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1 Beyond extra-dimensions

One of the most challenging areas of theoretical physics is the study of strongly coupled
systems. The most practical tool is often the use of effective lagrangians that describe the
interactions of light degrees of freedom in an energy expansion that is strongly constrained
by the underlying symmetries of the theory. In particular for Goldstone bosons (GBs)
arising from the spontaneous breaking of a global symmetry, the Callan-Coleman-Wess-
Zumino (CCWZ) construction [1, 2] provides a general parametrisation of the low energy
dynamics that makes the symmetries of the theory manifest.

While the CCWZ construction describes the most general interactions compatible with
the symmetries within a consistent effective field theory expansion valid up to a cut-off A,
no dynamical information on the theory is retained. For example extra-dimensional theories
such as [3] can be described using the CCWZ formalism but properties such a locality in
5D are completely hidden from this point of view. Related to this fact, observables not
constrained by the symmetries such as the Higgs potential, are not calculable. To make



quantitative predictions one often needs to make extra dynamical assumptions on the size
of various operators. Moreover the CCWZ approach appears useful only if very few degrees
of freedom exist separated by a large gap from the rest of the dynamics, an assumption
that can be violated in practice.

In this paper we provide a different parametrisation of theories with spontaneous sym-
metry breaking that is well suited for composite models where the Higgs is a GB [4] or for
the pions in QCD. Our starting point is ref. [5] where a minimal framework to describe
the interactions of the lightest resonances with GBs was introduced (see also [6] for a re-
lated construction). The dynamical assumption made in [5] was the inclusion of only the
nearest-neighbour interactions. In the limit of a large number of resonances, this construc-
tion becomes indistinguishable from an extra-dimension. Indeed various predictions, such
as the Higgs mass [7, 8], turn out to be similar to the 5D theories even with a minimal
number of resonances.

We show that the most general effective lagrangian compatible with the symmetries
is obtained by adding terms “non-local” in theory space to the lagrangian of ref. [5]. We
will call these terms “non-minimal” since they allow to maximally deviate from an extra-
dimension.! These terms were also explored in [10, 11] where general moose models were
considered for QCD. In its most general form our lagrangian is equivalent to the CCWZ
one but our construction allows to control in a systematic way deviations from nearest-
neighbour interactions. In particular the UV properties of quantities such as the Higgs
potential are completely transparent being related to the notion of distance in the moose.
For example we show that the Weinberg sum rules can be interpreted as constraints on the
“moose locality”.

We apply our formalism to the GB Higgs and to QCD. We derive in general inter-
actions of heavy resonances, low energy lagrangian and two-point functions of currents
and fermionic operators. We will show the impact of the non-minimal interactions on the
GB potential and discuss the relation with other effective lagrangians used to study these
models at the LHC. For the GB Higgs we show that the tree level contribution to the
S—parameter can be negative contrary to theories with nearest-neighbour interactions and
compatibly with calculability of the potential. For QCD we show that the electro-magnetic
splitting of pions and the KSRF relation [12] can be simultaneously reproduced with non
minimal terms. We also show that, with the leading derivative interactions, the parame-
ters of the chiral lagrangian obtained integrating out the resonances satisfy Lg ~ — L1 as
suggested by experimental data.

The paper is organized as follows: in section 2 we introduce the general two derivative
effective lagrangian with non minimal interactions. We consider vector and fermion reso-
nances and show the equivalence of our theory with the CCWZ construction. In section 3
we present formulas for various observables of interest in composite models and QCD. In
section 4 we discuss various implications of non-minimal terms for the GB Higgs and in
section 5 for QCD. We conclude in section 6. In the appendices we present the rele-
vant formulas for composite fermions and a simplified model with non-minimal terms for
spin-1 resonances.

!Non minimal terms also arise from the discretization of 5D theories with higher derivatives with respect
to the fifth coordinate [9].



2 General 4D Moose models

We start by briefly reviewing the construction of ref. [5] to add resonances in a theory with
a global symmetry G spontaneously broken to a subgroup H. For simplicity we focus on
the cosets SO(N)/SO(N — 1), relevant for composite Higgs models and low energy QCD
but our construction can be easily extended to general G/H as in [5].

The spontaneous breaking SO(N)/SO(N — 1) can be parametrised by a unit SO(V)
Vector,2

d = Uy®, (2.1)
where ®g = (0,...,0,1)” and
II ) .
Up =expi ;x)’ T = V2 7%(z)T? (2.2)

is the GB matrix of the broken generators. The two derivative effective lagrangian for the
GBs is just the kinetic term
f2

£=3

0,270, (2.3)
where f is the GB decay constant.

2.1 Vectors

We introduce composite spin-1 resonances to the GB lagrangian as gauge fields. To
this aim we add K copies of non-linear o-models, describing the spontaneous breaking
SO(N)j, x SO(N)%/SO(N)% , p. These are parametrised by orthogonal SO(N) matrices
transforming as

Q=i (), i=1,... K (2.4)

while the unit vector ® transforms as
P - gitle (25)

and describes the spontaneous breaking SO(N)K*!/SO(N — 1). Next we gauge nearest-
neighbour diagonal subgroups SO(N)% = SO(N )iLH. The physical degrees of freedom are
K massive SO(N) gauge fields interacting with the uneaten SO(N)/SO(N — 1) Goldstone
bosons. Each gauge theory is associated with a site and the o-models are described by
the link fields between nearest-neighbour sites. This scenario corresponds to the following
lagrangian:

K K
- _ 1 Wy fj N ff2<+1 Ty
L= = DA Ag] + Y T |(D,2)" D' + “EH (D, @) (D"9)
i=1

2
i=1 4g;
s i1 . ; K
DuQi = GMQl — ZAL Q; + leAL , DM(I) = 8HCI) — ZAH P. (26)
*We adopt the normalization Tr[T*TP] = 647 for the generators in the vectorial representation of

SO(N). We denote with T the unbroken generators and with T® the broken ones. The latter satisfy
ST T D = 5%
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Figure 1. Moose model with nearest-neighbour interactions described by the lagrangian (2.6).
Shaded (white) circles represent composite resonances (sources) while the GBs are the links between
site ¢ and ¢ 4+ 1. The spontaneous breaking G/H is depicted as a wall.

