UlJrszr)Q & a b atp a 009> .
1 1 S
To.e ~ Em CaCb CaCb(aa@ abQ+ 85 Q+ 85Q+ ]:ééQQ) (5-19)

Combining all terms, we have

i L b i bR zab 1 1 bFa b p++
To ~ ol o2t [2 D*¢* Dac®” Gap — ngB (€D aal™)| + Em ¢ Ryvab
(5.20)
where
1
-+ ++
Rabél_o —_— §v5AEab + h.C. 9
AL = 0:07 8,01 0.9 Fogo (5.21)

= —iVp0 YT 007 +iVdclF 0: 11 +i0:00 T 01F — i0:0,1F 0T
The contribution to Ag;) from the antarctic fields is purely antarctic when divided by
(vitv21)2, so it drops out. The remaining terms contribute to R:bZB as
R~ —iVaVRd X 9T +iVaVidalf o517
— iV YT Vadp T +iVpdal' T Vadp YT + hee. (5.22)
The second line vanishes under the contour integral since

’U2+

2
Vaopg Yt = <vl+> wiPwa? Vo YT (5.23)

is purely arctic when divided by (vi*v2+)2. The first line simplifies in the same way after
commuting Vjz to act on the arctic superfields. This leaves

Rt ~ —ilVa, V|0 YT 05T +i[Va, Vp0aI'f 057 4+ hec.
= iR (0T 5T — 0L 05T1) = it o2 Ry (5.24)
The final result for the rigid ungauged contributes to 7y, including the previously
discarded total covariant derivatives, is

7

1 aa ja b i ab%\) ~éb 1 a b 7a b
Ty ~ 2}1+U2+<2D " Dac®” gap, — Zng (€*" D aal )"’_EC C°C*C” Razbb

v [ 1 - i :
+ D <2z;—r1+ DD, YY" + i(z;—)%ypaw”
1 _ 1 -
+ Zz;*D;F?D;T” — Zz;*D;FjD;T” - a.t.> : (5.25)
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We will return to this expression later when we address the supergravity contributions.
Now let us remain with the rigid case and simplify. The contour integral is completely
trivial since only the prefactor varies along C,

1 L d
— = dutdeit—" :f ¢ 1. (5.26)

2 C ¢ Ul_'_'l)z-’_ C2m‘§

This leads (dropping the total covariant derivative) to

1 = 1 R
£ = 5D Dad” g — 915 (C** D aacab>+1f6<a<b<achaabg (5.27)

for the component Lagrangian. This is the general form of the hypermultiplet action in
holomorphic coordinates ¢® in a rigid background in the absence of gauged isometries.

5.2 Rigid gauged terms

Our next step is to collect the terms corresponding to gauged isometries. We return to the
expression (5.2) and collect the terms involving the scalar field W, the gaugino A, and
the auxiliary field Y7 of the vector multiplet.

Let us begin with terms involving Y. These come only from the first term of Ty,
which gives

To~3izy Y " JITF = 3i(zy )2Y TN T) +i(ey )Y T -
~i(zr T — 2y ) [Y?“"D;F+ _9YTTtDAT 4 YD (5.28)

1
+D™ " [i(zl__ —zy ) <2Y”+_Dj+ — Y™ D — §(z1__ + z;—)Y’”HD#ﬂ

after identifying J/* I'J = D/} as the V' = 2 moment map. The argument of D™~ is
holomorphic away from the poles, so it can be discarded, leaving

Ty~ 5y V5 DY (5.29)

Now let’s collect all terms involving the chiral gaugino A},,. These are

TO -~ Z»F}—(Qzl——)\anrZ);jTIJr o (Zl——)Q)\aT+D;jTI+)
+iDY T (227 AL T — (27 7)PALTTIT) — (antarctic term)
=i(2] " — 2y ANYTDLDFT —i(2] T — 2y )AYTDT D, DT
+iD (s — z;_)/\M*D;D?T*] . (5.30)
Recalling that D, Dt = Q. = v O

! o 1s holomorphic, the argument of D™~ is clearly

holomorphic so it can be discarded. The remaining terms can be rewritten as

Ty~ 2+)\§”Q’ . (5.31)
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Now let’s address all terms involving W' or its conjugate. Those from the first two
lines of Tj give (after some algebra)

Toa+Toz ~ g5 (W DD +he) = L2 "W (D] T = L0~ W7 (D)7 g1
— %(z1 W WTT{X,, X, }TT — (antarctic term) . (5.32)

Now we combine these with those terms from Tj 3, which can be rewritten as
Toz ~ %(M; - z;*WSJ,;) (Nf— — W"j”)
+ %(NI_ - zl__W’"jT'D <MI* — zl__WSJSH) — (antarctic term) . (5.33)

The terms in Tp 3 independent of z; ~ vanish under the contour integral as they are purely
arctic. Combining all the other terms gives
1 i 1

1 _ _ ..
Tos + Toa+Tos ~ 5 =57 WW ST g + 151557 (WS Dy; D + h.c.) (5.34)

- [; le+1v2+ WG Cun? (aﬂTH 0a05T7 — 9L 3a35T”> — a.t.]

