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1 Introduction

The AdS/CFT correspondence relates a gravitational theory in d + 1 dimensions to a
CFT in d dimensions. Various explicit solutions of the Einstein equations with a negative
cosmological constant have been studied in this context, for example stationary black hole
solutions are known to describe thermal equilibrium states of the CFT. An interesting
class of solutions of the 3 + 1 dimensional Einstein equations are the solutions with an
algebraically special Weyl tensor. This includes black hole solutions such as Kerr-AdS but
also much more general solutions which have free functional degrees of freedom and no
isometries. In this paper we will study the AdS/CFT interpretation of such solutions.
The Goldberg-Sachs theorem implies that the algebraically special property is equiv-
alent to the existence of a null geodesic congruence with vanishing shear. In this paper
we will focus on spacetimes for which this congruence also has vanishing rotation but non-
vanishing expansion. This defines the Robinson-Trautman (RT) family of algebraically
special solutions [1]. A general member of the RT family is a time-dependent deformation
of the Schwarzschild-AdS solution. As we will explain in section 2, these solutions have



a simple explicit form depending on one function A of three coordinates. This function is
constrained to satisfy a certain parabolic PDE: the RT equation.
The conformal boundary of a RT solution is a 241 dimensional spacetime with metric

ds? = —dt? 4+ P0G, (2)da' da’ (1.1)

where g;; is a two-dimensional metric of constant curvature and A is the function mentioned
above. In general this metric has no symmetries. One can regard it as an inhomogeneous
cosmological spacetime. The CFT lives in this spacetime. Using AdS/CFT we determine
the expectation value of the CFT energy-momentum tensor in a state dual to a RT solution.
We find that this can be written very simply as the sum of a perfect fluid part, with the fluid
at rest in the above coordinates, and a 3-derivative term constructed from the curvature
of the boundary metric.

From a CFT perspective, this result is surprising because it is a local function of the
boundary geometry, i.e., (Tyy(t,)) depends only on the spacetime geometry at the point
(t,z) and not, as would generically be the case, on the geometry at other points e.g. those
in the past light-cone of this point. This result can be attributed to the fact that the
bulk spacetime contains only ingoing radiation: the algebraically special property implies
that there is no scattering in the bulk and hence, although it is permitted by causality,
information does not propagate from the boundary at an early time back to the boundary
at a later time.

When the CFT is in a state in which observables vary slowly compared to the micro-
scopic scale of the theory (e.g. set by the mean free path) then it can be described by a
hydrodynamic derivative expansion. In the simplest situation of an uncharged fluid, the
fluid is described by slowly varying temperature and velocity fields. The fluid stress tensor
is expressed as an expansion in derivatives of these quantities. The coefficients in this
expansion are known as transport coefficients. The fluid/gravity correspondence of ref. [2]
(for a recent review see [3]) postulates the form of the bulk metric dual to a general motion
of the fluid. This metric takes the form of an infinite derivative expansion, whose form
has been determined explicitly up to two derivatives. The bulk Einstein equation and the
AdS/CFT correspondence then determine the transport coefficients of the dual fluid.

The metric of the fluid/gravity correspondence is sufficiently complicated that it seems
worth looking at particular cases in which it simplifies. One practical reason for doing this
is that it might be possible to determine the derivative expansion explicitly to higher
order in a particular case than has been achieved in the general case. If the particular
case is “sufficiently general”, then it might be possible to determine some of the higher
order transport coefficients this way. (This possibility was also discussed in ref. [4], which
considered a class of stationary bulk solutions for which (7,;) takes a perfect fluid form.)

In this paper, we will study the RT solution using the methods of the fluid/gravity
correspondence. In this case we know the expectation value of the CFT energy-momentum
tensor exactly so we can expand it in derivatives to an arbitrarily high order. Since the
solution contains free functional degrees of freedom, it seems likely that it is general enough
for this procedure to determine certain higher order transport coefficients.



To define transport coefficients, one must write out the derivative expansion of the
energy-momentum tensor including all possible terms that can arise at each order in deriva-
tives, modulo lower-order equations of motion and geometrical identities. Identifying all
possible terms becomes complicated beyond second order. To simplify this problem, we
introduce a new formalism for studying conformal relativistic fluid mechanics in 241 di-
mensions. This is inspired by the Geroch-Held-Penrose formalism in general relativity [5].
In our formalism, everything is reduced to the manipulation of scalar quantities. This
makes the classification of higher derivative terms much more straightforward than in a
tensorial approach.

Applying this formalism to the energy-momentum tensor obtained from the RT solu-
tions, we find that certain transport coefficients associated to four- and six-derivative terms
are determined uniquely. However, somewhat disappointingly, it turns out that transport
coeflicients associated to three-derivative terms are not constrained. We also study the en-
tropy current defined by these solutions, and find that some higher-order curvature terms
have no contribution to the divergence of the entropy current. In addition, our formal-
ism enables us to determine uniquely the coefficients of some higher-order terms in the
entropy current.

Another nice example is the Kerr-AdS bulk metric. In this case, the CFT lives in the
Einstein static universe R x S2. For a large black hole, the hydrodynamic description of the
CFT should be valid. In refs. [6, 7], the CFT energy-momentum tensor was determined. It
was found to take the form of a perfect fluid rotating rigidly around the boundary sphere.
The fluid has vanishing shear but non-vanishing rotation. This seems surprising: the perfect
fluid form should be the leading order result but one would have expected higher derivative
corrections to the energy-momentum tensor. In particular one might have expected terms
constructed from the fluid rotation. Using our formalism, we again find that this result
does not constrain any three-derivative terms but it does constrain transport coeflicients
at four derivatives.

The RT solutions have a null geodesic congruence with vanishing shear and rotation.
There exists a larger family of algebraically special solutions for which the shear vanishes
but not the rotation. The dependence of the bulk metric on a “radial” coordinate (an affine
parameter along the geodesics) is known explicitly, with the Einstein equation reducing to
certain PDEs constraining the dependence on the other coordinates (i.e. the “boundary”
coordinates). We briefly comment below on some results on the dual CFT interpretation
of this family of solutions. In this case, the CFT lives in a 2+1 dimensional spacetime
which is rotating:

ds? = —(dt + a(t, 2) dz")? + e20g (2)da'da. (12)

Once again we find that the CFT energy-momentum tensor can be written as the sum
of a perfect fluid part, with the fluid at rest in the above coordinates, and the same
three-derivative term constructed from the curvature of the boundary metric as we dis-
cussed above.

This paper is organised as follows. We review some properties of RT spacetimes in
section 2 and study the energy-momentum tensor of their dual CFT state. As we are



interested in studying also the dual CFT stress tensor in view of the fluid/gravity corre-
spondence, in section 3 we introduce our aforemontioned formalism to study conformal
fluids in 241 dimensions. We apply the formalism to the RT case in section 4 and to the
Kerr-AdS case in section 5. In section 6 we discuss algebraically special solutions with
non-vanishing rotation and suggest possible future directions for research.

2 Robinson-Trautman solutions

2.1 Properties of RT solutions

Robinson-Trautman spacetimes [1] are an important class of exact solutions of the Ein-
stein equations. They are defined by the existence of a geodesic, shear-free, twist-free but
expanding null congruence. According to the Goldberg-Sachs theorem, all such spacetimes
are algebraically special in the vacuum case, with the defining null congruence being a
repeated principal null direction.

In standard form, the metric satisfying the above properties with a negative cosmo-

logical constant A = —3/I% can be written as [8, 9]
ds? = —®du® — 2dudr + r2g g2y = #_dgdi (2.1)
IR JONSER
with )
2
®=K-2rd,InP— "4 (2.2)
r 12
where m is a constant,
K=AlnP  A=2P%0.0; (2.3)

A is the Laplacian of a two-dimensional manifold with metric gy and K is the Gaussian
curvature of this metric (i.e. half the Ricci scalar). The function P(u,(, (), must obey the

Robinson-Trautman equation,

1
OyInP =——AK 2.4
u 12m (24)
which guarantees that the metric (2.1) is a solution of the vacuum Einstein equations
3
Gab = ﬁgab. (25)

Note that the RT equation is independent of the cosmological constant. For simplicity, we
will from now on choose units such that the AdS scale is set to unity, [ = 1.

We will assume that the coordinates ¢, ¢ parameterize a compact two-dimensional man-
ifold @M, e.g S? or T2. The coordinates (u,7,¢,C) are analogous to outgoing Eddington-
Finkelstein coordinates for the Schwarzschild solution with 9/0r tangent to the (affinely
parameterized) outgoing null geodesics with vanishing shear and rotation, and positive
expansion. There is a curvature singularity at » = 0.

The above metric admits a timelike conformal boundary at r = oo with topology
R x @M. The boundary metric can be chosen to be

ds* = —du® + 92 (2.6)



which can be interpreted as an inhomogeneous cosmological spacetime. In general, the
boundary metric is not conformally flat so the solution is not asymptotically AdS in the
usual sense.! According to AdS/CFT, the dual CFT lives in this 241 dimensional geometry.

The Schwarzschild-AdS solution is recovered from the RT metric by taking g2y to be
a time-independent metric of constant unit curvature:

_ K _
P=PRy(¢.0) =1+ 5 (2.7)

with K € {1,0,—1} corresponding to spherical, planar, or hyperbolic symmetry.
In the general case it is convenient to write

P =M p(c,0) (2.8)

so the RT equation becomes an equation for A\. The parabolic nature of the RT equation
implies that it comes with a preferred direction of time [10]. We assume that m > 0. Then,
given initial data specified by a smooth function A(ug, ¢, (), there exists a unique solution
of the RT equation for v > uy. Moreover, this solution is analytic in ¢, for all u > ug.?
Hence if we are given smooth but non-analytic data A(ug,(,{) then there will exist no
corresponding solution of the RT solution for u < ug.

Given arbitrary smooth initial data A(uo, (, ¢ ), it has been shown that the correspond-
ing solution A(u, ¢, () converges exponentially fast to a constant Ao, as u — oo [10]. This
holds for DM of arbitrary genus. The RT equation is volume preserving, i.e., the volume
of @M with metric g(2) is constant. This determines the value of the constant A. By a
rescaling of the coordinates u,r one can arrange that Ao = 0. The rate of convergence is
determined by the first non-zero eigenvalue v; of the Laplacian of the metric corresponding
to Py on @ s

A= O(e 1w/ (2m)y, (2.9)

Since A = 0 corresponds to the Schwarzschild-AdS solution, we can say that RT solutions
“settle down” to the Schwarzschild-AdS solution with mass parameter m as u — oo. Since
u = 0o corresponds to the future event horizon H™ of the Schwarzschild-AdS solution, it
is natural to try to extend the RT spacetime across the null hypersurface u = co by gluing
to it the part of the Schwarzschild-AdS solution that lies beyond H ™.