The non dynamical fields Ag are the sources of the global currents of the composite sector.
Setting them to zero, the action has manifestly a global symmetry SO(N) acting on the
first site. The sources will be useful later on to compute correlation functions and to
include elementary fields in the effective theory. For example in composite Higgs models
SM gauge fields are introduced adding kinetic terms for the SU(2);, x U(1)y sources. The
global spontaneous symmetry breaking SO(N)/SO(N — 1) is induced by the last o-model.
The physical GB matrix can be identified with

K+1

U= ] (2.7)
=1

where Qi1 = Up. The orthogonal scalar degrees of freedom are the longitudinal com-
ponents of the massive spin-1 resonances. To make manifest the particle content of the
theory it is convenient to adopt the unitary gauge, where the GBs do not mix with the

gauge resonances. Parametrizing:

Q; = exp [Zﬂ}g@] : i=1,...,K+1 (2.8)

and comparing with (2.3) one finds

1 K+1 1
B2 (2.9)
f i=1 fi
This construction naturally leads to the lagrangian with nearest-neighbour interactions
and it is represented in figure 1. We will denote it as the minimal moose. This is similar
to theories with one extra dimension and in fact the lagrangian (2.6) coincides with the
discretization of a gauge theory in five dimensions. Not surprisingly the physical results
resemble the ones found in 5D models even for a small number of sites.
This construction however does not reproduce the most general lagrangian compatible
with the symmetries even at two derivative order. Let us construct the products

J
Qj= [] %, i<ji=1....K+1 (2.10)
k=i+1
and define
Qi = ()", Qi1 =, Qii=1. (2.11)



The links €); ; transform under the symmetries of sites ¢ and j allowing them to directly
communicate. At two derivative order we can write the following invariant terms:

2
L= Z L Tr [D, Qi Dy +Z ’K+1<I>TD pS2c 41, D" 41 o

(2] I(; p =0 (2.12)
1 1
— — o0 A A9 P

= 4912 z;w] ;277@2 0NEK+1, tuvd iy, K+1%0
with
DuQi,j = 8uQi,j — ZALQ%] + ZQ@,]A{L . (213)

With this notation f;; is symmetric and Aff“ = 0. The terms on the first line generate
mass terms for the gauge fields allowing to reproduce the most general mass spectrum
compatible with the symmetries. In the second line we wrote two possible invariants for
the kinetic terms. Notice that the second one changes the normalisation of the kinetic
terms of coset resonances and consequently their non abelian interactions. For simplicity
we do not include non minimal kinetic terms between site ¢ and j that also modify the
non-abelian interactions of vector resonances. In this language the minimal model (2.6)
corresponds to the choice f;_1; = f; and 17; — oco. From now on we will adopt the two
indices notation also for the parameters of the minimal lagrangian.

The total number of parameters of the two derivative effective lagrangian (2.12) with
K SO(N) resonances is: ,

K 7

7+§K+1. (2.14)
We can also obtain a theory with a different number of SO(/N — 1) and SO(N)/SO(N —1)
resonances for certain limits of parameters. In particular coset resonances can be decoupled
by taking f;xy1 to infinity.

Let us mention that the coset SO(5)/SO(4), the minimal choice relevant for composite
Higgs models, is special because the unbroken subgroup is not simple. In fact SO(4) ~
SU(2)r x SU(2)g so that there are two multiplets of resonances in the unbroken group
transforming as (3,1) @ (1,3). In this case another structure can be written down that
distinguishes the two representations

P00 AN AD TATI (O 1D0), - (2.15)

This term breaks the symmetry that exchanges SU(2)z, with SU(2)z with interesting phe-
nomenological consequences [13]. Note that describing the resonances as gauge fields, no
mass term can be written that breaks the LR symmetry. For simplicity, we will not include
in our analysis non minimal terms that break LR symmetry, actually considering the coset
O(N)/O(N —1).

The lagrangian (2.12) is the most general effective lagrangian up to two derivative
order, compatible with the symmetries. To show this property, it is useful to choose a
gauge where the GBs appear in the fist link:

Q.=U, Q,=I, i=2,...K+1. (2.16)



This naturally connects with the standard CCWZ parametrisation that makes manifest the
invariance under shift of the GB lagrangian. Indeed in this gauge the only non derivative
terms of the GBs appear in connection with the sources. Let us separate the SO(N — 1)
resonances from the coset ones, indicating them as p!’ and a! respectively. In the gauge
above the lagrangian reads:

= fgj 1 H 2 i H 2 = ZZJ 2 e 2 H H 2
E:ZTTr (e —pj> +<d —aj> +Z§Tr (pi —pj) —i—(ai—aj)
j=1 ij=1
o~ S S
+ Z %Tr [0} ain] + 4+ Tr [d"d),]

=
—_

K
1 . . 2
= T [(0"p) — 07 —i[pf, pY) — i [af, al])
4g:
=1 ?
Ko
. . 2
=2 g |(@ar — 0%l —ilpt ] el 1))
y K3

=1

(2.17)

where we have defined 1/§? = 1/g? + 1/n?. The symbols e, and d,, are defined as usual
from the Maurer-Cartan form

iU (0 —iA0) U =elT +doT" = ¢, + dj, . (2.18)

Diagonalizing the quadratic terms in a; and introducing kinetic terms for the elementary
fields, eq. (2.17) coincides with the lagrangian of ref. [14] apart from the following subtlety.
In ref. [14] vector resonances transforming in the adjoint of the unbroken subgroup are
introduced as gauge fields while coset resonances are described as matter fields filling the
fundamental representation of SO(N — 1) and their kinetic term are constructed with the
covariant derivative V,, = d,,—ie,. In our model instead, all the resonances are described by
gauge fields in the adjoint of SO(V) and therefore extra-interactions are included from the
non-abelian gauge interactions. Such interactions have important physical consequences
as we will see. We can recover the action of [14] integrating out the resonances of the
unbroken group. The equation of motion of p; implies (to leading order for p? < mf,):

From the non-abelian interactions of the gauge theory one reconstructs the covariant deriva-
tive of af, However a spectrum with coset resonances significantly lighter than vector ones
seems unlikely. For this reason we prefer to keep the p resonances integrated in. In this
way all the mathematics of non linear representation is encoded in the non abelian gauge
interactions.

2.2 Fermions

Composite fermions can be treated in a very similar fashion. At each site ¢ we introduce
Dirac fields W? in a representation (in general reducible) of the local group. The reps r can
vary from site to site. Fields at different sites can communicate through the link fields €2; ;.
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Figure 2. Minimal fermionic moose with nearest-neighbour interactions.

There are several ways to generalize the notion of minimal moose to fermions. In [5]
interactions with a chiral structure suggested by extra-dimension models were considered.
For the third generation quarks the model corresponds to a moose with two Dirac fermions
in the fundamental representation at each site. Each fermionic source is associated to a
composite fermion. The sources have a definite chirality and mix with fields with opposite
chirality at the first site. The minimal moose is obtained by treating the fields at site ¢ as
sources for the fields at site ¢ + 1. This induces a left-right chiral structure that in fact can
be obtained by discretization of an extra-dimension.

For simplicity here we will consider a single irreducible representation at each site.
The minimal moose is characterized by only nearest-neighbour interactions and is depicted
in figure 2. As done for the vector resonances, we want to exceed this minimal picture,
introducing all the terms allowed by the symmetries. Bilinears require fermions at different
sites to belong to conjugate reps under the unbroken group. The number of invariants that
can be written is then equal to the number of reps under the subgroup SO(N — 1).

Let us specialize to fermions in vector reps of SO(N). Since there are 2 reps under
SO(N —1) (the vector representation and the singlet) the building blocks can be written as

O = Uy Q; 0, O} = U5 111 PP Qpc 1% . (2.19)

To leading order, the fermionic lagrangian with non minimal interactions, in compact
notation, is the following:

K K
£="Wiphw — 3 [MyOy; + YOl + hc] (2.20)
i=1 i,j=0

where \IJOL and \IJOR are the sources of fermionic operators in the vector representation
of SO(N). We do not include for simplicity symmetry breaking kinetic terms. These are
however required to reproduce the most general effective lagrangian at two derivative order.

