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folds. The theories include certain non-Lagrangian theories such as the TN theory. The

refined topological vertex computation generically contains contributions from decoupled

M2-branes which are not charged under the 5d gauge symmetry engineered. We argue

that, after eliminating them, the refined topological string partition function agrees with

the 5d Nekrasov partition function. We explicitly check this for the T3 theory as well as

Sp(1) gauge theories with Nf = 2, 3, 4 flavors. In particular, our method leads to a new ex-

pression of the Sp(1) Nekrasov partition functions without any contour integrals. We also

develop prescriptions to calculate the partition functions of theories obtained by Higgsing

the TN theory. We compute the partition function of the E7 theory via this prescription,

and find the E7 global symmetry enhancement. We finally discuss a potential application

of the refined topological vertex to non-toric web diagrams.
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1 Introduction

N = 2 supersymmetric gauge theories in four dimensions are particularly of interest since

they exhibit interesting non-perturbative effects but still we can obtain their exact results.

The low energy prepotentials were exactly determined in [1, 2] for SU(2) gauge theories

with Nf ≤ 4 flavors, and the computation was generalized to SU(N) gauge theories with

Nf ≤ 2N flavors in [3–6]. The Seiberg-Witten formulation was further extended to class S
theories in [7] which include non-Lagrangian theories like so-called TN theory. The exact

prepotentials of SU(N) gauge theories were also determined by a microscopic approach

in [8, 9] where exact instanton partition functions were directly evaluated by a localization

technique. Note that the localization method is not applicable to theories which do not

have Lagrangian descriptions.

The computation of the SU(N) instanton partition function usually involves the reso-

lution of small instanton singularities in the instanton moduli space (see, for example, [10]

for a review). The resolution introduces a non-commutative parameter in the ADHM equa-

tions,1 and then we also have a U(1) instanton solution from the deformed equations [11].

Therefore, the resulting partition function is in fact the U(N) instanton partition function

rather than the SU(N) instanton partition function. In fact, the SU(N) instanton partition

function has not been known except for N=2. Even in the known case of SU(2) ∼= Sp(1),

the Nekrasov partition function involves complicated contour integrals, [12–14] which makes

the computation technically difficult in particular for Nf = 6, 7 [14].

The difference between the U(N) and SU(N) instanton partition functions is in fact

important, for example, for the AGT correspondence originally proposed in [15]. The

correspondence can be only seen after eliminating an extra factor, which realizes a correct

flavor symmetry of an SU(2) gauge theory with Nf =4 flavors. Another important example

is the generation of the En-type flavor symmetry in the five-dimensional superconformal

index [14, 16]. It is crucial to use the five-dimensional Sp(1) instanton partition function2 in

order to achieve the enhancement of the En-type global symmetry. Therefore, a systematic

study of the difference between the U(N) and SU(N) instanton partition functions is clearly

important for further applications.

String theory provides another way to get the Nekrasov partition functions, namely

by using the topological vertex [17, 18] or its refinement [19, 20]. All genus amplitudes of

topological string turn out to yield the five-dimensional Nekrasov partition functions due to

the fact that five-dimensional gauge theories with eight supercharges may be geometrically

engineered by M-theory compactifications on non-compact toric Calabi-Yau threefolds [21–

26]. In this case also, the (refined) topological vertex reproduces the U(N) instanton

partition function [27–31] instead of the SU(N) instanton partition function although the

low energy effective field theory is expected to yield an SU(N) gauge theory.

1This can be interpreted as introducing a Fayet-Illiopoulos parameter in the D-term equation on D0-

branes in the D0-D4-brane system.
2It is also important to use the correct dual gauge group O(k) instead of SO(k) for the k-instanton

moduli space.
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To understand the relation between U(N) and SU(N) partition functions, let us recall

that the five-dimensional Nekrasov partition function is written as a trace over the space

of BPS states. The 5d BPS states include W-bosons, massive hypermultiplets and instan-

tons. In the geometric engineering, they are M2-branes wrapping compact two-cycles of the

Calabi-Yau threefold. However, in general, the BPS spectrum contains M2-branes which

are not charged under the SU(N) gauge symmetry engineered. They are only charged un-

der decoupled U(1) gauge symmetries, but still contribute to the topological string ampli-

tudes.3 Now we expect that, by eliminating contributions from such decoupled M2-branes,

we obtain the SU(N) partition function from the (refined) topological string amplitude. We

explicitly check this for SU(2) ∼= Sp(1) gauge group with Nf ≤ 4 flavors. Two-cycles which

support decoupled M2-branes are easily identified in the toric web diagram of the Calabi-

Yau threefold. The contribution from decoupled M2-branes is always a prefactor of the

topological string partition function, which we call the “U(1)-factor.” Therefore we argue

that the U(N) and SU(N) partition functions are related just by multiplying/dividing the

U(1)-factor. This particularly gives a closed formula for the five-dimensional Sp(1) instan-

ton partition function which does not involve any integration. Although it would be hard to

infer such a contribution from the view point of field theory in particular in four-dimensions,

the web diagram naturally implies the decoupled factor in the instanton partition function.

An important application of our method is the computation of exact partition func-

tions of certain non-Lagrangian theories. It has been known that the web diagram can

realize not only conventional gauge theories but also non-Lagrangian theories such as a

five-dimensional version of TN theory [32]. Since TN theory is an isolated superconformal

field theory and does not have a Lagrangian description, we cannot obtain its exact parti-

tion function by the localization technique used in [8, 9]. However, there is no obstruction to

use the refined topological vertex for the web diagram of TN theory. By eliminating a U(1)

factor for the TN diagram, we obtain the exact partition function of the five-dimensional

TN theory. In particular, we will confirm that the partition function of T3 theory becomes

the Sp(1) Nekrasov partition function with Nf = 5 flavors as expected. This example is

particularly interesting since it exhibits an enhanced E6 global symmetry at a special point

in the moduli space [33].

One of the limitation of the refined topological vertex computation is that we cannot

apply the technique to a non-toric variety.4 For example, an SU(2) gauge theory with

Nf = 6 flavors, which will realize an E7 global symmetry at a special point in the moduli

space, is geometrically engineered by a non-compact Calabi-Yau threefold whose base is a

dP7 surface, which is not toric [22, 23]. However, it has been also pointed out that the E7

theory may be realized by an infrared description in a Higgs branch vacuum of T4 theory [32]

which is described by a web diagram which does not admit its dual toric fan. Motivated

by this, we also develop prescriptions to evaluate partition functions of theories which are

low energy descriptions of some Higgs branch vacua of the theories arising from non-toric

3The instanton in a five-dimensional gauge theory also carries a gauge charge due to a coupling between

a current whose conserved charge is the instanton number and a dynamical gauge field.
4A vertex formalism for unrefined topological string partition functions which can be applied to local

non-toric del Pezzo surfaces has been discussed in [34, 35].
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web diagrams. The web diagram is powerful enough to visualize the Higgs branch, and

it suggests a correct root of the Higgs branch. As for its consistency check, we compute

the five-dimensional superconformal index of the E7 theory and show the E7 enhance-

ment. Therefore, our approach can also evaluate partition functions of the theories arising

from non-toric web diagrams. Putting this together, our technique can be applied to the

computation of partition functions of theories from any web diagrams constructed in [32].

The organization of the paper is as follow. In section 2, we review how a certain

class of gauge theories can be geometrically engineered by non-compact toric Calabi-Yau

threefolds or their dual web diagrams. This includes non-Lagrangian theories such as TN
theory. We then describe how to compute the partition function of the theories by using

the refined topological vertex in section 3. We point out that the refined topological vertex

computation necessarily contains contributions from decoupled M2-branes which needs to

be subtracted. In section 4, we explicitly compute partition functions of various examples

such as SU(2) gauge theories with Nf = 2, 3, 4 flavors as well as TN=2,3,4 theories. We

then verify that we get the correct SU(2) partition functions after dividing by what we

call U(1) factors. In section 5, we generalize our method to TN theory and propose the

five-dimensional partition function of TN theory. Some technical details are relegated to

appendices. We also comment on the SU(N) partition function with Nf = 2N flavors

in appendix C. In section 6, we move on to the computation of the low energy partition

functions in a Higgs vacuum of the TN theories. It is known that the Higgs branch vacuum

expectation value leads to different class S theories in the far infrared. Although the

corresponding web diagrams are no longer toric, we develop a method to compute such

partition functions, and carry out non-trivial consistency checks.

Note added. We here note that the results in sections 4 and 5 have some overlap with [36]

which appeared in arXiv on the same day.

2 Five-dimensional theories from M-theory

Five-dimensional supersymmetric gauge theories with eight supercharges can be obtained

from M-theory compactifications on Calabi-Yau threefolds X̃ [21–26]. An ADE singularity

fibered over a curve B inside X̃ yields an ADE gauge group G in the five-dimensional

low energy effective field theories. The genus of the curve B is related to the number

of the adjoint hypermultiplets. We always consider B = P1
b so that there is no adjoint

hypermultiplet. The massless hypermultiplets in some representation under the ADE

gauge group are introduced when there are some singularity enhancement loci on B. The

enhanced singularity type characterizes the representation of the hypermultiplets [37, 38].

After the resolution of the ADE singularity over B, the non-Abelian gauge theories

will be in their Coulomb branch. Therefore, the resolution parameters associated with

resolved divisors Di, i = 1, · · · , rank(G) for the ADE singularity are related to the vevs

ai of the scalars in the vector multiplets. The resolution over B may also resolve the en-

hanced singularities, which generates the Coulomb branch dependent mass terms for the

hypermultiplets. One may also introduce a blow up divisor H for resolving the enhanced
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singularity, maintaining the Calabi-Yau condition, which, on the other hand, corresponds

to generating the classical mass term m for the hypermultiplets. The resolution of the sin-

gularities is not generically unique and different resolutions correspond to different phases

of the five-dimensional supersymmetric gauge theories [22, 25].

In five-dimensional gauge theories, there is in fact a peculiar global U(1) symmetry.

One can consider a current

j = ∗(F ∧ F ), (2.1)

which is always conserved. The expression (2.1) implies that its charge is the instanton

number. The mass parameter associated to the instanton flavor symmetry is related to the

gauge coupling as 1
g2

, which has dimension one in five-dimensional gauge theories. This

global symmetry also plays an important role in five-dimensional gauge theories.

2.1 SU(2) gauge theories with Nf flavors

Let us consider five-dimensional SU(2) gauge theories with Nf hypermultiplets in the fun-

damental representation. When Nf < 8, the metric of the Coulomb branch moduli space

is always positive. Hence, we may consider a strong coupling limit where 1
g2

= 0 of the

theories. Then, the theories are supposed to be at a non-trivial fixed point with an en-

hanced global symmetry [33]. For a finite gauge coupling, we have a global symmetry

SO(2Nf ) × U(1) where the Cartans of SO(2Nf ) are associated with the mass parameters

of the fundamental hypermultiplets. The other U(1) is the instanton flavor symmetry (2.1)

and it is associated with the gauge coupling 1
g2

. At the fixed point, this global symmetry

is enhanced to ENf+1
-type.5 Therefore, this type of five-dimensional gauge theories is of

particular interest and we will focus on Nf < 8 hereafter.

Such a five-dimensional gauge theory can be realized when one considers an M-theory

compactification on a Calabi-Yau threefold X̃Nf with an A1 singularity over a P1
b . At

Nf points in P1
b , the A1 singularity is enhanced to A2 singularities, which amounts to

introducing the Nf fundamental hypermultiplets. As a resolution of such a Calabi-Yau

threefold, we may consider a Calabi-Yau threefold which has a compact divisorD = P1
f×P1

b
6

with Nf points blown up. The infinite coupling limit corresponds to the case where the

entire D collapses [22, 23]. In fact, the geometry implies why the global symmetry may be

enhanced to the ENf+1-type. The enhancement may come from the fact that the blow up

of P1
f × P1

b at Nf points (1 ≤ Nf ≤ 7) is isomorphic to the blow up of P2 at Nf + 1 points

(2 ≤ Nf + 1 ≤ 8). From the latter point of view, the Weyl group of ENf+1
acts on the

curves in H1,1(D), and the ENf+1
group appears in a natural way.

Since we are interested in the field theory limit, we will always decouple gravity by con-

sidering a non-compact Calabi-Yau threefold X [24, 39]. Then, such a Calabi-Yau threefold

X can be in general constructed by a line bundle O(KD) fibered over a compact surface D,

where KD denotes the canonical divisor of D. For SU(2) gauge theories with Nf flavors, D

5For Nf + 1 ≤ 5, ENf+1 is defined E5 = Spin(10), E4 = SU(5), E3 = SU(3) × SU(2), E2 = SU(2) ×
U(1), E1 = SU(2).

6In general, we may consider a compact divisor where P1
f is non-trivially fibered over P1

b . In the case

of SU(N) gauge theories, the non-trivial fibration is related to non-zero five-dimensional Chern-Simons

couplings [25, 28].
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Figure 1. The black solid lines represent the toric fan on the two-dimensional hyperplane for a

local P1
f ×P1

b . The red dotted lines denote the dual diagram which can be viewed as a (p, q) 5-brane

web in type IIB string theory.
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Figure 2. The toric fans on the two-dimensional hyperplane for toric Calabi-Yau threefolds whose

bases are the blow up of P1
f × P1

b at (a) : Nf = 1, (b) : Nf = 2, (c) : Nf = 3, (d) : Nf = 4 points.

Hi, i = 1, 2, 3, 4 are the blow up divisors. We chose a particular triangulation which will be used

in the later computation of the partition functions. M2-branes wrapping βνi give fundamental

hypermultiplets.

is the blow up of P1
f×P1

b at Nf points. In particular, when Nf ≤ 4, the blow up of P1
f×P1

b at

Nf points can be described by toric varieties. Since the dimension of the total space is three,

the dimension of the corresponding toric fan is also three. However, due to the Calabi-Yau

condition, all vectors of the toric fan lie on a two-dimensional hyperplane. Therefore, one

can describe the toric fan of a toric Calabi-Yau threefold as a two-dimensional toric fan

which is related to a fan of the compact base D. We illustrate the pictures of the toric fans

of a toric Calabi-Yau threefold with D = P1
f×P1

b and also the cases when D is the blow up of

P1
f×P1

b at 1 ≤ Nf ≤ 4 points on the two-dimensional hyperplane in figure 1, 2 respectively.

The black solid lines of figure 1 denote a two-dimensional slice of a three-dimensional

polyhedral toric fan for the toric Calabi-Yau manifold. A one-dimensional cone denotes a

divisor which becomes a point in the two-dimensional toric fan. There is only one compact

divisor D = P1
f × P1

b which corresponds to an interior point. The other points represent

non-compact divisors. A two-dimensional face generated by two one-dimensional cones

corresponds to a curve as an intersection between the two divisors. Then, the curves corre-
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spond to the internal lines on the two-dimensional hyperplane. We denote compact curves

by βνi , i = 1, · · · , 4. We choose βν3 and βν4 as the fiber P1
f , and βν1 and βν2 as the base P1

b .

The parameters and the Coulomb branch moduli of the five-dimensional supersymmet-

ric gauge theories are associated with the parameters of the geometry. Since we will use the

toric Calabi-Yau threefolds XNf , we consider the Kähler parameters of the manifolds. We

have Nf +2 divisors, H0, D,Hi, i = 1, · · · , Nf where D = P1
f×P1

b and the other divisors are

non-compact. The Kähler form may be expanded by the divisors, and the expansion pa-

rameters of compact divisors become moduli and the expansion parameters of non-compact

divisors become parameters in the five-dimensional effective field theory. H0 is defined as a

divisor which yields H0 ·D = P1
f . In other words, its dual two-cycle is the base P1

b . Hence,

the expansion parameter tb of the divisor H0 is related to the classical gauge coupling 1
g2clasical

of the five-dimensional gauge theory. Then, the Kähler form can be parameterized by

J = tbH0 + aD +miHi , (2.2)

where a is the Coulomb branch parameter of the SU(2) and mi is the classical mass pa-

rameter for the fundamental hypermultiplets. Therefore, the volume of a compact curve β

inside XNf can be measured by∫
β
J = tb(H0 · β) + a(D · β) +mi(Hi · β) . (2.3)

Since M2-branes wrapping the curves β represent BPS particles in the five-dimensional

gauge theory, the volume of the curves is related to the charges of the particles.

2.2 TN theories

So far we have seen that M-theory compactifications on the particular types of non-compact

Calabi-Yau manifolds realize supersymmetric five-dimensional gauge theories. In fact, there

is a different way to see how the five-dimensional gauge theories are generated when the

non-compact Calabi-Yau manifolds are toric varieties. This can be seen when one moves

to a dual diagram of the toric fan. The dual diagram of a toric variety for a local P1
f × P1

b

which is projected onto a two-dimensional hyperplane is depicted by the red dotted lines in

figure 1. On the hyperplane, the two-dimensional faces are replaced with dots, and the one-

dimensional lines become the perpendicular lines. This diagram represents the degeneration

of T 2 on the two-dimensional space. One of the two one-cycles shrinks along the red dotted

lines, and the whole T 2 shrinks at the points on the two-dimensional hyperplane.

In fact, there is a corresponding physical picture for the dual toric diagram. Namely,

the red dotted lines in figure 1 give a web of (p, q) 5-branes in type IIB string theory [40, 41].

Let us first start from type IIB string theory on S1. We also assume that there are a D5-

brane and an NS5-brane which do not extend along the S1 direction. When one performs

a T-duality along the S1, the D5-brane becomes a wrapped D6-brane and an NS5-brane

becomes a Kaluza-Klein monopole in type IIA string theory. The Kaluza-Klein monopole

is located where the T-dualized S1 shrinks. When one promotes this setup to M-theory,

both become Taub-NUT manifolds. The location of the Taub-NUT manifold coming from

– 7 –
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Figure 3. The red dotted lines represent a web of (p, q) 5-branes for T3 theory. The black solid

lines stand for the corresponding toric fan of a particular triangulation.

the wrapped D6-brane in type IIA string theory is then determined by the location where

the M-theory S1 shrinks. Therefore the locations of the two Taub-NUT manifolds are

specified by different S1’s shrink. Namely, the degeneration of two one-cycles in T 2 in

M-theory represent the locations of the D5-brane and the NS5-brane respectively. One

can also consider a situation where (p, q) one-cycle shrinks and this yields a (p, q) 5-brane

which is a bound state of a D5-brane and NS5-brane. The degeneration of the T 2 may

be realized by the degeneration of T 2 on the two-dimensional hyperplane in the dual toric

diagram. Therefore, the dual toric diagram represents a web diagram of (p, q) 5-branes.

When one views a toric diagram from a web of (p, q) 5-branes, toric Calabi-Yau three-

folds may yield interesting non-Lagrangian theories. For example, so-called TN theory has

been constructed from a web of (p, q) 5-brane in [32]. TN theory has been originally con-

structed in [7] by a compactification of M5-branes on a sphere with which three bunches of

N semi-infinite M5-branes intersect. Such a configuration gives rise to a four-dimensional

superconformal field theory with at least SU(N)3 flavor symmetry associated with the three

bunches of the N semi-infinite M5-branes. Furthermore, the theory has no marginal cou-

pling as three points on a sphere have no moduli. Hence, TN theory represents an isolated

SCFT.

Ref. [32] has proposed that a five-dimensional version of TN theory can be realized by

a web where N D5-branes, N NS5-branes and N (1, 1) 5-branes meet together. An S1

compactification of the five-dimensional TN theory realizes the original TN theory in [7].

An example of a web for T3 theory is depicted in figure 3. From the toric point of view,

the web diagram can be seen as the blow up of C3/ZN × ZN . In fact, the number of the

Coulomb branch moduli and the number of the Higgs branch moduli, which can be read

off from the web diagram, completely agree with those of TN theory.

The dimension of the Coulomb branch moduli space can be computed by the number

of local deformation of the web diagram which does not change the locations of the semi-

infinite 5-branes, which turns out to be equal to the number of closed faces in the web

– 8 –
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Figure 4. The deformation of pieces of 5-branes between 7-branes. One black solid line represents

a 5-brane and one ⊗ represents a 7-brane. The dotted line stands for the direction where 7-branes

extend but the 5-brane does not extend.

diagram

dimC(MCoulomb) =
(N − 1)(N − 2)

2
. (2.4)

On the other hand, the Higgs branch of the TN theory may be understood when we

terminate the semi-infinite 5-branes on 7-branes which are points in the two-dimensional

hyperplane and share the Minkowski five-dimensional space. Then, a global symmetry

can be realized as a symmetry on the 7-branes. In general a (p, q) 5-brane can end on

a orthogonal (p, q) 7-brane without breaking supersymmetry. Hence we terminate one

7-brane at each end of the semi-infinite 5-branes. When k 7-branes are attached to the

parallel k semi-infinite 5-branes at a point on the two-dimensional hyperplane, we have an

SU(k) global symmetry. The maximal Higgs branch can be seen when all parallel 5-branes

are coincident. Then we have N separate simple junctions, which yields an N dimensional

Higgs branch. When all the parallel 5-branes are overlapped, one can also strip off pieces

of some of the 5-branes between the 7-branes into the direction where the 7-branes extend

as in figure 4. In this case, some of the 7-branes are separated from the web diagram on

the two-dimensional hyperplane and the global symmetry gets reduced. Therefore, the

deformation of the piece of the 5-branes also contributes to the Higgs branch. In general,

we can consider a situation where several 5-branes are put on the same 7-brane. Let ki
5-branes be on a 7-brane where

∑J
i=1 ki = N , and k1 ≥ k2 ≥ · · · ≥ kJ . We denote such a

configuration by {k1, · · · , kJ}. The number of the deformation of the pieces of the 5-branes

in the configuration can be counted by [32]

dimH(M{k1,··· ,kJ}Higgs ) =
J∑
i=1

(i− 1)ki = −N +
J∑
i=1

iki . (2.5)

When each of the N parallel 5-branes is put on a 7-brane, the contribution becomes

dimH(M{1
N}

Higgs) = −N +
N∑
i=1

i =
1

2
N(N − 1) . (2.6)

– 9 –
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Figure 5. The toric fan of T3 under a particular triangulation. On the two-dimensional hyperplane,

the original toric fan can be thought as a two-dimensional toric fan for the base manifold D. Then,

the two-dimensional toric fan stands for the blow up of P1 × P1 at five points. The five blow up

divisors are depicted by five blue dashed arrows.

