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1 Introduction

String theory provides a robust framework for investigating quantum gravity in various
decoupling limits. In this regard, non-relativistic limits of string theories [1–3] form a
self-contained sector within string theory governed by a relativistic worldsheet metric with
Galilean global symmetries on the target spacetime. We refer the interested readers to [4]
for a recent review of non-relativistic string theory. In this note, we consider bosonic string
theory in another non-Lorentzian target space limit called the Carroll limit [5–7]. A pictorial
way to highlight the contrasting extremes of these limits is that rather than opening up the
light cone, as happens in the Galilean limit, the lightcone collapses to a line in the Carroll
limit. As a result, timelike particles are confined to the temporal axis. Tachyons still move
in the Carroll limit but have no rest frame. Furthermore, Carroll boost symmetry requires
energy flux to vanish. Particles that move are thus forced to have vanishing energy while
particles at rest can have non-vanishing energy [8, 9]. Particle properties in the Carroll limit
were further studied in [10–14], where it was demonstrated that non-trivial dynamics can
arise for coupled Carroll particles. Our primary motivation for developing a Carroll limit of
string theory is to see if Carroll string dynamics is less constraining than Carroll particle
dynamics. Carroll strings with worldsheet Carroll symmetry were studied in [15–19], whereas
target space Carroll symmetry was studied in [18, 20–22]. As we proceed, we will comment
on similarities and differences between our work and these earlier papers.

We study two inequivalent Carroll limits in the target space of bosonic string theory by
introducing different sets of auxiliary worldsheet fields into the Polyakov action. One of these
limits corresponds to what is known throughout the literature as a magnetic limit [9, 23–25].
Our other Carroll limit breaks worldsheet chirality via a novel auxiliary field configuration.
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In parallel with the non-relativistic string [1], the Carroll symmetry appears as a global
symmetry of the target spacetime, while the worldsheet remains relativistic. The magnetic
limit reproduces an action that is invariant under the string Carroll algebra previously derived
by Cardona, Gomis, and Pons (CGP) by considering a Carroll limit of the canonical form
of the Nambu-Goto action [20].

The worldsheet dynamics of our magnetic Carroll string model is similar to the CGP
model in that no motion is allowed in the transverse directions. The transverse target
space momentum is unconstrained, but does not enter into the magnetic Carroll string
dispersion relation. This is reminiscent of the behaviour of Carroll particles [9, 10, 13]. The
chiral Carroll model also has unconstrained transverse momentum and a simple dispersion
relation, where energy does not depend on transverse momentum. Unlike the magnetic model,
transverse motion is allowed in the chiral model via arbitrary left-moving string excitations,
thus departing from the Carroll particle picture. The symmetry algebra of the chiral model
is an extension of the string Carroll algebra of the magnetic model. Furthermore, an infinite
dimensional symmetry extension is realised in both our models in a similar manner as for
strings with Galilean symmetry [26, 27].

The remainder of the paper is organised as follows. In section 2, we establish notation and
construct the magnetic Carroll limit by introducing suitable auxiliary fields in the Polyakov
action. The symmetry algebra of the magnetic Carroll model and its string dispersion relation
are derived. In section 3 we present the chiral Carroll model and its extended Carroll string
algebra. We then show how to extend the symmetry to an infinite dimensional algebra for
both the chiral and magnetic models. In section 4 we summarise our results and discuss
some future directions.

2 Magnetic Carroll string model

This section introduces the first of two Carroll limits for strings we consider. The Carroll
structure of the model is observed on the target space, while the worldsheet metric remains
relativistic. As we will see in section 2.1, the magnetic Carroll string arises from relativistic
string theory via an asymmetric scaling of the longitudinal and transverse target space
coordinate fields in the Polyakov action that renders the transverse sector ‘dominant’ over
the longitudinal sector. The naive divergence that appears when taking this Carroll limit can
be controlled by introducing auxiliary fields along the lines of the corresponding construction
for non-relativistic strings in [1]. The presence of the auxiliary fields severely constrains
the dynamics of the magnetic Carroll string model.

2.1 Relativistic origin of the magnetic Carroll model

Our starting point is the Polyakov action, given by

SP = − 1
4πα′

∫
d2σ

√
−γγab∂aX̂µ∂bX̂

νηµν . (2.1)

Here lowercase Latin indices run over the worldsheet coordinates a, b ∈ {σ, τ} and γab denotes
the inverse of the worldsheet metric. The flat D-dimensional target-space metric is denoted
by ηµν with Lorentzian signature. The coupling constant α′ is related to the string tension
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T via T = 1/(2πα′). The worldsheet fields in (2.1) are labelled by hats in anticipation of
a rescaling to be carried out immediately below. We reserve a hat-free notation for the
rescaled fields that we work with in the Carroll limit.