We note that non-minimal terms allow to interpolate between partial compositeness
and fermion masses & la technicolor. Partial compositeness corresponds to the hypothesis
that elementary fields acquire mass through the mixing to composite resonances. The term

Oho = B9 Q0 k+1P0PF Ui 1,00% (2.21)

instead couples directly the fermionic sources to the VEV that breaks the global symmetry.
Upon introducing elementary fermions this term generates fermion masses as in technicolor
theories where the SM fermions couple to the fermion condensate that breaks the electro-
weak symmetry.



3 Physical observables

In this section we provide the formulas needed to extract quantities of phenomenological
relevance from the effective lagrangian (2.12). Our derivation generalizes the one in refs. [15,
16], in the context of moose models of QCD hadrons. Unless explicitly stated, we will
neglect non minimal kinetic terms (17; — oo or equivalently §; = g;).

3.1 Resonance couplings

We can parametrise the physical GB fields with
Q= Qi1 = exp [iw1]] i=1,...,. K+1
R 1 (3.1)

;wi:f.

The coefficients w; depend on the gauge. To extract couplings to heavy spin-1 resonances
it is convenient to choose the unitary gauge where the physical GBs do not mix with the
massive resonances. This implies K equations for K + 1 unknowns:

K+1
D wiifh =0, i=1,.. K (3.2)
j=0

where . .
J J

wij = Z Wi wj'i = — Z WE = —wij . (3.3)

The missing equation comes from the request that the kinetic terms of the GBs are canonical

K+1

1
5 > fowh =1 (3.4)

1,7=0

that determines the physical decay constant f in eq. (3.1).
In the spin-1 sector we define:

K
ol =gk > Sknlt

n=1
K

afl = gi > Tindlh (3.5)
n=1

where pl, and a, are the eigenstates with masses m,, and mg, respectively. Masses and
wave functions are determined by the eigenvalue problem

K
QSmmf,n = Z f?jgi (9iSin = 9jSjn)
§=0
K
QTZ'ann = Z figz (ngm - ngjn) + fz‘QK—f—lgEEn (3'6)
=0



withi=1,..., K and go = gx+1 = 0. Substituting (3.1) and (3.5) into the lagrangian one
can extract the couplings between GBs and vector resonances. In particular we find

K 2 K
2
ourr = ) ng‘zjgism + ) fl1wik4196Sin (3.7)
i,j=0 i=0

where we have defined g,,r~ as the coefficient of the operator f"j’ép?ﬂ 773(9“776, with fabe
structure constants of SO(N) algebra. Similar manipulations can be performed for the
fermions to determine their couplings to the GBs.

3.2 Form factors

For many purposes it is useful to perform the path integral over the composite sector fields
and write a 1PI effective action for the sources. This allows to compute the GB effective
potential generated by the coupling of elementary fields to the composite sector. In this way
the strong dynamics is encoded into a set of form factors that describe correlation functions
of operators of the composite sector. This is particularly simple at quadratic order in the
fields and in a constant GB background. This technique was originally developed in the
context of 5D theories [3] but it is completely general and can be applied in our non-minimal
case. Here we closely follow refs. [3] and [5], at which we refer for details.

Let us consider global symmetry currents. For SO(N)/SO(N — 1) in a constant GB
background and at quadratic order in the sources, the effective lagrangian takes the fol-

lowing form,?

L- %Pg‘” (Mo (p?) Tr [4,A5] + T (p2) @7 A5 AD®| (3.8)

where P/ = nh — p;—é’u and ® = ¢/ / @),
The form factors IIy and II; are related to the correlation functions of the currents
associated to the unbroken and broken generators

I, (p°) (P = (2 (p)J; (=) (3.9)
g () (P = (J5 (p) T3 (=p))- (3.10)

The relations between the form factors and the current correlators are the following

I (p*) = I, (p°) (3.11)
II; (p°) =2 [l (p*) — I (p%)] - (3.12)

Ha’d(pQ) can be extracted integrating out at tree level the composite resonances from the
model lagrangian (2.12) evaluated on a vanishing GB background. As long as the sources
couple to the nearest resonance, one finds

2 r4 2
s (%) = ngfm (7~ M)+ % (3.13)

3The formulas of this section and appendices A, B are properly defined in euclidean space. The analytic
continuation to Minkowski space is understood.



where M,, M, are the squared mass matrices of vector and coset resonances that only
differ through the symmetry breaking terms f;x+1 on the diagonal, see eq. (3.6).

Using elementary properties of matrices one can write the following formula

2 r4
Hl(pQ) = % |:(p2I— Mp)il . (Ma _ Mp) . (p2I— M )71} .
N N
~ Det [T — M| Det [T — Ma] — [1X, (p2 — m2,) (p* — m2,) (3.14)

where m,, and m,, are the physical masses of vector and coset resonances (which are
functions of g; and f;). The numerator is expressed in terms of the cofactor matrices C,
and C, built from the minors of (p*Z — /\/lp)f1 and (p*Z — Ma)flz

_ 9%]0611 _
N = — [Cp - (Mg M,,) ‘Ca]n . (3.15)

For the minimal moose, the squared mass matrices have the typical nearest-neighbour form
and (Mg — M,li; = fKK%gK&K(SﬂQ thus one finds

o, H oL (3.16)

that is independent on momentum. With non minimal interactions a momentum depen-
dence appear in the numerator. A minor generalisation allows to consider interactions
between the sources and multiple resonances. In this case one finds,

K a2 £2.
Moa (p?) = ) !Wm [(pQI—Mp,a)”L foZ(;”] . (3.17)

= 4
i,7=1

Formula (3.14) continues to hold with the numerator which is now momentum dependent.

To introduce elementary fields we simply need to set to zero the non-dynamical sources
and add kinetic terms for the remaining ones in eq. (3.8). The same technique can be
applied to the fermion sector, the main results are collected in appendix A.

3.3 Goldstone boson lagrangian

A related computation is the low energy lagrangian for the GBs including higher derivative
terms. This is again obtained integrating out the resonances but in a space-dependent
GB background. The effective lagrangian is then presented as an expansion in powers of
momentum

2
L= fZTr[dud“} + Z ¢0; . (3.18)

~10 -



We will focus on the following operators that are generated integrating out the resonances
at tree level,*

O1 = (Tr [d,,d"])°
Oy = Tr [d,,d,) Tr [d*d”]
Of =Tx [f, i[a",d"]]

OF =Tr [(f;,,)ﬂ (3.19)

where f,, = UTA?WU =( ;r,,)aT“ + (f/;,j)dT& = /TV + fru

In order to obtain the coefficients ¢;, let us integrate out the heavy vector fields from
the lagrangian (2.17). We need to solve the equation of motions for the resonances and this
can be done order by order in a p? expansion. As customary in chiral perturbation theory,

the vector fields are treated as terms O(p), so the EOM solution can be expanded as

1 3
Pip = pf,u) + pgu)

1 3

aiu = az(u) + az(ﬂ) . (320)
The first terms are solution of the EOMs at zero momentum. In principle to obtain the
O(p*) lagrangian, we would need the solution to the second order. However as in 5D
theories [18] the O(p?) tree level effective lagrangian is obtained by plugging the solutions
at zero momentum in the kinetic terms. This is because O(p*) terms arising from the
product of O(p) and O(p?) solutions in the mass terms automatically vanish by the EOMs.

