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ABSTRACT: In the Einstein-Maxwell-charged scalar system with a negative cosmological
constant in arbitrary dimensions higher than three, there exists a horizonless charged soliton
solution, which we construct explicitly for an arbitrary mass of the scalar in perturbative
series in small charge. We find that the stability of the soliton is determined by the validity
of the AdS weak gravity conjecture. The existence of a stable soliton might endanger the
convexity of the (free) energy as a function of the charge because the phase transition between
the soliton and the extremal Reissner-Nordstrom black hole would be discontinuous. We,
however, argue that the existence of the hairy black hole solution circumvents the violation
of convexity. The thermodynamic properties of the hairy black hole show that the phase
transition becomes continuous irrespective of whether the AdS weak gravity conjecture holds.
When it holds, the phase transition occurs between the soliton and the hairy black hole, and
when it is violated, the phase transition occurs between the extremal Reissner-Nordstrom

black hole and the hairy black hole.
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1 Introduction

Convexity of the (free) energy is at the heart of thermodynamic stability [1]. Still, it is a
non-trivial problem whether this is realized in statistical mechanics with a given microscopic
Hamiltonian. While it is generically very difficult to verify the convexity, the gravitational
system may admit explicit analysis because we can read the thermodynamic properties from
the classical solutions, circumventing microscopic statistical mechanical computations. For
example, a Schwarzschild black hole in asymptotically flat spacetime or a small Schwarzschild-
AdS black hole shows negative specific heat, which means that the convexity (as a function
of temperature) is violated while the microscopic understanding of the violation as well as
its implication would be quite challenging.

In this paper, we would like to focus on the convexity of the (lowest) energy as a function
of the conserved charge. Again, in generic statistical mechanics, while we expect the convexity
of the (free) energy as a function of charge from the thermodynamic stability, it is a highly
non-trivial task to verify it in interacting systems. The gravitational benchmark would be
an extremal Reissner-Nordstrom black hole, which does show convexity.

The recent developments in theoretical physics, however, seem to suggest that the
(extremal) Reissner-Nordstrom black hole is not the lowest energy state with a given charge.
The weak gravity conjecture [2], for example, states that it should be unstable in any consistent
theory of quantum gravity (see e.g. [3] for review). Indeed, with (light) charged matter,



we observe its instability caused by various mechanisms such as classical instability from
superradiance or quantum tunneling (e.g. Schwinger effect). Then the task of verifying the
convexity requires a study of the onset of such instability and becomes more involved, which
we will undertake in this paper.

In terms of the AdS/CFT correspondence, the convexity of the global energy in the
AdS space-time as a function of the charge is related to the charge convexity conjecture
of the conformal dimensions in conformal field theories. This was first proposed in [4] and
then checked in many examples [5-9].} A counter-example in three-dimensional conformal
field theories was found in [10], whose significance should be understood better. A closely
related subject is the interpretation of the weak gravity conjecture in terms of conformal
field theories [11]. We do have a general picture in many examples, but the precise bound
has not been established.

In this paper, we investigate solutions of the Einstein-Maxwell-charged scalar system
with an arbitrary mass for the scalar in asymptotically AdS spacetime. We find there
exists a horizonless charged soliton solution, which may have a lower global energy than
the extremal Reissner-Nordstrom black hole. We constructed them in perturbative series
in small charge, and they are generalizations of massless cases in five dimensions [12-14] to
arbitrary dimensions with arbitrary mass.? See also charged solitons in four dimensions with
and without scalar masses [15-17]. We first point out that the existence of such a charged
soliton might endanger the convexity of the lowest energy as a function of the charge because
the phase transition between the soliton and the extremal Reissner-Nordstrom black hole
would be discontinuous.® We, however, argue that the convexity is restored thanks to the
existence of the hairy black hole solution. In particular, we show that the existence of the
hairy black hole makes the phase transition continuous.

When the AdS weak gravity conjecture is satisfied by the scalar field, the soliton is lighter
than the extremal Reissner-Nordstrom black hole of the same charge in the small charge
limit. If we increase the charge, the charged soliton becomes a hairy black hole, and the
latter will be the lowest energy state. When the AdS weak gravity conjecture is violated, the
soliton is heavier than the extremal Reissner-Nordstrom black hole in the small charge limit.
If we increase the charge, the extremal Reissner-Nordstrom black hole becomes unstable to
form the hairy black hole, which will be the lowest energy state. In both cases, the phase
transition will be continuous and the convexity will be restored. A schematic plot for the
case when the AdS weak gravity conjecture is satisfied is given in figure 1.

The organization of the paper is as follows. In section 2, we construct the charged soliton
solution in perturbative series in small charge and compare the thermodynamic properties

'The convexity and the superadditivity are closely related but they can differ. Strictly speaking, in the
original paper [4], the charge superadditivity is conjectured. See appendix A for the connection. See [5] as well.

2A direct motivation of our paper comes from figures 2 and 3 in [14], which show the apparent violation of
the charge convexity. Their figures were “schematic” as they say, and if we closely follow their computations,
their results do not violate the convexity. Compare them with figure 1.

3In this paper, we consider the canonical ensemble at zero temperature. Meanwhile, the phase transition
between the (finite temperature) charged AdS black hole and soliton is often discussed in the grand canonical
ensemble [18] through the grand potential. The convexity of the (canonical) free energy discussed in this
paper is equivalent to the concavity of the grand potential due to the thermodynamic relation [1].
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Figure 1. A schematic plot for the mass (or global energy) of the (extremal) Reissner-Nordstrom
black hole (blue), charged soliton (orange), and the hairy black hole (red) in d = 3. Here, the AdS
weak gravity conjecture is satisfied. See section 4 for details.

with those of the extremal Reissner-Nordstrom black hole. In section 3, we study the
thermodynamic properties of a hairy black hole. In section 4, we study the phase transition
between these solutions to see if the convexity is violated or not. Section 5 is devoted to
discussion. Appendices contain details of calculations.

2 Reissner-Nordstrom black hole and charged soliton

We study solutions of the Einstein-Maxwell-charged scalar theory described by the action

1 1
= [ d™ay= ( —2A) — ~F, F* —|D,g|* — m 2) 2.1
5= [aay=g (jgge (R =20 = {Ful™ = Dol =milol?) . (2)
where A = —d(d —1)/2 is the negative cosmological constant in units in which the AdS radius

is unity, and the gauge covariant derivative is defined as D, ¢ = 0,¢ — ieA, ¢ with e being
the U(1) coupling constant. For convenience, we will parameterize the mass of the charged
scalar by the conformal dimension A as mi = A(A — d). In this paper, we assume d > 3.
Without the scalar hair (¢ = 0), the supposedly lowest energy solution with charge Q
is the Reissner-Nordstrom-AdS black hole solution. In the conventional radial coordinate,
the Reissner-Nordstrom-AdS black hole has the metric and gauge field:
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where we use the notation k2 = 871G . The event horizon of the black hole is located at
r = rp, given by the largest root of f(r,) = 0. We will fix the U(1) gauge by demanding
the gauge field satisfies A;(r,) = 0, which specifies that u is the chemical potential of the
U(1). From these conditions, we obtain

d 2 /<;2q2
d—
Tp

q
n= g (2.3)
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The thermodynamic properties of the Reissner-Nordstrom-AdS black hole can be obtained
from the above solution in a standard manner. The global energy and charge are related
to the parameters in the solution as

d—1
o
167Gy 1"
Q= (d—2)wg-14, (2.4)

where wy_1 denotes the volume of a unit (d — 1)-sphere, w1 = 2 JT(%). The chemical
potential can then be written as a function of the charge as

_ Q
h= (d— 2)7‘272wd_1 ' (2:5)

The temperature and the entropy are given by

1
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e (2.6)
These thermodynamic quantities satisfy the first law of thermodynamics dE = T'dS + udQ.
In the following, we focus on the zero temperature limit, where the Reissner-Nordstrom
black hole becomes extremal. Note that in the extremal limit we have 0= 85 because the
extremal black hole has T =0so F = FE —-TS =FE, and u = = gg Then, we want to
express the energy F as a function of charge ) explicitly. We can obtam the closed formulae

valid for any charge in some particular dimensions, say d = 3,4 and 5.* For example, in
d = 3, we find (see e.g. [19, 20])

4
By = MO0 [t 102 1 6m22 (34 /1 0622 7)

where ¢ is related to @ as in (2.4). In this paper, instead, we will only use the small charge

expansion. The explicit form of the energy and chemical potential in the small charge

‘Eq. (B.1) is a quadratic, cubic, or quartic equation of r? in d = 3,4, or 5, respectively, and can be
solved for 77, but it cannot be algebraically solved in general in d > 6, where the equation is quintic or of
higher degrees.



expansion is given in general dimensions by (see appendix B for calculations)
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At this point, we can verify that the global energy of the extremal Reissner-Nordstrom
black hole is a convex function of the charge. Since E(0) = 0, this implies that it is
superadditive (see appendix A). It is a non-trivial prediction of the black hole solution that
the expansion parameter is Qﬁ, which is dimension specific (rather than @), and it should
be contrasted with the charged soliton solution whose expansion parameter is () in any
dimensions as we will see later.

