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1 Introduction

The dynamics of the heavy quarks provide important information in the study of the Quark

Gluon Plasma (QGP) created in the Heavy Ion Colliders. The relevant findings suggest

that the QGP is strongly coupled [1–3] and therefore a promising approach to study these

phenomena is by the use of gauge/gravity correspondence [4, 5], where a recent review may

be found in [6].

The QGP goes through different phases in a short period of time. Before it reaches the

isotropic phase, it goes through an anisotropic, both in momentum and phase space. The

time period that the anisotropic phase lasts, is not yet specified accurately, and isotropiza-

tion and thermalization is currently under intensive studies. Short times of order 2 fm

are predicted using conformal viscus hydrodynamics where the values depend strongly on

the initial conditions. However, holographic models predict lower times ∼ 0.3 fm [7]. The

anisotropic phase of the plasma is followed by a longer lasting isotropic phase. Several
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observables in this phase have been studied extensively using the gauge/gravity correspon-

dence. Recently, these studies were extended in the anisotropic phase of the plasma [8–27],1

where a recent review may be found in [33]. Here, we extend them further by examining

the Langevin dynamics of a moving quark in the anisotropic plasma.

The out of equilibrium heavy quarks go under a Brownian like motion with a stohastic

force ξ(t), and provide observables that are important for the plasma, where a summary

related to their physics can be found in [34]. Moreover a more mathematical approach to

the Langevin diffusion coefficients is reviewed in [35]. It has been an extensive study of the

Langevin diffusion coefficients of heavy quarks in several gauge/gravity dualities initiated

in [36–43], and further extended in [44–47]. A completely generic approach for a large class

of theories using the membrane paradigm, was given very recently in [48].

In this paper we extend the study of the relativistic Langevin coefficients using the

holography in the context of plasmas that are anisotropic. Our main purpose is to study

the diffusion coefficients on the anisotropic theories and understand the possible physical

implications of our results in the dual plasma. We are also motivated by the fact that in the

anisotropic plasmas the universal inequality between the longitudinal and the transverse

Langevin coefficients has been found to be violated [48], and we would like to understand

better the conditions of this violation. Another motivation for our paper is that in [48] was

argued that the only possible way to obtain negative noise coefficients, is for the motion

of the quark in anisotropic plasmas and we would like to examine here this possibility for

different anisotropic models.

For our analysis we consider a fundamental string which has an endpoint at the UV

boundary of the anisotropic backgrounds, representing the heavy moving quark. The string

end point moves with a constant velocity v equal to that of the heavy quark. The momen-

tum flowing from the boundary to the bulk can be found and subsequently the force of the

drag applied to the quark during its motion to the plasma is obtained. The direction of

motion of the quark, affects the results of the magnitude of the drag force since the plasma

is anisotropic. The further details of the calculations and the findings depend on the de-

tails of the anisotropic theory we study. In our paper we consider two models to study the

anisotropic motion, the top down space dependent axion deformed N = 4 sYM [10] and

the bottom-up anisotropic model [8]. Both geometries contain one anisotropic space direc-

tion and an SO(2) isotropic plane. We extensively analyze the coefficients in the top-down

model in the whole range of anisotropies. A reason that bottom-up model is considered,

is that it has the advantage to include prolate and oblate geometries, which is helpful to

obtain a connection between the different types of the background geometry and certain

Langevin coefficients.

The equations of motion for the trailing string for motion in both transverse and

anisotropic directions have been studied in [12, 13]. Along each direction we find a dif-

ferent string solution stretching inside the bulk and that the 2-dim induced metric has a

worldsheet black hole and a horizon at a radial point u0. Therefore a worldsheet Hawking

temperature Tws is associated to this black hole, which is in principle different to the heat

1Anisotropic hydrodynamical models are also attracting increasing attention eg. [28–32].

– 2 –



J
H
E
P
0
6
(
2
0
1
4
)
0
4
7

bath temperature and it approaches it only when the quark moves non-relativistically. In

the anisotropic case the exact position of the world-sheet horizon depends on the direction

of motion, and therefore the corresponding world-sheet temperature as well. In the usual

conformal case the Tws is less than the heat bath temperature in several setups, leading

to holographic refrigerator systems [46, 49]. In the anisotropic case we find that this in-

equality may be inverted, depending on the direction of motion of the quark, the degree of

anisotropy and the speed of motion.

By considering the fluctuations of the trailing string we relate the Langevin coefficients

to the thermal correlators. It turns out, as in the isotropic case, that these are thermal

with the temperature Tws which was argued to correspond to the temperature measured

by the quark moving in the plasma via the fluctuation-dissipation theorem [46, 50]. Then

we study the spectral densities for low frequencies compared to the temperature, using the

membrane paradigm. We review and apply the completely generic formalism developed

in [48] and additionally derive a generalization of the Einstein relation for generic theories.

In the space dependent axion anisotropic model we study the parallel κL and transverse κT
Langevin coefficients to the quark motion along the anisotropic direction and the transverse

plane, for large and small anisotropies. We find their analytical relations in the later

case. In the whole range of anisotropies we compare them each other and to the isotropic

coefficients. We also analyze the cases where the universal inequality κL ≥ κT does not

hold. By considering the bottom-up model we take advantage of the fact that includes

prolate and oblate geometries, depending on the background parameters, and observe the

relation between the drag forces and the Langevin coefficients when going from oblate to

prolate geometries. In particular by changing the geometry from oblate to prolate and

vice versa certain Langevin coefficients for motion along the transverse and longitudinal

directions interchange qualitative behaviors. Therefore we find a correlation of the type

of the geometry and the Langevin coefficients, which does not necessary carry on to the

pressure type anisotropy as the findings of the top-down model indicate. Our results in

anisotropic plasmas differ in several cases compared to the isotropic ones. This can be

understood by the fact that in the dual anisotropic plasmas the ratio of pressures, or ratio

of particles momentum distributions is not constrained to be equal to the unit along the

different directions, and in dual gravity picture the corresponding metric elements are not

equal to the unit as the isotropic plasmas. Our quantitative results in anisotropic theories

depend on the model used, but show the different qualitative features of the Langevin

diffusion in theories with spatial anisotropies.