The solutions at zero momentum are

1 _

Piy = Cu

(1) _

a;, =aidy, 1=1,... K (3.21)

where the coeflicients o; are obtained from the linearized EOMs at zero momentum

K+1
Yo fhlai—ay) =g, i=1... K. (3.22)
=0
Plugging them into the kinetic terms we find the coefficients of the operators given in (3.19)°
K [1 . 042]2
Cl = —Cy = — Z 721’
i=1 89;
K 2
1—qaf
of =20 =~ Z [221] (3.23)
i=1 Yi

4For SO(5)/SO(4) the complete O(p*) lagrangian made of 11 operators can be found in [17]. In that
case the operators can be classified according to their parity with respect to the discrete symmetries of the
theory. The formulae presented here hold in that case provided that the symmetry breaking term (2.15) is
set to zero.

®Useful identities can be found in [17]. In particular we used eu = i[du,d.] + fif, and f., = V|.dy

with V,, = 9, — ie,, and Tr (T@TBTéTCZ) =17y (T&T’;) Tr (TéTCZ) + 1Ty (T@T‘f) Tr (TéTB).

- 11 -



The non-abelian gauge interaction are crucial to obtain these identities. A different result
would be obtained for example in the formalism of ref. [14]. We note that the inclusion
of non minimal kinetic terms (2.12) for the resonances eliminates correlations between the
last two coeflicients:

K 2
1—04.]
+ [ 1
04:*2 2
i=1 29;
K 2
1)1 o
=) S |5 - L. 3.24
“ ;4[93 ?J?} (3.24)

As we will see in 5.2 these relations have interesting implications for the O(p*) QCD chiral
lagrangian.

4 Application to the Goldstone boson Higgs

We now discuss some physical consequences of the non-minimal terms in the context of
composite Higgs models where the Higgs is a GB. We will then consider the standard
pattern SO(5)/SO(4) that produces 4 GBs with the quantum numbers of the Higgs doublet.

4.1 The potential

The Higgs potential arises entirely from the couplings that explicitly break the global
symmetry of the theory. Minimally these are the SM Yukawa and gauge couplings. From
the low energy point of view, the contributions to the potential are divergent but they
can become finite due to the presence of resonances. This happens in 5D theories, and
can be understood in terms of 5D locality. Since the Higgs potential corresponds to a
non-local operator in 5D and all UV divergences are local in a local quantum field theory
the potential ought to be finite. This property of 5D theories is also valid for their 4D
avatars with nearest-neighbour interactions. In fact as discussed in [5, 14, 19] a single G
gauge field is sufficient for the convergence of the effective potential at 1-loop order. We
now generalize those results to non-minimal interactions.

The gauge contribution to the 1-loop effective potential (neglecting hyper-charge for
simplicity), is given by [3]:

9 [ d*Q 11L(Q?) ,
V(h = - log |14+ -——=-% 4.1
( )gauge 4 / (271‘)4 og |: + 4T, (Qg)sh ( )
where s, = sin% and Q? = —p? is the euclidean squared momentum. To account for the

kinetic term of the elementary gauge bosons we have made the replacement in eq. (3.11),

Iy (Q%) — Q—; + 1o (Q%) . (4.2)

90

The convergence of the integral depends on the UV asymptotics of the form factors (IR
divergences are instead regulated by the finite SM masses). Il (QQ) ~ Q*/g3 in the UV

- 12 —



therefore finiteness of the potential requires that Iy (QQ) goes to zero faster than 1/Q2.
This implies two conditions:

Q) “=5° 0 (1), QL (QY) T o (). (4.3)

The first constraint eliminates the leading quadratic divergence from gauge loops (analo-
gous to the SM one) while the latter removes the residual logarithmic divergence. In QCD
like theories the equations above can be translated into a relation between the masses and
decay constants of the mesons of the theory. These are known as Weinberg sum rules.

Finiteness of the potential and the Weinberg sum rules can be translated into a state-
ment on the “locality” of the moose interactions, i.e. the notion of distance between different
sites. Let us begin considering nearest-neighbour interactions. From eqgs. (3.14) and (3.16)
we can immediately extract the leading order contribution to Iy (QQ) in the UV

2 K 4.4
N fKK+1 Hi:l 9i Ji—1i

Iy (Qz) 4K QK

It follows that the 1-loop potential is finite for K > 1.
It is illuminating to derive this result diagrammatically. For this purpose it is conve-

(4.4)

nient to choose a gauge where the GBs appear on the last link, that is

Ql‘_Li:I(i:l,...,K), QK7K+1:U. (45)
In a constant GB background the only term that contains the GBs is the mass term,

Ik T

% (ke k+1P0)" A AL Qe k1P (4.6)

The effective action can be written in terms of the two point functions of A}'. Writing this
as [1/248, 345 Af, we have

2 r4 2
iy =~ (4t Afp) + 10

The correlator I1;(Q?), defined in (3.8), can be extracted from the transverse part of

" 64B- (4.7)

(AY 4AY p) proportional to the group structure STTATBYO (& = Qi ) +1®P0). To determine
the UV behavior of this correlator, we can work in the mass insertion approximation. In
the gauge (4.5) the Feynman rules extracted from the lagrangian (2.6) are the following
(we are here adopting the two indices notation):

TPt o TRk AB 2 42 TrnAmB
AL AB 2 2

2
i+1 ¢AB
ANA XN~ — gigi—i-lL(S

= Nuw

Az, AB,, 2

“’WB_ 1 (Pr) w648
Air O
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fiK—l—l

Figure 3. Moose model with the non minimal link between the resonance ¢ and the symmetry
breaking wall. The deep UV behaviour of the Higgs potential can be extracted from the minimal
moose identified by the shortest path that includes the breaking. The dashed sites do not contribute
to the UV leading order contribution on IT; (Q?).

All terms are diagonal in the global symmetry indices except for the one induced by
eq. (4.6). Obviously to generate contributions to the form factor II; it is necessary to
consider diagrams that include the symmetry breaking vertex above. Since each propaga-
tor contributes with 1/Q?, the leading order contribution in the UV is generated by the
diagram with the minimum number of insertions. This is obtained moving along the moose
from the first site to the symmetry breaking wall and then going back to the first site:

Ay Ay Ax Ax Ay Ay
ANNANAXANNAN -  AANANAXANANN - - - AANANXANNN

Using the Feynman rules above, we obtain that the UV leading contribution to IT;(Q?) is
given by (4.4). The power of Q? is equal to the number of resonances encountered along
the path that starts from the source site, touches the breaking wall once and goes back to
the sources. The number of resonances can then be defined as the length of the path along
the moose. For the minimal moose da4 = 2K so that I11(Q?) ~ 1/Q2dAA.

