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1 Introduction

Multi-centered black holes (BH) are a fascinating subject, dealing with several aspects of
quantum gravity, when this theory is defined through supergravity, and its high-energy,
fundamental completions, namely superstrings and M-theory. The discovery of the split
attractor flow and of walls of marginal stability [1-3] and the corresponding issue of
microstate BH counting [4]-[6], have been some remarkable achievements in this field, also
characterized by some puzzling and yet not fully understood features, such as anti-marginal
stability and entropy enigmas (see also [7]-[19]; for studies on N > 2, see [20]-[25]). Earlier
studies on composite (super)gravity solutions and marginal stability, were done in [28-32],
while [33] provides a recent review on wall-crossing formulae.

This paper continues the investigation of geometric aspects of BH physics, by exploiting
the (classical) duality symmetries of the underlying supergravities [34], which are the con-
tinuum limit of the U-duality [36] governing the non-perturbative string dynamics, in the
context of two-centered BH solutions. The ultimate aim is to show that different aspects of
multi-centered BH dynamics are encoded into different values of (and constraints among)
certain multi-centered duality polynomial invariants. These duality invariants character-
ize some multi-centered charge orbits, which generalize the electric-magnetic charge orbits
encoding all the main features of single-centered BH solutions, such as the Bekenstein-
Hawking entropy [37, 38], the ADM mass [39] and the BPS (supersymmetry-preserving)
properties [40-43].

The single-centered orbits [40] are known to provide a stratification of the space of the
irrep. R of the d = 4 classical U-duality group G4 of the f-dimensional electric-magnetic



charge vector Q = (pA, qA) (A =1,....,£/2). Analogously, the p-centered orbits are expected
to stratify the space Ry x --- x Ry, for p BH constituents, with electro-magnetic fluxes
given by

oM = (p2,qan) a=1,....,p, , M=1,... f (1.1)

Interestingly, it has been recently uncovered [44, 45] that a p (> 2)-centered BH solution
in d = 4 space-time dimensions enjoys an “horizontal” symmetry SLj (p,R) among the
centers of the BH constituents. As a consequence of this symmetry, further invariant
polynomials in the charges beside the usual U-duality invariants acquire an important
role, and they provide a tool to achieve a finer classification of the allowed two-centered
configurations.!

As commented in [45], the analysis can be performed for a generic number p of centers,
but, due to the structure of the split flow in multi-center (super)gravity solutions [1-4],
the case p = 2 is already fully illustrative, at least regarding marginal stability. It is then
natural to explore the charge orbits for the horizontal doublet (Q1, Q2), and to classify
the allowed quantum numbers for the extremal BH two-centered compounds by suitable
invariant constraints among horizontal invariant-polynomials.

For p = 2, the simplest example of such “horizontal invariants” is provided by the
symplectic product of two charge vectors [1, 45]

1
W=(Q1Q) =, OMONC e, (1.2)

where a,b = 1,2, Cjsy is the symplectic metric

Cun = (3 _OH> , (1.3)

and e is the usual SL (2,R) ~ Sp (2, R) rank-2 invariant tensor. By considering (Q;, Q2) as
a doublet Q, (spin s = 1/2, fundamental irrep. 2) of SLj, (2,R) [44], it is evident from (1.2)
that W is manifestly invariant under both the U-duality and the horizontal symmetry. It
is known that W enters the description of many physical properties of the two-centered BH
compound states, such as the equilibrium distance between the two centers, the intrinsic
overall (orbital) angular momentum, and the marginal stability condition [1, 3]. Indeed,
a crucial feature of two-centered BH physics is that their physical properties turn out to
depend not only on Q; + Qy, as for the BPS ADM mass [47], but also on other combination
of charges, such as the symplectic product (1.2). Another important instance is the entropy
at the (split) horizon, which is the sum of the entropies of the two single-centered BH

constituents [3]:

S 1T Q1)+ VT ()] (1.4)

7T =
where 7, is the unique quartic invariant polynomial of the irrep. R of the U-duality group
G47

T,(Q) = | KunraQ" Q¥ 0" Q?, (1.5)

IThe horizontal symmetry has recently been investigated within the fascinating connections with Quan-
tum Information Theory in [46]



and Ky/ypg is the so-called K-tensor [48]. As a natural two-centered generalization of the
quartic invariant I4(Q), for p = 2 one considers the contraction of the K-tensor with four
a priori different charge vectors, which gives rise to the symmetric I,p.q tensor [44, 45],
sitting in the spin s = 2 irrep. 5 of SLj, (2,R):

1
Lobed = 2KMNPQQ,]IVI oY aro¥. (1.6)
If G4 is a simple group, one can define the symmetric object in the horizontal indices [45]
Tapy = 14, fiv Qe 9 (1.7)

where t%, 5 (@ =1,...,d =dimg (Adj (G4))) is the symplectic representation of the gener-
ators of the Lie algebra g4 of GG4. Using these tensors, one has

1 1
I(abcd) = - 67 ta(MNta\PQ) di Q[];V QcP QC? = - 67 To({abTa|cd) (18)

where 7 is a model-dependent parameter [48]:

2d
F(F+1)

T (1.9)
A similar structure arises also when G4 is a semisimple group factorized as SL(2,R) x
SO(m,n), characterizing the reducible symmetric models listed in table 1. Indeed, within
the so-called Calabi-Vesentini basis [49, 50] symplectic frame, one can define the T-
tensor [44]

T T
T(ab)[AS] = PA(adb)s — A(aPb)S = <TH ']I‘12> : (1.10)
12 22 AS

where indices are raised with the the pseudo-Euclidean SO(m,n) metric nay. This is a
symmetric object in the horizontal indices, whose components are the triplet of T-tensors
of the reducible models (called Ty, Ty, Ty2 in [44]). They constitute a two-centered gener-
alization of the product Txy = pags — qaps, which appears in the single-centered fourth
order invariant written as [51-54]

1
I, = Zm%mwﬁm QﬁMW)Zﬁf—Qr@a (1.11)

where “Ir,” denotes the n-trace, namely the trace in which the indices are contracted with
n. For two centers, in reducible models it generalizes to

1
— oy (T Teqy) - (1.12)

1
Taped = 2T(ab\A2T\cd)I‘A77AF772A =y

The study of two-center extremal BH charge orbits associated to a generic horizontal
doublet Q1, Qs has been initiated in [44, 45]. It was found that in d = 4 supergravity
theories with symmetric scalar manifolds and for generic charge vectors for each of the two
centers, the dimension of a complete basis of U -duality invariant-polynomials is seven,
and it includes both the horizontal singlet W and the quintet I,5.y. The minimum number



of invariant polynomials has been shown to decrease to four if only polynomials invariant
under both U-duality and horizontal symmetry are taken into account. The dimension of
this G4 x SLp(2,R) invariant basis further reduces in some specific cases, for instance, for
some rank-2 and rank-1 symmetric scalar manifolds pertaining to the so-called st? and
t3, N = 2, d = 4 models, and for theories whose BH charge irrep. admits a quadratic
invariant polynomial |Zo| = +/|Z4|, namely, N = 2 minimally coupled[64] and for N = 3

supergravity theories [55], which will not be dealt with in this paper. Interestingly, the
L(2,R)

U(1) of rank 1, has

“pure” N' = 4, d = 4 supergravity, despite having a scalar manifold s
a complete basis formed by seven duality invariants [44].