Finally, we examine the possibility of the negative excess noise in our anisotropic mod-

els and we find that in both models there is strictly positive excess noise. The conditions

for negative excess noise [48] turn out to be very strict to get satisfied even for anisotropic

theories.

The outline of the paper is as follows. In section 2 we review the completely generic

formalism developed in [48] for a string moving in a non-confining background. We also de-

rive a generalization of the Einstein relation for generic theories. In section 3 we introduce

the anisotropic theories that we plan to study. Then in section 4 we study the Langevin co-

efficients in small and large anisotropies of the space dependent axion deformed anisotropic
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theory. In section 5, we do the same in the bottom-up anisotropic model. In section 6 we

comment on common results between these two models. Finally we conclude by discussing

the implications of our results in the anisotropic theories, the violation of the universality

relations and the absence of negative excess noise in section 7. For presentation purposes

some analytical results for both models are given in the appendices A and B.

2 Generic study of the trailing string and setup

We briefly review some of the generic results of [48] focusing on the ones we need to apply

to study the anisotropic theories. We consider a background of the form

ds2 = G00dt
2 +Guudu

2 +Giidx
2
i , (2.1)

which is diagonal and allows the study of anisotropic cases. The metric components are

functions of radial coordinate u, the boundary of the space is taken at u → 0 and the

element G00 depends on the black hole horizon. The trailing string corresponding to a

quark moving on the boundary along the chosen direction xp, p = 1, 2, 3, with a constant

velocity has the usual parametrization

t = τ, u = σ, xp = v t+ ξ(u), (2.2)

and localized in the rest of dimensions. Taking the Nambu-Goto action

SNG = − 1

2π α′

∫

d2σ
√−g , (2.3)

with gαβ being the induced world-sheet metric, we solve for ξ′ in terms of the momentum

flowing from the boundary to the bulk, which is a constant of motion

ξ′2 = −GuuC
2 G00 +Gpp v

2

G00Gpp(C2 +G00Gpp)
, C := 2 π α′Πp

u . (2.4)

There is a critical point at which both numerator and denominator change their sign. This

point u0 is found by solving the equation

G00(u0) = −Gpp(u0) v
2 , (2.5)

where we have assumed Guu(u0) 6= 0. The corresponding drag force is calculated at this

point

Fdrag,xp = − 1

2πα′

√

−G00(u0)Gpp(u0)

2π
= −v Gpp(u0)

2πα′ , (2.6)

while the friction coefficient is defined by

Fdrag =
dp

dt
= −ηDp, ηD =

Gpp(u0)

2πα′MQγ
, (2.7)

where p = MQ vγ , γ :=
(

1− v2
)−1/2

and MQ is the mass of the heavy probe quark.
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The world-sheet of the string has a horizon obtained by gττ (σh) = 0 and turns out to be

the same with critical point u0 . They are obtained by solving the equation (2.5). In order

to find the effective temperature of the world-sheet horizon we diagonalize the world-sheet

metric by as dτ → dτ̃ = dτ − gτσ/gττ dσ. The diagonal metric components read

hτ̃ τ̃ = G00 + v2Gpp , hσσ =
G00GuuGpp

G00Gpp + C2
. (2.8)

The temperature then can be obtained following the usual process and is given by

T 2
ws =

1

16π2

∣

∣

∣

∣

∣

G′2
00 − v4G′2

pp

G00Guu

∣

∣

∣

∣

∣

∣

∣

∣

∣

u=u0

=
1

16π2

∣

∣

∣

∣

∣

1

G00Guu
(G00Gpp)

′
(

G00

Gpp

)′
∣

∣

∣

∣

∣

∣

∣

∣

∣

u=u0

, (2.9)

where in the first relation the velocity enters explicitly and the second equality is written

such that only the background metric elements are present. Note that in the case of the

anisotropic plasmas, the direction of motion affects the world-sheet temperature.

To calculate the Langevin coefficients we add fluctuations in classical trailing string so-

lutions as in [38]. We choose the static gauge and consider the following form of fluctuations

t = σ , u = σ , xp = v t+ ξ(σ) + δxp(τ, σ) , xi 6=p = δxi 6=p(τ, σ) . (2.10)

The induced metric on the world-sheet is given by g̃αβ = gαβ + δgαβ , where g̃ are the

perturbed results. The linear terms in fluctuations form a total derivative and we can

neglect them with the particular boundary conditions. Therefore, the NG action for the

fluctuations around the solution to quadratic order becomes

S2 = − 1

2πα′

∫

dτdσ
√−g

gαβ

2



N(u)∂αδxp ∂βδxp +
∑

i 6=p

Gii∂αδxi ∂βδxi



 , (2.11)

where the world-sheet determinant and the function N(u) are equal to

g = G00GuuGpp
G00 +Gpp v

2

G00Gpp + C2
, N(u) :=

G00Gpp + C2

G00 +Gpp v2
. (2.12)

The above action can be rewritten in terms of the diagonalized metric (2.8) as

S2 = − 1

2πα′

∫

dτ̃dσ
Hαβ

2



N(u) ∂αδxp ∂βδxp +
∑

i 6=p

Gii∂αδxi ∂βδxi



 , (2.13)

where Hαβ =
√
−hhαβ .

2.1 Langevin coefficients

The quark moving with a constant velocity v has similar dynamics of a Brownian motion.

Its motion can be found using the generalized Langevin equations which include the com-

ponents of the real-time correlation functions for the time dependent drag force. Under

the assumption that for long times the time-correlation functions are proportional to δ
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functions, the Langevin equations become local and the diffusion coefficients are constants.

The effective equation of motion takes the form

dpi
dt

= −ηD ij p
j + ξi(t), (2.14)

where ξi(t) is the force generated by the medium, and causes the momentum broadening

to the quark. In our case the background is diagonal so the friction coefficient is also a

diagonal matrix. The force distribution is characterized by the two-point correlators for

the longitudinal and transverse to the direction of motion κa = (κL, κT ),

〈ξa(t)ξa
(

t′
)

〉 = κaδ
(

t− t′
)

. (2.15)

The diffusion coefficients are given by

κa = lim
ω→0

Ga(ω) = − coth
ω

2Tws
ImGR(ω) = −2Tws lim

ω→0

ImGa
R(ω)

ω
. (2.16)

where GR is the anti-symmetrized retarded correlator.