Therefore, putting these two contributions together and subtracting the overall center of

mass motion, the dimension of the Higgs branch of TN theory is

dimH(MHiggs) = N − 1 +
3

2
N(N − 1) =

3N2 −N − 2

2
. (2.7)

Note that, when some 5-branes are put on one 7-brane, we need to take care of the

generalized s-rule in [32] in order to preserve the supersymmetry, which is an application

of the original s-rule of [42] to a web of (p, q) 5-brane. In fact, there is a case where one

5-brane needs to jump over other 5-brane. Then, the diagram does not remain toric and

becomes a so-called dot diagram by including a new white dot in the toric diagram. The

white dot represents that the 5-branes on both sides of the white dot are on the same

7-brane. Furthermore, the s-rule in fact can propagate inside the web diagram due the

property of a junction, and then a white dot can be an interior point.

Let us look at T3 theory more closely. T3 theory has at least SU(3)3 global symmetries

and the dimensions of the moduli spaces are dimC(MCoulomb) = 1 and dimH(MHiggs) = 11

from (2.4) and (2.7). In a particular triangulation of the toric fan, the toric diagram on the

two-dimensional hyperplane can be seen as P1×P1 with 5 points blown up as in figure 5. The

M-theory compactification on the blow up of P1×P1 at 5 points gives rise to an SU(2) gauge

theory with five fundamental hypermultiplets as discussed in section 2.1. Since this theory

yields the E6 global symmetry at the fixed point, T3 theory is also supposed to exhibit an

enhanced E6 global symmetry. Indeed, the quaternionic dimension of the Higgs branch of

T3 theory agrees with the quaternionic dimension of the one-instanton moduli space of E6.

It has been also suggested that a theory realized as a vacuum in a Higgs branch of T4
theory generates an E7 global symmetry [32]. When we put the two 5-branes and the other

two 5-branes from one bunch of the four parallel 5-branes on two 7-branes as in figure 6,

then the global symmetry reduces to SU(4)2 × SU(2). In this case, the dimension of the

Coulomb branch moduli space is dimC(MCoulomb) = 1 as there is only on interior point in
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Figure 6. The dot diagram (left) and the web diagram (right) of the E7 theory. ⊗ in the right

figure again represents a 7-brane.

the left figure of figure 6. As for the dimension of the Higgs branch, the contribution from

the 5-branes in the left part of the web diagram in the right figure of figure 6 is

dimH(M{2,2}Higgs) = −4 +

2∑
i=1

2i = 2 , (2.8)

from (2.5). The contributions from the other two bunches of the parallel 5-branes are

6+6 = 12. Hence, the total quaternionic dimension of the Higgs branch is dimH(MHiggs) =

4− 1 + 2 + 6 + 6 = 17. The quaternionic dimension of the Higgs branch then agrees with

the quaternionic dimension of the one-instanton moduli space of E7. Now the diagram is

no longer toric and we need to introduce white dots in the dot diagram as in figure 6.

3 Topological strings and extra U(1) factors

As discussed in section 2, a class of five dimensional gauge theories are geometrically

engineered by toric Calabi-Yau threefolds X. We are particularly interested in the theories

on S1 × R4, which are regarded as the strong coupling limit of type IIA string theory on

X. This relates the Nekrasov partition function of the 5d theory on S1 × R4 with the

topological string amplitude on X.

3.1 Topological string amplitude

We first review how the topological string amplitude appears in this context. Although

our X is non-compact, we regard it as a non-compact limit of some compact Calabi-Yau

threefold X̃. When dimensionally reducing on X̃ × S1, we have a 4d, N = 2 supergravity.

The BPS states in the 4d theory come from Dp-branes wrapped on holomorphic compact

p-cycles of X̃. Among others, D2-branes on compact two-cycles are regarded as “electric”

BPS-states (such as W-bosons) and D4-branes on compact four-cycles are “magnetic” BPS

states (such as monopoles). The 4d effective action contains various F-terms. In particular,

a class of F-terms is calculated in the topological string theory on the same Calabi-Yau
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threefold X̃. Let F be the topological string amplitude on X̃, and λ be the topological

string coupling. When λ is small, F is expanded as

F =

∞∑
g=0

Fgλ2g−2 . (3.1)

Then the effective action of the supergravity contains F-terms of the form FgR2
+(gsF+)2g−2

for g > 0, where R+ and F+ are the self-dual part of the curvature and gravi-photon field

strength, respectively.7 In other words, by identifying λ = gsF+, the topological string am-

plitude evaluates the gravi-photon corrected F-terms in the 4d N = 2 supergravity [43, 44].

Since we are interested in 5d theories, we take the strong coupling limit gs →∞. Since

gs belongs to a 4d hypermultiplet, the F-term is independent of gs. However, the same

quantity F now has a different interpretation. Since in the strong coupling limit BPS D2-D0

states become very light, the low-energy theory is described by quantum fields associated

with them. Then F can be evaluated as a sum of their one-loop amplitudes [45, 46]. Since

the quantum fields are off-shell 4d short multiplets, they correspond to on-shell 5d BPS

states, namely M2-branes wrapping holomorphic two-cycles in X̃. Let t be the Kähler two-

form of the Calabi-Yau threefold, and β be the two-cycle wrapped by the M2-brane. The

central charge of the M2-brane is given by 2πt · β. The M2-brane also carries spin (jL, jR)

with respect to SO(4) ' SU(2)L × SU(2)R acting on R4. Let M be the moduli space of

deformations of the curve β in X̃. Then SU(2)R is identified with the SL(2) Lefschetz

actions on the moduli space of deformations of β in X̃ [46]. On the other hand, SU(2)L
is identified with the Lefschetz action on the moduli space of flat bundles over β, which

is generically T 2g if β has genus g. Now, let N
(β)
jL,jR

be the BPS degeneracy of M2-branes

wrapping β which have spin (jL, jR). The one-loop amplitudes are then written in terms

of n
(β)
jL

=
∑

jR
(−1)2jR(2jR + 1)N

(β)
jL,jR

as [45, 46]

F = −
∑

β,jL,k>0

jL∑
`=−jL

(−1)2jL
n
(β)
jL

k

q2`k

(qk/2 − q−k/2)2 e
−2πkt·β , (3.2)

where q = eiλ. Note that n
(β)
jL

depends only on the left spin jL of M2-branes because F
couples to the self-dual gravi-photon field strength F+.

3.2 Comparison to Nekrasov partition function

Since X engineers a gauge theory, the gravi-photon corrected F-term is also evaluated as

the (logarithm of) Nekrasov partition function [8]. This leads to the idea that, in the non-

compact limit X̃ → X, the topological string partition function expF is identified with the

Nekrasov partition function for ε1 = −ε2 = λ. The special choice of ε1,2 comes from the

fact that Fg couples to the self-dual part of the gravi-photon field strength. This relation

between the topological string amplitude and Nekrasov partition function was checked in

various examples [27–30]. The expression (3.2) particularly implies that the logarithm

7The constant map contribution F0 gives rise to (∂j∂iF0)F i ∧ F j .
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of the Nekrasov partition function is written as a sum over M2-branes on holomorphic

two-cycles β.

Note here that some of the two-cycles β become non-compact in the limit X̃ → X.

Then we should eliminate M2-branes on such β from the 5d BPS spectrum because their

masses are divergent. There is another class of M2-branes which are decoupled in the rigid

limit X̃ → X. To see this, suppose that X has k compact four-cycles, which we denote by

Di for i = 1, · · · , k. Then, the 5d gauge theory engineered by X has a non-trivial U(1)k

gauge symmetry. The 5d gauge fields A(i) come from the M-theory three-form potential of

the form

A =
k∑
i=1

A(i) ∧ ω(i) , (3.3)

where ω(i) is the harmonic two-form which is Poincaré dual to Di. Now, an M2-brane on

β has the following coupling to the gauge fields:

k∑
i=1

A(i)

∫
β
ω(i) . (3.4)

Namely the i-th electric charge of the M2-brane is identified with
∫
β ω

i = Di · β. If the

intersection number β ·Di vanishes for all the compact four-cycles Di, M2-branes wrapping

β has no electric charge of the 5d gauge theory engineered. This is the case if β can be

continuously moved to infinity. Such M2-branes are charged only under decoupled U(1)

gauge symmetries in the limit X̃ → X.

In the study of the 5d gauge theory we should eliminate such M2-branes from the 5d

BPS spectrum because they are decoupled. This means that, when comparing the topolog-

ical string partition function with the Nekrasov partition function, we have to omit in (3.2)

all the contributions from such M2-branes; they do not contribute to the one-loop amplitude

of the gauge theory. The contribution to be eliminated is a prefactor of expF of the form

jL∏
`=−jL

∞∏
k=1

(1− q2`+kQβ)
(−1)2jLk n(β)

jL . (3.5)

We should eliminate this for any jL and β such that Di · β = 0 for all Di. Here we used

the shorthand notation Qβ = e−2πit·β.

3.3 Five-dimensional U(1)-factor from geometry

One subtlety here is that, when X engineers an SU(N) gauge theory, the topological string

partition function expF is known to reproduce the Nekrasov partition function of a U(N)

gauge theory rather than SU(N) [27–30]. In this subsection, we explain the physical reason

for this using the above argument of decoupled M2-branes.

For example, suppose that X is the four-point blowup of local P1
b × P1

f , whose toric

web-diagram is shown in figure 7. Let βi be the i-th blowup two-cycle. There are six

independent Kähler parameters; tb, tf for Pb and Pf respectively, and ti for βi. This X

engineers an SU(2) gauge theory with Nf = 4 flavors. The Coulomb branch parameter a,
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β1β2

β3β4

β̃1β̃2

β̃3

β̃4

D

ββ

ββ
P1

˜˜

˜

˜

P1

D̃2

D̃1

Figure 7. Left: the toric web-diagram of the four-point blowup of local P1
b × P1

f . In our notation,

P1
f = β2 + β4 + β̃2 = β1 + β3 + β̃1 and P1

b = β1 + β2 + β̃3 = β3 + β4 + β̃4. We have a single compact

four-cycle D. Right: two non-compact four-cycles D̃1 and D̃2 are depicted.

masses of matter hypermultiplets mi and the gauge coupling g2 are related to the Kähler

parameters by tf = 2a, ti = a −mi and tb = 1/g2 + 2a. The topological string partition

function on X is evaluated in terms of Qi = e−2πti , Qf = e−2πtf and Qb = e−2πtb as [47]

expF =
∞∏
n=1

1

(1− qnQ̃1)n(1− qnQ̃2)n
×
∞∏
n=1

(
1

1− qn
)nχ(X)

2

×
∏4
i=1

∏∞
n=1(1− qnQi)n(1− qnQfQ−1i )n∏∞

n=1(1− qnQf )2n
× ZU(2)

inst (Qb, Qf , Qi) , (3.6)

where we used the short-hand notations Q̃1 = QfQ
−1
1 Q−13 , Q̃2 = QfQ

−1
2 Q−14 . Here χ(X)

is the Euler characteristic of X, which cannot be determined unambiguously because X

is non-compact. The moral is that we set χ(X) to be twice the number of U(1) vector

multiplets. When we write Q̃i = exp(−2πt · β̃i), the two-cycles β̃1 and β̃2 have vanishing

intersections with D. This means that the first factor

∞∏
n=1

1

(1− qnQ̃1)n(1− qnQ̃2)n
(3.7)

is a contribution from decoupled M2-branes as discussed near (3.5). In the study of 5d gauge

theory we should omit this factor. The remaining part of expF turns out to coincide with

the Nekrasov partition function of U(2) gauge theory with four flavors [30]. In particular,

Z
U(2)
inst agrees with the instanton partition function.8

While X engineers SU(2) gauge theory, we have obtained U(2) Nekrasov partition

function. The reason for this is that we did not eliminate all the contributions from

decoupled M2-branes. To see this, note first that there are two more independent two-cycles

β̃3, β̃4 whose intersections with D vanish. In terms of P1
b ,P1

f and βi, they are expressed as

β̃3 = P1
b − β1 − β2, β̃4 = P1

b − β3 − β4 . (3.8)

8The second and third factors of (3.6) coincide with the perturbative part of the Nekrasov partition.

Whether the perturbative part describes U(2) or SU(2) gauge symmetry depends on χ(X) which cannot

be determined unambiguously.
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M2-branes wrapping these two-cycles are not charged under SU(2) gauge symmetry engi-

neered, and therefore to be decoupled. From the symmetry of the toric diagram,9 we find

that expF contains the factor

∞∏
n=1

1

(1− qnQ̃3)n(1− qnQ̃4)n
, (3.9)

coming from M2-branes on β̃3 or β̃4. Since both Q̃3 and Q̃4 involve Qb, this factor is

included in Z
U(2)
inst (Qb, Qf , Qi). We interpret that the inclusion of (3.9) is the reason why

we have obtained the U(2) Nekrasov partition function rather than SU(2).

One way to verify this interpretation is to identify an additional U(1) gauge field which

couples to M2-branes on β̃3, β̃4. Let us consider two non-compact four-cycles D̃1 and D̃2

shown in figure 7. There is a U(1) gauge symmetry associated with

D′ = D̃1 − D̃2 , (3.10)

which we denote by U(1)D′ . Since D̃1 and D̃2 are non-compact, U(1)D′ is decoupled in the

rigid limit X̃ → X. The intersections D′ · β̃1 = D′ · β̃2 = 0 and D′ · β̃3 = −D′ · β̃4 = 2 imply

that M2-branes on β̃3, β̃4 are charged under U(1)D′ but those on β̃1, β̃2 are not. Therefore,

eliminating (3.7) from expF while keeping (3.9) is equivalent to keeping U(1)D′ in addition

to the SU(2) gauge symmetry in five dimensions. What is this additional U(1)D′ gauge

symmetry? Since D′ · P1
f = 0, the W-boson is neutral under U(1)D′ . On the other hand,

D′ · β1 = D′ · β2 = −D′ · β3 = −D′ · β4 = −1 imply that U(1)D′ couples to the four

matter hypermultiplets with the same magnitude of electric charge.10 This means that

U(1)D′ is identified with the center U(1) of the U(2) gauge symmetry, which verifies our

interpretation of the difference between U(2) and SU(2).

From this argument we expect that, by eliminating both (3.7) and (3.9) from expF ,

we obtain the Nekrasov partition function of SU(2) gauge theory rather than U(2). We

will explicitly check this in section 4.3. The latter factor (3.9) describes the difference

between the U(2) and SU(2) gauge theories. Recently, such a difference has attracted

much attention in the study of the AGT relation [15]. In particular, it was proposed

in [15] that the 4d Nekrasov partition functions of U(2) and SU(2) gauge theories are

generally related by multiplying a so-called “U(1)-factor.”11 Here, we have found the five-

dimensional counterpart of the U(1)-factor, and given its interpretation in the geometric

engineering. Note that our interpretation is applicable to any toric Calabi-Yau threefold

X which engineers a 5d gauge theory.

3.4 Refined topological string

So far we have discussed the un-refined topological string and its relation to the Nekrasov

partition function with ε1 = −ε2. In this paper, we are interested in the Nekrasov partition

9When we consider the refined topological string, this symmetry does not exist.
10To be more precise, an M2 on βi and an M2 on P1

f−βi, which form a (anti-) fundamental representation

of SU(2), have the same electric charge of U(1)D′ .
11For further studies on the U(1)-factor in four dimensions, see [48].
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Figure 8. Left: we assign Cλµν(t, q) to this vertex. The preferred direction is indicated by ||. The

vertex factor also depends on the positions of q- and t-directions. Middle: near the two-cycle β,

the toric Calabi-Yau X is identified with the total space of O(mβ − 1)⊕O(−mβ − 1)→ P1. This

picture indicates the case of mβ = 1. When the toric web-diagram near β is as in the picture, the

framing factor is given by fν(t, q)mβ . Here the dark and light gray regions indicate the line bundles

O(mβ − 1) → P1 and O(−mβ − 1) → P1, respectively. Right: when the web-diagram near β is as

in the picture, the framing factor is given by f̃ν(t, q)mβ .

function for a general Ω-background ε1 6= −ε2. It was argued in [30] that, when the gauge

theory is engineered by some toric Calabi-Yau threefold X, the logarithm of the Nekrasov

partition function is written as

Fref = −
∑

β,jL,jR

∞∑
k=1

jL∑
`=−jL

jR∑
r=−jR

(−1)2jL+2jR
N

(β)
jL,jR

k

(tq)k`(t/q)kr

(qk/2 − q−k/2)(tk/2 − t−k/2)e
−2πkt·β ,

(3.11)

where q = e−iε2 , t = eiε1 . Here Fref depends on the full spin spectrum N
(β)
jL,jR

of M2-

branes on β. Since (3.11) reduces to F if t = q, Fref is regarded as a generalization of

the topological string amplitude. In this paper, we call expFref the “refined topological

partition function,” following the literature.

Although the world-sheet definition of the refined topological string is still mysterious

(see [49–52] for recent progress), it was proposed that expFref is evaluated via the refine-

ment [19, 20] of the topological vertex [18]. In this paper, we use the so-called “refined topo-

logical vertex” proposed in [20]. We first draw the toric web-diagram of the toric Calabi-Yau

threefold X, which is decomposed into trivalent vertices and (internal and external) edges.

Each internal edge is associated with a Young diagram, and expFref is written as a sum

over all possible combinations of the Young diagrams up to a prefactor.12 What we sum up

is the multiplication of factors from every edge and vertex. The vertex factor is given by

Cλµν(t, q) = t−
||µt||2

2 q
||µ||2+||ν||2

2 Z̃ν(t, q)
∑
η

(q
t

) |η|+|λ|−|µ|
2

sλt/η(t
−ρq−ν)sµ/η(t

−νtq−ρ) ,

(3.12)

where λ, µ and ν are the Young diagrams of the edges attached to the vertex. Here we

assign ∅ to external edges. The function Z̃ν(t, q) is written in terms of `ν(i, j) = νi− j and

aν(i, j) = νtj − i as

Z̃ν(t, q) =
∏
s∈ν

(1− q`ν(s)taν(s)+1)−1 , (3.13)

12Here the prefactor is given by the refinement of the constant map contribution: (M(t, q)M(q, t))−χ(X)/4,

where M(t, q) =
∏∞
i,j=1(1−qitj−1)−1 is the refined MacMahon function and χ(X) is the Euler characteristic

of X.
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and sν(x) is the Schur function. Since Cλµν(t, q) is not symmetric under permutations of

the Young diagrams, we have to specify their ordering. For every vertex, we choose a “pre-

ferred direction” and call the other two directions q- and t-directions, respectively. We do

this so that every internal edge connects two preferred directions or two un-preferred direc-

tions. We also impose that all the preferred directions are parallel in the toric web-diagram.

Moreover, when connecting two un-preferred directions, we impose that one should be a

q-direction and the other should be a t-direction. With this rule, we assign Cλµν(t, q) to

a vertex in figure 8. Note that for a general toric web-diagram this assignment might be

impossible. In that case we should also use another vertex factor [53, 54], but we will not

discuss such examples in this paper.

To describe the edge factor, we first define

fν(t, q) = (−1)|ν|t
||νt||2

2 q−
||ν||2

2 , f̃ν(t, q) = (−1)|ν|t
||νt||2

2 q−
||ν||2

2 (t/q)
|ν|
2 , (3.14)

where |ν| is the number of boxes in ν. Let us consider an edge associated with a two-cycle

β and a Young diagram ν. The edge factor for the edge is given by

e−2πt·β|ν|f(β, ν, t, q) , (3.15)

where f(β, ν, t, q) is the so-called “framing factor.” Note that, near the two-cycle β, X is

locally identified with the total space of O(mβ − 1)⊕O(−mβ − 1)→ P1 for some mβ ∈ N.

The framing factor depends on mβ, the positions of q- and t-edges, and whether the edge

is a preferred or un-preferred direction. If the edge is a preferred direction as in the middle

of figure 8, the framing factor is given by

f(β, ν, t, q) = fν(t, q)mβ . (3.16)

If the edge is an un-preferred direction as in the right of figure 8, we set

f(β, ν, t, q) = f̃ν(t, q)mβ . (3.17)

Note that the framing factor (3.17) for un-preferred directions is slightly different from that

in [20, 54], but we will see that (3.17) leads to the correct 5d Nekrasov partition function

with no ambiguity.