In the case of vanishing cosmological constant, it has been shown [11] (cf. also [12])
that the resulting spacetime is not smooth at u = oo: the metric is C® but not C° there.?
This level of smoothness seems physically acceptable. A negative cosmological constant,
however, reduces the smoothness of the extension. In particular, for m? > 4/27, there
exists no C! extension [12].# We will be interested mainly in the case of large m (which

In contrast, RT solutions with vanishing cosmological constant are asymptotically flat at future
null infinity.

2More precisely: if we write ¢ = x + iy then the solution is a real analytic function of z, y.

3However, there are other extensions that are C''7 and, generically, this is the smoothest possible [11,12].

4Understanding the degree of smoothness involves transforming from the coordinate u to a Kruskal-like
coordinate U. The form of this transformation depends on the cosmological constant, which is why the
result is different in the AdS case. For smaller m, the degree of smoothness is higher and approaches the
result for the asymptotically flat case as m — 0.
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Figure 1. Conformal structure of a RT spacetime with negative cosmological constant. The
solution exists to the future of the null hypersurface u = ug, has a timelike infinity, and approaches
the Schwarzschild-AdS solution as u — oo. However, for large m, the hypersurface u = oo is
actually a null singularity. There is also a curvature singularity at » = 0.

is required for validity of the fluid/gravity correspondence) so we will assume that no C*
extension exists, i.e., u = oo corresponds to a null singularity. This gives the Penrose
diagram of figure 1.

2.2 Time-reversed RT solution

The above solution is physically unsatisfactory because of the singularity at u = co. We

can circumvent this problem by applying time reversal: set u = —t to bring the metric to
the form
ds? = —®dt? + 2dtdr + rg gia) = édCdf (2.10)
S (NS '
2
O =K+2rInP— "2 42 (2.11)
T
and the RT equation is
1

OylnP=—AK (2.12)

12m
with K = Aln P as before. Choosing the time orientation so that —d/9r is future directed,
curves of constant t, , ¢ are now ingoing null geodesics with vanishing rotation and shear.
The above metric admits a timelike conformal boundary as » — co. One can choose
the conformal frame so that the boundary metric is (writing P = e~ P, as above)

2 _ _
ds? = —dt* + —————dCd{ = —dt* + 200 gy, 2.13
53 + Plt.C.0)2 ¢dg +e 9(2) (2.13)

where g(9) is a metric of constant curvature with K € {1,0, —1}.



Figure 2. Penrose diagram for the time-reversed (extended) RT solution. The shaded region
represents the extension to the future of the hypersurface ¢t = ty, where the spacetime is no longer
RT. The location of the event horizon J#* is also shown. The solution approaches Schwarzschild-
AdS as t — —oo but (for large m) there exists no C'! extension across this null surface.

The time-reversed RT equation (2.12) can only be solved backwards in time: if A is
specified at time ¢ = ¢y then there exists a unique solution for ¢ < tg. This solution has
A — constant as t — —oo. Hence, in the bulk, the solution exists to the past of the null
hypersurface t = tg and approaches the Schwarzschild-AdS solution as t — —oo. However,
since there exists no C! extension across the null hypersurface ¢t = —oo for large m, this
surface is really a null singularity, see figure 2.

The null hypersurface t = tg is a future boundary of the bulk. It seems very likely that
the bulk solution can be extended to the future of this null hypersurface. An extension
could be constructed by specifying initial data in the bulk on the t = ¢y hypersurface to be
that given by the RT solution. If this is supplemented with a specification of the conformal
boundary metric for ¢t > ty then there should exist a unique bulk solution to the future of
t = tg, although this will not be a RT metric. If the boundary metric is chosen so that it
is smooth at ¢ = ty then the bulk solution should be smooth at t = ty3. For example, one
could define the conformal boundary metric to take the form (2.13) for ¢ > ¢p with the
function A chosen to match smoothly onto the RT solution at t = t3. Taking A to approach
a constant sufficiently rapidly as t — oo one would expect the bulk solution to settle down
to Schwarzschild-AdS at late time. This spacetime will then possess an event horizon as
shown in figure 2. We will refer to this spacetime as an extended RT solution.

2.3 CFT interpretation

We can now discuss the CF'T interpretation of the above spacetime. Since we only know
the RT portion of the spacetime explicitly we will only be able to give a detailed discussion
of the CFT for time ¢t < t5. We choose a conformal frame so that the boundary metric gq



is given by (2.13) for t < tp. The boundary metric (2.13) has a special geometrical feature.

0 — <§t)“ (2.14)

is tangent to a congruence of expanding, geodesic timelike curves with vanishing rotation

The unit timelike vector

and shear. In fact the metric (2.13) (without imposing any restriction on P) is the most
general 241 dimensional metric admitting such a congruence.

We apply the standard AdS/CFT prescription of ref. [13] to calculate the expectation
value of the CF'T energy-momentum tensor. The result is

_m _ 1, (%P
(Ty) = I (Tee) = _gat ( P )

(2.15)
(i) = — 0K (Td) =
T er e VY T g p?
with other components related by symmetry and complex conjugation. It turns out that

this can be rewritten exactly in the compact form

1
(Tap) = po (3vavp + gab) + <= Z(ab), (2.16)
8
where vq = ggpv® = —(dt),,
m
_mn 2.17
Po St ( )
and’®
Ly = (53 - vavd> Ot (2.18)
where Cgy. is the Cotton tensor of gup:
1
Cabe = VeRay — VpRge + Z (gacva - gabch) . (219)
In 2 4+ 1 dimensions the Weyl tensor vanishes identically. It is the Cotton tensor that is
6

conformally covariant and measures the deviation of the spacetime from conformal flatness.

The above energy-momentum tensor is the sum of a conformal perfect fluid stress
tensor and a three-derivative curvature term. The perfect fluid term has energy density
po = 2po and constant temperature

_3 1/3 _ 3 (5 \1/3
T0—4ﬂ_(167rp0) —47r(2m) . (2.20)

The perfect fluid term describes a fluid that remains at rest with constant temperature
in the spatially inhomogeneous, time-dependent geometry (2.13). Such a flow does not
satisfy the equation of motion of a conformal perfect fluid except in the special case for
which the boundary geometry is time-independent. However, the presence of the three-
derivative curvature term in (2.16) ensures that the full energy-momentum tensor is con-
served, V,(T%) = 0, provided the function P (equivalently \) appearing in the boundary
metric (2.13) satisfies the RT equation.

®Note the sign in the brackets: we are not projecting orthogonally to v®.
5The Cotton tensor also played an important role in the work of ref. [4]. Our term Z(apy Would vanish
if Cupe is restricted in the way discussed in that Reference.



Ast — —o0, A = constant so the boundary becomes conformally flat and hence the
curvature term vanishes at early time. So in the far past, the energy-momentum tensor is
that of a thermal state at temperature Ty. At finite ¢, it becomes non-thermal because of
the time-dependence of the spacetime.

The surprising feature of the result (2.16) is that it depends locally on the metric.
For a fixed “in” state, one would expect (T,;) at a spacetime point p to depend on the
geometry in the entire past light cone of p, not on just the local geometry at p [14]. From
an AdS/CFT perspective, this is because the boundary metric at a point ¢ in the past
light cone of p affects the bulk geometry near ¢ and bulk scattering leads to information
from ¢ propagating to p. However, this does not happen here. The reason is that the
algebraically special property ensures that radiation in the bulk is purely ingoing: there
is no reflection back to the boundary. This is obviously non-generic, i.e., fine-tuned. This
fine-tuning amounts to requiring that the function A in the boundary metric should satisfy
the RT equation. If A did not satisfy this equation then (Ty;) would not be a local function
of the metric.

3 Conformal fluids in 2 + 1 dimensions

Fluid dynamics is an effective description of an interacting field theory characterized by a
simple set of variables. In the simplest, uncharged case, these variables are a temperature
field T'(x) and a velocity field u®(z) which is unit-normalized, u,u® = —1. These vary on a
scale L much larger than the characteristic interaction scale Lp, set by the mean free path,
for example. As a consequence, derivatives of T' and u® are increasingly smaller and fluid
dynamics can be described in an expansion in derivatives of the dynamical variables.

The equations of motion of an uncharged fluid are obtained from conservation of the
energy-momentum tensor

VT = 0. (3.1)

For an uncharged fluid, Ty, is completely determined by the d degrees of freedom con-
tained in 7" and u®. Supplementing (3.1) with an expression for Ty, written in terms of
the fluid variables thus constitutes a well-defined dynamical system, the relativistic fluid
dynamical equations.

The stress tensor for a general fluid is given by

Tap = (p + p) vatts + Pgab + ap, (3.2)

where p is the energy density and p the pressure, both of which are determined by the
temperature via equations of state. The dissipative part Il,; contains the contributions
constructed from derivatives of T' and u®. Since these vary slowly, I1,; can be expanded as

M= 111, (3.3)

n>1

where ng) contains n derivatives of the fluid variables. As a consequence of the slow

)

variation hypothesis, each H((lz is increasingly subdominant in this expansion.
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Although the explicit expression of the HSI; can only be determined by a detailed
study of the system in question, their allowed form is constrained by symmetry and other
general considerations. Since we are ultimately interested in three-dimensional conformal
fluids, we will restrict to this case from now on. For conformal fluids, the stress tensor

must be traceless (at all orders), which imposes that

p=2p (3.4)

and that all H((;Z) must be traceless. Conformal covariance also dictates the form of the
equation of state, which can be obtained by dimensional analysis:

poc TP, (3.5)

Furthermore, the stress tensor must transform homogeneously under conformal transfor-
mations. Hence, only (0,2) tensors with this property can appear in each H((;bl).

There is an ambiguity in the above description because T'(z) and u*(z) have no intrinsic
definition out of equilibrium. It is usually convenient to fix this ambiguity, and the standard
and natural way of doing this for uncharged fluids is by working in Landau frame, which
aligns the fluid velocity with the energy flow. More precisely, the velocity is defined to be

the unique (future-directed, unit-normalized) timelike eigenvector of the stress tensor,
Topub = —pug, (3.6)

and the temperature is defined by identifying the corresponding eigenvalue with the energy
density. This implies that the dissipative part is then transverse to u®, and hence Hs;)’)ub =0
for all n.

In Landau frame, the form of ng) is then restricted to be a linear combination of inde-
pendent symmetric, traceless (0,2) tensors that contain n derivatives of the fluid variables,
are transverse to u® and transform homogeneously under conformal transformations. By
independent we mean those tensors that are not related to each other by geometric rela-
tions such as Bianchi identities or by the equations of motion (3.1). There is only a finite
number of such tensors at any order, and their complete classification at first and second
order in derivatives has been obtained in ref. [15] (see also [3, 7, 16]).

