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1 Introduction

The problem of gravitational radiation in particle collisions has a long history and has
been studied in a variety of approaches and approximations. The interested reader may
find a long and rather comprehensive list of relevant references in [1], where the emitted
gravitational energy, as well as its angular and frequency distributions in ultra-relativistic
massive-particle collisions were computed. The condition imposed in [1] that the radiation
field should be much smaller than the zeroth order flat metric restricted the region of
validity of our approach to impact parameters b much greater than the inverse mass of the
colliding particles, and made our conclusions not applicable to the massless case.
However, the problem of gravitational radiation in massless-particle collisions is worth
studying in its own right and has attracted the interest of many authors in the past as well
as very recently. Apart from its obvious relevance in the context of TeV-scale gravity mod-
els with large extra dimensions [2], it is very important in relation to the structure of string



theory and the issue of black-hole formation in ultra-planckian collisions [3, 4]. Neverthe-
less, to the best of our knowledge, complete understanding of all facets of the problem is still
lacking. The emission of radiation in the form of soft gravitons was computed in [5] in the
context of quantum field theory, but in that computation the contribution of the non-linear
graviton self-couplings i.e. the stress part of the energy-momentum tensor, was argued to be
negligible. The result of the quantum computation for low-frequency graviton emission was
reproduced by a purely classical computation in [6], due entirely to the colliding particles
and leaving out the contribution of the stress part of the energy-momentum tensor.

In the pioneering work [7-9] or its recent generalization to arbitrary dimensions [10],
the special case of collisions with vanishing impact parameter was studied, with emphasis
on the contribution to the radiation of the stress part of the energy momentum tensor,
leaving out the part related to the colliding particles themselves. In a more recent at-
tempt [11] the metric was computed to second order, but no computation of the radiation
characteristics was presented, apart from an estimate of the emitted energy based essen-
tially on dimensional analysis. More recently, a new approach was put forward for the
computation of the characteristics of the emitted radiation [12], based on the Fraunhofer
approximation of radiation theory. However, this method cannot be trusted at very low
frequencies w < 1/b and, furthermore, it ignores the non-linear terms of the gravitational
action, which are expected to be important in the high frequency regime. Thus, we be-
lieve it is fair to conclude, that the issue of the frequency and angular characteristics as
well as the efficiency of gravitational radiation in ultra-relativistic particle collisions is not
completely settled yet.

The purpose of the present paper is to extend the method used in [1] to the study of
gravitational radiation in collisions of massless particles with center-of-mass energy 2F and
impact parameter b. The formal limit m — 0 (or equivalently 7., — oo for the Lorentz
factor) of the massive case leads to nonsensical answers for the radiation efficiency, i.e. the
ratio € = Fyaq/2E ~ (rg/ b)S%m of the radiated to the available energy, the characteristic
radiation frequency w ~ ~2 /b, or the characteristic emission angle ¥ ~ 1/vcm. The whole
set-up of the computation in the massive case is special to that case and, consequently, does
not allow to extract safe conclusions related to massless-particle collisions. In particular,
the massive case computation was performed in the lab frame, the choice of polarization
tensors was special to the lab frame, while, being interested in ultra-relativistic collisions,
we organized the computation of the energy-momentum source in a power series of the
Lorentz factor 7. Here, we shall deal directly with massless collisions in the center-of-
mass frame and correct the above inadequacies of our previous results. We shall study
classically the gravitational radiation in the collision of massless particles using the same
perturbative approach as in [1]. The scattered particles will be described by their classical
trajectories, eliminating potential ambiguities in the separation of the radiation field from
the field of the colliding particles, inherent in other approaches. Furthermore, at the level
of our approximation we shall take into account the contribution of the cubic terms of the
gravitational action to the radiation source, which will be shown to be essential for the
consistency of our approach. Finally, the efficiency € outside a narrow cone in the forward
and backward directions will be obtained as a function of the only available dimensionless



quantity a = 2rg/b = 8GE/bc*, formed out of the four parameters G, E, b, ¢, relevant to
the problem at hand.

The rest of this paper is organized as follows: in section 2 we describe the model, our
notation, the equations of motion and the perturbative scheme in our approach. This is
followed by the computation in section 3 of the total radiation amplitude, i.e. the sum of
the local and stress part. Section 4 focuses on the study of the angular and frequency
characteristics of the emitted radiation in the most important regimes of the emission-
angle-frequency plane. Furthermore, in a separate subsection we compare the results of
this paper to previous work and verify that they are compatible in their common regime
of validity. Our conclusions are summarized in section 5, while in three appendices the
interested reader may find the details of several steps of the computations and the proofs
of basic formulae, used in the main text.

2 Notation — equations of motion

The action describing the two massless particles and their gravitational interaction reads

S = ;Z/e(o) g (2(0)) (0) 2" (0) do — ;/Rﬂd4$7 (2.1)

where e(o) is the einbein of the trajectory z*(o) in terms of the corresponding affine
parameter o, »*> = 167G and the summation is over the two particles. We will be using
unprimed and primed symbols to denote quantities related to the two particles.

Variation of the einbeine gives for each particle the constraint

Guv (z(a)) (o) (o) =0. (2.2)

Using the o—reparametrization invariance o — 6 = &(0), e(o) — €(6) = e(o) do/ds we
can choose e(0) = constant. Furthermore, we can use the remaining freedom of o rescalings
to set e = ¢’ on the particle trajectories. Finally, we can shift the affine parameters to set
o = 0 = ¢’ at the positions of closest approach of the two particles. Before the collision the
particle positions are at negative o and ¢’. They “collide” when they are at 0 =0 = ¢’.

For identical colliding particles in the center-of-mass frame we can choose ¢’ = ¢ and,
consequently, e = ¢/. With the gauge choice e = constant, the two einbeine are finally
determined by the condition

Vs=E+FE = /TOO(x) d>x, (2.3)

from which
e=+s/2=F, (2.4)

with E the energy of each colliding particle.
Thus, the particles move on null geodesics, while variation of z# leads to the particle

equation of motion:
d 1

o (guwz”) = 5 w22 (2.5)



and similarly for z’#. At zeroth order in the gravitational interaction, the space-time is flat

and the particles move on straight lines with constant velocities, i.e.!

% = N ; Ok =yt = (1,0,0,1), Om = /" = (1,0,0,—-1).

The particle energy-momentum is defined by T* = (-2/y/—g)S/dgu, i.e. for each
particle
v 54w — 2(0))

T () =e N

do . (2.6)

At zeroth order, in particular, it is given by

o, [ W= 2(0)
THY N d (2.7)

and is the source of the first correction hy, of the gravitational field. Given that 7}, is

traceless, the perturbation h,, satisfies for each particle separately the equation

Phyy = —3"T, (2.8)
whose solution in Fourier space is
hunla) = 5 O3 ap) s and (@) = s 6 OB . (29)
u\q) = qg +Z0q0 € qp) PupPv an w\d) = q2 —i—zOqO € ap ) PuPy s .

where pt = eut, p't = eu™, while z#(0) = (0,b/2,0,0) and 2*(0) = (0,—-b/2,0,0). Since
the particle momenta satisfy p?> = 0 = p'?, the consistency conditions ', = 0 = h'%, are
also satisfied to this order.

