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of a single dimension and by making two assumptions, one on the generic form of this
equation and the other on the behaviour of the automorphic forms in this limit, we find
strong constraints on the allowed form of this differential equation. We show that these
constraints allow one to recover much of what was previously known about the automorphic
forms corresponding to terms in the effective action that have fourteen or fewer space-time
derivatives in a simple way.
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1 Introduction

The low energy effective actions have played a key role our understanding of strings and

branes particularly since there does not exist an underlying theory of these objects. of

For type II string theories these are the maximal supergravity theories in ten dimensions,
that is the ITA [1-3] and IIB [4-6] supergravity theories which contain all perturbative and

non-perturbative corrections at low energy. The higher space-time derivative corrections

have been studied for many years initially in the context of the IIB theory. For terms

with no more than fourteen space-time derivatives it has been proposed that the coef-

ficients of graviton scattering are certain SL(2,Z) automorphic forms that obey Poisson

equations [7—15]. These automorphic forms contain all perturbative and non-perturbative



corrections to these terms. Quite a number of these effects have been checked against known
string corrections and this provides both strong evidence for these automorphic forms and
also strong evidence that the SL(2,R) symmetry of the IIB supergravity theory [4] really
is a symmetry of string theory when discretised to SL(2,Z).

Gravitational higher derivative corrections of type Il string theory in lower dimensions,
and the automorphic forms that might occur, were discussed quite some time ago [15-17]
and was continued in [18, 19]. More recently a renewed attempt to understand these
correction has been made, specific automorphic forms have been proposed for the higher
derivative corrections with fourteen and less space-time derivatives. These automorphic
forms have been systematically studied and in particular their perturbative limits found and
shown to agree with string theory results [20-24]. These automorphic forms are constructed
from certain representations of E, ;1 where d = 10 — n is the dimension of the theory.
The regularisation of these automorphic forms was also understood [20-24]. Although
there is some discussion of the the automorphic forms arising as coefficients of terms with
more than fourteen space-time derivatives in ten dimensions [14, 25-27], there has been
little discussion of the automorphic forms arising as coefficients of terms with more than
fourteen space-time derivatives in less than ten dimensions, with the exception of [12], and
the general constraints that were derived in [28, 29]. However, there remains much to be
understood about these objects.

If one knew the automorphic forms that occur in the effective action then one would
know all brane and string effects, at least for ten and eleven dimensions and their toroidal
compactifications. It is likely that one could learn much about the underlying theory of
string and branes from these objects. Generally the knowledge that a quantity is some
kind of automorphic form places very strong constraints on what this quantity can be.
This is familiar to physicists for holomorphic automorphic forms. The automorphic forms
that arise in the higher derivative effective actions are non-holomorphic but instead obey
a Poisson equation, that is a Laplace equation that also has a non-zero right-hand side.
However, the automorphic forms that are studied in the mathematics literature obey a
Laplace equation of the type A® + A® = 0 where A is the Laplacian on the coset formed
by the scalar fields. The automorphic forms that occur for the R* and 9*R* terms obey
such a Laplace equation, while the automorphic form for the next correction, 9°R*, obeys
an equation of the form A® + A\® = (®7")2 where ®7" is the automorphic form for the R*
term [11, 21-23]. As a result one can not in general rely on the mathematics literature for
help when trying to find the automorphic forms that occur for terms in the effective action
that have higher numbers of space-time derivatives.

An important check on the properties of the automorphic forms that occur for the
higher derivative corrections is to study them as the parameters of string theory are taken
to certain limits. The perturbative limit has been much studied and was used in [20] to
provide a powerful check on the acceptability of proposed automorphic forms. In particular

most automorphic forms do not lead to perturbative behaviour of the form found in string

—242n

o where g, is the string coupling and n a positive integer. The

theory, that is, ¢
perturbative limit is achieved by taking the dilaton field ¢ to minus infinity as g, = €.

The behaviour of automorphic form in this and a number of other limits have been studied



in [21-23], these include the decompactification of a single dimension limit, the M-theory
limit and the d = 10 — n dimensional perturbative limit.

String theory in d = 10 — n dimensions possess n + 2 parameters. Apart from one
dimensional full parameter, which can be taken to be the Planck length, the remaining
n + 1 can be thought of as the expectation values of the scalar fields that arise in the non-
linear realisation of F, 1 from the Cartan subalgebra of E, ;1. The string parameters can
also be thought of as the Planck length, the string coupling and the parameters of the torus
that can be used to find the theory from ten dimensions. This second way of describing the
parameters of string theory has the advantage that taking the various limits corresponds
to particular physical processes such a the perturbative limit or certain decompactification
limits. While the former description has the advantage that the expectation values of the
scalar fields are closely connected with the group theory used to construct the coset on
which the Laplacian mentioned above is defined.

The relationship between these two ways of describing the parameters of string theory
was given in reference [30]. This paper also contained the precise procedure for taking all
the possible the limits, that is, it specified for each limit what combination of the fields is
taken to a limit and what combination is to be held fixed. In this paper we will use these
results to investigate how the Poisson equation behaves in all the possible limits. Since
the Poisson equation contains the Laplacian on the scalar coset and the construction of
this latter object is found by group considerations. As a result, in this paper we use the
connections found in reference [30] to find the behaviour of the Laplacian in all possible
limits of the string theory parameters, this is just an exercise in group theory. In section 2
we recall the relation between the string theory parameters and the parameters used to
parameterise the coset group theory element. In section 3 we give the behaviour of the
Laplacian in the possible limits, relying on the results found in appendices A and B, and
we also specify generically how the terms in the effective action behave in these limits.

In section 4 we consider the Poisson equation satisfied by the automorphic forms in
the limit in which one dimension is decompactified. We make two assumptions, one of
which concerns the generic form of this equation and the other the generic behaviour of
the automorphic form in this limit. By making these assumptions, and using the results
found earlier on the decompactification limit of section 3.4, we find constraints on the
Poisson equation the automorphic form must satisfy. Indeed for the automorphic forms
that arise for terms in the effective action with fourteen space-time derivatives or less we
are able to completely determine the Poisson equation. Thus from these two assumptions
we are able to recover much of what we know about the automorphic forms that occur in
the higher derivative correction to string theory.

In section 5 we consider the behaviour of the Poisson equation in the perturbative
limit and show how it can be used to systematically derive the perturbative behaviour of
the above mentioned automorphic forms.

Given the complexity of the problem of determining the automorphic forms that occur
for higher space-time derivatives we hope that starting from our two very natural assump-
tion will prove a useful way of finding what the automorphic forms can be.



2 Parameters

In this section we review how the parameters arise in string theory as discussed in [30]
but we will use a slightly different definition of the parameters. String theory in d dimen-
sions has n + 2 parameters where n = 10 — d. These parameters must also occur in the
corresponding low energy effective action, that is the maximal supergravity theory in d
dimensions. One of these parameters provides the dimensional scale and from the string
perspective is the string length [, while from the supergravity viewpoint it is the Planck
length in d dimensions l; which is related to the Newtonian coupling kg4 by lg_g = 2/{3
The remaining n + 1 dimensionless parameters can be thought as the expectation values of
certain of the scalars that occur in the supergravity theories. To give a familiar example;
in the ITA theory in ten dimensions we have two parameters; the Planck length l;4(4) and
the expectation value of the dilaton as seen from the supergravity viewpoint which cor-
respond, from the perspective of the string theory, to the string length I; and the string
coupling gg(4)-

The scalars in the maximal supergravity theory in d dimensions belong to a non-linear
realisation of the group with Lie algebra E, 1 and it is the expectation values of the scalars
associated with the Cartan sub-algebra of F,, 1 that lead to n+1 dimensionless parameters.
We note that unlike the other scalars, the scalars associated with the Cartan subalgebra
appear in the supergravity theory as arguments of exponential factors. Like any semi-simple
finite dimensional Lie algebra, F, 1 can be formulated as the multiple commutators of a set
of Chevalley generators which include those of the Cartan subalgebra. Indeed, it provides a
basis for the Cartan subalgebra, denoted {H,,a = 1,...,n+ 1}, each generator of which is
associated with a node of the Dynkin diagram of F, 1. The part of the group element that
occurs in the non-linear realisation and belongs to the Cartan subalgebra can be written
in the form exp(}_, YaH,) where ¢4, a =1,...,n+ 1 are n + 1 scalar fields which we will
refer to as the Chevalley fields. As a result each Chevalley field ¢, can be associated with
a node in the F,; Dynkin diagram. We give below the Dynkin diagram of E,, 1 with the
labelling of the nodes which we will use.

n—+1
[ )
|
o — — [} — [ ) — [ — @
1 n—3 n—2 n-—1 n

The E,41 Dynkin diagram.

The parameters can also be thought to arise from a dimensional reduction process.
However, there are three different ways to find the theory in d dimensions by dimensional
reduction; we can dimensionally reduce from eleven dimensional M theory on a n + 1-
dimensional torus, the ten dimensional type IIA theory on a n-dimensional torus or the
IIB theory on a n-dimensional torus to find the d-dimensional theory. As before we can



take the one dimensional parameter to be the Planck length in d dimensions [4, but also
useful are the Planck length in eleven dimensions, /11 and the Planck lengths of the ten
dimensional ITA and IIB theories denoted by lig(a), l1o(p) respectively. Their relations
to the corresponding Newton constants are given by the analogue of the above equation
for I4, for example [, = 2x?,. The remaining n + 1 dimensionless parameters are the
volumes of the n + 1-dimensional torus, and all its subtori, used to derive the theory from
eleven dimensions. While if we dimensionally reduce from the ten dimensional ITA or IIB
theories the n + 1 parameters are the string coupling gs(a), or g(p), and the dimensions
of the n-dimensional torus, and all its subtori. We note that to find the same theory in
d dimensions one must use different n-dimensional tori when dimensionally reducing from
ITA and IIB. Of interest to us is the relationship between the n+1 dimensionless parameters
just discussed and the expectation values of the Chevalley fields [30].

The relation between the expectation values of the Chevalley scalar fields and the
above string couplings are given by [30]

gq = @_(%Tn)sb", (21)
gs(a) = 6—%§bn+¢7n+1 2.9
gs(p) = € (2.3)

Let us denote the volumes of the respective tori by Vi, 1(ar), Via) and V() which
are defined by

o n 71079 . . - Td+1 B M('n-i-?'n )
v =2n)'——— = PnTEPntl 2.4
n(A) ( ) (llO(A))n e s ( )
Vs = (QW)HM — 6781"%—17 (2.5)
(Liosy)"
n+171171079 - - - Td+1 8—m
Vn+1(M) _ (27r) +1 (lll)n+1 s +1 (2.6)

In these equations we have also given their expressions in terms of the Chevalley fields.
For d < 9 the other n — 1 parameters that describe the torus can be expressed as the
radius of the torus in the d + 1 direction rgy1

Tdil _ 5=nér, (2.7)

lav1

and the volumes of the sub-tori of dimension j =2,3,...,n—2
_ 179 Td1l _ Bon(p. i4gniq)
Vo1 = (2m)" W = 7 \Pn-1T¥ntl (2.8)
iTd4+§Td+j—1Td+j—2 - - - Td+1 8=n .
V; = (2m) L= lé J =e8nti? for j=23,....n—2 (2.9)
+37

Note that the volumes in equations (2.7)-(2.9) are independent of rjg, that is, the
radius of the torus involved in the dimensional reduction of the type IIA, or type IIB, theory
to nine dimensions, but this quantity appears in the volumes in equations (2.4)—(2.6). The
remaining radii rg,..., 741 are the radii of the torus used in the compactification below
nine dimensions.
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Figure 1. The F,, 1 Dynkin diagram labelled by the d dimensional M-theory parameters.

We refer the reader to [30] for further details. We note that the dimensions of the
torus are made dimensionless by dividing by the Planck length, but there is a choice over
which Planck length to take. In reference [30] we used the Planck length in d dimensions
lg, but in this paper we have used the Planck length in the decompactified theory which
leads to slightly different expressions in equations (2.4)—(2.9) in terms of the Chevalley
fields. For example the volume of the M-theory torus in reference [30] was defined to be

Vi) = (2#)”+1%, whereas in this paper we take the volume of the M-theory
d
torus to be given by V1 = (27r)"+1% in this paper. This also explains why

11
we find the quantity lqy; in equation (2.9) for example.