The slope of the energy as a function of the charge sets the weak gravity conjecture
bound. In this paper, we say that the weak gravity conjecture is satisfied when there is a
state whose energy-charge ratio is smaller than that of the extremal Reissner-Nordstrom
black hole in the small charge limit:

BQ 1 Jd-1 (2.10)
Q K

Alternatively, we say that the weak gravity conjecture is violated when there is no state

SH
[\]

whose energy-charge ratio is smaller than that of the extremal Reissner-Nordstrom black
hole in the small charge limit: all the states satisfy

1 -1
> ) —. 2.11
> (2.11)
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In the literature, there are some different notions of AdS weak gravity conjecture than
that used here (see e.g. [11, 21-25] in relation to CFTs). At least for the (non-interacting)
charged scalar matter, we will see that this bound is relevant in our analysis of the hairy
black hole. We also note that the bound we consider is the same as the bound used in [26]
to avoid the formulation of the naked singularity in the Einstein-Maxwell-charged scalar
system in AdS (in d = 3 studied there). We will discuss this point further below when

SH
\]

we introduce the critical coupling e..

In addition to the extremal Reissner-Nordstrom black hole, in this theory, there exists
a charged soliton solution, that has non-zero scalar condensate. When the weak gravity
conjecture holds, we expect that the soliton solution, at least in the small charge limit, has
a lower energy than the extremal Reissner-Nordstrom black hole.

We have explicitly constructed the horizonless soliton solution within a perturbative
expansion with respect to the scalar condensate (or equivalently charge). See appendix C for



details. They are reliable in the small charge limit, which we will focus on. Some examples of
the solutions in various dimensions with various scalar masses can be found in appendix C.
Here we present the final result of the energy and the chemical potential of the soliton as
functions of the charge up to the second order in small charge expansion:
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(2.12)

where ¢ is related to @ as in (2.4). We see that u = g—g, which implies T'S = 0 because £ = F'.
There is no horizon, so the gravitational entropy is zero. In the Euclidean continuation of
the horizonless soliton, the periodicity of the compactified time direction is arbitrary, so is
the temperature. In this paper, we consider zero temperature.

Let us introduce the notion of the critical coupling e.. When the charge @) is small, the
energy of the extremal Reissner-Nordstrom black hole (2.8) and that of the soliton (2.12)

behave as
1 /d—1 A
Fpn >~ —{ —— FEg >~ —Q. 2.1
RN /-e”d—ZQ’ 1 eQ (2.13)

We identify the critical coupling e. as the value of the coupling that equates these energies,
ec = Ak ——. (2.14)

This critical coupling is exactly the lower bound of the gauge coupling constant to preserve
cosmic censorship discussed in [26] for d = 3.° We expect (2.14) gives the generalization
of the bound of [26] to general dimensions d > 3.

The critical coupling connects the soliton with the weak gravity conjecture mentioned
above. Given A and small @, the small charged soliton has a smaller energy than the extremal
Reissner-Nordstrom black hole when e > e.. This is equivalent to saying that the weak
gravity conjecture is satisfied by the charged soliton. We can also say that gravity is weaker
than the electric force and a horizonless charged soliton can be formed without gravitationally
collapsing to a black hole. Alternatively, the small charged soliton has a larger energy than
the extremal Reissner-Nordstrom black hole when e < e.. This is equivalent to saying that
the weak gravity conjecture does not hold because the electric force is weaker than gravity.

Another point we would like to discuss about the properties of the charged soliton is
the convexity of the energy. The energy of the soliton is convex %3 > 0 when the coupling

In [26], the lower bound of the scalar field charge (i.e. U(1) coupling constant) gw is given in their
normalization as q&,heirs) = A, where the AdS radius is set unity, but our normalization of the fields and
coupling constant is different from theirs. Rescaling the gauge field and gauge coupling constant in [26]
so that they match ours, the lower bound reads ¢{g™ = Ax/+/2, which is nothing but (2.14) for d = 3:

(ours) __
Qw = €cla=s.



constant satisfies

o (d=2)A*(A-d/2) , A-d)2,
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(2.15)

The right-hand side is not positive for A < d/2 ind >4 and 3/4 < A <3/2in d = 3.5 This
means that, when A is in these ranges, the energy of the soliton is convex for any coupling
constant e. Otherwise, the right-hand side is positive. Accordingly, if the coupling constant
is too small, the energy of the soliton is not convex. However, such a coupling is smaller than
the critical coupling (2.14) (for A > d/2) below which the soliton is not the configuration
with the smallest energy, and the convexity is irrelevant. If we further believe in the weak
gravity conjecture, this parameter region does not arise.

We here observe that in d = 3,4 the inequality (2.15) obtained from solving Einstein’s
equation is equivalent to demanding positivity of the binding energy Ygrav + Yphoton > 0
from the perturbative formula in [27] (d = 4) and [28] (d = 3). See also eq. (2.5) of [4] and
discussions there. We expect a similar comparison can be done in other dimensions.

The only subtle case is 1/2 < A < 3/4 for d = 3, where the right-hand side of the
bound (2.15) is larger than the critical coupling, i.e. e? > 463. This means that the convexity
can be violated near e ~ e.. Our formula implies that the attractive force from the graviton
exchange (i.e. Ygrav in [28]) becomes infinite at A = 3/4 and continues to be large down
to the unitarity bound A = 1/2. We might want to say that some extended notion of
weak gravity conjecture is violated in this case even though e > e.. If the soliton is stable,
which we do not know, it may violate the charge convexity. We, however, note that our
formula for 1/2 < A < 3/4 is obtained from the analytic continuation of A > 3/4. The
integration of the equations of motion takes a simpler form when A is an integer, and we
have not attempted to construct an explicit solution for non-integer A including the range
1/2 < A < 3/4. Although we do not expect any subtlety in the analytic continuation
when A > 3/4, given the fact that [28] reports that they encounter divergence in the range
1/2 < A < 3/4, the charged soliton solution in this range could be singular. To avoid the
subtlety, we assume A > 3/4 for d = 3 hereafter.

3 Hairy black hole

As we have seen, if the weak gravity conjecture is violated, even with the existence of the
soliton solution, the extremal Reissner-Nordstrom black hole solution has a lower energy
in the small charge limit. What happens if we increase the charge? Does it show a phase
transition to the charged soliton? Or, does it continue to be the lowest energy state? In the
following, we will argue that at a certain critical charge, the extremal Reissner-Nordstrom
black hole forms a scalar hair. The formation of the hair is due to superradiant instability of
the Reissner-Nordstrom-AdS black hole [17, 29-31]. Similarly, if the weak gravity conjecture
holds, the lowest energy solution with a given charge is the soliton (in the small charge
limit), but if we increase the charge further (as well as the energy), it collapses into a hairy
black hole. In this section, we will predict the thermodynamic properties of the hairy black

Recall that the range that A can take is A > d/2 — 1 (unitarity bound).



hole in the Einstein-Maxwell-charged scalar system, and in the next section, we will study
the nature of the phase transition.

We have already seen that both the horizonless charged soliton solution and the Reissner-
Nordstrom black hole solution are compatible with the thermodynamic relation p = g—g at
zero temperature. It is natural to expect that the hairy black hole solution also obeys the
thermodynamic relations. This observation enables us to use the thermodynamic equilibrium
argument to predict the property of the hairy black hole as well [12, 14]. Indeed, in [14]
and [17], they have directly constructed the (finite temperature) hairy black hole solutions
for the particular mass of the charged scalar within small charge expansion and showed that
the spectrum agrees with the prediction from the thermodynamic mixture.

At this point, it is worthwhile mentioning potential subtleties in the extremal limit. As
discussed in [14] in a particular case, and as we will study in more generic contexts, the
prediction from the thermodynamic mixture has a smooth zero-temperature limit, and it is
plausible that the thermodynamic properties of zero-temperature black holes can be evaluated
in this manner. On the other hand, the zero-temperature hairy black hole solution may be
singular within the classical general relativity as studied in [14] perturbatively as well as
numerically (see also [32]). We assume that the lowest energy state with the given charge
(i.e. zero-temperature limit) should exist in the full theory and can be approximated by
the zero-temperature limit of the thermodynamic mixture (see discussion section further
on this point). In this sense, even though it may be singular classically, we will continue
to call the lowest energy state with a given charge an extremal hairy black hole, and we
will predict the thermodynamic properties by regarding the (singular) extremal hairy black
hole as a thermodynamic mixture of the extremal Reissner-Nordstrom black hole and the
horizonless soliton.