U 21 e agh, b
- [8 vljv%w T, (a“ﬁrpr 0a0bI'] — 0T} 858]0”{”) - a.t.] .

The only other term containing explicit W or W” contributions comes from T 4:

Toa ~ 5o WA (57 70,71 0207 0,QF Frog +at.)

8 1492+
1 1
8 (vlte2t)2
1
8 (U1+Ug+)
Combining all terms that go as W7¢*¢P, we find (after some simplifications)
1 1
8 (v1tp2+)2
1 1
8 ( l+v2+)2

WG Py (07 0,07 b QT Frog)

WIS g (011 0:Q7 9,97 Frp 0 ) + hic. (5.35)

WIS CPu® (1007 0,057 — i0.1F 0,05 T1)

+ - W ISP, (iaér” 0.05T'F — i0,TF aaaBT”) . (5.36)

The first line is purely antarctic and the second is arctic, so these drop out.
The full contribution from gauged isometries yields
i

Ty~ ————
I ES

1 B . 1 g
<Yi7]"~ DY+ SWIW LT gy + (N7 + 75 W7 Dy DY + h.c.)) . (5.37)

Using the explicit relation (4.22) for Diijﬂj , performing the contour integral, and combining
with the result (5 27) of the previous section, we find the full rigid Lagrangian

U R
L= 2Do‘o‘¢aDaa¢ 9ab — 4ng (Co‘bDaaCab)+ECaCbCaCbRaabE
-~ . 1
+ Y55 DY + (70 +hee) = SWIWEILT g

W Vane?) — T Valge) (5.38)
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This coincides with the component version of the AN/ =1 action [59]
S = / dlzd0 K — / drz 20 WA, — / dtz 20 WA, (5.39)

upon eliminating the auxiliary fields associated with the ' = 1 chiral multiplets ¢*.1? The
superpotential contribution couples the chiral superfield W of the N’ = 2 vector multiplet
to the chiral component A, of the N'= 2 moment map. The remaining component of the
moment map is contained implicitly within the Kéahler potential.

6 The component action in curved projective superspace

Having derived the correct component action in the rigid limit, we must now include all of
the effects of supergravity. The component action from curved projective superspace is

1 , 1 .
S=—— ¢ ovfdv'" /d4we£__ +— ¢ v, dv'” /d4:1:e£++, (6.1)
2w C 27 C
where
—— 1 — 7 — i = =M\AT— (Y7 — i — _m\  7a— —
L7 = (VOAV )P F = S(@nd™) Vo (V)P F T = 2 (0™)a Ve (V)2F

(0™ 4 0, (@) V(0™ )V, VI

Wm0 (VT 4 (o™ (VP F

1 _
- (26””‘””(%%%)% = 2<wmam">avn> VL Ft

1 ) /) 7 .
+ <26mnpq(¢n_1(_7n¢p_)wq_a — Q(wn_l&mn)a]);_ a_]:"""r
+ 3P Yoty )Wy TF T o
£++ = — [3D + 4faa _ 4(12)7-_”5'mn$,:j) + 4(w77lo-mn¢§;t) _ 3€mnpq(1l);L0'n1I)p_)V;'+ ]:++

3 _
+ [2x°‘+ —i(Gmo™)" + 2o ™)V *] VaF '

- [t = i8t0™a + 2a a9

i —M\AX[T— T
V@) Va, VeI F (63)

As discussed in [18], it is always possible to complexify the auxiliary SU(2) manifold to
SL(2,C) and then choose a contour where u; is constant. The resulting formulation of pro-
jective superspace is exactly that given in [19-22] and is clearly advantageous for evaluating
component actions: the integral involving £+ automatically vanishes.

9 A proof using flat projective superspace was given in [62] for the case of a single frozen vector multiplet
(see also [34, 47, 48, 63]).
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However, we will take an even larger shortcut which avoids the need to make any such
choice. Because we are dealing with a hyperkihler cone, we can write, using (3.2),
Frt — zI‘\JrTI-l- _ Iyt (6 4)
- 2 I T . .
If we were to take all of the component fields to be on-shell, then I‘}L would be an arctic
multiplet to all orders in its 6 expansion. But then the superspace Lagrangian would be
built out of the sum of an arctic and an antarctic superfield and such Lagrangians vanish
even in curved space. The proof of this statement is quite simple (see [21] for an equivalent
argument in SU(2) superspace) and we will review it in appendix B.

Of course, what we seek to do is to put only the auxiliary fields on-shell, so that the
above argument holds only up through 2. This means that we can use (6.4) to evaluate

all terms except the leading ones in £L77. If we write the action S as
1 .
S = —— ’U;'_dvzJr /d4$€ (T{) + Tl) + Srest7
2w C
1 _ » =
To= = (VOXV PFY, T = —o(@,6") Ve (V)PF Y he,  (65)

we will find that all contributions to the component action arise solely from Ty and T7.
There will be additional remainder terms within 7y and 7 that involve only the combi-
nation F?TI T and its conjugate; when combined with S;est, which also depends solely on
this combination, all these terms will turn out to vanish.