Clearly, the number of parameters listed above are more than n + 2; the redundancy
corresponding to the three different way one can find the d-dimensional theory by dimen-
sional reduction of type IIA, type IIB supergravity on an n torus or eleven dimensional
supergravity on an n 4+ 1 torus. The relations between the different parameters are dis-
cussed in detail in [30]. We now give the set of n+ 1 independent dimensionless parameters
that arise from the dimensional reduction from eleven dimensions; these are the volume of
the n+ 1-dimensional torus V1 (as) and its subtori, Vi, ..., V;, of equations (2.6)—(2.9). As
explained above the Chevalley fields are in one to one correspondence with the nodes of the
Dynkin diagram of F, 1 in figure 2 and by looking at the expressions for the parameters
in terms of these fields we can associate the parameters with the nodes of the F,,; Dynkin
diagram. Drawing these on the Dynkin diagram leads to figure 1.

The meaning of the diagram is that the exponential of the scalar field associated with
the node being considered is equal to the quantity shown at that node, for example for
3

node n + 1 we read off that e®r+1 = anl"( M- having read off all the relations one can

express the parameters in terms of the Cartan scalars.

Similar identifications for the n + 1 parameters in terms of the dimensional reductions
from the type ITA and type IIB theories in reference [30]. One may also label the E, 41
Dynkin diagram in terms of the parameters resulting from the dimensional reductions of
both the type ITA and type IIB theories as shown in figures 1 and 2.

The relations between the parameters of the d dimensional type IIA, type IIB string
theories and M-theory may be derived through the dependence of the parameters on the
Chevalley fields, for further details see reference [30]. In the conventions of this paper the
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Figure 3. The E,,+; Dynkin diagram labelled by the d dimensional type IIB parameters.

relations between the parameters are

Vi) = Vo) = Vnélg;(%) By (2.10)
Vi) = Voo Vi, = V. 9a(ay: (2.11)
Vatiom) = Vn%—lvn_é) - n%mg;(%m’ (2.12)
Vo) = Vo) = Vn%lg;(%B)Vn(B), (2.13)
9d(A) = 9d(B) = VS(M)VH%H(M), for n >0, (2.14)

where g44) and gq(p) denote the d = 10 — n dimensional coupling obtained when type IIA
or type IIB string theory, respectively, is compactified on an n torus. Note that the torus
subvolumes V;, j = 1,...,n—1, of the type IIA, type IIB and M-theory tori are equivalent,
ie. Vk(A) = Vk(B) = Vk(M)v for k = 1, e, — 1.

3 Laplacians and automorphic forms in the limits

We will be interested in studying the automorphic forms in the limits when certain param-
eters, or equivalently certain scalar fields, become large or small as appropriate. However,
the automorphic forms are thought to satisfy differential equations that contain the Lapla-
cian where differentiation is with respect to the scalar fields of the theory. As such it is
useful to study the Laplacian in these limits and in turn use these results to study the
automorphic forms in the limits. Since the automorphic forms are not in general known it
is difficult to study their limits, however, one can study the properties they should satisfy



in the limits by studying the Poisson equation they satisfy in these limits. This can be
used to place restrictions on the automorphic forms.

The Laplacian lives on the coset space E,4+1/H, where H is the maximal compact
subgroup and it can be constructed from a group element g € E, ;1 subject to the equiv-
alence relation ¢ — gh for any group element h € H. The Laplacian is then given by
A= %ai (\ﬁvij aj) where ~;; are the components of the F,1/H group metric found by
tracing over the Cartan forms constructed from g. A full derivation is given in appendix A.

The limits we examine in this paper break the E,i; group into various subgroups.
In these limits the Laplacian splits into a Laplacian for the various subgroups plus a part
that contains the scalar field being taken to the limit. In the remainder of this section we
present the behaviour of the E,,1/H Laplacians in the various limits as well as the generic
behaviour of higher derivative terms in the d dimensional theory.

3.1 M-theory limit

We begin by studying the large volume limit of the M-theory torus Vi) ind =11—m =
10 — n dimensions, that is the decompactification to M theory. In equation (2.6) above
we find that Vi, is related to the E,1; Chevalley field ¢n i1 by Varim) = (55" )ent,
Taking the Vi) — oo limit is thus the same as taking ¢n41 to the limit and so this
breaks the E,, 1 symmetry leaving a GL(1) x SL(n 4 1) symmetry. One may think of this
as deleting node n + 1 in the FE,;; Dynkin diagram and decomposing the F, i algebra
with respect to the remaining GL(1) x SL(n+ 1) subalgebra, for an account of how to carry
out this procedure, see reference [31], however it is important to note that when one takes
Var(m) — oo the Ej 41 symmetry is broken.

In order to preserve the SL(n + 1) symmetry in this limit we find that one must hold

fixed the Cartan fields

n—1

@ =D Py~ Pndu1 + Prirc, (3.1)
a=1
where o; and )\;, i = 1,...,n are the simple roots and fundamental weights of SL(n + 1).

We refer the reader to section 4.1.4 of reference [30] for a detailed discussion of this point.
8—n, .
In the large volume limit of the M-theory torus Vs, = e~ (538)ent1 4 oo the
Laplacian A becomes

1 0 0 (3n?—n—-4) 0
A= . - . + As(n
222 Oppi1 OPnit 28=n)  On+1 SL(n+1)

n+1 0 0 (3n2—n—-4) 0

= N B - . + A n 3.2
2(8 - n) 89071—1—1 890714-1 2(8 - n) 8gon+1 SL(n+1) ( )

8—n
n+1-°
By dimensional analysis one sees that an arbitrary d dimensional higher derivative

where we have used z? = We refer the reader to appendix B.1 for a detailed derivation.

term in Einstein frame that occurs in the effective action takes the form

1hd / d'z/=g%g,,,O (3.3)



where O is a k derivative polynomial in the d dimensional curvature R, Cartan forms P or
field strengths F'

We now examine how the automorphic form in equation (3.3) behaves in the large
volume limit of the M-theory torus. To do this we will convert the d dimensional Planck
length [4 to the eleven dimensional Planck length 11 and the volume of the M-theory torus
Var(m) using the relation

lg=11V,,?

e (3.4)

and the condition

lim 7t /ddx\/?gvm(M) = /dna: —3, (3.5)
Vin(ar)—00
Applying this limit to the general term of equation (3.3) we conclude that any term which
is linear in V;,,(pr) is preserved in the limit while any term with a power of Vnz (M) forp <1
vanishes in the limit.
In the V,,(pr) — oo limit the 11 coefficient function @, ,, generically splits as

Ent1 Z Vj\aj(m SL (n+1) (3'6)

where i labels the different SL(n + 1) coefficient functions, that is, SL(n 4 1) automorphic
forms, arising in the limit and a; is a real number. Demanding that the large volume limit
of this generic higher derivative term converges to an acceptable higher derivative term
in the M-theory effective action implies that the large volume limit V;,, ;) — oo exists
and that the resulting terms in eleven dimensions have constant coefficients rather than
non-trivial SL(n+ 1) automorphic forms. Put another way the eleven dimensional terms in
the M theory effective action can not depend on the moduli of the torus. We note that an
SL(n+1) which is built from the trivial representation is a constant. Using equations (3.4)
and (3.5) and the decomposition of the automorphic form of equation (3.6) we find the
generic term of equation (3.3) can be written in the limit in the form

15 d/ddm\ﬁchnH =5 ”/dﬂx\/fg lim V8 g <ZV“ SL(W))O

‘/'m(IVI)_>OO
" 11/d11x\/ GbO (3.7)

where O denotes the different d = 11 M-theory polynomials in the eleven dimensional
curvature R, and field strengths F that arise in the decompactification of the d dimensional
polynomial in the curvature R, Cartan forms P and field strengths F. We have in the last
line of equation (3.7) encoded the requirement, mentioned above, that the only SL(n + 1)
coefficient functions that can be preserved in the limit are constants, denoted by b. ;]TEe
terms that are clearly preserved in this limit are those in >, V 1( )q)ZSL(n +1) with V]\;ES?)

as in this case the factor of Vj(,,) combines with that contributed from converting the d
dimensional Planck length to the eleven dimensional Planck and Vj;(,,) via equation (3.4)



to converge to an eleven dimensional higher derivative term. Terms with a lesser power of
Var(m) vanish in the Vi) — 0o, while those with a greater power are non-analytic and
must be treated carefully. We refer to the references [12, 21-23, 25, 27, 32] for a discussion
of this point.

Having found the terms that result in the decompactification to eleven dimensions we
can demand that they match the known coefficient functions of the higher derivative terms
in the M-theory effective action in eleven dimensions. As we will demonstrate in section 4
we can apply the Laplacian when written in the limit to the automorphic form when also
written in the limit and for certain limits this can place strong constraints on the form of
the differential equation satisfied by the automorphic form and as a result the automorphic
form itself.

3.2 Perturbative limit

The string coupling g4 in d = 10 — n dimensions is related to the E,; Chevalley field
Pn by g4 = e~ (577 )én, Taking the g4 — 0 limit is the same as taking ¢, — oo and so it
breaks the F,, ;1 symmetry leaving a GL(1) x SO(n,n) symmetry. One may think of this
as deleting node n in the E, ;1 Dynkin diagram and decomposing the F, . algebra with
respect to the remaining GL(1) x SO(n,n) subalgebra, for an account of how to carry out
this procedure in general see reference [31]. It is important to note that when one takes
ga — 0 the E, 11 symmetry is broken to GL(1) x SO(n,n) .

In order to preserve the SO(n,n) symmetry in the perturbative limit g4 — 0 we find
that one must hold fixed the Cartan fields

n—1
$= Palty ~ Pndn 1+ Pniity, (3.8)
a=1
where a; and );, i = 1,...,n —1 are the simple roots and fundamental weights of SO(n,n)

respectively. We refer the reader to section 4.1.2 of reference [30] for a detailed discussion
of this point.
8—mn\,:
In the perturbative limit g; = e_(T)“"“ — 0 the Laplacian A becomes
1 0 0 (n?—n+4) 0
A=— — A
222 0o, O 8—n) 0p, & os0mm
4 o 0 (n?—n+4) 0

= - A M
2(8 — n) 0y O 8—n) 0p, | S0mm) (3:9)

where we have used 22 = STT"

We require that the perturbative terms are consistent with a perturbative expansion
in g4. In string frame this implies that each term has a g; dependence that is of the form

gflg =2 where g is the genus. String frame in d dimensions is related to Einstein frame by
4

9Ew = gd_ﬁ gsuv- Upon rescaling to string frame, an arbitrary higher derivative term in
the d = 10 —n dimensional type II string theory effective action, as given in equation (3.3),
is given by

4A—2d
/ddx\/—gsgd 2 QR Og, (3.10)

,10,



where Og is some polynomial in the d dimensional curvature R, Cartan forms P, or field
strengths F', the subscript S denotes string frame quantities and A is the number of space
time metrics minus the number of inverse space time metrics in Og. Demanding that
the perturbative limit of this generic higher derivative term exists from a string theory
perspective means that in the limit g; — 0 any term in the effective action agrees with
a perturbative expansion in g4, for this one requires that each term is multiplied by a
factor of the form g;2+2n, where n is either zero or a positive integer. Given a putative
automorphic form we can compute its behaviour in the perturbative limit and having
substituted this into equation (3.10) we can test if it has an acceptable string perturbation
theory or not. This was indeed what was done in reference [20-23] and it was found to be

a very restrictive requirement.

3.3 Type IIB limit

The volume of the type IIB torus V,,(p) in d = 10 — n dimensions is related to the Ej 1
Chevalley field ¢,—1 by V(g = ST Pn-1, Taking the V;,(g) — oo limit corresponds to
taking ¢,—1 — oo and so it breaks the E, 1 symmetry leaving a GL(1) x SL(2) x SL(n)
symmetry. One may think of this as deleting node n — 1 in the F,4; Dynkin diagram
and decomposing the E, 1 algebra with respect to the remaining GL(1) x SL(2) x SL(n)
subalgebra.