A direct way to calculate the diffusion coefficients is by using the membrane

paradigm [51] for the world-sheet action. A fluctuation φ in the bulk of a generic the-

ory leads to an action of the form

S2 = −1

2

∫

dxdu
√−gq(u)gαβ∂αφ∂βφ , (2.17)

then the relevant transport coefficients associated with the retarded Green function can be

read from the action. It turns out that in two dimensions the metric dependence cancels

out completely in the formula and the only actual dependence comes form the function q.

Therefore, using the effective action (2.13), we obtain the transport coefficients as-

sociated to the massless fluctuations from their coupling to the effective action evaluated

at the world-sheet horizon. Notice that in the case of the anisotropic plasmas, the direc-

tion of motion affects the results of the transport coefficient. So, the generic formulas for

the transverse and longitudinal fluctuations and therefore the Langevin coefficients can be

expressed in the background metric elements [48] by

κT =
1

πα′ Gkk

∣

∣

∣

∣

u=u0

Tws , κL =
1

πα′
(G00Gpp)

′

Gpp

(

G00
Gpp

)′

∣

∣

∣

∣

∣

u=u0

Tws , (2.18)

where the index k denotes a particular transverse direction to that of motion p and no

summation is taken. The Tws is given in terms of metric elements by (2.9). It follows that

their ratio can be written as

κL
κT

=
(G00Gpp)

′

GkkGpp

(

G00
Gpp

)′

∣

∣

∣

∣

∣

u=u0

. (2.19)
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2.2 Generalization of the Einstein relation for generic theories

The Einstein-like relations for motion of a quark with non-zero velocities in generic back-

grounds may be also derived. The Langevin equations have the form (2.14) and the lin-

earized expressions are given by

γ3MqδẍL = −ηL δẋL + ξL , γ MqδẍT = −ηT δẋT + ξT , (2.20)

where the friction coefficients ηL,T are defined as

ηa = − lim
ω→0

ImGa
R(ω)

ω
. (2.21)

They are related to the coefficients ηD,a, by

ηT = Mq γ ηD,T , ηL = Mq γ
3

(

ηD,L + p
∂η

D,L

∂p

∣

∣

∣

∣

p=Mqvγ

)

, (2.22)

and therefore the broadening parameters κa through the equation (2.16), may be written

as

κa = 2Tws ηa . (2.23)

We make the consistency check, and we find that for any generic background the expressions

for κL and κT given by the equations (2.23) and (2.22) agree with the relevant results we

have introduced in (2.18).

In the anisotropic theories the coefficient ηD,L given by (2.7), is different to the ηD,T

which can be read from (2.23) and (2.22), namely

ηD,T =
Gkk(u0)

2πα′Mqγ
. (2.24)

where Gkk is one of the transverse metric components and might not be equal to Gpp. This

is in contrast to the isotropic theories. Nevertheless, even in generic theories the diffusion

and friction coefficients satisfy a version of the Einstein relations of the form

κT
ηD,T

= 2Mq γ Tws . (2.25)

For isotropic backgrounds this result is similar to the one obtained in [45, 46].

3 Anisotropic backgrounds

3.1 Space-dependent axion deformed background

The anisotropic background used here is a top-down model which is a solution to the type

IIB supergravity equations. In the dual field theory it can be though as a deformed version

of the N = 4 finite temperature sYM with a θ parameter term depending on the anisotropic

direction x3 [10].

In the gravity dual side the θ angle is related to the axion of the type IIB supergravity

through the complexified coupling constant and therefore an axion with space dependence

– 7 –
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will be present in the anisotropic background. The geometry of the resulting supergravity

solution has a singularity in the IR which is hidden behind the horizon and the solution can

be viewed as a renormalization group flow from an isotropic UV point at the asymptotic

boundary to an anisotropic IR in the near horizon limit.

In the string frame the background is given by

ds2 =
1

u2

(

−FB dx20 + dx21 + dx22 +Hdx23 +
du2

F

)

+ Z dΩ2
S5

χ = ax3, φ = φ(u) , (3.1)

where φ is the dilaton, χ is the axion, and a is the anisotropic parameter measured in units

of inverse length. The boundary of the metric is at u = 0 and we set the AdS radius to one.

For large anisotropies the solution to the supergravity equations can be found by solving

the equations of motion numerically. An analytic form of the functions F ,B,H and Z can

be found when the anisotropy over temperature is small enough, a/T ≪ 1. The expansions

up to second order in a/T around a black D3-brane solution give

F(u) = 1− u4

u4h
+ a2F2(u) +O(a4)

B(u) = 1 + a2B2(u) +O(a4) , (3.2)

H(u) = e−φ(u), Z(u) = e
φ(u)
2 , where φ(u) = a2φ2(u) +O(a4) ,

with

F2(u) =
1

24u2h

[

8u2(u2h − u2)− 10u4 log 2 + (3u4h + 7u4) log

(

1 +
u2

u2h

)]

,

B2(u) = −u2h
24

[

10u2

u2h + u2
+ log

(

1 +
u2

u2h

)]

, (3.3)

φ2(u) = −u2h
4

log

(

1 +
u2

u2h

)

.

The position of the horizon uh is given in terms of temperature and the anisotropic

parameter as

uh =
1

πT
+ a2

5 log 2− 2

48π3T 3
+O(a4) . (3.4)

The energy and the pressures of the boundary theory are defined via the expectation

value of energy-momentum tensor near the boundary. The pressure along the anisotropic

and the transverse space differ, where for small anisotropies P‖ < P⊥, while for larger ones
the inequality gets inverted.

Notice that the metric (3.1) is always prolate for any anisotropy, while the pressures

in small anisotropies are oblate and in larger prolate.