We want to take a Carroll limit on the target space while allowing the worldsheet theory
to retain its relativistic and Weyl symmetries. In order to achieve this, we introduce an
effective coupling constant α′

eff and perform an asymmetric scaling of the worldsheet fields by
the dimensionless factor of α′/α′

eff, where longitudinal coordinates in target space, denoted
by uppercase Latin indices A, B = 0, 1, are scaled differently from the transverse coordinates,
denoted by uppercase primed indices A′, B′ = 2, . . . , D − 1,

XA =

√
α′

eff
α′ X̂A , XA′ = α′

eff
α′ X̂A′

. (2.2)

With this scaling, the Polyakov action (2.1) can be rewritten as

SP = − 1
4πα′

eff

∫
d2σ

√
−γγab

(
∂aXA∂bXA + α′

α′
eff

∂aXA′
∂bXA′

)

= − 1
4πα′

eff

∫
d2σ

√
−γγab

(
∂aXA∂bXA + 2λA′

a ∂bXA′ − α′
eff

α′ λA′
a λbA′

)
.

(2.3)

In the second line we have introduced auxiliary fields λA′
a , which can be integrated out to

recover the first line. Taking the α′ → ∞ limit, we obtain

SM = − 1
4πα′

eff

∫
d2σ

√
−γγab

(
∂aXA∂bXA + 2λA′

a ∂bXA′

)
, (2.4)

which we refer to as the magnetic Carroll model.1 Upon adopting a conformal gauge for
the worldsheet metric,

ds2 = −dσ+dσ− , σ± = τ ± σ , ∂± = 1
2 (∂τ ± ∂σ) , (2.5)

we can write the magnetic action (2.4) as

SM = 2Teff

∫
d2σ

(
∂+XA∂−XBηAB + λA′

+ ∂−XA′ + λA′
− ∂+XA′

)
, (2.6)

where we have introduced the effective string tension Teff = 1/(2πα′
eff), and defined

λA′
± = 1

2
(
λA′

τ ± λA′
σ

)
. (2.7)

In conformal gauge, the field equations of the magnetic Carroll model are

∂+∂−XA = 0 , ∂+XA′ = 0 ,

∂−XA′ = 0 , ∂+λA′
− + ∂−λA′

+ = 0 ,
(2.8)

1A corresponding electric Carroll model is obtained by a different scaling, X̂A = XA, X̂A′
=
√

α′

α′
eff
XA′

.

In this case, taking the α′ → ∞ limit leads to SE = − 1
4πα′

eff

∫
d2σ

√
−γγab∂aX

A′
∂bXA′ , which corresponds to

the Polyakov action for the transverse coordinate fields alone.
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supplemented by constraints of the form

∂±XA∂±XA + 2λA′
± ∂±XA′ = 0 . (2.9)

It is immediately apparent that XA′ is constant, i.e. there is no transverse motion in the
magnetic Carroll model, and the constraints reduce to

∂±XA∂±XA = 0 . (2.10)

The dispersion relation of magnetic Carroll strings,

(P 0)2 = (P 1)2 , (2.11)

follows from the worldsheet field equations and constraints in a straightforward way. To see
this we consider null combinations of the longitudinal coordinate fields, X± = 1√

2(X
0 ± X1),

and fix one of them by the usual lightcone gauge condition,

X+ = x+ + α′
eff P +τ . (2.12)

This is manifestly a solution of the two-dimensional wave equation as required by (2.8). The
other longitudinal field is a solution of the wave equation and a periodic function of σ, which
results in a general mode expansion of the form

X− = x− + α′
eff P− τ + i

√
α′

eff
2

∑
n ̸=0

1
n

(
α−

n e−inσ− + α̃−
n e−inσ+)

. (2.13)

The longitudinal fields must also satisfy the constraints (2.10), which reduce to

P +∂±X− = 0 , (2.14)

when the lightcone gauge condition (2.12) is satisfied. There are two cases to consider. If
P + ̸= 0 then the constraints require X− to be a constant, which implies P− = 0. On the
other hand, if P + = 0 then X− is unrestricted. In both cases the product of lightcone
momenta vanishes, P +P− = 0, which is equivalent to (2.11).

We note that the energy of the magnetic Carroll string is independent of the transverse
momentum. The transverse momentum itself, however, remains unconstrained as it only
appears in

P A′ = Teff

∫
dσλA′

τ , (2.15)

where the zero mode of λA′
τ remains undetermined by the constraints.

Finally, if the spatial longitudinal coordinate is compactified on a circle of radius R,

X1 ∼ X1 + 2πR , (2.16)

then the energy takes discrete values P 0 = n/R.

– 4 –
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2.2 Canonical formulation

In this subsection, we present the first-order formulation of the magnetic model to facilitate
comparison with the Carroll string model found by Cardona, Gomis, and Pons (CGP) in [20].
The canonical momentum densities conjugate to the dynamical fields XA and XA′ of the
magnetic Carroll action (2.4) are given by

ΠA = δLM

δẊA
= −Teff

√
−γγaτ ∂aXA , ΠA′ = δLM

δẊA′ = −Teff
√
−γγaτ λaA′ , (2.17)

where the dot denotes a partial derivative with respect to τ . The canonical conjugate
momenta of the worldsheet metric γab and the auxiliary field λaA′ are identically zero and
thus correspond to the primary constraints of the model. The canonical Hamilton density
HM = ΠµẊµ − LM can be written as a sum of a longitudinal and transverse part,

H∥
M = ΠA∂τ XA + 1

2Teff
√
−γγab∂aXA∂bXA

=
√
−γ

2Teff γσσ

(
ΠAΠA + T 2

eff ∂σXA∂σXA
)
+ γστ

γσσ
ΠA∂σXA , (2.18)