In order to preserve the SL(2) x SL(n) symmetry in this limit we find that one must
hold fixed the Cartan fields

n—2
G =) Palyt+ Pni1Qn 1~ Pn-1dn (3.11)
a=1
where o; and )\;, i = 1,...,n — 1 are the simple roots and fundamental weights of SL(n)

respectively and in addition fix

@ = ppn—1 — Bpn (3.12)

where p and § are fundamental weight and simple root of SL(2). We refer the reader to
section 4.1.2 of reference [30] for a detailed discussion of this point.
In the large volume limit of the type IIB torus V, gy = eZTHPn-1 5 00 the Laplacian

A becomes
I, 0 (2n? —n) 0
222 Opp—1 Opp—_1 (8—n) Opn_1 + AsLmn) T AsL(2)
n 0 0 (2n?—n) 0
B ' T — + Agp ) + A 3.13
(8—1) 0pn_10¢n1  (8—n) Opp_y oL T 2SLE) (3.13)
where we have used z2 = 82_7”, A partial derivation is given in appendix B.2.

The generic higher derivative term in the effective action was given in equation (3.3)
and we now examine how the automorphic form behaves in the large volume limit of the
type IIB torus. To do this we will convert the d dimensional Planck length [; to the type

— 11 —



IIB ten dimensional Planck length l1o(p) and the volume of the type IIB torus V,,p) using
the relation

1

la = l10(B)Vn7(ggn (3.14)

and use the condition

lim Iy / d*x/=gVip) = / dz\/—g, (3.15)

Vn(B)—>OO

which implies that any term with V;,g) dependence V;,(p) is preserved in the limit while any
term with a lesser power of V,,(p) vanishes in the limit. In the V,g) — oo limit the 1
symmetry is broken, leaving a GL(1) x SL(2) x SL(n) symmetry. The E, 1 coefficient
function ®p, ., generically splits into an expansion in the volume of the type IIB torus
Vo) as

Foii Zva <I>ZSL 1 PEL (n) (3.16)

where ¢ labels the different SL(2) and SL(n) coefficient functions arising in the limit and a;
is a real number. Demanding that the large volume limit of this generic higher derivative
term converges to an acceptable higher derivative term in the type IIB effective action
means that the large volume limit V;,(3) — oo exists and that the resulting terms are ten
dimensional type IIB higher derivative terms have coefficient functions that are only SL(2)
automorphic forms and that the SL(n) automorphic forms become constants in the limit
since the ten dimensional type IIB effective action can not depend on the moduli of the n
torus. This condition may be expressed as

l’jd/ddm/qu’EnH - l’fo(g))/dlox\/jg lim V,f(é3<ZVa( )@éL(g)q’éL(n)>O

— z’fo(}_g)/dl% —@(Zb@gm))@ (3.17)

where b; is a real number and O labels the different d = 10 type I1IB polynomials in the ten
dimensional curvature ]:Z, and field strengths F that arise in the decompactification of the
d dimensional polynomial in the curvature R, Cartan forms P and field strengths F'. The
last line of equation (3.17) encodes the requirement that we find only SL(2) automorphic
forms in the ten dimensional type IIB theory. The terms that are clearly preserved in

this limit are those in ), Vs("B)@é L(2 )<I>SL(n) with V (g :), in this case the factor of V,,(p)
combines with that contributed from converting the d dimensional Planck length to the
type IIB ten dimensional Planck length and Vg via equation (3.14) to converge to a
ten dimensional type IIB higher derivative term. Terms with a lesser power of V,,(p)
vanish in the V,,(g) — oo, while those with a greater power are non-analytic and must be

treated carefully.
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3.4 Decompactification of a single dimension limit

The ratio of the radius in the d + 1 direction 7441 to the d + 1 dimensional Planck length
lgy1 in d = 10 — n dimensions is related to the F,+; Chevalley field ¢ by ;j—ill = e%“bl.
Taking the % — 00 limit corresponds to taking ¢; — oo and so corresponds to breaks
the F,11 symmetry leaving a GL(1) x E, symmetry. One may think of this as deleting
node 1 in the E,;; Dynkin diagram and decomposing the E,;; algebra with respect to
the remaining GL(1) x E,, subalgebra.

In order to preserve the F, symmetry in this limit we find that one must hold fixed

the Cartan fields

n+1
P= $aa_; — 1) (3.18)
a=2
where o; and )\;, © = 1,...,n — 1 are the simple roots and fundamental weights of £,

respectively. We refer the reader to section 4.1.3 of reference [30] for a detailed discussion
of this point. .
In the decompactification of a single dimension limit % = e9-n%¥! 5 0o the Laplacian

A becomes
1 9 90 (-n*+1mm—-12) 0
A= - A
222 Doy O (222(9 —n)) ¢y t 28,
9-n) 0 0 (—n*+1Tm—12) 0
- S — + Ap, 3.19
2(8 —n) 01 01 2(8 —n) 01 g (3:19)

where we have used 22 = S:—Z. We refer to appendix B.4 for a partial derivation of this

result. This result was found in [21] by testing out a putative Laplacian on the Eisenstein
series automorphic forms that were know to obey the Laplace equation. Our approach is
in this paper is quite different in that we derived the above result in group theory and we
are going use it to place restrictions on the automorphic forms that occur in string theory.

We now examine how the automorphic form behaves in the decompactification of a
single dimension limit. We require that the terms remaining in the decompactification of a
single dimension limit match the known coefficient functions of the higher derivative terms
in the type II effective action in d + 1 dimensions.

The generic higher derivative term in the effective action was given in equation (3.3)
and we now examine the behaviour of this term in the decompactification of a single
dimension limit. To do this we will convert the d dimensional Planck length [; to the d+ 1
dimensional Planck length /7,1 and the ratio of the radius in the d 4+ 1 direction rgy1 to
the d + 1 dimensional Planck length ;1 using the relation

1

T 8—n
la = last <"l"d“> (3.20)
d+1

and use the condition

lim ld+1/dda:\/—grd+1 :/dd+1:v\/—g, (3.21)
;:ﬁ—wo ld+1
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which implies that any term which is linear in l is preserved in the limit while any term

with <”Ll) for p < 1 vanishes in the limit. In the Td“ — o0 limit the E, 1 symmetry is

broken to a GL(1) x E,, symmetry and the E,,; coefﬁ(:lent function ®p . generically splits

n+1
into an expansion in the ratio of the radius in the d 4+ 1 direction to the d + 1 dimensional

Planck length 72 as
d+1

a;
Td+1 ;
bp = ( ) oy 3.22

o ; la+a Fn (8:22)
where i labels the different F,, coefficient functions arising in the limit and a; is a real
number. Demanding that the large volume limit of this generic higher derivative term
converges to an acceptable higher derivative term in the d + 1 dimensional effective action

of type II string theory means that the decompactification of a single dimension limit
Td+1
la+1
terms in the type II string theory effective action with coefficient functions that are FE,

— 00 exists and that the resulting terms are d + 1 dimensional higher derivative

automorphic forms. This condition may be expressed as

2k .
[h= / e/ g®p,,, 0 = U / /=g lim LT <Zrd+la %n>0
7

’“d“ oo ld+1 lata
la+1

= lgpq @D /dd“x\/—g(Z@gn)@ (3.23)

where O labels the different d + 1 dimensional type II string theory polynomials in the
d + 1 dimensional curvature R, and field strengths F that arise in the decompactification
of the d dimensional polynomial in the curvature R, Cartan forms P and field strengths F'.
The last line of equation (3.23) expresses the requirement that the only allowed coefficient
functions in the d+ 1 dimensional type II string theory effective action are F,, automorphic

forms. The terms that are clearly preserved in this limit are those in ), ;5*1%(1)1 with

_(2=k
% (=) , in this case the factor of V;,(p) combines with that contributed from converting

the d dimensional Planck length to the d 4+ 1 dimensional Planck length and d+11 via

equation (3.20) to converge to a d + 1 dimensional higher derivative term. Terms with

1 ?“d+1

a lesser power of ?dJ’l vanish in the — 00, while those with a greater power are

non-analytic and must be treated carefully.

3.5 Decompactification of a j dimensional subtorus limit

The j dimensional subtorus V; of an n torus in d = 10 — n dimensions is related to the
E,+1 Chevalley field ¢; by V; = efﬁ%ﬁj%. Taking the V; — oo limit breaks the E, 1
symmetry leaving a GL(1) x SL(j) X E,+1—; symmetry. One may think of this as deleting
node j in the E,; Dynkin diagram and decomposing the FE,,; algebra with respect to
the remaining GL(1) x SL(j) x Ej,1—; subalgebra.

— 14 —



In order to preserve the SL(j) x Ej41—; symmetry in this limit we find that one must
hold fixed the Cartan fields

p= Zs&za Gidj1 (3.24)
and n 4+ 1 — j quantities
n+1
=Y Galtarj— piM (3.25)
a=j+1
to preserve the SL(j) x Ep1i—; symmetry where o; and )\;, ¢ = 1,...,j — 1 are the sim-

ple roots and fundamental weights of SL(j) and &; and 5\% 1 =1,...,n+1—j are the
simple roots and fundamental weights of E,1_;. We refer the reader to section 4.1.6 of
reference [30] for a detailed discussion of this point.
In the large volume limit of the j dimensional subtorus V; = efﬁ%ﬁj% — oo the
Laplacian A becomes
Ao L Q Q B (—n2+16n—8j+'nj74) 5_ AL
222 0p; 0¢j 202(8 — n + j) dpj [
_ jn+1-5)8-n+j4) 90 0
~ 2((n+ D)8 —n+j) —9j) 05 ¢,
jin+1-7j)

0
— 16n — 8 —4)— 4+ A .
S DE—nt =g " TS g A

(3.26)

(n+1)(8—n+j5)—9j
J(n+1=7)(8—n+j) "
The generic term in the higher derivative action in d dimensions was given in equa-

where we have used z2 =

tion (3.3) and we now examine how the automorphic form generically behaves in the large
volume limit of a j dimensional subtorus. We require that the terms remaining in the
large volume limit of the j dimensional subtorus match the known coefficient functions of
the higher derivative terms in the type II string effective action in d + j dimensions. To
examine the behaviour of such terms in the large volume limit of j dimensional subtorus
we will convert the d dimensional Planck length [; to the d 4+ 7 dimensional Planck length
lq+; and the volume of the j dimensional subtorus V; using the relation
1

la=lay;V; 5" (3.27)

and use the condition
hm lglﬂ/ddx\/—gvj = /aldﬂ'nr:\/—A7 (3.28)

which implies that any term linear in Vj is preserved in the limit while any term with a
lesser power of V; vanishes in the limit. In the V; — oo limit the F,, ;1 symmetry breaks into
a GL(1) x SL(j) x Ep41-j symmetry and the £, coefficient function ®p, ,, generically
splits into an expansion in the volume of the j dimensional subtorus V; as

Ent1 Zval SL(5) Z‘n+1—j (3.29)
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where ¢ labels the different SL(j) and F,, 41— coeflicient functions arising in the limit and
a; is a real number. Demanding that the large volume limit of this generic higher derivative
term converges to an acceptable higher derivative term in the d + j dimensional type II
string theory effective action means that the large volume limit V; — oo exists and that
the resulting terms are d + j dimensional type II string theory higher derivative terms
with coefficient functions that are E,;_; automorphic forms. In other words the SL(j)
automorphic forms only lead to constants in the limit since the d + j dimensional type 11
string theory effective action can not depend on the moduli of the j dimensional subtorus.
This condition may be expressed as

_ (d n a; %
ll; d/ddx fgq)EnH ld+] +7) /dd+]x\/ hm Vs <ZV] SL(])(bEn+l—j>O

d 7 A
= Uy ) /dd“ar\/ (Zbcb B ]> (3.30)

where b; is a real number and O labels the different d = 10 type IIB polynomials in the
ten dimensional curvature R, and field strengths F' that arise in the decompactification
of the d dimensional polynomial in the curvature R, Cartan forms P and field strengths
F. The last line of equation (3.30) expresses the above requirement that the only allowed
coefficient functions in the d + j dimensional type II string theory effective action are
E,4+1-; automorphic forms. The terms that are clearly preserved in this limit are those

2—k
in >, V‘”CbZ <I>iEn+17j with V; G ”), in this case the factor of V; combines with that
contrlbuted from converting the d dimensional Planck length to the d + j dimensional
Planck length and V; via equation (3.27) to converge to a d+j dimensional higher derivative
term. Terms with a lesser power of V; vanish in the V; — oo limit, while those with a

greater power are non-analytic and must be treated carefully.