One final point: to avoid confusing the CKV x* of the target space with the spinor
field xq; of the conformal supergravity multiplet, we will from now on always arrange to
lower the target space index of the CKV so that we deal instead with K, = (K,, Ka) = x,
or we will rewrite it as A;* = x* fu;*.

6.1 Remaining evaluation of 7

The first term T is the most complicated as it must generate all the interactions present
even in the rigid supersymmetric theory. For this reason, we have already performed the
majority of its evaluation in the previous section. We again can decompose Ty as in (5.2),
replacing gauged covariant derivatives with supergravity covariant derivatives. Taking all
the terms that contributed in the rigid limit, we found

i 1o ; i G paby L asbzagh
To~ a7 [QVW¢3 Vaa®” gap — 7 9vb (C*" V aal™) + ECaCbCaCb Raavb

+ Y5 DY 4+ (A7, +he) — §WTWSJ#J;9;W

1 1o - .
— 1vwgagbva(waJ;) — 4W8<agbva(wbcjf)}

. T1 _ ; .
4 Voo |:2zl——1—\}&— V;v;frl-&- + %(Z;—)QF}FV@@TI-F
1 _ 1 -
+ Zz;*v;rjv;“r” - Zz;*V;F}V;T” - a.t} : (6.6)
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up to terms involving covariant supergravity fields. The reader may check that all of the
steps followed in the rigid case to derive this expression follow equally well here. Now we
must include the covariant supergravity fields. The steps required to derive these terms
are quite similar to those used for the covariant fields of the vector multiplet, so we will
omit an explicit discussion. Finally, it will be convenient to rewrite

1 . r 1_. 1 ~
3V Vaad” gup = [V Vaa K + 5K,V V0! (6.7)

where @a carries the target space connection. (This formula is valid when K describes a
hyperkéahler cone.) After this rewriting, we find

T, — i 1K E’ I i _ ozb<j> =ab 1 a b a>b B
0= Ty | o Bub = 7965 (€7 Vaa(™) + 757 CCC Raanp
. . 1 _
+ Y5 DY+ (N o+ hee) = S WL g
1 | ]
= W CCPVawne ;) = WO Va(wpey) -
3

1 3, i =a

~ DK — (W2 h.c.) — S(x4 VK + h.c.

2 4(W C[BC@ wba"’ C ) 4(Xa V] + Y )

+ g [izf‘xd_?d T — %(21—_)222566“ (TF 1) — (antarctic term) + h.c}

+ VB, +D "B. (6.8)

In the final line, we have collected a total covariant derivative, with

1 _ 1 - 1=

ao

+ f(z")QerT” a4 VLK (6.9)

21 I T glg2t T :
and a total contour derivative with

30 __ 30 v
B=-22D T+ 5% D YTt

3 _ . v oF

-5 (iz;*yg VO (TFYT) —izy XL VAT (TEYT) 4 h.c.) . (6.10)

Because B is not holomorphic, it cannot be dropped.

Before moving on to evaluate the first set 77 of gravitino terms, we must address what
to do with V‘mB;O? . Because the vector derivative contains a number of connections —
including supersymmetry, S-supersymmetry, and SU(2) which are quite non-trivial — it
does not vanish identically and must be separately analyzed.

— 32 —



6.2 Simplification of the total covariant derivative

Let us denote the total covariant derivative by Ty tp = Vd‘aB;é: . This can be rewritten as

1 . s R S
Totp = — 50 VB — St VB

B ad

—VATTDYBT + DT (VAT B L)

SIS B — Lot SB[ B o,

+ 2T e" B "eg™ — 2710, (e B* " "e,™) . (6.11)

Note that the last line contains an actual total derivative (which can be discarded) and a
torsion term that arises from the gravitino dependence of the spin connection.

Before addressing this, let us recall the guiding principle discussed at the beginning of
this section. The superfield I‘}F is arctic to order 62, so any expressions involving at most
two spinor derivatives can be treated more simply than those involving three or more.
Therefore, we will separate the first line of Ty tp, which involves gravitinos and up to three
spinor derivatives, and denote it by Ty pjq. We will analyze it shortly, but first let us
discuss what happens to the remaining terms. Denote these by Ty tpjrest- Assuming that
FI+ is an arctic superfield to this order, B_ ;" can be written as

1 B .
B_ ., = Zz;*V;Vg (F}FTH') + i(sz)QVad(F?TH') — (antarctic term)
(1 1 ot
+D (8 Tt VaVa K) (6.12)

We emphasize that this equation holds only if we do not apply any further spinor deriva-
tives. Now when we insert this expression into Tj ppjrest, the last term of B_ ;" will vanish
as it leads to a total contour derivative of a holomorphic quantity. This means that the
contribution of T Tpres; t0 the contour integral can be taken as

Ty tojpess = —V** DB + D (VB D) — A KB

1 oo 4 1 .
_ §¢aa ﬁjsﬂjB;d_ _ §¢aaﬁjsﬂ]B;d— 1+ 2e, T Ce  BY ™ ’ (613)
A 1 _ )
B5 = ZZI_V;V;(P;FT”) + %(z;—)z‘vad(rﬂ”) — (antarctic term) . (6.14)

The important feature of Ty rpjrest s that it depends only on F}“TI T and its antarctic
conjugate. For now we set these aside and focus on the terms first order in the gravitino.