H⊥
M = ΠA′∂τ XA′ + Teff

√
−γγabλA′

a ∂bXA′

= Teff
√
−γ

γσσ
λσA′∂σXA′ + γστ

γσσ
ΠA′∂σXA′

. (2.19)

We note that the longitudinal part has the standard form obtained from the Polyakov action.
It follows that the Hamilton equations for the magnetic Carroll model are given by

Π̇A − ∂σ

(
γστ

γσσ
ΠA + Teff

√
−γ

γσσ
∂σXA

)
= 0 , (2.20)

ẊA − γστ

γσσ
∂σXA −

√
−γ

Teff γσσ
ΠB ηAB = 0 , (2.21)

Π̇A′ − ∂σ

(
γστ

γσσ
Π̇A′ + Teff

√
−γ

γσσ
λσA′

)
= 0 , (2.22)

ẊA′ − γστ

γσσ
∂σXA′ = 0 . (2.23)

As expected, these equations reduce to (2.8) in the conformal gauge (2.5).
The action of the CGP Carroll string action in [20] is given by

SCGP =
∫

d2σ

(
Π · Ẋ − µΠ · X ′ − e

2
(
ΠAΠA + T 2

eff ∂σXA′
∂σXA′

))
, (2.24)

where Π · Ẋ ≡ ΠA∂τ XA +ΠA′∂τ XA′ and Π · X ′ ≡ ΠA∂σXA +ΠA′
∂σXA′ . Here µ and e are

Lagrange multipliers enforcing the primary constraints. The action of the magnetic Carroll
model (2.4) takes a similar form in first-order variables,

SM =
∫

d2σ

[
Π · Ẋ − γστ

γσσ
Π · X ′ −

√
−γ

2Teff γσσ

(
ΠAΠA + T 2

eff

(
X ′AX ′

A + 2λA′
σ X ′

A′

))]
, (2.25)

but there are significant differences between the two models. The longitudinal part of the
magnetic Carroll action retains the standard Polyakov form while for the CGP action the
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Carroll string ẊA = ∂H
∂ΠA

Π̇A = − ∂H
∂XA

ẊA′ = ∂H
∂ΠA′

Π̇A′ = − ∂H
∂XA′

CGP [20] TeffẊA = ΠA Π̇A = 0 ẊA′ = 0 Π̇A′ = Teff X ′′A′

Magnetic model TeffẊA = ΠA Π̇A = Teff X ′′A ẊA′ = 0 λ̇A′
τ = λ′A′

σ

Chiral model TeffẊA = ΠA Π̇A = Teff X ′′A ẊA′ = X ′A′
λ̇A′

+ = λ′A′
+

Table 1. Dynamical equations for three different Carroll string models in conformal gauge.

longitudinal part TeffX ′AX ′
A is absent and in the transverse fields of the magnetic Carroll

model are constrained by the auxiliary fields λA′
σ . Notably, neither model has a term

quadratic in transverse momenta ΠA′ΠA′ .
The Hamilton equations governing the dynamics of the two models in a conformal gauge

are listed in table 1. For completeness, we also include the dynamical equations (also in a
conformal gauge) of the chiral Carroll model studied in section 3 below. The field equations
place strong restrictions on the dynamics in all three models. In particular, there is no
transverse motion at all allowed in the CGP and magnetic Carroll models. The chiral model
is less constrained in this respect and supports left-moving transverse modes. Longitudinal
momentum is constant in the CGP Carroll model but the magnetic and the chiral Carroll
models do not have that restriction.

2.3 Symmetries of the magnetic Carroll model

The magnetic Carroll action (2.4) is invariant under infinitesimal symmetry transformations
of the form

δXA = KA + ΛA
A′XA′ + ΛA

BXB , (2.26a)

δXA′ = KA′ + ΛA′
B′XB′

, (2.26b)

δλA′
a = −ΛB′

A′
λB′

a − ΛA
A′

∂aXA , (2.26c)

where KA and KA′ denote longitudinal and transverse target space translations respectively,
ΛA

B and ΛA′
B′ denote a longitudinal boost and a transverse rotation2 respectively, and

ΛA
A′ denotes a Carroll boost from the longitudinal sector to the transverse sector. The

corresponding Noether charges are

PA =
∫

dσ ΠA , PA′ =
∫

dσ ΠA′ ,

MAB = 2
∫

dσ Π[AXB] , MA′B′ = 2
∫

dσ Π[A′XB′] ,

CAB′ =
∫

dσ ΠAXB′ .

(2.27)

The charges form a closed algebra with the non-vanishing commutators given by

[PA′ , CAB′ ] = −δA′B′PA , (2.28a)
[MAB , CCA′ ] = 2ηC[B CA]A′ , (2.28b)

2Here both parameters are skew-symmetric, i.e. ΛAB = −ΛBA and ΛA′B′ = −ΛB′A′ .
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[MA′B′ , CAC′ ] = −2δC′[A′ C|A|B′] , (2.28c)
[MA′B′ , PC′ ] = 2δC′[B′PA′] , (2.28d)
[MAB , PC ] = 2ηC[BPA] , (2.28e)

[MAB , MCD] = 4 η[C[BMA]D] , (2.28f)
[MA′B′ , MC′D′ ] = 4 δ[C′[B′MA′]D′] . (2.28g)

This algebra was proposed in [20], where it was obtained as a contraction of the Poincaré
algebra and referred to as the string Carroll algebra. We adopt the same terminology here.