At first order, one finds that the equations of motion can be used to eliminate all

derivatives of the temperature (equivalently the pressure) in terms of derivatives of the
&

b » namely the shear

velocity. There is then a single contribution to the dissipative part II
tensor g of the fluid”

1
Hgb) = —2n0g. (3.7)
The shear tensor is simply the symmetric traceless and transverse part of V,uy,
PCdV Ud
Oab = P(acpb)dVCUd — Tcpab; (38)
where
Pab = Gab + UaUp (39)

"Here we assume a parity-invariant fluid. We will discuss parity non-invariant fluids below.

~10 -



projects onto the subspace orthogonal to u®. The transport coefficient 7 is called the shear
viscosity. Its functional dependence on the temperature or, equivalently, on the pressure,
is dictated by conformal covariance:

n=np’?, (3.10)

where 7) is a constant. At second order, one again finds that the equations of motion allow
derivatives of p to be written in terms of derivatives of u®. The general form of the second-
order corrections in arbitrary dimensions is now well known [15], but in three dimensions
they reduce to the terms written in ref. [17]:

H((j)) = 27N uDeogp + A2 (06 “Wep + 0p°Wea) (3.11)

where we are using the notation of ref. [3], D, being the Weyl covariant derivative intro-
duced in ref. [16] (see appendix A), and wgy, the rotation or vorticity of the fluid,

Wab = PPy Veug. (3.12)

The procedure outlined above can in principle be carried out to higher orders, but be-
comes increasingly complicated beyond two derivatives. Here we introduce a new formalism
that involves classifying scalars rather than tensor fields, making the task fairly simple.
The new formalism is inspired by the Geroch-Held-Penrose (GHP) formalism [5] and the
Weyl-covariant formalism of ref. [16] (see appendix A). In GHP, one has two preferred null
directions that one chooses as null basis vectors. In the fluid dynamical case, one has a
preferred timelike congruence instead specified by the fluid velocity field (once the choice
of frame, e.g. Landau frame, has been made). The remaining (spatial) basis vectors can
be chosen arbitrarily and rotated at will. One is then interested in scalars that transform
homogeneously under conformal transformations and spatial rotations, so that appropriate
derivative operators must be defined to take this into account. In this section we only
indicate the key ideas and results, referring the reader to appendix B for more details.

We choose the fluid velocity u® to be one of the basis vectors and complete the basis
with the complex-conjugate pair of vector fields m®, m® such that the only non-zero inner
products between basis vectors are

Gapuu® = —1, Gapm®m® = 1. (3.13)
A Weyl transformation g, — 92gay induces a rescaling of all the basis vectors,
u® — Q 1wl m® — Q 'm, m® — Q~lm (3.14)
Furthermore, we can perform a rotation on m®, m%,
m® — e?m?, m® — e~ m, (3.15)

which we will refer to as a spin transformation. We then project all tensor fields along
this basis, so that each component thus obtained will transform in a different way under

- 11 -



spins. We say that a scalar quantity Q has definite conformal weight w and spin weight s,
abbreviated weight (w, s) if, under the transformations above, it transforms according to

Q — QWeAQ. (3.16)

In general, however, derivatives of () will not have definite weight, even when projected
along the basis. We then define new derivative operators 2,6, which are essentially
partial derivatives along each of the basis vectors u®%, m®, m® respectively, corrected by
adding some “connection” terms to ensure that the resultant object has a definite weight.
The construction of these operators and their precise definition is given in appendix B—
see equations (B.28), (B.29), (B.30). Here we only need to point out that, if @ has weight
(w, s) as above, then 2Q, 6Q, 5Q will have weights (w—1,s), (w—1,s+1) and (w—1,5—
1), respectively.

The usefulness of this formalism in fluid dynamics lies in the following. Consider a
conformal fluid in 2+1 dimensions in Landau frame, i.e. the stress tensor is

Tab = p(3Uan + gab) + Hab; (317)

where Il is symmetric, traceless and transverse to u®. These conditions together imply
that the only non-zero components of Il are

7y = Hyym®m?®, 7o = I pmm?, (3.18)

with spins 2 and —2, respectively. Reality of T,; implies that m_s = 79, hence we need
only consider the spin-2 component. In order to classify the possible contributions to Il
in a derivative expansion, then, one only needs to find the independent scalars having spin
weight 2. Thus one deals only with scalars and partial derivatives, making the task of
classifying the terms at high orders much simpler.

After projecting the relevant fluid dynamical and curvature tensor fields along the basis
and using the Ricci identities (see appendix B for details), one finds only seven independent
scalars, summarized in table 1. Apart from the pressure p, the fluid data comprises three
scalars built from the fluid velocity: o, correspond to the two independent components of
the shear and w corresponds to the single independent component of the vorticity. One can
also build scalars from the curvature:® the ¢; in table 1 are three particular components
of the Weyl covariant Ricci tensor R defined in ref. [16] (see eq. (A.8) of appendix A).

In order to complete our formalism, we need to know how to commute derivatives and
the form of the equations of motion and the Bianchi identities. If @) is a scalar of weight
(w, s) as before, the commutators are given in terms of the fluid dynamical and curvature
objects of table 1 by

(26 —02)Q = iwdQ — 06Q — 2w(d1 — 60 + idw)Q + s(2¢1 — 00 +i0w)Q,  (3.19)
(20 — 092)Q = —iwdQ — 56Q — 2w (1 — 66 — i0w)Q — s(2¢1 — I6 — i6w)Q, (3.20)
(60 —06)Q = —2iw2Q + (2iwPw — 5¢0)Q. (3.21)

8Tt is worth emphasising that the Weyl covariant curvature tensors of appendix A involve not just the
Riemann tensor of the metric, but also contributions from derivatives of the velocity.
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Fluid data Weight | Curvature components | Weight

p (=3,0)
o =m*m’Vau, | (—1,2) ¢1 = umP Ry (=2,1)
w= imambv[aub] (—1,0) oo = m“mbR(ab) (—2,0)
g =m*m’Vau, | (—1,-2) ¢1 = umPR (g (—2,-1)

Table 1. Independent scalars with definite conformal and spin weights.

The Bianchi identities reduce to

0= ¢y — 01 + 625 — 620 — i(P2%w — dow — ddw), (3.22)
0 = D¢g — 26¢1 — 2001 + 6°G + %0 + 4w Pw, (3.23)

and the fluid equations of motion V,7% = 0 become
29p + o7ty + omy = 0, 6p + dme = 0. (3.24)

The latter imply that not all scalars quoted in table 1 and their derivatives are independent.
First, one can argue iteratively that all derivatives of p can be eliminated in favour of
derivatives of u® order by order using the equations of motion. More precisely, suppose
that this is true to kth order in derivatives, so that w2 depends on derivatives of all scalars
of table 1 except p. Then eqgs. (3.24) imply that, at order k 4 1, all derivatives of p can be
written in terms of derivatives of the other scalars and hence eliminated from 5.

Eqgs. (3.24) also imply that the apparently one-derivative quantities Zp, dp are actually
two-derivative quantities. Hence if we substitute Q = p in the commutators above then
the Lh.s. in all cases is at least third order in derivatives. However the r.h.s. contains terms
that would a priori be of second order in derivatives, namely ¢, — do + idw and Zw. This
means that these are in fact three-derivative quantities:

$1 = 00 — idw + O(d?) (3.25)

and”
Dw = O(9?), (3.26)

where O(9?) represents terms involving three or more derivatives. Hence, at two deriva-
tives, we can eliminate ¢; and its complex conjugate in terms of derivatives of o,7,w and
set Yw = 0. This can then be done order by order in our derivative expansion. In par-
ticular, eliminating ¢; and Zw as in egs. (3.25), (3.26) in the Bianchi identities gives the
single equation

Dpo = 6 + %0 + O(9%). (3.27)

9For a perfect fluid, we have Pw = 0 exactly. This is equivalent to the conservation of enstrophy discussed
in ref. [18]. 2w = 0 is an equation for propagation of vorticity. Similar equations for the propagation of the
shear and expansion (Raychaudhuri’s equation) of u® have been used to eliminate other curvature scalars
in favour of o,5,w and their derivatives, see appendix B.
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Fluid data | Curvature | Derivative operators
p: (=3,0)

o: (—1,2) 0: (—1,1)

w: (—1,0) | ¢o: (—2,0) 7: (—1,0)

7 (—1,-2) 5 (—1,-1)

Table 2. Independent objects relevant for fluid dynamics and their weights (w, s).

That is, Z¢q differs from derivatives of the shear by four-derivative terms and can therefore
be eliminated at three derivatives. This can again be done order by order in the derivative
expansion. We are thus left with only five scalars, which are summarized in table 2.
Furthermore, as just explained, we can eliminate Zw, Z¢g and all derivatives of p.

Classifying the various contributions to the derivative expansion in the stress tensor
is now much simpler than in the usual approach. As emphasised above, we only need to
consider the spin-2 component mo. At any level in derivatives, all we need to do is classify
all independent scalars built from the objects of table 2 with s = 2. They will appear in
7o in a linear combination with coefficients depending on p, and this p-dependence is fixed
by conformal covariance. In three dimensions, Ty, has conformal weight w = —1 which
implies that mo has w = —3.

It is also simple to classify scalars with spin s # 2. The motivation for doing this is
that we also want to define an entropy current: a vector field J* constructed from the fluid
variables whose divergence is non-negative for any flow in any background. Of course, such
a vector field can be expanded in our basis,

J = —Jou® + jlm“ + Jim®, (3.28)

where Jy, J1, J; are components with spins 0, 1 and —1, respectively. Hence, by classifying
spin-0 and spin-1 scalars, we can determine the most general form for the entropy cur-
rent. The conformal weight of J¢ is w = —3 which implies that the components Jy, J1, J;
have w = —2.

There is only one independent scalar involving no derivatives, namely the pressure p,
which then determines the energy density p = p(p) = 2p and the temperature T'=T'(p) =
ap'/3 for some constant o. At first order (one derivative), there are only two scalars with
non-negative spin: ¢ and w. The first has spin 2 and can appear in the stress tensor:

7r§1) = C,p*0, (3.29)

where C,, is a constant and the dependence on p, which is fixed by requiring that m has
conformal weight w = —3, was made explicit. Note that this agrees with equation (3.7):
in our notation, the latter is rewritten as

MY = —20 6, = —20 (Gmamy + omgmy) (3.30)

so that

71'51) = H&)m“mb = —2no. (3.31)
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The shear viscosity 7 is then related to C, simply by
1
n= —§Cgp2/3. (3.32)
At two derivatives, we have the following scalars:

spin 0:  ¢g, o006, w?
spin 1:  do, dw (3.33)
spin 2: Y0, ow

Only those in the third line can appear in ma:
wéz) = p1/3 (CpoP0o + Cyuow), (3.34)

where again the dependence on p is determined by the conformal weight and the coefficients
Cq are constants. This also agrees in form with the known expression (3.11) for the
second-order corrections to the perfect fluid. In fact, equation (3.11) can be written in our
formalism as

%) = (27,026 — 2ida6w) My, + (2720 D0 + 2idg0w) Mg, (3.35)

so that
7T§2) = 21,nP0 + 2idgow (3.36)

and the coefficients in the two languages are related by

1 1
Trh) = 50_@0’])1/3’ )\2 = _§CUWP1/3‘ (337)

As it turns out, using our formalism we can easily go beyond second order and deter-
mine all independent, three-derivative scalars:

spin 0: 8%, 0w, 6%, &%o, 0DF, why, oow, w

spin 1: 690, 8¢y, &60, wdo, 065, wlw, oow (3.38)

spin 2:  6%w, 8o, D%0, wDo, ody, %G, ow?