In coordinate representation they are

seuuy [ AP s iale
o) = =g [ G it b2 — 6t — 2) 8] b/2)

Wy [ dEd*Q e
() = — (2;)3 / & el (1H2)eialr b2 — _sreq) ul,6(t + 2) ®(Jr + b/2]), (2.10)

where @ is the 2—dimensional Fourier transform of 1/¢*:

1 d>q _; 1 r
dr=z——= | ——e¢ "' =——1n— 2.11
(r) (2m)2 ) o ¢ 27 nro (2.11)
with r = (z,y) and b = (b,0) is the position and impact vector, respectively, in the

transverse x — y—plane and 7o an arbitrary constant with dimensions of length.
Write for the metric g,,, = 9y, + 3¢(hy, + hj,,) and substitute in (2.5) to obtain for the
first correction of the trajectory of the unprimed particle the equation

1
2.(0) = —» < TN 3 hgw> 02 0, (2.12)

'The upper left index on a symbol labels its order in our perturbation scheme.



The interaction with the self-field of the particle has been omitted and hj, due to the
primed particle is evaluated at the location of the unprimed particle on its unperturbed
trajectory.

We substitute (2.9) into (2.12) to obtain

2ies? qu') i
1 _ 4 —igb — o /
(o) = n) /d q . e iabe—iau) {(qu)u“ - q“} . (2.13)
Integrating it over o, the first-order correction to velocity is given by
e / Squ')  _op s [ q" ]
1op _ 4 igb —i(qu)o |, In I
H(o) = — d“q e “Pe u — | +C". 2.14)
SO R () (
The integration constants C* are chosen C° = 0 = C* and C% = es2®'(b)/2 in order to
satisfy the initial conditions 4# (0 = —o00) = 0.

Thus, the components of 2#(o) are

. ex? ?q b —9i0 1
1000) = (2W)3/dq0qzeqbe 2iq 256%2<I)(b)5(0)

(o) = —1 ex’B(b)5(0)

ex? [ dgd’q
@m)?) ¢
'2%(0) = 0. (2.15)

132(0) = — 1P g 4 O = e5 ¥ (b) 0(0)

Making use of the formulae [15]

| S G ) Lo
[z +i0]n  an Z7T(n—l)!é V@), ]:[

1

— o (_Z)n _1.\n—1
] =2 Ok,

(n—1)!

satisfied by the distributions (z 4 i0)~" and their Fourier transform, respectively, we can
express 4# (o) collectively in the following useful form

2e¢2 Squ') o s 1
Ly — _ 4 igb \—i(qu)o oo 1
(o) @) /d q 2 e e [(qu)u q } 7((]“) 0 (2.16)

which vanish for all o < 0. Indeed, the massless particle trajectories should remain undis-

turbed before the collision.
Finally, we integrate (2.16) and fix the integration constants so that 2#(¢) is regular
and satisfies 2#(0 < 0) = 0. We end up with

iex? u) . :
o) = -2 [ a2 et [y -] L @an

or, equivalently, in components

10() = %e%cp(b) 0(c) = — (o)

L% (o) = es*®' (b) 0b(0) . (2.18)

From these it is straightforward to reproduce the leading order expressions of the two
well-known facts about the geodesics in an Aichelburg-Sex] metric, namely



e the time delay at the moment of shock equal

At = e*®(b) = 8GE In b ;
7o

e the refraction caused by the gravitational interaction by an angle

_ 8GE

a = ex? |0/ (D) -

in the direction of the center of gravity.

Clearly, similar expressions to the above are obtained for the primed particle trajectory.
For the perturbation (o), in particular, we have

2ies? 0(qu)  ivh —itau 1
Lip 4 +igb —i(qu’)o Nt —gh| —— 2.1
ZH(o) = — 2n)? /d q 72 e e [(qu Ju q ] [(qu') + i0]2 (2.19)

To summarize: we have obtained the first order corrections hy,(x) of the gravitational

field, sourced by the straight zeroth-order trajectories of two colliding massless particles. It
1s identical with the leading term of the Aichelburg-Sexl metric describing the free particles
and it can be shown to coincide with the limit m — 0 of the corresponding field due to
massive particles. The perturbations 2#(o) and 2'*(c) of the trajectories of the colliding
particles in the center-of-mass frame and with impact parameter b were also computed.
Finally, the known expressions [13] for the time delay At and the leading order in rg/b < 1
scattering angle o were reproduced.

As will be shown in the next section, the arbitrary scale ro in the expressions for h,,
and h;w disappears, as it ought to, from physical quantities such as the gravitational wave

amplitude or the frequency and angular distributions of the emitted energy.

3 Radiation amplitude

We proceed with the computation of the energy-momentum source of the gravitational
radiation field. The gravitational wave source has two parts. One is the particle energy-
momentum contribution, localized on the accelerated particle trajectories given in the
previous section. The other is due to the non-linear self-interactions of the gravitational
field spread over space-time. One should keep in mind that we are eventually interested
in the computation of the emitted energy, given by (4.1). It involves projection of the
energy-momentum source on the polarization tensors and imposing the mass shell condition
on the emitted radiation wave-vector. Thus, whenever convenient, we shall simplify the
expressions for the Fourier transform of the energy-momentum source by imposing the
on-shell condition k% = 0, as well as by projecting it on the two polarizations.

3.1 Local source

We start with the direct particle contribution to the source of radiation. We call it “local”,
because, as mentioned above, it is localized on the particle trajectories. The first order
term in the expansion of (2.6) is

T (x) = e/da [2 12(#“!/) + 2%u)‘h/>\(uuu) — uyuy (Y2 - 3)} 54(30 —Oz(a)) ) (3.1)



where 2/ is evaluated at o and h),, is evaluated at O2#(o). Its Fourier transform is
T (k) = e*2(0)¢ / do e'Fw)o [QU(Hl,é',,) + Q%UAh'A(HuV) +i(k 12) upu,| . (3.2)

Similarly for the primed particle with u replaced by '
Introducing the momentum integrals

1 / o —i(gb) 1 / o —i(gb)
7= /5(qu)5(/€u W gy 1, = /5(qu)5(/m e
(2m)? > (2m)? q?
the first-order correction to the source becomes?
, 1 kI
ikz
T = 2e%5% (0)@ [uuu,, (k:u’[ ~ ku) + 2%1”)] . T, = T, - (3.3)