3.6 Type ITA limit

The volume of the type ITA torus V,,(4) in d = 10 — n dimensions is related to the F,
Chevalley fields ¢, and ¢n41 by Vi,4) = € 557 (@ +26n41) i addition the ten dimensional
type IIA string coupling g,(4) is related to the Chevalley fields by gs4) = e 39nt20ni1
Taking the V;,(4) — oo limit corresponds to taking —%gbn + 2¢pp4+1 — oo and it breaks the
E,+1 symmetry leaving a GL(1) x GL(1) x SL(n) symmetry. One may think of this as
deleting nodes n and n+1 in the E, 1 Dynkin diagram and decomposing the E, ;1 algebra
with respect to the remaining GL(1) x GL(1) x SL(n) subalgebra.

In order to preserve the SL(n) symmetry in this limit we find that one must hold fixed
the Cartan fields

P=  Paly— Pndn1 — Pnt1dn_g (3.31)
where o; and \;, i = 1,...,n — 1 are the simple roots and fundamental weights of SL(n)
respectively and in addition fix

3. .
Pg = _59071 + Pnt1 (332)
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to preserve the type ITA string coupling. We refer the reader to section 4.1.5 of reference [30]
for a detailed discussion of this point.

In the large volume limit of the type IIA torus V4 = 55 (@n+20n11) oo the
Laplacian A becomes

A =

n 0 0 4n? —2nY\ 0 o 0 9]
o as e (o) o3, oy Toue 03
where we have defined ¢y = ¢, + 2¢,41 and ¢4 = —%gbn + Ont1-

The generic higher derivative term in the d dimensional effective action was given in
equation (3.3) and we now examine how the automorphic form that it contains generically
behaves in the large volume limit of the type ITA torus. To proceed we will convert the
d-dimensional Planck length [; to the type ITA ten dimensional Planck length l;o(4) and
the volume of the type ITA torus V,,4) using the relation

1

la=ho) V)" (3.34)

and use the condition

. d 10 p
Vn(lggool?om)/d /= gVi(a) :/d x\/ =7, (3.35)
which implies that any term linear in V;,(4) is preserved in the limit while any term with
a lesser power of V,,(4) vanishes in the limit. In the V,4) — oo limit E,1; decomposes as
GL(1) x GL(1) x SL(n) and the E, 1 coefficient function ®g, ,, generically splits into an
expansion in the volume of the type IIA torus V;,4) and type IIA string coupling g(4) as

PEni = v (A)gS(A)(I)lSL(n) (3.36)
i

where i labels the different SL(n) coefficient functions arising in the limit and a; and ¢;
are real numbers. Demanding that the large volume limit of this generic higher derivative
term converges to an acceptable higher derivative term in the type ITA effective action
means that the large volume limit V,,(4) — oo exists and that the resulting terms are
ten dimensional type ITA higher derivative terms have constant coefficients since the ten
dimensional type IIB effective action can not depend on the moduli of the n torus. This
condition may be expressed as

ke / A"z =9®E, O = i) / /=g lim V. "<ZV7S(A SLW)O

(A)—>OO
l'fof)/dloa:\/ (szg ) (3.37)

where b; is a real number and O labels the different d = 10 type ITA polynomials in the ten
dimensional curvature R, and field strengths F that arise in the decompactification of the
d dimensional polynomial in the curvature R, Cartan forms P and field strengths F. The
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last line of equation (3.37) expresses the above requirement that the only allowed coefficient
functions in the ten dimensional type IIA theory are powers of g, 4) with trivial, that is,
constant SL(n) automorphic forms. The terms that are clearly preserved in this limit are

2—k

those in ), V ( A) SL(n) with V. (() ») , in this case the factor of V;,4) combines with
that contrlbuted from converting the d dlmensmnal Planck length to the type ITA ten
dimensional Planck length and V},(4) via equation (3.34) to converge to a ten dimensional
type IIA higher derivative term. Terms with a lesser power of V,,(4) vanish in the V,,4) —
0o, while those with a greater power are non-analytic and must be treated carefully.

In addition, the perturbative terms remaining after taking the limit must agree with
a perturbative expansion in the ten dimensional type ITA string coupling gy(4). In string

frame this implies that each term has a g4y dependence of the form g;(i;)ng , where g is the
1

genus. String frame in ten dimensions is related to Einstein frame by gpu, = ¢ 2795,
Upon rescaling to Einstein frame in the type ITA ten dimensional theory we find

A5
/dlo:p\/gs(’)s — /dwm\/gsgs(il) Og, (3.38)

where O is some polynomial in the ten dimensional curvature R, fields strengths F' or
derivatives of the type ITA dilaton, S denotes string frame quantities and A is the number
of ten dimensional type IIA space time metrics minus the number of inverse space time
metrics. Therefore any term that is preserved in the large volume limit of the type ITA
torus must satisfy

_ lk 10 le m<z bzgs ) OS _ lk le /_gS <Z bzg 2+291> S (339)

where g; is the genus associated with the perturbative contribution to term ¢ in the large

Vi(a) expansion of the E,; automorphic form.

4 Derivation of Poisson equations

It has been found that demanding that the effective action be invariant under supersym-
metry implies that the automorphic form that appears as the coefficient of the R* term
in the ten dimensional type IIB effective action satisfies a Laplace equation for which the
Laplacian is the one defined on the coset space of the massless scalar fields [9]. The cor-
responding Laplace, or Poisson equations, satisfied by the automorphic forms that appear
as the coefficient functions in the effective action for the higher order terms and in d < 10
dimensions have not been deduced directly via supersymmetry constraints. However, the
automorphic forms that occur for the R*, 9*R* and 9°R* terms in d = 10 — n dimen-
sions have been conjectured and found to lead to all the known and perturbative and
non-perturbative features of these terms [21-23] and these are also known to satisfy the
Poisson equations. In particular, the automorphic forms that occur as coefficients of R?,
0*R* in d = 10 — n dimensions, denoted ®% E - and @%ilﬁ respectively, are expected to
satisfy the equations [21-23]

2
R4 3(n —n — 2) R4
BB @B ¥ =g PEan

=0 (4.1)
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and

5(n? —n —6) _gips

4 R4
Ag, @3 + - or =0 (4.2)

where where Ag, ., is the E, 1 Laplacian, which is given in appendix A.

However the automorphic form @%ili which is the coefficient of 9°R* obeys a more

complicated equation namely [21-23]
2

R e (T 4.3
As we mentioned in the introduction if one knew the automorphic forms that occur in the
effective action then one would know all string effects, at least for ten dimensions and for
toroidal compactifications. For certain dimensions the above Poisson equations contain
constants on the right-hand, these are connected to non-analytic terms that we do not
consider in this paper.

In this section we give a different approach to the problem of determining the auto-
morphic forms that is based on the behaviour of the Laplacian and the automorphic form
in the limit when one of the dimensions is decompactified. Our aim is to use this limit to
place restrictions on the differential equation that the automorphic form can obey. This is
particularly useful as knowing the differential equation one can using the formulae given in
this paper to deduce the behaviour of the automorphic form in all the possible different lim-
its; indeed knowing the equation is almost tantamount to knowing the automorphic form
itself. We now give two assumptions that place very strong restrictions on the coefficients
that occur in the Poisson equation.

Assumption 1. We assume that the automorphic form obeys a differential equation of
the form

o
AEn+1®E7b+l + Ak En+1 Z H Bk ( En+1> (44)

where A¥(n), B¥(n) are constants and a¥(n) are integers, the sum on the right hand side is
over all possible products of coefficient functions appearing at lower orders in the effective
action than ®p, . Clearly this assumption is true for the cases when the number of
space-time derivatives in the effective action is fourteen or less. As the Laplacian acting
on an automorphic form is also an automorphic form, the right hand side must also be
an automorphic form and so this assumption really amounts to the assumption that the
automorphic form which occurs on the right hand side of the equation is composed of
the automorphic forms that occurred for lower number of space-time derivatives. One
might suspect that this can be shown in general from the supersymmetric nature of the
effective action.

As mentioned in section 3.4, in the decompactification of a single dimension limit we

take (rjill) — oo and the higher derivative terms in the d dimensional effective action lift
to higher derivative terms in the d + 1 dimensional effective action. In this limit the F,
automorphic functions of the higher derivative terms in the effective action decompose into

GL(1) x E,, automorphic forms where the GL(1) factor is associated with the power of 7{:—;1.
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k
Assumption A2. The automorphic form @gfﬂ associated with a higher derivative term
in the d = 10—n dimensional effective action, where k& denotes the number of d dimensional
space-time derivatives in the higher derivative term, decompactifies as

k—d k—d) & (T rap \2TFIT g
3 2
lim [} <I>E e = lar C;§< ) + E < > 5N

lay1 lay1

0 Td+1 hd
+cp | — +...p. (4.5)
2 \ lg+1

are constants and the sum is over all coefficient functions @%ﬂ of higher derivative

where c]g
terms satlsfying j < k where j is the number of derivatives of the associated term. The
+ ... denoted certain terms that are required for consistency and arise from using the
decompactification limit on the terms that occur on the right hand side of equation (4.4);
these terms are known and may be derived by an induction procedure from the terms that
have been explicitly written down in equation (4.5). We will later on give an example of
how this works. This expansion is consistent with those given in [21-23] for the cases of
R*, 0*R* and 0*R*. The l’;*d factor multiplying @%n+1 arises since the higher derivative
terms in the effective action are of the form

[h=d / d4z\/=g ‘I’En+1

where O is a k derivative polynomial in the d dimensional type II string theory, curvatures
R, field strengths F' and Cartan forms P. Using equation (3.21) we find this expansion can
be written in the form

24+k—j—d
. T k=d | & [ Elr i
lim @%RH = (-4L)5=n c? <d+1> of, +Z c2 <d+1> o,
rai1) o lata 2 \la+1 2 \lan
d+1

E(rap hd
+ci | —— 4+, (4.6)
lav1

When we substitute the decompactification limit of the automorphic form of equa-
tion (4.6) into equation (4.4) we find a set of equations, one equation for each power of
Qj—ﬁ that occurs. As we will see these place very strong conditions on the coefficients that
occur in equation (4.4).

The behaviour of the first term in equation (4.5), or (4.6), is determined by demanding

that one finds in the decompactified effective action a term of the form
k
kot /derlx\/—g(I)’fEnR2 (4.7)
Indeed looking at equation (4.6) we see that the factor of dil is required to reproduce the

measure and the change from the factor of the Planck length I to l44+1 which is required
to get the appropriate dimensional factor in d + 1 dimensions. Thus the first terms in
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equation (4.5), or (4.6), is not an assumption but can be shown to be true using the above
argument.

Comparing the leading order power, that is %%H, which occurs on the left-hand
side of equation (4.5), or (4.6), that is in Ag, ®g, + A(n)®g,, with that which arises

from the powers of the automorphic forms on the right-hand side we find that

k—d | ki —d N
8_n+1_§:<8_n+4>% (4.8)

i

and so resulting in the condition

k= (ki—2)af +2 (4.9)

1

This places a strong constraint on the automorphic forms that can occur on the right-hand
side of equation (4.4). We note that we have deduced the first power of Z‘j—ﬁ on the right-
hand side of (4.5), or (4.6), without making any assumption and so the results just derived
have a similar status.