3.2 Bottom-up anisotropic backgrounds

In this subsection we review the anisotropic bottom-up background [8]. The five di-

mensional metric with a stationary anisotropic energy-momentum tensor satisfying ε =

– 8 –
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2P⊥ + P ‖ is given by

ds2 =
1

u2
(

−a(u) dt2 + b(u)
(

dx21 + dx22
)

+ c(u) dx23 + du2
)

, (3.5)

where u is the radial coordinate with the boundary at u = 0. The metric functions have

the form

a(u) =
(

1 +A2 u4
)

1
2
− 1

4

√
36−2B2 (

1−A2 u4
)

1
2
+ 1

4

√
36−2B2

,

b(u) =
(

1 +A2 u4
)

1
2
+B

6
+ 1

12

√
36−2B2 (

1−A2 u4
)

1
2
−B

6
− 1

12

√
36−2B2

, (3.6)

c(u) =
(

1 +A2 u4
)

1
2
−B

3
+ 1

12

√
36−2B2 (

1−A2 u4
)

1
2
+B

3
− 1

12

√
36−2B2

.

The parameters A and B appear to the pressures via

P ‖ =
A2

6

√

36− 2B2 − 2

3
A2B , P⊥ =

A2

6

√

36− 2B2 +
1

3
A2B . (3.7)

The five dimensional static AdS black brane solution can be reached for B = 0 or at the

limit u → 0.

The interesting feature of the bottom-up model is that it may have oblate and prolate

geometries and pressure anisotropies, depending on the values of the parameters. Positive

(negative) values for B lead to oblate (prolate) geometries. In the following we will use

A = 1 and the two special values B =
√
2 ⇒ P ‖ = 0 for oblate and B = −

√
6 ⇒ P⊥ = 0

for prolate. Notice that this model has a mild naked singularity in the bulk, where however

the definitions of infalling boundary conditions are still possible.

4 Langevin diffusion coefficients in the axion deformed anisotropic the-

ory

In this section we study the Langevin diffusion coefficients in the top-down anisotropic

deformed N = 4 sYM. The analytical analysis is done for small anisotropies while for

larger ones we use numerics.

4.1 Small anisotropy

We study analytically the Langevin coefficients in the small a/T limit where the metric

functions are known (3.2). For presentation purposes we give in the appendix A some of

the analytical functions appearing in this section, while we note and discuss their useful

properties in the main text. Moreover, all our results in this section are up to order O
(

a4
)

,

and we mention it here to avoid carrying the symbol in all the equations.

We have two different world-sheets for a string moving along and perpendicular to the

anisotropic direction and therefore two different world-sheet horizons [12, 13], which can

be found from (2.5), and are of the form

u⊥0 = u0,iso

(

1 +
a2

T 2
ũ⊥0

)

, u
‖
0 = u0,iso

(

1 +
a2

T 2
ũ
‖
0

)

, (4.1)

– 9 –
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where ũ are contributions due to anisotropy and are given analytically in appendix A. The

corresponding world-sheet temperatures are obtained by using (2.9)

T⊥
ws =

T√
γ



1− a2

T 2

(1− γ)
(

4 + γ − γ2 + γ2(γ + 1) log
(

1
γ + 1

))

48π2γ2



 , (4.2)

T ‖
ws =

T√
γ



1− a2

T 2

1 + γ2 − 2γ3 + 2γ2
(

γ2 − 1
)

log
(

1
γ + 1

)

48π2γ2



 . (4.3)

We observe that world-sheet temperatures can not be equal to the heat bath temperature

for small anisotropic parameters a/T and non-zero velocities. They become equal to each

other when they become equal to the heat bath temperature and that is for zero velocity.

More particularly the temperatures follow the inequality

T ‖
ws < T⊥

ws < T , for v > 0. (4.4)

The Tws being lower than the heat bath temperature has been observed for quark motion

in the isotropic cases [46, 49] leading to holographic “refrigerator” systems. For larger

anisotropies we will notice that the inequality may be inverted.

To study the Langevin coefficients we use the notation κT,L which denotes the co-

efficient transverse or longitudinal to the quark’s motion. Moreover, we introduce the

notation of the upper indices referring to the directions of the anisotropic plasma. For

transverse coefficients we use the upper indices as κ
⊥,(‖)
T describing the effect with respect

to the anisotropic direction, where the first index refers to the motion of the quark in the

background, in this example in (x1x2)−plane, and the second index to the direction where

the broadening happens, in this example along x3. For the longitudinal components the

notation is simpler and the upper index just denotes the direction of the motion of the

quark to the plasma.

Using the equations (2.18), the longitudinal broadening parameters found to be

κ⊥L = πγ5/2T 3
√
λ



1 +
a2

T 2

−12 + γ(9 + 2γ + 5γ2)− 5γ2(1 + γ2) log
(

1
γ + 1

)

48π2γ2



 , (4.5)

κ
‖
L = πγ5/2T 3

√
λ



1 +
a2

T 2

−3 + γ2
(

2γ + 5 + 2(−4 + 5γ2) log
(

1
γ + 1

))

48π2γ2



 . (4.6)

While the transverse to the motion Langevin coefficients are

κ
⊥,(‖)
T = π

√
λγ1/2T 3



1 +
a2

T 2

−4 + γ(1 + γ)(3 + γ)− γ2(γ2 − 3) log
(

1
γ + 1

)

48π2γ2



 , (4.7)

κ
⊥,(⊥)
T = π

√
λγ1/2T 3



1 +
a2

T 2

−4 + γ(1 + γ)(3 + γ)− γ2(9 + γ2) log
(

1
γ + 1

)

48π2γ2



 , (4.8)
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Figure 1. The ratios κL/κ
iso
L in terms of the velocity for different directions of motion. The

plot scales has been chosen such that the crossing of a ratio to the unit is clear. Notice the

strongly modified coefficient for motion along the anisotropic direction and that is always enhanced

compared to the isotropic observable. Settings: a = 0.5T . Smaller values of anisotropy leads to

qualitatively similar results.

κ
‖,(⊥)
T = π

√
λγ1/2T 3



1 +
a2

T 2

−1 + γ2 + 4γ3 + 2γ2(γ2 − 6) log
(

1
γ + 1

)

48π2γ2



 . (4.9)

Notice the similarity of the expressions for the coefficients κ
⊥,(‖)
T and κ

⊥,(⊥)
T . Although the

former is always larger than the isotropic coefficient, for large velocities they move towards

the same values.