Thus we find that there are seven independent contributions to the stress tensor at third
order, in which case the transport coefficients are independent of p. Note that an ordering
choice for derivatives has been made when writing down the scalars in (3.38). For example,
860 is an equally possible spin-2 object. However, using the commutators of derivatives,
we can write this in terms of 60, w%0 and o¢g. Hence 00 is not independent from the
spin-2 scalars listed in (3.38). Similar arguments hold for §dw (spin 0) and §%¢ (spin 1).

We conclude this section by commenting on discrete transformations. We will call time
reversal a transformation T" with action

T:u* — —ul, (3.39)
keeping m®, m® unchanged. In turn, a parity transformation P will act on the basis as

P:m® < m® (3.40)
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with u® fixed. Note that both 7" and P change orientation, since the only independent com-

b

ponent of the volume form €, is (say) egpcu®m’me. Under time reversal, the fundamental

objects of table 2 change according to
T:0— —o0, w— —w, D — -9, (3.41)
with p, ¢g and 0,6 unchanged. On the other hand, under parity, we have
P:o<+ o, w— —w, § 6, (3.42)

with p, ¢ and Z unchanged. We do not expect time reversal to be a symmetry of a general
fluid. In fact, dissipation is precisely a feature of non-invariance under time reversal. On
the other hand, we expect a large class of conformal fluids to be invariant under parity.
The action of P on the stress tensor

Twy = 2p (uaub + m(amb)) + Tomgmp + ToMmqMmy (3.43)

is
P Toy — Typy = 2p (uaup + mgmy)) + Tymamy + Tyimaimy. (3.44)

If the fluid is parity-invariant, i.e. T, = T,, then we must have
Th = To. (3.45)

Any scalar @ appearing in m will be multiplied by a coefficient Cop®?® wich is itself
invariant under parity. The scalar itself will change as Q — +@Q, so that parity-invariance

requires that Cg is real if Q — Q and Cgq is purely imaginary if () — —(@Q. We can notice
examples of the two behaviours above. The shear term in 7r§1) transforms as ¢ — &, hence
parity-invariance requires C, or, equivalently, the shear viscosity 7, to be real. On the

other hand, the second term in 7r§2)

changes as ow — —ow. Parity-invariance then requires
Cy., to be purely imaginary, that is, Ay to be real.

The discussion in the previous paragraph shows that parity-violating fluids have addi-
tional transport coefficients. For example, if one does not require parity invariance, then

there is another (0,2) tensor that can contribute to I, at first order, namely [19]

- 1
Gab = 5 (eacducadb + ebcducada) . (3.46)

This has only two non-zero components in our notation,

b= io (3.47)

52 = 6abmam

and its complex conjugate G_o = Fapm®m? = —ig, where we used €gpeumPm® = —i, see

appendix B. If one then writes

HS,) = —210ab — 2110 ab, (3.48)
one finds
Fél) = H&)m“mb = —2(n+inmg)o. (3.49)
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This is equivalent to having a complex coefficient C,,; in (3.29) and
1 1
n=—5Re(Colp™®, = —JIm(Co)p*’”. (3.50)

The transport coefficient ny is called Hall viscosity. Its presence introduces no dissipa-
tion [19]: any entropy current constructed from the fluid variables has divergence [15, 20, 21]

2
Vol® = — =2 Re(Cy)oa + OB, (3.51)
3p1/3

where s is the entropy density. Some examples can be found in refs. [19, 22, 23|, which
recently investigated holographic models dual to parity-violating fluids in 2+1 dimensions
exhibiting a non-zero Hall viscosity and other analogous transport coefficients.

4 Fluid/gravity interpretation of RT

4.1 Introduction

We determined above the expectation value of the CFT energy-momentum tensor in a
state dual to a RT solution. As emphasized above, the result (2.16) is exact, it does not
assume any derivative expansion. But now let us consider the case in which the background
geometry (2.13) is slowly varying compared to the scale set by the inverse temperature of
the fluid. Specifically, we assume that the background geometry varies spatially over a
length scale L, so the Gaussian curvature of g is K = O(L~?). The RT equation then
implies that temporal variations in the background geometry occur over the time scale L*
so the time variation is very slow compared to the scale of the spatial variation.

We can use the RT equation to eliminate time derivatives from our CFT energy-
momentum tensor, and then expand it according to the number of spatial derivatives. It
is clear that this will give a leading order perfect fluid piece of the form discussed above
and corrections involving three or more spatial derivatives.

We want to compare this with the known results for the derivative expansion of the
energy-momentum tensor dual to a general fluid flow in a general background, as given
by the fluid/gravity correspondence [2, 7]. In order to do so, we wish to employ our new
formalism developed above. We then start by defining the vector fields

(m®)*=rp LAY (m®)" =P AN (4.1)
ac) ¢
Together with v* of eq. (2.14), these form a basis for the tangent space at every point and
satisfy the conditions required for our formalism:

gapv™” = =1, gap (m0)" (m°)" =1, (4.2)

with all other inner products zero. But in order to compare our results with previous
results, we must ensure that we are comparing like with like. Our result (2.16) is not in
Landau frame so we need to perform a field redefinition to convert to Landau frame. This
amounts to solving the eigenvalue problem

Toapu’ = —pug, (4.3)
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which defines a new energy density p and a new velocity field u®. The Landau frame velocity
differs from v* used above by terms involving three or more spatial derivatives. Since v®
has vanishing rotation and shear, it follows that u® has rotation and shear involving four
or more spatial derivatives (in fact we will see that the rotation vanishes even in Landau
frame). This should be contrasted with a generic flow, for which rotation and shear are
really one-derivative quantities. Hence, for this particular flow, the corrections to the
perfect fluid written explicitly in (3.7) and (3.11) involve four or more spatial derivatives
so they are subleading compared to possible three-derivative terms in II,.

Since we know the stress tensor (2.16) explicitly, we can convert to Landau frame and
determine explicitly the corrections to the perfect fluid to the desired order. Using our
formalism above, we can then classify all scalars that might appear in these corrections
and compare with our known result. This allows us to constrain some transport coeflicients
at higher order.

4.2 Landau frame results

In its full generality, the eigenvalue problem (4.3) cannot be solved exactly in a useful
way, so we proceed to solve it in a spatial derivative expansion. As explained above, time
variations are much slower than spatial variations. We use the RT equation to convert
time derivatives into spatial derivatives and write

p= Zp(k)7 Uaq = Zugk)a (4.4)

k>0 k>0

where p(k) and ugk) are each supposed to contain k spatial derivatives of P. We note that,
in the coordinate system used above, () given in (2.15) has components involving no
derivatives, (Ty), (T¢¢); three derivatives, (Tyc), (Tj¢); and six (spatial) derivatives, (T¢¢),
<T<-§>. This implies that the energy density and velocity will have corrections only for those
values of k£ which are multiples of 3. Up to six spatial derivatives, we find

p=2p=p"+p%+0O(L7)

2
P KoK+ o) (4.5)

A 487m

and

ut = (u((]))a + (u(3)>a + (u(6))a +O(L7)
a P 0\a _0\a P 2 a -9
= 0 0K ()" + 0K ()] + (o) K 0K vt + O(L). (4.6)

The proportionality factor o in T = ap'/3 is determined by the fluid/gravity map [7]:

3 1
T=—(16m /3. 4.7
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We likewise need to correct the vectors (mo)a, (mo)“. Up to six spatial derivatives, we
can choose

i — (m(m)a 4 (m(3)>“ i <m<6))“ +O(L) (4.8)

P 1/ P\ 2
_ (,0\@ _1roa _ 0\ _ =0\ -9
with m® determined by complex conjugation.

Using these definitions and working always till six spatial derivatives, using the RT
equation to eliminate time derivatives, it is now a fairly simple matter to determine the
relevant scalars that we need. We find that this flow has a non-zero shear,

P? /s —7
o= — (8C—K +20;1In P8§K> +o(L), (4.9)
but vanishing rotation, w = (’)(L*7). As anticipated, the shear involves four spatial deriva-
tives for this particular flow. The remaining connection coefficients (see appendix B)
required to define the derivative operators are found to be

a= 0L, (4.10)
0 =0(L77), (4.11)
T = z; (0cInPO;K — 0;In POcK) + O(L™7), (4.12)
k= —Pd;InP +O(L7). (4.13)

One can then show that A, = O(L™"), so that the Weyl-covariant Ricci tensor Ry, of
appendix A, eq. (A.8), differs from the usual Ricci tensor Ry, by an eight-derivative term,
Rap = Rap + O(L78). The curvature scalar ¢q is then given simply by

¢o =K +O(L™®). (4.14)

We can now classify all scalars built solely from o, &, ¢g and their derivatives and
containing no more than six spatial derivatives. A partial classification in the general case
was given in section 3, egs. (3.29), (3.33), (3.38). The only one-derivative scalar in the
general classification that is relevant here is the shear o, which we know is in fact a four
spatial derivative object for this particular flow. For a general flow, the scalars 0 and Yo
would be two-derivative quantities. However, in our case, they both contain at least eight
spatial derivatives, i.e. are both O(L~®), and hence will be discarded. At two derivatives,
we are thus left with
spin 0: ¢g

] _ (4.15)
spin 1: do

2 derivatives: {
Again, these are two-derivative quantities for a general flow and are thus labelled as such

here. But in our case, although ¢y does contain a two spatial derivative contribution,
eq. (4.14), do turns out to be a five spatial derivative object. Similarly, at three derivatives
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we discard all terms with contributions smaller than O(L~°). It is easy to see that we are
then left with ~
spin 0: %5, 0%
3 derivatives: spin 1: d¢o (4.16)
spin 2: 800, oy

As 0 = O(L™), there are likely to be four-derivative scalars giving a contribution
to the stress tensor which is comparable to (3.29). For the same reason, only those four-
derivative scalars built solely from the curvature scalar ¢y will have a contribution that is
O(L™%). Tt is then easy to find such quantities:

spin 0: ¢2, 60
4 derivatives (curvature): P % b0 (4.17)
spin 2: 62¢g
In fact, one finds that
62pg = 6mo + O(L™7). (4.18)

To order O(L~9), then, there is a degeneracy between derivatives of curvature and shear.
This plays an important role in the RT case because the two contributions must cancel
in the stress tensor, as we observe no four spatial derivative contributions in our exact
expression. We will see below that this allows us to determine uniquely the transport
coefficient associated with d%2¢9. On the other hand, at higher orders some contributions
arising from curvature and shear mix in such a way that we can only constrain some linear
combinations of the corresponding transport coefficients.