The magnetic Carroll action (2.4) is also invariant under an infinitesimal dilatation with
scale parameter ℓ that acts only on the transverse sector,

δXA′ = ℓ XA′
, δλA′

a = −ℓ λA′
a . (2.29)

The corresponding Noether charge is

D = 1
2πα′

eff

∫
dσ λA′

τ XA′ =
∫

dσ ΠA′
XA′ , (2.30)

and the non-vanishing commutators with the rest of the symmetry generators are

[D, PA′ ] = PA′ , [D, CAA′ ] = −CAA′ . (2.31)

This is reminiscent of the additional longitudinal dilatation symmetry found in non-relativistic
string theory [26], which gives rise to an additional gauge field in the gauging procedure for the
string Newton-Cartan algebra. Here, the transverse dilatation symmetry (2.29) is expected
to be associated with an extra gauge field when gauging the string Carroll algebra (2.28).

The non-relativistic string in flat spacetime admits an infinite dimensional symmetry
algebra, which contains the string Newton-Cartan algebra as a finite dimensional subalge-
bra [26, 27]. A similar story plays out in the CGP Carroll string model [20] and also in the
Carroll string models considered here. The magnetic and chiral Carroll models admit infinite
dimensional symmetries, which contain as finite dimensional subalgebras the string Carroll
algebra and the extended string Carroll algebra (defined in section 3.3 below), respectively.
As it turns out, the symmetries of the magnetic Carroll model are a subset of those of the
chiral Carroll model and therefore we postpone the discussion of the infinite dimensional
symmetries until we have introduced the chiral Carroll model in section 3.

3 Chiral Carroll string model

In this section, we consider a novel Carroll limit on target space. The construction involves
the same asymmetric scaling of longitudinal and transverse coordinates as in the magnetic
Carroll model but this time around an extra set of auxiliary fields is introduced that allows
us to impose a worldsheet chirality on the transverse coordinate fields. The resulting model
realises a non-trivial extension of string Carroll symmetry and the transverse dynamics turn
out to be less constrained than in the magnetic Carroll model.
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3.1 Relativistic origin of the chiral Carroll model

Our starting point is once again the Polyakov action (2.1) with a rescaling of the coordinate
fields as in (2.2) but now we use two sets of auxiliary fields λaA′ and χaA′ to rewrite the action,3

SP = − 1
4πα′

eff

∫
d2σ

√
−γγab

[
∂aXA∂bXA + α′

α′
eff

∂aXA′
∂bXA′

]

= − 1
4πα′

eff

∫
d2σ

√
−γ

[
γab∂aXA∂bXA + 2Γab

+ λaA′∂bX
A′

+ 2α′
eff

α′ Γab
− χaA′∂bX

A′ − 2
(

α′
eff

α′

)2
γabλA′

a χbA′

]
,

(3.1)

where we have introduced the chiral projection operators

Γab
± = 1

2
(
γab ± ϵab

)
, (3.2)

with ϵab the Levi-Civita tensor. We employ the conventions ϵab = ϵab/
√
−γ , ϵab = ϵab

√
−γ,

where ϵab denotes the Levi-Civita symbol, ϵ01 = +1 = −ϵ10. We can now readily take the
limit α′ → ∞ to obtain a chiral Carroll string model,

SC = − 1
4πα′

eff

∫
d2σ

√
−γ

(
γab∂aXA∂bXA + 2Γab

+ λA′
a ∂bXA′

)
. (3.3)

Upon adopting the conformal gauge (2.5) the chiral Carroll action reduces to

SC = 1
πα′

eff

∫
d2σ

(
∂+XA∂−XA + λA′

+ ∂−XA′

)
. (3.4)

Compared to the magnetic model (2.6) we have effectively projected out one worldsheet
chirality of the transverse fields XA′ and λaA′ .4 The new auxiliary fields χaA′ do not appear
in the final action in the α′ → ∞ limit but they nevertheless play an important role in
implementing the projection onto a single worldsheet chirality. In conformal gauge the
equations of motion obtained from the chiral Carroll action reduce to

∂+∂−XA = ∂−λA′
+ = ∂−XA′ = 0 . (3.5)

This is a subset of the field equations of the magnetic model (2.8) and therefore the dynamics
is now less restrictive than before. In particular, the transverse fields XA′ can have non-trivial
dependence on the σ+ direction in the chiral model, in contrast to the magnetic model

3The equations of motion for λA′
a and χA′

a implied by (3.1) are covariantly given by:

χA′
a =

(
α′

α′
eff

)2

γabΓbc
+ ∂cX

A′
, λA′

a =
(
α′

α′
eff

)
γabΓbc

−∂cX
A′
.

4We have chosen to retain the left-moving fields λ+A′ . We could of course just as well have projected onto
the other chirality.
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where the transverse fields are only allowed to take constant values. The energy momentum
tensor constraints are now given by

0 = ∂+XA∂+XA + λA′
+ ∂+XA′ ,

0 = ∂−XA∂−XA .
(3.6)

By implementing the lightcone gauge condition

X+ = x+ + α′
effP +τ , (3.7)

and inserting it into the constraints we find that

∂+X− = 1
α′

effP + λA′
+ ∂+XA′ ,

∂−X− = 0 .