For quarks moving along the anisotropic direction the corresponding coefficient has

different behavior, and is modified stronger by the anisotropy. This can be explained

geometrically since the anisotropic direction of the metric is modified stronger than the

transverse space and these modifications happen to carry on to the particular observable.

Physically it can be interpreted that for a quark moving in an anisotropic plasma, the

Langevin dynamics are strongly depending on the direction of the motion of the quark and

weaker on the direction of the transverse random forces. Notice also that the coefficients

κ
⊥,(⊥)
T , κ

‖,(⊥)
T and κ⊥L , are lower than the isotropic result until a certain speed is reached.

Similar behavior has been noticed for the drag force for moving quarks along the transverse

to anisotropic direction [12, 13].

The longitudinal Langevin coefficients for a motion along anisotropic direction are

modified even stronger compared to the isotropic theory and it is always larger than its

isotropic result. The effects on both κL coefficients for motion along the anisotropic direc-

tion become larger as the velocity is increased.

These comparisons of the anisotropic Langevin coefficients to the isotropic results are

depicted in figures 1 and 2.

An interesting remark is in order. In [48] by finding the ratio κL/κT for any theory

in terms of the background metric elements, it has been noticed that the inequality κL >

κT holds for a large number of theories, and it has been found to get violated only in

anisotropic theories. In our case this happens for a quark moving along the transverse space
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Figure 2. The ratios κT /κ
iso
T in terms of the velocity for different directions of motion. Notice that

two of the ratios cross the unit for a particular velocity, while the other one is always larger. The

strongly modified coefficient is for motion along the anisotropic direction. Settings: as in figure 1.

ΚL
¦

ΚT
¦,H¦L

ΚL
þ

ΚT
þ,H¦L

ΚL
¦

ΚT
¦,HþL

0.05 0.10 0.15 0.20 0.25 0.30
v

1.00

1.02

1.04

1.06

1.08

1.10

ΚL

ΚT

Figure 3. The rations κL/κT versus the velocity. The ratio κ⊥
L/κ

⊥,(‖)
T is the only one violating the

condition κL > κT . For larger anisotropies the range of speeds that the violation happens increases.

Settings: a = 0.55T .

to anisotropy, while the transverse component of the broadening is along the anisotropic

direction, figure 3. The violation happens for small velocities, but increasing the anisotropy

the range of violation may be increased to almost the whole range of the velocity.

In next section we extend our study to the large anisotropy regime of the anisotropic

axion space dependent model.

4.2 Large anisotropy

The analysis of this section is done numerically, since the background in this regime is not

known analytically. For large anisotropies the background metric remains prolate while the

pressure anisotropies may be prolate or oblate. Moreover, in the numerical analysis we have

a larger range to vary our parameters and we observe new behaviors in our observables.

A new observation in large anisotropies is that the effective temperature may be larger

than the heat bath temperature, in contrast to the isotropic theories. For anisotropic

parameters of the order a/T = 10 this is barely happens for very large velocities (figure 4).
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Figure 4. The ratios Tws/T as functions of velocity for moving quarks along different directions.

Notice that for large velocities the T
‖
ws becomes larger than the heat bath temperature. Settings:

a/T = 10.

ΚL
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ΚT

Figure 5. The ratios κL/κT as functions of velocity for different directions of motion. Notice the

larger range of velocities compared to the small anisotropy case for which κ⊥
L < κ

⊥,(‖)
T . Settings:

as in figure 4.

As we increase the anisotropies however, the inequality T ≤ T
‖
ws is satisfied for larger range

of speeds as can be seen in figure 7. This is a unique result for quarks moving in anisotropic

theories. Therefore, a quark can be moving in the anisotropic theory with such a speed

that the effective temperature the quark measures, is equal to the heat bath temperature.

On the other hand the effective temperature for quark motion in the transverse plane is

always lower than the heat bath temperature (figure 6).

For larger velocities the world-sheet temperature T⊥
ws is decreasing, while the T

‖
ws

is also decreased until some specific value of anisotropies after which the effective

temperature is increasing, as can be seen in figure 7. This is also a unique phenomenon

of the anisotropic theories. In summary we see that while the world-sheet temperature

T⊥
ws for quark’s motion along the transverse to anisotropy direction has many common

characteristics to the isotropic theories, the temperature T
‖
ws for a quark motion along the

anisotropic direction has very different properties.

– 13 –



J
H
E
P
0
6
(
2
0
1
4
)
0
4
7

v=0.3
v=0.5
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Figure 6. The ratios Tws/T as functions of anisotropy for moving quarks along the transverse

plane. Even for large velocities and anisotropies the T⊥
ws is lower than the heat bath temperature,

as in the isotropic theories.
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Figure 7. The ratios Tws/T as functions of anisotropy for motion along the anisotropic direction.

Notice that for large anisotropies the T
‖
ws becomes bigger than the heat bath temperature, and as

velocity increases the anisotropy for this to happen gets lower.
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ΚT

Figure 8. The ratios κL/κT depending on the anisotropy for v = 0.5. Notice that for anisotropic

parameters a/T & 6 the inequality κ⊥
L > κ

⊥,(‖)
T does not hold.

The behavior of the diffusion coefficients in large anisotropies is similar to that of the

small anisotropies as depicted in figures 1, 2 and 3. Therefore, the qualitative explanations
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Figure 9. The ratios κL/κT depending on the anisotropy for v = 0.7. The increase of the velocity

requires larger anisotropies where the inequality κ⊥
L > κ

⊥,(‖)
T is not satisfied.

and the interpretations are similar to the ones given for motion of the quark in small

anisotropies in the previous section. The only quantitative difference is that the effects of

anisotropy in the plotted quantities become larger. Nevertheless, it is interesting to note

that the ratio κ⊥L/κ
⊥,(‖)
T is lower than the unit for large range of velocities for increased

anisotropies. In figure 5 we find that the ratio is lower than the unit for velocities v . 0.6,

for an anisotropy a/T = 10. The range of velocities that the ratio remains lower than

the unit increases as the anisotropy is increased. This can be seen in figures 8 and 9,

where large velocities eventually violate the inequality κ⊥L > κ
⊥,(‖)
T , only requiring to have

stronger anisotropic backgrounds.