With this understanding, we express the charge and the energy of the hairy black hole

as a non-interacting sum as

Qhairy = aQRN + stol )
Ehairy = aERN(QRN) + bEgo1(Qsol) » (3.1)

where the mixing parameters a,b > 0 are determined by the thermodynamic equilibrium
condition

HRN(QRN) = fisol(Qsol) - (3.2)

The thermodynamic equilibrium condition also demands that the temperature must be equal,
and our assumption that the charged soliton has zero temperature makes it equilibrium with
the extremal Reissner-Nordstrom black hole.

This simple picture gives a determination of the critical charge (). above which we will
see that the hairy black hole becomes the lowest energy state. When e < e, (i.e. weak gravity
conjecture is violated), it is determined by equating the chemical potential of the Reissner-
Nordstrom black hole at Qrnx = Q. and that of the soliton at Qg0 = 0: purN(Qe) = pso1(0). In
the same way, when e > e, (i.e. weak gravity conjecture holds), it is determined by equating
the chemical potential of the soliton at Qo1 = @ and that of the Reissner-Nordstrom black

hole at Qrn = 0: urN(0) = psol(Qe)-



The critical charge Q. can be analytically expressed in arbitrary dimensions.” For e < e,

2
c

let us take e? = e2(1 — 6) < €2, where 6 > 0 is a small parameter. With this coupling, the

chemical potential of the soliton at Qs = 0 is given by

A 1 [d-1 0

Comparing this with purn(Q.) in (2.8) to the subleading terms, we obtain

w1/ (d —1)(d - 2)71 /gy »
Q. = - (5) " (34)
For e > e, we take € = e2(1 + 6) > e2, where § > 0. The charge of the soliton that
balances with this shift of the coupling can be parametrized as Q. = gso1 = bc.0. Then, the
series expansion of (2.12) in € becomes

1 jd—1 bedT(A)?T(2A + 1 —d/2) 1 [d—1
Msol(QC)_E d—2 ((4A—d)F(d/2)F(2A)F(A+1—d/2)2_2/<; d_2)9+

(3.5)

The leading order term is the same as pugrn(0) from eq. (2.8). Then, from prN(0) = psol(Qe),
the critical charge is given by the vanishing of the subleading term in (3.5) as
_4A—d

Q. = ored wa—11/(d—1)(d — 2)

[(d/2)T(2A)T(A+1—d/2)?
T(A)2T(2A +1—4d/2)

9. (3.6)

Now we have determined the critical charge, let us study the energy of the hairy black
hole above Q.. We solve the equilibrium condition (3.1) with suitable ansatz in the small
charge limit. The results are summarized below for d = 3,4,5 and @ > Q.. We will also give
comments on the hairy black holes in d > 6. For @ < Q., we find that the energy of the
hairy black hole is larger than that of the soliton or extremal Reissner-Nordstrom black hole
(and one of the mixing parameters in (3.1) becomes negative), so below we will not discuss
the hairy black holes with @ < (.. For derivation, see appendix D.

3.1 Hairy black hole in e < e,

When the coupling constant is smaller than the critical value as e? = €2(1 — ), we can
construct a hairy black hole with Q ~ #d=2)/2,

AdS4 (d = 3). The critical coupling is
@91/2'

Qc = W2{qc, qc = 3 (37)
The energy of the hairy black hole in @ > Q. is
wo 3x22AT(A—1/22T(A+1/2) 4, 5 9.9
E=—= airy » airy — - —4c) > .

"For d = 3, we assume A > 2. See discussions after (2.15).



where

33

mRN—\f/iq—i-W—i-O( 7). (3.9)

The energy satisfies mpairy < mry if A > 3/4. The energy of the hairy black hole is a convex
function of the charge as we can see at O(g?) of the Reissner-Nordstrom black hole (3.9).

AdSs (d = 4). The critical coupling is

V6
Qc = 2wsq., Ge = 4—9. (3.10)
K
The energy of the hairy black hole in Q > Q. is
3ws 2(2A — 1) 9 9
E= Tﬁmhairya Mhajry = TMRN — mﬁ (q - QC> ) (311)
where
2v/6 2
MRN = —\[nq + Sr22. (3.12)
3 3
For A > 1 (= 2 — 1 with d = 4), we have 2 3 < 3A 2 < 1. Hence, we find that the energy of

the hairy black hole satisfies mpairy < mry and also is a convex function of the charge.

AdS¢ (d = 5). The critical coupling is
6
Qc = 3waqc, qc = 5\/5;93/2 . (3.13)

The energy of the hairy black hole in @ > Q. is

2wy V3 6vV15 o/
E = ?mhairyy Mhairy = V3kq + (25(19 - 17259 /
35/6,5/345/3 /3 6v15 -
- _ (2R Ve /2
MRN ( 5573 5 kql + 195 — (3.14)
where
35/64,5/345/3
One can check that mpairy < mry and dmha‘ry lg=q. = drfi%| ¢=q. by expanding (3.14) around
q = qc, where |q — q.| < 0%/ as
9v 15 2 3
Mhairy = 36\/> (q - qc) + O ((q - qc) ) . (316)

The result (3.14) given up to O(q) is not sufficient to discuss the convexity of muairy, 50 We
also calculate the next order O(q?) term and find the convexity as

Pmpainy 52T(A)T(2A —5/2)
dg?  228-1T(A +1/2)T(A — 3/2)?

> 0. (3.17)

,10,



3.2 Hairy black hole in e > e,
When the coupling constant is larger than the critical value as e = e2(1 + 6), we can

construct a hairy black hole with @ ~ 6.
AdS, (d = 3). The critical coupling is

B _ 22A-32D(A —1/2)2T(A +1/2)
Qe =w2le,  Gc= 3k D(A)T(2A - 3/2)

0. (3.18)

The energy of the hairy black hole in @ > Q. is

2283T(A - 1/2)?T(A +1/2)
3T(A)T(2A - 3/2)
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2
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The energy satisfies muairy < Mmgol if A > 3/4. Because the coefficient of ¢ in Mhairy Vanishes,
we need to go to the next order to check the convexity. From the calculations including

O(63) terms, we find

d2mhairy 3\/5 3

_ — ), 21
i 5 R (4= qc) (3.21)
so the convexity is satisfied in QQ > Q..
AdS5 (d = 4). The critical coupling is
V6(2A — 1)
o = 2w34e, L= Y222 Ty 3.22
Qe = 2w3q TN (3.22)

The energy of the hairy black hole in @ > Q. is

E=_— airy » airy — Mlsol — —4c) > 3.23
D2 Mhaiy s Mhairy = Msol = 55—y oy (4~ de) (3:23)

where

q° — —kqb (3.24)

~2v6 2(A—1) V6
Kq + (?)(QA—].)K? 2 3 > .

: A—1
The energy satisfies mpairy < Mgol. Because 1 — 3A9

is positive in A > 1, the convexity
is satisfied.
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AdSe (d = 5). The critical coupling is

B B 9282 /31 (A — 3/2)2T(A +1/2)
Qc =3wile,  dc= 5 T(A)D(2A —5/2)

0. (3.25)

The energy of the hairy black hole in @ > Q. is

2wy 3VAT(A)2T(2A —5/2)%%
E=— air, airy — Mllsol — (g - c 5/2

> Mhairy > Mhairy = Msol 25A*6F(A—3/2)5I‘(A+1/2)5/2/45 (¢ —q)”",

(3.26)
where
5T(A)T(2A —5/2) 5o V3

= A . 2

Msol = Vg + (2% T(A—3/2PT(A+1/2)" ¢~ 3 " (3:27)

We can see that mpairy < Msol. The convexity of myairy is satisfied because the energy of the
soliton (3.27) is already convex and it dominates over the added term in (3.26).

Let us conclude this section with comments on hairy black holes in d > 6. When e < e,
(i.e. the weak gravity conjecture is violated), the similar construction outlined in appendix D
leads to the expression Mpairy(¢) = mrn(q) + Crn(q — ¢c)* + O((q — ¢.)?) around ¢ = g.. The
coefficient Cry is such that ¢%/4=2 term in the small ¢ expansion of Mhairy (¢) vanishes and
Mhairy (¢) is an integer power series in q. The above form of Mmpairy(¢) implies that the phase
transition is continuous between the Reissner-Nordstrom black hole and the hairy black hole
(i.e. the first derivatives of m with respect to g are the same at ¢ = ¢.). The convexity of
Mhairy (¢) can be checked from the explicit computation of the O(q?) term.

When e > e, (i.e. the weak gravity conjecture holds), the similar ansatz in appendix D
instead leads to the expression Muairy(q) = Mso1(q) + Csol(q — qc)% around ¢ = ¢g.. To
determine the precise numerical constant Cs,) (independent of ), we need the explicit form
of the soliton to higher orders than we calculated. This is beyond the scope of this paper

and we do not attempt. Nevertheless, we can still argue that the energy of the hairy black
a—2

hole must be convex for d > 6 because ¢ term in ms(q) is dominant over C(q — q.) 2
in the small charge expansions of Mmpairy(q) and we know its convexity (as discussed at the
end of the previous section).