In any case, a similar reasoning applies to higher orders and we can classify the cur-
vature terms having five and six spatial derivatives:

5 derivatives (curvature): ¢odgg, 00°¢g (spin 1) (4.19)

Spin 0: (b%? ¢055¢07 5¢0 g¢07 5252¢0
spin 2 ¢o02do, (0¢o)?, 6602

Now we write down the most general combination of the above scalars that can contribute

6 derivatives (curvature): { (4.20)

to o up to six spatial derivatives:

Ty = (,pg/ga + Copy000 + 0550550 + ng¢0p_1/352gb0
71 [Copo5260908° B0 + Cog0)2(800)* + Cpss2,008° o] (4.21)

where the Cg are constants. An explicit computation now gives

P2
my = ) (Co+487Cy,) (02K + 20, POK)
P2C’ 48rC Csso + 48TCl5520 ) K (02K + 207 In P Os K
m (Cooo +48mC 524, + sy + 48105529, ) K (07K +20g In P O
P2 )
15 (Cis +487C5524,) (628K + 20, m PO AK)
2

P
+67m (0(550' + 487TC(5552¢0 + 487TC(5¢0)2) (8§K)2 + O(L_7> (422)
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We want to compare this expression with the one obtained from the exact stress ten-
sor (2.16). This is given up to six spatial derivatives by

Tg = <Tab>mamb
P2

_ 2 ) ) 2 o

We immediately see that the latter expression contains no four spatial derivative terms.
Therefore, their coefficient must cancel in (4.22) and we obtain

1
052¢0 - _4877['00. (424)
This is a fluid dual to Einstein gravity, and hence is parity-invariant. The coefficient C,
is related to the shear viscosity by (3.32) and the latter is known from the fluid/gravity

correspondence [17]:

1 [47T\?
= — | — 4.25
. m( . ) | (4.25)
giving

2
Cp=———, 4.26
(16m)1/3 (4.26)

and hence 9

By comparing (4.22) and (4.23), we are furthermore able to determine a sixth-order trans-
port coefficient explicitly,

1
=— 4.2
C(5¢0)2 76872° (4.28)
and constrain the other four according to
1
CU¢O —+ 487TC¢052¢0 = 7C5SO’ — 487TC5S§2¢0 = g (429)

4.3 Entropy production

In the fluid description we wish to associate an entropy current to the fluid, i.e., a vector J¢
constructed from the fluid temperature and velocity as well as the background curvature,
such that J® reduces to the usual result for a fluid in equilibrium and such that V,J* > 0
for all flows and backgrounds. As has been discussed e.g. in refs. [20, 21], there is not a
unique definition of J¢: several different choices might have the desired property.

For a general flow of a conformal fluid, the leading order result for V,J* in a deriva-
tive expansion is independent of the ambiguity in defining J%, eq. (3.51). In general, oG
appearing in (3.51) is a two-derivative term. However, for our particular flow, o is a four
spatial derivative term and hence this is an eight spatial derivative contribution. Hence it
is conceivable that there are terms in (3.51) which are subleading for a general flow but
nevertheless determine the leading order behaviour for our solution. For example, there
might be a term on the r.h.s. of (3.51) proportional to ¢3 (four derivatives). However,
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ref. [21] has shown that such four-derivative pure curvature terms cannot arise on the
r.h.s. of (3.51) (see also [20]). Nevertheless, higher-order contributions such as §¢gdepg (six
derivatives) and ¢§ (eight derivatives) are not excluded, and for our flow these would be
more important, or as important, as g in (3.51).

Ref. [24] showed how to construct an entropy current with the desired property by
using null geodesics to define a map from the conformal boundary to the event horizon,
then using this map to pull back the volume form on a cross-section of the horizon to give
a corresponding form on the boundary. Dualizing this gives the entropy current. Positivity
of V,J® then follows from the Hawking area theorem in the bulk. As discussed in ref. [24],
there is ambiguity present in this construction since one can make different choices for the
null geodesics used to construct the map from boundary to event horizon. However, the
simplest choice is to use the ingoing null geodesics used in the construction of the bulk
solution. In our case, we will use the preferred set of ingoing null geodesics defined by the
algebraically special nature of the bulk.

The first step is to determine the location of the event horizon in the bulk. Here it
is important that we know that our RT spacetime is part of an extended RT spacetime
which settles down to Schwarzschild-AdS in the future, and such that the whole spacetime
is slowly varying. Only then can we be sure that the location of the event horizon can
be obtained using a derivative expansion. At leading order in the derivative expansion,
corresponding to a planar Schwarzschild-AdS solution, the event horizon is located at
r = r4 where

ry = (2m)'/3 (4.30)

We now write the location of the event horizon as r = r + f(t, z*) where * are coordinates
on @M. A 1-form normal to the horizon is n = dr — df. The condition that this be
null gives
1 1 /.0 \2
0= |K+—rAK +F(r) — 20,f + — (Vf) } (4.31)
6m r ——

where F(r) = (r*/1%)(1 —r3 /r3), V is the Levi-Civita connection associated to the metric
g(2) on @M and (@ f)? is calculated using g2)- We now assume that f can be expanded

in derivatives:

f=fH+fo+fs+... (4.32)

where f,, is a quantity involving n spatial derivatives. Substituting into (4.31) and solving
order by order one finds that f,, = 0 for odd n and

-
JRRE VS (4.33)
_ i
fi = (Gm)2AK’ (4.34)
4
fo = (67;;)3 %K:” - KAK - AAK - (V) 2] . (4.35)

Now we need to calculate the volume form on a cross-section of the event horizon. Let ¢¢
be a null vector field transverse such that £*n, = —1 on the horizon and 744 the spacetime
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volume form. Then the volume form on a horizon cross-section is

Xab = Tapealn? (4.36)
We can choose ¢* = —0/0r. A calculation then gives
1 2 i j S NG
X = 5(7"_,_ + )7, /g(Q)eijd:c Ada? —dt A, /g(g)eij(Vf)de (4.37)

where g(o) is used to raise indices in the final term. We can define a map which sends
a boundary point (t,z') to the point (¢,r4 + f(t,2°),2") on the event horizon. Pulling
back the above 2-form using this map gives a 2-form X on the boundary whose expression
is identical to (4.37). Finally, we want to associate the (pull-back of) the horizon area
form with a notion of entropy. In classical black hole thermodynamics, the entropy of a
black hole is related to its area by S = A/4. We then dualize the above 2-form using the
boundary metric to obtain an entropy current

J— % (+X), (4.38)

with the appropriate factor of 1/4 relating entropy and area. This gives

(re + 1) (0" 14 9 \*
Jr=~T 2 =) — gl ofl=—) . 4.39
1 o) ~19@% 5 (4.39)
This is an exact result, no derivative expansion has been assumed here. We can, however,
expand this result in spatial derivatives and compare with the general expression obtained
in the fluid/gravity map. The latter is given to second order in derivatives by [7]

1 1
J* = su®+ Zu“ <A1 b0 + Ag wpew® + A3R> + 1 <Bl Dyo®® + By wab“> +..., (4.40)

where

1 (47rT>2 _ (16mp)*® (4.41)

TTa\3 1
is the entropy density, and the coefficients A;, B; are constants, which are fixed by the

fluid /gravity map [7]. In our formalism, equation (4.40) becomes
1
I =3 [(167rp)2/3 + (241 + 243 + 2B1)06 + (245 — 245 + 2Bs)w? + 2A3¢0} u®
1 - 1 -
+Z(B156 — iBg5w)m“ + Z(Bl(SO' + iBg(Sw)m“ +.... (442)

In the RT case, 06 and dw contain at least eight spatial derivatives, and the w? term is
even more negligible. Therefore, the only relevant constants in our case are A3 and Bj,
which are fixed by the fluid /gravity map as [7]

2
By =—24;= . (4.43)

However, similarly to our analysis of the energy-momentum tensor, eq. (4.42) will not
give the leading order expression in the RT case. For example, the leading order contri-
bution of do, which is a two-derivative object in general, involves five spatial derivatives
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in our case. But there are other terms in (4.42) which would be subleading for a generic
flow, namely three- and four-derivative contributions, and nevertheless are important here.
These terms are built from the curvature and were already determined in section 4.2 above,
namely d¢p, ¢2 and §6¢y —see eqs. (4.16), (4.17). In fact, with the aid of our new formal-
ism, we can go to higher orders by considering the contributions involving up to six spatial
derivatives. We begin by expanding our exact result in our usual coordinate system. To
six spatial derivatives, we find

Jo = —ugJ”

2

i1 1 1,

= ——F4+-K+—5 (AK - K
176 +187~3< 2

1 1 7
— [ AAK — K3 + -P%9,K 0:K L7 4.44
54ri< gl gl ok o >+O( ) (444)
and
J1 = maJa
P
= — (0:AK + 2KO0-K) + O(L™"). 4.45
36&(4 + :K)+ O(L™7) (4.45)

On the other hand, we have determined in section 4.2 above all spin-0 and spin-1 scalars
involving no more than six spatial derivatives, eqs. (4.15), (4.16), (4.17), (4.19), (4.20). We
can use them to write down the most general expression for Jy and J; containing up to six
spatial derivatives and compare them with the previous equations. For Jy, we have

Jo = Aop*® + Byyoo + p/3 (Bs2p0%0 + Byyd’5) + p2/3 (Bq%gbg + B55¢065¢>0>
+p_4/3 (B¢8¢8 + B¢055¢0¢0(55¢0 + B(5¢0 5¢05¢0 5¢0 + Bazgz¢05252¢0> , (4.46)

where Ap and the Bg are constants, and the dependence on p for each term is fixed by

imposing the conformal weight of Jy to be w = —2. Similarly, for J; we write
J1 = BSUSO' + p_1/3B(5¢05¢0 + p_l (B¢05¢0¢05¢)0 + Bgéz¢0552¢0) , (4.47)
where the conformal weight is also w = —2. Note that, in these two equations, the various

contributions are ordered according to their number of derivatives in a general derivative

expansion. An explicit computation then gives

Agrs (167)2/3 )
To = gmyers B+ (B&;%AK +2B,K )
(167)1/3
+W (3320 + Bs25 + 4871'35252(]50) AAK
16m)!/3 (16m)4/3B ;3
(67;4)1 [BSQO' + Bis25 + 48T (B¢>065d>0 + 3625%‘)0)] KAK + Ti%Kg
* +
16m)/3 [ A
(16m) 32 —ﬁ + Bs2, + By2g + 487 (B, 540 + 3525%0)] P?0cK ;K + O(L™7)
_l’_