Note that the integrals I and I, contain one massless Green’s function. This is in
accordance with the fact that ITW, expressed through them, is the source of radiation
from the colliding particles. I and I,, are computed in appendix B. They are

1 ~ (ku)®(b) ,  P'(b)
[==300), I=—— i b, (3.4)
and upon substitution into (3.3) lead to
(u)
1 _ _ 9.2 2.i(kb)/2 / (ku') @(b) (D) oy
Ty 2e“xe [@(b) U, Uy + ) Uty +i— ()2 (3.5)
with a,(j;) = (kb) upuy, — 2(ku) u(,b,). Similarly
y k) B (b) D(b) ol
It 9.2,.2 i(kb)/2 d / ( e M )
L e“xe (0) ug,u,y + 20w) (ORI b (k)2 (3.6)

for the contribution of the primed particle, obtained from 7] wv Dy the substitution b# —
—bHt ut < Ut

Eventually, 1TW and IT;’W will be contracted with the polarization vectors e; and eo,
we will construct in the next section. They have zero time component and, therefore,
satisfy e; -u' = —e1-u and ey - v’ = —eg - u. Thus, one may effectively replace in the energy
momentum tensor u;L by —u, when they are not contracted, to obtain

| k') @ (b) D'(b) ol |
1T L, = —9 22 i(kb)/2 P 5 ( 5 © )
L e“xe (b) uyuy, + 50 wpty + Zib(ku)Q (3.7)
and .
T 92 2 —i(kb)/2 | _ (ku) (b) Py Ty
Ty 2e“ ‘e [ O(b) uyu, + 0w) Uty = Ty G2 | (3.8)

where 6,%) = (kb) upuy, + 2(ku') u,by).

2Terms, coming from the integration constants in (2.16) and (2.17), contain §(qu) and lead to the extra
terms proportional to §(ku) and ¢ (ku). With the on-shell condition k% = (ku)(ku') — k3 = 0 the latter is
equivalent to k* = 0 and these terms do not contribute in the subsequent d>k—integration.



3.2 Non-local stress source

The contribution to the source at second-order coming from the expansion of the Einstein
tensor reads [1]

S (h) = h:\[p(hw),)\ = Turp) + h)\p(hﬂk,l/p + hurup = Povpw = Py np) —

1 1 1 oo 3 ”
-3 W g — 3 hyuwO*h + 5 Mo <2h’\p82h,\p — hyp o hM7P + 3 Rpoh™ ) .

It contains products of two first-order fields. Thus, it is not localized, hence its name “non-
local”. It is also called “stress”, being part of the stress tensor of the gravitational field.

Upon substitution of hy, and '2#(c) of the previous section in the above expression
we obtain for the Fourier transform of S,

Sy (k) = el Rb)/2 [(ku')QuMuyJ + (ku)QuLulyJ + 4T + 4(ku') ug, J,y —
—4(ku) ul, T, + 2ug,ul (2(k:J) — (ku)(ku') J — 2Sp J)}

in terms of the integrals

_ 1 §(qu') 6(ku — qu) e=Hab)
‘]#1 ~~-M(k) = (27r)2 / qg(k — q)2

(I =0,1,2). We use the definition SpJ = n*".J,,, while we have omitted the terms
proportional to 7, as well as the longitudinal ones proportional to k, or k, in anticipation

Qui -+ Uy d4q

of the fact that they will eventually vanish, when contracted with the radiation polarization
tensors. Finally, as in the case of 1TW one can effectively substitute u;L — —u,, to obtain:

S (k) = 22! k0)/2 [(4 SpJ — 4(kJ) + [ku' + k:u]z J) Upty + 4+
+4 (kv + ku) u(MJV)} : (3.9)

Note that J,, .. contain the product of two graviton Green’s functions, which signals
the fact that S,, is due to radiation from “internal graviton lines” in a Feynman graph
language, through the cubic graviton interaction terms. It will be explicitly demonstrated
below that in the zero frequency limit the contribution of S, in the emitted radiation is
negligible, as argued in [5]. Nevertheless, it will become clear that it contributes signifi-
cantly at high frequencies and, as will be shown next, it plays an important role in the
cancellation of the ry dependence in physical quantities.

3.3 Cancellation of the arbitrary scale rg

As anticipated, in this subsection we will demonstrate explicitly that the arbitrary scale rg
disappears from the final expression of the total contribution to the source ITW—F IT/./U/—l_S,U«V
of the gravitational radiation. As will become clear below, the local and stress parts of the
source each depends on rg, but their sum is rg—independent and finite. According to their
expressions in (3.7) and (3.8), T, and 'T},, depend on rq through ®(b), while S,,, depends
on rg through terms proportional to K_1(¢) (with no extra factors {) in the expressions of



J,J,, and J,,, evaluated in appendix B. All these unphysical terms will be shown to cancel
out and will end up with expressions (3.24) and (3.25) for the total energy-momentum
source for the two polarizations separately.?

We proceed in steps:

1. Split Sy, = S}, + Sl with*

Sﬁu = 45221 R0)/2 (Sp J - (l{:J)) Uy Uy

Sﬁ, = 522! (F0)/2 [(ku’ + ku)2 Jupuy+ 4, + 4 (ku' + ku) u(#J,,)} . (3.10)
Using (B.5) and (B.6), S{W becomes
I 2 2 i(kb) )2 [ —i(kb) 2 9 (kb)
Sy =—xedb)e (e + 1) uyty, = —2x°e“®(b) cos T Uy - (3.11)
2. Similarly, it is convenient to split the local source T, + T}, (3.7), (3.8) as:

, . kb
Tlfl, =252 [el(kb)/Q + e_’(kb)/ﬂ O (b) uyu, = 252> (D) cos (2) Uyl

TH = 2,2 (b) [ei(kb)/Q (ku') 4 omikb)/2 (ku)} i,

2 (ku) (ku)
a1 _ 2_2 i(kb)/2 Y pv i(kb)/2 _“pv
Ty = —ie?s?— = |0 G~ © (k)/ G | (3.12)

I f
Thus, T), + 5, = 0.

3. The remaining stress contribution S}Ify is a linear combination of J, J, and J,,,, which
have been computed in appendix B. Taking, as above, into account the fact that they will

eventually be contracted with the polarization vectors and that we shall set k% = 0 in the

integral for the radiation energy and momentum we are interested in, they are:®

1
2

J = g— dee " R)T (klb\/x(l - x)) ,

™
0

1
v? —i(kb)a . b 1
T e
0

[:L"(ku') +(1—x) (k:u)} Uy

1
e 1 —1i T e eff 1> . nTe b by ’
T = / o o—i(kD) [bz NETNTR 4 (C) + (ZzN(fbV) - uuuy)Kg(C) - Kl(g‘)} .
0

3The reader, who is not interested in the details, may go directly to these formulae for the total source.