4 Phase transition and restoration of convexity

Let us now study the would-be phase transition between the Reissner-Nordstrom solution
and the soliton solution that we constructed in section 2. Later in this section, within the
parameter space where our solution is valid, we will show that this type of phase transition
never happens due to the existence of the hairy black hole solution. We, nevertheless, first
ask ourselves what would happen if the hairy black hole solution did not exist.

First, consider the case when the weak gravity conjecture is violated (i.e. e < e.). In
the small charge limit, the extremal Reissner-Nordstrom black hole has the lowest energy.
Depending on the parameter, it may or may not happen that if we increase the charge,
the charged soliton solution starts to possess a lower energy than the extremal Reissner-
Nordstrom black hole. When it does, generically there is a (would-be) discontinuous phase
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transition from the Reissner-Nordstrom black hole to the charged soliton solution. It is
(generically) discontinuous because the first derivative of the energy with respect to the charge
(i.e. chemical potential) at the phase transition point is discontinuous.

Similarly, when the weak gravity conjecture holds (i.e. e > e.), in the small charge limit
the charged soliton has the lowest energy. Then there may exist a phase transition to the
extremal Reissner-Nordstrom black hole if we increase the charge. If it does, again the phase
transition would be discontinuous (see figure 1).

One can compute the would-be phase transition point more explicitly in the small charge
limit where our solutions are reliable. In AdS4, solving mpn(g«) = Mmso1(g«) in the small
charge limit (i.e. |§] < 1), we obtain for e? = (1 + 0) > €2

| 22A712D(A — 1/2)2T(A +1/2)
&= 35 T(A)T(2A — 3/2)

0, (4.1)

while there is no g, > 0 for e < e, (we assume A > 3/4), so the (would-be) phase transition
occurs when e > e, (i.e. the AdS weak gravity conjecture holds).
In AdSs, a similar calculation gives for e? = e2(1 — 0) < €2

6(2A —1
G = M& (4.2)
2kA
while there is no ¢, > 0 for e > e, so the (would-be) phase transition occurs when e < e,
(i.e. the AdS weak gravity conjecture does not hold).
In AdS;41 with d > 5, we observe that the (would-be) phase transition occurs when

e < e. (i.e. the AdS weak gravity conjecture does not hold). For e? = e2(1—6) < €2, we obtain

N (4.3)

while there is no ¢, > 0 for e > e.. Note that in all these cases, the scaling of ¢, with respect
to 0 is the same as that for ¢. studied in the previous section.

When the phase transition is discontinuous, the convexity of the energy is violated. The
second derivative of the energy as a function of the charge becomes negative (in the delta
function sense) at the phase transition, and we can easily find three charges around the phase
transition point where the convexity inequality AE(Q1) 4+ (1 — A E(Q2) > E(AQ1+ (1 —X)Q2)
is violated.

Note, however, that this does not mean that the discontinuous phase transition causes the
violation of the superadditivity. The convex function with E(0) = 0 is always superadditive
(see appendix A), but the converse is not necessarily true. Indeed, we can show E(Q) =
min(Ern(Q), Eso1(Q)) is superadditive. The elementary proof can be found in appendix A.

The existence of the hairy black hole solution that we found in the previous section
completely changes the story above. This is because it is always the case that the hairy
black hole enters the phase diagram before the would-be phase transition discussed above
(i.e. gc < g«). See figure 1 for a schematic plot of this situation. In particular, the would-be
violation of the convexity of the energy is circumvented as we will see.
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The study in section 3 shows that above ()., the hairy black hole is the lowest energy
solution of the system with a given charge Q.® The salient feature of the thermodynamic
property of the hairy black hole solution is that not only the energy but also the chemical
potential is a continuous function with respect to ) (while the higher derivative can be
discontinuous). This can be explicitly seen from our formula in the previous section where
the energy difference is O((q — g¢)?) or higher. It is continuous but is not analytic because the
higher derivative shows the discontinuity at Q = Q.. We further realize that it is a convex
function (at least within the small charge limit we have studied). We therefore conclude
that the convexity of the energy is restored by the existence of the hairy black hole solution.
Since the convex function with E(0) = 0 is superadditive (see appendix A), the energy is
superadditive with respect to charge.

Let us briefly discuss the nature of the phase transition from the AdS/CFT viewpoint.
The big difference between the (extremal) Reissner-Nordstrom black hole and the hairy black
hole is that the former does not have scalar hair. The scalar hair or the scalar condensation
induced in the hairy black hole suggests that in the dual CFT, the scalar operator which is
dual to ¢ (with conformal dimension A) has a non-zero expectation value on the cylinder in
this heavy state. It is distinct from the one-particle state that is dual to low-dimensional
single trace operators with zero scalar expectation value. In the planer black hole (or black
membrane), the analogous phase transition discussed here is referred to as a “holographic
superconductor” [33, 34] (or holographic superfluid), but we should point out that the phase
transition here is about the properties of operators on the plane (or states in the cylinder).”

5 Discussions

In this paper, we have studied the convexity of the lowest energy of the Einstein-Maxwell-
charged scalar system in AdS under the presence of a hairy black hole, whose thermodynamic
properties were predicted by the thermodynamic mixture model. In the small charge limit,
the existence of the hairy black hole restores the would-be violated convexity due to the
phase transition between a charged soliton and a Reissner-Nordstrom black hole.

Since our analysis is limited to the small charge and the thermodynamic mixture, it
should be interesting to perform (numerical) analysis in the larger charge regime and examine
if the convexity remains true. In this direction, (numerically) constructing an extremal
hairy black hole away from the small charge limit itself will be a challenging but interesting
problem to address.

As investigated in [14], it is possible that the zero-temperature limit of the hairy black
hole solution can be singular within classical theory. This would imply that it will be necessary
to deal with such a singularity. If the singularity occurs only at the zero temperature and
can be resolved by the quantum effect set by the Planck scale, we expect that the validity of

8Logically speaking, we do not exclude the possibility that a non-spherical solution, which we have not
studied, has lower energy than the spherical hairy black hole.

9Schematically, one may say that while the Reissner-Nordstrom black hole is dual to Tr(®™) with
m ~ O(N?), the hairy black hole obtained as adding soliton should look like Tr(®™)(Tr(®?))". Tt may be
interesting to study the implication of the phase transition in terms of the recent studies of black hole operators
in CFTs [35, 36].
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the classical analysis can be made arbitrarily good by making the Newton constant small.
Then our conclusion on the convexity will hold up to small quantum corrections. Note
also that if we add |¢|* interaction, there is a supersymmetric regime where we can take
the zero-temperature limit analytically with no difficulty, and the thermodynamic mixture
argument continues to work even at the zero temperature. The nature of the singularity
in the zero temperature limit of the hairy black hole solution in classical gravity, if any, is
an interesting future direction to be investigated.

Indeed, there has been some interest in studying the lowest conformal dimensions of
conformal field theories as a function of the charge, in particular in the large charge expansion.
Recent studies show t;lhat the large charge behavior of the generic conformal field theories
should be E(Q) ~ Q7T [37, 38]. We can easily check that the extremal Reissner-Nordstrom
black hole satisfies this scaling. It was also numerically verified in charged soliton (with A = 2
in d = 3) in [39]. It will be interesting to verify the behavior in the large charge hairy black
holes with arbitrary A. Note that in some supergravity, they found BPS hairy black hole
solutions where F(Q) o @ rather than Q@-T scaling. Apparently, the presence of the moduli
allows the linear behavior. It is generally believed that it should not exhibit such a behavior
without supersymmetry, but there is no proof.!? In relation, it is highly doubtful but is not
proved if there is any solution whose scaling behavior is in between Q% where 1 < a < %.
It is an interesting study if we can or cannot engineer such solutions in gravity.

The study of the large charge behavior should shed light on the analytic property of
large charge expansions. From the effective field theory viewpoint, it was not obvious if the
large charge expansion is converging (down to  ~ 0), has a finite radius of convergence,
or is just an asymptotic expansion. The extreme Reissner-Nordstrom solution tells that
the function is smooth for the entire range of charge, but the large charge expansion has
a finite radius of convergence.!! In this paper, we have shown that the hairy black hole
solution shows a continuous phase transition, at which the function is not analytic. Whether
the large charge expansion breaks down much above this phase transition point should be
studied further in detail.

In this paper, we have studied charged solitons and hairy black holes under the Dirichlet
boundary condition at the AdS boundary. It is an interesting question to allow more general
boundary conditions such as the Robin boundary condition to study the charged solitons
and hairy black holes [16, 40]. In the dual field theory perspective, it would correspond to
double trace deformations [41, 42]. The stability condition may change and whether the
convexity remains to hold is a non-trivial question to be addressed.