(4.48)
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and

(167)1/3 P
J = 77’_,_ PB(;%@EK + @ (BSU + 4871'3552%) 6§AK

P

3.5 [Bso + 487 (Boossn + Biseg, )| KOK + O(LT), (4.49)
+

where we have now expanded in spatial derivatives. We can now compare these with the

results obtained from expanding the RT entropy current in derivatives to determine the

unknown coefficients. We first find

16 2/3
Ay = —(L), (4.50)
4
which is consistent with the association
s = —Ap?/3, (4.51)
see eq. (4.41). Next we determine uniquely
1
By, = 6 (4.52)

By, = — =2 (4.53)

so our results are compatible with the fluid/gravity prediction for As, eq. (4.43). We are
furthermore able to determine uniquely the constants

1
B 8 B 2
$060do 12B¢>8 - ?B&ﬁo Soo — _277T(167T)4/3 (4.55)
and
B5¢0 = B¢05¢0 =0, (4.56)
but the remaining coefficients can only be constrained in the following linear combinations:
2
BS20' + B§25 + 487TB(5252¢0 = _487TB¢055¢0 = 9(1677()1/37 (457)
1
Our coefficient Bj, is related to By of ref. [7] by
B
Bs, = —*. (4.59)
4
Our results only allowed us to determine a linear combination of By, and By . If we
then use By = —2A3 from the fluid /gravity map, we can determine
1
Bs, = By, = 6 (4.60)
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and then
B552¢0 =0. (4.61)

The first of these is in agreement with the known value for By, eq. (4.43). In fact, it is
possible to show in general that non-negativity of the divergence of the entropy current
requires B, = By, or, equivalently, By = —2A43 [20, 21].

We now go back to our exact expression (4.39) for the entropy current and calculate
its divergence. Using the RT equation we obtain

Vo = —ﬁ(m + f)PAK + %(m + )0 f — iAf. (4.62)
We can now substitute the derivative expansion for f into the r.h.s. . The r.h.s. involves
four (spatial) derivative terms but it is easy to see that these cancel. There are no terms
involving an odd number of derivatives. With some work (using the RT equation to elimi-
nate time derivatives) one finds that the six spatial derivative terms also cancel. The first
non-vanishing contribution arises at eight spatial derivatives:

4 2
a _ T+ 2 ¢ 1 -10
VGJ == 2(6m)3 VZVJK — 5(9(2))UAK + O(L ) (463)

Comparing this with the expression for the shear of the fluid determined above, we find
that this agrees precisely with the shear squared term in (3.51).

This result is perhaps surprising: for this particular fluid flow, the shear squared term
is an eight spatial derivative term. But one might have expected to see terms on the r.h.s.
above with fewer spatial derivatives, constructed from the curvature of the background
metric. The results of ref. [21] already rule out the possibility of a term of the form
$3, but one might have expected to find terms such as ddpdgy (six derivatives) and ¢
(eight derivatives). Our result shows that such terms are absent up to (and including)
eight derivatives.

5 The Kerr-AdS solution

In this section we will study the Kerr-AdS solution. The motivation is that it has been
shown previously that the expectation value of the CFT energy-momentum tensor takes
the form of a perfect fluid in this background [6, 7]. This is surprising because the fluid has
non-vanishing vorticity. Therefore terms constructed from this vorticity and its derivatives
could have appeared in the derivative expansion of the CFT energy-momentum tensor.
However, they are absent. Many such terms are non-dissipative so there is no obvious
reason for their absence. In this section we will show that this property places further
restrictions on transport coefficients in the dual fluid.
The Kerr-AdS metric is given in Boyer-Lindquist coordinates and in units such that
A = -3 Dby [9]
Ar

2 2 Ay si 29
ds®* = ——"(dt — asin®§ dep)* + Pqr? 4 P g2 4 20510

205 T radt — (72 + a)do)?, (5.1
=22 A, Ay =22 [a (r*+a”) ¢] , (5.1)
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where

p? = r? +a®cos? 0, (5.2)
Ay = (r* +a?) (1+7%) = 2mr, (5.3)
Ag = 1—a?cos?#, (5.4)

= =1-d% (5.5)

In order to make contact with the general form of the metric of the fluid/gravity map, it
is interesting to write the metric in Eddington-Finkelstein-like coordinates. Consider the
following transformation:

1
v=t+r7, p=¢+T, (5.6)
where r*, 7 are determined by
dr* _ 72 +a2’ dr _ §. (5.7)
dr A, dr A,

Note that both equations can be integrated to give r*(r) and 7(r), since the r.h.s. in both
cases is a function of r only. We therefore have
1 2+ a? =
dv= —dt + T dr,  dp=do+ ar. (5.8)
= A A,

= T

We now use these relations to change from {t, 7,0, ¢} to {v,r,0,¢}. The metric we obtain
by doing this is

A, — Aga®sin? 6 2 9
ds? = — 92a M7 402 + 2dvdr + 7@ o (A, —Ng(r* +a )] dvde
, Pa 2 =p (5.9)
—761 o drde + —A d02 siu [A@ (7“ +a ) — Ara?sin? 0} dy?

Following the AdS/CFT prescription [13] to determine the boundary stress tensor, one
finds [6, 7]

(Tab) = p(3uauy + gab), (5.10)
where
m a\*
- ° a_— [ A1
p=" ( (%) (5.11)
and the boundary metric g, is™
2 0 0
ds? = —dv? + “Ld dg + ch? LS (5.12)
= P =

Thus, the stress tensor describes exactly a perfect conformal fluid at rest with constant
pressure p, and hence constant temperature 1.

10This is conformal to the metric of the Einstein static universe.
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This result seems surprising because one might have expected higher order corrections
to the perfect fluid, constructed, for example, from the vorticity of the fluid, which will be
shown below to be non-zero. We therefore want to use the formalism developed in section 3
and appendix B to understand this simple case in view of the fluid /gravity correspondence,
which should be valid for large m. The fluid velocity u® will of course be chosen as the
timelike basis vector. The other basis vectors can be chosen as

ma_iasine 9 a+ [Dg (O a+ =) K “ (5.13)
V240, \Ov 2 \ 00 V2Agsinf \ Op ‘
and its complex-conjugate m®. In this basis, only the following connection components

(see appendix B) are non-zero:

0
w=7T=acosb, H:ﬁ(l—cﬁws%). (5.14)

On the other hand, the only non-zero, independent curvature components are

tav/Agsin g

However, in this case all the f-components (see appendix B) vanish, thus allowing us

o =2 —2a%cos20, ¢ = (5.15)

to eliminate other quantities. In fact, one can verify explicitly that the following rela-
tions hold ezxactly, which hold for any perfect fluid with vanishing shear — compare with
egs. (3.25), (3.26):

Dw =0, $1 = —idw. (5.16)

Furthermore, the Bianchi identities reduce simply to
D¢y = 0. (5.17)

Hence, for Kerr-AdS, we have only two independent scalars to consider, w and ¢g. These
obey Yw = Y¢g = 0, and the equations of motion are simply

9p =0, op = 0. (5.18)

Acting on a scalar of weight (w, s), the commutators then reduce to

(26 —02)Q = iwdQ — isQdw, (5.19)
(26 —62)Q = —iwdQ — isQdw, (5.20)
(60 —06)Q = —2iw2Q — sQgy. (5.21)

We can now proceed as in the RT case: we classify the scalars built from w and ¢g and
their derivatives that could play a role in derivative expansions. In particular, we want to
understand why the stress tensor describes ezxactly a perfect fluid in this case. This can
only happen if all non-zero contributions to the dissipative components 7o, 7o cancel at all
orders. This conceivably allows us to determine additional transport coefficients.
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We begin by noting that we can use the commutators to bring any Z-derivative to act
directly on w or ¢g, at the expense of picking up terms that are products of scalars with
fewer derivatives. Since Yw = Z¢y = 0, we can ignore scalars containing Z-derivatives
and consider as fundamental objects only w, ¢g, J, 6.

There is a single one-derivative scalar in this case, w (spin 0). At two derivatives, the
scalars in (3.33) reduce to

spin 0:  ¢g, w?

(5.22)
spin 1:  dw.

We find the first possible contribution to my at three derivatives only — cf. eq. (3.38):

spin 0: 00w, weg, w?

spin 1:  d¢g, wow (5.23)

spin 2:  6%w.

However, it turns out that, in this case, 6%w = 0. One can show this is a consequence

" For any perfect fluid following a shear-free

of conformal flatness of the metric (5.12).
flow, such that egs. (5.16) hold, vanishing of the Cotton tensor of the background metric

is equivalent to

80w + weo + 2w = 0, (5.24)
S + S8wow = 0, (5.25)
62w = 0. (5.26)

One can verify that these three equations are satisfied for the Kerr-AdS case. Hence, we
need to go at least to fourth order in derivatives to find a non-zero contribution to the
stress tensor.
It is not difficult to classify the four-derivative scalars built solely from w,¢g, 6, 9.
We obtain
spin 0:  w?, w2dy, widw, Swiw, (;5%, 560
spin 1:  w?0w, 0%0w, ¢odw, wopg (5.27)
spin 2:  wdéiw, (6w)?, 8%
We know that §%w = 0, but
av/Agsin 0
s

Hence (6w)? # 0, and this contribution must then be cancelled by the term §2¢g in the
stress tensor. In fact, using egs. (5.25), (5.26), we find

ow = (5.28)

820 + 8(dw)? = 0. (5.29)

" This could also be understood as follows. The bulk solution is invariant under ¢t — —t, ¢ — —¢ which
acts on the basis vectors as a PT transformation. So Ty, must be invariant under PT for this flow. Hence
any PT violating term in T, must either vanish for this flow or its coefficient must vanish (in which case
the term is absent for all flows). The former happens for the term in 72 proportional to §%w.
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The non-zero contribution to the stress tensor at fourth order in derivatives would then be

5 = 3 (O (6w)? + Ca gy % 0]
= p /3 [Clsuyz — 8Cs24, ] (dw)?. (5.30)

Since this must vanish, the relation
C((;w)z = 8C524, (5.31)

must hold. But we have determined Cj24, using the RT solution, eq. (4.27), and hence this
allows us to determine
C ! (5.32)
2 = —— = 75- .
(Ow)* = 37 (167)1/3

To summarise: in this section we have considered the Kerr-AdS spacetime and used the fact

that the dual CF'T energy momentum tensor takes the form of a perfect fluid to obtain fur-
ther constraints on higher order transport coefficients in the fluid /gravity correspondence.