4The integrals k - J and Sp J are singled-out, because they can be computed exactly. See appendix B.

Note that we use non-standard symbols for the modified Bessel functions, namely K, (z) = K, (z) z".
In this notation the differentiation rule reads K ,/,(z) = fzkl,_l for any v, while the zero-argument limit is
K,(0) =2""'T(v) for v > 0.



Having anticipated that the dangerous terms for divergence and ro—dependence are the
ones which contain the integral of K_;(¢) with ¢ =k by/z(1 — z), since according to
appendix B lead to ®(b),° it is natural to treat separately the terms in S’g, which contain

K_l, from the ones which contain K, or Kj. Thus, in a suggestive notation, we split:
S = 85" + S5 with

SL;I) = 2Gb2e2 k02 [ gy e—i(kb)“?f(,l(g) [(k:u' + ku)2 Uy + 4N§HN§H—|—

o

eff
+4 (k:u/ + ku) u(“Ny) }
1
SN = 8Ge? e'k0)/2 / dz e~ (k0T [ (ziN(ef b,y — wuty + i [ku' + kul u(uby))Ko(C)—
0

_bf;;’v Kl(g)] , (3.13)

Substituting the explicit form of N 3H and simplifying, we obtain

1
. A . 2
S&;l) = 2Gb262ez(kb)/2/daj T MRTEC L (¢) [(1 —z)(ku') + z(ku)| uyu, . (3.14)
0
4. Consider, next Tlﬁ Using the formulae derived in appendix B, i.e.
. 1 , .
T W(p) = — [ da e [x(Qx SRR _4(C) + 2 (1 - m(kb))Ko(g)} (3.15)
T

() = = [ do e (@ — 1) (20— 1) 6k K_1(0) +2 (1 — e — 1)(k0)) Ko(C)]

5=

S O

11
T, takes the form

1
T/g/ = —2Gb2626i(kb)/2/dx e ikb)z H(m — 1) (ku)?® + x(ku)ﬂ (2x — 1)[%_1(()4— (3.16)

K
) [(ku/)z (1 iz — 1)(kb)> + (ku)? (1 _ m(kb))} k;’(bi)] Uyt
1
5The integral containing the hatted Macdonald of index —1, which near = 0,1 behaves as

K, (kib\/x(l — m)) ~ [z(1 — z)] 7!, diverges logarithmically at both ends of the integration region. In
appendix B it is shown that this logarithmic behavior is related to the one of ® (egs. (B.5), (B.6)). Al-
ternatively, one could regularize these divergent integrals by shifting the index of all Macdonald functions
by 0 < € < 1, which makes all z—integrations convergent, and take the limit ¢ — 0 in the very end of the
computation.

,10,



5. Thus, the sum

A~

1
SEN LIl — _9Gh?e? ¢i(kh)/2 / dx e~ 1 kb) [— (ku' + ku)2 z(1—x) K_1(¢)+
0

nv puv

Ko ()
K2 b2

+2 [(/m’)2<1 —i(z — 1)(kb)) + (k:u)Q(l - m(kb))} ]uﬂuy, (3.17)

and, using the identity 22K_1(z) = K1(z), we obtain the explicitly finite expression

2Ge?

1
S&;l) + Tﬁ =7 ei(kb)/zuuuy / dx e~ i kb) [(k‘u' + ku)le(C)—
1
0

—9 [(ku’)Q(l — (e — 1)(k:b)) n (ku)2<1 - m(k,-b))} Ko(g)] (3.18)
with no K_l(C) All divergent and ro—dependent terms have cancelled.

3.4 The total amplitude

Therefore the total effective radiation amplitude reads
T = SOV + SGV + T + T (3.19)
e From its definition in (3.13), S,(S,’l) takes the form

b,b, ~
ZQ K1(<)+

1
S;(L%l) — 8G62 ei(kb)/2 /d.’E e_i(kb)x [—UMUVKO(C) -

+i [(1 — ) (ku') + m(/@u)} u(MbV)KO(C)] .

e Using formulae

1

ei(’flﬂq)/b(b) - _Hllﬂ / dz e~ i)z [a;(zx — 1) b2 Ko(C) + 2 (1 - ix(kb)>K’1(g)} (3.20)
0
1

q)b(b) - —Mlbz/dxe“kb)m [(g;—1)(2x—1)b2kiffo(g)+2 (1—¢(x—1)(kb))f%1(<)},

0

TJ{,I in (3.12) is also written as a sum of two integrals over x, one containing Ky (¢) and

the other K(¢).

e Collecting terms with integrand proportional to Ky and K1 we write the total energy-
momentum source 7, in the form

1
T (F) = 2Ge? ()2 / d e—i0kb) [ylgy(k,x) Ko(¢) + Y, (k,2) K1(¢)| (3.21)
0

— 11 —



where

e <4 1 ’<f2i [(lm’)2 + (ku)ﬂ + 4i(kb)x]§% —z)

+ 8iz(1 — ) (ku' + k:u) u(,by)

{(k:u’)2 - (ku)2]> Uty +

(kb)?
k42

Yo = <kli[krd+kur+4i ;{;’32 [(ku’)Q—(kuﬂ —4 [(1 - z)(ku')um(ku)?})uuuy
_ 4bzgu . fw (i | k) + (Rw)| + D) (@ = 1)) + 2] ) by (3.22)

e Defining in the center-of-mass frame the radiation wave-vector by
k= w(1l,n) = w(l,sind cos g, sin 9 sin ¢, cos ) (3.23)

and contracting (3.21) with the two polarizations (see appendix A), we obtain the final

(finite) expressions for the source of the gravitational radiation separately for the two

polarizations”

1
. 16Ge? —i(kb)a . .
(k) = T (k) e = = / dz ek [—KO(Q—kstgoKl(C) : (3.24)
0

and

1 ~ N
16Ge? , Ky (O)— K .
k) = T (k) et = = 27 sing | dxe“’f“w[zz'Wﬂzx—l)cowm(o}
0

(3.25)

where ( = wbsin¥y/z(1 — x).

To summarize: the only approrimation made so far is the restriction to the first or-
der corrections of the gravitational field. The leading non-linear terms were taken into
account. To this order, the total source 7, (3.21) and the separate sources of the two
polarizations (3.24) and (3.25) have been expressed as finite integrals over a parameter
z € [0,1].

4 Characteristics of the emitted radiation

We turn next to the computation of the emitted radiation frequency spectrum and of the
total emitted energy. They are obtained from

E
e (1)
P

dwdQ 272

summed over the two polarizations.
It will be convenient in the sequel to treat separately the six angular and frequency
regimes shown in figure 1.

i(kb)/2

"Up to an overall phase e in both 74 and 7x, since it does not contribute to the energy.