Our analysis of the charged solitons and hairy black holes was limited to d > 3 in this
paper. For d = 2, it is necessary to consider scalar hair around the charged BTZ black
hole, and (extremal) hairy black holes can be drastically different from higher dimensions.
The charge convexity conjecture in [4] is also restricted to d > 2, and it remains an open
question if similar arguments can be established for d = 2 CFT. It would be interesting if
this situation could be approached from three-dimensional gravity duals.

OBy introducing |$|* interaction with a suitable coefficient, we expect that we can adjust the Q? term in
E(Q) in the charged soliton solutions so that it has a linear behavior in the small charge limit.

" One can see that there is a branch cut in the negative Q in Ern(Q), so one can read the radius of
convergence in the positive Q ~ %, which can be verified against d’Alembert’s ratio test.
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Finally, it may be an interesting question to address the higher derivative gravitational
corrections to the small charge (hairy) black holes and solitons. To satisfy the weak gravity
conjecture in the Minkowski space-time, it is often suggested [43, 44] that the higher derivative
corrections make the extremal Reissner-Nordstrom black hole lighter. If the same mechanism
is at work in the AdS, it may conflict with the convexity conjecture. The competition then
may lead to new constraints on effective gravitational field theory in AdS.

Acknowledgments

The authors would like to thank Yoshihiko Abe, Nick Dorey, and Toshifumi Noumi for fruitful
discussions. T.I. is supported in part by JSPS KAKENHI Grant Number 19K03871. Y.N. is
in part supported by JSPS KAKENHI Grant Number 21K03581.

The authors thank the Yukawa Institute for Theoretical Physics at Kyoto University,
where this work was initiated during the YITP workshop “Strings and Fields 2023”.

A Convexity vs superadditivity

In this appendix, we collect some mathematical facts about convex functions in relation
to superadditivity.

When a function f(x) is convex between 1 < x < x9, for all 0 < A < 1, f(x) satisfies
the inequality

Af(@1) + (1= A)f(x2) = f(Azr + (1 = M) . (A1)

When f(x) is twice differentiable, f”(xz) > 0 in a segment implies the convexity in the
same segment. The proof is based on Taylor’s theorem

”(I‘*)

f(x) = f(xo) + f'(x0)(x — x0) + (z — 20)?, (A.2)

2
where zg < z, < x. By noting f”(x,) > 0 and setting o = Az1 + (1 — \)zg with z = 24
and r = z9, we have
flz1) > f(xo) + f'(wo)(1 = A)(x1 — 22)
fxa) > f(xo) + f'(xo)M(w2 — 1) - (A.3)

Adding A times the first line and (1 — A) times the second line, we obtain (A.1).

When f(z) is convex in z > 0 and f(0) = 0, f(x) is superadditive (i.e. f(a) + f(b) <
f(a+b)). To show this, we first set 2 = 0 in (A.1) to obtain f(Az1) < Af(x1). Then, noting
fla) = f(7z(a+0)) < g5 f(a+0b), we obtain

F(@)+ £0) £ = fla+ D)+ — fla+b) = fla+b). (A4

_a
a+b

Let gi(x) and ga(z) be two twice differentiable convex functions with g;(0) = g2(0) = 0,
g1(x) < ga(z) when 0 < = < z,, and g2(x) < g1(x) when z, < z. Let f(x) = min[gi(x), g2(x)]

for x > 0. Generically, f(z) is not convex, but we will show that it is superadditive.
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When a,b > x, or a + b < x,, the convexity of g1(x) or go(z) immediately implies
the claim. The nontrivial case is when a,b < z, but a + b > x,, or when a > z,,b < x,.
In the former case,

fla+b) = f(a) = f(b) = g2(a+b) — g1(a) — g1(b) = ga(a+b) — ga(a) — g2(b) = 0, (A.5)

and in the latter case,

fla+b) = f(a) = f(b) = g2(a+b) — g2(a) — g1(b) = g2(a +b) — g2(a) — g2(b) > 0, (A.6)

so the claim holds in all cases.

B Small charge extremal Reissner-Nordstrom-AdS black hole

We want to express the energy and chemical potential (2.3) of the extremal Reissner-Nordstrom
black hole as functions of the charge. At T'= 0, from f’(ry) = 0, the horizon radius and
charge are related as

d—2

q= (drh Z)K\/(d—l)(d—Qerr}%). (B.1)

When the charge ¢ is small, this equation can be inverted by a series expansion as

2 _ Gt d ~a  dPd+1)s06  dd+2)~
T =Q - Q +m@ 3(d— 2)6 d=2 4 ... (B.2)

where @ is defined in (2.9). Substituting the above expansion into E and y in (2.3) and (2.4),
we obtain (2.8).

C Explicit solution for the charged soliton

In this appendix, we present the explicit form of the solution of the equations of motion
describing a horizonless charged soliton in the small charge expansion. We begin with
the spherically symmetric ansatz for the static solution of the Einstein-Maxwell-charged
scalar system,

s* = —f(r)dt* + g(r)dr® + r?dQ3_,
Aydat = Ay(r)dt ,

where ng_l is the line element of a unit S¢~'. We have chosen the gauge so that the complex
scalar field ¢ is a real function of r. Substituting the ansatz into the equations of motion
of (2.1), we obtain a set of equations to be solved:

d—
2

(d—1)(d—2)
2

1
rf'—l—( (1—g)+Arzg—n2r2¢’2+n2mér29¢2> f

2
+%T2A? — 162627“2914?@52 =0,
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d—1 d—1)(d—-2
! (( )( )(1—g)+Ar2g+m2r2¢’2+n2m§)r29¢2)g

2 I 2
’;J;q 2A12 5262;’292A?¢2 -0,
a+ (- Lo 2) s —o,
<Z>”+<dT1+;;—§;>¢/+<62?%—mi>g¢: . (2

Here, ' denotes the derivative with respect to r.
Around the background with ¢ = 0, we will solve these equations in perturbative series
with respect to a small parameter € as

f(r) = fo )
9(r) = g(0y(r) +£/(2)(?”)€ + gay(r)et +-
Ay(r) = Ayo)(r) + Ay (r)e” + Ay (7”)64 +e
B(r) = ¢1)(1)e + bz (r)e* + ¢y (r)e” + -+ . (C.3)

)+ fo)(r)e® + fay(r)et + -

The strategy is to first solve the scalar equation at O(e), where the integration constants are
fixed by the asymptotic behavior. Then, at O(e?), we first solve g and f. Finally, we solve
A;. One integration constant appearing in Ay is not fixed at this point but will be fixed by
studying the regularity of the scalar function in O(e®). In this sense, the equations at O(e?)
and O(€®) are bundled. Then, we continue to O(e?) for f, g, and A, and so on.

In the zeroth order in ¢, the background is the empty AdS spacetime with a constant
gauge field specified by the chemical potential p ),

1

fo(r)y=1+1%,  gqr) = T2

Ay o) (1) = R0y 5 (C.4)

where we assume p ) > 0. The empty AdS spacetime has zero charge.
At O(e), we turn on the scalar field. The equation for ¢y reads

B 02,2
PRNCE R PR " V) PR
where we used mi = A(A —d). At the center of the AdS r = 0, this second-order differential
equation has regular and diverging solutions. To solve this equation (without horizon), we
impose regularity at » = 0. In the AdS boundary r — oo, we impose the absence of the
source discussed as follows.

In r — oo, the behavior of the scalar field (not specific to O(e) but to any orders) is
¢ = co(r® ¢+ --.) + ¢ (r™® + ---), where ¢y and ¢; are constants. For the absence of
the source in the boundary field theory, we require co = 0. When A > d/2, r~* decays
faster than r2~%. Hence, setting ¢y = 0 corresponds to keeping the subleading behavior of
¢. This case is called the standard quantization. When A < d/2, r~2 decays slower than
r2~4 but the leading behavior is normalizable for A in the range d/2 — 1 < A < d/2 [45].
This case is called the alternative quantization. The border A = d/2 is the case that
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the scalar mass saturates the Breitenlohner-Freedman (BF) bound [46, 47], where we have
¢ = co(r~¥?logr + ) + e (r~¥? ...

In the absence of the scalar field source ¢y = 0, the equation (C.5) is solved at discrete
values of p g satisfying

A+2n
H0) = ; (C.6)

e

where n is a non-negative integer. This is nothing but the normal mode frequency w of
the massive scalar field in the global AdS as w = ey gy = A + 2n. At this (), the regular
solution to (C.5) is given by the hypergeometric function as

d d
by = (1+r2)%+n2F1 (2+n,A+n;2;—T2> , (C.7)

whose normalization is absorbed by €. Using this as the seed, we proceed to the higher
orders in the perturbative series. In the following, we consider the solution with the lowest
energy for a given A, and hence we set n = 0. For n = 0, the above chemical potential
and scalar field solution become

A 1
e

’ ¢(1) = m (C.S)

M) =

For O(e?) and higher, we have solved these equations for integer values of A in various
dimensions d. Some sample solutions are presented here.