We finally note that the refinement of (3.5) is given by

jL∏
`=−jL

jR∏
r=−jR

∞∏
i,j=1

(
1− q`−r+i−1/2t`+r+j−1/2Qβ

)(−1)2jL+2jR N
(β)
jL,jR . (3.18)

We interpret that, when comparing expFref with the Nekrasov partition function, we have

to divide out expFref by this factor for all (jL, jR) and β such that β · Di = 0 for every

compact four-cycle Di of X. One subtlety here is that the refined topological vertex does

not capture the whole SU(2)R spin multiplet of M2-branes on such β. To see this, let us

again regard X as a local limit of some compact Calabi-Yau threefold X̃. Before taking the

limit X̃ → X, the moduli space M of the curve β in the Calabi-Yau threefold is compact
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and Kähler. Then SU(2)R is identified with the SL(2) Lefschetz action on M [46], which

means that the SU(2)R spin multiplet is formed by elements of H∗(M). In the local

limit X̃ → X, however, M becomes non-compact and the full SU(2)R multiplet needs

contributions from infinity of M. On the other hand, the refined topological vertex only

captures the local property of the Calabi-Yau threefold. Therefore we expect that, in

calculations with refined topological vertex, the factor to be eliminated is

jL∏
`=−jL

∞∏
i,j=1

(1− q`−r+i− 1
2 t`+r+j−

1
2Qβ)

(−1)2jL+2jRN
(β)
jL,jR , (3.19)

for some r such that −jR ≤ r ≤ jR. The value of r depends on β, and the choices of the

preferred, q- and t-directions. In the rest of this paper, we encounter the cases of r = ±1/2

for jR = 1/2.13

4 Sp(1) Nekrasov partition functions from topological string

4.1 Refined topological vertex computation

In this section, we consider the refined topological string partition function on the blow-ups

of local P1 × P1 and C3/(ZN × ZN ) for N = 2, 3, 4. As reviewed in section 2, the former

engineers 5d SU(2) gauge theories with fundamental hypermutiplets while the latter is

expected to engineer the 5d version of TN -theory. Since the Calabi-Yau threefolds are

toric, the partition functions are evaluated via the refined topological vertex.

4.1.1 Local P1 × P1 with 2 ≤ Nf ≤ 4 blow ups

For the SU(2) gauge theories with Nf = 0 and 1, two partition functions are already shown

to be equivalent14 [55, 56]. Thus, we here focus on the partition functions of the SU(2)

gauge theories with 2 ≤ Nf ≤ 4 fundamental hypermultiplets.

We shall calculate the topological string partition function for 2 ≤ Nf ≤ 4 points blow

up of P1 × P1 whose toric fans are depicted in figure 2. One expects that the result agrees

with the SU(2) gauge theory partition function with Nf fundamental hypermultiplet since

M-theory compactifications on the toric varieties lead to the SU(2) gauge theory with Nf

flavors as discussed in section 2.1. However we find that the topological vertex calculation

yields the U(2) gauge theory partition function instead of that of SU(2).

Nf = 2. For Nf = 2, we consider two types of toric web diagrams as in figure 9. The

refined topological partition function for the first diagram of figure 9 can be written as

Z
(1)
Nf=2=(M(t, q)M(q, t))1/2Z(1)(t, q,Q) , (4.1)

13On the other hand, the SU(2)L multiplet is identified with the Lefschetz decompositions of the coho-

mology of the moduli space of flat bundles over β. Since this is insensitive to the non-compactness of M,

the topological vertex realizes the whole SU(2)L spin multiplet even if the M2-brane is wrapping β with a

non-compact moduli space.
14The relation between the instanton partition functions of two SU(2) gauge theories with Nf = 0

at different Chern-Simons levels, κ = 0 and κ = 2, is discussed in [55]. Their result agrees with our

prescription in section 4.2.
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Figure 9. Toric diagrams of two points blow up of local P1 × P1. The preferred direction is

indicated by the double line.

Z(1)(t, q,Q)=
∑
~ν,~µ

(−Qb)|ν1|(−Q1)|µ1|(−Q2)|µ2|(−QfQ−1
1 )|ν4|(−QfQ−1

2 )|ν3|(−QbQ1Q2)|ν2|fνt1(q, t)fν2(q, t)

×C∅µ1ν
t
1
(q, t)Cν4µt1∅(t, q)Cνt4∅ν2(q, t)× Cµt2∅ν1(t, q)Cµ2ν

t
3∅

(q, t)C∅ν3νt2(t, q) .

Here Qb, Qf , Qa are related to the Kähler parameters of the base P1, the fiber P1 and two

exceptional curves from blowup, respectively.

By explicit calculation, one obtains

Z
(1)
Nf=2=

[
∞∏

i,j=1

∏2
a=1(1−Qaqi−

1
2 tj−

1
2 )(1−QfQ−1

a qi−
1
2 tj−

1
2 )

(1−qitj−1)
1
2 (1−qi−1tj)

1
2 (1−Qfqitj−1)(1−Qfqi−1tj)

]
(4.2)

×
∑
ν1,ν2

(−Qb)|ν1|(−QbQ1Q2)|ν2|q||ν
t
1||

2+||νt2||
2

×
∏
s∈ν1

∏2
a=1(1−Qaq−i+

1
2 tlν1 (s)+ 1

2 )

(1−qaν1 (s)+1tlν1 (s))(1−qaν1 (s)tlν1 (s)+1)(1−Qfqaν2 (s)+1tlν1 (s))(1−Qfqaν2 (s)tlν1 (s)+1)

×
∏
s∈ν2

∏2
a=1(1−QfQ−1

a qi−
1
2 t−lν2 (s)− 1

2 )

(1−qaν2 (s)+1tlν2 (s))(1−qaν2 (s)tlν2 (s)+1)(1−Qfq−aν1 (s)−1t−lν2 (s))(1−Qfq−aν1 (s)t−lν2 (s)−1)
.

In order to compare this with the Nekrasov partition function, we reformulate this in terms

of the gauge theory parameters

q = e−γ1+γ2 , t = eγ1+γ2 , u = QbQ
1
2
1Q

1
2
2Q
− 1

2
f , Qf = e−2iλ , Qa=1,2 = e−iλ+ima ,

(4.3)

where λ is the Coulomb branch parameter, u is the instanton fugacity, ma=1,2 are the mass

parameters of the hypermultiplets and iε1 = γ1 +γ2, iε2 = γ1−γ2 denote the Omega defor-

mation parameters for R4. In terms of these parameters, the partition function is written as

Z
(1)
Nf=2 ≡Z

(1)
0 Z

(1)
inst ,

Z
(1)
0 =

∞∏
i,j=1

∏2
a=1(1− e−iλ+maqi−

1
2 tj−

1
2 )(1− e−iλ−maqi− 1

2 tj−
1
2 )

(1− qitj−1) 1
2 (1− qi−1tj) 1

2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)
,

Z
(1)
inst =

∑
~ν

u|ν1|+|ν2|
2∏

α=1

∏
s∈να

ei(Eα∅+iγ1)
∏2
a=1 2i sin Eα∅+iγ1−ma

2∏2
β=1(2i)

2 sin
Eαβ
2 sin

Eαβ+2iγ1
2

, (4.4)

where

Eαβ = λα − λβ + i(γ1 + γ2)`να(s)− i(γ1 − γ2)(aνβ (s) + 1) , (4.5)

and λ1 = −λ2 = λ, λ∅ = 0.
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Now the partition function (4.4), which consists of two factors Z
(1)
0 and Z

(1)
inst, can be

identified with the Nekrasov partition function. Firstly, the Z
(1)
inst factor perfectly agrees

with the instanton contribution of the U(2) gauge theory at Chern-Simons theory level

κ = +1 with Nf = 2 flavors obtained in [57] after the identification (4.3) of parameters

in both gauge theory and string theory. The product of sine factors in the numerator is

exactly the contribution from two U(2) fundamental hypermultiplets, while the product in

the denominator is the vector multiplet contribution. The phase factor in the numerator,

i.e. eκi(Eα∅+iγ1), encodes the classical Chern-Simons level and it implies that the Chern-

Simons level of the gauge theory at hand is κ = +1. On the other hand, the Z
(1)
0 factor

corresponds to the perturbative contribution of the SU(2) gauge theory partition function

with 2 fundamental flavors, rather than U(2) gauge group. To identify this with that of

the U(2) gauge theory, an additional U(1) vector multiplet contribution

∞∏
i,j=1

(1− qitj−1)− 1
2 (1− qi−1tj)− 1

2 (4.6)

should be included in the string theory partition function. This is achieved by shifting

χ(X) by two.15 For this case therefore the partition function Z
(1)
Nf=2 agrees with the 5d

Nekrasov partition function of U(2) gauge theory at CS-level +1 with two fundamental

hypermultiplets.

Note here that Z
(1)
Nf=2 contains contributions from M2-branes with no SU(2) electric

charge. Such M2-branes are wrapping the two-cycle associated with Qb = ue−
i
2
(m1+m2).

The general argument in section 3 implies that such M2-branes contribute

jL∏
`=−jL

∞∏
i,j=1

(1−Qb q`−r+i−
1
2 t`+r+j−

1
2 )

(−1)2jL+2jRN
(β)
jL,jR (4.7)

to Z
(1)
Nf=2 for some r, jL, jR such that −jR ≤ r ≤ jR. We find jL = 0 because the two-cycle

associated with Qb is genus zero. Moreover, the moduli space of deformations of the two-

cycle is C, which is regarded as a local limit of P1. This suggests that jR = 1/2. We can

verify these by looking at the refined topological vertex calculation (4.2). Since we are only

interested in the factor (4.7), we set all the fugacities to be zero except for Qb. Then (4.2)

reduces to

Z
||
U(1) ≡

∑
ν1

Q
|ν1|
b q||ν1||

2∏
s∈ν1(1− q`ν1 (s)taν1 (s)+1)(1− q`ν1 (s)+1taν1 (s))

, (4.8)

which is the amplitude associated with the diagram in figure 10. Using the identity (6.5)

of [58], we can rewrite this as

Z
||
U(1) =

∞∏
k,`=1

(1− ue− i
2
(m1+m2)qkt`−1)−1 . (4.9)

15Recall that the Euler characteristic χ(X) of the non-compact Calabi-Yau X is not unambiguously

determined. Our moral is that we set χ(X) to be twice the number of vector multiplets.
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Figure 10. The diagram giving rise to Z
||
U(1).

This factor is of the form (4.7) with N
(β)
jL,jR

= δjL,0 δjR, 12
and r = −1/2 for jR = 1/2. Note

that Z
||
U(1) contains the fugacity u for instantons, which implies that it comes from Z

(1)
inst

in (4.4).

Let us now turn to the second diagram of figure 9. The refined topological string

partition function is now evaluated as

Z
(2)
Nf=2=(M(t, q)M(q, t))1/2Z(2)(t, q,Q) ,

Z(2)(t, q,Q)=
∑
~ν,~µ

(−Qb)|ν1|(−Q1)|µ1|(−Q2)|µ2|(−QfQ−1
1 Q−1

2 )|ν4|(−Qf )|ν3|(−QbQ1Q
−1
2 )|ν2|f̃ν3(t, q)f̃νt4(t, q)

×C∅µ1ν
t
1
(q, t)Cν4µt1∅(t, q)Cµ2ν

t
4∅

(t, q)Cµt2∅ν2(q, t)× Cνt3∅ν1(t, q)C∅ν3νt2(t, q) . (4.10)

A short calculation shows that

Z
(2)
Nf=2 =Z

(2)
0 Z

(2)
inst ,

Z
(2)
0 =

∞∏
i,j=1

∏2
a=1(1− e−iλ+maqi−

1
2 tj−

1
2 )(1− e−iλ−maqi−

1
2 tj−

1
2 )

(1− qitj−1)
1
2 (1− qi−1tj)

1
2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)(1− e−i(m1+m2)qi−1tj)

,

Z
(2)
inst =

∑
ν1,ν2

u|ν1|+|ν2|
2∏

α=1

∏
s∈να

(
2i sin

Eα∅+iγ1−m1

2

)(
2i sin

−Eα∅−iγ1−m2

2

)
∏2
β=1(2i)2 sin

Eαβ
2

sin
Eαβ+2iγ1

2

. (4.11)

Here we introduce another identification of the Kähler parameters different from the pre-

vious case.

u = −QbQ
1
2
1Q
− 1

2
2 Q

− 1
2

f , Qf = e−2iλ , Qa=1,2 = e−iλ+ima . (4.12)

This result is rather different from the previous result for the first diagram of figure 9.

Firstly, there is an extra contribution to the perturbative part Z
(2)
0 :

Z=
U(1) ≡

∞∏
i,j=1

(1− e−i(m1+m2)qi−1tj)−1. (4.13)

Also the instanton part Z
(2)
inst is different. The numerator of the instanton part for this case

implies that the U(2) gauge theory now has zero Chern-Simons level and couples to two

hypermultiplets, one in the fundamental and the other one in the anti-fundamental repre-

sentation, which is very different from the previous interpretation. Therefore Z(2)/Z=
U(1)

gives the Nekrasov partition function of U(2) gauge theory with a fundamental and an

anti-fundamental matter fields, and the vanishing Chern-Simons level. Thus the topo-

logical vertex computations of the two toric diagrams yield the two different Nekrasov

partition functions. Note here that (4.13) is precisely the contribution from M2-branes
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Figure 11. Toric diagram of three points blow up of local P1 × P1.

on the two-cycle associated with QfQ
−1
1 Q−12 . Such M2-branes are not charged under the

SU(2) gauge symmetry, and to be decoupled. This gives a physical interpretation of the ra-

tio Z
(2)
Nf=2/Z

=
U(1). Note also that there is no other contributions from decoupled M2-branes

in the second diagram of figure 9.

Despite the above difference between Z
(1)
Nf=2 and Z

(2)
Nf=2, we find that they are in fact

the same apart from decoupled factors which are independent of the Coulomb branch

parameter. Two partition functions are related by

Z
(1)
Nf=2

/
Z
||
U(1) = Z

(2)
Nf=2

/
Z=
U(1) . (4.14)

The physical reason for this relation will be clear in the next subsection.

Nf = 3. The toric diagram for the blow up of P1 × P1 at Nf = 3 points is shown in

figure 11. The corresponding topological string partition function is given by

ZNf=3=(M(t, q)M(q, t))1/2Z(t, q,Q) , (4.15)

Z(t, q,Q)=
∑
~ν,~µ

(−Qb)|ν1|(−Q1)|µ1|(−Q2)|µ2|(−Q3)|µ3|(−QfQ−1
1 Q−1

3 )|ν4|(−QfQ−1
2 )|ν3|(−QbQ1Q2Q

−1
3 )|ν2|

×fνt1(q, t)f̃νt4(t, q)C∅µ1ν
t
1
(q, t)Cν4µt1∅(t, q)Cµ3ν

t
4∅

(t, q)Cµt3∅ν2(q, t)Cµt2∅ν1(t, q)Cµ2ν
t
3∅

(q, t)C∅ν3νt2(t, q) .

The final expression we obtain is

ZNf=3 =Z0Zinst ,

Z0 =

∞∏
i,j=1

∏3
a=1(1− e−iλ+maqi−

1
2 tj−

1
2 )(1− e−iλ−maqi−

1
2 tj−

1
2 )

(1− qitj−1)
1
2 (1− qi−1tj)

1
2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)(1− e−i(m1+m3)qi−1tj)

,

Zinst =
∑
ν1,ν2

u|ν1|+|ν2|
2∏

α=1

∏
s∈να

e
i
2
(Eα∅+iγ1)

(∏2
a=1 2i sin

Eα∅+iγ1−ma
2

)(
2i sin

−Eα∅−iγ1−m3

2

)
∏2
β=1(2i)2 sin

Eαβ
2

sin
Eαβ+2iγ1

2

. (4.16)

We again relate the Kähler parameters of the string theory with the gauge theory parameters

such that

u = QbQ
1
2
1Q

1
2
2Q
− 1

2
3 Q

− 1
4

f , Qf = e−2iλ , Qa=1,2,3 = e−iλ+ima (4.17)

This partition function can be also identified with the Nekrasov partition function. The

factor Zinst is precisely the 5d instanton partition function of the U(2) gauge theory at

Chern-Simons level κ = +1
2 , which is deduced from the phase factor e

i
2
(Eα∅+iγ1) in the

numerator, with two fundamantal and one anti-fundamental hypermultiplets with masses

ma=1,2,3. The factor Z0 divided by the following factor

Z=
U(1) ≡

∞∏
i,j=1

(1− e−i(m1+m3)qi−1tj)−1 . (4.18)
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Figure 12. Toric diagram of four points blow up of local P1 × P1.

gives the perturbative contribution to the U(2) gauge theory partition function with three

fundamental flavors. Therefore ZNf=3/Z
=
U(1) coincides with the full Nekrasov partition

function of U(2) gauge theory with three flavors and Chern-Simons level 1/2.

Note here that Z=
U(1) is the contribution from M2-branes on the two-cycle associated

with QfQ
−1
1 Q−13 . Since such M2-branes are not charged under the SU(2) gauge symmetry,

it is reasonable to take the ratio ZNf=3/Z
=
U(1). However, there is still a contribution from

decoupled M2-branes wrapping the two-cycle associated with Qb = ue−
i
2
(m1+m2−m3). In

the same way as in the Nf = 2 case, such contribution is evaluated by setting all the

fugacities to be zero except for Qb. The result is

Z
||
U(1) ≡

∞∏
k,`=1

(1− ue− i
2
(m1+m2−m3)qkt`−1)−1. (4.19)

This contribution is still included in ZNf=3/Z
=
U(1).

Nf = 4. Let us study the final example of this subsection. The toric diagram for the

blow up of P1 × P1 at Nf = 4 points is shown in figure 12. The corresponding topological

string partition function is given by

ZNf=4=(M(t, q)M(q, t))1/2Z(t, q,Q) , (4.20)

Z(t, q,Q)=
∑
~ν,~µ

(−Qb)|ν1|(−Q1)|µ1|(−Q2)|µ2|(−Q3)|µ3|(−Q4)|µ4|(−QfQ−1
1 Q−1

3 )|ν4|(−QfQ−1
2 Q−1

4 )|ν3|

×(−QbQ1Q2Q
−1
3 Q−1

4 )|ν2|fνt1(q, t)fνt2(t, q)f̃νt3(q, t)f̃νt4(t, q)

×C∅µ1ν
t
1
(q, t)Cν4µt1∅(t, q)Cµ3ν

t
4∅

(t, q)Cµt3∅ν2(q, t)Cµt2∅ν1(t, q)Cµ2ν
t
3∅

(q, t)C∅µ4ν
t
2
(t, q)Cν3µt4∅(q, t) .

An explicit computation shows that the the partition function reduces to

ZNf=4=Z0Zinst , (4.21)

Z0=

∞∏
i,j=1

∏4
a=1(1− e−iλ+imaqi−

1
2 tj−

1
2 )(1− e−iλ−imaqi− 1

2 tj−
1
2 )

(1− qitj−1) 1
2 (1− qi−1tj) 1

2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)
,

×
∞∏

i,j=1

(1− e−i(m1+m3)qi−1tj)−1(1− e−i(m2+m4)qitj−1)−1 ,

Zinst=
∑
ν1,ν2

u|ν1|+|ν2|
2∏

α=1

∏
s∈να

(∏2
a=1 2i sin Eα∅+iγ1−ma

2

)(∏4
a=3 2i sin −Eα∅−iγ1−ma2

)
∏2
β=1(2i)

2 sin
Eαβ
2 sin

Eαβ+2iγ1
2

,
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in terms of the gauge theory parameters

u = QbQ
1
2
1Q

1
2
2Q
− 1

2
3 Q

− 1
2

4 , Qf = e−2iλ , Qa=1,2,3,4 = e−iλ+ima . (4.22)

When we define

Z=
U(1) ≡

∞∏
i,j=1

(1− e−i(m1+m3)qi−1tj)−1(1− e−i(m2+m4)qitj−1)−1, (4.23)

ZNf=4/Z
=
U(1) turns out to coincide with the Nekrasov partition function of the U(2) gauge

theory with two fundamental and two anti-fundamental hypermultiplets without a classical

Chern-Simons term.

Note here that Z=
U(1) is the contribution from M2-branes on the two-cycles associated

with QfQ
−1
1 Q−13 and QfQ

−1
2 Q−14 . Since such M2-branes have no electric charge of SU(2)

gauge symmetry, it is reasonable to consider the ratio ZNf=4/Z
=
U(1). However, there is

still a contribution from decoupled M2-branes on the two-cycles associated with Qb =

ue−
i
2
(m1+m2−m3−m4) and QbQ1Q2Q

−1
3 Q−14 = ue+

i
2
(m1+m2−m3−m4). Such a contribution is

evaluated by setting all the other fugacities to be zero, which leads to

Z
||
U(1) ≡

∞∏
k,`=1

(
1− ue− i

2
(m1+m2−m3−m4)qkt`−1

)−1 (
1− ue+ i

2
(m1+m2−m3−m4)qk−1t`

)−1
.

(4.24)

This factor is still included in ZNf=4/Z
=
U(1).

4.1.2 (p, q) webs of TN=2,3,4 theories

For 5d Sp(1) gauge theories with Nf ≥ 5 flavors, the relevant Calabi-Yau threefold is

not toric. However, as we will see later, they are closely related to the 5d TN -theory

which is engineered by a toric Calabi-Yau threefold. Therefore we now evaluate the refined

topological string partition function associated with the 5d TN theory, especially for N =

2, 3, 4. The results then show their relations to the Nekrasov partition functions of certain

linear quiver theories.

Warm up: T2 theory. The toric Calabi-Yau threefold engineering T2 theory is the re-

solved C3/(Z2×Z2), whose toric diagram is shown in figure 13. This multi-junction system

has SU(2)3 flavor symmetry realized by two external lines in each of the left, bottom and

upper-right directions. The corresponding 5d theory is given by eight free chiral superfields

transforming under the flavor symmetry. The Higgs branch of the theory is complex eight

dimensional. The Kähler parameters Q1, Q2, Q3 of the geometry are associated to the mass

parameter of those chirals. The Coulomb branch of this theory is absent since we have no

compact four-cycle.

Given the web diagram, the topological string partition function is simply given by [59–

61]

Z̃T2=
∑

µ1,µ2,µ3

(−Q1)|µ1|(−Q2)|µ2|(−Q3)|µ3|C∅∅µt1(q, t)C∅µ2∅(q, t)Cµ3∅∅(q, t)Cµt3µt2µ1
(t, q)
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Figure 13. Toric diagram of T2 theory.