5 Langevin diffusion coefficients in bottom-up model

In this section we examine the bottom-up model (3.5) for the oblate and prolate geometries

and investigate the dependence of the coefficients on the type of the geometry. For prolate

geometry we choose the value B = −
√
6, for the oblate the value B =

√
2, while the

isotropic case is for B = 0. The parameter A is chosen to be equal to the unit. Notice

that the background singularity, although it is mild, affects our results especially at low

velocities. Therefore we avoid to examine in detail the observables at very low speeds and

we focus mostly on higher speeds.

5.1 Oblate and prolate geometries

Oblate pressure anisotropies are expected in the observed QGP, and we choose for our

background the one that makes the anisotropies maximal, B =
√
2. The analysis can be

done by applying our formulas, where solving the (2.5) we find the world-sheet horizons

u⊥0,obl, u
‖
0,obl given explicitly in appendix B by (B.1). The corresponding temperatures

T⊥
ws,obl, T

‖
ws,obl can be found by using the equation (2.9), and given in the (B.2).

For the prolate geometry with B = −
√
6, analytical results can also be obtained

where the world-sheet horizons u⊥0,pro, u
‖
0,pro and the corresponding temperatures T⊥

ws,pro,

T
‖
ws,pro are given by the equations (B.4) and (B.5). Since we have chosen A = 1 for the
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anisotropic case, we use it in the isotropic background and give the effective temperature

and corresponding Langevin coefficients in (B.8).

Our main aim using the bottom-up model is to study the dependence of the Langevin

coefficients on the type of the geometry of the background and we focus on larger velocities.

We look at large velocities since at low velocities the worldsheet horizon moves close to the

singularity of the space, where our results are affected strongly by the singularity and can

not be trusted.

The Langevin coefficients can be calculated analytically for both type of geometries by

applying our formulas (2.18). We give the results in appendix B and we plot the individual

coefficients below. We find that when the geometry changes from oblate to prolate, the

behavior of the Langevin coefficients at large velocities it is almost inverted compared to

the isotropic coefficients. Moreover, the behavior of κ
‖,(⊥)
T is qualitatively interchanged

with that of κ
⊥,(‖)
T when going from prolate to oblate geometries (figures (10) and (11)).

This is even more obvious in longitudinal components of the Langevin coefficients where κ
‖
L

and κ⊥L interchange qualitative behaviors (figures (12) and (13)). This can be understood

geometrically since the long axis of the ellipsoid changes direction when going from oblate

to prolate geometries. The effect of the singularity for this qualitative picture seems to be

not significant and therefore we conclude that the noise factors are crucially affected by the

type of the geometry. In fact some of them interchange qualitative behavior when going

from one to the other type of the geometry. There is also a hint from the metric of the

space for this behavior, since the transverse and the longitudinal metric elements almost

interchange their form as the type of geometry changes.

From a geometrical point of view we may also explain the rest of the behavior of the

coefficients. The larger the speed, the closer world-sheet horizon to the boundary, where

the evaluations of the quantities is done, and the anisotropic effects on the metric may be

weaker. For speeds v → 1, the world-sheet horizon is very close to the background boundary

and the anisotropic effects in the geometry are minimal. Therefore, a moving quark in the

dual anisotropic plasma moving with extremely large velocities, has minor contributions

of the anisotropy to its noise coefficients. However for relatively large speeds but away

of the speed of light, although the world-sheet horizon moves towards the boundary, the

Langevin coefficients still capture the anisotropic contributions.

Notice that for prolate geometries we find in general, large deviations of the coefficients

for motion along the anisotropic direction. This has been also observed in the axion space-

dependent anisotropic model. Therefore quarks that are moving along the beam direction

would feel the anisotropic effects in their noise factors much stronger than moving in the

transverse space. This has been also observed in several other observables [12].

The expressions of the ratios of the longitudinal and transverse diffusion coefficients

are simplified. For the oblate geometries read

κ⊥L,obl

κ
⊥,(⊥)
T,obl

=
1 +

√
2 +

(√
2− 1

)

v
4
√
2

3

3
(

1− v
4
√
2

3

) ,
κ⊥L,obl

κ
⊥,(‖)
T,obl

=

√
2 + 1 +

(√
2− 1

)

v
4
√
2

3

3v2/3
(

1− v
4
√
2

3

) ,
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Figure 10. The coefficients κT for the oblate geometry in terms of the velocity for different

directions of motion.
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Figure 11. The coefficients κT for the prolate geometries in terms of the velocity for different direc-

tions of motion. Notice the qualitative interchange of behaviors compared to the oblate geometries.
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Figure 12. The longitudinal Langevin coefficients κL in terms of the velocity for different directions

of motion for oblate geometries. Notice the decreased quantity for motion along the anisotropic

direction, while the transverse component almost coincides compared to the isotropic results.

κ
‖
L,obl

κ
‖,(⊥)
T,obl

=
v
(

1 +
√
2−

(√
2− 1

)

v2
√
2
)

√
2
(

1− v2
√
2
) , (5.1)
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Figure 13. The longitudinal Langevin coefficients κL in terms of the velocity for different directions

of motion for prolate geometries. From oblate to prolate geometries the κL coefficients along

anisotropic and transverse to the anisotropic directions interchange qualitative behaviors.
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Figure 14. The ratios κL/κT depending on the velocity for different directions of motion for oblate

geometries. Two of the ratios are lower than the unit for intermediate velocities.
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Figure 15. The ratios κL/κT depending on the velocity for different directions of motion for the

prolate geometries. One ratio is smaller than the unit, and is the one that is always larger for the

prolate geometries.
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while for the prolate geometries the ratios of the coefficients are

κ⊥L,pro

κ
⊥,(⊥)
T,pro

=
2 +

√
6 +

(

2−
√
6
)

v
4
√

2
3

√
6

(

1− v
4
√

2
3

) ,
κ⊥L,pro

κ
⊥,(‖)
T,pro

=

v2
(

2 +
√
6 +

(

2−
√
6
)

v
4
√

2
3

)

√
6

(

1− v
4
√

2
3

) ,

κ
‖
L,pro

κ
‖,(⊥)
T,pro

=
1 + v

2
√

2
3

√
6 v

(

1− v
2
√

2
3

) . (5.2)

The inequality κL > κT is violated in the oblate geometries for the fractions κ⊥L,obl/κ
⊥,(⊥)
T,obl

and κ
‖
L,obl/κ

‖,(⊥)
T,obl , while for the prolate geometries for the ratio κ⊥L,pro/κ

⊥,(‖)
T,pro, i.e. figures (14)

and (15). This is one more particular example where the violation of the universal relation

happens for the anisotropic backgrounds [48].