6.3 Gravitino terms

Now we must address terms involving a single explicit gravitino field. There are two:
Ty.tp|q arises from the total covariant derivative Vé‘O‘B;g and 77 arises from the original
action. First we will need several formulae for the spinor derivatives of B ;. There are
a number of ways to potentially organize the resulting expression. We wish to construct
as much as possible expressions involving the arctic combination F}'Tl T, the hyperkéhler
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potential K and its derivatives, and various pullbacks of the hyperkihler two-form Q.
To accomplish this, it is convenient to rewrite B_, into the equivalent form

1
By =74 Va VL (T + 4(21__)2Vad(f‘;r'f[+)
X ) .

ey “(rpvavartt - T”V;V;F}) T O Vo T = TVl )

— (antarctic term) + — Vaa K . (6.15)

4 1+ 2+

The first line involves only the arctic combination I‘;“TI T while the second line is manifestly
antisymmetric in I'} and Y/* and leads to pullbacks of Q7. Using relations such as

1 1
+o—vIl+ _ + — I+
Vi (T VaaX') = Vaa (D] VY = =QF s + T [V, Vaa T
one can show that

ViBaa = 521 VeV (Y1) = 227 "egady” DI + (277 )Pegadl DI —aut.

1 i + i + +
+ T <4VadV6K — 5VsaViK ~ iQaﬁa
S X K 4 s VK Lepati
456axa + Ega an + §€5aW s | (6.16)

and

1 __ _ - i, __ _ T, __
VB = 1o eV OHTTVETI) 4 L) Vaa V3 (D] Y1) = 251 Vaa Vi K
1

3. _ 3, __ _
— S e P ek DT T + G Pena K

2 4
3, __ __ 1, __ S
- 5(21 )255aXa F}FTH + 1(21 )2€BaWaBVB (F}LT”)
1 B .
- Z(zf_)265aWdﬁ-V'B+K + (27 7)€ga; Dt — (antarctic term)
1 i 3
+7vl+vg+ ZVQQVBK—I— Qaﬁa 46/@@de
1 = = _
+ eaWi VK + Zeﬁawsgsd> . (6.17)

It helps to rewrite T1 + Ty tpjq as

1 v — — 7 — Qo Qo — ——
T + Ty D) = §¢wa (V7)? (Fjvd TH) ?b TV By + ¢ Vﬁ’LBﬁd

B

wa +hec. (6.18)

1 5 1 .
_ o haaB—xgt+ p—— = o4y —
2¢ V( Ba)d+ 210 V(B
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The first and second terms involve a common expression (V~)?(I'f V, TIT) given by

é(v—)Q(F;@d—TI+) _ gl _ %M;q,la B 4¢,éAlaa—
+ 27~ (ivmva(rjr”) — Zv‘vd BW’*(F}T”) + §xd*rl+rf+
— Z-MD——(P;T”) — ivdav;K — %dia
+ iv‘vdﬁ‘”K - %ZO“FK - 2)\‘3”"‘D;r+>
n (z;*)2(xdr+pj+) . (6.19)

The coefficient of this term in (6.18) involves 29, — z; ~yp9et = 4L /oIt and so the
first line of (6.19) contributes a purely arctic expression to (6.18) that can be discarded
under the contour integral. This had to be the case as otherwise we would need to impose
the explicit form for Z/4~, which involves the field equation for the physical fermion. Now
we can analyze the remaining terms in (6.18). Discarding a total contour derivative,

Lo Rpea W, VA ()

1
T1 +TOTD\Q ~ —*Zl waa W VB (F}_TIJ'_) + 8

+gzl“w“”;>zdfrir” 1 Y YT DT (D)

_z(zl I R e G e g 2( —)2ped bt Do (pFL
_%Zl d)aa vﬁavﬁ (I’*T”) %( ) ¢aa+v Avich (I‘+T1+)
+ i(;(zl__)%d(am — 2y ~p@h) )Vaav_(P;rT”) —a.t.

+ ivw%waw (VﬁavﬁﬂKJrQﬁJﬁa —iW, vﬁJK_HX K

— WY, + 4Mgkpgk) (6.20)
Combining all of the above results, we find

= i b'S by, 1 abrazh
To+Th = eSS [QK;LDQW — 7 9ob (C*V aaC™”) + TGCaC ¢ Rz
y , 1 ,
+ Y5 DY+ (N Qo+ hee) = SWIWETET g

1 1 - _
- ZWTCaCbVa(Wchﬁ) - ZWTCaCbVa(WBan)

3 1 3 ..
- DK - 1(Waﬁg'ggg wpa + h.c.) — Z(;gg ViK +h.c.)
1o o g 3i
+ ZwaaajKHv,BdCﬁ]M + 7waaa3 _iK
S LA waa ST, 4 i AL DIR| . (6.21)
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The terms within square braces are independent of v'*, so their contour integral can be
done immediately. This actually gives the final Lagrangian £. The component action is

1 .
S = /d%eﬁ — %?{v;rdv”/d‘lw eR” " + Srest - (6.22)
C

In addition to the many terms Syest that we separated out at the start of the calculation,
there are still a large number of terms left within the remainder term %=,
31

__ L ea 3, 9 =g
P = A V(O T = S PRV (T

+ z’z;waa—(aab)aﬂvaE(r+Tf+) !