=

∞∏
i,j=1

(1− e−im2qi−
1
2 tj−

1
2 )(1− eim3qi−

1
2 tj−

1
2 )

1− e−im2+im3qitj−1

∑
µ1

u|µ1|
∏
s∈µ1

sin
E1∅−m2+iγ1

2
sin

E1∅−m3+iγ1
2

sin E11
2

sin E11+2iγ1
2

, (4.25)

where

λ1 = λ∅ = 0 , Q1Q
1
2
2Q

1
2
3 = −u , Q2 = e−im2 , Q3 = eim3 . (4.26)

One can easily check that the partition function ZT2 is the Nekrasov partition function of

the U(1) gauge theory with 2 fundamental flavors whose mass parameters are m1,m2, up

to the extra free factor in the denominator of the first infinite product. We can also use

the identity [61]

∑
µ

(−Q1)
|µ|q

||µt||
2

2 t
||µ||2

2

∏
s∈µ

(1−Q2q
a∅(s)+

1
2 tlµ(s)+

1
2 )(1−Q3q

−a∅(s)− 1
2 t−lµ(s)−

1
2 )

(1− qaµ(s)+1tlµ(s))(1− qaµ(s)tlµ(s)+1)

=
∞∏

i,j=1

(1−Q1q
i− 1

2 tj−
1
2 )(1−Q1Q2Q3q

i− 1
2 tj−

1
2 )

(1−Q1Q2qi−1tj)(1−Q1Q3qitj−1)
(4.27)

to simplify the partition function as

Z̃T2 =

∞∏
i,j=1

(1−Q1q
i− 1

2 tj−
1
2 )(1−Q2q

i− 1
2 tj−

1
2 )(1−Q3q

i− 1
2 tj−

1
2 )(1−Q1Q2Q3q

i− 1
2 tj−

1
2 )

(1−Q1Q2qi−1tj)(1−Q2Q3qitj−1)(1−Q1Q3qitj−1)
.

(4.28)

The numerator of this formulation shows the contribution of the 4 free hypermultiplets of

the T2 theory as expected.

Let us define

Z=
U(1) ≡

∞∏
i,j=1

(1−Q2Q3q
itj−1)−1, Z

||
U(1) ≡

∞∏
i,j=1

(1−Q3Q1q
itj−1)−1,

Z
//
U(1) ≡

∞∏
i,j=1

(1−Q1Q2q
i−1tj)−1. (4.29)

Then Z̃T2/(Z
=
U(1)Z

||
U(1)Z

//
U(1)) coincides with the partition function of the T2-theory. Ac-

cording to the argument in section 3, the factors Z=
U(1), Z

||
U(1) and Z

//
U(1) are identified with

the contribution from decoupled M2-branes on two-cycles associated with Q2Q3, Q3Q1 and

Q1Q2, respectively. All the two-cycles can be continuously moved to infinity, and therefore
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Figure 14. Toric diagram of T3 theory.

it is reasonable to eliminate them. Now let us consider Z̃T2/Z
=
U(1). From (4.25), it follows

that Z̃T2/Z
=
U(1) coincides with the Nekrasov partition function of the U(1) gauge theory with

two fundamental matters. This strongly suggests that the TN -theory partition function is

related to the partition function of some simpler gauge theory with Lagrangian description.

T3 theory. We now consider the T3 theory engineered by C3/(Z3 × Z3). The relevant

toric web diagram is shown in figure 14. The theory has a global symmetry SU(3)3, which

is visible from the diagram, and in fact the symmetry is enhanced to E6 [7]. The Coulomb

branch of this theory is one dimensional corresponding to the size of the hexagon in the

center of the diagram. The theory also has a Higgs branch of complex dimension 22, which

is the same dimension as the dimension of the one instanton moduli space of E6 gauge

theory. These properties of the T3 theory allow us to relate it with SU(2) gauge theory

with Nf =5 fundamental hypermultiplets in 5d.16 We will compare the partition functions

of two theories in the next section, which provides a strong evidence for the relation.

The diagram leads to the T3 partition function

Z̃T3=(M(t, q)M(q, t))1/2Z(t, q,Q) ,

Z(t, q,Q)=
∑
~ν,~µ

(−Q1)|µ1|(−Q2)|µ2|(−Q3)|µ3|(−Q4)|µ4|(−Q5)|µ5|(−Qb)|ν1|(−QbQ1Q
−1
2 Q−1

4 )|ν2|

×(−QfQ−1
1 Q−1

2 )|ν3|(−QfQ−1
4 )|ν4|fνt2(t, q) ˜fνt3(q, t)C∅ν4νt1(q, t)Cµ4ν

t
4µ
t
5
(t, q)C∅∅µ5

(q, t)Cµt4∅ν2(q, t)

×Cµt1µt3ν1(t, q)C∅µ3∅(q, t)Cµ1ν
t
3∅

(q, t)Cν3µt2∅(q, t)C∅µ2ν
t
2
(t, q) . (4.30)

A short calculation gives the simple result

Z̃T3 =Z0 · Zinst ,

Z0 =

∞∏
i,j=1

(1−eiλ−im3qi−
1
2 tj−

1
2 )(1−e−iλ−im3qi−

1
2 tj−

1
2 )

(1− qitj−1)
1
2 (1− qi−1tj)

1
2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)

×
∏

a=1,2,4

(1−e−iλ+imaqi−
1
2 tj−

1
2 )(1−e−iλ−imaqi−

1
2 tj−

1
2 )

×
∞∏

i,j=1

(1− e−im1+im2qitj−1)−1(1− eim1−im3qitj−1)−1(1− eim2−im3qitj−1)−1 ,

Zinst =
∑

ν1,ν2,µ5

u
|ν1|+|ν2|
2 u

|µ5|
1

 2∏
α=1

∏
s∈να

(∏3
a=1 2i sin

Eα∅−ma+iγ1
2

)
(2i sin Eα5−m4+iγ1

2
)∏2

β=1(2i)2 sin
Eαβ
2

sin
Eαβ+2iγ1

2

16As mentioned already, for a 5d Sp(1) gauge theory with Nf ≥ 5, the relevant Calabi-Yau threefold is

not toric with a generic complex structure. However, in the case of Nf = 5, there is a special choice of

complex structure with which the Calabi-Yau threefold becomes toric.
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×
∏
s∈µ5

∏2
α=1 2i sin E5α+m4+iγ1

2

(2i)2 sin E55
2

sin E55+2iγ1
2

]
, (4.31)

where we used the parametrization

QbQ
1
2
1Q
− 1

2
2 Q

1
2
3Q
− 1

2
4 = −u2, Qf = e−2iλ, Q5 = −eiλu1,

Q1 = e−iλ+im1 , Q2 = e−iλ−im2 , Q3 = eiλ−im3 , Q4 = e−iλ−im4 , (4.32)

and λ∅ = λ5 = 0. Let us define

Z=
U(1) ≡

∞∏
i,j=1

(1− e−im1+im2qitj−1)−1(1− eim1−im3qitj−1)−1(1− eim2−im3qitj−1)−1 . (4.33)

Then it is easy to see that Z̃T3/Z
=
U(1) is precisely the U(2) × U(1) gauge theory partition

function with three hypermultiplets in the fundamental representation of U(2) and one

bi-fundamental hypermultiplet. The instanton part Zinst takes the form of a instanton

summation for two gauge groups with instanton fugacities u1 and u2.

Note here that Z=
U(1) is the contribution from M2-branes on the two-cycles associated

withQfQ
−1
1 Q−12 , Q1Q3 andQfQ

−1
2 Q3. Since such M2-branes are decoupled in the 5d gauge

theory, it is reasonable to take the ratio Z̃T3/Z
=
U(1). The three two-cycles are associated with

the pairs of horizontal parallel external lines in figure 14. There are also two-cycles associ-

ated with pairs of bottom or upper-right parallel external lines. Since they have vanishing in-

tersections with the compact four-cycle, they also support decoupled M2-branes. We denote

by Z
||
U(1) and Z

//
U(1) the contributions from such M2-branes associated with the bottom and

upper-right external lines, respectively. Their explicit expressions are obtained in section 5.

T4 theory. The computation of the partition function of the T4 theory can be done in the

same manner. The relevant Calabi-Yau threefold is C3/(Z4×Z4), whose toric web-diagram

is depicted in figure 15.

The topological string partition function is evaluated as

Z̃T4 = (M(t, q)M(q, t))
3
2Z(t, q,Q) , (4.34)

where

Z(t, q,Q) =
∑
ν,µ

(−Q1)|µ1|(−Q2)|µ2|(−Q3)|µ3|(−Q4)|µ4|(−Q5)|µ5|(−Q6)|µ6|(−Q7)|µ7|(−Q8)|µ8|

(−Qb1)|ν1|(−Qb1Q2)|ν2|(−Qb1Q2Q3Q
−1
4 Q5Q

−1
6 )|ν3|(−Qf1)|ν4|(−Qf1Q

−1
2 )|ν5|

(−Qf2Q
−1
5 Q−1

6 )|ν6|(−Qf2Q
−1
µ3
Q−1
µ4

)|ν7|(−Qb2)|ν8|(−Qb2Q
−1
7 )|ν9|(−Qf2Q

−1
5 Q−1

6 Q−1
7 )|ν10|

fνt2(q, t)fνt3(t, q)f̃νt4(q, t)f̃νt6(t, q)f̃νt7(q, t)fνt8(t, q)

C∅µt1∅(q, t)Cµ2µ1ν
t
1
(t, q)Cµt2ν5∅(q, t)Cµt3νt5ν2(t, q)Cµ3ν

t
7∅

(q, t)Cν7µt4∅(q, t)C∅µ4ν
t
3
(t, q)

C∅νt4ν1(q, t)Cν4µ5ν
t
2
(q, t)Cν6µt5νt8(t, q)Cµ6ν

t
6ν9

(t, q)Cµt6∅ν3(q, t)

C∅νt10ν8(q, t)Cµt7ν10µt8(t, q)Cµ7∅νt9
(q, t)C∅∅µ8

(q, t) . (4.35)

There are three compact divisorsD1, D2 andD′ corresponding to the three loops in figure 15.

The expansion parameters of the Kähler form J by the three compact divisors are the

Coulomb branch parameters and we take

J ⊃ a1D1 + a2D2 + a′D′ . (4.36)
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Figure 15. A toric diagram of T4 theory of a particular triangulation. D1, D2 and D′ stand for

the compact divisors corresponding to the three closed loops in the web diagram.

The intersection between the two-cycles in figure 15 and (4.36) gives the Coulomb branch

parameter dependence of the particles which arise from M2-branes wrapping on the two-

cycles. With this information, we choose the parameters in the low energy effective theory

in the following way.

Q1 = eia1−im1 , Q2 = e−ia1+im2 , Q3 = ei(a1−a2)+im3 , Q4 = e−ia2−im4 , (4.37)

Q5 = ei(a1−a2+a
′)+im̃1 , Q6 = ei(−a2+a

′)−im̃1 , Q7 = e−ia
′−im̃2 , Q8 = −u3eia

′
, (4.38)

Qf1 = ei(−2a1+a2), Qf2 = ei(a1−2a2) , (4.39)

Qν1Q
1
2
1Q

1
2
2Q

1
2
3Q
− 1

2
4 Q

1
2
5Q
− 1

2
6 = −u1, Qν8Q5Q

1
2
6Q
− 1

2
7 Q

1
2
f1

= u2 . (4.40)

Under the parameterization (4.37)–(4.40), the straightforward calculation shows that

eq. (4.35) yields

Z̃T4 = Z=
U(1) · Z0 · Zinst . (4.41)

where

Z0 =
∏∞
i,j=1

{ Znumerator
0

(1− qitj−1)3/2(1− qi−1tj)3/2[
∏3
α<β(1− e−i(λα−λβ)qitj−1)(1− e−i(λα−λβ)qi−1tj)]

× 1

(1− e−2iλ′qitj−1)(1− e−2iλ′qi−1tj)

}
. (4.42)

Here, Znumerator
0 is

Znumerator
0 =

[
3∏

α=1

(1− eiλα−im1qi−
1
2 tj−

1
2
)

]
(1− e−iλ1+im2qi−

1
2 tj−

1
2 )(1− eiλ2−im2qi−

1
2 tj−

1
2 )

(1− eiλ3−im2qi−
1
2 tj−

1
2 )
[ 4∏
a=3

(1− e−iλ1+imaqi−
1
2 tj−

1
2 )(1− e−iλ2+imaqi−

1
2 tj−

1
2 )

(1− eiλ3−imaqi−
1
2 tj−

1
2 )
][ 2∏

α′=1

(1− e−i(λ1−λ′α′ )+im̃1qi−
1
2 tj−

1
2 )(1− e−i(λ1−λ′α′ )+im̃2qi−

1
2 tj−

1
2 )
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(1− ei(λ3−λ′α′ )−im̃1qi−
1
2 tj−

1
2 )
]
(1− e−iλ

′+im̃2qi−
1
2 tj−

1
2 )(1− e−iλ

′−im̃2qi−
1
2 tj−

1
2 ) . (4.43)

This corresponds to the perturbative contribution. The numerator of (4.43) can be recast

into a simpler form[
3∏

α=1

4∏
a=1

(1−e−iλα+imaqi−
1
2 tj−

1
2 )

][
3∏

α=1

2∏
α′=1

(1−e−i(λα−iλ
′
α′ )+im̃1qi−

1
2 tj−

1
2 )

][
2∏

α′=1

(1−e−iλ
′
α′+im̃2qi−

1
2 tj−

1
2 )

]
,

(4.44)

if we ignore divergent terms. The factor Z=
U(1) is given by

Z=
U(1)=

∞∏
i,j=1

(1− e−i(m1−m2)qitj−1)−1(1− e−i(m1−m3)qitj−1)−1(1− e−i(m1−m4)qitj−1)−1

(1−e−i(m2−m3)qitj−1)−1(1−e−i(m2−m4)qitj−1)−1(1−e−i(m3−m4)qitj−1)−1, (4.45)

and finally Zinst is the instanton partition function

Zinst =
∑

ν1,ν2,ν3,ν̃1,ν̃2,µ8

u
|ν1|+|ν2|+|ν3|
1 u

|ν̃1|+|ν̃2|
2 u

|µ8|
3

[
3∏

α=1

∏
s∈να

(∏4
a=1 2i sin Eα∅−ma+iγ1

2

)(∏2
α′=1 2i sin

Eαα′−m̃1+iγ1
2

)
∏3
β=1(2i)

2 sin
Eαβ
2 sin

Eαβ+2iγ1
2

2∏
α′=1

∏
s∈ν̃α′

(∏3
α=1 2i sin

Eα′α+m̃1+iγ1
2

)(
2i sin

Eα′µ8
−m̃2+iγ1

2

)
∏2
β′=1(2i)

2 sin
Eα′β′

2 sin
Eα′β′+2iγ1

2∏
s∈µ8

∏2
α′=1 2i sin

Eµ8α′
+m̃2+iγ1

2

(2i)2 sin
Eµ8µ8

2 sin
Eµ8µ8+2iγ1

2

]
. (4.46)

The Coulomb branch parameters λα and λ′α′ are

λ1 = a1, λ2 = −a1 + a2, λ3 = −a2, (4.47)

λ′1 = λ′ = a′, λ′2 = −λ′ = −a′, λµ8 = 0, (4.48)

and we also defined ν̃1 := ν8 and ν̃2 := ν9.

Here the ratio Z̃T4/Z
=
U(1) is nothing but the Nekrasov partition function of U(3) ×

U(2)× U(1) gauge theory with four hypermultiplets in the fundamental representation of

U(3), a bi-fundamental hypermultiplet of U(3)×U(2) and a bi-fundamental hypermultiplet

of U(2) × U(1) except for the perturbative U(1) Cartan contribution.17 Note that Z=
U(1)

is the contribution from decoupled M2-branes on the two-cycles associated with pairs of

horizontal parallel external lines in figure 15. We similarly define Z
||
U(1) and Z

//
U(1) for the

bottom and upper-right parallel external lines, respectively. The explicit expression for

them are obtained in section 5.

17The lack of some perturbative U(1) parts is not a contradiction because our Euler characteristic χ(X)

originally has an ambiguity. We can shift χ(X) by six to recover them.
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Figure 16. When the two external lines are preferred directions, rβ = +1/2 or rβ = −1/2,

depending on the relative positions of the q- and t-directions. In each picture, the red lines are two

parallel external lines associated with the two-cycle β, and the gray region is arbitrary. The left

and right situations give rβ = +1/2 and rβ = −1/2, respectively.

4.2 U(1) factors

In the previous subsection, we evaluated the refined topological string partition function

Ztop on various toric Calabi-Yau threefolds X. We have particularly found that if X

engineers Sp(1) gauge theories then Ztop/Z
=
U(1) reproduces the Nekrasov partition functions

of U(2) gauge theories rather than Sp(1). Moreover, if X engineers the TN -theory for N =

2, 3, 4, Ztop/Z
=
U(1) gives the Nekrasov partition function of U(N − 1)×U(N − 2)× · · ·U(1)

linear quiver gauge theory, rather than the TN -theory. The reason for this is that we have

not eliminated all the decoupled M2-branes from Ztop.

As discussed in subsection 3.2, Ztop contains various contributions from M2-branes

which are not charged under the 5d gauge symmetry engineered. The factor Z=
U(1) is a part

of such contributions, but there are still contributions from decoupled M2-branes which

are not included in Z=
U(1). Such M2-branes give a further prefactor Zothers

U(1) of Ztop. To be

specific, in 4.1.1 we have

Zothers
U(1) = Z

||
U(1) (4.49)

and in 4.1.2

Zothers
U(1) = Z

||
U(1)Z

//
U(1). (4.50)

Then the total factor to be eliminated is

ZU(1) = Z=
U(1)Z

others
U(1) . (4.51)

We call the total ZU(1) the “U(1)-factor.”

Now we claim that Ztop/ZU(1) correctly reproduces the Nekrasov partition function of

Sp(1) gauge theories and TN -theories. In the next subsection, we will explicitly show this

for the Sp(1) gauge theory with Nf = 2, 3, 4 flavors as well as the T3-theory. Note that

this claim naturally explains the relation (4.14) in the case of two-point blowup of the local

P1 × P1. Namely the both sides of (4.14) give the same Nekrasov partition function of

the SU(2) gauge theory with two fundamental matters; for SU(2) there is no distinction

between 2 and 2.

The detail of the U(1)-factor depends on the toric Calabi-Yau three-fold X, but there

is a general expression:

ZU(1) =
∏

β |β·Di=0

∞∏
m,n=1

(1− qm−(1/2+rβ)tn−(1/2−rβ)Qβ)−1. (4.52)
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Here β runs over compact two-cycles whose intersection number with every compact four-

cycle vanishes. Therefore Qβ = exp(−2πt·β) is independent of the Coulomb branch param-

eters of the 5d gauge theory, while it could contain fugacities for gauge theory instantons.

In the bracket of (4.52), we set rβ = +1/2 or rβ = −1/2. The sign of rβ is determined

as follows. Suppose that β is a two-cycle whose intersection vanishes with every compact

four-cycle. In the toric web-diagram, such β is associated with a pair of parallel external

lines.18 Now, if the parallel external lines are t-directions, we set rβ = +1/2. If they are

q-directions then we set rβ = −1/2. If they are preferred directions, it depends on the

relative positions of the neighboring q- and t-directions. Namely rβ = +1/2 or rβ = −1/2

if we have the left or right situation in figure 16, respectively. Note that, in all our examples

in subsection 4.1, Z=
U(1) is a part of (4.52) coming from β for horizontal parallel external

lines. On the other hand, Zothers
U(1) comes from β for non-horizontal parallel external lines.

We can explain the expression (4.52) from the viewpoint of the moduli space of M2-

branes. Recall that the U(1)-factor is the contribution of decoupled M2-branes which

are neutral under the 5d gauge symmetry engineered. As discussed in section 3, such a

contribution is written as

∏
β |β·Di=0

∏
(jL,jR)

jL∏
`=−jL

jR∏
r=−jR

∞∏
m,n=1

(1− q`−r+m−1/2t`+r+n−1/2Qβ)
(−1)2jL+2jRN

(β)
jL,jR , (4.53)

where the integer N
(β)
jL,jR

is the BPS degeneracy of M2-branes wrapping on β with spins

(jL, jR). The BPS degeneracy N
(β)
jL,jR

has a nice interpretation in the moduli space of

M2-branes [46]. To see this, let M be the moduli space of the deformations of β in the

Calabi-Yau three-fold X. Let us also denote by M̂ the moduli space of deformations of β

with a flat U(1) bundle on it. There is a fiber structure

M̂ →M (4.54)

where the fiber is the moduli space of flat bundles over β. In physical language, M is the

moduli space of a single D2-brane on β while M̂ is that of a single M2-brane on β.19 Recall

that the left and right spins (jL, jR) are charges associated with SU(2)L×SU(2)R. In terms

of the moduli space of the M2-brane, the actions of SU(2)R and SU(2)L are identified with

SL(2) Lefschetz actions in the base and fiber directions of (4.54), respectively [46]. Then

the cohomology H∗(M̂) has the following decomposition [46, 62]:

H∗(M̂) =
⊕
jL,jR

N
(β)
jL,jR

[jL, jR], (4.55)

where [jL, jR] is a subspace of H∗(M) corresponding to the spin multiplet (jL, jR). Al-

though H∗(M̂) is highly non-trivial for general β, it is quite simple for our β whose in-

tersection number with every compact four-cycle vanishes. Recall that our β is associated

18In other words, the “north” and “south” poles of β are attached to the two parallel external lines.
19When regarding an M2-brane as a bound state of a D2-brane and D0-branes, the U(1) flux is identified

with the D0-charge.
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with two parallel external lines in the web-diagram. To be more precise, β is a genus

zero curve whose area is given by the distance between the two external lines. Since the

moduli space of flat bundles over a genus zero curve is a single point, the fiber of (4.54)

is a single point for our β. Therefore only jL = 0 is allowed. On the other hand, we

can continuously move our β along the parallel external lines in the web-diagram. This

means that the moduli spaceM of our β is isomorphic to C; the boundary at infinity in C
corresponds to moving β to infinity in X. SinceM is non-compact, H∗(M) does not have

a Lefschetz decomposition. To overcome this difficulty, let us compactify M by adding a

point at infinity. The compactified moduli space is isomorphic to P1, whose cohomologies

have a Lefschetz decomposition corresponding to a single jR = 1/2 multiplet. Hence, if the

moduli space M is compactified, we have

H∗(M̂) =
[
0,

1

2

]
. (4.56)

This implies that the BPS degeneracy of M2-branes wrapping on our β is given by N
(β)
jL,jR

=

δjL,0 δjR, 12
. Then the U(1) factor (4.53) turns out to be

∏
β |β·Di=0

1
2∏

r=− 1
2

∞∏
m,n=1

(1− qm−(1/2+r)tn−(1/2−r)Qβ)−1. (4.57)

Note here that, to obtain this result, we have compactifiedM by adding a point at infinity.