We can also compare the coefficient of this leading term. Using equation (2.7) we

(k=2)¢q . . .
9-n" . Substituting into

rap1 gmatl _
lat1
equation (4.4), only keeping terms with this power, using the Laplacian in the decompact-

find that the leading power can be written as

ification limit of equation (3.19) we find that the coefficients of equation (4.4) must obey

— Tl2 — n
) 1) = =10 02 o

We will now use assumptions Al and A2 to place further conditions on the coefficients

that occur in equation (4.4) by comparing the coefficients of the other powers of ?5;1 To
illustrate how this works in a simple way we will assume that there are no + . . . contributions
in equation (4.5), or (4.6), that is, there are no contribution from the automorphic forms
Td+1
lat1

This is not always the case and if there is then the equations (4.12) and (4.14) below must

on the right hand side of equation (4.4) that lead to powers of in these equations.
be modified accordingly. However, making this assumption will allow us to demonstrate
the power of the method. Comparing the coefficients of

(d—k)(n—9)

(8—n) .
(Td+1> 8 — e(k‘—d)(p1 (411)
Lt

we find terms which contain no automorphic forms and which lead to the condition

(k—10+n)(9k — 78 — n(k — 2))

A = - 2(8—n)

(4.12)

We note that this does indeed satisfy equation (4.10).
Finally let us compare the remaining coefficients, that is, those that occur with the
powers

a9 g (k=d)
(T‘d+1>k ki+2 d+(8_n) ((8—n)(k—k;+n—8)+k—10+n)

—e =) 4 (4.13)
lav1
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Using the Poisson equation for ®* in d + 1 dimensions we find the constraints

kE(9—n) + ki(n—8) — 62)((8—n)(k—k;+n—8) + k—10+n)
2(8=n)(9—n)

Ak (n) — AFi(n—1) = _{ (4.14)
As we have mentioned if there are + ... contributions in equation (4.5), or equation (4.6)
the above results are modified. Below we show how this works for the case of 9°R*.

We now show that assumptions Al and A2 lead to the known equations satisfied by
the automorphic form associated with the R*, 9*R* and 0°R* terms in the d = 10 —
n dimensional type II string effective action. Let us begin with the R*. For this case
equation (4.6) reads

8—d
im  of = (P (o <”+1> o 4 b (”*1> , (4.15)
rs1) o la+a lata lata

d+1

Since there are no automorphic forms corresponding to terms with fewer space-time deriva-
tives, equation (4.9) implies that the equation @giﬂ satisfies has no right-hand side and
so is of the form

4

Ap, ., OF |+ ATl =o, (4.16)

n+1

In the (;j—ﬁ) — oo limit equation (4.16) becomes

9-n) 9 0 (-n?*+1m—12) 9 R
- A A
<2(8 —n) 01 0Py 2(8 —n) I Ae, +Aln)

X (eieﬁ¢1¢>§i + cée(_%")“"l) =0 (4.17)

where we have used the expression of equation (3.19) for the Laplacian in this limit and

we have used equation (2.7) to write (%ZE

e(—2t1)%1 we find that

in terms of 1. Collecting terms that contain

3(n? —n—2)

A = —

(4.18)

This agrees with the known value as given in equation (4.1). The only other powers of
6 -
(Td“> are given by e9—n%! and these imply that

lay1

3(—n? +17n — 18)

AR AR =
" -l (9—n)(8—n)

(4.19)

This is indeed satisfied by the above values of AE4 and agrees with equation (4.14) when
k = 8. Thus we have recovered from assumptions Al and A2 the equation satisfied by the
automorphic form which is the coefficient in the effective action of R*.

We now consider the automorphic form @%iﬁ that is the coefficient of the 9*R*.
Examining equation (4.9) we find that this equation also possess no right-hand side and so
has the form

Apg, O% 4 A oY — 0, (4.20)

En+1 En+1
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For this automorphic form the decompactification limit of equation (4.5) reads

. 4 pd
lim LA

Enia
Tl ) oo
ld+1

6—d 12—d
T 12-d T T T
_ (ldﬂ) i (cg (ld+1> q,a‘;R‘l —1—02 (ld+1> (I)R‘:L +cg (ld+1> ) . (421
d+1 d+1 d+1 d+1

Using equation (2.7) and (3.19) this equation is given in the decompactification limit by

(9—n) o 0 B (—n2—|—17n—12) 0 94 R4
<2(8 —n) 0p1 01 2(8 —n) 0p1 +4p, +4(n)

_ (10—n)(3—n)

10 . P P
X (Cgew‘“@%im + cSe TW@Ei + cge(%”)%) =0, (422

We can now compare the coefficients of the three powers that occur giving three equations.
10 ..

We have already analysed the leading power, that is e9-=*', and we find that for k = 12

equation (4.14) becomes

2n +9)(n — 3)(n — 10)
A(n)® — An — 1)7R* = _{ 4.23
()™~ A(n 1) FiamTt (123)
. _(10—m)(3=n) . X .
The coefficients of the power e 9-n ! implies the equation
22 +n? —17n)
A(m)?' T~ An — 10 = 5! 4.24
(m)?" — A0 — 1) i (124)
Finally equating to zero the terms that occur with the power e(*t")%#1 we find that
2_
Ayt = 2" =n=6) (4.25)

8—n

With this value and that of equation (4.14) we find that equations (4.23) and (4.24) are
automatically satisfied.

We now repeat the procedure for the coefficient of 9% R4, that is, the automorphic form
denoted by q)%i}ﬁ. Assuming the Poisson equation satisfied by @%GR}E is of the form (4.4)
we find in this case that the right hand side of the Poisson equation can be non-zero. In
particular, one finds that the condition of equation (4.9) for the possible polynomials of
the automorphic forms found at lower orders in the effective action does have the solution
t = 8 and a; = 2 for £k = 14 and so one can have on the right hand side of the Poisson
equation the term

B(n)(@% )2 (4.26)

As a result the Poisson equation satisfied by @%b;ﬁi is given by

9% R* 9%R* 7,05 R* R* \2
AEn+l¢En+1 + A(n) ¢En+1 = B((PEn+1) °

(4.27)
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Expanding the right hand side of equation (4.23) using equation (4.6) we have

12
: RY \2 _ 4\2Td+18=n ;2 RY \2
LJm B)@F,) - B<n>{<c4> ) (4.28)
d+1

777.2;»1171712 2(9—;)(n—2)
4 4 Td+1 - 4\2 [ Td+1 -
+2c4¢9 <l > (I)E T (<o) <l )
d+1 d+1

We note that there this expression contains the automorphic form @giﬂ

dimensions but also the automorphic form @giﬂ which is required for the Poisson equation

squared in d + 1

in d + 1 dimensions. It also contains a term with no automorphic form which will lead to
such a term on the right-had side of the Poisson equation.
Using equation (4.5) the expansion of @%ﬁﬁi in the decompactification limit is given by

. _ 6 P4
lim lc1l4 dgd R

Td+1 En1
lay1
T 6 pd T A=d 4 4 T 8—d 4
it (o (dﬂ)qﬁf +cg< d+1> T +cz< d+1> af
las1 lay1 lay1
py \ Ml rpg\ 1572
+cg< +> +d5< +) . (4.29)
lay1 las1

In this expansion we find two terms which contain no automorphic form. The first of which
is the one expected and listed explicitly in equation (4.5), while the second term is one of
those whose presence was indicted by the + ... and arises to compensate such a term that
appears on the right-hand side; indeed the final term in equation (4.28).

Using equations (4.4), (4.6) and (4.23) the Poisson equation in the decompactification
limit is given by

_ _n2 _
<(9 n) o 0 _( n®+1Mn 12) 8 +AEH+A(H)86R4)

2(8 =n) 91 9 28—n) 941
Xl ORI 1 e T py o Ry e T e o
+CO€(4+H)§01 +d76(2’n74)301}

=B 42 5t @1 (I)R4 %nm%q) 12 2(—24m)n

Equating the coefficient of e(**™%1 we find that

6(n+4)(n —4)
8—n ’

A(n)?° B! = (4.31)

in agreement with the known values. The coefficients of the terms containing e9- gon 1
imply that

1R _ 6(n® —17n 4 24)

AT~ Al - B—n)(9—n) ’

(4.32)
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and, examining the Poisson equation that results in d 4+ 1 dimensions, that

(c})?B(n) = B(n — 1) (4.33)
(11—n)(4—n) .
the coefficients of the terms containing e~ 9-» ! imply that
—11)(n — 4)(n + 16)
A()?F — An— 1Rt = _ 1 4.34
()" ~ A(n—1) o, (134)
—(n2-11n+12) .
the coefficients of the terms containing e T imply that

dct 3n(n? —11n+12)
AP B — A(n — 1) = 2B(n) 0t — 4.35
()™ Afn = DR = 25(n) Bt - E (4.35)
4
and finally the coefficients of the terms containing e2("~2%1 imply the equation
)2 —2)(—n? +5n — 24)
Ay R = p(ny @) _ . 4.36
(n) ¥ — (1.36)
Using equation (4.31) and equation (4.19) we may write equation (4.35) as
cict (18n? + 44n + 288)
B(n)%2 = -3 4.37
R O=nG-n) (437)
While using equation (4.31) we may write equation (4.36) as
d?
(n—6)(n+1)—5 = B(n) (4.38)
(<o)

For all the automorphic forms we have considered the pattern is the same, the eigen-
value for n is determined by the terms with no automorphic form in the decompactification
and then the eigenvalues for other values of n by the terms that give the same automorphic
form back, for example in equations (4.31) and (4.32) respectively.

By normalising the way the automorphic form occurs in the effective action we may
choose the coefficient cf = 1. equation (4.33) then implies that B(n) = B is independent
of n. With these values equations (4.37) and (4.38) simplify and place strong constraints
on the coefficient functions.

In carrying out the above calculations we have used independent decompactification
formulae for the automorphic forms involved, however, the powers of e coming from
the right hand-side from the decompactification of ®2" must match those coming from
the decompactification of ®%° R, This places a strong check on the decompactification
formulae we have used.

We close this section by giving an alternative derivation of equation (4.9). By con-
sidering the dimensional reduction of the effective action from eleven dimensions it was

k
argued [30] that the automorphic form ®f? that occurs in the term in the effective action

k .
of the form [ d%z®R? R5 had to contain a term containing the exponential

k _
OR? o V255 ) hun (4.39)
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where A, ,; is the fundamental weight of E, 1 associated with node n 4 1 and as before
k is the number of space-time derivatives in the automorphic form. As explained in refer-
ence [28] this is consistent with what is known about the automorphic forms that are known
to occur. This exponential factor arises from the automorphic form on the left-hand side
of equation (4.4) and as a result it must also occur on the right-hand side of this equation
if this contains a product automorphic forms. As a result the sum of the weights from
the automorphic forms on the right hand side of Poisson equation must match those from
the automorphic form on the left-hand side and so we immediately find the condition of
equation (4.9). One can find the same conclusion by using the constraints that arise form
the dimensional reduction of the ITA [29] or IIB theories [28].