— 12 —
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rad : dE 2 : dE oFE
_— : rad ~ (X3Eb1 : rad ~ 2=
do L ® Y : do bw’
o’Ebln — \\ :
o N 5
N :
~ :
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I it § v T
0 1 1/o wb

Figure 1. The characteristic angular and frequency regimes.

4.1 Zero-frequency limit — regimes I and 11

In the low-frequency regime (w — 0) the amplitude 7« dominates and has the form

16V2iGE? sin ¢

Tx =~

wbsin Y

1
/ dr e 8 [ R () — K (©)] (4.2)
0

while 74 is finite and gives subleading contribution to (4.1). Note that in this limit
(K1(0) =1, Ko(0) =2, e kD)= = 1) the z—integration is trivial and gives dEyq/dw =
(28G3E*/nb?) [ di/sind, which diverges and implies that our formulae are not valid for
close to zero.

We cannot trust our formulae in that regime and should repair them. A quick way to
do it, is to impose a small-angle cut-off ¥ = ¥, on the ¥—integration, so as to obtain for
dE,;aq/dw|y—o the value computed quantum mechanically in [5, 6], namely

dEW 4 2 4  Eb
() _ A S = G n— = —a’ln(2/a), s=4E%,  (43)
dw ), T |t] s o' s
which indeed agrees with our expression
93 N
dFyaq 2°G°FE / dv Eb 4 Der
= =—a’Inct 4.4
( dw /,_ b2 sing w8 (44)
/19(3!'
for
Vo =a < 1. (4.5)
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Thus, our result for the low frequency radiation emitted in a collision with large s, fixed
t = —(s/2)(1 — cosa) ~ —sa?/4 and G|t| < O(1), agrees with the quantum computation
of Weinberg, apart from a tiny emission angle ¥ < O(a) < 1 in the forward direction.®

Furthermore, as will be shown next, at low frequencies w and for ¥ > «, the leading
contribution to our classical amplitude, dominated in this regime by T/gf (3.12), is identical
to the one obtained in [6], after it is generalized (see below) to b # 0.9

Indeed, following the notation of [6], we write for the energy-momentum source of the
2 — 2 scattering process we are studying for arbitrary, a priori, scattering angle a and
impact parameter b:

- PlpY P“P”
TH (x, t) :Z - " §3(x — vt Fb/2) 6 +Z (x — ¥t Tb/2)6(t) =
n=1 n
PiPy
_Z (X — vt Fb/2)+
n=1

2 W Dy " pr
+Z(PP 53(x — ¥t T b)2) — PEP 53(x—vnt:Fb/2)) 0
n=1 n

where P} (P!),n = 1,2, are the initial (final) particle momenta, with P, = P,(P,,a). Its
Fourier transform is

2
T (k,w) = Y 2me™ /2 PLpY (k- P,)+

n=1
2 =~ . .
£ ez Pypy i PPy
— E, w-—kv, E, w—kv,)’

where k* = (w, k) is the radiation wave-vector. The terms n =1 (n = 2) in the sums, are
multiplied by eti(kb)/2 (e_i(kb)/ 2), respectively.

The first sum, proportional to delta-functions, corresponds to no scattering and does
not contribute to radiation. Thus, we end-up effectively with

2 ~ ~

- - Pl PY 1 PPy 1

TH (k) =4 eHW/2( Znin o : 4.6

eﬂ() 7; E, w-—kv, E, w-—kv, (4.6)
To leading order in our approximation the scattering process, we are dealing with, is

elastic with E, = E, = E. Furthermore, write for the incoming particles P¥ = Eull =

E(1,0,0,41) and for the outgoing ones P} = Eili = E(uh+"4) = E(uhiTo b“) = pPl+1pY,

81t should be pointed out that our classical computation reproduces the quantum results of Weinberg for
soft graviton emission for G|t| < O(1), i.e. for (E/Mp1)(rs/b) < 1, or in Weinberg’s notation for B < 1.

Tt is not surprising that the quantum and the classical results agree for the emitted energy of low
frequency. As we argued, in the low-frequency regime, dF,aa/dw is dominated by the local source. The
contribution of stress in this regime is negligible. As a result, the radiated gravitons are expected to be
produced in a coherent state [14], and the corresponding expectation value of the quantum field to satisfy
the classical field equations.

— 14 —



substitute into Téﬁf , and expand in powers of « using the fact that for ¥ > « one has
|k-'P}| < |k-P}|, to obtain

2 (1 1pv) 1

Y . i 2Pn Pn k Pn v

Tl (k) =i e* (kb>/2< AR EkPn)g P;;Pn> +O(a?) (4.7)
n=1

or, finally, making use of the above definitions,

. 2 ) )
T (k) = ok E :ieﬂ:z’(kb)/2 (k) ulu?, — 2(kuy) ut'b” )
¢ b

n=1 (kun)2
o (u) (u")
_ 8iGE ei(kb)/QUL _ oi(kb)/2 Opv ) (4.8)
b2 (ku)? (ku')?

This is identical to Tgf in (3.12), after we bring the latter to its original form (3.6) by the
substitution 6'%) — O‘E},L//). Q.E.D.

Summary: in regime II we use our formula, which is identical to Weinberg’s. We
extend the use of Weinberg’s formula in regime I as well. The total emitted energy in I is
known to be of O(@E). Given that (dBad/dw)w—o ~ (dEraq/dw)y,=1s, the contribution
of 11 to the radiation efficiency is estimated by multiplying (4.4) by the frequency range 1/b
and dividing by the initial energy 2E. The result is

€r.a ~ a3 ln(l/a) . (49)

4.2 Regime VI

Here we consider the Regime VI (w > 1/ab=1/2rg and 9 > «). Contrary to regimes I
and II, in regime VI as well as in IV, which will be discussed in the next subsection, the
contributions to radiation of the local term and the stress are equally important.

The cross-amplitude (3.25) after an integration by parts of the second term reads:

1
. 2 - 92 >
(k) = _32;(;6’ sin /dx o—itkb)a B2(Q)sin"p — K1(Q)  dcosp _igy/n o KO

a a? 2

with a = wbsind and together the two amplitudes are written as

16Ge? .
(k) = 7 [—LO + Ly s1n2<p] ,
2iGe? Lysin?p — Ly 4 : kb
. (k‘) _ _3 j/G; singo |: 2 S111 aSD 1 Ca?;SD e—z(kb)/? sin 2:| ’ (410)

where

Lin(a, ) = [ 972 f,, (a x(1— x)) dx

o _

is defined and studied in appendix C.
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Substituting the large-a expansion to leading order

e 2m+21‘(;n +1) 10005 0/2 o a cos ¢ ’
a
we obtain
64Ge? acos ¢ 64iGe? a cos ¢
Ti(k) ~ — COs 2(p cOS , T« (k) ~ — sin 2 sin . 4.11
+( ) \/§a2 ¥ 2 ><< ) \/ECLQ ¥ 2 ( )
Thus
dEwq  2YGPE*w 9 (@ COS P . 94 . 9[/QCOSY
220 cos? (S 2 sin? )| 4.12
Tod a2 g | oS 2pcos 5 + sin“2¢ sin 5 (4.12)
Integrate over ¢ using the formulae (A.7) to obtain for a 2 O(1)
dEq  2'°G3E* W? J1(a) 24 ) 2(ab)3E w?
= — |1 -6———(1— J: )~ —"— —sinv, (4.13
dwd? T a* a a? 2(a) | sin T at sin (4.13)

from which one can obtain an estimate for the frequency distribution of the emitted radi-
ation in regime VI by integrating over ¥ € (a, ™ — ), namely

dEyy _aE 1
ra 1 4.14
Ny e w>ab, (4.14)

as well as an estimate for the emitted energy and the corresponding efficiency in regime
VI, by integrating also over w € (1/ab, 00),