(3.8)

From the latter it follows that X− is also chiral and hence the mode expansion for X−

can be written in the following form

X−(σ−, σ+) = X−
L (σ+) = x− + 1

2α′
effP−σ+ + i

√
α′

eff
2
∑
n ̸=0

1
n

α−
n e−inσ+

. (3.9)

However, since X− is periodic in σ this then implies that P− = 0 i.e. that E = P1. Therefore,
although we have transverse excitations, they do not contribute to the energy. Now consider
the transverse fields which are left-moving and periodic in σ,

XA′(σ+) = xA′ + i

√
α′

eff
2
∑
n ̸=0

1
n

αA′
n e−inσ+

,

λA′
+ (σ+) =

√
α′

eff
2
∑

n

λA′
n e−inσ+

,

(3.10)

where we note in particular that the transverse momenta P A′ are related to the zero modes
of the auxiliary fields λA′ via

P A′ =
∫ 2π

0
dσΠA′ = 1√

2α′
eff

λA′
0 . (3.11)

As usual, the longitudinal α−
n are obtained by inserting the mode expansions into the

constraint in (3.8). We find that for n ̸= 0 we have

α−
n = 1

P +
√
2α′

eff

∑
m

λA′
m αB′

n−mδA′B′ , (3.12)

where we have additionally defined αA′
0 = 0 and α−

0 = 0 for notational convenience. The
zero mode of the constraint then implies that∑

n

λA′
n αB′

−nδA′B′ = 0 , (3.13)

which says the total left-moving excitation level must be zero after all.

– 9 –
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In order to have non-zero string excitations one needs to compactify a transverse direction,
say A′ = D − 1, such that

XD−1(σ + 2π) = XD−1(σ) + 2πwR , (3.14)

where w is the winding number. We now have a zero mode and a quantised momentum
in the compact direction,

αD−1
0 =

√
2

α′
eff

wR , P D−1 = n

R
, (3.15)

and the two constraint equations in (3.8) become

E = P1 ,
∑
n>0

λA′
n αB′

−nδA′B′ = −wn , (3.16)

where we can interpret the second equation as a level matching condition that determines
the left-moving excitation level in terms of the winding number.

3.2 Canonical formulation

The canonical conjugate momenta for the longitudinal and transverse worldsheet fields of
the chiral Carroll action (3.3) are given by

ΠA = δLC

δẊA
= −Teff

√
−γγaτ ∂aXA , ΠA′ = δLC

δẊA′ = −Teff
√
−γ Γaτ

+ λaA′ . (3.17)

The canonical Hamilton density HM = ΠµẊµ −LM can be written as a sum of a longitudinal
and transverse part,

H∥
C = ΠA∂τ XA + 1

2Teff
√
−γγab∂aXA∂bXA

=
√
−γ

2Teff γσσ

(
ΠAΠA + T 2

eff ∂σXA∂σXA
)
+ γστ

γσσ
ΠA∂σXA , (3.18)

H⊥
C = ΠA′∂τ XA′ + Teff

√
−γγabλA′

a ∂bXA′

= (γστ + ϵστ )
γσσ

ΠA′∂σXA′
. (3.19)

The longitudinal part is given by the same Polyakov expression as we found for the magnetic
model in (2.18). The transverse part differs from the magnetic model in that it does not
involve the auxiliary fields at all and incorporates chirality through the anti-symmetric
Levi-Civita tensor ϵab. The Hamilton equations for the chiral model are

Π̇A − ∂σ

(
γστ

γσσ
ΠA + Teff

√
−γ

γσσ
∂σXA

)
= 0 , (3.20)

ẊA − γστ

γσσ
∂σXA −

√
−γ

Teff γσσ
ΠB ηAB = 0 , (3.21)

Π̇A′ − ∂σ

((γστ + ϵστ )
γσσ

Π̇A′

)
= 0 , (3.22)

ẊA′ − (γστ + ϵστ )
γσσ

X ′A′ = 0 . (3.23)
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In the conformal gauge (2.5), these Hamilton equations reproduce (3.5) and they are also
listed in table 1 above for comparison with the CGP and magnetic Carroll models. The
field equations of the chiral Carroll model only require the transverse fields XA′ and their
conjugate momenta to be constant along the σ− worldsheet direction. Therefore, unlike
the CGP and magnetic Carroll models, the chiral model allows for transverse excitations
moving in one direction along the string.

3.3 Symmetries of the chiral Carroll model

The chiral Carroll action (3.3) is invariant under infinitesimal symmetry transformations
on the target space of the form

δXA = ΛA
A′XA′ + ΛA

BXB + KA ,

δXA′ = ΛA′
B′XA′ + KA′

,

δλaA′ = −ΛB′
A′λaB′ − ΛA

A′∂aXA ,

(3.24)

where {KA, KA′
,ΛA

B,ΛA′
B′ ,ΛA

A′} denote respectively longitudinal and transverse transla-
tions, longitudinal and transverse rotations, and Carroll string boosts. The corresponding
Noether charges are given by