L) (0P (O T

+ gzl ace— —f(FJr'r]-‘r) o 721 d)aa— —+D——(F+TI+)

3, ad+ o  p— ad+ o ——
= S PO (T ) 4 S )RR DT (O )
1 1
- 74 YW, vﬁ (rir”)+8( TP W VAT
— (antarctic term) + h.c. + D™ B + Tj tDjrest 5 (6.23)

where B and Ty rpprest are given by (6.10) and (6.13). All of these are written in terms
of the arctic combination F?TI T and its antarctic conjugate, using the relation (6.4). In
fact, it turns out that all of these terms actually vanish up to a total derivative — that is,

1 A
0= 5 ’dev’+ /d4x e + Srest - (6.24)
C

The proof is somewhat indirect, so we postpone it until appendix B.

6.4 Final result

Our final component Lagrangian is

[ —K g — gbb(Cab aacab>+ cacbc & Ryavs
+ Y DT 4+ (AFTQL, + AT Q8 — 5W7“WSJ#J59MV

1 )

= W Vawnedf) = ;W Va(wie ;)

3 1 = & b Fa 3

2 - af b ra aﬂbe}f__i

5 DK = (WG woa + WS wia) — 7
31

. 1 . P : -
+ waaaj (Kuvﬁdcﬂju _ EKHWQ}BQBJ“ + ZXfXK _ EWTQ] + ZArijk>

KO G+ Xk )

1 3t
+ e ( K Vg + K WP +

1 XK + W’"Qmj —i/\rakDrjk>. (6.25)

It is convenient to relabel the tensor auxiliary field as T, = 4(0'(1[,)0/3 Wg?, in accordance
with tensor calculus conventions, where T, = Top¥ eij. (Note that this changes the defini-
tion of self-duality used in [42] so as to agree with component conventions.) Also, a number
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of terms can be rewritten to involve the fields A;*, with the result

1 = 3 1 YIS v r ij 1 a b 7a 7b
L= §KM|:|¢M - §DK - §W w J#Js Guv +}/l] DT] + EC CbC Cb Raébl_)
Lo my . gja
- 1(% — i(Pmjo"™)a A7) %

~. 1 . . = _ _.
<¢gabvwc3 + —wap(67°C") T + 3gab Ak X + (W Va(wpeJy) — 2)\O‘T’“Jrak>
1 (1] =M\
= 7 (€ =iy a™) A7)

; < | Fab 1 c — b T c r
<Zga5vaécg b + gwab(ab Cb)aTbc + 3gaBAkaak + CBW va(Wchr) - 2)\ak<]rak>

1 R P
+ icaa)‘gijraz + ngAMZJrai . (626)

Two useful checks can be made. First, in the rigid supersymmetric limit, this matches
the component Lagrangian constructed from (5.39). Second, the Lagrangian must be S-
supersymmetric. To check this, it helps to note that the parenthetical terms in the third
and fifth lines, which multiply explicit gravitinos, must vanish under S-supersymmetry. It
is straightforward to check that the remaining terms all cancel against each other.

This result can be compared with eq. (5.4) of [29], where superconformal tensor
calculus conventions (see e.g. [67]) were used. The relation between those conventions and
ours for conformal supergravity are spelled out in [42]; for example, one must swap the
locations of SU(2) indices, taking care to observe that tensor calculus conventions employ
e12 = g19 = 1 while we use €12 = €31 = 1. This amounts to the exchange of € — —¢;;
and £;; — €. The target space conventions of [29] also differ in several ways from ours.
For example, their Sp(n) indices (@, «) correspond to our (a,a), and we use a different
normalization for the fermions. For the sigma model component fields, one must exchange

. L - 1 1_.-
o4 — Pt A;* — A AT 5 AR I 543, P igab . (6.27)

The target space geometric quantities are related as

Qaj = wab Gag = 9ab» Yia = fat VA = fu
(JN% = =(Tip)'s, k)% = VP, PP = Drij . (6.28)
The components of the vector multiplet are also defined slightly differently:
1 g . o .
x! - 5w Qf = =N\, Qe Y, VYT (6.29)

Other quantities can be derived from these relations and the equations given in [29].