The present investigation completes the previous analysis in that it determines the
restrictions and constraints on such invariants when at least one of the two centers is
occupied by a “small” black hole, having 7, (Q) = 0. Small black holes, corresponding to
horizonless solutions in Einstein two-derivatives (super)gravity, have zero entropy and they
don’t show an attractor behavior [40]. However, they are an interesting sector of the BH
spectrum that has been recently examined in [42, 56], in particular regarding the different
supersymmetry features of the allowed orbits.

Large black hole charge orbits, with Z4 # 0 are described by a minimum of four charges,
and in this sense the corresponding orbits are “rank four”. More precisely, the rank of the
orbit (or of the charge vector Q spanning it) is here the minimal number of charges which
compose an orbit representative. Mathematically speaking, this defines the rank of Q
as element of the associated Freudenthal triple system [57, 58]. However, large orbits
can become “lightlike” when they satisfy the condition Z, = 0, and their rank reduces to
three. If a further differential constraint 0Z,/0Q = 0 is imposed, the rank further reduces
to two (critical orbits), and it becomes one for doubly-critical orbits, having a suitable
projection of 92Z,/(0Q)? vanishing [59]. In section 2 we shall revisit and add new results
to the manifestly U-invariant constraints defining the rank, ranging from 4 to 1, of the
single-centered charge vector Q, which gives rise to the stratification of the representation
space of the U-duality group. When combining two centers, these constraints will clearly
reflect in a number of combinations for the orbits of the compound system, which will be
thoroughly investigated.

In section 3 we shall deal with relations and properties of the invariant polynomials
characterizing a two-centered (extremal) BH compound, which admit a natural interpre-
tation and classification in terms of the horizontal symmetry group SLj (2,R).

Then, the results of sections 2 and 3 are used to perform a detailed analysis of all pos-
sible two-centered (extremal) BH charge configurations, by considering all possible combi-
nations of the ranks of the charge vectors Q; and Qs pertaining to the two single-centered
BH constituents.

This analysis is carried out for all supergravity theories (with symmetric scalar man-
ifold) whose d = 4 U-duality group Gy is a “group of type E7”, namely a group with a
symplectic representation R admitting a completely symmetric rank- 4 invariant structure



J3

N Ga rank

mea(Ga) reducible
p SLUv((st) x Sofgggg(n), neN 1+ min(2,n) R®Ty,
4 SLI;(%R) x Sofggﬁgg(n), neNU{0} 1+4min(6,n) R®Ts5,

« kM

Table 1. Reducible symmetric d = 4 supergravity models. “mcs” stands for mazimal compact
subgroup (with symmetric embedding). The rank of the scalar manifold, as well as the related
reducible Euclidean rank-3 Jordan algebra J3 are also given (for further elucidation, see e.g. [70]
and refs. therein). The subscript “v” stands for “vertical”, and it has been introduced in order to
distinguish the S-duality SL, (2,R) group from the horizontal symmetry group SLj, (2,R)

J:
N mci“(;4) rank s
irreducible
2 SLu(2,R)
, ) 1 R
(t° model)
Sp(6,R) R
2 @(3) 3 J3
SU(3,3) C
) 2 ) SUEXUE) O J3
g sem g
E7(—25) ©)
2 Eﬁ(_78)XU(1) 3 J3
SU(1,5
5 e 1 M (0)
Eq(7) s
8 SU(8) 7 J3

Table 2. Irreducible symmetric d = 4 supergravity models. N/ = 2 magical quaternionic Maxwell-
Einstein supergravity and AN/ = 6 “pure” supergravity are “twin”, namely they share the same
bosonic sector [71-75]. M 5 (Q) is the Jordan triple system (not upliftable to d = 5) generated
by 2 x 1 matrices over O [76, 77]. Note that, with the exception of the reducible - but triality
symmetric - stu model [52, 78], irreducible models are all ones for which the treatment of [48]
holds (see e.g. table 1 therein)

q such that the invariant polynomial Z, can be defined as® [61]

7,(Q)

N RN =

q (qu q2’ q37 q4) |q1:q2:q3:q4EQ
Kynpo@ QNP Q@. (1.13)
It is also worth recalling that the “group of type E7” G4 is a symmetry group of Jordan

2The normalization of q used here is the same as in [60], and thus it differs by a factor 2 with respect
to the one adopted e.g. in [48, 61] and [45]. The same holds e.g. for eq. (3.1) further below.



algebra-related structures, namely:
Gy~ Aut (M (J3)) ~ Conf (J3), (1.14)

where Aut (M (J3)) is the automorphism group of the vector space M(J3) = RS R @
J3 @ J3 constructed over the Euclidean rank-3 Jordan algebra .J3, whose conformal group is
Conf (J3) (see e.g. [62, 63] for recent reviews and lists of refs.). On the other hand, the G4’s
of minimally coupled N'=2 , and N' = 3 [65] supergravities, omitted in this investigation,
do not enjoy an interpretation in terms of (rank-3 Euclidean) Jordan algebras.

The groups of type E7 G4’s (which are U-duality groups of supergravity theories in
d = 4 space-time dimensions with symmetric scalar manifolds) may be grouped into two
classes, depending on whether G4 is a semisimple Lie group, or it is a simple Lie group
itself. The former case, analyzed in section 4, corresponds to the reducible symmetric
models, whose scalar manifolds® are grouped into two infinite sequences, reported in table
1. The first (n = 1) element of the N' = 2 sequence in table 1, namely the so-called
st? model, is non-generic, and it deserves a separate treatment, given in section 4.2. The
corresponding two-centered (extremal) BH charge orbits with both Q; and Qy “large” have
been studied in [44]. Generally, the number of independent G4-invariant is seven, and a
complete basis can be taken to be [44]

W7 X7 Iabcda (115)

where the quartic polynomial X" is defined by eq. (3.20).