EVI

rad ™7

o?E  and ey ~ o’ (4.15)
4.3 Regimes IT+IV4VI

Finally, we shall discuss the characteristics of the radiation corresponding to the union of
regimes I[I4+IV+VI. For that, it is convenient to transform the amplitudes (3.24) and (3.25)
to the form

1
7y (a, ) = 206G / diz 6205 [ (C) + sin’p K ()] (4.16)
0
1
16:Gee’ , 2 .
< (a,p) = — sing [ dx e"** % [23@(1 —xz)aKo(C) + ( —i(2z — 1) cos go) Kl(C)} .
o) a

Representing Macdonalds as

Ko(¢) = / p(-VEHD) g / *p(-CVEHT) oy )

t2+1 t2+1

0
we square and sum up the two polarizations:

oo o0 4

1 1
—aA(xt;t’t’Lp)
2 2 7 2\2 ! ! ] k
|7+ |« |F = 2 (Ge /dm/daj/dt/dt My (z,t, 2.t 0)a
i = 26 [ [ [ [ G s S ittt
Az, t, 2"t 0) = Vel —2) V2 + 1+ Va' (1 — 2 )Vt2 +1 —i(x —2') cosp (4.18)
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with
My =1
M; =0
My = x(1 — x)sin?p [—t2 +22'(1 — 2/) (1 + 2% + t2t’2)} {2/t 1}
My = 2iza’ (1 — z)(1 — 2') t"sin gpcoscp{ 1+2£L‘t} —{x+— 2 t+—t'}
My = z2' (1 —z)(1 — o) 2" sin?p {sin%p + (22 —1)(22" — 1) cos%p} : (4.19)

One may substitute into (4.1) and integrate numerically over all variables apart from
w to obtain dE,;,q/dw. The result is shown in figure 2. On the other hand, one may change
variables and integrate over a instead of w to obtain:

1 1 [e) 0o 27
dEwa  2°GPE* 1
= = k: ) [ d dx’ | dt [ dt’ / d
dv m2b3 s1n219 * / . / * / / 1.4 Ak+3,/t27 72 11
0 0 0 0 0

The convergence of this 5-variable integral follows from the behavior of the integrand at

large-a, while its numerical value is expected to be of O(1), since the integrand does not
contain any small or large parameter. Indeed, numerical integration (including the factorial
in front) leads to

27

4 1 1 [e) 00
— / /
n—Z(k—l—Z)!/dm/dx /dt/dt /dgoAmWW 9.9. (4.20)
0 0 0 0 0

k=0

Thus the angular distribution reads

dEvaq nadE 1

= . 4.21
dd 872 sin%y (4.21)
Integration over ¢ € (a, m — a) gives
2
na‘E
and for the efficiency
Erad
= ~ 1.14 4.2
Y o? (4.23)

Finally, the p—distribution of the emitted radiation is shown in figure 3, according to
which most energy is emitted perpendicular to the scattering plane.

It is instructive to study regime IV in a little more detail. For that, let us split regime
IV into IVa and IVb, as shown in figure 1, according to @ > 1 and a < 1, respectively.
Inside the regime IVa the amplitude is damped as in regime VI. However, near the left
border of regime IVb (with 1/b < w < 1/ab) one may expand the amplitudes in powers of
a < 1 and obtain, as in regime II:

16V/2iGE? sin ¢

wb sind

(4.24)

T Ty & —
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dE, 8 In dE
dw do
o N
v
4]
VI
5]
VI Inwb
Inl/o
1 0 1 i
0 i 2 3 4 5 5 7 8 9 owb Ll
(a) (b)

Figure 2. The frequency distribution in the combined regimes II+IV+VI for a = 0.01 with two
different choices of axes’ labelings. The regime II in the figure on the left is compressed in the
interval (0, ). The slope in regime VI of the right plot corresponds to dFE,.q/dw ~ 1/w?.

dE,

rad

1

T T T
0251 0.5n 0757 1) b

Figure 3. The p—distribution for G =b =1 and a = 0.01.

Upon integration over regime IVb, i.e. for a < ¢ < Ypax = arcsin(1/wb) one obtains

<dErad> aPEb . tg(Umax/2) a’Eb In 207!
e ~ n ~ .
dw 1/bSw<1/ab n tg(a/Q) ™ wb +Vw?b? — 1

Thus, for 1/b < w < 1/ab one may approximate dFE,,q/dw by

<dErad) _AEb 2

— ~ In—.
dw 1/bSw<1/ab ™ awb

On the other hand, from the known behavior near 1/ab from regime VI, we know that

(dEmd > ~a’FEb.
dw w~1/ab
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So, a natural interpolation of dE,,q/dw between the values 1/b and 1/ab is
_ &’FEb 2

dEra
( d) = €(wb) In —— . (4.25)
dw /1yt jab Q awb

It may be shown numerically that {(wb) is a slowly varying function of O(1) in the regime
1/b S w < 1/ab, so that one can simply write instead
2

(‘wfmj) ~a’Ebln —— (4.26)
dw /1yt ab awb

It should be pointed out here that the integral of dE,,q/dw over w receives most of its
contribution from frequencies in the neighborhood of 1/ab in both regimes IV and VI. Thus,
one can say that the characteristic frequency of the emitted radiation is around O(1/rg).

4.4 Comparison to previous work

Let us briefly compare the results of the present paper with our previous calculation of
massive particle collisions and to the previous literature as well. In relation to our work,
we should point out that it is not straightforward to compare with [1], simply because they
are were based on different assumptions and approximations. In particular, in the massive
case we worked in the lab-frame and assumed weak-field approximation, restricting yem
t0 Yem << 1/, which is not consistent for fixed a with the 7y — 0o limit, necessary to
connect with the massless case. On the other hand, in the massless case the computation
is characterized by vyem = 00, is performed in the center-of-mass frame, used the scattering
angle a as an angular integration cut-off, and used Weinberg’s results in regime 1. So, before
it is appropriate to compare with the massive case, we have to redo the latter following the
same methodology and approximations. This, as well as comparison with other papers in
the literature is the content of this subsection.