7 Conclusion

Our goal in this paper was quite specific: to recover the component action of a hyperkahler
cone coupled to conformal supergravity given in [29] using projective superspace methods.
Our approach was based on the formal solution of the equations (3.1), corresponding to
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the requirement that the dual multiplets F? and f}r were respectively arctic and antarctic,
as advocated in [24, 56]. We have not attempted to actually solve these equations for any
specific models — the formal solutions were sufficient to yield the component action — but
it should be mentioned that many specific cases do admit solutions. A major class involve
O(2n) hypermultiplets and the generalized Legendre transform construction [12, 13, 25, 68]:
here the number of auxiliary fields is finite from the outset. Another major class involve
target spaces that are cotangent bundles of Hermitian symmetric spaces [56, 57, 69-73]
(see also [54] for a pedagogical discussion).

As discussed in [29, 34], the component action (6.26) does not directly yield the general
action of canonically normalized supergravity coupled to matter. One must fix the Weyl
gauge and the SU(2)p gauge: this effectively eliminates four degrees of freedom from
the hypermultiplet manifold, reducing the 4n-dimensional hyperkdhler cone to a 4(n —
1)-dimensional quaternion-Ké&hler manifold. In addition, one must add another matter
sector (e.g. vector multiplets parametrizing a special Kéhler manifold) to yield a consistent
equation of motion for the auxiliary D. This can all be understood at the component level,
but what about in superspace?

Here again comparing with A/ = 1 superspace is helpful. Recall the geometry of
an N = 1 superconformal sigma model is a Kéahler cone. If the chiral superfields are
reorganized into the set {¢o, '} with x* = (¢o,0), then without loss of generality the

Kihler cone potential can be written as?®

K=-3 (ﬁo&o 6_’C/3 N (7.1)
for a real function K(¢?, ¢'), subject to the Kihler transformations,
o= el K—=K+F+F, F=F(@{). (7.2)

Imposing the dilatation+U(1)r gauge ¢ = €&/6 leads to the standard formulation of an
N = 1 supergravity-matter system (including a superpotential is straightforward) in the
so-called Kéhler superspace [74] with a simple Lagrangian

3/d4x d*0d?0 E . (7.3)

The function K is absorbed within the superspace structure and the original Kahler trans-
formations become associated with an effective U(1)r symmetry of the component fields.
This Kéhler superspace is extremely useful: for example, it eliminates the need for compli-
cated field redefinitions to attain a canonically normalized action and even allows higher
derivative interactions to be easily incorporated in a Kéhler-covariant way.

It would be extremely interesting to construct the N' = 2 analogue of the above
superspace geometry: a proposal along the lines discussed above has already been made
in [19]. Of course, there is already a harmonic superspace description of quaternionic sigma
models coupled to supergravity [36-38], so finding a direct link between the projective and
harmonic approaches, as was done for the hyperkéhler case [27], would be enlightening. It

20The overall sign must be negative to yield the correct sign for the Einstein-Hilbert term.
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would presumably make use of the technology of [35], developed to address quaternionic
sigma models in twistor language. It would also be nice to understand the quaternionic
examples in harmonic superspace (see e.g. the quaternionic Taub-NUT [75, 76] and the
general two-center metrics [77, 78]) in this context.

We should note that the projective superspace description of quaternionic sigma models
takes a particularly elegant form if the hyperkdhler cone possesses an additional U(1)
isometry that separately rotates the arctics and antarctics. Then it is always possible to
perform a duality transformation, exchanging one polar multiplet for a tensor multiplet
G, giving the supergravity-matter action [22, 79

_% 7{ dT/d4:p diet e <g++ log(g++/iTng) +GHHK(T, T)) (7.4)
¢

where K (7T, Y) is a real function of weight-zero arctics Y and antarctics Y. (The arctic T
drops out of the component action but is necessary to keep the argument of the logarithm
dimensionless.) This is the natural N' = 2 generalization of the N' = 1 new minimal
supergravity action coupling the tensor multiplet compensator to a Kéhler potential. The
component Lagrangian of (7.4) gives the general supergravity-matter system (after gauge-
fixing) involving a quaternion-Ké#hler target space arising from a hyperkéhler cone with a
triholomorphic U(1) isometry.

An interesting open question would be to address hypermultiplet couplings in the pres-
ence of various higher derivative terms. Higher derivative tensor multiplet actions were dis-
cussed at the component level in [80]; their lift to projective superspace (and generalization
to include O(2n) multiplets) was addressed in [81]. In principle, one should be able to ap-
ply the latter construction to include higher derivative actions for off-shell polar multiplets.
However, the elimination of the auxiliaries in the presence of such terms becomes (even
formally) a formidable process. Nevertheless, superspace would seem to be the natural
mechanism for constructing such terms in a systematic way, and the calculation under-
taken here is an important first step. It would be intriguing to explore these issues further.
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A Vector multiplet conventions and supersymmetry transformations

The introduction of a gauge connection to the curved projective superspace [18] is straight-
forward and can be found in [20, 22]. We introduce a superspace connection Ay = Apy" X,
with X, the formal gauge generator which acts on a field ¥ in a given representation as
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X, ¥ =T,V for matrices T,.. Note that the algebra of the operators possesses a different
sign from the algebra of the matrices,

[Xra Xs] — _frstXt — [Tra Ts] = +frstTt . (Al)