The point at infinity in M corresponds to an M2-brane at infinity in the Calabi-Yau

three-fold X. However, when Ztop is computed via the refined topological vertex, all such

contributions from infinity are omitted. Then r in (4.57) does not run over the whole right

spin components. We should rather fix r to be +1/2 or −1/2.20 Hence, in the computation

via the refined topological vertex, the U(1)-factor is given by (4.52). The sign of rβ depends

on which right spin component of the M2-brane on β is captured by the refined topological

vertex. This explains the expression (4.52).

4.3 Sp(1) Nekrasov partition functions

In this section, we will compare the topological string partition functions evaluated in

the previous subsection with the field theory partition functions of Sp(1) ∼= SU(2) gauge

theories and show how two partition functions can be identified. The Nekrasov partition

functions for Sp(N) gauge theories are evaluated using localization in four-dimensions

in [12, 13] and in five-dimensions in [14].

In [14],21 the Nekrasov partition function is used to compute the superconformal index

of 5d superconformal field theories including the SU(2) theories we are interested in this

section. The 5d superconformal index (or the partition function on S1 × S4) is defined by

I = tr
[
(−1)F e−2(j1+R)γ1e−2j2e−i

∑
iHimiuk

]
, (4.58)

20Here the right spin components for r = ±1/2 correspond to H0(P1) and H2(P1). When we decompactify

P1 to recoverM' C, the second cohomology becomes trivial. This means that, if we omit the contribution

from the point at infinity in M, we lose one right spin component.
21The same index computation is done in [56, 63] using the refined topological vertex method.
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where j1, j2 are the two Cartan generators of SU(2)1 × SU(2)2 ⊂ SO(5) isometry on S4, R

is the Cartan generator of the SU(2) R-symmetry, Hi are the flavor charges and k is the

instanton number. The corresponding fugacities are e−γ1 , e−γ2 , e−imi and u, respectively.

In the localization computation of the index, the Nekrasov partition function corresponds

to the contribution localized at the north (or south) pole of S4 and the full superconformal

index is given by product of the contributions from the north and south poles.

I =

∫
[dλ]ZNekra(λ, γ1, γ2,mi, u) · ZNekra(−λ, γ1, γ2,−mi, u

−1) . (4.59)

The index has the integration over the holonomy λ which corresponds to the Coulomb

branch parameter in the Nekrasov partition function. The measure [dλ] includes the Haar

measure and the Weyl factor of the gauge group G.

The perturbative contribution from the vector multiplet at the north pole is given by

Zvm
pert=

∞∏
i,j=1

[
(1−qitj−1)r(1−qi−1tj)r

∏
α∈root

(1−eiα·λqitj−1)(1−eiα·λqi−1tj)
]− 1

2

, (4.60)

where r is the rank of the gauge group, and the hypermultiplet contribution is

Zhm
pert =

∞∏
i,j=1

∏
α∈R

(1− eiα·λ−imqi− 1
2 tj−

1
2 ) , (4.61)

where m denotes the chemical potential for the flavor symmetry and R denotes the weight

vector of the gauge group in the representation R. To get the instanton contribution we

can use the contour integral formulae (3.58), (3.61) and (3.62) in [14].

Note that, when we compare the perturbative partition functions, we often ignore

divergent prefactors N1,N2 given by

N1 =
∞∏

i,j=1

(1−Qqi− 1
2 ti−

1
2 )

(1−Q−1qi− 1
2 tj−

1
2 )

=
∞∏

i,j=1

(−Qq−i+ 1
2 t−j+

1
2 ) ,

N2 =

∞∏
i,j=1

(1−Qqiti−1)
(1−Q−1qi−1ti) =

∞∏
i,j=1

(−Qq−i+1t−j) . (4.62)

Two Nekrasov partition functions can be different up to the multiplication of the

divergent factors. It seems that there is an ambiguity on how to factorize the perturbative

contribution of the superconformal index. However we expect that such prefactors cancels

when we multiply two factorized partition functions and no ambiguity remains in the

superconformal index.

4.3.1 Nf = 2, 3, 4

We can now compare the results in subsection 4.1 with the SU(2) gauge theory partition

functions. It turns out that, after stripping off the “U(1) factors”, the topological string

partition functions Ztop for Nf = 2, 3, 4 are exactly the same as the SU(2) Nekrasov

partition function with Nf = 2, 3, 4 fundamental hypermultiplets.

Ztop
Nf
≡ Z̃top

Nf
/ZU(1) = Z

SU(2)
Nekra . (4.63)
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Here, Z̃top is the origianl partition function from the topological vertex computation and

ZU(1) is the U(1) factor which we can read off from the web diagram following the rule in

the previous subsection.

Let us first check this equivalence for the perturbative contribution. The per-

turbative contributions Z
Nf
0 of the topological string partition functions are given

in (4.4), (4.16), (4.21) for the Nf = 2, 3, 4 cases, respectively. As explained earlier, the

perturbative conrtribution of the SU(2) gauge theory partition function with Nf funda-

mental hypermultiplets is given by

Z
Nf
pert=

∞∏
i,j=1

∏Nf
a=1(1− eiλ−imaqi−

1
2 tj−

1
2 )[

(1−qitj−1)(1−qi−1tj)(1−e2iλqitj−1)(1−e2iλqi−1tj)(1−e−2iλqitj−1)(1−e−2iλqi−1tj)
] 1

2

(4.64)

with mass parameters ma=1,2,··· ,Nf . If we ignore the divergent factor mentioned in eqn (4.62)

and remove the U(1) factor Z=
U(1) for the horizontal parallel external lines, one can easily

check that the Z
Nf
0 ’s are the same as the gauge theory results:

Z
Nf=2,3,4
pert = Z

Nf=2,3,4
0 /Z=

U(1) , (Nf = 2, 3, 4) , (4.65)

where the horizontal U(1) factors are given by

Nf = 2 : Z=
U(1) = 1 , (4.66)

Nf = 3 : Z=
U(1) =

∞∏
i,j=1

(1− e−i(m1+m3)qi−1tj)−1 ,

Nf = 4 : Z=
U(1) =

∞∏
i,j=1

(1− e−i(m1+m3)qi−1tj)−1(1− e−i(m2+m4)qitj−1)−1 .

We then turn to the instanton partition functions. We expand both partition functions

by the instanton fugacity u and compare them up to several orders. The instanton parts

also contain the extra factors and they can be identified from one instanton calculation.

At k = 1, the field theory partition function of [14] takes the simply form of

Z
SU(2)
k=1 =

1

32

[ ∏Nf
a=1 2i sin ma

2

i2 sinh γ1±γ2
2 sin iγ1±λ

2

+

∏Nf
a=1 2 cos ma2

sinh γ1±γ2
2 cos iγ1±λ2

]
, (4.67)

where we used a succinct notation, sin(a±b) = sin(a+b) sin(a−b). One can then easily take

the difference of two partition functions at 1-instanton and the result simply becomes

Nf = 2 : Z̃top
k=1 − Z

SU(2)
k=1 =

qe−
i
2
(m1+m2)

(1− q)(1− t) , (4.68)

Nf = 3 : Z̃top
k=1 − Z

SU(2)
k=1 =

qe−
i
2
(m1+m2−m3)

(1− q)(1− t) ,

Nf = 4 : Z̃top
k=1 − Z

SU(2)
k=1 =

qe−
i
2
(m1+m2−m3−m4) + te

i
2
(m1+m2−m3−m4)

(1− q)(1− t) ,

where Z̃top
k denotes the k-instanton contribution of the topological string partition func-

tion computed in subsection 4.1. We note that the differences are all independent of the
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Coulomb branch parameter λ. In fact, the Plethystic exponentials of these differences are

precisely equal to the U(1) factors for the non-horizontal parallel external lines discussed

above.22 They are given by23

Nf = 2 : Z
‖
U(1) =

∞∏
i,j=1

(1− ue−
i
2
(m1+m2)qitj−1)−1 , (4.69)

Nf = 3 : Z
‖
U(1) =

∞∏
i,j=1

(1− ue−
i
2
(m1+m2−m3)qitj−1)−1 ,

Nf = 4 : Z
‖
U(1) =

∞∏
i,j=1

[
(1− ue−

i
2
(m1+m2−m3−m4)qitj−1)(1− ue

i
2
(m1+m2−m3−m4)qi−1tj)

]−1

.

We find that the instanton partition functions are related by Z
SU(2)
inst = Z̃top

inst/Z
‖
U(1). We

verified this relation so far up to 4-instantons.24

Thus, all in all, we have checked the relation (4.63) for Nf = 2, 3, 4 cases and also

identified the total U(1) factors, ZU(1) = Z=
U(1) ·Z

‖
U(1).

4.3.2 Nf = 5 from T3

As explained in section 2.2, the web diagram of T3 theory in figure 14 can be seen as

P1 × P1 at 5 points blow up and thus the resulting 5d theory can be identified with an

SU(2) gauge theory with Nf = 5 fundamental hypermultiplets. In particular, the E6

global symmetry enhancement of T3 theory is realized in the SU(2) gauge theory as the

global symmetry enhancement from SO(10) to E6 at the conformal fixed point. This

E6 symmetry enhancement in the gauge theory is confirmed perturbatively using the

superconformal index in [14, 16]. We will here check that the partition function of T3
theory is in fact the same as that of the SU(2) gauge theory. This automatically implies

that the superconformal index of T3 theory has E6 global symmetry and thus provides a

highly non-trivial check of our suggestion of the T3 partition function.

It follows from the topological vertex computation (4.31) and the U(1) factor prescrip-

tion that the T3 theory partition function is

ZT3 = Z̃T3/ZU(1) , (4.70)

where Z̃T3 is given in (4.31) and ZU(1) is the corresponding U(1) factor given by

ZU(1) =
∞∏

i,j=1

3∏
a=1

(1−Qaqitj−1)−1(1− Q̃aqitj−1)−1(1− Q̂aqi−1tj)−1 , (4.71)

22The Plethystic (or multi-particle) exponential of a single-particle partition function f(x) is defined

as PE[f(x)] = exp
[∑∞

n=1
1
n
f(xn)

]
where x represents all the fugacities of f . The difference at k = 1 is

interpreted as the partition function of a single-particle from the decoupled U(1) contribution and thus

the full partition function of the U(1) factor is given by the Plethystic exponential of it. Note that the

single-particle states of the U(1) factor carry the instanton charge +1 and therefore are captured by

1-instanton computation.
23The five-dimensional U(1) factor in the case of Nf = 2 was also independently obtained from the field

theory analysis by Christoph A. Keller and Jaewon Song. We thank their correspondence.
24To see this relation, it is crucial to use O(k) dual gauge group for the instanton moduli space integral

instead of SO(k) dual gauge group.
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with

Q1,2,3 ≡ (e−im1+im2 , eim1−im3 , eim2−im3) ,

Q̃1,2,3 ≡ (u1e
im4 , u2e

−i
2
(m1+m2+m3+m4), u1u2e

−i
2
(m1+m2+m3−m4)) ,

Q̂1,2,3 ≡ (u1e
−im4 , u2e

i
2
(m1+m2+m3+m4), u1u2e

i
2
(m1+m2+m3−m4)) . (4.72)

The Kähler parameters Qa, Q̃a and Q̂a correspond to the U(1) factors from the parallel 5-

branes along the horizontal, diagonal and vertical direction, respectively. Indeed, as noticed

in section 4.1, the T3 partition function takes the same form of a U(2)×U(1) quiver gauge

theory partition function, up to the U(1) factors:

ZT3 = Z
U(2)×U(1)
Nekra /(Z

‖
U(1)Z

//
U(1)) , (4.73)

where

Z
‖
U(1) =

∞∏
i,j=1

3∏
a=1

(1− Q̃aqitj−1)−1, Z
//
U(1) =

∞∏
i,j=1

3∏
a=1

(1− Q̂aqitj−1)−1 . (4.74)

The explicit comparison with the SU(2) partition function is rather subtle. In

particular, the T3 partition function comes with a summation over 3 Young diagrams

ν1, ν2, ν5 with 2 instanton fugacities u1, u2, while the SU(2) partition function comes with

a summation over 2 Young diagrams corresponding to ν1, ν2 with an instanton fugacity

u. To compare two partition functions, we first identify an instanton fugacity u2 of T3
theory with the instanton fugacity u in the field theory such as u = u2e

− i
2
m5 . Then the

instanton expansion by u in the field theory is realized by the expansion of u2 in the T3
theory. The remaining fugacity u1 is identified with the 5-th flavor fugacity, u1 = e−im5 .

With the identification of the fugacities, one can easily see that the Zinst in (4.31) involves

non-trivial contribution from zero instanton sector at O(u0). We take |ν1| = |ν2| = 0 and

read the zero instanton contribution∑
ν5

u
|µ5|
1

∏
s∈µ5

∏2
α=1 2i sin E5∅−λα+m4+iγ1

2

(2i)2 sin E55
2 sin E55+2iγ1

2

=

∞∏
i,j=1

(1− u1eiλqi−
1
2 tj−

1
2 )(1− u1e−iλqi−

1
2 tj−

1
2 )

(1− u1eim4qitj−1)(1− u1e−im4qi−1tj)
.

(4.75)

Here, we used the identity (4.27). The numerator becomes the perturbative part of the

5-th fundamental hyper and the denominator becomes the extra U(1) factor of the Kähler

parameters Q̃1, Q̂1. To see the agreement with the field theory results, we should define

the instanton partition function of T3 theory without this zero instanton contribution and

also without the U(1) factors.

ZT3 =Zpert · Zinst , (4.76)

Zpert =

∞∏
i,j=1

{ ∏
b=1,2,4(1−e−iλ+imbqi−

1
2 tj−

1
2 )(1−e−iλ−imbqi−

1
2 tj−

1
2 )

(1− qitj−1)
1
2 (1− qi−1tj)

1
2 (1− e−2iλqitj−1)(1− e−2iλqi−1tj)

×
∏
a=3,5

(1−eiλ−imaqi−
1
2 tj−

1
2 )(1−e−iλ−imaqi−

1
2 tj−

1
2 )

}
,

Zinst =

∞∏
i,j=1

{ ∏
a=2,3(1− Q̃aqitj−1)(1− Q̂aqi−1tj)

(1− eiλ−im5qi−
1
2 tj−

1
2 )(1− e−iλ−im5qi−

1
2 tj−

1
2 )

}
×

∑
ν1,ν2,µ5

(ue
i
2
m5)|ν1|+|ν2|(e−im5)|µ5|
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×
2∏

α=1

∏
s∈να


(∏3

a=1 2i sin
Eα∅−ma+iγ1

2

)
(2i sin Eα5−m4+iγ1

2
)∏2

β=1(2i)2 sin
Eαβ
2

sin
Eαβ+2iγ1

2

 ∏
s∈µ5

∏2
α=1 2i sin E5α+m4+iγ1

2

(2i)2 sin E55
2

sin E55+2iγ1
2

.

Here, the instanton part Zinst is normalized so that Zinst = 1 at order O(u0). The pertur-

bative part is precisely that of the SU(2) gauge theory with Nf = 5 flavors.

For the instanton part, we expand both instanton contributions by the instanton fu-

gacity u and compare them in order. In the field theory computation, it is obvious that,

at each instanton order, the expansion terminates at finite order of e−im5 because the

contributions involving e−im5 come from the fermionic zero modes and they only appear

in the numerator of the instanton partition function. On the other hand, the instanton

contribution Zinst is the summation over all possible Young diagram configurations labeled

by µ5 and thus its expansion by e−im5 in general does not end. We however find that the

Young diagram summation terminates at finite order of e−im5 and higher order contribu-

tions become zero.25 With this observation, the Zinst of T3 theory precisely agrees with the

field theory instanton partition function given in [14], which is checked up to 3 instantons.

The superconformal index of the T3 theory is given by

IT3 =

∫
[dλ]

∣∣ZT3∣∣2 . (4.77)

By expanding this index by the fugacity x ≡ e−γ1 , which is related to the conformal

dimensions of BPS states, one can check that the flaver fugacities form characters of E6

global symmetry implying the E6 global symmetry enhancement of T3 theory. See [14] for

the details.

5 The 5d partition function of TN theory

In 4.1.2, we have evaluated the topological string partition function associated with the

TN -theory for N = 2, 3, 4, and seen their relation to linear quiver gauge theories. In this

section, we generalize this to arbitrary N and conjecture the Nekrasov partition function

of the 5d TN -theory for general N .

The relevant toric Calabi-Yau threefold is the blow-up of C3/(ZN × ZN ), whose

toric web-diagram is shown in figure 17. We associate the fugacities P
(n)
k , Q

(n)
k and R

(n)
k

with the two-cycles as in figure 17. Due to the relations P
(n)
k Q

(n)
k = Q

(n+1)
k P

(n+1)
k+1 and

R
(n)
k = R

(n)
1 (P

(n−1)
1 P

(n−1)
2 · · ·P (n−1)

k−1 )(P
(n)
2 · · ·P (n)

k )−1, there are (N+4)(N−1)
2 independent

Kähler parameters.

The refined topological string partition function on this Calabi-Yau threefold is eval-

uated by using the refined topological vertex. We describe the detail of the calculation in

appendix B, and here simply write the result as

Z̃TN =(M(t, q)M(q, t))χ(X)/4 · Z0 · Zinst · Z=
U(1) (5.1)

25At k-instanton sector, it appears that the sum over |µ5| terminates at order (e−im5)k and higher order

terms vanish. We checked this up to k = 3 for several orders in e−im5 with a computer.
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Figure 17. The toric web-diagram of the blow-up of C3/(ZN × ZN ). We take the horizontal

directions as the preferred directions. The fugacity R
(n)
k are associated with the horizontal (and

therefore preferred) internal edges. The other internal edges are associated with fugacities P
(n)
k and

Q
(n)
k . There are (N+4)(N−1)

2 independent Kähler parameters.

with

Z0 =

∞∏
i,j=1

{[∏
a≤b(1− e

−iλN−1;b+im̃aqi−
1
2 tj−

1
2 )
∏
b<a(1− eiλN−1;b−im̃aqi−

1
2 tj−

1
2 )
]

∏N−1
n=1

∏
a<b(1− eiλn;a−iλn;bqitj−1)(1− eiλn;a−iλn;bqi−1tj)

×
N−1∏
n=2

∏
a≤b

(1− eiλn;a−iλn−1;b+imnqi−1/2tj−1/2)
∏
b<a

(1− eiλn−1;b−iλn;a−imnqi−1/2tj−1/2)

}
,

Zinst =
∑

~Y1,~Y2,··· ,~YN−1

[
N−1∏
n=1

u|
~Yn|
n zvec(n)

]
×

[
N∏
a=1

zfund(N−1, m̃a)

]
×

[
N−1∏
n=2

zbifund(n− 1, n,mn)

]
,

Z=
U(1) =

∏
1≤a<b≤N

∞∏
k,`=1

(1− eim̃a−im̃bqkt`−1)−1. (5.2)

The definitions of zvec, zfund and zbifund are given in appendix A, in which the ranks of the

gauge group are set to be Nn = n. Here λn;k for n = 2, · · · , N − 1 and k = 1, · · · , n are

defined by

P
(n−1)
k Q

(n−1)
k = exp(−iλn;k+1 + iλn;k) (5.3)

and
∑n

k=1 λn;k = 0. The parameters mn for n = 2, · · · , N − 1 are defined by

P
(n−1)
k = exp(iλn;k − iλn−1;k + imn), (5.4)

where we set λ1;k = 0. We also define m̃k for k = 1, · · · , N so that

P
(N−1)
k Q

(N−1)
k = exp(−im̃k+1 + im̃k), P

(N−1)
k = exp(im̃k − iλN−1;k). (5.5)
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Figure 18. The tree diagram which includes the contribution from M2-branes on β̃ab.