6 Further comments and outlook

We investigated above the CFT interpretation of RT spacetimes. With a suitable choice of
timelike congruence in the conformal boundary (i.e. a choice of frame), we found that the
expectation value of the CFT energy-momentum tensor can be put exactly in the form

1
<Tab> =Po (3’0an + gab) + gZ(ab)v (61)

where Z,; is a three-derivative object built from the curvature, more specifically the Cotton
tensor, of the boundary geometry, eq. (2.18). This expression is local in the boundary met-
ric, a property that can be traced back to the fact that the bulk spacetime is algebraically
special. The leading order part has the form of a perfect conformal fluid at rest with con-
stant pressure py (equivalently constant temperature) flowing without shear or rotation in
the background given by the conformal boundary of the RT spacetime, eq. (2.13). The
three-derivative curvature term ensures that this energy-momentum tensor is conserved,
as long as the RT equation is satisfied, i.e. as long as the bulk is really a member of the
RT class.

A larger class of algebraically special solutions in 3 + 1 dimensions is obtained by
dropping the rotation-free condition defining RT solutions, i.e., we consider solutions with
a shear-free null geodesic congruence for which the expansion and rotation are both non-
vanishing. In this case, the vacuum Einstein equations can still be integrated, in the sense
that all the dependence of the metric on a “radial” coordinate (affine parameter along the
null congruence) is known, whereas the dependence on the “boundary coordinates” occurs
through a few functions satisfying certain PDEs.

Such a general algebraically special metric can be put in the form [8, 25]

2(r* +32)

ds® = —2(du-+ LAGHLAS) [dr+WdC+WdC+ H (du-+ Ld¢ + LdQ)+=—;

d¢dc. (6.2)
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Here, L = L(u,(,() is a complex function, P = P(u,(, () is real, and
2i% = P*(0L — OL), (6.3)

W = 0% — (r +i%)d, L, (6.4)

_ p2 5 - mr+ MY r?  5%2
H_PRe[f)(@lnP—@uL]—r@ulnP—m+E+77
with

0=08;— Ldy, 0=0;— Loy, (6.6)

and m = m(u,(,(), M = M(u,(,() are real functions. Note that ¥ is also real. Further-
more, the RT solution is recovered when L = 0, in which case ¥ =0, W =0 and 2H = .
The vacuum Einstein equations have been integrated to give the complete dependence
of the metric on the radial coordinate r. The dependence on the other coordinates is
determined by a set of nonlinear PDEs given in ref. [25].
Following the same procedure as for the RT case, we can consider the time-reversed
solution with © = —t and choose the conformal factor such that the boundary metric is

ds} = — [dt — L(t,¢,¢)d¢ — L(t, ¢, $)dC]* + P(ti&)?dg‘dé (6.7)

ot — (;) (6.8)

po = 2po = m(ZTfaC)’ (6.9)

we find that the AdS/CFT prescription for the boundary energy-momentum tensor yields

By taking again the velocity to be

together with

precisely the same result as in the RT case, eq. (6.1), where Z,, is the same three-derivative
curvature term as we had before, eq. (2.18). Thus, with this choice of frame, the CFT
state again assumes the form of a conformal fluid such that the only correction to the
perfect fluid is a three-derivative object constructed from the curvature of the background
geometry (6.7). In this case, the perfect fluid part has a velocity which is shear-free but
has now a non-zero rotation. Notice that the Kerr-AdS solution is a special member of this
class. The conformal boundary of Kerr-AdS is conformally flat, Cp. = 0, so in this case
we recover the perfect fluid result of section 5, eq. (5.10).

We can summarize the above results in the following statement. In the conformal
boundary of the general expanding, algebraically special spacetime in 3+1 dimensions, there
exists a shear-free timelike congruence. Choosing this as a reference frame, the dual CFT
state corresponding to this general bulk spacetime is described by a conformal fluid whose
energy-momentum tensor takes the form (6.1). This is a local function of the boundary
metric gqp, which is a consequence of the bulk being algebraically special.

We also studied above the fluid/gravity interpretation of RT and Kerr-AdS solutions,
which enabled us to constrain a few transport coefficients at order higher than 2. In order to
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do this, we introduced in section 3 and appendix B a new formalism for studying conformal
fluids in 2 + 1 dimensions. The latter simplifies the manipulations and classifications for
it involves dealing with scalar fields and partial derivatives only. As an illustration of its
usefulness, we were easily able to classify in section 3 all independent, three-derivative
objects that could contribute to the stress tensor at third order, eq. (3.38). In fact, it is
not much more difficult to go beyond third order and obtain the complete classification
also at the four-derivative level, although such results are not particularly useful for the
contents of this paper.

Nevertheless, accomplishing a higher-order classification might be useful for other pur-
poses. For instance, one might want to follow the procedure described in ref. [21] to con-
strain some higher-order transport coefficients. By writing down the most general entropy
current up to three derivatives and imposing its divergence (at fourth order in derivatives)
to be non-negative, ref. [21] obtained some constraints amongst transport coefficients of a
general fluid flow at second order. However, as discussed there, all such constraints are
automatically satisfied in the conformal case. Using our formalism, we can follow the same
procedure (the relevant scalars were determined in section 3) and recover these results in
a more straightforward calculation. Of course, in our method we deal only with the three-
dimensional conformal case, and hence no constraints on the energy-momentum tensor are
obtained, only the form of the entropy current itself is constrained. It is then clear, as
discussed in [21], that if one wants to constrain the stress tensor for a conformal fluid one
must go to higher orders in derivatives. It seems to us that the formalism introduced here
can provide a great deal of simplification in this task.

As the GHP formalism has recently been generalized to higher dimensions [26], one
might wish to extend the formalism presented here to d > 3. It is conceivable that a
suitable generalization of this method may prove itself useful in treating conformal fluid
dynamics in general.

Finally it is natural to ask whether there are higher-dimensional analogues of the alge-
braically special spacetimes studied here. Higher-dimensional Robinson-Trautman space-
times, defined by the existence of an expanding shear-free, rotation-free null geodesic con-
gruence, were studied in ref. [27]. For non-vanishing mass parameter (our m) it was found
that the only such spacetime is the Schwarzschild-AdS solution. So higher-dimensional RT
solutions do not exhibit the interesting time-dependence present in 3 + 1 dimensions. In
4 + 1 dimensions, a full classification of algebraically special solutions for which the pre-
ferred null direction is expanding and rotation-free was given in ref. [28]. Most solutions
are Kaluza-Klein or warped product spacetimes involving 3 + 1 dimensional RT solutions.
But a few other solutions were discovered and it would be interesting to investigate their
AdS/CFT interpretation.
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A Weyl-covariant formalism

The Weyl-covariant formalism introduced in ref. [16] is particularly appropriate to study
conformal fluids, as it automatically incorporates Weyl covariance. Here we summarize the
notation and conventions used in this paper, referring the reader to [16] for more details.

Consider a tensor field Q% . We say that it is conformally covariant of weight w if,
under a conformal transformation

9ab = Jab = QQQaba (Al)
it transforms homogeneously in the form

Q. =QYQ% . (A.2)
Thus the metric has weight w = 2. By introducing a Weyl connection 4, transforming as

Ay = Au +V,InQ, (A.3)
one can define a Weyl covariant derivative D, by

DQ%.. = Ve — wAQ" .
+(geaA® — 6% Aq — 03A) Q% + ...
—(gep AL — 02 Ay — 6FA) QY — ... (A.4)

One can then verify that D.Q% . . is also conformally covariant with weight w. Further-
more, D, is metric-compatible, D,gy. = 0.

One can then define a Riemann curvature tensor by considering the commutator of
two Weyl covariant derivatives. For example, if X is a conformally covariant vector field
of weight w, one finds

(DaDy — DyDy) X = REgap X — wF o X©, (A.5)

where

Fub = Vads — Vol = Fup (A.6)

and

A? o=
Redab = Redab — 9edFab — 45[60951][@51{] <VfAe +ArA. — 2gfe> =Q Regap. (A7)

It is then straightforward to define a corresponding Weyl-covariant Ricci tensor,
Rab = 7?'Cacb = Rap — Fap + (d - 2) (vb-Aa + ApAg — A2gba) + gabchc = ,ﬁ'ab’ (AS)
and a Weyl-covariant Ricci scalar,

R=R+2(d—1)VaA* — (d — 1)(d — 2)A? = Q*R. (A.9)
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It is important to notice that the Weyl-covariant curvature tensors do not possess the
same set of symmetries as the conventional curvature tensors constructed from the metric.
Some useful symmetry relations are

R(ab)cd = —9gabFeds (AlO)
Rabcd - Rcdab = 46[eagb][c(5§}fef - gabfcd + gcdfabv (All)
Rab - Rba = _dfab- (A12)

The relation R.qp = 0 holds, however. Furthermore, the curvature tensors above also
obey various Bianchi identities and their contractions:

D[afbc] =0, (A13)

DR’ ae) = 0, (A.14)

DaR%ed — DeRpdg + DaRipe = 0, (A.15)
1

D, (R“b - ingab - ]-"“b) = 0. (A.16)

When one is considering a conformal fluid on the background with metric g,p, there is
a natural, preferred vector field, namely the fluid velocity u®. This can be used to fix the
ambiguity in A,. In particular, when working in Landau frame, it is natural to impose

u*Dyup = 0, g Dyuy = 0, (A.17)

so that
Dyup = 0gp + Wap (Alg)

is transverse and traceless. It turns out that these conditions uniquely determine A, to be

6

a = Qg — as Al
A, =a T (A.19)
where
a® = uVyu® (A.20)
is the acceleration, and
0 =V,u (A.21)

is the expansion.
In three dimensions, the Cotton tensor (2.19) plays an important role. It is conformally
invariant and its vanishing is equivalent to conformal flatness. This can be written in terms

of the Weyl-covariant formalism as

1 1
Cabc = Dc (Rba - 4Rgba> - Db (Rca - 4Rgca> + 2Dafbc~ (A22)
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B A GHP formalism for fluids in 2-+1 dimensions

Motivated by the GHP formalism [5] that is used to study algebraically special spacetimes,
and the Weyl-covariant formalism defined in the previous appendix, we can develop a
new formalism that is particularly useful to study conformal fluids in 2 4+ 1 dimensions.
In GHP, one has two preferred null directions that one chooses as null basis vectors. In
contrast, in fluid dynamics there is a preferred timelike congruence instead given by the
fluid velocity. This timelike vector field can be chosen as one of the basis vectors at every
point. One can then complete the basis with spacelike vector fields to form an orthonormal
basis. Every tensor field can then be projected along the basis to form scalar fields. As the
spatial directions can be rotated at will, one is only interested in those scalars transforming
homogeneously under such rotations. Moreover, if one is interested in conformal fluids, then
it is natural to restrict oneself to scalars that furthermore transform homogeneously under
conformal rescalings as well. In general, derivatives of such scalars will not possess the
same transformation properties, even when projected along the basis. However, one can
correct derivatives with connection terms to deal automatically with objects having the
desired transformation properties.