The latter case, analyzed in section 5, corresponds to the irreducible symmetric models,
namely to the so-called N' = 2 t3 model, to the N/ = 2 magical Maxwell-Einstein super-
gravity theories as well as to N' = 5, 6, 8 “pure” supergravities, whose scalar manifolds
are reported in table 2. The t3 model is non-generic and it deserves a separate treatment,
given in section 5.2.

The two-centered (extremal) BH “large” charge orbits of generic irreducible symmetric
models and of #> model have been studied respectively in [45] and in [44]. Generically, the
number of independent Gy-invariant is seven, and a complete basis can be taken to be [45]

W, Labed, e, (1.16)

where the sextic polynomial I is defined by eq. (3.15). The main difference between
the sets (1.15) and (1.16) is that X = 0 (3.21) in irreducible cases, where also the con-
straint (4.8) of degree twelve in the charges does not hold. It will be emphasised in section 3
that the existence of X in reducible models can be traced back to the semi-simple nature
of the U-duality group Gy, giving rise to two independent quartic polynomials I’ and I”
with vanishing horizontal helicity, and related to Iy by eq. (3.9).

The outcome of this analysis is that the number of independent duality- and horizontal-
invariant polynomials is decreased when one or both charge vectors are “small”, since the

3In matter coupled theories, we consider vector multiplets’ scalar manifolds; for instance, this is the case
for all models of table 1, with the exception of “pure” N’ = 4 supergravity.



vanishing of the quartic form (1.5) for one center or both gives rise to various polynomial
relations among otherwise independent invariants. For example, as yielded by the analysis
of sections 4 and 5, if at least one of the two charge vectors Q1 and Qs is doubly-critical
(i.e. rank 1, see section 2; in the ' = 8 language, this is %—BPS)7 then only one independent
horizontal invariant, say the symplectic product W (1.2), exists. This is one of the few
examples known in the literature [3].

Notice that the results concerning the st? and t3 models are consistent with the “stu —
st? — 3 reduction” (see e.g. the discussion in [44, 66, 67], and the recent analysis in [46]).

Finally, in section 6 we make some comments on some “small + small” two-centered
charge configurations corresponding to Z4 (Q; + Qz) < 0, i.e. to a BH compound that,
regarded as a single-centered solution, is a “large” non-BPS (extremal) BH, making contact
with recent literature, such as [11] and [68].

2 U-invariant constraints on Q

We start by giving a résumé (with original results) of the U-invariant constraints defining
the charge orbits of a single-center (extremal) BH, namely of the G4-invariant conditions
defining the rank of the dyonic charge vector Q € R as an element of the corresponding
Freudenthal triple system (FTS) (see [57, 58], and refs. therein); as mentioned above, G4
is the d = 4 U-duality group “of type E7” [61], and R is its relevant BH charge irrep. The
symplectic indices M = 1,...,f (f =dimgrR (G4)) are raised and lowered with the symplectic
metric Cpsn defined by ( 1.3). By recalling the definition (1.5) of the unique (quartic) G4-
invariant polynomial constructed with @ € R, the rank of a non-null Q as an element
of FTS (G4) range from four to one, and it is manifestly G4 -invariantly characterized as
follows:

1. rank(Q) = 4: “large” extremal BHs, with non-vanishing area of the event horizon:

Z4(Q) 2 0. (2.1)

2. rank(Q) = 3: “small” lightlike extremal BHs, with vanishing area of the event hori-

zon:
74(Q) = 0; (2.2)
aaQIj\‘/[ #0& KMNPQQNQPQQ £ 0, at least for some M. (2.3)

3. rank(Q) = 2: “small” critical extremal BHs:

0T,
89?\4 =0& KMNPQQNQPQQ =0, VM, (2.4)
01,

# 0, at least for some M, N. (2.5)
0QM QN Adj(Ga)



4. rank(Q) = 1: “small” doubly-critical extremal BHs [59, 79]:

*T.

M 4 - =04 BKynpg + CuprChg) QPQQ =0, VM, N. (2.6)

0109 Adj(Ga)

Let us consider the doubly-criticality condition (2.6) more in detail. At least for

“groups of type E;” [61] which are U-duality groups Gy of irreducible symmetric mod-
els in d = 4, it holds that

(RxR), = Adj +S; (2.7)
(RxR), =1+A, (2.8)

where the subscripts “s” and “a” clearly stand for symmetric and skew-symmetric. The
presence of the singlet (which is nothing but Cpsn defined in (1.3)) in the skew-symmetric
part (2.8) characterizes the BH charge irrep. R to be symplectic. For example, for G4 = Er
(R =56, Adj = 133) one gets (see e.g. [80]; the subscripts ”s” and ”a” respectively stand

for symmetric and antisymmetric)

(56 x 56), = 133 + 1463; (2.9)
(56 x 56), = 1+ 1539. (2.10)

For such groups, one can construct the projector operator on Adj (Gy):

c
Pag” = Plip (2.11)
0°T. 02T,
cD 4 4 ‘
Pap 0QC9QP — HQAHQB Adj(G4)’ (2.12)
T T,
PABQDPCgFaQEaAlQF = PABEF@QE@;F’ (213)
where (recall (2.7))
6214 6214 6214
= + ; 2.14
0Q49QF  0Q19Q% | sy,  0Q40Q% [g(ay 24
0*1,
=2(1—-7)(3K + CucC “oPb. 2.15
00998 | s 4y (1 —7)(3Kapcp +CacCrp) Q7 Q (2.15)
0Ty o
= 237K + (7 —=1)CyeC , 2.16
904908 8(G0) [37Kapcp + (1 —1) CacCpp] Q7 Q (2.16)

where the model-dependent parameter 7 is defined by (1.9). The explicit expression of
PABCD reads? (a = 1,...,d):

PSP =1 <3CCE(CDFKEFAB + 5&5]%) = —t*Pty 45, (2.17)

4For related results in terms of a map formulated in the “4D /5D special coordinates” symplectic frame
(and thus manifestly covariant under the d = 5 U-duality group Gs), see e.g. [81, 82].



where the relation [48] (see also [69])

1 1
Kunpg = =5 tuntalrq) = =5 [tiintaipe = TCapCo)n] (2.18)
where
thv = thunys tnCYN =0 (2.19)

is the symplectic representation of the generators of the Lie algebra g4 of G4. Notice that
7 < 1 defined in (1.9) is just the ratio of the dimensions of the adjoint Adj and rank-2
symmetric (R x R), (2.7) reps. of G4, or equivalently the ratio of upper and lower indices
of t§;y’s themselves. It should also be noted that, with respect to the treatment given
in [48], the result (2.18) has been supplemented with the relation & = —.1 [45], obtained

37
as a consistency condition within the computations yielding to (2.17).