5 The Poisson equation and its perturbative limit

In this section we will consider how the Poisson equation (4.4) behaves in the perturbative
limit studied in section 3. There the perturbative limit appears as taking g5 = 67@9@” —
0. This breaks E,41 into SO(n,n) x GL(1). For simplicity we will restrict our attention
to the ten-dimensional IIB theory in which case n = 0 and so gq = e~2%9 and we have an
SL(2, R) symmetry, but one could carry out the analysis for the ITA theory and indeed in
any dimension. The string coupling is given in terms of the dilaton ¢ of the IIB by g, = e?
and so ¢ = —2¢. In the perturbative limit the Laplacian of equation (3.2) is given by
2
A= CZ;S2 + CZ;S (5.1)
Let us consider a contribution to the effective action describing graviton scattering
which can be written in the generic form

k k
/dlox\/—gE@gL@)RﬁJ (5.2)

where the subscript F denotes that we are in Einstein frame. Converting to string frame
1

through the redefinition (g9z)u = € 2?(gs)uw, where ¢ is the dilaton and S subscript

denotes string frame quantities, one has

_(5=m
/ dVz/—grR™ = / 40/ —gsPsp,mye "7H)ORE. (5.3)
where m = % In the perturbative limit, that is g = e? — 0, we require that in string
frame a k derivative term in the d = 10 dimensional effective action constructed from m
curvatures takes the form

/dlox\/—gg Z aqe(_2+2q)¢Rg1. (5.4)
q=0

where ¢ is the genus, or loop order, of the corresponding perturbative contribution and
aq are the associated real coefficients. Therefore the perturbative contribution from the
coefficient function ®gr,(3) must be of the form

lim ® = a e(SiTmJJrQq)d’. 5.5
Jim, @512 ; q (5.5)
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The perturbative contribution to the automorphic form can be thought of as composed
of a homogeneous solution, for which the right hand side vanishes, and a particular solution,
both of which are a power series in the string coupling g, in other words exponentials of the
form e~*?. Let us suppose that the automorphic form has a part which is a homogeneous
solution, then equation (4.4) implies that the eigenvalue has the form

A=—s(s—1) (5.6)

where A = A®"(0) is the coefficient that occurs in equation (4.4) in ten dimensions.
The automorphic forms for SL(2,R) that obey equation (4.4) with no right-hand side
are well known and in the perturbative limit they have the generic form

e 4 s 1)¢ (5.7)

Comparing these with equation (5.5) we conclude that

5 m 7T m
2 M _9 9 B :
8+2 5 g1 and s 2+ 5 + 2q2 (5.8)

where ¢ and ¢o are positive integers which correspond to the orders of perturbation theory

which occur in the homogeneous solution. Adding and subtracting these equations we
find that

1
m=2(q1 +¢+1) and squ—ql—i-i (5.9)

Examining equation (5.8) we find the limits

s+ - > and (5.10)

m
i —5>
2

DO o

m
2

N

which in turn implies that s(s — 1) > W and s(s — 1) < W from which

we conclude that

(m = 1)(m =3) and so s = m-1 (5.11)

s(s—1)= 1 5

It follows that the resulting string contributions which arise from a homogeneous term to
the Poisson equation are, in string frame, of the generic form

e 4 m=9 (5.12)
that is, a tree and mT% loop contribution.

To see how this works let us apply it to the much studied cases of R* and R® ~
0*R* which have m = 4 and m = 6. The automorphic forms for these two cases obey
equations (4.1) and (4.2) respectively both of which have no right hand side and so the
homogeneous solution is the only solution. For R* we find that s = % and we have a tree
level and one loop contribution while for 9*R* we find that s = % and we have a tree level
and two loop contribution.
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Clearly if m is an odd integer, for example for 9°R* ~ R, then the homogeneous
solution is not compatible with string perturbation theory and we must conclude that the
homogeneous solution is not present in the automorphic form.

We now consider the particular solution which by definition receives contributions from
the right hand side. The factor that converts the automorphic form from Einstein frame
to string frame is given in equation (5.3) and this can be written using equation (4.9) as

(m;—1)

e 7T = e 2T et (5.13)

To convert the Poisson equation to string frame we must multiply by this factor on the
left and right hand side of this equation. When doing this on the right hand side this is
equivalent to multiplying the individual automorphic forms that occur in the product by

ki (mi=1) _k;
P2 —e? 2 D3 (5.14)
where 2m; = k; and then multiply the result also by e 29,

This last maneuver makes it easy find the perturbative terms that are part of the
particular solution and arise from the right hand side. Let us see how this works for the
correction with the smallest number of space-time derivatives that has a right hand side,
namely, the automorphic form that appears with 9°R* with m = 7, or k = 14. This
automorphic form obeys equation (4.3). To transform this equation to string frame we
must multiply the left hand side by e?. On the right hand side we find the square of R
and to get to string frame we multiply each of these factors by e%(z’, namely

e20PR 09 4 20 (5.15)
As a result on the right hand side we find in the perturbative limit the terms
e 200 4 e29)2 = 720 4 9 4 20 (5.16)

Thus the 9°R* term in the effective action must have contributions to at tree level, one
loop and two loop.

It is instructive to continue with this example. The value of A in this case follows by
putting n = 0 in equation (4.12) to find that A = —12. We now consider the homogeneous
solution to the Laplacian in the perturbative limit. The solution will be of the form of
equation (5.7) in this limit and so we take 12 = s(s—1) and so s = 4 or —3, for either choice
the homogeneous solution in the perturbative limit is given by e=4¢ + e3¢, To transform to
string frame we must, as noted above, multiply by e? to find e3¢ + e*?. The first term is
not allowed in string perturbation theory but the second term is and this can then appear
in the particular solution in addition to the terms that must appear as they appear on the
right hand side. At first sight this is a contradiction as there is no homogeneous solution
to the full Poisson equation in this case. However, it is important to distinguish between
the homogeneous solution to the full Poisson equation and a homogeneous solution in the
Poisson equation in the perturbative limit. We note that by definition, in the perturbative
limit, a term in the homogeneous solution does not appear in the right-hand side of the
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Poisson equation. The term in the homogeneous solution in the perturbative limit that is
an acceptable string correction is in fact part of the particular solution to the full Poisson
equation. Consequently the 9°R* contribution can also have a three loop contribution in
addition to the tree level, one loop and two loop contributions found above.

One can iteratively repeat this procedure order by order for automorphic forms with
increasing number of space-time derivatives in the level to find which orders in perturbation
theory that contribute. For certain values of m one can have the perturbative contribution
of equation (5.12) from the homogeneous solution. The particular solution must contain
the terms that arise from the right hand side of equation (4.4) but it may also contain
terms that are the homogeneous solution to the equation in the perturbative limit, as we
have just seen for the case m = 7. To extend these consideration to automorphic forms
associated with terms that have higher numbers of space-time derivatives one needs to
know the coefficient A. This is in general not known. However, if we take n = 0 in
equation (4.12) we find that in ten dimensions

A= —11—6(k —10)(9k — 78) = (3p2 1> <3p2 3> = —s(s—1) (5.17)

where £ = 8 + 2p, s = 3’5—_1 or s = % for the term that can be written as 0%’ R*.
Assuming this to be correct, we recognise this value as being of the form that allows a
homogeneous solution to the equation in the perturbative limit and this leads in string
frame to the contributions

PP 4 2p—1)¢ (5.18)

Clearly for p > 2 the first term is not an allowed string correction, but the second term is
always allowed and can be thought of as a p loop contribution to the particular solution
arising from the homogeneous solution to the Poisson equation in the perturbative limit as
happened for the automorphic form associated with 9°R*. One can continue in the same
vein to consider the perturbative contributions to terms with higher numbers of space-time
derivatives. For example for the R? term we find, using equation (4.9), that the right hand

O*R*

L Using the argument given

side of the Poisson equation it obeys can contain @giﬂ@
above leads to the perturbative contributions

e729(e% + €2?) (% + €19) = e729(e% 4 %7 + €19 4 £59) (5.19)

leading to a tree, one loop, two loop and three loop contributions. This corresponds to the
sum 9 = 3+ 5+ 1. However, we can also have a homogeneous solution in the perturbative
limit which, using equation (5.18) contributes e3? and so an additional four loop contri-
bution. However, one can also write 9 = 4 4+ 4 + 1 this corresponds to a right hand side
that contains the square of the automorphic form corresponding to the term 9?R* which is
mentioned below. As such the result just described could be modified by considering this
term. Nonetheless this discussion illustrate that once the terms that can enter are better
understood it may well be possible to derive which perturbative contribution occur in a
simple way.
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6 Discussion

In this paper we have studied the behaviour of string theory in all possible limits of its pa-
rameters. The higher derivative string corrections in d = 10 —n dimensions are determined
by automorphic forms of E,, 1. As such we have studied the behaviour of these automorphic
forms and in particular the Poisson equations that they are thought to satisfy. Important
for this derivation was the identification of the string parameters in terms of the parameters
that appear in the group elements from which the automorphic forms are constructed.

If one knew all the automorphic forms that occur then one would know all string and
brane corrections in ten and lower dimensions which are related by toroidal dimensional
reduction. However, for terms with more that 14 space-time derivatives very little is
known. Unfortunately this is a highly technical subject in which it is difficult to make
significant progress.

Using the results we have found for the behaviour of the Laplacian and in particular
its decompactification by one dimension we have investigated the Poisson equations that
the automorphic forms are thought to obey. By making two simple assumptions we are
able to derive the equations satisfied by the automorphic forms for all terms with less that
14 space-time derivatives and so derive, in a simple way, much of what is known about
these automorphic forms. It would be interesting if one could derive rather than assume
the form of the decompactification limit of the automorphic forms in equation (4.5). We
note that this expansion has a relatively simple form and this could indicate that there is
a relatively straightforward derivation. A true knowledge of the expansion would be most
useful in applying the techniques of this paper to discover the properties of the automorphic
forms in the effective action beyond 14 space-time derivatives. At first sight it would seem
to be straightforward to apply these techniques to terms with more than 14 space-time
derivatives. However, there are two problems.

The reader may have noticed that we did not consider a term in the effective action of
the form 9?R*. This term does not appear in the effective action as it has a momentum
prefactor that vanishes on shell. However, this term has been discussed in several places in
the literature [12, 26], but it is still not that well understood. It is thought that it should
appear in the supersymmetry arguments used to derive the terms that appear on the right
hand side of the Poisson equation. This suggests that this term possess a corresponding
automorphic form which could appear among the product of automorphic forms on the right
hand side of the Poisson equation. In principle one could write down its decompactification
limit and then proceed in the way explained above.

There is however another possible complication for the terms with higher numbers of
space-time derivatives. For these terms it is thought [12, 26] that the automorphic form
that appears in the effective action are themselves sums of automorphic forms that also
obey individual Poisson equations. One could however, still hope to apply our techniques
in that the automorphic forms that appear in the sum can each have a decompactification
limit, as in equation (4.5), and this can be used in the Poisson equation that it satisfies. It
would be interesting to take these two points into account and apply the method presented
in this paper.
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In section 5 we discussed the perturbative limit in ten dimensions, but one could apply
the same techniques to study the perturbative limit in less than ten dimensions and also all
the other limits in any dimension. It could be educational to carry this out. In particular
it would be interesting to find the form of these expansions and in particular the powers of
the parameters that can occur. For example in the limit of string perturbation theory one

2720 where q is the genus, but for example in the M theory limit what

finds powers of g,
powers of Vjs can occur. It can be hoped that one might find further restriction on the

automorphic forms in this way.

A The E, ; Laplacian

In this section we will give an expression for the Laplacian A on F,11/H in terms of the
parameters that we have used to parameterise the E, 1 group element. In our application
the parameters depend on the space-time and so are fields, those associated with the Cartan
subalgebra were parameterised in this paper by the so called Chevalley fields. Using the
relation between the parameters of the d = 10 — n-dimensional theory and the Chevalley
fields, discussed earlier in this paper, we will then be able to compute the Laplacian in the
various limits in the subsequent appendices.