Ford =4, A =4 (mi = 0), we reproduce the results in [12]. We obtain

8(3 2 4
(3+3r ‘*‘7’)/{2624_'_"
9(1 +r2)3
1 8r2(3+71%) 5,
K

fry=1+r%—

9 = e PRt T
4 3¢ (34+3r2+rhe 3267\ ,
At(r)_e+<14_ 6(l+r23 216 )C T
€

Here, we present the results up to O(e?), but the perturbative solutions can be obtained also
in higher orders in €. Once the equations of motion are solved, the mass m, chemical potential
u, and charge g can be read off from the asymptotic behavior of the fields in r — oo as

m

At(r):MJr..._T;L_QJF.._ (C.10)
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These are chosen to agree with the notation of m, u, and ¢ used in the Reissner-Nordstrom
black hole solution (2.2). For d = 4, A = 4, we find

8k? , | (78336K% — 6767e?)n?

m=g T 39690 cT
4 [(3e 32x%\ , 122400480r2e? — 574944256K* — 6383817¢c*
==+ €+ €+,
e \14 2le 97796160e
e 5 (2658k% —241€?)e ,
_¢ C.11
1=t 6615 cr (C-11)

where we explicitly included the O(e?) contributions that are necessary for obtaining m to
O(q?). In the above expression, we have used the degrees of freedom to rescale € to set the
coefficient of =2 in ¢(r) in r — oo to be exactly ¢ (no higher orders in €): ¢(r) = ¢/r +---.
From this we can also read off the scalar condensate (vacuum expectation value), but we will
not use it, so we omit it. Because we wish to express m and p perturbatively as functions
of small g, we invert g as
6 2v/6(241e? — 2658k>

€= \/;ql/2 4 28 e Vg (C.12)

Substituting this into m and p, we obtain

16K5%  2K2 64K\ o
m = q+ 9— @+

3e 21 e2
4 9  64k2
L C.13
1 e+<7 782>q+ (C.13)

Thus, we reproduce the results for the massless scalar in AdSs [12].
We also provide some details for massive scalar in asymptotically AdS, (d = 3) with
A =2 (m} = —2) [16]. We find

T+(1+r2)tan_1r 9 o

-1 2 _ e
f(r) +r (L4 12) K7€ + ,
o(r) = 1 _r—(1+r2)tan_1r 2,2 7
1+7r2 r(141r2)3
2 e(1+5r?) w* etan"'r) ,
A (r) =2 B Sl A A sl
t(r) e ( 8(1+172) 2 2r €
€
- C.14
Br) = s + (C14)
From these, up to O(e*), we obtain'?
2 2
_TE 2 TR 202 _ 2)62) et 4
m=——e +192 ((65+47r)e 4(61—}—47‘1’)/{)6 +--
2 (Be K%\ , N 41e*(272 — 15) + 4k2e2(661 — 9372) + 4k%(987% — 821) , N
P\ 8 2/ 384c ‘ !
_Te o  TE [ 9 2y 4.2 2 4,
g="re +192(e (25 +27%) — 4k2(29 + 272) ) € 4 - (C.15)

!2Note that our expansion parameter ¢ is different from [16], and therefore the coefficients in (C.15) are
different in higher orders in . However, the ambiguities in the parametrization of € cancel out when m and u
are written as functions of ¢ as in (C.16).
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Rewriting m and p as functions of ¢, we find

2k2 K2 4%\
m=—q¢+ —\|5—— ¢+,
e 47 e

_ 2,1 45? N
=T o 2 ) '

(C.16)

We repeat the above calculations for various integer values of A in general dimensions

d. Some results of m and p in small ¢ expansion are listed below.

d =3, A =1 (alternative quantization):

2
11 K2
p=—-+=-(14+—5]q+
e
e d=3,A=2
92 12 2
=g+~ [5—-— ¢
m eq%( 2)q+ ,
_2 1 [ 4 N
M_e o 2 |4
e d=3,A=3
m_3/<;2 +7ﬁ;2 1 3K2 2,
=4t 5 | g :
H_e o7 2 |4
e d=4, A =2 (BF bound):
o S 2R o
3q 9(1 )
= +1 +
M*e 3q
od:4,A:3:
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(C.18)

(C.19)

(C.20)

(C.21)



° d:4,A:4

16K%  2K* 64K\ o
m = q+ 9— @<+

3e 21 e2
4 9  64k>
== Zo C.22
0 e+<7 762>q+ (C.22)

e d =05, A =2 (alternative quantization):

8
C2 2 g (C.23)
H= T 6 2 )4 ' '
e d=5 A=3
9r2 K> 27K\ 4
3 1 27K
- 24 - (14= .24
H e+127r< 62>Q+ (C.24)
e d=5 A=4
I O Y
m 167 e2 ’
4 1 7252
— 24— (11= 2
o €+47T< 62>q+ (C.25)

By comparing such results for integer values of A in general dimensions d, we find that
the general expression for m and p of the soliton up to O(g?) is given by

_ 2(d—2)Ak? (d—2)Kk?T(A)?T(2A+1—-d/2) - (d=2)A*(A—d/2) &> ,

 (d—1e ¢ (d—1)T(d/2)T(2A)T(A+1—d/2)? (d—1)(A—d/4) €2 ’

A [(A)?T(2A+1—d/2) _(d=2)A*(A—d/2) w*

= ['(d/2)T(2A)T(A+1—d/2)? (d—1)(A—d/4) e* )"

We note that coefficients diverge when A = d/4, which can be realized only in d = 3 at
A =3/4 (in d > 4, we always have A > d/2 —1 > d/4). This expansion formula, deduced
from the results of integer A, hence might not be suitable for A <3/4 in d = 3. At the end
of section 2, we have discussed the same issue from the viewpoint of charge convexity. To

(C.26)

avoid subtleties, in this paper we assume A > 3/4 when d = 3.

D Construction of small charge hairy black holes

The critical coupling e = e, is where the extremal Reissner-Nordstrom black hole and soliton
have the same energy for the same charge. Here, near e = e., we evaluate the energy of the
hairy black hole as a non-interacting mix of the extremal Reissner-Nordstrom black hole and
soliton. This method was successfully employed for massless scalar in d = 4 in [14], and
here we generalize the calculations to other A and d.

— 922 —



D.1 Construction in e < e,

In e < e, the Reissner-Nordstrom black hole has a lower energy than the soliton around
Q= Q. At Q = Q., we start to mix small charge soliton contributions to the Reissner-
Nordstrom black hole to evaluate the energy of a hairy black hole. We will see that the
Reissner-Nordstrom black hole is the lowest energy state in Q < Q., while the hairy black
hole is the lowest energy state in @ > Q..

In e < e., we express the small difference of the coupling e from e. by introducing a
small parameter 6 as

e =cX(1-9). (D.1)

From (B.1), the chemical potential and charge of the extremal Reissner-Nordstrom black
hole depends on small ry,

1 /d—1 d
HRN = 2\ 75 <1+7“/21+O(7“%)> ;

d—2 2(d - 2)
d—2
Ty d—1< d 9 4>
RN =~ [T 1—}—2(d_2)7‘h—|—0(7‘h) : (D.2)

To mix the Reissner-Nordstrom black hole and soliton, we parametrize r; and the charge
of the soliton as perturbative series of € so that they can be compared at each order in the
perturbative series. In e < e., we introduce the ansatz that small soliton contributions are
put on top of the Reissner-Nordstrom black hole. Hence, we devise the perturbative series
so that ugn and ggrn are larger than g, and ggol.