The result (2.17) is a direct consequence of the fact that t§,, is the projector of
(R x R), onto Adj (recall (2.7)). More precisely, it holds that

Pak tép = tip, (2.20)
where the normalization (see e.g. eq. (2.5) of [48])
1 10 = gof (2.21)

has been used.

3 Two-centered relations

In order to study multi-centered charge configurations, it is worth considering some gen-
eral relations for p(> 2)-center (extremal) BHs, which are manifestly covariant under the
horizontal symmetry SLj, (p,R) introduced in [44]; we will here focus on the case p = 2.

From [44, 45] and the Introduction, we recall 1.4 and

~ 1 8Iabcd 1 ~
QM|‘1bc = 4 aQéM = 2KMNPQQ1]1VQEI>DQCQ - QM|(abc)7 (3'1)

respectively sitting in the spin s = 2 and s = 3/2 of SLj, (2,R) (the horizontal indices
a = 1,2 are raised and lowered with €?, with ¢! = 1). For clarity’s sake, we report the
explicit expressions of the various components of I,,.4, as well as their relations with the
components of Qgp. (3.1) (the subscripts “+2,+1,0, —1, —2” denote the horizontal helicity



of the various components [44, 45]):

Liz = 7, (Q1) = Inu = (Qun Q1 ) (32)
Lt =T = (Qu1, @) = (G, @1 ) (33)

I = Lo = (Qu12, @) = Q1. Q1 )5 (34)
L1 =T = (D, @2) = (Do, Q1 ) (3.5)
Lz =71(Qs) = Loz = (D222, Q2 ). (3.6)

Note that in reducible symmetric models, due to the semi-simple nature of Gy, there

are two independent components of I,,.q with vanishing horizontal helicity, namely I’ and

T [44):

1

I'=— 2TI“77 (T11T22) X (37)
1

I’ = =, Ty (T%,) . (3.8)

and related to Iy by the relation (4.4) of [44]:
_ 1 "
10_3(1 +21") . (3.9)

Thus, one can consider the following symplectic product of spin 3/2 horizontal charge
tensors:

<éab07 édef> = Onrjabe Onjaes CMY. (3.10)

A priori, <éabc, édef> should project onto spin s = 3,2,1,0 irreps. of SLj (2,R) itself;
however, due to the complete symmetry of the K-tensor (and to the results of [48, 61]),
the projections on spin s = 3 and 1 do vanish:

s =3: <é(abc, édef)> = 0; (3.11)
§=2: <é(ab\ca éd|ef)> el = ?)WIabef; (3.12)
s=1: <é(a\bca éde\f)> e"le = 0 (3.13)
s=0: <éabca édef> evdebeecl = 8, (3.14)

where the symplectic product W is defined by (1.2), and in (3.14) the definition of the
sextic horizontal polynomial Ig [45] (given by eq. (3.24) of [45]) has been recalled:

1 o) A a e _c 1 ~ oy 3 ~ ~
I6 = 8 <Qabca Qdef> € deb € f — 4 <Q111, Q222> + A <Q122, Q112> ) (315)

,10,



The complementary relation to (3.15), namely }1 <é111, é222>—i <é122, é112> consistently

turns out to be proportional (through W) to the zero helicity component of 1,54 ; indeed,
by setting (a,b, e, f) = (1,1,2,2) in (3.12), one obtains:

;IOW = i <é111, é222> - i <é122, é112>- (3.16)

Furthermore, at least in reducible symmetric models (listed in table 1), the sextic
invariant is naturally defined within the T-tensor formalism as follows (see section 3 of [44]
for further detail):

1,6 = —TI‘n (T11T22T12) . (317)

As denoted by the prime, I (3.17) does not coincide with the Ig given by (3.14) (or
equivalently by (3.15)); indeed, irreducible and reducible symmetric models, the following
relation respectively holds:

1
Ig = Ij + 121/\/3; (3.18)

1 1
I; =T 3 XW. 1
6 6+12W + W (3.19)

This can be traced back to a crucial difference (pointed out in section 3 of [45]) between
reducible and irreducible symmetric models, concerning the horizontal invariant polynomial
(of degree four in charges) X'. In reducible models, X is defined by eq. (4.13) of [44]:

1
X =Ty, (T},) — Tr, (T11Ta) — 2W2, (3.20)

and it generally does not vanish. On the other hand, in irreducible models it is defined by
eq. (3.10) of [45], and it vanishes identically:

Xirred = 0. (321)

Thus, it is here worth remarking that the relations (3.11)—(3.16) hold both in irreducible
models (characterized by (3.21) and in reducible models (generally having non-vanishing
X (3.20)). On the other hand, in presence of X # 0, Iy undergoes the renormalization
I — I; + ; XYW, and this explains eq. (3.19) from eq. (3.18).

Before analyzing and classifying the two-center extremal BH configurations and the
corresponding defining constraints in terms of G4- and [SLj, (2,R) x G4]- invariant poly-
nomials, in light of previous definitions and findings, we conclude this section by pointing
out some consequences of the rank of a charge vector, say Qp, on the set of G4- and
[SLy, (2,R) x G4]- invariant polynomials of the two-centered configuration (Qp, Q2), both

— 11 —



in irreducible and reducible symmetric models:

rank (Q1) = 3 =142 =0; (3.22)

N Iip =14 =0;
I = —IgW — LWV — LAW & I = — ) IgW;
(3.23)
Lo =141 =0;

IO = —éWQ;
rank (Q1) = 1 = (3.24)
I[=0&I=—1I,W= LW

X =0 (in reducible models).

Ca va sans dire that analogous relations, involving components of opposite horizontal
helicity, hold for Qy. Egs. (3.22)—(3.24) will be used extensively in sections 4 and 5 (as
given by (3.21), X = 0 identically in reducible models). The non-generic cases of st> and
t3 N' =2, d = 4 models will be be considered in sections 4.2 and 5.2, respectively.

4 Reductble models

As given by table 1, the reducible symmetric d = 4 supergravity models® have the following
d = 4 U-duality group:

G4 = SL, (2,R) x SO (m,n) 2 (N=2, neN);
1 m = (4.1)
SLy (2.R) x Gy ~ SOY (2,2) x SO (m.n), 6 (N =6, neNU{0}),

where the isomorphism (see section 8 of [44])
SLp(2,R) x SL, (2,R) ~ SO}, (2,2) (4.2)

has been used. The corresponding scalar manifolds thus belong to the sequence S7 [m, n],
of particular relevance for superstring compactifications (see e.g. the analysis in section 3.1
and appendix C of [83], and refs. therein).