PA =
∫

dσ ΠA , PA′ =
∫

dσ ΠA′ ,

MAB = 2
∫

dσ Π[AXB] , MA′B′ = 2
∫

dσ Π[A′XB′] ,

CAB′ =
∫

dσ (ΠAXB′ − Teff XA∂σXB′) ,

(3.25)

where we note that the extra term in the Carroll string boosts CAB′ compared with (2.27)
arises from a total derivative in the symmetry invariance of the action. The non-vanishing
commutators are

[ZA′B′ , PC′ ] = 2δC′[A′ZB′] (3.26a)
[MA′B′ , ZC′ ] = 2δC′[A′ZB′], (3.26b)

[MA′B′ , ZC′D′ ] = 4δ[C′[A′ZB′]D′], (3.26c)
[MAB, PC ] = 2ηC[BPA], (3.26d)
[CAB′ , PC ] = −ηCAZB′ , (3.26e)
[CAB′ , PC′ ] = δC′B′PA, (3.26f)

[MA′B′ , PC′ ] = −2δC′[A′PB′], (3.26g)
[MAB, MCD] = 4η[C[AMB]D] (3.26h)

[MA′B′ , MC′D′ ] = 4δ[C′[A′MB′]D′] (3.26i)
[MAB, CCD′ ] = −2ηC[ACB]D′ , (3.26j)
[MA′B′ , CCD′ ] = −2CC[A′δB′]D′ , (3.26k)
[CAB′ , CCD′ ] = ηCAZB′D′ , (3.26l)
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where we have defined additional charges,

ZA′ = Teff

∫
dσ ∂σXA′ , ZA′B′ = Z[A′B′] = 2Teff

∫
dσ X[A′ ∂σXB′] . (3.27)

With these extensions included, we have a closed algebra that we refer to as the extended
string Carroll algebra. This algebra can also be derived from an İnönü-Wigner contraction of
the coadjoint Poincaré algebra as we will explicitly show in subsection 3.5 below.

Finally, we mention that the algebra (3.26) can be further enlarged by an emergent
scaling symmetry D as in (2.30). This adds the following non-vanishing commutators

[D, PA′ ] = PA′ , [D, ZA′ ] = −ZA′ , [D, CAA′ ] = −CAA′ , [D, ZA′B′ ] = −2ZA′B′ . (3.28)

In the next subsection, we will see how the scaling symmetry arises from an infinite dimensional
extension of (3.26).

3.4 Infinite dimensional symmetries of the chiral Carroll action

The chiral Carroll action (3.3) is in fact invariant under an infinite dimensional symmetry,5

δXA = fA(XA′) + ΩA
B(XA′)XB , (3.29a)

δXA′ = ξA′(XB′) , (3.29b)

δλaA′ = −∂aXA∂A′fA − ∂aXA∂A′ΩA
BXB − λaB′∂A′ξB′

, (3.29c)

where fA,ΩA
B and ξA′ are arbitrary functions that depend only on the transverse coordinates

XA′ and ΩA
B is anti-symmetric, ΩAB = −ΩBA. In the specific case of

fA(XA′) = KA + ΛA
A′XA′

, ΩA
B(XB′) = ΛA

B , ξA′(XB′) = KA′ + ΛA′
B′XB′

, (3.30)

we recover the target space symmetries (3.24) discussed above. Note that under the in-
finitesimal transformation δXA = fA(XA′) the action is quasi-symmetric since under such
a transformation we obtain a total derivative term,

δSC =
∫

d2σ ∂a

(
Teff

√
−γ ϵab ∂A′fAXA∂bX

A′)
, (3.31)

which gives an additional contribution to the conserved charges associated with fA. Now
consider expanding the functions fA,ΩA

B and ξA′ in a Taylor series of the transverse
coordinates,

fA(XA′) = aA + aA
A′XA′ + aA

A′B′XA′
XB′ + . . . = aA

A′
1A′

2···A′
n
XA′

1A′
2···A

′
n , (3.32a)

ΩA
B(XA′) = ωA

B + ωA
BA′XA′ + ωA

BA′B′XA′
XB′ + . . . = ωA

BA′
1A′

2···A′
n
XA′

1A′
2...A′

n ,

(3.32b)

ξA′(XB′) = φA′ + φA′
B′XB′ + φA′

B′C′XB′
XC′ + . . . = φA′

A′
1A′

2···A′
n
XA′

1A′
2...A′

n , (3.32c)
5These symmetry transformations can be derived through the conservation of a generator of canonical

symmetry transformations G, given by

G =
∫
dσ
(
ξAΠA + ξA′

ΠA′ + ψA′
a ΠaA′ + Λπe + γπµ

)
such that δXA = {G,XA} = ξA, δXA′

= {G,XA′
} = ξA′

, and δλA′
a = {G,λA′

a } = ψA′
a , where the functions

ξA, ξA′
, ψA′

a ,Λ, and γ satisfy differential equations obtained from dG/dτ = 0.
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where we have introduced the short hand notation XA′
1A′

2···A
′
n = XA′

1XA′
2 · · ·XA′

n . For each
of the functions fA,ΩA

B and ξA′ , there is an infinite tower of conserved charges given by

ξA′ : K
(n)
A′A′

1A′
2···A′

n
=
∫

dσ ΠA′XA′
1A′

2···A′
n

, (3.33a)

fA : L
(n)
AA′

1A′
2···A′

n
=
∫

dσ
(
ΠAXA′

1A′
2···A′

n
− Teff XA∂σ

(
XA′

1···A′
n

))
, (3.33b)