This result is immediately generalised to non-minimal terms that do not involve the
sources. These terms, connecting non nearest-neighbour sites, reduce the distance between
the sources and the symmetry breaking wall. As a consequence it is always possible to
identify a shorter path inside the original moose that gives the leading contribution to
1;(Q?%). Eq. (4.4) still holds for the minimal moose identified by the shortest path that
goes from the source site to itself touching the breaking wall once. It is interesting to note
that in order to study the UV convergence of the potential, it is always possible to reduce
any moose to a nearest-neighbour one, as shown for example in figure 3.

When the sources couple to more than one resonance, we have to be a little bit more
careful. Consider for example a link between the source and the site j. Formula (4.7) is
modified in

Q%fgl

2 p4
v 95 To;
Sap=- 4 (Af4ATR)— =

_91gjf§1f§j

for + 15
(A4 45p) (AL A )+ = S . (4.8)

It is not difficult to realize that the leading contribution comes from the diagram
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Figure 4. Moose model with the non minimal link between the source and the resonance j. The
UV behaviour of the Higgs potential is determined by the shortest path involving fo;.

corresponding to the shortest path along the moose that involves the breaking, with length
daa =2(K —j+1). Also in this case formula (4.4) is valid with the shortest path defined
by a linear moose (see figure 4). Finally we note that the link foxy; trivially modifies
1 (Q?) — T (Q?) + ng+1? so that it goes to a constant at large momenta. Again we can
interpret this result in terms of the shortest path along the moose, that doesn’t intersect
any internal site and has vanishing length.

Keeping all the results together, we can conclude that

1
I, (Q%) ~ 0% (4.9)

where the length d 44 is defined as the number of resonances encountered along the shortest
path that realizes the symmetry breaking. The effective potential (4.1) is always UV
convergent except for the case dg4 = 0, corresponding to the most non local interaction
associated to foxy1 that causes a quadratic divergence in the potential.

Let us now briefly consider models with incomplete SO(5) multiplets. These can be
recovered by taking the limit fijx4+1 — o0o. For nearest-neighbour interactions, using the
explicit formulas (3.14), (3.16) and taking fx 11 — 00, one finds:

2
I (Q%) ~ —Hl Klé’uj = (4.10)

i.e. the power is reduced by a factor Q2 due to the decoupling of the last coset resonance.
This result can be extended to non-minimal terms. In this case we can conclude that if the
shortest path includes the link f;f41 — oo, the UV behaviour of IT; (Q?) is modified in

1
I (Q?) ~ AT (4.11)

Thus a path of unit length can lead to a logarithmic divergence in the effective potential.
An explicit example is considered in appendix B. Another possible source of logarithmic
divergences comes from non minimal kinetic terms. In this case the diagrammatic argument
can still be applied, noting that they contribute with Q*®TTATE®.,

These results can be translated into the Weinberg sum rules (4.3). The first constraint
requires fog+1 = 0, i.e. the most non-local interaction in the moose should vanish. The
second condition can be violated if incomplete SO(/N) multiplets are included or in the
presence of non-minimal kinetic terms. Let us also note that in some physical theories the
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second sum rule can be violated. This is the case of conformal technicolor [20] where a
non-integer power is obtained. This could be reproduced with our non local interactions
but would require an infinite number of resonances.

Let us briefly discuss fermions. The effective action for composite fermions in the 5
rep of SO(5) (CHMs5) in a constant GB background, takes the following form

L5 = B, (67T (p7) + @2 RPIIE (p2)) Wi, 405, p (67T (%) + @ BIIIT (p2)) W,
+ g (5aﬁMg (p%) + @7 N1 (pQ)) W) +hee.. (4.12)

We can follow exactly the same technique used for the gauge resonances to study the UV
behaviour of the form factors appearing in the effective lagrangian (4.12). For the minimal
moose the effective lagrangian can be written in terms of two point functions of Wiy and
Wyxr. The form factors I (p?), TI¥R(p?), M¥(p®) can be extracted as the coefficient of
the two point functions (¥ W1), (WLUL) and (U} Wh) respectively, proportional to ®*®F.
From lagrangian (2.20) specialized to nearest-neighbour interactions and with the GBs
rotated in the last site, we obtain the Feynman rules (® = Qg x11Po):

—X = —im;6°® — iV 0, ®*D°
YL Wy
— Xe— = —z‘Mi_liéaﬁ
LEET
a__, B _¢t 003 -
v,

As we review in appendix A, the convergence of the potential implies the following

constraints
A 2 N 2
QU (@%) "= 0 QU (@) " 0 (413
~ 2 ’
QN (Q%) [ %= 0,
with Q? = —p?. Analogously to the spin-1 sector, to obtain contribution to the form factors

above, it is necessary to consider a diagram that involves the symmetry breaking terms on
the last site. The UV leading order contribution to the form factors is given as before by
the shortest path along the moose that connects the sources, touching at least once the
breaking wall. It is easy to obtain

. 1
" (Q%) ~ Qi
. 1
1% (Q7) ~ Qiant1

N 1
M (Q?) ~ Ol (4.14)
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where we introduced the fermionic distances as the number of chiral fermions encountered
along the shortest path. Note that this distance depends on the chirality. Finiteness of the
potential then translates into the following requirements on the distances in fermionic sector

dLL,RR >3 drr > 1, (4.15)

meaning that we need two Dirac composite fields (four chiral components) to make the
potential finite.

4.2 Simplified model

To elucidate the role of non-minimal terms we now consider a simplified model with just a
single multiplet of resonances, fermionic and bosonic. This model essentially captures all
the relevant features that could be accessible at the LHC.

The composite degrees of freedom are a Dirac fermion in the 5 rep and a complete
SO(5) gauge multiplet. For the bosonic sector the lagrangian is

2 2
1 ”
'Cgauge: %TI‘ [(DMQOJ)T(D!LQOJ)] +% (DNQLQ(I)O)T (D/J,QLQ@O)_TQ%TI‘ [AluuAlli ]

(4.16)
while the fermionic lagrangian reads (see figure 5):
LCHMs — —M01q1%9071q/}% - MTO\II(})%QOJ\IHL + h.c.
O, (z'zDAl - ml) Uy — Vi 0L 0500070y 0k + hoc, (4.17)

— Yv(]l\il%ﬂo,gq’oq)gwﬂg’qu}% — Y1%@%9072@0@59271Wi + h.c..

In the last line we have written non-minimal terms that connect directly the elementary
fields with the symmetry breaking. We have not included, for fermions and bosons, the
direct coupling between the sources that would violate the hypothesis of partial compos-
iteness. For Yp; = Y19 = 0 the fermionic distances are

drr, =drr =3 drr=2. (4.18)

It follows from the discussion above that the potential has a logarithmic divergence due
to the L. and RR contributions. On the contrary, the contribution to the potential pro-
portional to the top Yukawa arising from the LR contribution, remains finite. With non-
minimal terms the fermionic distances dy; and drpr are reduced by two units leading to
quadratically divergent contributions to the potential. On the other hand the LR distance
remains unchanged so that the contribution to the potential controlled by the top Yukawa
coupling is still finite (this contribution becomes quadratically divergent only in the pres-
ence of the interaction Yo in eq. (2.20) connecting left-handed and right-handed sources).
Note that in this case light fermionic partners are not sufficient for naturalness since the
potential is not saturated by the lighter resonances.