We now give a complete analysis of all possible two-center charge configurations
(Q1, Q2) (with symplectic product (1.2) W # 0, i.e. mutually non-local), by providing
for each configuration a “minimal” sets of independent G-invariant and [SLy, (2,R) x Gy4]-
invariant polynomials. The analysis will be carried out in the bare charges Q basis, by
exploiting, for each of the two centers, the duality-invariant definitions of rank of Q re-
called in section 2. The definitions and notation of [44] are used. The prototype of a generic
(N = 2) reducible symmetric model is the stu model, studied in some detail in section 2
of [44]. The non-generic case of the N'= 2, d = 4 st> model is considered in section 4.2.

®Marginal stability for these models was studied e.g. in [12, 21].
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4.1 Generic reducible models

1. (Q1,Q2) = (rank 4, rank 4). This is the configuration supporting the generic 2 -
center charge orbits, studied in some detail in [44]. The number of independent
Gg-invariant is seven, a complete basis can be taken to be given by eq. (1.15). On
the other hand, the number of independent [SLy, (2,R) x G4] -invariant is four, and
one can choose a complete basis to be [44]

[SLp, (2,R) x Gy]-inv (#=4): W, X, Tr(3%), Tr (3°), (4.3)

where

Tr (3%) = Lol + 315 — 4141 _y; (4.4)
Tr (3%) = Ij + Liol? | + 1013, — Il 5Ty — 2041 41y,

Different choices are of course possible. FE.g., equivalent duality-invariant and

horizontal-invariant complete bases respectively read

Geinv : W, X, I, Tio, T4 (Q1 + Q2), Tr (37); (4.6)
[SLp, (2,R) x Gy]-inv : W, X, Iy, Tr(3%).

The choice (4.6)—(4.7) is characterized by the fact that the horizontal basis is a
subset of the duality basis. Furthermore, the duality basis contains quantities related
both to the single-center BH entropy 77\/ |Z4 (Q1 + Q2)| and to the two-centered BH
entropy (1.4). In general, Ij is related to the elements of the basis (4.3) by means
of the polynomial constraint of degree twelve in charges given by eq. (5.6) of [44],
which we recall here (see also the analysis in [46]):

2 ~ 1 - 1 ~ 1
(T6)" + WXTg + T (3°) + | W Tr (3°) = JXTr (3%) = o W
1 4 5 2 152 4 3 _
o AW WA XT = 0. (48)

2. (Q1,9Q2) = (rank 3, rank 4). The complete duality and horizontal bases can respec-
tively be taken to be

G4—iDV (# = 6) : W, X, I,Q, Iil, Io; (49)
[SLp (2,R) x G]-inv (#=4) : W, X, Tr(3*), Tr (3%), (4.10)
where now

Tr(3?) = 313 — 414 1_y; (4.11)

Tr(3%) = I + 1017, — 214X, (4.12)

3. (Q1,9Q2) = (rank 3, rank 3):

G4—iHV (# = 5) : W, X, I:I:la Io; (413)

[SLp (2,R) x Gy]-inv (#=4): W, X, Tr (3%), Tr (3%), (4.14)
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where T'r (32) is given by (4.11), and T'r (33) is further simplified to

Tr(3°) =1 (1§ — 2L414). (4.15)

. (Q1,Q2) = (rank 2, rank 4):

G4—inv (# :4) : W, /1), I_27 I_l; (416)
[SLy (2,R) x Gyl-inv (#=2): W, X. (4.17)

This case actually splits in two subcases. Indeed, by plugging (3.23) into (4.8), this
latter factorizes as

(W? — 4X + 6Ig) (W* 42X + 61) =0, (4.18)

thus admitting two solutions:

Ip = — W+ 3 ;
I, = -lxw;

I:4°°6 27 4.19
Tr(3%) =313 = § (W +4X% —2W2X) (4.19)
Tr(3) =T = § (S W0+ 50+ W = D).

I = — W2 — 3 X;
I, = 0;

IT: ’ 4.20
Tr(3%) =313 = ; (LW + X2+ W2X) ; (4.20)
Tr () =T = =} (W0 + 5% + Iwia + In2a2).

. (Q1,Q2) = (rank 2, rank 3):
Gy-inv (#=3): W, X, Iy; (4.21)
[SLh (Q,R) X G4] -inv (# = 2) : W, X. (422)

The same splitting into subcases I and I, as given by (4.19) and (4.20), occurs.

. (Q1,Q2) = (rank 2, rank 2). By recalling (3.23), the complete duality and horizontal
bases can be taken to coincide:

Gy-inv and [SLp (2,R) x G4]-inv (#=2): W, X. (4.23)

The same splitting into subcases I and 1, as given by (4.19) and (4.20), occurs. For
this configuration, a third subcase /1] turns out to occur, namely:

X =0;
I = 0;
IIT: S Ip = — W2 < 0; (4.24)

Tr(3%) =313 = LWk
Tr (3%) =T = = 5ig V",

Thus, for subcase I11 (4.24) W is the only relevant polynomial invariant.
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7. (Q1,Q2) = (rank 1, rank 4):

G4—iDV (# = 3) : W, I,Q, Ifl; (425)
[SLh (Q,R) X G4] -inv (# = 1) WL (426)

Indeed, for this configuration (3.24) trivially implies (4.24). Thus, the configurations
(Q1,9Q2) = (rank 2, rank 2) (subcase I1]) and (Q;,Q2) = (rank 1, rank 4) both
implies (4.24), but they do differ at the level of Gy-invariant polynomials: in the
former case only W matters, whereas in the latter case, as given by (4.25), the
complete duality basis is three-dimensional.

8. (Q1,9Q2) = (rank 1, rank 3):
Gg-inv (#=2): W, I_q; (4.27)
[SLy (2,R) x Gy]-inv (#=1): W, (4.28)

with eq. (4.24) holding true.

9. (Q1,Q2) = (rank 1, rank 2). By recalling (3.23) and (3.24), one obtains that the

only relevant polynomial invariant is the symplectic product W:
Gy-inv and [SLp, (2,R) x G4]-inv (#=1): W, (4.29)
with eq. (4.24) holding true.

10. (Q1,Q2) = (rank 1, rank 1). eq. (4.24) still holds true, and one obtains that the
only relevant polynomial invariant is the symplectic product WW. An example of this
configuration is the D0+ D6 two-constituents solution of the stu model studied in [11]
(see also [9]).

4.2 The st model

We now proceed to consider the non-generic case of the N' = 2, d = 4 st?> model, which

2
SLU((le;R)] , first (n = 1) element of

has a rank-2 vector multiplets’ scalar manifold, namely [
the N/ = 2 sequence in table 1. Thus, the U-duality group is
Gysi2 = SLy (2,R) x SO (2,1) ~ SL, (2,R) x SL(2,R). (4.30)

This model may be obtained as a rank-2 truncation (also named “st? degeneration”; see
e.g. [44, 66, 67]) of the prototype of generic reducible N' = 2 symmetric models which, as
observed above, is the stu model.