The above relations reparameterize P
(n)
k and Q

(n)
k in terms of λn;k,mn and m̃k. The

remaining parameters un are defined by

un = R
(n)
1 Q

(n) 1
2

n P
(n) 1

2
1 (P

(n)
2 P

(n)
3 · · ·P (n)

n )−
1
2 (P

(n−1)
1 P

(n−1)
2 · · ·P (n−1)

n−1 )
1
2 . (5.6)

Note that Z̃TN /Z
=
U(1) is regarded as the Nekrasov partition function of a gauge theory

described by the quiver diagram

N N−1 N−2 1

월 일수

where the circle nodes denote gauge groups and the square node denotes a global symmetry

group. We have bi-fundamental hypermultiplets between two nodes and N fundamental

hypermultiplets for the leftmost U(N−1) gauge group. Here λk,α are identified with the

Coulomb branch parameters for the U(N−1)×· · ·×U(1) gauge group, m̃a=1,··· ,N are the mass

parameters of the fundamental hypermultiplets for U(N−1), and mk=2,··· ,N−1 are the masses

of the N − 2 bi-fundamental hypermultiplets. The Z0 is the perturbative part where the

numerator comes from the N fundamental and N −2 bi-fundamental matter contributions

while the denominator comes from the N−1 vector multiplet contributions. The instanton

part Zinst is the summation over all possible instanton contributions labeled by Young

diagrams. The explicit expressions forzvect, zfund and zbifund are given in appendix.

While C3/(ZN × ZN ) is expected to engineer the TN -theory, we have obtained the

Nekrasov partition function of the linear quiver gauge theory. The reason for this is that

Z̃TN /Z
=
U(1) still includes “U(1)-factors” coming from decoupled M2-branes. As discussed

in 4.2, a decoupled M2-brane is wrapping two-cycle associated with a pair of parallel

external lines of the toric web-diagram. In our web-diagram in figure 17, there are N

parallel external lines in each of the left, bottom and upper-right directions. Let βab be the

two-cycle associated with the a-th and b-th external lines extending in the left of figure 17.

We similarly define β̃ab and β̂ab for the bottom and upper-right directions, respectively.

Then we find that the contribution from M2-branes on βab is precisely given by Z=
U(1). On
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Figure 19. A different choice of the preferred direction.

the other hand, contributions from M2-branes on β̃ab or β̂ab are not included in Z=
U(1). Since

the central charges of such M2-branes depend on R
(n)
k , they are included in Zinst. In order to

obtain the partition function of the TN -theory, we have to eliminate all such contributions.

Let us first consider the U(1)-factor coming from M2-branes on β̃ab. From the general

argument in subsections 3.2 and 3.4, we know that it is of the form

∞∏
i,j=1

(1−Qβ̃abq
i+n1/2tj+n2/2)m (5.7)

for some n1, n2,m ∈ Z.26 Here Qβ̃ab is the fugacity for M2-branes on β̃ab, and given by

Qβ̃ab =

b−1∏
n=a

(R
(n)
1 P

(n)
1 ). (5.8)

To determine the values of n1, n2 and m, we have to look at the topological vertex calcu-

lation (B.2), which is essentially an infinite sum of monomials of fugacities P
(n)
k , Q

(n)
k and

R
(n)
k . Since we are only interested in the factor (5.7), we can set any fugacity to be zero

except for Qβ̃ab . In particular, we can set Q
(n)
k = 0 for all k and n. Then the relevant

amplitude comes from the tree diagram shown in figure 18.

Since some of the internal edges are preferred directions in figure 18, it is not straight-

forward to evaluate the amplitude of this diagram. However, it was conjectured in [20]

that the refined topological string amplitude is independent of the choice of the preferred

direction.27 In particular, the diagram in figure 18 is expected to give the same amplitude

as that in figure 19. We here assume that this conjecture is true, and evaluate the ampli-

tude of the diagram in figure 19. This diagram is essentially equivalent to that in figure 26

26Since β̃ab is genus zero, it is sufficient to consider jL = 0.
27In terms of a different refinement of topological vertex studied in [19, 64], it is expected that this

invariance is related to the conjecture given in [65].
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if we set Yn;k = Yn−1;k = ∅ and exchange q and t. Then, by the same argument as in

appendix B, we can easily evaluate the amplitude as∏
1≤a<b≤N

∞∏
i,j=1

(
1−

( b−2∏
n=a

R
(n)
1 P

(n)
1

)
R

(b−1)
1 ti−1/2qj−1/2

)(
1−

( b−2∏
n=a

P
(n)
1 R

(n+1)
1

)
P

(b−1)
1 ti−1/2qj−1/2

)

×
∏

1≤a<b≤N−1

∞∏
i,j=1

(
1−

( b−1∏
n=a

P
(n)
1 R

(n+1)
1

)
ti−1qj

)−1 ∏
1≤a<b≤N

∞∏
i,j=1

(
1−

( b−1∏
n=a

R
(n)
1 P

(n)
1

)
tiqj−1

)−1

.

(5.9)

Here only the final product

Z
||
U(1) ≡

∏
1≤a<b≤N

∞∏
i,j=1

(
1−

( b−1∏
n=a

R
(n)
1 P

(n)
1

)
tiqj−1

)−1
(5.10)

is of the form of (5.7). The other products are contributions from M2-branes which have

some electric charge in 5d gauge theory. We therefore identify (5.10) with the U(1)-factor

from M2-branes on β̃ab.

In the same way, we can also identify the U(1)-factor from M2-branes on β̂ab with

Z
//
U(1) ≡

∏
1≤a<b≤N

∞∏
i,j=1

(
1−

( b−1∏
n=a

R(n)
n Q(n)

n

)
qitj−1

)−1
. (5.11)

Therefore the total U(1)-factor is written as

ZU(1) = Z=
U(1)Z

||
U(1)Z

//
U(1) . (5.12)

Now, we conjecture that the 5d Nekrasov partition function of the TN -theory is given by

Z̃TN /ZU(1). (5.13)

Note here that Z=
U(1), Z

||
U(1) and Z

//
U(1) satisfy the rule described in 4.2.

6 Low energy partition functions on Higgs vacua

As discussed in section 2.2, the Higgs branch of the TN -theory is also understood in terms of

the 5-brane web-diagrams. An infinite (p, q) 5-brane in the web diagram can be considered

as a semi-infinite 5-brane ending on a orthogonal (p, q) 7-brane, which we denoted by ⊗ in

the web diagram, and thus the web diagram has N 7-branes at each end of the trivalent

legs. The Higgs branch opens up when some of the parallel external 5-branes are coincident,

which requires some of the mass parameters of the TN -theory to be tuned. In particular,

the positions of the 5-branes suspended between 7-branes, together with a part of the gauge

field on the 5-branes, parameterize the Higgs branch moduli space. Now let us consider a

far infrared region in the Higgs branch, by taking the vev’s of the hypermultiples to be very

large. We end up with 5-brane diagrams in which some of the 5-branes terminate at the

same 7-brane, as in figure 6. The resulting diagram describes another isolated theory TIR.28

28We denote by TIR the infrared theory living on a Higgs vacuum.
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a) b)

Q1

Q2

Q2

Figure 20. Two step description to move along the Higgs branch in web diagram. Q1 and Q2

represent the Kähler parameters for the 2 two-cycles.

We note that the web diagrams are in general non-toric, as drawn in figure 4 and 6.

Therefore we cannot expect that the computations of the partition functions using the

topological vertex method give rise to correct results. However, since the topological string

amplitude is independent of the complex structure of the Calabi-Yau threefold, it is ex-

pected to be evaluated at the intersection of the Coulomb and Higgs branch. The only

subtlety is that there is an extra contribution from hypermultiplets associated with the

5-branes between 7-branes.

In this section, we shall show a prescription to evaluate the partition function of TIR
by taking certain limit of the TN theory partition function. The general Higgs branch in

web diagram is generated by repeating the two steps as drawn in the figure 20.

The step (a) is related to the geometric transition from closed string geometry on the

resolved conifold to open string geometry for Lagrangian branes at the external leg [66–

70]. The figure 19 in [66] illustrates the geometric transition of the resolved conifold with a

Kähler parameter Q1 = q
1
2 t−

3
2 29 to the one Lagrangian brane in the open string geometry.

More generally, one can choose the Kähler parameter such as

Q1 = qr−
1
2 t

1
2
−s , (6.1)

where r, s ≥ 1 and then it corresponds to a general Lagrangian brane on the bottom leg

after the transition. This setting can be interpreted in the field theory as the insertion of

a surface operator which has support on the surface

wr−11 ws−12 = 0 ⊂ R4 , (6.2)

where w1 and w2 are the complex coordinates for R1,2 and R3,4, respectively. We note that

the case in step (a) of figure 20 is the open string geometry with no Lagrangian brane, and

it corresponds to taking (r, s) = (1, 1), namely Q1 = q
1
2 t−

1
2 . It would be also interesting

to study the surface defects with general choice of (r, s).

The step (b) is achieved by a certain limit of the Kähler parameter Q2 as the final

diagram has no 2-cycle. It turns out that we need to choose Q2 = q
1
2 t−

1
2 .

We can understand the above prescription in terms of superconformal index. In four-

dimensions, the index of a class S theory endowed with a surface operator can be obtained

by residue calculation of the superconformal index of a larger UV theory in which the IR

29The Omega deformation parameters in their paper [66] are related as (p1, p2) = (q, t).
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Figure 21. A Higgs vacuum of T3 theory.

class S theory is embedded [71, 72]. The same method turns out to be applicable to our

5d examples, though we only consider the trivial surface operator in this paper. To obtain

the the index of TIR, we first start with embedding TIR to a UV theory. The index of the

UV theory has simple poles in flavor fugacities which arise from bosonic zero modes of the

hypermultiplets. The residue at a simple pole is related to the index of the infrared theory

which lives at the end of the RG flow triggered by non-zero vev of the scalar zero mode.

The examples in this section correspond to the low energy indices of residues at the pole

Q1Q2 = q/t , (6.3)

in the UV superconformal indices. The result usually contains the index of extra free hy-

permultiplets. We should strip it off to get the correct IR index as the free hypermultiplets

are decoupled. After dividing the extra index from the residue calculation, we can compute

the superconformal index of the theory TIR. We will relate this IR limit of a superconformal

index with that of a Nekrasov partition function below with explicit examples.

6.1 Free theory from T3 theory

The first example is the Higgs vacuum of T3 theory which breaks the E6 global symmetry

to SU(3)×SU(3)×U(1) and gives rise to the free theory TIR with 9 hypermultiplets in

infrared. The corresponding web diagram is depicted in figure 21.

In the above diagram, we have deformed the shaded part following procedure in fig-

ure 20, which breaks SU(3) global symmetry of the three (1,0) 5-branes to U(1) at the left

leg. Under this deformation, we set the Kähler parameters Q1, Q3 in figure 14 such as30

Q1 = Q3 = q
1
2 t−

1
2 , (6.5)

or equivalently

m1 = λ+ iγ1, m3 = λ− iγ1 . (6.6)

To obtain the partition function of TIR, we plug these parameters into the T3 partition

function (4.76). Note that, as we are interested in the Higgs branch of T3 theory, we should

30In fact, the tuning

Q1 = Q3 = t
1
2 q−

1
2 (6.4)

also gives the same partition function ZTIR of the infrared theory TIR appearing in the Higgsed T3 theory.

This is due to the symmetry under the exchange between m1 and m3 in the partition function ZT3 up to

two perturbative factors. The different perturbative terms will turn out to be irrelevant extra factors after

the tuning, and hence we will get the same partition function ZTIR .
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use the partition function (4.76) which is different from the original partition function (4.31)

by the U(1) factor. Inserting the parameters, we obtain

Z̃TIR=Z0 · Zinst ,

Z0=

∞∏
i,j=1

[
(1− qitj−1)

3
2
∏
a=2,4(1− e−iλ+imaqi−

1
2 tj−

1
2 )(1− e−iλ−imaqi−

1
2 tj−

1
2 )

(1− qi−1tj)
1
2

×(1−u1e
im4qitj−1)(1− u1e

−im4qi−1tj)(1−u2e
−iλ− i

2
(m2+m4)qitj−1)(1−u2e

iλ− i
2
(m2+m4)qi−1tj)

×(1− u1u2e
−iλ− i

2
(m2−m4)qitj−1)(1− u1u2e

iλ+ i
2
(m2−m4)qi−1tj)

]
,

Zinst=
∑
ν2,ν5

u
|ν2|
2 u

|ν5|
1

∏
s∈ν2

(2i sin
E2∅−m2+iγ1

2
)(2i sin E25−m4+iγ1

2
)

(2i)2 sin E22
2

sin E22+2iγ1
2

×
∏
s∈ν5

(2i sin
E5∅−λ+m4+iγ1

2
)(2i sin E52+m4+iγ1

2
)

(2i)2 sin E55
2

sin E55+2iγ1
2

=

∞∏
i,j=1

(1−u1e
iλqi−

1
2 tj−

1
2 )(1−u1e

−iλqi−
1
2 tj−

1
2 )(1−u2e

i
2
(m2−m4)qi−

1
2 tj−

1
2 )(1−u2e

− i
2
(m2−m4)qi−

1
2 tj−

1
2 )

(1−u1eim4qitj−1)(1− u1e−im4qi−1tj)(1−u2e
−iλ− i

2
(m2+m4)qitj−1)(1−u2e

iλ− i
2
(m2+m4)qi−1tj)

×
∞∏

i,j=1

(1− u1u2e
i
2
(m2+m4)qi−

1
2 tj−

1
2 )(1− u1u2e

− i
2
(m2+m4)qi−

1
2 tj−

1
2 )

(1− u1u2e
−iλ− i

2
(m2−m4)qitj−1)(1− u1u2e

iλ+ i
2
(m2−m4)qi−1tj)

. (6.7)

In the instanton part Zinst, the Young diagram summation over ν1 becomes trivial because

of the sine factors from fundamental hypermultiplets in the numerator, namely the sine

factor
∏
s∈ν1 sin E1∅(s)−m1+iγ1

2 always has zero contribution unless |ν1| = 0. From the

definition of Eαβ in (4.5), one can easily see that there is alway a position s ∈ να where

lνα(s) = a∅(s) + 1 = 0 and therefore E1∅(s)−m1 + iγ1 = 0 at the s. The 2nd equality for

Zinst is verified up to fourth order in the flavor fugacities u1, u2 with a computer.

Then the partition function for the infrared theory TIR becomes

Z̃TIR =
q−

1
24 η(q)

t−
1
24 η(t)

∞∏
i,j=1

(1− qitj−1) 1
2 (1− qi−1tj) 1

2 ·
10∏
f=1

(1−Qfqi−
1
2 tj−

1
2 ) , (6.8)

where the 10 Kähler parameters are defined as

Qf ≡
(
e−i(µ1+µ̃a=1,2+µ), ei(µa=1,2+µ̃3+µ), e−i(µ2+µ̃a=1,2+µ), e−i(µ3+µ̃1+µ), ei(µ3+µ̃a=2,3+µ), e−3iµ

)
, (6.9)

and η(q) ≡ q 1
24
∏∞
i=1(1 − qi) is Dedekind eta function. We here used the the new mass

parameters µa=1,2,3, µ̃a=1,2,3 and µ. µa=1,2,3 are associated to the first SU(3) realized by the

(0, 1) 7-branes attached to the vertical external legs. µ̃a=1,2,3 are associated to the second

SU(3) realized by the (1, 1) 7-branes attached to the diagonal external legs. Lastly, µ is

associated to the U(1) symmetry realized by the (1, 0) 7-branes attached to the horizontal

external legs. More explicitly, we defined

Q2 = ei(µ1+µ̃3+µ), Q4 = e−i(µ2+µ̃2+µ), Q5 = ei(µ3+µ̃2+µ), Qb = ei(−µ̃2+µ̃3), Qf = ei(µ1+µ̃3−2µ).

(6.10)

Note that the charge assignment (6.10) after the Higgsing is systematically determined

by the requirement that Q1 and Q3 do not have a charge under the remaining global

symmetry SU(3)× SU(3)×U(1).
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Eq. (6.8) is the partition function of 9 free hypermultiplets with masses µ1,2,3+µ̃1,2,3+µ

and the extra hypermultiplet contribution

Zextra =
q−

1
24 η(q)

t−
1
24 η(t)

∞∏
i,j=1

(1− qitj−1) 1
2 (1− qi−1tj) 1

2 (1− e−3iµqi− 1
2 tj−

1
2 ) . (6.11)

Apart from this extra factor, the global symmetry SU(3)×SU(3)×U(1) is manifest. Therefore

the partition function of TIR theory defined as

ZTIR = Z̃TIR/Zextra (6.12)

produces that of 9 fundamental free hypermultiplets charged under the SU(3)×SU(3)×U(1)

global symmetry. Ignoring the eta function factors, the Zextra corresponds to the extra free

hypermultiplets of the IR theory. The first term is precisely the inverse of the Nekrasov

partition function of a free vector multiplet, i.e. (Zvm
pert)

−1 in (4.60), and the second term

is the free hypermultiplet partition function with the U(1) flavor chemical potential 3µ. In

the 4d residue computation [71, 72], the index of TIR is expected to have exactly the same

free hypermultiplet factors.31

The extra hypermultiplet contribution can be also understood from the web diagram.

Let us consider the extra factors before any cancellation by the contribution of the Cartan

part of the vector multiplet. Then, we originally have the following extra factors

∞∏
i,j=1

(1− qitj−1)2(1− e−3iµqi− 1
2 tj−

1
2 ). (6.13)

Let us first focus on the contribution of the last factor of (6.13). The fugacity e−3iµ is as-

sociated with the Kähler parameter QfQ
−1
2 . This is originally the Kähler parameter of the

two-cycle between the top internal horizontal line (to which we assign ν1 in figure 14) and

the bottommost external horizontal line going in the left direction of figure 14. However,

after the Higgsing corresponding to the tuning (6.6), the top internal horizontal line be-

comes an external horizontal line. Therefore, the Kähler parameter QfQ
−1
2 is now assigned

to a line between the parallel external legs in the Higgsed T3 diagram of figure 21. Then

the contribution coming from strings between the parallel external legs going in the left

direction only depends on the charge of the U(1) symmetry. This may be also considered as

what we call the U(1) factor in the Higgsed diagram. Namely, the extra factor comes from

the contribution associated with the new parallel external legs in the Higgsed diagram.

The other two contributions in (6.13) can be thought in the same way. Originally, they are

associated with the contributions of M2-branes wrapping the two-cycles with the Kähler

parameters Q1, Q3. Hence after the Higgsing, the contributions can be understood as the

ones coming from the parallel external legs which are on top of each other.

31The free HL index for the case obtained in [71] is Ifree = 1
(1−τ2)(1−τa)(1−τ/a) where a denotes the U(1)

flavor fugacity. The first factor is the same as the inverse of the free vector multiplet index, I−1
V , and the

latter two factors are the index of a free hypermultiplet with U(1) charge ±1. We thank Davide Gaiotto

for bringing this reference to our attention.
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Figure 22. Web diagram for a Higgs vacuum with a D7-brane at the right-center.

Let us briefly explain the 5d superconformal index of TIR from the index of T3 theory.

As explained above, the index of the infrared theory TIR can be computed by residue

calculation of the UV index at poles of flavor fugacities. The superconformal index of T3
is given in (4.77). The limit (6.6) for TIR corresponds to the pole at

ei(m1−m3) = Q1Q3 = q/t (6.14)

of the T3 index. This pole arises when two simple poles at

e±iλ = eim1(t/q)
1
2 , e±iλ = eim3(q/t)

1
2 (6.15)

collide together in the contour integral of the Coulomb branch parameter λ. The residue

computation gives

ITIR =
∣∣Z̃TIR∣∣2 =

∣∣ZTIR∣∣2 · ∣∣Zextra

∣∣2 . (6.16)

Note that the 5d superconformal index of the TIR theory includes the extra hypermultiplet

index expected from the 4d TIR theory: a singlet hypermultiplet and a U(1) charged

hypermultiplet.

We also note that the partition function Z̃TIR is almost identical to the 5d partition

function of the U(1)×U(1) quiver gauge theory with a fundamental hypermultiplet for

the first U(1) and for the second U(1) and a bi-fundmamental hypermultiplet of masses

m2,−λ+m4,m4, respectively. Two partition functions differ only by the terms in the 2nd

and 3rd line of the perturbative part Z0. In order to understand this non-trivial relation,

we apply the generalized s-rule formulated in [32, 73] to the Higgs branch web diagram

and deform figure 21 by dragging the D7-brane horizontally to the center like figure 22.

The dotted line denotes a branch cut of the monodromy [32, 73]. As the D7-brane moves

across the 5-branes from left to the center, the 5-branes ending on D7-brane disappear

because of the brane creation/annihilation mechanism [42] and leaves no D5-brane on it

at the final diagram. Then the final diagram, figure 22, implies that the corresponding

gauge theory is the aforementioned U(1)×U(1) quiver gauge theory. The fundamental

hypermultiplet for the second U(1) (for the right-most D5-brane) comes from the string

modes connecting the D5-brane and the D7-brane.

6.2 E7 theory from T4 theory

We now consider the Higgs branch of T4 theory. An interesting theory which lives at the

end of a Higgs branch is the theory with an E7 global symmetry. The web diagram is
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drawn in figure 6. One can see that in order to get the web diagram we need to apply

the Higgsing prescription explained previously twice for upper- and lower-left legs. In T3
theory, the IR limit for TIR is achieved by setting the Kähler parameters as (6.6). Similarly,

for T4 theory, we set the parameters as32

m1 = λ1 + iγ1, m2 = λ1 − iγ1, m3 = λ3 + iγ1, m4 = λ3 − iγ1 (6.19)

to go to the Higgs branch. The infrared theory TIR has the global symmetry SU(4)2×SU(2)

visible in the web diagram and it is believed to enhance to E7 as explained in section 2.2.

Its partition function should respect this symmetry enhancement. In particular, a 5d SU(2)

gauge theory with Nf = 6 fundamental flavors has the same properties. The dimensions

of Coulomb and Higgs branch of this theory, dimC(MCoulomb) = 1 and dimH(MHiggs) =

17, agrees with those of TIR and its global symmetry SO(12) is also enhanced to E7 at

the conformal fixed point [33]. We expect that two theories are identical and thus the

partition function of TIR reproduces that of the SU(2) theory with Nf = 6 fundamental

hypermultiplets.