The E,11/H Laplacian may be defined in terms of the components of the metric on
the E,+1/H symmetric space which we may write as

1 . .
d82 = ifyijdaldaj. (Al)

where o; are the parameters, or scalar fields, parameterising the F,,11/H coset. The metric
can be written in terms of the veilbein and for a coset space, such as E,,+1/H, the veilbein
is contained in the Cartan forms of the group F, 1. The latter are given by ¢~ 'dg where
g € E,11 but are subject to the transformations ¢ — gh with h € H which implements
the equivalence relation concerning elements in the same coset. The group action on the
coset is given by g — gog with go € E, 1. By writing the group element ¢ in its Iwasawa
decomposition it is easy to see that we may use the h transformations to bring the group
element to the form

g= eXaXalaePH  with the inverse given by ¢! =e PHe Yaxala (A.2)

where H and E5 are the Cartan generators and positive root generators of F,,+; and &,
and yg are associated parameters, in fact fields, of the group element g. In terms of our
notation above o = {3, x5}

The algebra E, 41, like all Kac-Moody algebras, possess an involution /. called the
Cartan involution which acts on the generators as

Ic : (Ed"Efd"H) - _(EfdhEo?vH)a (Ag)

for @ a positive root. We may divide the generators of E,, 1 into those that are even, that
is Fg — E_g, and those that are odd, that is, E5 + E_g5, H. The subgroup H is generated
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by the even generators. Using this involution we may divide the Cartan form into its even
and odd part by writing

g ldg=8+9Q (A4)

where the odd part of the Cartan form § is given by

1, _ _
S = 5 (g 1dg —I.(g 1dg)) (A.5)
and the even part Q is
1, _ _
Q=3 (97"dg + I(g™"dg)) (A.6)

The veilbein on the coset is the part of the Cartan form in the coset direction, that is the
part that is odd, and so in the quantity S given by equation (A.5). As a result the metric
on the coset E,+1/H may be written as

ds®> = Tr(SS) (A7)

where we take the generators to be in some matrix representation. Using the group element
g defined as in equation (A.2) one finds the Cartan form is given by

g_ldg — e—@-ﬁe— >aXala (Z anE&) e XaEae@ﬁ + d@'ﬁ

. 1 . . .
— 3 e (Ba+ [-6A. Bl + - HL -G Ball ) + i + 003
=Y e P dyzEg + dg.H + O(x2), (A.8)

In what follows we will also be neglecting neglecting higher order terms in xz but we will

not write this explicitly . Writing @ = ZZ;I NaCq and ¢ = % , where «, are the
simple roots of F, 1 and n, are integer coefficients, one has
g tdg = Z e~ LapPalarto iy B 4 45 H, (A.9)
a

where A, are the components of the Cartan matrix of Fy,41.
The odd part of the Cartan form S under the Cartan involution /. is given by

§ =3 e TE T patumgy (EazE—a> @A, (A.10)
a

The sum over & is over all positive roots which translates into a corresponding sum over n,.
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Using equations (A.7) and (A.10), the components of the metric v;; on the E,1/H
coset space may then be found in terms of the Chevalley fields ¢4, a = 1,...,n + 1 and
the axions yg parameterising the group element g € E,,1/H to be given by

n+1n+1

s = %%‘de’ ldo? =Tr(S8) = > Awdpadin+ 5 Z e D ey s
a=1b=1 )
where we have taken
tr(Hy,Hp) = Agp, tr(E@E_E) = tr(E_&EE) = 5&5. (A.12)
One finds
Voatp = 2Aaby Vxaxz =€ Yt Nity #ad =, (A.13)

and all other components of ;; are zero. The components of the inverse metric (y~1)¥ are
given by

3 (A7) (e = BT fodum, (A1)

~1\Gap _
(v) 5

and all other components v are zero in the approximation we are taking.
The Laplacian on the E,1/H symmetric space is given by

A= \%&' (vi179;) (A.15)

where 7;; are the components of the metric on E,1/H, ~% are the components of the
inverse metric and v = det(v;;). Substituting the components of the inverse metric in
equations (A.10) into (A.11) and using v = 2"+ det(Aqy)e 2 Xa St 3 ¢adavms ope finds

w00 1 e Dy LSl g, O
U g g 5 D g, t BT e T (g

This expression may be simplified by noting that

n+1 n+1n+1 n+1n+1
DIIIETEED I D) SLTFIRED 9 3
a b1 PP & a=1b=1 & a=1b=1
n+1 n+1 n-+1 n+1n-+1 , 9
= A Ag. A ) A.
bzzl ba% ;:1 ; baSOb ;; e (A.17)

The Laplacian may then be written as
9 9 n+1n+1
ab

ZZ ZZ 1yab 9 +Z€ZZZ+ 32 pad ab"ba—2. (A.18)
Obn D Oy & X%

a=1 b=1
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B Limits of the E,,; Laplacian

As we have discussed taking the parameters of the d = 10 —n dimensional string theory to
certain limits corresponds to taking certain limits in the Chevalley fields ¢;, i =1,...,n+1.
We will demonstrate this process by deriving the behaviour of the E,1/H Laplacian in
the large volume limit of the M-theory torus V3; — oo in the first subsection in detail and
then give the behaviour of the Laplacian in all limits in the other subsections.

B.1 M-theory limit

The M-theory limit is the large volume limit of the M-theory torus V,,,(ar) = e 5Pt
00. As we will show, this limit results in the breaking of the E,, 4 algebra into a GL(1) x
SL(n + 1) subalgebra. To analyse the M-theory limit we delete node n + 1 in the Dynkin
diagram given below.

1 2 n—3 n—2 n—1 n
The E,11 Dynkin diagram.

Deleting node n + 1 allows us to decompose the E, ;; algebra in terms of the GL(1) x
SL(n + 1) subalgebra. In this decomposition the simple roots of E,+; may be written

Ony1 = (2, =, 2) (B.1)
where a; and ); are the simple roots and fundamental weights of SL(n + 1) and 22 = i;ﬁ.
The corresponding fundamental weights are
- A A - 1
A = < g‘Q,Ai> , i=1,2,...n, A"Tl= (,0) ) (B.2)
x x

In deriving these and other such results in this paper we are using the techniques of refer-
ence [33], which the reader can consult for this method.

To preserve the SL(n + 1) part of the GL(1) x SL(n + 1) subalgebra resulting from
taking the Vj; — oo limit, we must fix the quantities

> iy — Pni1d, o (B.3)
=1

For further details on this point see section 4.1.4 of reference [30]. Defining the fields ¢;,
j=1,....,n by

n
pj = (Z‘pi%‘ - Sbn+1)\n—2> A =5 = A Ay oni1 = @5 — (A7 "Ponpa, (B4
i=1
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where A™! is the inverse SL(n 4 1) Cartan matrix, we see that taking the Viim) =
¢S5ty oo limit s equivalent to taking the ¢,4; limit while holding ¢;, ¢ =
1,2,...n fixed.

To implement this limit we will now rewrite the E,, ;1 Laplacian in terms of the fields
Pi, i =1,2,...,n and ¢,41 appropriate to the V3 — oo limit. The derivatives with respect
to the Cartan subalgebra fields ¢;, ¢ = 1,2,...,n and ¢, 11 become

n

g  0p 0 0 . 0 i O 9
= A — a5 (=L2,....m, . = - A7) TR B.5
05 0pi 0p. 0% Domet ;( s Y agn B
and
o 0 0o 0
a5 = ~ O~ > iaj:1727"'an7 B.6
0pi 0pj  0p; 0¢; (B.6)
o 0 - ; 0 0 0
- - — _ A—l J n—27~ 4 — =
i Opn1 ;( ) 0p;  Opntr1 | 0p;
9 0 2 8 0 n 1N ne2 0 0
. . = ) + , - ATy — 4
a@n-ﬁ-l 89071-i-1 < ;g 89071-i-1> ;( ) 890] a@n-ﬁ-l

The inverse FE,,; Cartan matrix A~!, that appears in the Laplacian, can be written in
terms of the inverse SL(n+1) Cartan matrix A~ as follows

(Afl)z‘ n—Q(Afl)j n—2

(A~hHY = 72 +(AY, ij=12,...n,
—1\i n—2
(A1) ntl = %’ i=1,2,....n,
X
1
—1\n+1 n+1 __
o 1 (B.7)

This result follows from taking the inner product between the fundamental weights of
E, 1 decomposed with respect to node n+1, as given in equation (B.2). Substituting these
expressions for the derivatives with respect to the Cartan subalgebra and the decomposition
of the inverse F,; Cartan matrix with respect to node n + 1 one finds

IR i 0 0 - ; o 0 1 0 0
—— A*l ij — A*l 7 n+17. . 4= A71 n+1 n+1 - -
2 Z Z( ) i 0p; Z( ) 0%; Opnt1 2( ) OPn+1 Opnt1

1=1j=1 i=1
+ii(14* +Z 71 n+1 j Y 0 +i(A71)i n+1.L+(A71)n+1 ”+1.L
=1 j=1 j=1 (‘03 i=1 8(,0n+1 890n+1
2
Zn+1 ;71+11 adAapn 87
+2a:e # b baXgz
1 n n (Afl)i n72(A71)j n—2 i (9 8
= - — — A (] _
2 ;; ( z? A 0p; 0p;
ATy N e O P B
t) |2 AT T | o2
i=1 x? ;ﬁ ) 0¢;  Opny1 | 0p;
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1 i ; 0 0 - ; 0 0
_ A—l i n—2 _ A—l J n—2
o2 ( B T ) Zz O T

i1 OPn+1 = OPny1
n n —1Ni ne2) A—1\j n— n 1yj n
O Lo Y >
noa—1yi me n n
- ; - 35)2 : ( ;(Ail)l ”*2% 8¢i+1> 7% ( ;(Ail)z " 6?51 &pC:H)
+ 262 PDHEED DHESEN abnbafjé
=5 3¢(Z+1 asbiﬂ B (3;28_“;)4) a¢f+1 +3 Z jil“‘_l)i j a?o ai B Z jzj;(A_ly ‘92
+ Zezz"“ 1 g ai (B.8)
In deriving this last equation we have used that W for ¢ < j and Ele = k(k; L,

The derivatives with respect to the ax1on1c terms in the Laplacian, given equa-
tion (B.8), possess the coefficient 22021 5 ¢adarms, Writing the fields ¢, in the basis
$a given in equation (B.4) appropriate for taking the Vys(,,) — oo limit we find

Zn+1 Z:+11 PaAabnp — 222:1 Zl?:l @aéabnb*QSZ’n—anJrl+4§bn+lnn+l

e22a=1 2 b1 PaAapb—2Pn—2Mn+1 ‘/(812n)n"+1 (B.9)
M(m) :

In the Vs (m) — oo limit, the derivatives with respect to the axions associated with positive
roots containing the simple root @,41, and therefore having n,4+; > 0, appear to diverge.
However, this is a consequence of the Laplacian being constructed from components of the
inverse group metric v9. To examine the behaviour of the group metric in the Viii(m) =
"3 ¥t 5 oo limit we rewrite the coefficients of the axions in terms of the fields relevant
to the VM(m) — oo limit

1 4 n+1n+1 .
dSQE‘n_H = ifyijdaldaj Tr(SS) Z Z Agpdpadpy + — Z e 205 KiZ vad @™ dyzdXa
a=1 b=1 a>0
n+1n+1 ( )
Nn
= Z Z Aabdgpad@b + Z ~2Xa=1 X Padapnot 2pn- 2nn+1v M( 8)n +1dX&dX52-
a=1 b=1 a>0

(B.10)

In taking the Vis(,) oo limit we see that the axionic terms in the group metric dS2En+1
associated with positive roots containing the simple root a1 vanish and therefore we
are left with non-zero axionic metric components of the group SL(n + 1) rather than the
full E,+1 group. Put another way the sum in equation (B.9) no longer runs over roots
that contain «,, 1. Therefore in order to deduce the behaviour of the E,;; Laplacian in
the Vis(m)—oo limit we should first take the limit in the group metric, which leaves us
with the group metric for the remaining GL(1) x SL(n + 1) subgroup and then calculate

— 36 —



the components of the group metric from which we calculate the Laplacian rather than
take the limit directly in the Laplacian as was done above. The components of the group
metric associated with the Chevalley fields 7;,, are unchanged in this limit and given in
equation (A.9). The axionic components of the group metric in this limit are

FYXQXQ = 6_2 22«:1 22:1 @ﬂéabnb (Bll)
with the remaining components, including the axionic terms in the group metric dsfgw1
associated with positive roots containing the simple root «,}1, being zero. We note that
in this latter equation the objects ¢, which are fixed in the limit appear. The axionic
components of the inverse group metric in this limit are

AXaXe = g2 Xa=1 2b=1 Padapms (B.12)
with the remaining components, including the axionic terms in the group metric dSQEnH

associated with positive roots containing the simple root a,,’ 1, being zero. Using equa-
tions (A.14) and (B.12) we find that in the Vj;(,,) — oo limit, the Laplacian is given by

19 ) (3n* —n—4) 0 I, 1y 00
A= 5 — - —— + = A~hYo
222 Opny1 Ot 28—n) O¢pt1 2 ; ;< ) 0%; 0
n n 9

S e (O ) > > R

i=1 j=1 Oy IXa

1 0 o) (B3n?—n—-4) 0

o2 - A : B.1

2.%'2 8¢n+1 8(’bn+1 2(8 — n) 8§bn+1 + SL("H‘I) ( 3)

B.2 Type IIB volume limit

In the type IIB limit V,,(p) — oo. Examining equation (2.5) we find that this corresponds
to deleting node n — 1 in the Dynkin diagram given below.

e — o ... ° — ° — ® — e

1 2 n—3 n-—2 n—1 n
The E, 11 Dynkin diagram.