1. (Q1,Q2) = (rank 4, rank 4). This is the configuration supporting the generic 2 -
center orbit, studied (in the BPS case) in some detail in section 6 of [44]. The
number of independent G4-invariant is six, a complete basis can be taken to be [44]

[SLy (2,R) x SO (2,1)]-inv (# = 6): W, X, Lo, L. (4.31)
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On the other hand, the number of independent [SLy (2,R) x G4]-invariant is three,
and a complete basis can be taken to be [44]

[SOp (2,2) x SO (2,1)] -inv (#=3): W, X, Tr(3°). (4.32)

Two polynomial constraints, of degree sixteen and eight in charges, hold in the st?
model; they are given by egs. (6.10)-(6.12) of [44], which we recall here (see also the
analysis in [46]):

0 = 16Tr* (3%) + 64T (3°) W? + iTr ()W - 217)/\/8

32, ovm 8 s 64, o 16,
T () X X X X 4.33
,Tr (%) &% + oWV WA X (4.33)

0 = 1277 (3%) — 24T, — (W2 +2X)° (4.34)

By means of (4.33) and (4.34), Iy and T (J°) can be expressed in terms of the
horizontal invariants of the basis (4.32).

2. (Q1,9Q2) = (rank 3, rank 4):

[SLy (2,R) x SO (2,1)]-inv (#=05): W, X, I, Iy; (4.35)
(SO} (2,2) x SO (2,1)] -inv (#=3): W, X, Tr(3?), (4.36)
with (4.11) and (4.12) holding true, as well.
3. (Q1,Q2) = (rank 3, rank 3):
[SL, (2,R) x SO (2,1)]-inv (#=4): W, X, Ii; (4.37)
(SO} (2,2) x SO (2,1)] -inv (#=3) : W, X, Tr (7?), (4.38)

where T'r (J?) is given by (4.11) and Tr (3%) is further simplified to (4.15).
4. (Q1, Q) = (rank 2, rank 4):

[SLy (2,R) x SO (2,1)]-inv (#=4): W, X, I, I_y; (4.39)
[SO}J (2,2) x SO (2,1)] -inv (# =2

The splitting into subcases I (4.19) and 17 (4.20), characterizing the generic reducible

models (see e.g. point 4 of section 4, does not occur in the st?> model. Indeed, in

such a model the unique solution of the polynomial constraints (4.33) and (4.34) for
(Q1, Q2) = (rank 2, rank 4) is given by eq. (4.20) (namely, only case II holds).

5. (Q1,9Q2) = (rank 2, rank 3):

[SLy (2,R) x SO (2,1)]-inv (#=3): W, X, Iy; (4.41)
[SOY (2,2) x SO (2,1)] -inv (#=2): W, X. (4.42)
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6.

10.

(Q1, Q) = (rank 2, rank 2):

[SL, (2,R) x SO (2,1)]-inv and [SO} (2,2) x SO (2,1)]-inv (#=2): W, X.

(4.43)
For this configuration, there is actually a second subcase given by the subcase
IIT (4.24) of the generic models, in which then W is the only relevant polyno-
mial invariant. In the st? model, (4.24) is realized in the configuration (Q, Qs) =
(rank 2, rank 2) for instance by setting the charges of the two vector multiplets to
coincide; in the “d = 4/d = 5 special coordinates” symplectic frame, a particular
realization of this is the “¢* degeneration” (see e.g. [44, 66, 67]) in which p! =p? =p
and ¢1 = q2 = q/2.

(Q1,Q2) = (rank 1, rank 4):

[SLy (2,R) x SO (2,1)]-inv (#=3): W, Iy, Iq; (4.44)
[SOY (2,2) x SO (2,1)] -inv (# =1) : W. (4.45)

Indeed, also in the st? model eq. (4.24) holds true.

(Q1,9Q2) = (rank 1, rank 3). As for the generic reducible models, eq. (4.24) does
hold for Q;, and the complete duality and horizontal bases can respectively be taken
to be

[SLy (2,R) x SO (2,1)]-inv (#=2) : W, I_y; (4.46)
[SOY (2,2) x SO (2,1)] -inv (#=1) : W. (4.47)

(Q1,9Q2) = (rank 1, rank 2). eq. (4.24) does hold for Q;, and the only relevant
polynomial invariant is W, as given by eq. (4.29).

(Q1,9Q2) = (rank 1, rank 1). eq. (4.24) does hold for Q; and for Qs, and eq. (4.29)

also holds, i.e. the only relevant polynomial invariant is W.

5 Irreducible models

We now proceed to consider the irreducible symmetric models (see table 2), by providing a

complete analysis of all possible two-center charge configurations (Q;, Q2) (with symplectic

product (1.2) W # 0, i.e. mutually non-local), in the very same way as done for reducible

symmetric models in section 4. The definitions and notation of [44] and [45] are used. The

non-generic case of the N'= 2, d = 4 2 model is considered in section 5.2.

5.1

1.

Generic irreducible models

(Q1,9Q2) = (rank 4, rank 4). This is the configuration supporting the generic 2 -
center orbits, studied in some detail in [45]. As mentioned in section 3 and derived
in [45] (see eq. (3.10) therein), the quartic horizontal-invariant polynomial Xj.,cq
vanishes identically in the class of models under consideration. Furthermore, (an
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analogue with Xj...q = 0 of) the polynomial constraint (4.8) does not hold in these
models. As discussed in [45], the number of independent Gy-invariant is seven, a
complete basis can be taken to be given by eq. (1.16). On the other hand, the
number of independent [SLj (2,R) x G4]-invariant is four, and one can choose the
following complete basis [45]:

[SLp (2,R) x Gy]-inv (#=4): W, Is, Tr (3%), Tr (3°). (5.1)

As for the reducible models analyzed in section 4, different choices are of course
possible. FE.g., an equivalent duality-invariant complete basis respectively reads

Gy-inv : W, Ig, 149, 14 (Ql + QQ) , T'r (32) , T'r (33) . (5.2)

The choice (5.2) is characterized by the fact that the horizontal basis is a subset
of the duality basis. Furthermore, in this case the duality basis contains quantities
related both to the single-center BH entropy and to the two-centered BH entropy.