Following the Higgsing prescription and by applying the parameters (6.19) to the T4
partition function, ZT4 ≡ Z̃T4/ZU(1), we find

Z̃TIR=Zpert · Zinst · Zextra ,

Zpert=

∞∏
i,j=1

{ ∏2
α′=1

∏
a=1,3,5,6(1−ei(λ

′
α′−µa)qi−

1
2 tj−

1
2 )

(1− qitj−1)
1
2 (1− qi−1tj)

1
2 (1− e−2iλ′qitj−1)(1− e−2iλ′qi−1tj)

×(1−e−i(λ
′+µ4)qi−

1
2 tj−

1
2 )(1−e−i(λ

′−µ4)qi−
1
2 tj−

1
2 )×

2∏
α′=1

(1−e−i(λ
′
α′−µ2)qi−

1
2 tj−

1
2 )

}
,

ZHiggs
inst =

∞∏
i,j=1

{
(1−e−i(µ3+µ5)qi−1tj)(1−ei(µ3−µ5)qitj−1)(1−e−i(µ4+µ6)qi−1tj)(1−ei(µ4−µ6)qitj−1)∏2

α′=1

∏
a=5,6(1−ei(λ

′
α′−µa)qi−

1
2 tj−

1
2 )

×(1−ue
i(−µ1−µ2+µ3+µ4−µ5−µ6)

2 qitj−1)(1−ue
i(−µ1−µ2−µ3+µ4+µ5−µ6)

2 qitj−1)(1−ue
i(−µ1−µ2+µ3−µ4−µ5+µ6)

2 qitj−1)

×(1−ue
i(−µ1−µ2−µ3−µ4+µ5+µ6)

2 qitj−1)(1−ue
i(µ1+µ2−µ3−µ4−µ5−µ6)

2 qi−1tj)(1−ue
i(µ1+µ2+µ3−µ4+µ5−µ6)

2 qi−1tj)

×(1−ue
i(µ1+µ2−µ3+µ4−µ5+µ6)

2 qi−1tj)(1−ue
i(µ1+µ2+µ3+µ4+µ5+µ6)

2 qi−1tj)

}

×
∑

ν2,ν̃1,ν̃2,ν8

u
|ν2|
1 u

|ν′1|+|ν
′
2|

2 u
|ν8|
3

∏
s∈ν2

∏2
α′=1 2i sin

Eν2α′
+µ3+iγ1

2

(2i)2 sin
Eν2ν2

2
sin

Eν2ν2+2iγ1
2

∏
s∈ν8

∏2
α′=1 2i sin

Eν8α′
+µ4+iγ1

2

(2i)2 sin
Eν8ν8

2
sin

Eν8ν8+2iγ1
2

×
2∏

α′=1

∏
s∈ν′

α′

(∏2
a=1 2i sin

Eα′∅−µa+iγ1
2

)(
2i sin

Eα′ν2
−µ3+iγ1

2

)(
2i sin

Eα′ν8
−µ4+iγ1

2

)
∏2
β′=1(2i)2 sin

Eα′β′
2

sin
Eα′β′+2iγ1

2

,

32We can also use

m1 = λ1 − iγ1, m2 = λ1 + iγ1, (6.17)

instead of the first two tunings in (6.19). This is again due to the fact that the T4 partition function ZT4 is

symmetric under the exchange between m1 and m2 up to two perturbative factors which eventually become

irrelevant extra factors. Similarly, the tunings

m3 = λ3 − iγ1, m4 = λ3 + iγ1 (6.18)

instead of the last two tunings in (6.19) also give the same partition function ZTIR of the infrared theory

TIR arising in the Higgsed T4 theory.
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Zextra=
t−

1
24 η(t)

q−
1
24 η(q)

∞∏
i,j=1

(1−qi−1tj)2(1−e−i(µ1−µ2)qitj−1)(1−e−i(µ1−µ2)qi−1tj) , (6.20)

with

µ1 = λ1 − m̃1 , µ2 = λ3 − m̃1, µ3 = λ2 − m̃1, µ4 = m̃2, e−iµ5 = u1, e−iµ6 = u3, u = u2e
− i

2
(µ5+µ6),

(6.21)

and λ2 is absent in Eαβ’s. We here introduced new mass parameters µa=1,··· ,6 and rearranged

the partition function into three part, Zpert, Zinst, Zextra for the explicit comparison with

the gauge theory partition function. The partition function of TIR is defined without the

extra factor Zextra by

ZTIR = Z̃TIR/Zextra . (6.22)

The extra factor Zextra will be discussed below.

We now compare the partition function of TIR with the results in [13, 14], which were

obtained from the field theory using localization computation. This partition function

agrees precisely with the partition function of SU(2) gauge theory with 6 fundamental

flavors. One can easily see that the perturbative part Zpert is equivalent to the perturbative

part of the field theory result. The denominator comes from the SU(2) vector multiplet

and the numerator comes from the 6 fundamental hypermultiplets with masses µa=1,··· ,6.

The Zinst corresponds to the instanton partition function of the gauge theory. We

identify the instanton fugacity u2 of Z̃TIR with the instanton fugacity u of the SU(2)

theory as u = u2e
i
2
(µ5+µ6). The infinite product terms in the first 4 lines give rise to the

correct normalization so that Zinst counts the only instanton sectors, namely Zinst = 1

at order O(u0). However the explicit comparison of two partition functions is somewhat

sophisticated. Firstly, we note that the Zinst is given by the sum over 4 Young diagrams

with 3 fugacities u1, u2, u3, while the instanton partition function of the field theory is

given by a sum over 2 Young diagrams with an instantons fugacity u of the SU(2) gauge

group. This subtlety is similar to what we have encountered for the T3 theory case in

section (4.3.2). Moreover the explicit computations for higher instanton numbers k > 1 in

the field theory are not completely done due to technical reasons.

We first compare the 1-instanton partition functions, which corresponds to contri-

butions at order O(u1). We expand both partition functions by the flavor fugacities

u1 = e−iµ5 , u3 = e−iµ6 . It is again obvious that the expansion of the field theory in-

stanton partition function terminates at finite order of e−iµ5 and e−iµ6 , while that of Zinst

in general goes to infinite order. However, similarly to the T3 case, we again see that

the Young diagram summation terminates at order u1u3 and higher order contributions

become zero, which is checked up to fourth order in fugacity u1, u3. Assuming this ob-

servation holds for all order in u1, u3, we find that the Zinst agrees with the field theory

partition function at 1-instanton level.

For higher instantons at instanton fugacity uk≥2, we use the superconformal index and

check whether the BPS states captured by the index form representations of the E7 global

symmetry. The superconformal index is given by

ITIR = 1 +χE7
133x

2 +χ2(y)
[
1 + χE7

133

]
x3 +

[
1 + χE7

7371 + χ3(y)(1 + χE7
133)

]
x4 + · · · , (6.23)
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with the branching rules

E7⊃SO(12)×U(1)

133=660+321 + 32−1 + 12 + 10 + 1−2

7371=17281+1728−1+16380+4950+4622+4620+462−2+662+660+66−2

+323+2× 321+2× 32−1+32−3+14+12+2× 10 +1−2+1−4 . (6.24)

This is checked up to three instantons with a computer. The flavor fugacities take the form

of the characters of E7 representations. This provides the strong evidence that the theory

TIR has the enhanced E7 global symmetry and also the partition function we obtained is

correct.

The extra factor Zextra in (6.20) is interpreted as the partition function of the free

hypermultiplets in IR theory. It follows from the 4d superconformal index computation

in [71, 72] that we have free hypermultiplets in the IR: two singlets and two charged

hypermultiplets under the unbroken SU(2) global symmetry.33 The extra factor captures

the contribution of the IR free hypermultiplets. The factor independent of the Kähler

parameters corresponds to the two singlet free hypermultiplets and the other two factors

correspond to the two charged hypermultiplets with masses µ1−µ2±iγ1.
As in the case of the extra hypermultiplet factors which arise in the infrared theory ap-

pearing in the Higgs branch of the T3 theory, the extra factors Zextra in (6.20) also have an

interpretation from the web diagram in figure 6. Namely, they are related to the contribu-

tions of strings between the new parallel external legs going in the left direction in figure 6.

There are two types of such new parallel external legs in the Higgsed T4 diagram in figure 6.

One type is the parallel external legs in figure 6 which originally come from one internal

horizontal line and one external horizontal line in the T4 diagram. From the web diagram

in figure 6, we infer the extra factors from the first kind of the parallel external legs as

∞∏
i,j=1

(1− qitj−1)4(1− e−i(µ1−µ2)qitj−1)2(1− e−i(µ1−µ2)qi−1tj)2. (6.25)

The other type is the parallel external legs in figure 6 which originally come from the two

internal horizontal lines in the T4 diagram. The extra factors from the second kind of the

parallel external legs can be inferred as

∞∏
i,j=1

1

(1− e−i(µ1−µ2)qitj−1)(1− e−i(µ1−µ2)qi−1tj) . (6.26)

Putting the contributions of (6.25) and (6.26) together gives

∞∏
i,j=1

(1− qitj−1)4(1− e−i(µ1−µ2)qitj−1)(1− e−i(µ1−µ2)qi−1tj). (6.27)

33The 4d index calculation following [71] yields the free HL index Ifree =
1

(1−τ2)2
∏2
i 6=j

1
(1−ai/aj)(1−τ2ai/aj)

where ai’s are the SU(2) flavor fugacities. The first factor, I−2
V ,

is from 2 free hypermultiplets and the other factors are from 2 hypermultiplets charged under the

U(1) ⊂ SU(2) with fugacities τa1/a2 and τ−1a1/a2.
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Figure 23. Web diagram of a Higgs vacuum of T4 with 2 D7-branes at the center.

One factor of the first four factors in (6.27) is canceled by the contribution from a part

of the Cartan parts of the vector multiplets in the partition function ZT4 of the T4 theory.

By adding the remaining Cartan contribution except for the contribution from the Cartan

part of the SU(2) vector multiplet , the extra factors precisely agree with Zextra in (6.20).

The partition function ZTIR can also be identified with the partition function of the

quiver gauge theory. We deform the web diagram in figure 6 by moving the D7-branes

toward the center and finally get the web diagram in Figre 23. This diagram implies

that the corresponding gauge theory is the quiver gauge theory of U(1) × U(2) × U(1)

gauge groups with a bi-fundamental hypermultiplet for each quiver and two fundamental

hypermultiplets of the U(2) gauge group. We can actually identify the partition function

ZTIR to the partition function of the quiver theory by a simple relation

ZTIR = ZU(2)×U(1)2/(Z
‖
U(1)Z

//
U(1)) , (6.28)

where Z
‖
U(1) and Z

//
U(1) are the U(1) factors of T4 theory at the limit (6.19) of the Higgs

branch.

6.3 Direct computation from web diagrams

Let us try to compute the partition functions of TIR theories using more direct approach.

We will try to use the web diagrams of the Higgs vacua and extract their partition

functions using the refined topological vertex method. However, it is known that the

topological vertex formalism can be used to compute the topologcial string partition

function only for toric Calabi-Yau threefolds. The web diagrams for Higgs vacua are

non-toric as depicted in figure 6 and figure 21. Thus if we apply the topological vertex

method directly to the non-toric diagrams, we will in general get wrong results. In

this subsection, we show a prescription to apply the topological vertex formalism to the

non-toric diagrams for the Higgs vacua of T3 and T4 theories.

Let us start with the web diagram of a Higgs vacuum of T3 theory drawn in figure 24.

Here we associate an independent Kähler parameter to each internal edge. It makes

sense for other internal edges corresponding to independent 2-cycles, but not for the edge

with Q∗. Since two upper D5-branes are attached to the same D7-brane, the Kähler

parameter Q∗ for the left-vertical edge should be related to the Kähler parameter QfQ
−1
3 .
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α1, Q1

α2, Q2
α3, Q3

β1, Qb

β2, QfQ
−1
2β3, Q

∗

Figure 24. A Higgs vacuum of T3 theory.

We find that the following relation gives rise to the expected result.

Q∗ = QfQ
−1
3

(q
t

) 1
2
. (6.29)

The topological string partition function with this relation is given by

Z=
∑
~α,~β

(−Q1)|α1|(−Q2)|α2|(−Q3)|α3|(−Qb)|β1|(−Q∗)|β3|(−QfQ−1
2 )|β2|fβt1(t, q) ˜fβt3(q, t) (6.30)

×C∅β2∅(q, t)Cα2β
t
2α
t
1
(t, q)C∅∅α1

(q, t)Cαt2∅α3
(q, t)C∅βt3∅(q, t)Cβ3αt3∅(q, t)C∅α3β

t
1
(t, q)

=

∞∏
i,j=1

(1− e−iλ−im2ti−
1
2 qj−

1
2 )(1− e−iλ−im4ti−

1
2 qj−

1
2 )(1− e−iλ+im4ti−

1
2 qj−

1
2 )

(1− e−i(λ−m2)qi+
1
2 tj−

3
2 )

×
∑
α1,β1

u
|α1|
1 u

|β1|
2

∏
s∈α1

sin
Eα1∅−λ+m4+iγ1

2
sin

Eα1β1
+m4+iγ1

2

sin
Eα1α1

2
sin

Eα1α1+2iγ1
2

∏
s∈β1

sin
Eβ1∅−m2+iγ1

2
sin

Eβ1α1
−m4+iγ1

2

sin
Eβ1β1

2
sin

Eβ1β1+2iγ1

2

,

where we identified the Kähler parameters as

Q1 = −u1eiλ , Q2 = e−iλ−im4 , Q3 = e−iλ−im2 , Qf = e−2iλ , QbQ
1
2
2Q

1
2
3 = u2

(6.31)

to compare with (6.7). Here we set χ(X) = 0 since the web diagram has no compact

4-cycle, i.e. no Coulomb branch. One can see that the last line in (6.30) agrees with the

instanton part Zinst in (6.7). The ratio of two partition functions is then given by
Z̃TIR
Z

=

∞∏
i,j=1

[
(1−e−iλ+im2qi−

1
2 tj−

1
2 )(1−e−iλ+im2qi+

1
2 tj−

3
2 )(1−u1e

im4qitj−1)(1− u1e
−im4qi−1tj)

×(1−u2e
−iλ− i

2
(m2+m4)qitj−1)(1−u2e

iλ− i
2
(m2+m4)qi−1tj)

×(1−u1u2e
−iλ− i

2
(m2−m4)qitj−1)(1−u1u2e

iλ+ i
2
(m2−m4)qi−1tj)

]
. (6.32)

This ratio is exactly the U(1) factor of T3 theory in (4.71) at the Higgs vacuum with the

parameter setting (6.6), up to the factor for eim1−im3 = q/t which is independent of the

Kähler parameters.

Following a similar logic, we now consider the partition function of E7 theory. The

web diagram with Kähler parameters is shown in figure 25. The Kähler parameters Q∗1
and Q∗2 are not independent parameters and thus determined by other Kähler parameters.

We identify them as follows:

Q∗1 = Q1Q3

(q
t

) 1
2
, Q∗2 = QfQ

−1
1 Q−12

(q
t

) 1
2
. (6.33)
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α1, Q1

α3, Q3

α6, Q6

α2, Q2

α5, Q5

α4, Q4

β1, Qb

β2, QbQ1Q
−1
2 Q−1

4

β3, QfQ
−1
1 Q−1

2

β4, QfQ
−1
4

β5, Q
∗
1

β6, Q
∗
2

Figure 25. Web diagram of E7 theory.

Using the topological vertex formalism, we obtain the partition function

Z=(M(t, q)M(q, t))
1
2

×
∑
~α,~β

(−Q1)|α1|(−Q2)|α2|(−Q3)|α3|(−Q4)|α4|(−Q5)|α5|(−Q6)|α6|(−Qb)|β1|(−QbQ1Q
−1
2 Q−1

4 )|β2|

×(−QfQ−1
1 Q−1

2 )|β3|(−QfQ−1
4 )|β4|(−Q∗1)|β5|(−Q∗2)|β6|fβt2(t, q) ˜fβt3(q, t)C∅β4βt1(q, t)Cα4β

t
4α
t
5
(t, q)

×C∅∅α5
(q, t)Cαt4∅β2(q, t)Cαt1αt3β1(t, q)C∅α3∅(q, t)Cα1β

t
3α
t
6
(q, t)Cβ3αt2∅(q, t)C∅α2β

t
2
(t, q)

=

∞∏
i,j=1

{∏
a=2,3,4(1−e−iλ+iµaqi−

1
2 tj−

1
2 )(1−e−iλ−iµaqi−

1
2 tj−

1
2 )
}
(1−e−iλ−iµ1qi−

1
2 tj−

1
2 )(1−eiλ−iµ1qi−

1
2 tj−

1
2 )

(1−qitj−1)
1
2 (1−qi−1tj)

1
2 (1−e−2iλqitj−1)(1−e−2iλqi−1tj)(1−e−i(µ1−µ2)qitj−1)(1−e−i(µ1−µ2)qi+1tj−2)

×
∑

ν2,ν̃1,ν̃2,ν8

u
|ν2|
1 u

|ν′1|+|ν
′
2|

2 u
|ν8|
3

∏
s∈ν2

∏2
α′=1 2i sin

Eν2α′
+µ3+iγ1

2

(2i)2 sin
Eν2ν2

2
sin

Eν2ν2+2iγ1
2

∏
s∈ν8

∏2
α′=1 2i sin

Eν8α′
+µ4+iγ1

2

(2i)2 sin
Eν8ν8

2
sin

Eν8ν8+2iγ1
2

×
2∏

α′=1

∏
s∈ν′

α′

(∏2
a=1 2i sin

Eα′∅−µa+iγ1
2

)(
2i sin

Eα′ν2
−µ3+iγ1

2

)(
2i sin

Eα′ν8
−µ4+iγ1

2

)
∏2
β′=1(2i)2 sin

Eα′β′
2

sin
Eα′β′+2iγ1

2

, (6.34)

where

Qf = e−2iλ , Q1 = e−iλ+iµ3 , Q2 = e−iλ−iµ2 , Q3 = eiλ−iµ1 , Q4 = e−iλ−iµ4

QbQ
1
2
1Q
− 1

2
2 Q

1
2
3Q
− 1

2
4 = u2 , Q5 = −u3eiλ , Q6 = −u1eiλ , (6.35)

and λ′1 = −λ′2 = λ , λ2 = λ8 = 0.

One can compare this partition function with E7 partition function in (6.20). The

ratio of two partition functions is given by

Z̃TIR
Z

=

∞∏
i,j=1

(1− qi−1tj)2(1− e−i(µ1−µ2)qitj−1)2(1− e−i(µ1−µ2)qi−1tj)(1− e−i(µ1−µ2)qi+1tj−2)

×(1−e−i(µ3+µ5)qi−1tj)(1−ei(µ3−µ5)qitj−1)(1−e−i(µ4+µ6)qi−1tj)(1−ei(µ4−µ6)qitj−1)

×(1−ue
i(−µ1−µ2+µ3+µ4−µ5−µ6)

2 qitj−1)(1−ue
i(−µ1−µ2−µ3+µ4+µ5−µ6)

2 qitj−1)(1−ue
i(−µ1−µ2+µ3−µ4−µ5+µ6)

2 qitj−1)

×(1−ue
i(−µ1−µ2−µ3−µ4+µ5+µ6)

2 qitj−1)(1−ue
i(µ1+µ2−µ3−µ4−µ5−µ6)

2 qi−1tj)(1−ue
i(µ1+µ2+µ3−µ4+µ5−µ6)

2 qi−1tj)

×(1−ue
i(µ1+µ2−µ3+µ4−µ5+µ6)

2 qi−1tj)(1−ue
i(µ1+µ2+µ3+µ4+µ5+µ6)

2 qi−1tj) , (6.36)

after omitting the divergent factors like (4.62). The ratio is the same as the U(1) factor of

the T4 theory at the Higgs vacuum of (6.19).
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7 Conclusion

In this paper, we have shown how to compute the Nekrasov partition functions of five-

dimensional TN theories using the refined topological vertex formalism on the toric Calabi-

Yau threefolds of the resolved C3/(ZN×ZN ) proposed in [32]. For that, we have identified

the contribution from decoupled M2-branes to the topological string amplitude, which also

enables us to evaluate the Nekrasov partition function of an SU(N) gauge group rather

than U(N). We have also shown that the partition functions of the low energy theories at

a Higgs vacuum of TN theories can be obtained by taking certain limits of the TN partition

functions.

In principle, our method can be used to compute the exact partition functions of the

theories from any web diagrams and also the theories realized as the low energy descrip-

tions of their Higgs branches. Furthermore, our expressions of the partition functions are

technically tractable since they do not involve any contour integrals such as the Sp(1)

Nekrasov partition function obtained from the field theory technique in [12–14]. It would

be also interesting to perform further checks of our proposal from a field theory analysis,

for example for theories which have Lagrangian descriptions such as SU(N) gauge theories.

The Higgs branch results we obtained in this paper could be a prototype for the

refined topological vertex on non-toric web diagrams, which may be also related to non-

toric Calabi-Yau threefolds. The results provided non-trivial checks that the IR theory at

a particular Higgs vacuum of T4 theory is dual to the Sp(1) gauge theory with 6 flavors

and has the E7 global symmetry. It is possible to extend the Higgsing technique to other

TN theories in order to get the partition functions of the E8 theory or higher rank E6,7,8

theories which are constructed by non-toric web diagrams. Relatedly, an attractive future

direction would be to develop a systematic way to apply the topological vertex formalism

directly to non-toric diagrams. A primitive version of this work was done in section 6.3.