In [1] we computed the gravitational radiation efficiency in ultra-relativistic massive
particle collisions in D dimensions and in the weak field limit, i.e. for 1 < vem < 1/a.
Specifically, in D = 4 we obtained € ~ a®Yem, with the emitted radiation having char-
acteristic frequency wem ~ Yem/b and emission angle ¥ ~ 1/4cy, where b is the impact
parameter. Thus, the efficiency is finite in the above kinematical regime and agrees with
the results of [17] and [18].

However, to compare with the massless case we have to improve the massive case
computation in two ways: (i) discard the weak-field condition as it is done here and more
generally in the literature, e.g. [3, 12, 13|, and (ii) use the scattering angle « as a char-
acteristic angle to cut-off angular integrations. As a consequence of (i) the condition
1 < Yem < 1/« is replaced by e > 1 and 1/ > 1, independently; so that for ye, — 0o
one would naively conclude that € ~ a®yem — 00, in disagreement with the present mass-
less result € ~ a?. But, as we will argue next, the formula € ~ a7 is not valid in this
case and the present result from regimes I-IV and VI, defined by «a, 1/b and 1/ab as in
figure 1, is actually in agreement with the limit ., — oo of the contribution from those

regimes in the massive case.
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Let us start with regime IV, 4+ VI. Due to destructive interference [1], the total radi-
ation amplitude is
Gm®
(wbsin )2’

which upon integration over this region gives € ~ a? + O(1/Yem).

T(w,9) ~ (4.27)

The contribution from regimes II + IV}, can be computed as in the massless case. That
is, starting with the observation that in that regime the direct amplitude 7" dominates over
the stress S, we take for T the expression [1, eq. (3.17)]*°

(3v)
y sz %m i (kb) uhuy, — 2 k:un un'b” o ((kuy)b

and integrate over the above regime to obtain again € ~ o2, plus subleading corrections of
order 1/vem.

Next, one can, following the approach discussed in subsection 4.1 above, use instead
of (4.28) the expression TH given in (4.6), valid for both massive and massless colliding
particles. This allows us to integrate over all angles and upon integration over I+III to

obtain again to € ~ a?2.

Furthermore, this approach eliminates the disagreement of [1,
eq. (4.15)] as well as of Smarr [16, eq. (2.13)] in the expression for dE;,q/dw in the zero
frequency limit with the corresponding result of Weinberg. Specifically, the non-sensical for
Yem — o0 formula (dEyaq/dw),—o ~ (Gsa?/7)In(4~2,) gets modified to (dEyaq/dw),—o =~
(Gsa?/m)In(s/|t]) given in (4.3).

Finally, in regime V the direct amplitude and the stress are equally important, both for
massive as well as massless colliding particles. This was important in deriving destructive
interference, but on the other hand it does not allow us to replace the source amplitude
with Weinberg’s formula for 7. To proceed along these lines, one has to “guess” the correct
corresponding modification of S, consistent with the conservation requirements for the total
energy momentum tensor. This problem is currently under investigation.

Thus, indeed, the results of the present paper can be obtained as the massless limit of
the corresponding conclusions of the massive case in their common region of validity.

5 Conclusions — discussion

Using the same approach as in [1], based on standard GR, with the leading non-linear
gravity effects taken into account, we studied collisions of massless particles and computed
the gravitational energy of arbitrary frequency, which is emitted outside the cone of angle
= 2rg/b < 1 in the forward and backward directions. The value ¢ ~ 1.14a? was
obtained for the radiation efficiency, with characteristic frequency w ~ 1/rg. In fact,
this value represents a lower bound of the efficiency, since it does not include the energy
emitted inside that cone. The frequency distribution of radiation in the characteristic angle-
frequency regimes is shown in figure 1. Our method allowed to study the zero frequency
regime and showed that the values dFE,,q/dw at w = 0 and 1/b are of the same order.

0Ty this expression the true 4-velocity U* normalized by U? = 1, is defined as U" = ~yemu with
uf 5 = (1,0,0, £vem) and vl =1 — 2.
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We would like to point out that our results about regime IV agree with Gruzinov and
Veneziano [12]. Furthermore, our work provides information about the very low frequency
regime II, in which, strictly speaking, the method of [12] cannot be applied. Finally, at

2 i.e. the same dependence as in [12]. A possible

frequencies w < 1/ab we obtain € ~ «
difference in the coefficients is expected, since the non-linear stress contribution around
w ~ 1/ab is comparable to the contribution of the direct linearized emission from the
colliding particles. However, as mentioned several times, our approach cannot yet deal
reliably with regime V, which according to [12] gives dominant contribution in € by an extra
factor In 1/« In particular, we cannot yet confirm the presence of any other characteristic
frequency, such as e.g. 1/ab, or characteristic emission angle smaller than « [12]. We hope

to return to these issues with a better understanding of regime V in the near future.
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A Conventions

Our convention for the Minkowski metric is 7, = n*" = diag(+1, -1, -1, —1).
Fourier transforms are defined as:

F@) = goyr [ 10tk ) = [ @)t = Flr@lm). ()

We use the following symmetrization notation for tensorial indices: a(,b,) = la,b, +
ayb,)/2.
Polarization tensors. Given the radiation null wave-vector k* and the null velocities

ut and u/*, define the polarization vectors e; and ey by:

o L [(ku)u™ — (ku)u"  ku—ku"

1
= - b= —— " Mu,upk A2
a— 2 ku+ ko |0 2T g, ¢ IR (A-2)

where k2 = (ku)(ku') and €°'?3 = 1. They satisfy
e1-ea=k-eg=k-ea=0 and er-u=eg-u =ey-k=0. (A.3)

In the center of mass frame of the collision under study we have chosen v* = (1,0,0, 1),
u'* = (1,0,0,—1) and b* = (0,,0,0). In addition, we have defined k" = w(l,n) =
w(1, sin ¥ cos @, sin ¥sin p, cos ). Using these, we obtain

1

e = (0.0n/09), e = —— (0,0n/0y) (A.4)

— 21 —



and
e1-u =sind, er-u = —sind, e1-b= —bcosv cosp, ea-b=—bsinp. (A.5)

Finally, using e; and ey, we define the polarization tensors as

., ele] —ebey v
w _ €161 — €26 5“”:\/56(1“62), M =0, P =+, x. (A.6)

€ - =
+ \ﬁ X

Useful integrals. The following integrals are used in the main text:

2m
1
/sin2¢sin2<acos¢) dp=m ( — Jl(a)) ,
2 2 a
0

2

/COSng Sin2<acgsgo) dp=m (; — Jo(a) + ch(La)> ,
2T
/sin4g0 Sin2<acgsg0) dp = 3m (; - Jga(ga)> ,
0
27
4 . 9[/GCOSQ 3 3

cos™psin ( 5 )dgpzw §+ 1_ﬁ Ja(a)| . (A.7)

0

B Computation of momentum integrals
It is convenient for the computation of the integrals below to define the four vector b* by:
b=

[(bu) u™ + (bu') u“} + b

Local integrals. The basic scalar integral is

- 1 / §(qu') 6(ku — qu) e=Hab) g4 —
JRCOE ¢ !
—i(bu')(ku)/2 igb ) b
__° c 2 —i(bu!)(ku)/2 (b)
22n)? / " d°q e S (B.1)

with b =+/—b-b and ®(r) = —(1/27) In(r/ro).