. (91, Q2) = (rank 3, rank 4):

G4—iDV (# = 6) : W, 16, I,Q, Iil, I(); (53)
[SLy, (2,R) x Gu]-inv (#=4): W, I, Tr (3%), Tr (3%),

where T'r (J3?) and T'r (J°) are respectively given by (4.11) and (4.12).
. (Q1,Q2) = (rank 3, rank 3):

Gy-inv (#=05): W, Is, I, Io;
[SLy, (2,R) x Gu]-inv (#=4) : W, I, Tr (3%), Tr (3%),

where T'r (J3?) and T'r (J°) are respectively given by (4.11) and (4.15).
. (Q1,Q2) = (rank 2, rank 4):

G4—inv (# :4) : W, I_Q, I_l, Io;
[SLp, (2,R) x Gy]-inv (#=2) : W, Tr (3%) = 3I3.

Furthermore, the limit I,; = 0 of (4.15) yields
Tr (3°) =13. (5.9)

Note that in generic irreducible generic models, differently from what occurs in generic
reducible generic models (see e.g. point 4 of section 4.1), the splitting in subcases does

not occur.
. (91, Q2) = (rank 2, rank 3):

Ge-inv (#=3) : W, L4, Iy; (5.10)
[SLp (2,R) x Gyl-inv (#=2) : W, Tr(3%) = 31§, (5.11)

with eq. (5.9) holding true.
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6.

10.

5.2

(Q1, Q) = (rank 2, rank 2):

) W, I; (5.12)
[SLj, (2,R) x Gyl-inv (#=2) : W, Tr(3%) = 313, (5.13)

with eq. (5.9) holding true. Equivalently, as done for the same configuration in
generic reducible models as well as in the st?> model (see point 6 of sections 4.1
and 4.2, respectively), the complete duality and horizontal bases can be taken to
coincide:

Gy-inv and [SLp (2,R) X G4]-inv (#=2): W, Tr (32) = 312. (5.14)
(Q1,Q2) = (rank 1, rank 4). As for generic reducible models as well as for the st?

model (see point 7 of sections 4.1 and 4.2, respectively), by recalling (3.24), the
complete duality and horizontal bases can respectively be taken to be

G4—iDV (# = 3) : W, I,Q, Ifl; (515)
[SLh (Q,R) X G4] -inv (# = 1) : W, (516)
with Iy = —éWQ < 0, and

. 1
Tr (3%) = 3% = 12)/\/4; (5.17)

1

~3\ 13 6

Tr(3°) =13 = 16"V (5.18)

(Q1,Q2) = (rank 1, rank 3). Egs. (5.17)—(5.18) hold true, and, as for generic re-
ducible models as well as for the st?> model (see point 8 of sections 4.1 and 4.2, re-

spectively), the complete duality and horizontal bases can respectively be taken to be

G4—iHV (# = 2) : W, I_l; (519)
[SLp (2,R) x Gy]-inv (#=1): W. (5.20)

(Q1,Q2) = (rank 1, rank 2). Eqgs. (5.17)-(5.18) hold true, and, as for generic
reducible models as well as for the st model (see point 9 of sections 4.1 and 4.2,
respectively), the only relevant polynomial invariant is W, as given by eq. (4.29).

(Q1,Q2) = (rank 1, rank 1). Egs. (5.17)-(5.18) hold true, and, as for generic
reducible models as well as for the st?> model (see point 10 of sections 4.1 and 4.2,
respectively), the only relevant polynomial invariant is W, as given by eq. (4.29).

The 3 model

We now proceed to consider the non-generic case of the N' = 2, d = 4 t> model, which

has a rank-1 vector multiplets’ scalar manifold, namely

SL(2,R)

U (see the first line of table

2. Thus, the U-duality group is

Gy = SL, (2,R). (5.21)
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As mentioned above, this model provides a simple yet interesting example, because it may
be obtained both as the rank-1 truncation of the reducible N' = 2 symmetric models,
as well as the first (¢ = 0), non-generic element of the sequence of irreducible N' = 2
symmetric models, which contains the four rank-3 magical supergravity theories [76, 77].

1. (Q1,Q2) = (rank 4, rank 4). This is the configuration supporting the generic 2 -
center orbit,® studied (in the BPS case) in some detail in section 7 of [44] (see also
the comment in the Introduction of [45]). The number of independent Gy-invariant
is five, a complete basis can be taken to be [44]

SL, (2,R)-inv (#=05): W, Is, 1o, I,4. (5.22)
However, other equivalent choices read

Wa I6a Ii2, IO’
SL, (2,R)-inv (#=5): { or (5.23)
Wa I6a Ii2, I4 (Ql + Q2) .

On the other hand, the number of independent [SLj (2,R) x G4]-invariant is two,
and a complete basis can be taken to be [44] (recall isomorphism (4.2))

SOy (2,2)-inv (#=2): W, I. (5.24)

Three polynomial constraints, of degree sixteen, eight and four in charges, hold in
the 2 model; they are given by eqs. (6.12), (7.18), (7.17) and (7.16) of [44] (see also
appendix A therein, and the analysis in [46]), which we recall here:

0 = 1677% (3%) + 64Tr (3°) W? + iTr () wt — 217)/\/8;
0 = 240 — 1277 (32) + W,
X =0. (5.25)

Note that in (5.25) X = Xjreq, and its identical vanishing consistently characterizes

the ¢ model as a non-generic irreducible symmetric model. Due to (5.25), I§ and Ig
are related through eq. (3.18). By means of (5.25), (5.25) and (3.18), Tr (3%) and
Tr (33) can be expressed in terms of the horizontal invariants of the basis (5.24).

2. (Q1,9Q2) = (rank 3, rank 4):

SLy (2,R)-inv (#=4): W, Is, Lo, Li1: (5.26)
SO;p (2,2)-inv (#=2): W, I. (5.27)
3. (Q1,9Q2) = (rank 3, rank 3):
SLy(2,R)-inv (#=3): W, Is, Li; (5.28)
SOV (2,2)-inv (#=2): W, I (5.29)

This charge configuration has been considered in literature [4, 6] but, within SL, (2, R)-invariant poly-
nomials (see e.g. the second possible basis of (5.23)), the role of Is is not completely clear yet (concerning
this, see the recent study in [46]).
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4. (Q1,Q2) = (rank 2, rank 4). This charge configuration has been considered in [3].
The complete duality and horizontal bases can respectively be taken to be

SLy,(2,R)-inv (#=2): W, Io; (5.30)
SOY (2,2)-inv (#=1): W. (5.31)

By recalling (5.25)-(5.25), in the 3 model the configuration (Qp,Qs) =
( rank 2, rank 4) implies

(BéS) I6 = 112 W3;
Ip = —gW? <0;

) = oW

(33) - _2%6W6'

(5.32)

Consistent with the fact that the 3 model can be obtained as a  “rank-1 degeneration”
(see e.g. [44, 66, 67]) of the reducible symmetric N' = 2, d = 4 models, (5.32) matches
the X = 0 limit of subcases I (4.19) and II (4.20) or, equivalently, it matches the
subcase I11 (4.24).