D.11 d=3

To mix the Reissner-Nordstrom black hole and soliton for d = 3 in e < e., we take grn ~
rn ~ Y2, We use the following ansatz for 7y,

TR = a10Y? + as0 + a30®'? + a0 + - - - , (D.3)

where we have explicitly included the terms necessary for calculating the hairy black hole
energy up to O(q?). With this ansatz, urN, gry, and mgy of the Reissner-Nordstrom black
hole can be expanded in powers of 6 as

LRN = Q + 3&% 0 + 3\/?@1(12 03/2 I 3(361111 — 4@% — 8@1(13)
K V2K K 42K

—9a3 6 6
ajas + bagasz + a1a495/2+‘”

V2K ’

92

V2(9a?az + 2a4)

3
P V2a gL | \/56120+ V2(3af + 2&3)93/2 n 024 ...
K K 2k 2K
meN = 2a10Y% 4 2a20 + 2(2a3 + a3)0%/? + (6a2ag + a4)0? + - - - . (D.4)

To balance the chemical potential, we take the ansatz for the charge of the soliton as

Gsol = b1 + b20%/% + b30% + - - - . (D.5)

— 23 —



Here, the leading behavior of the soliton is chosen as ¢go ~ 6 in order to balance the chemical
potential. Then, the chemical potential and mass of the soliton can be expressed as

g = \/E (1 30 T(A)T(2A-3/2) ) 30, T(A)T(2A-3/2) 53/2

V2k  22271IT(A41/2)T(A-1/2)? 22A-1T(A+1/2)T(A—1/2)2
3 (3b3+2b1(3—2A))T(A)T(2A —3/2) 52
(4\/5,{ 28-1T(A+1/2)T(A—1/2)2 )

2,.2
Mgol = V/2b1 kO +V/2bo k032 + ( NG + PAT(A+1/2)T(A—1/2)7 0“+---, (D.6)

where by > 0 is assumed so that mg, > 0. Note that, with the above ansatz, the charge of
the hairy black hole has the series expansion of the form

4 = qrN + Gsol = \[al 0 <\f“2 ) 0+ (D.7)

At this point, we fix the redefinition ambiguities in the § expansion by demanding g ~ /2
with no higher 6 corrections.' Then, each term in the above expansion should satisfy

2 2
- ‘/;“191/2, % +b =0, (D.8)

and so on for the higher orders involving a3 4 and by 3. The balancing of the chemical
potential purN = psol also gives the equations

37 1 301 T(A)T(2A - 3/2)
Vor  var TR IT(A T 12)T(A — 1/2)2
3vV2a1as 30, '(A)T(2A — 3/2) (D.9)
ko 228-1T(A+1/2)T(A - 1/2)2 '

and so on for a3 and b3. From these equations, we can determine the coefficients a1 234 and
b1,2,3. The upshot is that, in ¢ > g., the mass of the hairy black hole myaiy = mRrN + Mgl
is given by

3x 22275T(A —1/2)2T(A +1/2)

= _ 4,2 232
Mhairy MRN F(A)F(QA—?)/Q) K (q QC) ) (DlO)
where
V6 12
dc = 370
K33
\fﬂq+—2\/§+0( q’)- (D.11)

Recall we assume A > 3/4. Then, from (D.10), we see that mpairy < mrn. Note that we
also find by — 0 in ¢ — ¢, from above.

3Tn [14], a different choice to fix the ambiguities was made (i.e. gso1 has no higher order 6 corrections), but
eventually, if we express Mmuairy as a function of ¢, the ambiguities will be gone.

— 24 —



In fact, we find g5 < 0 in ¢ < ¢., and therefore the above expression cannot be applied
in q < ¢, where mgy would be mg < 0 if Mg = gso1 + - -+ is assumed. This means that we
need to parametrize the soliton mass as mso = |gsol| + - - - . Then, repeating the calculations,
we find that the mass of the hairy black hole in ¢ < ¢, is given by

2A—-1 - 2
: iéi) P(12/z)—F3(/A2)+ Lo - ). (D.12)

Mhairy = MRN + c

Thus, Mpairy > mrN in ¢ < g if A > 3/4. This is reasonable because in ¢ < ¢, this
construction attempts to approximate the hairy black hole as a non-interacting mix of the
Reissner-Nordstrom black hole and soliton with the opposite charges.

D12 d=4

In d = 4, we use ggrn ~ r,% ~ . The ansatz for ry, is
2= a0 + a0 +--- . (D.13)

With this ansatz, urn, grn, and mpy takes the form

9 2
MRN:@+\/GG19+\/6( a2 a1)02+...7
2K 2K 4k
2
—_— \/6&16+ \/6(a1+a2)92+”' :
2K 2K
mrN = 20160 + (303 + 2a2)0% + - - - . (D.14)

To match this, we use the ansatz for the charge of the soliton as
Gsol = 010 + b2 + - - . (D.15)

The chemical potential and mass of the soliton are

V6 (b(A=1)  VE), ((A=Ds-bi(A=2) 3/
2,@+<12A_1+4R>9+< - +16/@>02+

2v/6kb 1 26202 (A — 1
Mgol = Vor 194-3(\/6/{(()1—1—21)2)—1-”1()) 92-1—"', (D.16)

Hsol =

3 2A —1

where b; > 0. The charge of the hairy black hole has the series expansion of the form

6 6(a3
4 = GRN *+ Gsol = (fal +bl>0+ (Merz) 0>+ (D.17)

2K 2K

Solving urN = psol and fixing the redefinition ambiguities by demanding ¢ ~ 6 with no
higher 6 corrections, we can determine a;2 and by 2. The mass Mpairy = MRN + Mgol 1S
obtained in ¢ > q. as

_ 2(2A — 1) 2 9
Mhairy = RN 3(3A — 2) K (q QC) ) (D18)
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where

V6
4c = 707
4k
6 2
MRN = qu + §/<L2q2 .
In ¢ < q., where g5, < 0, we find
4/6(2A — 1)k

Mhairy = MRN + m(qc —q) > mRN -

D.1.3 d=5

In d = 5, we use grn ~ 7“2 ~ 03/2. The ansatz for r;, we choose is
Th = a191/2 + as0 + a303/2 + a492 +

With this ansatz, urnN, ¢rn, and mgpn can be parametrized as

= +
HRN V3K 33k 3v/3k 36+/3K

5(—batas + 6azasz + 6a1a4)95/2 )
9v3K 7
qrRN = 2761%93/2 2\fa1a2 0% +
V3K 3v3k
n 25ai‘a2 + 6a2 + 36a1azas3 + 18ajay 04,
33k

8 5
meN = 2a36%/% 4 6alas6? + (gl + 6aja3 + 6a%a3> 0°/2

40ata
+ ( 31 2 + 2a3 5+ 12a1az2a3 + Ga%a4> 0% +

2 5a? o4 10a1a293/2 5(—5af + 12a3 + 24a1a3) ,

5ai + 18a1a3 + 18atas 95/2

(D.19)

(D.20)

(D.21)

(D.22)

For the matching of the scaling of the above charge, we take the ansatz for the charge

of the soliton as
Gsol = b10%% + by6? + bs8>/? +

The chemical potential and mass of the soliton are

2 1 5x 22722 T(A)T(2A — 5/2)93/2

Mol = 5 T Bet T BT(A+ 1/2)T(A — 3/2)?
V3 5 x 22722, T(A)T(2A —5/2) 52
"\ T TETa T2 TA —3/2)

22728 (5bg — 2b1(2A — 5))T(A) (2A ~5/2) y55

3T(A +1/2)T(A - 3/2)2

Meol = V3kb16% + V/3rba6” + \f/ﬂ(%g +01)0% 2 4
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where by > 0. The charge of the hairy black hole has the series expansion of the form

2a3 2v/3a?
q = qrRN + Gsol = <\/§{+b1> 03/% + <\[:m+b2> 0>+ - . (D.25)

We solve purn = fisol and q ~ 03/2 for a123,4 and by 23. The mass Mmpairy = MRN + Mol
is then given in ¢ > ¢, by

1
Mhairy = \/gﬁq + <\é§”q0 - 61\2595/2>

= MRN — (W - \f/{qﬂ + 61\21;595/2> , (D.26)
where
ge = 5\%,{93/2,
mrN = V3kq + W (D.27)
In ¢ < g, where g5 < 0, we find
Mhairy = MRN + 2V3k(ge — q) > MmN - (D.28)

D.14 d>6

In e < e, hairy black holes for d > 6 can be constructed in a similar way as d = 5 and are of
no qualitative difference. We first notice grn ~ i 2 ~ 0(4=2/2 (see (3.4) and (B.1)). Then,
we parametrize 1, and ¢go by series expansion in 6 so that grn and gs) have the same powers
of . To calculate the energy up to O(q?), for even d, we use the ansatz

P =a10 + a0 + -+ agp0Y + -
Gsol = 010 TD/2 1 b DAL by 0T (D.29)

and for odd d, we alternatively use the ansatz

Th = a191/2 + CLQ@ + -+ ad,19(d_l)/2 + -
Gsol = 01022 4 popld=2)/241/2 oy 002 (D.30)

For example, for d = 6, we have

r%:a10+a202+a393+--- y
Gsol = b10% + 020> + b30* + - - - . (D.31)
As we have done above, we can determine parameters a; and b; by balancing the chemical
potential grN = fsol and demanding the charge to be ¢ ~ 0(4=2)/2 (with no higher order

corrections). We can systematically calculate the energy of the hairy black hole for any
d > 6. Here, we list some results.
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e d=6: We have ¢ ~ #2. The phase transition at ¢ = ¢, is continuous as

23/2,i3/2q3/2 9 4 .
Mhairy = MRN — (53/4 — ﬁmﬂ + EG
9r2
=max ~ 55500 - 4)” + 0 ((a - 40)*) | (D32)

where the second line is the Taylor expansion around g = q., where |¢ — ¢.| < 62, and

4 23/21463/2(]3/2
RN = R T
2v/5
€= 02 (D.33)

By considering the O(q?) terms as well, we can check the convexity (because A > 2) as