Let us now discuss the limit where the fermionic resonances are lighter than the spin-1
resonances. This configuration is often motivated by the naturalness of the theory even
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Figure 5. Schematic picture of the fermionic interactions in lagrangian (4.17), where red lines
represent non minimal links.

though the presence of non minimal terms weakens the connection between light top part-
ners and naturalness of the electro-weak scale. In this situation we can integrate out the
spin-1 resonances. This is conveniently performed in the CCWZ gauge (2.16). To leading

order,
e
Py = €., ay d, (4.19)
e " o+ I
Substituting into the lagrangian (4.16) we obtain
L oSt Tr[d,,d"] (4.20)
1 fo + o

so that the physical decay constant of the GBs is f? = (f& /%) / (f& + f). For the
fermions we get
L =—Mo ($orU),, Q%% — (Mor + Yo1) (‘I’OLU)5 Sir +h.c.
— Ml*O (\iJORU)a ?L — (Mfo + be) (@03(])5 Sir + h.c.
+ Q1 (iv"0, — Y"e, — ma) Q1 + St (iv"8, — (ma + Y11)) S4 (4.21)
i o
TR

where we distinguish between fourplet Qf, o =1,...,4, and singlet S;. This lagrangian is

f2 QY yd,;S1 + h.c.

equivalent to the one considered in [21] where the most general lagrangian of singlet and
fourplet were studied, see also [22]. Note that in our formalism the last term, that induces
an interaction between the fourplet and the singlet, mediated by the d, symbol, originates
from the covariant derivatives with the coset resonances. The coeflicient
L fh o 1m
V2 [oi+ [ v2mg,

is tunable but is always positive in our setup. In the minimal moose it is smaller than

(4.22)

1/+/2, but can be made larger adding the non-local term that connects the sources,

fO? (D, Q02P0)" (D, 20,2%0) - (4.23)

In this case in fact the coset resonances can be made lighter than the vector ones so that

c>1/V2.
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The typical size of the coefficient (4.22) agrees with the partial UV completion criterion
advocated in ref. [17]. Various limits considered in the literature can be recovered. For
f12 — oo the coset resonances are decoupled and ¢ = 0. This is equivalent to the two site
model in [6]. For fp; — oo all the vector resonances acquire infinite mass and one finds
¢ = 1/+/2. This corresponds to the model of ref. [23] also considered in [21].

4.3 S-parameter

A severe constraint on theories where strong dynamics breaks the electro-weak symmetry
arises from electroweak precision tests, in particular the S-parameter. In this section we
will focus on the tree-level contribution arising from spin-1 resonances. The NDA estimate
is given by

(4.24)

where m,, is the scale of vector resonances. In extra-dimensional theories one can prove
that the tree level contribution to S is always positive [24] and of the order above. Recently
it was pointed out that sizable negative contributions can originate from fermions [13, 21].

The general expression of AS at tree level can be conveniently extracted from the
two-point functions of the currents of the composite sector [3],

2
AS = 4%% dd]gl o 4771)2(1161(;;321_[1 b0’ (4.25)
where we used the fact that I1;(0) = f2. From eq. (3.14) it follows
AN 1 , d
AS = 4mv ; (m,%b + ”%%Z) + 4o d—prg N o’ (4.26)

With nearest-neighbour interactions A is momentum independent. In this case the second
term is zero so that AS is always positive and at least as big as (4.24), in agreement with
the results in extra-dimensional theories. Note that its expression only depends on the
masses of the resonances. This is a special feature of the GB Higgs that would not apply
to a generic composite state (see for example [25]).

Let us now turn to non minimal interactions where N is momentum dependent and
interesting effects can be obtained. Indeed introducing the most non-local term one finds,

N 2 2
1 1\ f°—f
A2 0K+1
AS = 47v E <m% + 3 ) 72 (4.27)
i=1 i a;

that is the generalization of the result of ref. [5]. According to this formula AS can have any
value for appropriate choices of ng 41- However in this case the potential is quadratically
divergent and the resonances not even partially unitarize the scattering of Goldstone bosons
unless | [y, | < f2.

Next we consider other non-minimal terms. The result is more involved than the
previous one because all non minimal terms except fox 1 enter in the mass spectrum in a
non trivial way.
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To be concrete we include in our theory only two vector resonances (p1,2) and one coset
resonance (aj). This model is described in detail in appendix B. Allowing for a logarithmic
divergence in the potential there are two non-minimal interactions foo and fi3. For f13 =0
one can write a simple analytical formula

1 1 1 22
AS=4m® (5 + — + —5 — 52 ). (4.28)
mg mg Mg, femg,

This shows that the contribution to the S-parameter can be reduced and can even become
negative by properly choosing fps. Differently from the result of ref. [5] obtained for a
single level of resonances, in this case negative contribution to AS does not correspond
necessarily to mq, < my,.

More in general we have performed a scan over the parameters of the model to de-
termine the allowed values for AS and plotted it as a function of the mass of the lightest
resonance m,. In the minimal case AS is minimized by the curve 47v?/m?2. Turning on
the foo interaction, we get lower and even negative contributions to AS, in agreement with
the analytic formula (4.28). Performing the same analysis for fi3, we get that small value
of AS are allowed, but not negative ones. These results are reported in figure 6.

We conclude that non minimal interactions can potentially lower the constraints on
composite Higgs models coming from electroweak precision tests. We should mention
however that this might come at the price of lowering the cut-off of the effective theory [11].

5 Application to QCD

The formalism developed in this paper can be applied to describe in the most general way
the interaction of hadrons in QCD. The symmetry breaking pattern of QCD with two
massless flavour is SU(2)r x SU(2)r/SU(2)r+r with a discrete symmetry that exchanges
L < R. This is locally equivalent to SO(4)/SO(3) so that the formulas presented in the
previous sections also apply to this case.

We will here consider pions and vector mesons. Our approach is closely related to
the one of AdS/QCD [26, 27]. We will follow and extend ref. [16] where 4D models with
nearest-neighbour interactions were studied, analyzing the physical consequences of non
minimal terms. Related work can be found in [10].

5.1 Electromagnetic splitting of pions and the KSRF relation
Experimentally the mass difference between charged and neutral pions is
(mﬁ — mﬂo) ‘EXP ~ 4.6 MeV . (5.1)

This difference is due to the explicit breaking of the global symmetry generated by the
gauging of electromagnetism (the effect due to different quark masses being subleading).
The potential takes the form,
3 [ d*Q 11 (Q?) i
V(rTn )em = = log |1 sin? —— 5.2
(ﬂ- ﬂ- )em 2/(27T)4 Og|: +HO(Q2) S111 fﬂ' 7T2 ( )
where II; and Iy are defined as in (3.8) and f; ~ 92MeV is the pion decay constant.