For a compact gauge group, T, are anti-Hermitian matrices, and so are frequently defined
with an additional factor of 7 to make them Hermitian. For a non-linear sigma model with
gauged isometries, the scalars ¢* = (¢, $*) transform as X,¢* = J.* into a Killing vector
J#. The fermions ¢° and EE transform as

X, b =¢Cat,  X.Ch=C500,7 . (A.2)

The gauge covariant derivative V 4 is defined implicitly by
1
v = ExAV 4 + §QMabea + ApA + ByD + Fy Ka + Ay' X, (A.3)

The algebra of the SU(2) covariant derivatives V¥* and V° with themselves and with the
other operators remains unchanged. Similarly, the algebra of spinor covariant derivatives
obeys the integrability conditions {Vg, Véc} = 0, which implies the dimension-1 curvatures

{(VE.VI} = F2iV,5, {Vi,VI}=+2W, (V% VAFL = 22645 . (A4)
Now the curvature operator W receives a new contribution W" X,
1 afs 1 B+ aQ— 1 B— a o+ 1 aB « r
W = §W Mga + ZV Wg S, — ZV WB S, + ZV ng as WX, (A.5)

and similarly for its complex conjugate. The new superfield W7 is the covariant non-abelian
vector multiplet. It is chiral, inert under the SU(2) covariant derivatives, and obeys the
Bianchi identity (V1)?2W" = (V1)2W". The dimension-3/2 curvatures

V5, Vaal = —2e5aWV5 [vj;, Vaal = —2e5,Wa - (A.6)
receive a new contribution from the gauge sector,
Wi s —sVaW'X,,  Wis—sVIWX,. (A7)

Finally, the dimension-2 curvatures [V, V,] = —Fp, include a contribution F," X, with

1 _ 1 o _
r__ = af + - T r\ __ T/= + r_ . T
Foa = 4(Uba) (C(acg)” 2WopW ) 4(Uba) (C( V )” 2”@3” > . (A8)

We also use the symbol W" to denote the lowest component of the vector multiplet.

The other covariant components of the vector multiplet are given by

1 . L 1 ... 1
Ayi = §€ijvngT, A = —ge”V?WT, Y'Y = ZV”WT, (A.9)
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T T

while the component one-form A,,” and two-form F),," are given by the projections of
the corresponding superspace quantities A,," and F,.,". The supersymmetry and S-

supersymmetry transformations are given by

(5Amr = Z(&Umj\“n) — Gij (fﬂbm])Wr + h.c. s
SWT = 2607,
1 A 1. .
SN = (07°6)a (]'_abr + STabWT> - Y& + igaiWSWtftsT + ivaﬁ‘Wrﬁﬂ] — 20 W™,
SY"H = 20V 4o A} — EXNE W fi" — 208" VOON — ESNTEWf (A.10)

The transformation law of the gaugino involves the supercovariant curvature tensor Fgp",
whose component form is given by

i . . i o
emaenb-/rabT = anT - §(wmj0'n)\]r - wnjo'mAjT) - §(¢m]6nA§ - wnja'm)\g)

1 .. _ 1
+ 56” (Ymithng) W' — §€ij(wmlwn]) wr. (A.11)
B Vanishing of a pure arctic action and the remainder terms in eq. (6.22)

We begin this appendix by reviewing an important lemma: the projective superspace action
1
—?{dT/d4x AT E"ATT (B.1)
2T C

vanishes if ATT is a purely arctic (or antarctic) superfield. A nearly identical statement
was established in [21] for the choice AT = GTTA for G*" a tensor multiplet and A an
arctic (or antarctic) superfield; the proof is exactly the same so let’s briefly review it.

As discussed in [18], it is possible to complexify the auxiliary manifold SU(2) to
SL(2,C), taking v** = v’ and v; = u;/(v,u). This modifies the component Lagrangian
only by a total derivative. In particular, we may choose u; to be a fixed coordinate so long
as (v,u) # 0 along the contour C. This has the benefit of eliminating the second integral
in (6.1), and so significantly simplifies the evaluation of component actions. This approach
is exactly the formulation of projective superspace presented in [19-22].

Let us suppose now that AT is arctic. Following [21], we may choose u; = (1,0), so
that v; = (1,0)/vl" while v = v17(1,(). Examining the component Lagrangian (6.2)
with FT+ = AT+ it is immediately apparent that £~ is a purely arctic expression. That
is, after factoring out a common factor of 1/(v1*)?, the remaining terms are all free of
singularities at ¢ = 0. Such a Lagrangian exactly vanishes under the contour integral.

This is the most direct proof, but not the only one. One could also remain with the
real SU(2) manifold and explicitly analyze the component reduction of (B.1). This would
require defining the component fields of AT as we did for Y/ in section 4.1 and then
proceeding to massage each term of the component action meticulously until everything
vanished. This approach is clearly much more laborious.