Pmpairy  6(A — 1)(A — 2)2k2

i® sA-1)@A-3) (D.34)

e d="7: We have ¢ ~ 6%/2. The phase transition at ¢ = ¢. is continuous as

57/10/{7/5q7/5 5 92 % 55/2 /9
Mhairy = MRN — <67/10 - \/g“qe =+ 7772 0 /

75/21€2
6 x 55/203/2

— max (¢— 0 +0((g—a)) . (D.35)

where the second line is the Taylor expansion around ¢ = g., where |q — ¢ | < 65/2 and

10 57/10/{7/5(]7/5
MRN = FIQQ‘Fw‘F"',
25v6 5 /o
Ge= 5 077 (D.36)

By considering the O(q?) terms as well, we can check the convexity (because A > 5/2)
as

d? Miairy TR2T(A)T(2A —7/2)
d? 9x PAIT(A L 1/2)T(A 522 (D-37)

e d=8: We have ¢ ~ #3. The phase transition at ¢ = ¢, is continuous as

62/3/£4/3q4/3 6 27 A
My = M (72/3 S ka4 2

642

TR0~ )" +0 ((g—a)?) (D.38)

= MRN —
where the second line is the Taylor expansion around g = q., where |¢ — ¢.| < 63, and

\/E 62/3I€4/3q4/3
mRN:2 ?/ﬁlq—FW‘i‘,

~9V42
128k

03 (D.39)

dc
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By considering the O(q?) terms as well, we can check the convexity (because A > 3) as

Pmpairy  2(A = 1)(A — 2)(A — 3)2k2
dg? 7(2A — 1)(2A - 3)

>0. (D.40)

D.2 Construction in e > e,

In e > e., the soliton has a lower energy than the Reissner-Nordstrom black hole around
Q = Q.. At Q = @, we start to mix small charge Reissner-Nordstrom black hole contributions
to the soliton to obtain a hairy black hole. We will see that the soliton is the lowest energy
state in Q) < @Q., while the hairy black hole is the lowest energy state in @ > Q..

In e > e., we write the small difference of the coupling e from e, as

e =e2(1490). (D.41)

D.2.1 d=3
Ind =3 and e > e., we take gqgny ~ 1, ~ 0 so that ggn is not more dominant than gg.
The ansatz for r; can be taken as

rh = ale + a202 + AR (D'42)

With this ansatz, urnN, ¢rn, and mgrn can be parametrized as

V2 3a? ,
= — 4+ —0 4y
URN - V2

2 2
\[a19+@92+...
K K

qRN =

)

meN = 2010 + 2a26% + - - - . (D.43)
To match this, we use the ansatz for the charge of the soliton as
Gsol = D10 + bof® + -+ - . (D.44)

The chemical potential and mass of the soliton are then

V2 1 30 T(A)T(2A - 3/2)
Hsol = == F (_ or | 92A1 ll“(A F1/2)T(A - 1/2)2) s

3 (3hy+201(2A — 3))T(A)T(2A — 3/2)
+ (4\@ - 222A—11F(A T1/2)T(A - 1/2)° > Ot

2by — b1k 302k2T(A)T(2A — 3/2
msolz\@b11€9+<( 2\@1) +QQA%‘(A—{(—l)/2)(F(A—{/)2)2>02+"" (D.45)

where b; > 0. The charge of the hairy black hole takes the form

‘[ial +b1> 0+ <\/§a2

K

q = RN + Gsol = < +b2> 62+ . (D46)
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We solve urn = pisol and g ~ 0 for aj 2 and by 2. The mass mpairy = MRN + Msol is then

given in ¢ > q. as

where

msol:\/iliq—F( 3F(A)F<2A_3/2) 2 2_/6(]0) '

22873T(A —1/2)?T(A +1/2)

Mhairy = \/iﬁq - 3F(A) F(QA — 3/2) 92
gy = STMTRA=3/2) 5
= el = T 1/2PT(A 17 0

| 22A732D(A — 1/2)2T(A +1/2)
e = 35 T(A)T(2A — 3/2)

0,

2AT(A—1/22T(A+1/2)" 1 7\

(D.47)

(D.48)

In g < q¢, we find ggn < 0, and hence we repeat the calculations by using the expression

of the mass to be mgrn = 2|a1]@ + ---. Then, we obtain

D.22 d=4

Mhairy = Msol + 2\/5/‘3((10 - Q) > Mol -

In d = 4, we use ggy ~ 17 ~ 0. The ansatz for r, is

r%:a10+a202+~-.

With this ansatz, urnN, grn, and mgrn are given by

9 2
MRN:@+\/6a19+\/6( az 61)02_'_“_’
2K 2K 4x
2
qRN:\/6a16+\/6(a1+a2)92+---,
2K 2K

MRN = 2a10 + (3a% + 2a2)92 4o,

To match this, we use the ansatz for the charge of the soliton as

q501:616’+6292+~--.

The chemical potential and mass of the soliton are

V6 [(bi(A—-1) 6 (A —=1)(b1(A—2)+b) 3V6
o =5 a1 a0 2A 1 * 16w
2v/6kb 1 262b3(A — 1
Mgol = 3 19+3<\/6K(2b2—b1)+21A(_1)>92+"'.

The charge of the hairy black hole is

6 6(a?
q = grN t Gsol = (fa1+b1>0+<\[(a1+a2)+b2>02+~-

2K 2K
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(D.51)

(D.52)
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We solve urn = fisol and g ~ 6 for a1 2 and by 2. Then, we obtain the mass mpairy = MRN+Ms0l
as a function of q. The result is, in ¢ > ¢,

2(A —1)?
32A —1)(3A -2

Mhairy = Msol —

)’{2((] - QC)2 ) (D'55)
where
_ VBea-1)
qc = m97
Nﬁ,{ﬁ(zm—l) 20 V6 ) |

20T 22 Y20
3 3ea—1)" 1T T 31

Msol =

(D.56)

In ¢ < g., where ggn < 0, we find

4/6(A - 1)k

3(3A — 2) (qc - Q) > Mol - (D57)

Mhairy = Msol +
D.2.3 d=5
In d =5, we use grN ~ 7} ~ 03/2. The ansatz for r, we choose is
TR = a191/2 + a90 + CL303/2 + a492 4+ (D.58)

With this ansatz, purn, grn, and mgn can be parametrized as

2 5a1 10a1a2 4 2 5(—5af + 12a3 + 24a;a3)
URN = 0+ 0
fﬁc 33k 3v/3k 36+/3k
n 5(—5atas + 6azas + 6(110,4)95/2 y
9v/3k
— 2a3 032 | 2\fa1a2 02 4 5ai + 18a1a3 + 18atas 95/2
V3K 33k
n 25ai‘a2 + 6a2 + 36ajasasz + 18a%a4 0 ...
33k ’

8 5
meN = 2a36%/% 4 6alas6? + (gl + 6aya3 + 6a%a3> 0°/2

02

40
+ ( 21“2 + 243 + 12a1asa3 + ﬁa%a4> E (D.59)

For the balancing of the chemical potential, the ansatz for the charge of the soliton is chosen as
Gsol = 010 + b203/2 + 5392 + 5405/2 2 R (D.60)
The chemical potential and mass of the soliton are
_ 2 1 5x22 25, T(A)T(2A — 5/2) 4
Heol = 35 V3K 3T(A+1/2)T(A —3/2)2
5 x 227280, T(A)T(2A — 5/2) 0372
3T(A+1/2)T(A —3/2)?

V3 22728(5b3 + 2b1(2A — 5))T(A)T(2A — 5/2)
+ (4ML ZP(A1+1/2)P(A—3/2)2 )92+""
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2k2T(A)T(2A —5/2
Mol = \/gl‘iblg + \/3:%()293/2 + (?K(Qb;g — bl) + 5b1H ( ) ( 5/ ))2> 92

2AT(A +1/2)T(A - 3/2

1 5b1bak? T(A)T(2A — 5/2) 5 /9
= [ V3r(2b4 — b 05/% ... D.61
3 (‘[ﬁ( 10t SR (A T 1/2) T (A - 32 L (D-61)
where b; > 0. The charge of the hairy black hole is
q = qrN + gsol = 016 + —2a?+b2 032 ... (D.62)
SO. \/gﬁ

Solving prN = pisol and g ~ 6, we obtain a1 234 and by 234. The mass Mmpairy = MRN + Mol
is then expressed as the following function of ¢, in ¢ > ¢,

3VAT(A)°2T(2A — 5/2)%/2

Mhairy = Msol — 2586 F(A — 3/2)5 F(A n 1/2)5/2 ’%5/2((] - qc)5/2 , (D63>
where
22872 /BT(A - 3/2)T(A + 1/2),
e = 5k D(A)T(2A — 5/2) !
B 5T(A)T(2A —5/2) V3
Mol = V/3kq + (22AF(A ~SPT(A T 1/2)/3(12 — 2/<cq9> : (D.64)

In ¢ < ¢, no real solution satisfying urn = psol Was obtained.
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