When compactified on S1, the class of 5d theories we are considering reduces to the

6d (2, 0) theory compactified on a sphere with three regular punctures. For example, the

TN theory is associated with a sphere with three maximal punctures [7]. The example of

subsection 6.1 is associated with a shpere with one minimal and two maximal punctures.

All such theories are classified in [74]. It would be interesting to evaluate the 5d Nekrasov

partition function of such theories, by using our Higgsing method.

We also have found that the Nekrasov partition function for TN theory is exactly the

same as that of a quiver gauge theory, up to decoupled free factors. This result may imply

that two theories are somehow related in five dimensions. It would be interesting to work

out this relation clearly from the field theory view point. The decoupled U(1) factor may

play an important role.

The four dimensional reduction of the partition functions we computed can be consid-

ered along two different directions, i.e. “time” S1 direction or large n limit of orbifold R4/Zn
(or S4/Zn for superconformal index), but it turns out that both are subtle. Note that,

in 5d, the instanton charge plays as an extra flavor charge and its fugacity should not be

identified with the gauge coupling of 4d theory because TN theories have no marginal cou-
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pling. Under the reduction along the S1 circle,34 the instanton expansion by the fugacity u

diverges since u→ 1. On the other hand, the reduction by large orbifold limit introduced

in [75] appears to cause a partial flavor symmetry breaking in 4d.35 To resolve the second

subtlety, we may need to carefully take into account the effect of the orbifold singularity.

Finally, our studies may provide new insights into the 5d extension of AGT conjec-

ture [15, 76–83]. The 5d TN partition function allows us to study the three-point correlator

of q-deformed WN algebra though its 4d counterpart is not known yet. For the generic

correlators, we can consider gluing the external legs in the web diagram and compute the

corresponding partition functions.
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A Instanton partition function

In this appendix, we briefly summarize the formulae for the vector and various hypermulti-

plet contributions to the instanton partition function of U(Nl)×U(Nn) quiver gauge theory.

The Nekrasov instanton partition function [8, 9, 84] takes the form of

Zinst =
∑
~Yl,~Yn

u
|~Yl|
l u|

~Yn|
n Z(~Yl, ~Yn) , (A.1)

where ul, un denote the instanton fugacities for the gauge groups. The summation runs over

all possible Young diagram configurations for the colored Young diagrams ~Yl and ~Yn. |~Yl|
denotes the total number of boxes in ~Yl. The function Z(~Yl, ~Yn) is given by the product of

all the matter contributions. The contributions of the hypermultiplets in the fundamental

and the anti-fundamental representation of U(Nl) gauge group are given by

zfund(l;m)=

Nl∏
α=1

∏
s∈Yl,α

[
2i sin

E(l, ∅, α, ∅)−m+ iγ1
2

]
,

34To take this limit, we first restore the S1 radius β in the partition function such as u = eiβm where u

is the flavor fugacity and take β → 0 limit.
35In [75], the instanton contribution to the partition function is suppressed and thus instanton states are

dropped out in 4d partition function.
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Figure 26. The component diagram which gives the factor An(~Yn, ~Yn−1).

zanti−fund(l;m)=

Nl∏
α=1

∏
s∈Yl,α

[
2i sin

−E(l, ∅, α, ∅)−m− iγ1
2

]
, (A.2)

where m is the mass parameter (or U(1) flavor chemical potential) for hypermultiplet and

s denotes the (i, j) position of the corresponding Young diagram. The bi-fundamental

hypermultiplet of U(Nl)×U(Nn) gauge group contributes to the partition function by

zbifund(l, n;m)=

Nl∏
αl=1

Nn∏
βn=1

∏
s∈Yl,αl

[
2i sin

E(l, n, αl, βn, s)−m+iγ1
2

] ∏
s̃∈Yn,βn

[
2i sin

E(n, l, βn, αl, s̃)+m+iγ1
2

]
.

(A.3)

The function E is defined by

E(l, n, αl, βn, s) = λl,αl − λn,βn + i(γ1 + γ2)`Yl,αl (s)− i(γ1 − γ2)(aYn,βn (s) + 1) , (A.4)

where λl,α is the Coulomb branch parameter for U(Nl) gauge group.

The vector multiplet contribution is simply given by

zvec(l) =
1

zbifund(l, l; +iγ1)
.

B The topological string partition function on C3/(ZN × ZN)

We here give a explicit proof of the expression (5.2) for the refined topological string

partition function on the resolved C3/(ZN × ZN ). The relevant toric web-diagram is

shown in figure 17. From the toric data, it follows that P
(n)
k Q

(n)
k = Q

(n+1)
k P

(n+1)
k+1 and
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R
(n)
a = R

(n)
1 (P

(n−1)
a−1 P

(n−1)
a−2 · · ·P (n−1)

1 )(P
(n)
a P

(n)
a−1 · · ·P

(n)
2 )−1,. Note that all the framing

factors are trivial here.

The refined topological string partition function is given by

Zref = (M(t, q)M(q, t))
χ(X)

4 × Z , (B.1)

where χ(X) is the Euler characteristics of the Calabi-Yau threefold, and Z is evaluated

via the refined topological vertex. An essential technique to compute Z is the refinement

of [85].36 The toric web-diagram in figure 17 implies that

Z =
∑

~Y1,··· ,~YN−1

AN (∅, ~YN−1)
N−1∏
n=1

(
Bn+1,n(~Yn)An(~Yn, ~Yn−1)

)
, (B.2)

where

Bn+1,n(~Yn) =

n∏
a=1

(−R(n)
i )|Yn,a| . (B.3)

and ~Yn = (Yn;1, · · · , Yn;n) is the set of n Young diagrams. The factor An(~Yn, ~Yn−1) is the

contribution from the diagram in figure 26, and evaluated as

An(~Yn, ~Yn−1)=
∑
~µ,~ρ

Cµ1∅Yn;1
(q, t)

n−1∏
i=1

[
CµtiρiY tn−1;i

(t, q)Cµi+1ρ
t
iYn;i+1

(q, t)
(
− P (n−1)

i

)|µi|(−Q(n−1)
i

)|ρi|].
(B.4)

Here ~µ = (µ1, · · · , µn−1) and ~ρ = (ρ1, · · · , ρn−1) are two sets of Young diagrams. Note that

we implicitly set ~Y0 = ∅. To be more explicit, we have

An(~Yn, ~Yn−1) = t
||Yn;1||

2

2 Z̃Yn;1(q, t)
n−1∏
i=1

t
||Yn;i+1||

2

2 Z̃Yn;i+1(q, t)q
||Y tn−1;i||

2

2 Z̃Y tn−1;i
(t, q)

×
∑

ηi,ξi;ξ0=ξn−1=∅;

n−1∏
i=1

(q
t

) |ηi|−|ξi|
2
∑
µi

(
− P (n−1)

i

)|µi|sµi/ηi(t−ρq−Y tn−1;i)sµti/ξi−1
(q−ρt−Yn;i)

×
∑
ρi

(
−Q(n−1)

i

)|ρi|sρi/ηi(t−Yn−1;iq−ρ)sρti/ξi(q
−Y tn;i+1t−ρ). (B.5)

We can evaluate this by generalizing the method of [85] to the refined topological vertex.

We first use the identities∑
µ

sµt/η(x)sµ/ξ(y) =

∞∏
i,j=1

(1 + xiyj)
∑
µ

sξt/µ(x)sηt/µt(y), (B.6)

∑
µ

sµ/η(x)sµ/ξ(y) =

∞∏
i,j=1

(1− xiyj)−1
∑
µ

sξ/µ(x)sη/µ(y), (B.7)

several times to obtain

An(~Yn, ~Yn−1) =

(
n∏
a=1

t
||Yn;a||2

2 Z̃Yn;a(q, t)

)(
n−1∏
a=1

q
||Y tn−1;a||

2

2 Z̃Y tn−1;a
(t, q)

)
36For a similar computation for U(N) linear quivers, see [86].
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×
∏

1≤a≤b≤n−1

∞∏
i,j=1

(
1− P (n−1)

a Q(n−1)
a · · ·P (n−1)

b qi−1/2−Y tn−1;b,j tj−1/2−Yn;a,i

)
×

∏
1≤a≤b≤n−1

∞∏
i,j=1

(
1−Q(n−1)

a P
(n−1)
a+1 · · ·Q(n−1)

b qi−1/2−Y tn;b+1,j tj−1/2−Yn−1;a,i

)
×

∏
1≤a≤b≤n−1

∞∏
i,j=1

(
1− P (n−1)

a Q(n−1)
a · · ·Q(n−1)

b qi−Y
t
n;b+1,j tj−1−Yn;a,i

)−1

×
∏

1≤a≤b≤n−2

∞∏
i,j=1

(
1−Q(n−1)

a P
(n−1)
a+1 · · ·P (n−1)

b+1 qi−1−Y tn−1;b+1,j tj−Yn−1;a,i

)−1

. (B.8)

By using the identity

∞∏
i,j=1

(1−Qqi−1−Y1,j tj−Y2,i) =

∞∏
i,j=1

(1−Qqi−1tj)
∏
s∈Y2

(1−Qq−aY t1 (s)
−1
t−`Y2 (s))

×
∏
s∈Y t1

(1−QqaY2 (s)t`Y t1 (s)+1
), (B.9)

we can further rewrite this as

An(~Yn, ~Yn−1) = (gn hn) ·A(pert)
n ·A(matter)

n (~Yn, ~Yn−1) ·A(gauge)
n (~Yn, Yn−1), (B.10)

where

gn =

n∏
a=1

q−
||Y tn;a||

2

4 t
||Yn;a||2

4

n−1∏
a=1

q
||Y tn−1;a||

2

4 t−
||Yn−1;a||

2

4 (B.11)

×
∏

1≤a≤b≤n

[
q−
|Yn;b|

4
−
|Yn;a−1|

4 t
|Yn;a−1|

4
+
|Yn;b|

4

] ∏
1≤a≤b≤n−1

[
q
|Yn−1;b|

4
+
|Yn−1;a−1|

4 t−
|Yn−1;a−1|

4
−
|Yn−1;b|

4

]
,

hn =

n−1∏
a=1

(−1)|Yn−1;a|
∏

1≤a≤b≤n−1

[(
P (n−1)
a

) |Yn−1;b|−|Yn;b+1|
2

(
Q

(n−1)
b

) |Yn−1;a|−|Yn;a|
2

]
, (B.12)

and

A(pert)
n =

∞∏
i,j=1

[ ∏
1≤a≤b≤n−1

(1− P (n−1)
a Q(n−1)

a · · ·P (n−1)
b qi−1/2tj−1/2)

×
∏

1≤a≤b≤n−1

(1−Q(n−1)
a P

(n−1)
a+1 · · ·Q(n−1)

b qi−1/2tj−1/2)

×
∏

1≤a≤b≤n−1

(1− P (n−1)
a Q(n−1)

a · · ·Q(n−1)
b qitj−1)−1

×
∏

1≤a≤b≤n−2

(1−Q(n−1)
a P

(n−1)
a+1 · · ·P (n−1)

b+1 qi−1tj)−1

]
,

(B.13)

A(matter)
n =

n∏
a=1

n−1∏
b=1

{ ∏
s∈Yn;a

[
2i sin

(
E(n, n− 1, a, b, s) +mn − ε1+ε2

2

2

)]

×
∏

s∈Yn−1;b

[
2i sin

(
E(n− 1, n, b, a, s)−mn − ε1+ε2

2

2

)]
, (B.14)

A(gauge)
n =

n∏
a=1

∏
s∈Yn;a

[
2i sin

(
E(n, n, a, a, s)

2

)]−1
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×
n−1∏
a=1

∏
s∈Yn−1;a

[
2i sin

(
E(n− 1, n− 1, a, a, s)− (ε1 + ε2)

2

)]−1

×
∏

1≤a<b≤n

{ ∏
s∈Yn;a

[
2i sin

(
E(n, n, a, b, s)− (ε1 + ε2)

2

)]−1

×
∏

s∈Yn;b

[
2i sin

(
E(n, n, b, a, s)

2

)]−1}

×
∏

1≤a<b≤n−1

{ ∏
s∈Yn−1;a

[
2i sin

(
E(n− 1, n− 1, a, b, s)

2

)]−1

×
∏

s∈Yn−1;b

[
2i sin

(
E(n− 1, n− 1, b, a, s)− (ε1 + ε2)

2

)]−1}
. (B.15)

In the last two factors, we defined λn;k and mn so that
∑n

k=1 λn;k = 0 and

P
(n−1)
k Q

(n−1)
k = exp(−iλn;k+1 + iλn;k), P

(n−1)
k = exp(iλn;k − iλn−1;k + imn). (B.16)

and used

E(n,m, a, b, s) = λn;a − λm;b − ε1`Yn;a(s) + ε2(aYm;b
(s) + 1). (B.17)

Recall that q = e−iε2 and t = eiε1 . Here n and k of λn;k and mn run over n = 2, · · · , N and

k = 1, · · · , n. Note that this parameterization properly satisfies P
(n−1)
k Q

(n−1)
k = Q

(n)
k P

(n)
k+1.

We now have

P (n−1)
a Q(n−1)

a · · ·P (n−1)
b = exp(iλn;a − iλn−1;b + imn), (B.18)

Q(n−1)
a P

(n−1)
a+1 · · ·Q(n−1)

b = exp(iλn−1;a − iλn;b+1 − imn), (B.19)

P (n−1)
a Q(n−1)

a · · ·Q(n−1)
b = exp(iλn;a − iλn;b+1), (B.20)

Q(n−1)
a P

(n−1)
a+1 · · ·P (n−1)

b+1 = exp(iλn−1;a − iλn−1;b+1). (B.21)

By putting all together and use the fact that
∏N
n=1 gn = 1, we find

AN (∅, ~YN−1)
N−1∏
n=1

(
Bn+1,n(~Yn)An(~Yn, ~Yn−1)

)

=
N∏
m=1

(Apert
m hm)×

N−1∏
n=1

(
Bn+1,n(~Yn) zvec(n)

)
×

N∏
a=1

zfund(N − 1;λN ;a +mN )×
N−1∏
n=2

zbifund(n− 1, n;mn), (B.22)

where zvec, zfund and zbifund are defined in (A.3). Now recall that, from the toric data, we

have the relation

R(n)
a = R

(n)
1 (P

(n−1)
a−1 P

(n−1)
a−2 · · ·P (n−1)

1 )(P (n)
a P

(n)
a−1 · · ·P

(n)
2 )−1, (B.23)

which implies
N∏
m=1

hm

N−1∏
n=1

Bn+1,n(~Yn) =

N−1∏
n=1

(un)
∑n
a=1 |Yn,a| (B.24)
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with

un ≡ R(n)
1 Q

(n) 1
2

n P
(n) 1

2
1 (P

(n)
2 · · ·P (n)

n )−
1
2 (P

(n−1)
1 · · ·P (n−1)

n−1 )
1
2 . (B.25)

Therefore we finally obtain

Z =

(
N∏
n=1

A(pert)
n

) ∑
~Y1,···~YN−1

{[N−1∏
n=1

(un)|
~Yn|zvec(n)

][ N∏
a=1

zfund(N − 1; m̃a)

]

×
[N−1∏
n=2

zbifund(n− 1, n;mn)

]}
. (B.26)

where |~Yn| ≡
∑n

a=1 |Yn,a| and m̃a = λN,a + mN . Here the sum over Young diagrams

in (B.26) correctly gives the instanton partition function of the corresponding gauge theory.

On the other hand, the first product
∏N
n=1A

(pert)
n is written as

N∏
n=1

A(pert)
n = Z0 Z

=
U(1), (B.27)

with

Z0 =
∞∏

i,j=1

{[∏
a≤b(1− e

−iλN−1;b+im̃aqi−
1
2 tj−

1
2 )
∏
b<a(1− eiλN−1;b−im̃aqi−

1
2 tj−

1
2 )
]

∏N−1
n=1

∏
a<b(1− eiλn;a−iλn;bqitj−1)(1− eiλn;a−iλn;bqi−1tj)

×
N−1∏
n=1

∏
a≤b

(1− eiλn;a−iλn−1;b+imnqi−1/2tj−1/2)
∏
b<a

(1− eiλn−1;b−iλn;a−imnqi−1/2tj−1/2)

}
,

Z=
U(1) =

∏
1≤a<b≤N

∞∏
k,`=1

(1− eim̃a−im̃bqkt`−1)−1. (B.28)

Note that (M(t, q)M(q, t))
χ(X)

4 Z0 gives the perturbative part of the Nekrasov partition

function, while the extra factor

Z=
U(1) =

∏
1≤a<b≤N

∞∏
k,`=1

(1− eim̃a−im̃bqkt`−1)−1. (B.29)

is a contribution from decoupled M2-branes associated with pairs of horizontal external

lines in figure 17. Thus we have proved the result (5.2).

C SU(N) gauge theory with Nf = 2N flavors

Our proposal of the U(1) factor ZU(1) in section 4.2 can be straightforwardly generalized to

a higher rank SU(N) gauge group. As an example, let us compute the partition function of

an SU(N) gauge theory with Nf = 2N hypermultiplets in the fundamental representation.

The web diagram which geometrically engineers an SU(N) gauge theory with Nf = 2N

flavors is depicted in figure 27. The partition function of the web diagram figure 27 can be

again computed by the refined topological vertex

Z̃SU(N) = (M(t, q)M(q, t))
N−1

2 Z(t, q, R, Pa, Qa, P̃a, Q̃a), (C.1)
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Figure 27. A web diagram for an SU(N) gauge theory with Nf = 2N hypermultiplets in the

fundamental representation. Not all the Kähler parameters Pa, P̃a, a = 1, · · · , N and Qa, Q̃a, a =

1, · · · , N − 1 are independent but subject to QaPa+1 = Q̃aP̃a+1.

where

Z(t, q, R, Pa, Qa, P̃a, Q̃a)=
∑
~µ,~ρ,~Y

N∏
a=1

[
Cµaρta−1∅

(q, t)(−Pa)|µa|CµtaρaY ta (t, q)(−Qa)|ρa|fYa(q, t) (C.2)

(−RP−1
a P̃−1

a · · ·P−1
N P̃−1

N )|Ya|Cρ̃a−1µ̃a∅(t, q)(−P̃a)|µa|Cρ̃aµ̃taYa(q, t)(−Qa)|ρ̃a|
]
.

Here we define ρ0 = ρN = ∅ and ~µ = (µ1, · · · , µN ), ~ρ = (ρ1, · · · , ρN−1), ~Y = (Y1, · · · , YN ).

The explicit computation of the amplitude of (C.3) can be carried out in the same

manner as in appendix B. The result has been obtained in [31], and in terms of our

convention, eq. (C.3) becomes

Z̃SU(N) = Z=
U(1) · Z0 · Zinst , (C.3)

where the U(1) factor for the horizontal parallel external lines is

Z=
U(1) =

∏
1≤a≤b≤N−1

∞∏
i,j=1

(
1− eima−imb+1ti−1qj

)−1 (
1− eim̃a−im̃b+1tiqj−1

)−1
. (C.4)

The perturbative part Z0 is

Z0 =

∞∏
i,j=1

[∏
1≤a≤b≤N

(
1− e−iλb+imati− 1

2 qj−
1
2

)∏
1≤a≤b≤N−1

(
1− eiλa−imb+1ti−

1
2 qj−

1
2

)
(1− tiqj−1)N−1

2 (1− ti−1qj)N−1
2
∏

1≤a≤b≤N−1
(
1− eiλa−iλb+1tiqj−1

)
×
∏

1≤a≤b≤N

(
1−e−iλb+im̃ati− 1

2 qj−
1
2

)∏
1≤a≤b≤N−1

(
1−eiλa−im̃b+1ti−

1
2 qj−

1
2

)
∏

1≤a≤b≤N−1
(
1− eiλa−iλb+1ti−1qj

) ]
. (C.5)
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Finally, the instanton part Zinst becomes

Zinst =
∑
~Y

u|Y1|+···+|YN |
N∏
a=1

∏
Ya

∏N
b=1(2i)

2 sin
(
Ea∅−mb+iγ1

2

)
sin
(
Ea∅−m̃b+iγ1

2

)
∏N
b=1(2i)

2 sin
(
Eab
2

)
sin
(
Eab+2iγ1

2

) . (C.6)

Note that we have chosen the gauge theory parameters as

Pa = e−λa+ima , Qa = eiλa−ima+1 , u = RP
1
2
1 P
− 1

2
2 · · ·P−

1
2

N P̃
1
2
1 P̃
− 1

2
2 · · · P̃−

1
2

N , (C.7)

P̃a = e−λa+im̃a , Q̃a = eiλa−im̃a+1 , (C.8)

where
∑N

a=1 λa = 0. We can see that

Z̃SU(N)/Z
=
U(1) = Z0 · Zinst (C.9)

gives the U(N) partition function with Nf = 2N flavors up to the perturbative U(1) part.

As argued in section 4.2, The U(1) factor of (C.4) is not the only U(1) factor. We also

have the other two U(1) factors from the parallel vertical lines at the top and the bottom

of figure C.3. The structure of the web diagram regarding the vertical lines is essentially

the same as that of the SU(2) gauge theory with Nf = 4 flavors in section 4.1.1. Hence, the

other U(1) factors can be obtained in the same manner as in section 4.1.1, and the result is

Z
||
U(1) =

∞∏
i,j=1

(
1− ue i2 (

∑
ama+

∑
a m̃a)qi−1tj

)−1 (
1− ue− i

2
(
∑
ama+

∑
a m̃a)qitj−1

)−1
. (C.10)

The total U(1) factor then becomes

ZU(1) = Z=
U(1)Z

||
U(1). (C.11)

Therefore, we propose that the partition function of the SU(N) gauge theory with

Nf = 2N flavors is

ZSU(N) = Z̃SU(N)/ZU(1). (C.12)
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