Deleting node n-1 decomposes the E, 1 algebra in terms of a GL(1) x SL(n) x SL(2)
subalgebra. In this decomposition the simple roots of F,,; may be written, using the
techniques of reference [32] as

[

% (0707Qi)7 i = 17"'7n_27 &n—l = (:1:7 _/*Lla_An72)7
n = (0761a0)7 O_ZnJrl = (0707Qn—1) s (B14)

Q1
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where the underline denotes SL(n) simple roots and fundamental weights and puq, 5 are
the fundamental weight and simple root of SL(2) respectively. The variable x is fixed by
the condition on the length of the simple roots, @2 = 2 = 22 + A2 , + p?, this leads to

r? = 82_7". The corresponding fundamental weights are
. A A > 1
AZ:(Z”2,0,AZ.>, i=1,...,n—2, A”‘1:<,0>,
x x
- 1 > A1 -
An = <2:E7,Ufl70> ) An+1 = <n 11‘7”' 2)07)\n1> . (B15)

In taking the V;,(3) — oo limit, which is equivalent to ¢, —1 — 00, we must fix the quantities

@i = pi— (AT "2, i=1,...,n—2,
- . el D . U )
Pral = Pnp1 — (A" 20,1, G= 5Pn-1 = (B.16)

where A™! is the inverse SL(n) Cartan matrix, to preserve the SL(2) x SL(n) symmetry.
In the large volume limit of the type IIB torus V,(p) = e 1 Pn=1 — o the Laplacian
A becomes

19 o  (2n*-n) 0
a 21‘2 agbn_l 8gbn_1 (8 — n) 3(/)n_1
n 0 0 (2n%2—n) 0

+ Asr(n) + Asw(2)

- +A +A B.17
(8 =n) Opn—1 0pn—1 (8—n) O¥n—1 SL(n) SL(2) ( )
where we have used 22 = 82_n n.

B.3 Type ITA volume limit

In the type ITA limit V,,(4) = 55" (Pn+20n11) o0 and as a result it corresponds to deleting
nodes n + 1 and n in the Dynkin diagram given below.

e — o ... ° — ° — ° —
1 2 n—3 n—2 n—1 n
The E,41 Dynkin diagram.

Deleting nodes n and n+ 1 of the Dynkin diagram leads to the decomposition of F,, 1
into the subalgebra GL(1) x GL(1) x SL(n). As a result we will now examine how the roots
and weights of E,4; decompose in terms of those of GL(1) x GL(1) x SL(n).

Let us carry out the decomposition by first deleting node n to find the roots and

fundamental weights of D,, and then delete node n + 1 to find the algebra SL(n). The
simple roots of F, 1 can be expressed as

O_Z,L:(O’dz)7 Z:17,n_1,n+1 &n: (x7_5\n—1> (B18)
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Here &;,i = 1,...,n are the roots of D,, and )\; are its fundamental weights which are

given by

K:(AA’HA> i=1,...,n—1,n+1 Kn:<1,6). (B.19)
x x
The variable z is fixed by demanding that &2 =2 = 22+ \2_,.

We now delete node n to find the A,_1 algebra. The roots of F, 1 are found from
the above roots by substituting the corresponding decomposition of the D,, roots and
weights into those of A, 1. The roots of D, in terms of those of A, 1 are given by
& = (0,a;), i =1,...,n—1and &, = (y,—A,_5) while the fundamental weights are
given by i = (%,AJ i=1,...,n—1and 5\n+1 = (i,Q). Requiring diﬂ = 2 gives
y? = % We then find that the roots of F, i are given by

An—? : An—l

a;=(0,0,q;), i—l,...,n—l,d’n—<m,—
Yy

, —An_1> ,nt1=(0,y,—A, o) . (B.20)

The fundamental weights of E,, ;1 are found in the same way to be

. Ao s
Ai:<cl,”21,Ai>, i=1,....n—1,
x Y
- 1 - -2 1
An = <,O7O> ) An+1 = <n 770> ) (B21)
x 4 Ty
where ¢; = %, i=1,...,n—2and ¢, 1 = 7. As ;\%_1 = 7 we find that z? = STT".
In taking the V,,4) — oo limit, which is equivalent to ¢,—1 — oo, we must fix the
quantities
"'_'._A—ll‘n—l' _A—lin—2' B22
G =¢; — (A7) on— (A7) Pnt1 (B.22)
where o; and )\;, i = 1,...,n — 1 are the simple roots and fundamental weights of SL(n)

respectively to preserve the SL(n) symmetry and in addition fix

. 3. .
P9 = —5%n + Puti (B.23)

to preserve the type ITA string coupling.
In the large volume limit of the type IIA torus V,4) = e 5 (Pn+20ni1) the Laplacian

A becomes
dn 9 0 4n? — Zn) ) o 0 0
A= o 0o — oo T T Asiwmy)  (B.24
(8 —n) dpv dpv ( 8—n ) 0py 0oy 0p, Dy o (B.24)
where we have defined ¢y = ¢y, + 2¢,41 and used 2?2 = 82
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B.4 Decompactification of a single dimension limit

Td41 _
lav1

Using equation (2.7) we see that the decompactification of a single dimension limit

8—n .
e9—n?1 — oo corresponds to the deletion of node 1 in the Dynkin diagram given below.

The E,11 Dynkin diagram.

Deleting node 1 decomposes the E,, 4 algebra in terms of the GL(1) x E,, subalgebra.
In this decomposition the simple roots of E, 11 may be written

o] = (.%', —5\1> , Q= (O,di_l), 1=2,....,n+1, (B.25)

where the hat denotes E, simple roots and fundamental weights. The variable z is fixed
by the condition on the length of the simple roots, @3 = 2 = 22 + 5\% The corresponding
fundamental weights are

R 1 - j\i, 5\ s
A1:<,o>, AZ:(“,AH>, i=2,...,n+1. (B.26)

T

We now proceed to calculate the inner products of the F, fundamental weights in order to
calculate z in terms of n. To do this we decompose the E,, algebra into a GL(1) x SL(n)
subalgebra by deleting node n + 1, one finds

& =(0,05), i=1,....,n—1, an=(y,—Ay_3), (B.27)

with fundamental weights

R XA . 1
>\:<y”3>\> i=1,...,n—1, )\n:<,0>. (B.28)

The variable y is fixed by the condition 42 _, = 2, this gives y? = 9=n We then have

n

o 3 3 9 n—1 10—n
)\1->\1 = <ny7)‘1> . <ny7>‘1> = n2y2 + n = 9—n’ (B29)

where we have made use of the expression )\, .Aj = @ for i < j. We may now substitute
this back into @7.47 to fix the variable x,

2
=2—-)A.A = . B.
x 1A= g (B.30)

In taking the % — o0 limit, which is equivalent to ¢p; — oo, we must fix the

quantities

i1 =¢i1— (ATH T o — o1\ (B.31)
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fori=2,...,n+ 1 and where (A_l) is the inverse F, Cartan matrix, to preserve the F,

symmetry. .
In the decompactification of a single dimension limit 7;:111 = e9-n¥! 5 oo the Laplacian
A becomes
1 —n?4+17n —12) 9
A= b 00wl 1) 0,
222 01 01 (222(9 —n))  O¢r "
9 — o 0 —n?+1Tn —12) 9
_O-nm) 0 9 [wiHln-12) 9 (B.32)
2(8 —n) O¢1 01 2(8 —n) I
where we have used z? = S:—Z.

B.5 j dimensional subtorus limit

8—n ..
The j dimensional subtorus limit V; =8-7+i%7— oo corresponds to deleting node j in the
Dynkin diagram given below.

e —90 ... ...— @ — e — e

1 2 J n—2 n—1 n
The E,11 Dynkin diagram.

Deleting node j decomposes the E, 1 algebra in terms of a GL(1) x SL(j) X Epq1—;
subalgebra. In this decomposition the simple roots of E, 1 may be written as

@ = (0,0,,0), i=1,....5—1, &j:<x,_gj_1,_ﬁl),
ay = (0, ag—j), k=j+1,...,n+1, (B.33)

where the underline and the hat denote SL(j) and E,1i—; quantities and «, A are the
respective simple root and fundamental weights of the corresponding algebra. The corre-
sponding fundamental weights are

N AN R o Lo
T X

B VAP VA
P i SN W I k=j+1,...,n+1. (B.34)
T J

The variable z is fixed by the condition on the length of the simple roots, 62? =2 =
22 4+ A\ + Aj_1.+Aj_q. After some work one finds
9y (M+1)@8—n+j4)—9j

T ) n ) (39

In taking the V; — oo limit, which is equivalent to ¢; — 0o, we must fix the quantities

Gi = @i — @A) (B.36)
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fori=1,...,7—1and
Grr1—i = ¢i — ¢ (A7) 1Y (B.37)

fori=n+1-4,...,n+1 to preserve the SL(j) x E,{1—; symmetry where (A71) is the
inverse Cartan matrix of SL(j) and (A~')" ! is the inverse Cartan matrix of Fj4q_j.
8—mn_ ..
In the large volume limit of the j dimensional subtorus V; = e5=#+i%/ — oo the
Laplacian A becomes
1 90 0 —n?+16n—8j+nj—4) 0
A= —— ,—(n+ o J+.nj ) —+AB,.,;
222 0 0p; 202(8 —n + j) ¢ g
jn+1—-35)8—-n+yj) 0 0
2((n+ D)5 - n + ) — 97) 0; 03,
Jjn+1-—7) 2 ) . 0
— - —(—n“+16n—-8j+nj—4)— + A - (B.38
20+ DE -t ) 0] S gyt B (B3

(n+1)(8—n+j)—9j

where we have used 22 = & : L
J(n+1-7)(8—n+j)

B.6 Perturbative limit

The d dimensional perturbative limit g4 == e (57%) 0 corresponds to deleting node n
in the Dynkin diagram given below.

e — o ... ° — ° — ° - &

1 2 n—-3 n—-2 n—-1 n
The E,11 Dynkin diagram.

Deleting node n decomposes the E, 1 algebra into the GL(1) x SO, ;) subalgebra. In
this decomposition the simple roots of F, 1 may be written

G =(0,d), i=1...,n—1, d’n:(az,—j\n_1>, Gpir = (0,an), (B.39)

where the tilde denotes SO(n,n) simple roots and fundamental weights. The variable x
is fixed by the condition on the length of the simple roots, @2, = 2 = z? + A\2_,, this
leads to

22 = . (B.40)

The corresponding fundamental weights are

. oA g - . 1 - . Ay 1 ~
A’:(Az An 1,)\1'), i=1.. . .n—1, An:<70>7 An+1:<)‘”)‘1’)\n).(13,41)
X T x

where the tilde denotes SO(n,n) simple roots and fundamental weights.
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In taking the g4 — 0 limit, which is equivalent to ¢, — 0o, we must fix the quantities
@i =i — (AT "+ Pnay, (B.42)

fori=1,...,n—1and
Pl = Pny1 — Pu(A7)" (B.43)

where (A1) is the inverse Cartan matrix of SO(n,n), to preserve the SO(n,n) symmetry.
8—n) .
In the perturbative limit gg = e~ (57%)%n 0 the Laplacian A becomes

1 0 0 (3n?—n—-4) 0
B = 5205, 00, 28-n) B, | OS0m)

4 o 0 (3n?2—n—-4) 0

=SB n) 0,00, 28-n) Bp, " OS0mm (B.44)

where we have used 22 = BTT"
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