ΩA
B : M

(n)
ABA′

1A′
2···A′

n
= 2

∫
dσ Π[AXB]XA′

1A′
2···A′

n
. (3.33c)

where the index n ≥ 0 denotes the number of additional transverse indices. For instance,
we recover the charges in (3.25) as follows,

PA′ = K
(0)
A′ , PA = L

(0)
A , MAB = M

(0)
AB , CAB′ = L

(1)
AB′ , MA′B′ = 2K

(1)
[A′B′] . (3.34)

The infinite tower of charges in (3.33) satisfies an infinite dimensional Lie algebra,

[
K

(n)
A′A′

1···A′
n
, K

(m)
B′B′

1···B′
m

]
=

n∑
k=1

δB′A′
k
K

(n+m−1)
A′A′

1···A
′
k−1A′

k+1···A′
nB′

1···B′
m

−
m∑

k=1
δA′B′

k
K

(n+m−1)
B′A′

1···A′
nB′

1···B
′
k−1B′

k+1···B′
m

, (3.35a)

[
K

(n)
A′A′

1···A′
n
, L

(m)
BB′

1···B′
m

]
= −

m∑
k=1

δA′B′
k
L

(m+n−1)
BA′

1···A′
nB′

1···B
′
k−1B′

k+1···B′
m

, (3.35b)

[
K

(n)
A′A′

1···A′
n
, M

(m)
BCB′

1···B′
m

]
= −

m∑
k=1

δA′B′
k
M

(n+m−1)
BCA′

1···A′
nB′

1···B
′
k−1B′

k+1···B′
m

, (3.35c)[
L

(n)
AA′

1···A′
n
, L

(m)
BB′

1···B′
m

]
= ηAB Z

(n,m)
A′

1···A′
nB′

1···B′
m

, (3.35d)[
L

(n)
AA′

1···A′
n
, M

(m)
BCB′

1···B′
m

]
= 2ηA[BL

(n+m)
C]A′

1···A′
nB′

1···B′
m

, (3.35e)[
M

(n)
ABA′

1···A′
n
, M

(m)
CDB′

1···B′m

]
= 4η[C[BM

(n+m)
A]D]A′

1···A′
nB′

1···B′
m

, (3.35f)

where we have again introduced a set of extension generators,

Z
(n,m)
A′

1···A′
nB′

1···B′
m
= Teff

∫
dσ
(
XA′

1···A′
n
∂σ

(
XB′

1···B′
m

)
− XB′

1···B′
n
∂σ

(
XA′

1···A′
m

))
. (3.36)

In the specific case of

Z
(0,1)
A′ = Teff

∫
dσ∂σXA′ , Z

(1,1)
A′B′ = Teff

∫
dσX[A′∂σXB′] , (3.37)

we recover the extensions defined in (3.27). The only additional non-vanishing commutators
that arise from adding these extensions are given by

[
Z

(n,m)
A′

1···A′
nB′

1···B′
m

, K
(ℓ)
C′C′

1···C
′
ℓ

]
=

m∑
k=1

δC′B′
k

Z
(m−1,l+n)
B′

1···B
′
k−1B′

k+1···B′
mC′

1···C
′
l
A′

1···A′
n

+
n∑

k=1
δC′A′

k
Z

(n−1,l+m)
A′

1···A
′
k−1A′

k+1···A′
nC′

1···C
′
l
B′

1···B′
m

. (3.38)
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The magnetic Carroll model (2.4) also has an infinite dimensional symmetry algebra which is
simply the subalgebra of (3.35) obtained by setting the extensions (3.36) to zero.

The symmetry algebras of both the chiral and magnetic Carroll models include the
following generators,

D ≡ δA′B′
K

(1)
A′B′ =

∫
dσ ΠA′XA′

, (3.39a)

KA′ ≡ 2δB′C′
K

(2)
B′C′A′ − δB′C′

K
(2)
A′B′C′ =

∫
dσ

(
2ΠB′XB′

XA′ −ΠA′XB′
XB′

)
. (3.39b)

The former corresponds to spatial dilatations and the latter corresponds to spatial special
conformal transformations also found for the CGP Carroll string [20]. Furthermore, we can
construct a longitudinal conformal transformation generator

KA = δA′B′
L

(2)
A A′B′ =

∫
dσ

(
ΠAXA′XA′ − TeffXA∂σ

(
XA′

XA′

))
. (3.40)

The three generators in (3.39) and (3.40) are somewhat similar to the generators of the
conformal Carroll algebra given by [28, 29],

D̃ =
∫

dσ
(
ΠAXA +ΠA′

XA′

)
, (3.41a)

K̃A =
∫

dσXA′
XA′ΠA , (3.41b)

K̃A′ =
∫

dσ
(
2XA′(XAΠA + XB′ΠB′)− (XB′

XB′)ΠA′

)
. (3.41c)

but there are important differences. In particular, the longitudinal parts of D̃ and K̃A′ are
absent from our spatial special conformal transformations in equation (3.39) and we have an
additional term associated with the quasi-symmetry in comparing K̃A with (3.40).