To extract a quantitive prediction we have to resort to a specific model. A simple option
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Figure 6. Tree level contribution from gauge resonances to S in the model with two vector
resonances and a coset one with non minimal interaction fpa (left) or fis (right). The plots are
obtained by scanning f3,, f2, and f3, or fZ in the range [—25,25] TeV? and g; and go in the range
[2,10] requiring that f =~ 1TeV. The curve 47v?/m?2 that minimizes AS with nearest-neighbour
interactions is drawn in red. In the left plot lower and even negative values of AS are allowed and
correspond to f2, > 0. In the right plot AS can be smaller than in the nearest-neighbour case when
f?; > 0, but never negative.

is to consider the theory with one multiplet of gauge resonances with nearest-neighbour
interactions, as in ref. [5]. This corresponds to an effective theory of QCD mesons, including
only the lightest vector (p(770)) and axial (a1(1260)) resonances. This is the minimal set
of degrees of freedom that generates a finite potential. One finds,

2,2 2

2 2 3aEM m,mg, Mg,

moy —miy ~ log (5.3)
nt+ T 2 2 2
. mg —mg 7

in agreement with eq. (5.1) within about 25%.
A certain tension however exists between this result and other observables in low energy
QCD. One can parametrise,
2

my = agg7r7T 72 , (5.4)

where g,qr is the coefficient of the operator eijkpiﬁrja“wk. Experimentally ¢ ~ 2 and
the relation (5.4) is known as the KSRF relation, see [12]. In the model above that well
reproduces the electro-magnetic splitting of pions, one finds

2
92 _ m% (mfb1 — mg) (mg1 + mz) (5 5)
e 4f2mf '

corresponding to a ~ 3.4 for the physical values of the masses (or 4 in the limit m,, —
oo [28]). Moreover the value a ~ 2 cannot be reproduced with any number of resonances
when only nearest-neighbour interactions are included. Indeed one can prove the following
sum rule [16]

K o K+1 .4 6
Porn 11 1 f

f2§: P :7_75: T~ _Jm (5.6)

T my 3 12 =1 i 4

implying a > 3 for nearest-neighbour interactions.
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This suggests that non minimal interactions should be relevant for hadrons. Adding the
non-minimal term to the model above with a single SO(4) multiplet eq. (5.5) is modified into

2 2 2 (2 2 2 2)2
2 _ (fw - f02) m, (ma1 - mp) (mal + mp) (5.7)
o Afzmg, '
and the phenomenological value a ~ 2 can be reproduced with f022 ~ —0.65f2 ( f§2 = —f2

in the limit m,, — oo considered in ref. [28]). As explained in section 4.1 the non-minimal
interactions generates in this case a quadratically divergent potential

2
m2, —m2, = 3arm foo A2
™ ™ 47T f;%

(5.8)

Physically we expect the integral to be cut-off by the heavier resonances. Since the next
lightest vector resonance that could play a role is the p’(1450) with mass roughly twice m,,,
this spoils the agreement with (5.1).

Our result is that with more resonances it is possible to simultaneously reproduce both
the electro-magnetic splitting of pions and the KSRF relation. We here present the simplest
possibility where we include p(770), a1(1260), p/(1450). An effective description of these
resonances is given by the model of appendix B. We include two non-minimal terms foo
and fi3 setting fo3 to zero. The first term leads to a mild logarithmic divergence in the
potential that we can assume to be cut-off by the heavier resonances. With a numerical
analysis we find that (5.1) and the KSRF relation can be reproduced for a reasonable
choice of parameters. For example, the following choice of parameters roughly reproduces
the phenomenology

3 3
f§1~5f3, f122N 727 f§2~§3, f123N_§f7%7 g ~9, g2~8. (5-9)

In fact, with a cut-off A ~ 2 GeV, we get a ~ 2 and m+ —m_ o ~ 4 MeV and we also verify
that gprr ~ gp, where g, is the trilinear self-coupling between the p(770). This respects
the coupling universality hypothesis of QCD but does not follow in general for different
choices of parameters in our lagrangian. A detailed study of the other observables in low
energy QCD will appear elsewhere.

5.2 Lg VS. L10

Let us finally discuss the pion chiral lagrangian. The effective lagrangian for pions, up to
fourth order in derivatives is customarily parametrised as follows®

2
EQZfﬁRmﬁmwmﬂ, (5.10)

Ly =L Tr [(D#E)T(DMZ)} C LTy [(D#E)T(Dyz)} Tr [(D“Z)T(DVZ)] (5.11)
+ LyTy [(DME)T(DNZ)(DVE)T(D"E)}

—iLgTr [ZW(D”Z)(D”E)T + r”,,(DMZ)T(DVE)} + LygTr [EUWEW} :

For the case SU(2) x SU(2)/SU(2) one combination of L1, Lz and Ls is not independent [29]. We use
this redundant notation as the final formula holds in general for SU(N) x SU(N)/SU(N).
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where Y is a unitary matrix and the covariant derivatives with respect the sources [,, and
r, are defined as
D, =0,%—il,X+1iXr,. (5.12)

The coeflicients obtained by integrating out the resonances can be determined as in
section 3.3. With the leading non-minimal interactions one finds,”

K 212
1 1 [1—o?]
Ii=-Lo=—-I[a= L%
PTar T e Z_; 16g2
= (5.13)
byl
9= —Lio= IR
i=1 29;
where «; are defined as in eq. (3.22). This implies the relations
2L, — Ly =0, 3La+Ls=0
1 2 2 3 (5.14)
L9+ Lip=0
valid at tree level. Experimentally [29]:
Lg + Ly
—— =0.1+0.1 5.15
Lg — Lo (5:15)

in good agreement with eq. (5.14). The other relations in (5.14) are also satisfied with
similar accuracy. Lg + Lig ~ 0 is spoiled by non minimal kinetic terms in our description.®
In this case the tree level contribution from the exchange of axial resonances violates the
last relation in eq. (5.14), see eq. (3.24). If the resonances are weakly coupled one could
however expect such terms to be suppressed for the consistency of the effective theory.

This generalises the result found in theories with nearest-neighbour interactions [16,
18]. For large N theories with weakly coupled 5D duals one can prove that the corrections
to the relations above are small and in fact vanish in the large IV limit. In general confining
gauge theories it is not a priori clear that spin-1 resonances should be described as gauge
fields and therefore Lg + Lip ~ 0 may not follow [30].

6 Conclusions

In this paper we have presented a new parametrisation of composite resonances in theo-
ries with spontaneously broken global symmetries. The construction generalizes nearest-
neighbour interactions reminiscent of extra-dimensional theories to reconstruct the most
general lagrangian compatible with the symmetries. Our approach allows to systematically
characterize the deviations from extra-dimensional theories. This can be encoded into the
notion of locality in theory space: nearest-neighbour interactions maximize the distance
between elementary fields and the dynamics that breaks spontaneously the symmetry while
non-minimal terms shorten this distance.

"The coefficients can be extracted from egs. (3.23) using the identities in the appendix of [17]. One finds
L1 = —C1/2,L2 = C2 ,L3 = —302 ,Lg = —CI ,Llo = —26;_.
8Higher derivatives terms such as Tr[p""i[d,., d,]] would also modify this relation, see [13, 17].
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The physical motivation for this work was two-fold. On one hand we wanted to explore
the most general possibilities allowed by strong dynamics in the context of composite Higgs
models where the Higgs is a Goldstone boson. These models have been mostly studied
in the context of 5D realizations or in the extreme limit where only one multiplet of
resonances is light and one considers the most general effective lagrangian compatible with
the symmetries. As we have seen the presence of non-minimal terms allows to interpolate
between these descriptions. Indeed we recover as special limits various effective descriptions
considered in the literature. We also show that non-minimal terms have important physical
consequences affecting the calculability of the GB potential and the UV behaviour of the
theory. They also allow to deviate from results in extra-dimensional theories where for
example the tree level contribution to the S-parameter is always positive and typically large.
In our more general setup any small or even negative values of AS could be reproduced.