Notice that we have not seen negative excess noise in this anisotropic background using

the conditions derived in [48]. We find positive excess noise for the quark’s motion with

any velocity and along any direction, in the two extreme oblate and prolate backgrounds.

6 Common results between the two models

In this section we report some further common results between the bottom-up and the top-

down anisotropic models studied in the paper. We study the dependence of the Langevin

coefficients on the type of geometry by fixing the ratio of pressures, and we notice that the

only clear qualitative similarity between the two models, is in terms of the ratios κL/κT .

We focus only in the prolate regime since the axion deformed model has only this type of

the geometry.

A way to relate the two models is to use the coefficient ∆

∆ :=
P⊥

P ‖ − 1 , (6.1)

which measures the degree of pressure anisotropy and depends on the anisotropic param-

eters. For low values of ∆ an analytic relation may be found with the parameter a of the

axion deformed anisotropic theory [12]

∆ ≃ a2

2π2T 2
(6.2)

and with the parameter B in the bottom-up model [33, 52]

∆ ≃ B . (6.3)

for low anisotropies. For larger anisotropies using the same techniques, the computation

may be done numerically.

In order to understand the comparison we need to investigate the type of geometries

associated to each value of ∆. In the axion deformed anisotropic model the geometry is
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φ̃h uh a/T T ∆ B

0.06 1.07 6.43 0.318 -1.00 -2.45

Table 1. Background parameters.
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Figure 16. The ratios κ
L
/κ

T
for ∆ = −1.00 axion deformed anisotropic model. The corresponding

anisotropic parameter is a/T ∼ 6.43, where geometry and pressure anisotropies are oblate.

always prolate, while for low values of a/T the pressure anisotropy is oblate, and for larger

it becomes and remains prolate. In the bottom-up model, when the pressure anisotropy

becomes prolate(oblate) the geometry is also prolate(oblate).

It would be natural to expect that if there is any correlation of the observables between

these two models, it is more likely to be between the same type of geometries. By fixing

the pressure anisotropies as in table 12 we observe a similarity between the behavior of

the ratios κL/κT of these two models while the individual behavior of the noise coefficients

does not show any other clear similarity.

In figures 16 and 17 we plot the ratios κL/κT for ∆ = −1 corresponding to prolate

geometries and pressure anisotropies. The only ratio that is smaller than the unit in both

geometries is the κ⊥L/κ
⊥,(‖)
T , and has a crossing for quark speed around v ≃ 0.5 and v ≃ 0.6

in the two models. The isotropic ratio is the next larger one. But the ratios κ⊥L/κ
⊥,(⊥)
T and

κ
‖
L/κ

‖,(⊥)
T come with different ordering in the two plots.

Therefore, when we compare prolate geometries between the two anisotropic models,

we see clear qualitative similarities only for some of the ratios κL/κT and not the individual

coefficients.

7 Summary and discussion

In this paper we have studied the Langevin diffusion coefficients in strongly coupled

anisotropic plasmas. We have studied the coefficients in the top-down model of the space

dependent axion deformed theory which has prolate geometry and oblate or prolate pressure

2Where φ̃h = φ(uh) +
4
7
log a, are the parameters for the solutions of the axion deformed model and B

is the one of the bottom up.
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Figure 17. The ratios κ
L
/κ

T
for ∆ = −1.00 corresponding to anisotropic parameter B ∼ −2.45

in the bottom up model.

anisotropy. We have found the dependence of the Langevin coefficients to the anisotropy

and have compared them to each other and to the isotropic results studying extensively

the effect of the anisotropies to the coefficients. Moreover, several new interesting features

appear in the anisotropic theories. We show that for large anisotropies the world-sheet

temperature T
‖
ws for motion along the anisotropic direction may be larger or lower than

the heat bath temperature. This is in contrast to the isotropic theories, where the effective

temperature of the quark is always lower than the heat bath temperature. In the anisotropic

theories, the effective temperature depends strongly on the velocity and anisotropy. For

larger anisotropies the world-sheet temperature becomes larger than the heat bath temper-

ature for lower velocities. We have also examined the inequality κL > κT , known to be true

for large number of isotropic theories and to be violated in anisotropic theories according

to [48]. We show that increase of the anisotropy leads to increased range of speeds where

the inequality is being violated.

Moreover we observe that motion along the anisotropic direction affects the Langevin

coefficients stronger. This is not unexpected, and reflects to an extend the degree of mod-

ification of the anisotropy to the metric elements, which is stronger along the anisotropic

direction. This has been also noticed for several other observables [12].