5. (Q1,Q2) = (rank 2, rank 3). The complete duality and horizontal bases can be taken
to coincide, and W is the only relevant invariant polynomial in charges:

SL, (2,R)-inv and SO}, (2,2)-inv (#=1): W. (5.33)

6. (Q1,Q2) = (rank 2, rank 2). Again, the complete duality and horizontal bases can
be taken to coincide and be given by (5.33).

Since the t3 model lacks of an independent doubly-critical “small” charge orbit (namely,
criticality implies doubly-criticality in this model; see e.g. [84] for a recent account within a
d = 3 timelike-reduced formalism), the cases given by points 7, 8, 9 and 10 are all missing
for this model.

6 A comment on bound states with negative discriminant

The treatment given in sections 4 and 5 allows one to discuss in fair generality two-centered
extremal BH compound states with a given value of Z4 (Q1 + Q2). Here, we would like to
comment shortly on some two-centered charge configurations corresponding to a negative
74 (Q1 + Q2), ie. to a BH compound that, regarded as a single-centered solution, is a
“large” non-BPS (extremal) BH.

By recalling the sum rule (cf. eq. (4.7) of [44])

Ty (Q1+ Qo) =T o +4Il 11 +6Ig+41_1 +1 o, (6.1)

from the analysis of previous sections one can single out some two-charge configurations
which necessarily imply

T4 (Q1 4 Qo) = -W? <. (6.2)
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Note that in this case Z, (Q1 + Q2) becomes horizontal invariant, as well.

For all symmetric reducible models (see table 1), these configurations are the ones with

(2,2) 5115
reducible : rank (Q1, Q2) = ¢ (1,2); (6.3)

(1,1),

namely the subcase I'11 of point 6, and points 9 and 10 of section 4.1 (and analogue cases
for the non-generic st> model treated in section 4.2).

For generic irreducible models, these configurations are the ones in which at least one
center is doubly-critical, namely the ones with

—~

) 9

irreducible : rank (Q1, Q2) = { (1’ i; ; (6.4)

i.e. points 9 and 10 of section 5.1. In the non-generic irreducible #* model, treated in
the section 5.2, the unique configuration of the kind under consideration is given by
rank(Q1, Q2) = (2,2) (point 6 above), because, as mentioned in section 5.2, in such a
model criticality implies doubly-criticality.

As an illustrative example (which can be realized in heterotic string theory), let us
consider the “small + small” two-centered charge configuration (in Calabi-Vesentini sym-
plectic frame [50]; A = 1,....,m + n)

Q1 = (p",0); Q2 =(0,Qn) (6.5)

in d = 4 supergravity coupled to n vector multiplets (N = 2 and N/ = 4 theories are
obtained for m = 2 and 6, respectively), implying that” [51-54]

T4 (Q1 + Q) =14 (p, Q) = p*Q* — (p- Q)°. (6.6)

From the analysis of single-centered charge orbits [42, 56, 85|, the charge vector Q; of (6.5)
enjoys the following properties, depending on the nature of the SO (m,n)-vector p*:

P> = p*pPnax > 0 = Qqrank = 2, }-BPS;
p? < 0= Qqrank = 2, non-BPS; (6.7)
p? =0= Qirank =1, ;-BPS,

and the same holds for Qs of (6.5), by replacing p™ with Q4 (7 is the SO (m, n) metric). By
using e.g. the formulae derived of [44], one can easily compute that in the heterotic charge
configuration (6.5) there unique two independent horizontal-invariant polynomials read:

1
W=—p-Q#0; X=—2p2Q2§0, (6.8)

where the two centers are assumed to have mutually non-local fluxes (and thus it is

assumed that W # 0).

"In string theory, the quartic invariant Zy (Q) of reducible models is usually named “discriminant” of
the charge vector Q (see e.g. [86]).

— 22 —



horizontal

(sgn (pz) ,sgn (QQ)) sgn (Z4 (Q1 + Q2)) constraint orbit O/SO} (2,2)

(+,+) + X<—pwr o g,
(+,+) - X > — W2 sofnom(—?:z)—l)
(=) + X< oy
(=) - X > —yW? sofﬁf’?,’ﬁln
(+:.-) - x>0 so?rg(ﬁ:g)q)
(= +) - x>0 sofnom(—?:z)—l)

Table 3. Two-centered charge configuration of the type (6.5) with rank(Q1,Q2) = (2,2);; in
reducible symmetric models (N = 2 and N = 4 supergravity theories are obtained for m = 2 and
m = 6, respectively). The cases with Z, (Q1 + Q2) = 0 are not considered.

By considering both Q1 and Qs of configuration (6.5) to be timelike or spacelike (this
corresponds to rank(Qy, Q2) = (2,2),;, given by subcase 11 of point 6 of section 4.1)), and
recalling the analysis done in the second part od section 4 of [45], one obtains the case study
reported in table 3 (in which the cases with Z4 (Q; + Q2) = 0 have been disregarded), in
which the sign of Z, (Q1 + Q2) (second column) is equivalent to the constraint on X (third
column), because it holds that

T (Q1+ Q) =Ty (p.Q) = —W? —2X. (6.9)

On the other hand, when p* and/or Qu of (6.5) are lightlike (or, equivalently, when Q;
and/or Qs are rank 1; see eq. (6.7)), namely in the mutually non-local cases

p?>0,Q*=0: rank = (2,1);
p? =0, Q*>0: rank = (1,2); (6.10)
p?=0,Q>=0: rank = (1,1),

~—

T4 (Q1 + Qo) is strictly negative (because X = 0), and it is given by eq. (6.2). Note that
for the cases (6.10) Z4 (Q1 + Q2) = 0 is equivalent to mutually local centers.

Thus, the two-centered charge configurations (Qp, Qo) of the heterotic type (6.5) given
by the second, fourth, fifth and sixth line of table 3, and by eq. (6.10), are all characterized
by the corresponding BH compound that, regarded as a single-centered (extremal) BH, is
“large” and non-BPS, with a negative quartic duality invariant Z4 (Q; + Q2). These con-
figurations are (the semiclassical limit, with real, continuous charges of) some of the cases
recently analyzed by Sen in® [68] in N = 4, d = 4 supergravity; furthermore, the case
rank(Q1,Q2) = (1,1) encompasses the D0 + D6 configuration in the N' = 2 stu model,
which has been studied in [11]. Since both (6.2) and (6.9) are manifestly horizontal-
invariant expression, the most general supporting two-centered configurations can be com-

8In the notation of [68], m = R and n = L.

,23,



puted by acting on the relevant case of the heterotic configuration (6.5) with a generic
[SO} (2,2) x SO (m,n)]-transformation (also, recall (4.2)).
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