It turns out that this more difficult approach actually has an excellent use. If we
recall the situation in section 6, we argued that the projective superspace Lagrangian

— 41 —



Frt = %I’;“TH' +h.c. is the sum of an arctic and antarctic piece up to the 62 level without
imposing dynamical equations of motion. Then in analyzing the component action of
FTT, we stopped at (6.22) once everything had been reduced to the physical component
fields or to expressions involving F?TI T and its complex conjugate. These we isolated
into a remainder term %~ ~, given in (6.23), as well as the terms Syeq neglected in (6.5).
All of these residual terms involved I'f YT (and its conjugate) with at most two spinor
derivatives. We claimed that the sum of all these terms vanished. Now we will provide
a proof. We will start by analyzing the component action of (B.1) using the real SU(2)
manifold, proceeding systematically order by order in the number of gravitinos and other
connection fields. We will stop after eliminating the leading terms: what remains will be
those terms left over in (6.22) after choosing AT" = %I’}FTI‘F, which is indeed arctic up to
the 62 level. These must vanish, of course, because the original action (B.1) vanishes.

We begin anew with the action (B.1) and evaluate the component Lagrangian (6.2)
with Ft+ = A*tT. As before, we will organize the calculation as in (6.5), taking the leading
terms Ty and T and placing the others into Siest. The leading term Tp, involves the highest
component of AT, This can be decomposed as

(VI =P — %szvdav;?;AH + %(z;*)%davad/\“
+ ng_XaJerfng+Jr — ng_XID77@;A++
- %zf‘xa*V;A“ + %zf‘xg VAT
~32; DD AT 4+3(2; )’ DATT (B.2)

where P~ is a purely arctic expansion. This can be discarded under the contour and so
the relevant contributions to T are

3

To=—32z; x> VATt + 5(21__)2)(0‘+V;AJ”L + h.c.
: 3
+ VB -+ D <2zlxo‘+V;A++ +he. —32 D A++> (B.3)
with
' _ 1
B = =55 VaVaht 42 (:7 ) Vaeh ™. (B.A)

Denoting the contribution of the B_ ;" to Tp as Ty tp, we evaluate it as in section 6.2,
T, e g 2
Th+TorpiQ = —g(wwa — 2 D)V ATE
1 - 1 .
- = <z1 e+ 2(21)21Z)°‘0‘;F)VBQVB_A++

—— aa —— 1_ ——
_ 7(21 )2¢ 2<XO'CA++ _ ngD A++>

+ e (zl——)2¢da;é|—Wdﬁ,?B—A++

4
1 ; 1 :
521 DTV VAT 4 (5 )25 VAT e, (BS)
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In the first line, we require the expression

L oy2gap++ _ = L oaBo— A++ _ Lyra o A+t
. 3
+ 3y TATT — 2;20‘*D“A++> : (B.6)

The contribution of 2%~ to the action is purely arctic so we can discard it, leaving
1

Ty +Topjq = (Zf_wdaa - 2(21")2wdai) X

<;Wd5VB_A++ — Big ATt + 32Z‘+D“A++>
+ (227 ", 0% — (27 )t o) ViV AT +hec. (B.7)

for the terms involving a single gravitino. Now we define Z~~ as everything that has not
yet canceled out from Ty and 77:

R~ = =3 XTVLAT 2(21”)2><‘”V;A++
- <z1__1/1daa - ;(z;—)%‘m;> (;WQB?BAH —3ix AT + % +DA++>
(267 Wao™) = (AW 0™)®) VTG AT+ b+ Ty rjes
+D " (;zlxa+v;/\++ — gz;*x;?d—A“ -3z, D A++> . (B.8)

When combined with the terms in Syest, this must vanish up to a total derivative.

Note that AT now has at most two spinor derivatives acting on it, so we can choose
AT = ITFTT to be arctic without any difficulty. This exactly matches the arctic part
of (6.23). The part of the action Siest that did not involve Ty and 77 is also identical. But
we know that all these contributions must vanish, and so it follows that the unevaluated
terms in (6.22) involving I'f Y7 all cancel out. The antarctic ones also vanish in like
fashion.

Lest the reader find this proof too indirect, it should be added that we have explicitly
checked that the remaining terms do indeed vanish. To do so is fairly involved and requires
the contributions from both integrals in (6.1). To demonstrate some of the manipulations
that occur, we will show here how the cancellation occurs when all fermionic terms are
turned off. The relevant bosonic terms remaining in £~ are

L~ —3D——( - A++) - ivm——(c}m)m[vm—,W—]A++
o Vaa__D++B;d_ + D——(Vda-i--‘rB;d—) o fdochbB;d—

) . _ 1 .
— D~ (;zl“va“++V;V;A++ _ 5(21__)2Vaa++vadA++

+32; T DAY + 42 faaA++> . (B.9)
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Those contributing to £ are given by
L = —(3D +4 faa)A++ - %vda++v;v;/\++ , (B.10)
which can be rewritten as
rt+t — _ptt (;zf_Vda++V;Vd_A++ _ %(Z;—)dea++vad1\++
+32; " DA + 4z1faaA++> . (B.11)

The combination of £~ and £ is a total contour derivative and can be discarded.
Similar cancellations occur with the fermionic terms, but these require much more work.
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