3.5 Extended Carroll algebra from the coadjoint Poincaré algebra

In this section, we derive the extended string Carroll algebra (3.26) through an İnönü-Wigner
contraction of the coadjoint Poincaré algebra. The procedure is as follows: Let us consider an
extension of the Poincaré algebra enlarged by the antisymmetric two-tensor Ẑµν and the vector
Ẑµ (see, for example, [30]), which consists of the following non-vanishing relativistic brackets6[

M̂µν , M̂ρσ

]
= 4η[ρ[µM̂ν]σ] , (3.42)[

M̂µν , P̂ρ

]
= 2ηρ[µP̂ν], (3.43)[

M̂µν , Ẑρ

]
= 2ηρ[µẐν], (3.44)[

M̂µν , Ẑρσ

]
= 4η[ρ[µẐν]σ] , (3.45)[

Ẑµν , P̂ρ

]
= 2ηρ[µẐν] , (3.46)

along with the following vanishing brackets[
P̂µ, P̂ν

]
=
[
Ẑµ, P̂ν

]
=
[
Ẑµ, Ẑν

]
=
[
Ẑµν , Ẑρ

]
=
[
Ẑµν , Ẑρσ

]
= 0 . (3.47)

6The hatted generators will be the ones associated to the relativistic algebra.
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In order to obtain the extended string Carroll algebra from the algebra above, we scale
the generators in the following manner

P̂A = ω PA , ẐA = ω ZA, (3.48)

P̂A′ = PA′ + ω2

2 ZA′ , ẐA′ = ω ZA′ , (3.49)

M̂AB = MAB , ẐAB = ZAB , (3.50)
M̂A′B′ = MA′B′ , ẐA′B′ = ω ZA′B′ , (3.51)

M̂AB′ = ω CAB′ − ω2

2 ZAB′ , ẐAB′ = ω ZAB′ , (3.52)

where we introduced longitudinal indices A = 0, 1 and transverse indices A′ = 2, . . . , D−1, and
ω a dimensionless parameter. These scaling choices are inspired by Galilean results of ‘case 2b’
appearing in [30]. The contraction is carried out by taking the ω → ∞ limit, and we obtain
the extended string Carroll algebra (3.26) supplemented with the following additional brackets

[MAB, ZC ] = 2ηC[AZB] , [ZAB′ , PC′ ] = −δC′B′ZA , (3.53)
[MAB, ZCD] = 4η[C[AZB]D] , [ZAB, PC ] = 2ηC[AZB] , (3.54)
[MAB, ZCD′ ] = 2ηC[AZB]D′ , [CAB′ , ZCD] = −2ηA[CZD]B′ , (3.55)
[MA′B′ , ZCD′ ] = 2ZC[A′δB′]D′ , [MAB, ZCD′ ] = 2ηA[CZB]D′ . (3.56)

Therefore, the resulting algebra can be written as A ⊕ I such that

[A, I] ⊆ I , [A, A] ⊆ A , [I, I] ⊆ I , (3.57)

where the subalgebra A and ideal I are

A = {MAB, MA′B′ , CAB′ , PA, PA′ , ZA′ , ZA′B′} , and I = {ZAB′ , ZAB, ZA} . (3.58)

Taking the quotient of A/I we recover the extended string Carroll algebra (3.26).

4 Discussion

We have presented two inequivalent ways of taking a Carroll limit of the flat target space
of the Polyakov action, yielding two Carroll string models that we refer to as magnetic and
chiral. Both models make use of auxiliary fields that render the action finite in the Carroll
limit. In the chiral model a second set of auxiliary fields projects out one worldsheet chirality,
leaving only left-moving string excitations.

The magnetic model, described in section 2, has a global symmetry algebra on the target
space that coincides with the string Carroll algebra found for the CGP Carroll string model
of Cardona et al. in [20]. The magnetic model and the CGP model also share the feature
that the Carroll strings can carry arbitrary transverse momentum but do not move in the
transverse directions, reminiscent of Carroll particles.

The dynamics of the chiral model, described in section 3, is less constrained and allows
arbitrary left-moving transverse string excitations, which does not have a counterpart when
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studying Carroll particles. The global symmetry of the chiral Carroll model is an extension
of the string Carroll algebra, enlarged by a vector generator ZA and an anti-symmetric
generator ZAB. We show how this extended string Carroll algebra can be obtained from
a contraction of the coadjoint Poincaré algebra.

We further show how the global symmetries of chiral Carroll string model are embedded in
an infinite dimensional symmetry algebra, which contains the infinite dimensional symmetry
of the magnetic Carroll string as a subalgebra. An analogous infinite dimensional symmetry
structure was found previously for strings with Galilean symmetry in [26, 27].

Here we have only considered closed strings and we required at least one of the transverse
directions to be compactified in order to have non-trivial (left-moving) transverse string
excitations in the chiral Carroll model. As a result, open strings will not have transverse
modes in the models and it remains an open question whether open Carroll strings can have
interesting dynamics via some other construction.

We considered a flat target space throughout. The authors of [31, 32] considered a series
expansion for a curved target space in the Galilean limit and were able to recover, amongst
others, the Gomis-Ooguri model. It would be curious to see if our Carroll string models
can be obtained in an analogous Carroll expansion and explore how the models couple to
curved spacetime. Finally, relaxing the relativistic symmetry on the worldsheet might lead to
interesting interplay between the target space and the worldsheet, yielding novel string spectra.
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