Secondly our approach is suitable for a general parametrisation of hadrons. In the last
ten years it has been shown that extra-dimensional theories approximate reasonably well
several low energy QCD data [26, 27]. This is remarkable because QCD is not a conformal
field theory where the AdS/CFT correspondence can be applied. Some observables however
are not reproduced with good accuracy. For example the KSRF relation appears in tension
with the nearest-neighbour interactions hypothesis. We have shown that non-minimal
terms are relevant in this regard to reproduce the KSRF relation compatibly with the
electro-magnetic splitting of pions in QCD. We have also shown that the experimental
relation Lg ~ —Ljy among the parameters of the chiral lagrangian follows in general if
the resonances are treated as gauge resonances with the leading interactions. We hope to
return to a systematic study of these and related questions in the near future.
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A Fermionic form factors

In this appendix we collect the relevant formulas for the fermionic sector, following
closely [5] to which we refer for details. The effective lagrangian for composite fermions in
the 5 rep of SO(5) (CHMj5) in a constant GB background, takes the form

LG =05, p(97 Mg (p) +0 DI (7)) WG, + U, p (97T (v7) + " @7IT}7 (7)) ],
+ g, (07PN (?) + @07 NI (p) ) W, + e, (A.1)

where \11%7 r are the sources of fermionic operators in the 5 rep. The form factors can
be written in terms of the correlation functions of the fermionic fields. The fundamental
representation of SO(5) decompose under SO(4) in the fundamental and a singlet, i.e.
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5 =4 ® 1. The sources \IJOL r decompose in fourplets and singlets, so we can define six
correlation functions: H‘i L.RR> H}J L.RR and H% R HE r- The relations between the form
factors that appear in (A.1) and the fermionic correlation functions are

ﬂgL = H%L ) ﬂB‘R = H?%R
ﬂ(fL - HiL - H%L ) ﬁlfR = H}%R - H?%R
My =T1g, M =T}, —%5. (A.2)

For simplicity we consider the case when the sources couple to the nearest resonance.
Integrating out the composite fermions, we obtain

-1
a9~ ),

-1
Mgp (p°) = —|Miol? [(PQI - MQMZ;) ]11

-1
117 5 (p*) = —Mo1 Mo [(P2I - M%MQ) Mg] (A.3)
11
while the correlators HEL, H}%R, H};R can be found by replacing Mg — Mg, My —
Mo + Yo1 and Myo — My + Yio.
Finally, we can write explicitly the effective lagrangian that describes the coupling of
the SM fermions to the Higgs:

1 A _ 1
L=qp (HS (") + 5T (9°) HCHJ) qr +Trp (H6 (p*) + 51 (p2)) tr
ShCh prt (2Y = 1
+ —M H.tr + h.c.
ﬁ 1 (p )QL R
where s, = sinh/f and ¢, = cosh/f. We recall also that H® = iopH* and
fIzl/h (h2+ih1,h4—ih3)T. The form factors that appear in the effective La-

grangian (A.4) are related to those of Lagrangian (A.1) by

(A.4)

1 1

Hg:T‘i‘ﬂqL, Hg:T‘i‘ﬂSR"’_ﬂl{R
Yir Yir
m’ =1, I = —2I14" | Mt = M} (A.5)

where y;, , come from adding the kinetic terms for the elementary fermions. The fermionic
contribution to the Higgs potential, derived from the Lagrangian (A.4), is (Q2 = —p2):

d4Q Hq Ht ’Mt|2
R)top = —2N,. | —=1 14 L g2 1 1 .2 AT 2 2 A
V(h)y p / (2m)? og [( + 2Hgsh) ( + 2H65h + 2Q2H8H6 shch, (A.6)

The form factors IT§ and IT}) are dominated in the UV by the kinetic terms for the elementary
fermion fields, see eq. (A.5). Using this fact, one derives the condition (4.13) for the
convergence of the potential.
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B An explicit example

In this appendix we collect some explicit formulas valid for the model (2.12) with K = 2
and fo3 — 00. The model with K = 2 describes two complete multiplets of SO(NV)
resonances. In the fo3 — oo limit, the last coset resonance decouples and the model is an
effective description of two resonances in the adjoint of SO(N — 1) and a coset resonance
transforming as the fundamental of SO(N — 1). Neglecting non minimal kinetic terms, the
Lagrangian can be easily written in the CCWZ gauge starting from (2.17):

£ = 0umy e — o] + D2 (e = )+ T [ - )+ 2Tk - o] (B

4 4
2 2 2 2
+ + 1 . :
L1 1 Uk [(a})?]+ MTT [CONE i [(Ouprv—=upr—ilp1us pro] —ilar, a1u])?]
1
1 . . .
- 72TY [(8up21/ —aupm -1 [Pz;“ P2u])2] ) Tr [(8ualu —auam -1 [le alu] —1 [a1u7 P1u])2] .

495 - E

Integrating out the resonances, we obtain the form factors

Mo (p?) = _pj+ p* (20* (S + /%) — (98 + 93) (61 (U + o) + [ ST))
9% =202 (g7 (f6i+FR) +93 ([t 1)) +9195 (fo1 (footfo) + o fis) +4p?

(B.2)

_ 2p° (20 (fo1 + [5o) — (98 + 93) (J51 (foo + fTa) + [5uiTa))
—2p% (97 (foh + ffa) + 95 (foo + f1)) + 9795 (f61 (foo + fia) + fiafTo) +4p?

f(?lg% 2 2 2
— + for + fo2 + fos - (B.3)
93 (f& + 1 + fis) — 2p?

I (p°) =

The GB decay constant is

2 _ 2 2 2 fo
f2=101(0) = fo1 + foo + 103 —f021+f122+f123 (B.4)

while the poles of II; (p?) give the masses of the physical resonances

1
My 2= 4<9%f021 + 955 + 9+ 63 I (B.5)

2
$\/g‘11f§1+2g%f§1((g%—g§) fra—951%) +95 foa+295 (95— 97) ffiat (97 +93) f142>

2 2 2
2 o (for | fio | i3
- ) B.
Let us now consider the integral
A I (QQ)
d*Q — =2 B.7
/ @ 1o (@) (B0

that controls the GB potential due to gauge loops. It is easy to verify that the terms fo3
and fp2 cause a quadratic and logarithmic dependence on the cut-off, respectively. This can
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be shown by following the argument of section 4.1. Consider the model with fo3 finite. The

link foy3 identifies a path with vanishing length corresponding to the quadratic dependence
on the cut-off . The links fyo and fi3 both identify a path of unit length leading to a
cut-off independent result. Since the path defined by fyo includes the last link, in the limit

fog — o0 it leads to a logarithmic dependence on the cut-off.
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