The local vector momentum integral is defined as

1 S(qu!) 6(ku — qu) e=Hab) 4 0l
u d

=y 7’ T
—i(bu)(ku)/2 (ku) q)(b) (D,(b)
il k) [4%_1 S bl (B.2)

The corresponding integrals for the primed particle are obtained by the substitution
ub < uP b — —bP
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Stress integrals. The covariant stress integrals are defined by

J =

/ _ —i(gb) 2
1) /5(qu)5(k5u qu)e g _.0J 07 (B.3)

(2)2 ¢k — q)2 o= Vo O pbraby

obr’
e We start with the computation of J. We will then compute the other stress integrals as
derivatives of J, following the same procedure as above, but to avoid unnecessary compli-
cations we will give the final expressions only for the special choice b* = (0,1,0,0) made
in the main text. We obtain'!

1 ™

1 eiqb 1 ° qucosG
- o d2 - d —i(kb)x / /d _
82 / q’(k — q)? 1= 502 ve ¢ +k2z(1 —2))? 1
0

0
1
2
/dz:e i(kb)x /d 4 Jo(ab) b/d —ilkb)z 1(1@()\/ 1—1’)
0

2+ k2z(1 —x)]? T

where k| = |k|=+/(ku)(ku') is the magnitude of the two-dimensional transverse part of k*.

Also, 2

Nt = xkH — % [$(ku/) u — (1 —z)(ku) u/“] , (B.4)

where ¢ = k) by/z(1 — z).

e Next consider (k.J). With the on-shell condition k% = 0 it can be represented as

/ q2 - ' - e i(qb)

2
< [q? — (k—q)?] diq = [e—i(kzb)I* B I} _ g [e—i(kb) B 1} 0 [1 B e—z‘(kb)} .

1 20)
2 1

On the other hand, the integral form (B.4) of J, becomes

/d:c eilkb)e K ) KRR (Mﬁm) +i(kb) Ko (lﬁb\/li—x)]

1Use was made of the formulae

™

iz cos . 2k1—‘ k +1/2 s T ”+1Jn by b’mfl a n—m-+1
/ei 0 d0 = % (). /dyy[zﬂ + ag]m) - sz‘l‘r(m) Kn—m+1(blal) .

0

12 A useful formula is J° = —J% = (kTU) J.
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whose integrand is the derivative of —e~(k)7 (l@_b\/:zz(l — :c)) Hence,

e~ i(kb)z

& (k:Lb\/ﬁ)‘ y M [1 _efi(kb)} _ o) [1_64(161;)].

k - —\7
S = 1 d—>+0 81 4
(B.5)

e Following similar steps, we find for the tensorial integral

1
1 —’l T i . b by o
T = o= / d e~ k0) [bQNHN,,Kl(C) + (22N(ub v) = T =+ U, U V)) Ko(¢) = 5 Kl(c)] .

0

e Its trace Sp J = nt"J,, is given by
. 1
SpJ = / dz e~ (ko) [—x%?k;if(_l(g) + 22 (kb) Ko (¢) + K1 () — 2K0(C)] .

0

Make use of the Macdonald-function identity K;(z) = 22K_1(z) to obtain
1 —i(kb)a 2,2 :

SpJ = [dre [—x(2x SRR R (0) + 2 (m(kb) - 1)K0(g)} .

™

The integrand is the total derivative of —2z e " *0)* [ (k:lb\/x(l — x)) Hence

SpJ = L milkh)e e, (klb\/l——xﬂ (kD) ‘I’;b) _ ik (B.6)

C Asymptotic expansion of higher-frequency integrals

We are interested here in the expansion of the typical integrals
1
L, = /e_’wf(m (a x(1— x)) dx
0

(where ¢ = k- b = —acosy) in powers of 1/a for a > 1. The presence of the \/z(1 — )
in the argument of the K,,, prevents the direct use of an asymptotic expansion of the
Macdonald function itself. Instead, we shall proceed as follows: we represent

L, = 2 (g>2m+1 7dy.f(m+1/2 (g\/y2 + 1> je_icx ch(ay (x — 1/2)) dx

T \2
0 0

where K,,(z) = 2~ ™K,,(z). Making use of

1
) 2 —ic/2
/e_wxch<s (x — 1/2)) dx = ;W [ssh;cos; + cchgsin |(2:q , s2 > ¢,
0
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one obtains

9e1c¢/2 2m+1 7 Vm+1/2 SVYE+1 a c
= /d ay sh —= y + cch il sin —
" a? 4 Y2 + cos2p gty c 2 2
0
(C.1)

Then one may use the expansion

1 sin“"p
y2 +cos2p kz—o (y2 + 1)k+17

which converges since y? +1 > 1, sin?p < 1.13

The next step is to integrate over y using the formulae
i h(ry) Ry (/@ = 17)
2v % 2 yshiry _ Ty, 3/2 qa —r
@ [y, (a5 1) =3 TR T (©2)
) Y ch(ry) K, 1/2 q* — 7”2)

together with the identity

2(v+1)

K,(z) = Ky 42(2) — K, 11(2) 2 Kyy9(2), for 2>1. (C.3)

Explicitly, applying (C.3) once, the leading term is the one containing sh(ay/2) and is
given by:

[0.9]
2 2 2m+3 . 2m+2r 1
—/— (g) /dme+5/2( Vy?+ )ysh—ycosE wcosf.

aV 2 2 a 2
0

The first subleading term is O(a—3): it comes from ch(ay/2) times basic Macdonald;
the next subleading terms are O(a~%): they come (i) from ysh(ay/2) times previous shift-
index term; and (ii) ysh(ay/2) times first correction in sin®p. The end result is:

+2
Lm:2m F(m+1)eiacow/2cosacos¢) 1+4(m+1)COS@tgacoscp
a? 2 a 2
3/2— 2) sin?
C16(m + 1) ™Y g;” JsinTp

13Notice, that the series is convergent even for the limiting value cos = 0, while the integral (C.1)
converges for y — 0, as a consequence of

. 2
lim sh(ay/2) _a lim csin(|c|/2) @

y—0 Yy ’

=0 y? +c2 /a2 27

[\V]
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