In order to study the qualitative dependence of the Langevin coefficients to the type of

the geometry we use a bottom-up anisotropic model, which allows both prolate and oblate

geometries. Focusing on larger velocities, we find that indeed the Langevin coefficients are

affected by the type of the geometry and certain coefficients interchange each other qual-

itative behaviors. This interchange is very clear for κ
‖
L and κ⊥L , when going from oblate to

prolate geometries. This is not unexpected since the large axis of the ellipsoid is rotated

with the change of the geometry and the relevant metrics elements also interchange qualita-

tive behaviors. In this model we have also found that the inequality κL > κT is modified for

any type of geometry. By fixing the anisotropy between the two top-down and bottom-up

models we observe that a clear similarity between them is when comparing for the prolate

geometries the ratio κ⊥L/κ
⊥,‖
T , which is lower than the unit until a certain speed is reached.
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It is particularly interesting that we have not found negative excess noise in any of

these two anisotropic models by examining the conditions of [48]. So far there is no known

anisotropic dual plasma that a quark’s motion leads to negative excess noise and it would

be very interesting to find a particular consistent anisotropic theory that this is allowed.
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A Analytic results for small anisotropy

The world-sheet horizons for a moving string along and perpendicular to the anisotropy in

small anisotropy limit of axion deformed theory are given by

u
‖
0 =

1

π T
√
γ

(

1 +
a2

T 2
ũ
‖
0

)

, u⊥0 =
1

π T
√
γ

(

1 +
a2

T 2
ũ⊥0

)

, (A.1)

where

ũ0
⊥ =

(

4 + γ2
)

log
(

1
γ + 1

)

− γ − 1

48π2
, ũ0

‖ =

(

7− 2γ2
)

log
(

1
γ + 1

)

− γ − 1

48π2
. (A.2)

The ratios for κL/κT are

κ
‖
L

κ
‖,(⊥)
T

= γ2 +
a2

T 2

−1− γ2(−2 + γ) + 2γ2
(

1 + 2γ2
)

log
(

1
γ + 1

)

24π2
, (A.3)

κ⊥L
κ
⊥,(⊥)
T

= γ2 +
a2

T 2

(γ − 1)(4 + γ + 2γ2) + 2γ2
(

1− γ2
)

log
(

1
γ + 1

)

24π2
, (A.4)

κ⊥L
κ
⊥,(‖)
T

= γ2 +
a2

T 2

(γ − 1)(4 + γ + 2γ2)− 2γ2
(

γ2 + 1
)

log
(

1
γ + 1

)

24π2
. (A.5)

B Oblate, prolate and isotropic geometries analytic expressions

The world-sheet horizon for quarks moving along and transverse to anisotropy for oblate

geometries are given respectively by

u
‖
0,obl =

(

1− v
√
2
)1/4

(

1 + v
√
2
)1/4

, u⊥0,obl =

(

1− v
2
√
2

3

)1/4

(

1 + v
2
√
2

3

)1/4
, (B.1)
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while the corresponding world-sheet temperatures are

T
‖
ws,obl =

v
1− 3

2
√
2

(

1− v2
√
2
)1/4 (

1 +
√
2−

(√
2− 1

)

v2
√
2
)1/2

21/4π
, (B.2)

T⊥
ws,obl =

√
3 v

2
3
−

√
2
2

(

1− v
4
√
2

3

)1/4 (√
2 + 2 +

(

2−
√
2
)

v
4
√
2

3

)1/2

25/4π
. (B.3)

For a quark moving in prolate background we find the following world-sheet horizons

u
‖
0,pro =

(

1− v

√

2
3

)1/4

(

1 + v

√

2
3

)1/4
, u⊥0,pro =

(

1− v
2
√

2
3

)1/4

(

1 + v
2
√

2
3

)1/4
, (B.4)

and the world-sheet temperatures

T⊥
ws,pro =

v
1−
√

3
2

(

1−v
4
√

2
3

)1/4(

3
√
2+2

√
3+(2−

√
3−3

√
2)v4

√
2
3

)1/2

25/4π
,

T
‖
ws,pro =

( 3
2)

1/4
v
1
4 (2−

√
6)

(

1−v
4
√

2
3

)1/2

π

(

1−v
2
√

2
3

)1/4 .

(B.5)

The longitudinal Langevin coefficients for oblate and prolate backgrounds are

κ
‖
L,obl=

21/4v
1− 1

2
√
2
(

−(
√
2−1)v2

√
2+

√
2+1

)3/2

π2(1−v2
√
2)

5/4 , κ
‖
L,pro=

4
√

2
3
v
− 1

2− 1
2
√

6

(

v
2
√

2
3+1

)3/2

π2

(

1−v
2
√

2
3

)5/4 ,

κ⊥L,obl=
v
− 1

3
√
2

(

−(
√
2−2)v

4
√
2

3 +
√
2+2

)3/2

23/4
√
3π2

(

1−v
4
√
2

3

)5/4 , κ⊥L,pro=
v
1− 1√

6

(

−(
√
6−2)v4

√
2
3+

√
6+2

)3/2

23/4 4√3π2

(

1−v
4
√

2
3

)5/4 ,

(B.6)

and the transverse Langevin coefficients are

κ
⊥,(‖)
T,obl=

√
3v

1

6
(4−

√
2)
(√

2+2−
(√

2− 2
)

v
4
√

2

3

)1/2

π2
(

2− 2v
4
√

2

3

)1/4
, κ

⊥,(‖)
T,pro=

(

3
2

)1/4
v
−1− 1

√

6

(√
6+2−

(√
6−2

)

v4
√

2

3

)1/2

π2
(

1− v4
√

2

3

)1/4
,

κ
⊥,(⊥)
T,obl =

√
3v

− 1

3
√

2

(√
2+2−

(√
2−2

)

v
4
√

2

3

)1/2

π2
(

2− 2v
4
√

2

3

)1/4
, κ

⊥,(⊥)
T,pro=

4

√

3
2
v
1− 1

√

6

(√
6+2−

(√
6−2

)

v4
√

2

3

)1/2

π2
(

1− v4
√

2

3

)1/4
,

κ
‖,(⊥)
T,obl=

23/4v
− 1

2
√

2

(√
2 + 1−

(√
2− 1

)

v2
√
2
)1/2

π2
(

1− v2
√
2
)1/4

, κ
‖,(⊥)
T,pro=

23/4 31/4v
1

2
− 1

2
√

6

(

v2
√

2

3 + 1
)1/2

π2
(

1− v2
√

2

3

)1/4
.

(B.7)

We also summarize the results for isotropic background in bottom-up theory with fixed

A = 1 and B = 0. These read

u0,iso =
(1− v)1/4

(1 + v)1/4
, Tws,iso =

√
2
(

1− v2
)1/4

π
,

κL,iso =
2
√
2

π2 (1− v2)5/4
, κT,iso =

2
√
2

π2 (1− v2)1/4
.

(B.8)
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