Let us develop the ideas above in detail for the case of 2 4+ 1 dimensions. In this case,
take a basis {ua,m‘(ll),m‘(‘2)}, where u® is unit timelike and the m‘(‘i) are unit spacelike,
orthogonal to each other and to u%:

gapulu® = —1, gabm?i)ml(’j) = 0ij, (B.1)
with all other inner products zero. The metric is then
gab = —taty + (M), (M), + (mi2)),, (M2), - (B2)

We will sometimes find it useful to assume that this orthonormal basis is also right-handed,

eabcu“mlgl)mfz) =1. (B.3)
Now define the complex vectors
a 1 a . a —~ a 1 a N a
mo = ﬁ (m(l) =+ Zm(2)) 5 mo = ﬁ <m(1) — zm(2)> . (B4)
We then have
Gapm®mb = ggpm®mb = 0, Ggapm®m? =1, (B.5)
and the metric is simply
Gab = —UgUp + MgMp + Mg Mp. (B.ﬁ)

We are interested in two fundamental transformations of the basis vectors. A conformal

transformation
Jab = Jab = ¥ gab (B.7)
rescales the basis according to
u® = a = %u“, m* = m" = éma. (B.8)
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Coefficient Transformation Interpretation

a = Lgpu®m?, @ = Lagu®mb a= e;; (a+mV,1InQ) Acceleration of u®

0 = Lgym®m®, 6 = Lgyym®m? o= e;ﬂa Shear of u®

0 = Lop(mmb + mmb) =0 6= % (04 2u*V,1n Q) Expansion of u®

w= %Lab(m“mb —m'mt) =0 |&= %w Rotation or vorticity of u®

T = iMyusmbt = 7 T = % (T — u*Vy ) Transport of m®, m? along u®
k= Mypm®mb, & = —Mypmmb | & = % (k 4 1m2VA + m?V,In Q) | Non-geodesity of m®, m®

Table 3. Connection components.

A rotation of the spatial directions is given by

u® = a" =u, me — 1 = e ma. (B.9)
The general transformation is therefore
1 A
@ = cu, = %ma, (B.10)

and we want to see the corresponding transformation induced on other objects, in partic-
ular scalars.

It is more convenient, however, to treat the general case and specialize to scalars later.
The connection components are encoded in

Loy = Vaup, My, = Vgmy, My = V. (B.11)

Not all components are independent, however, due to the normalization and orthogonality
conditions. We have

Lapyu? =0, Mymb =0, Mym® =0, (B.12)
and
Labmb + Mabub =0, Labmb + Mabub =0, Mabmb + Mabmb = 0. (B.13)

Thus, we can find nine independent components in total, which are summarized in table 3.
In general, the connection components transform inhomogeneously under the general trans-
formation (B.10). In fact, one finds

Lay = Q (Lap — ugVpIn Q + gopuVeIn Q) (B.14)
My, = Qe (Myy, + imy Vol — mgVyIn Q + goym©VeIn Q). (B.15)

The only components that do transform homogeneously are the two components of the
shear, 0,4, and the rotation w. These transformation properties are also summarized in
table 3.
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Although there are some connection components that do transform homogeneously
under (B.10), this will not be the case when we take derivatives, in general. Following
the same ideas as in GHP and the Weyl-covariant formalism of the previous appendix,
we would like to define a new derivative operator that preserves transformation properties
under (B.10). We will say that a tensor field Q% .. has conformal weight w and spin
weight s, abbreviated weight (w, s), if, under the transformation (B.10), it transforms as

Qa...bw — QweiSAQamb...- (B16)

Of course, most tensors of relevance, e.g. the metric, energy-momentum tensor, curvature
tensors, will have spin weight s = 0, as they are independent of the choice of m®, m®. How-
ever, one may still encounter tensor fields that can be rotated under (B.10), in particular
m?, m® themselves and their outer products.

Suppose we can find two one-forms A,, B, that transform as

Ay =Aq+ValnQ, By = By + Vi (B.17)

under (B.10). Then we can define a new derivative operator acting on a tensor field of
weight (w,s) by

D.Q% ... = VeQ% b — (WA 4+ i5B:) Q...
+(gcha - 5(51Ad - 53A0)Qdmb... + ...
—(geap AL — 39 A, — 08 ANQ¥ . — ..., (B.18)

which also has weigth (w, s):
DeQ™ .. = Qe D Q™. (B.19)

Note that D.Q% . = D.Q%p... — isB.Q%p..., where D, is the Weyl-covariant derivative
defined in the previous appendix. Using only the connection components of table 3, we
can determine A, and B, to be

0
A, = ~3la + amg + amg, (B.20)
B, = Tug —i(a — R)mg + i(a — K)Myg. (B.21)
Note that A, = —gua + aq, in agreement with the conventional choice determined in the

previous appendix, eq. (A.19). In particular, we have

Dyup = (iwmg + omg)my + (Gmg — iwmg)mp, (B.22)
Domy = (iwmg + omg)up, (B.23)
Dymy = (0mg — iwimg ) up. (B.24)

We can now define curvature tensors as in the Weyl-covariant approach, by considering

the commutator of two derivatives. For example, if X is now a vector field of weight (w, s),
one finds

(DeDy — DgDe) X = R%egX® — (wFLq + isHq) X, (B.25)
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where R%,.q is the Weyl-covariant Riemann tensor of the previous appendix, eq. (A.7), and
Fop =V Ay — VA, Hy,, =V.By — VB, (B.26)

both of which are invariant under (B.10).

Now we want to take components of the various tensor fields by projecting along the
basis vectors thus dealing with scalars only. Hence, if @ is a scalar of weight (w,s), we
define the derivatives

7Q=u"D,Q,  6Q=m"D,Q,  6Q=m"DyQ. (B.27)

Explicitly, we have

2Q = u'V,Q — (1;’9 - m)@, (B.28)
0Q = m*V,Q — [wa + s(k —a)] Q, (B.29)
6Q = m*V,Q — [wa + s(a — k)] Q. (B.30)

We see that 2Q, §Q and §Q have weights (w — 1,s), (w — 1,s + 1) and (w — 1,5 — 1),
respectively.

As we saw above, the only connection components that have definite conformal and
spin weights are the shear and rotation, o,5,w. On the other hand, all components of the
curvature tensors corresponding to the derivative operator D, are of course scalars with
definite weight. In three dimensions, the Weyl-covariant Riemann tensor is completely
determined by the Weyl-covariant Ricci tensor and the “field strength” Fyp. In fact, it
is convenient to deal with the symmetric and antisymmetric parts of the Ricci tensor
separately. We define @5 = R (4), so that

3
Rab = q)ab - §Fab7 (B31)

cf. eq. (A.12). Then, one can show

1 1 1 1
Rabed = —9abFed + Gac <(I)bd - §de - 4‘I’gbd> — Yad <(I)bc - 5Fbc - 4‘I’gbc)

1 1 1 1
—Ybc <(I)ad - §Fad - 4q)gad) + Gova <(I)ac - iFac - 4(I)gac> (B32)

in three dimensions, where ® = ¢®®,, = R. The relevant curvature scalars are then
summarized in table 4.

Not all the curvature scalars and the relevant connection components are independent,
for they are related by Bianchi identities and the analogs of the Newman-Penrose equations.
The latter are obtained by considering the Ricci identity

(Dch - DdDC)Xb = _Rabcha - (chd + iSHcd)be (B33)
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Coeflicient Weight (w, s)

¢2 = PaymmP (-2,2)

d1 = Pyputm? (-2,1)

$o = Paym®m’ = o (-2,0)
o = Paputu’ = ¢l (-2,0)
$-1 = Papum® = ¢ (-2-1)
b_o = Dyym®m? = ¢ (-2,-2)

f1 = Fapu®mb (-2,1
fo = iFgam®mb = fo (-2,0
fo1=Fpum® = fi (

hy = Hypu®m?
ho = i Hgym®mb = hy
h_1 = Hypu®mb = hy (-2,-1)

Table 4. Curvature scalars.

putting X, = ugq, mg, Mg and taking components along the basis vectors. One obtains

Do = ¢, (B.34)

D = %fo, (B.35)

by = —2(05 — w?), (B.36)

S0 —idw = ¢ — %fl, (B.37)
hy =i (¢1 + ;1’1) : (B.38)

ho = ¢o + %qf)g + 05 — W, (B.39)

together with the complex-conjugate relations, when appropriate. The first two of these
are equations for the propagation of shear and rotation, respectively, whereas the third
is equivalent to Raychaudhuri’s equation (describing the propagation of the expansion) in
three dimensions. We can then see that all the f- and h-scalars, together with ¢f), 2, pa,
can be eliminated in terms of other curvature and connection scalars. We can then consider
the commutator of two derivatives acting on a scalar @ of weight (w, s),

(Dan - DbDa)Q = _(wFab + iSHab)Q, (B40)
and take the nontrivial components along the basis to find

(26 —02)Q = iwdQ — 06Q — 2w(p1 — 60 + i6w)Q + s(2¢1 — 00 + idw)Q, (B.41)
(26 —092)Q = —iwdQ — 56Q — 2w (1 — 66 — I0w)Q — s(2¢1 — §6 — i6w)Q, (B.42)
(60 — 60)Q = —2iwPQ + (2iwPw — 5¢9)Q. (B.43)
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The relevant Bianchi identities are
D R\apjeq) = 0, Dy Fye) = 0, D, Hy, = 0. (B.44)
Taking components gives the following equations:
1 1., . - - 1. . 1
0=9(¢1 — §f1 — 55((% —ifo) —0pa+ o | P1 + §f1 4w | o1 + §f1 , (B.45)
1 A - 1 _
0=9 <¢0 + 2¢6> —0 <¢1 + 2f1> -0 <¢1 + 2f1> +0¢2 + 5d2 — wfo, (B.46)
0= Pfy—idfi +idfi, (B.47)
0 = Pho —i0hy + idhy. (B.48)

Using the eliminations provided by the Newman-Penrose equations, one finds that the
Bianchi identities reduce to the following two non-redundant equations:

0 = ¢y — 0¢1 + 625 — 6%0 — i(P*w — 66w — déw), (B.49)
0 = D¢y — 20¢1 — 2001 + 626 + 6%0 + 4w Pw. (B.50)
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