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1 Introduction

In the last decade there has been growing interest in special overlaps between particular
spin-chain states called boundary states [1, 2] and wavefunctions of integrable spin chains.
These overlaps are important in two parts of the theoretical physics. In statistical physics
these quantities appear in the context of non-equilibrium dynamics of the integrable models
and the overlaps play a central role in the study of the quantum quenches [3]. One of the main
methods for the investigation of the steady states is the so-called Quench Action method [4],
where the knowledge of the exact overlaps is an important input [5–10].

The other area of applications is the AdS/CFT correspondence. The boundary states
and the corresponding overlaps appear for various setups: the overlaps describe one-point
functions of the N = 4 super Yang-Mills and ABJM theories with domain wall defects [11–13]
and the three-point functions of two determinant and one single trace operators [14–16],
they also relevant for the correlators between the ’t Hooft line and chiral primaries of the
N = 4 super Yang-Mills [17] and for the correlation functions of a single trace operator and
a circular supersymmetric Wilson loop in ABJM theory [18].

In recent years, overlap functions have been determined for many boundary states [19–24].
In the most cases, these are only conjectures based on the observation that the overlaps are
proportional to the ratio of the so-called Gaudin determinants. There exist exact proofs
for the XXX and XXZ spin chains [25–28], but it is not clear how they can be extended to
arbitrary representations or nested systems. The first method which applied the algebraic
Bethe Ansatz for the derivations was published in [29]. The method is based on the so-
called KT -relation which allows us to derive a recursion for the overlaps in a representation
independent way. This method was generalized for gl(N) spin chains in [30]. So far, this is
the only precise proof of boundary state overlaps in nested systems. This method was also
generalized for the proof of overlaps with crosscap states [31]. However, the results of [30]
only include a subset of possible boundary states. In this paper we extend the procedure
and determine the on-shell overlap formulas for all possible integrable boundary states which
are built from two-site states.

In [30] it was showed that we can distinguish between untwisted and twisted boundary
states. For untwisted or twisted boundary states the Bethe roots have achiral or chiral pair
structure. The possible residual symmetries h for the untwisted states can be h = gl(M) ⊗
gl(N−M) and for the twisted states they are h = so(N) or h = sp(N). The derivations in [30]
could be applied for the h = gl(

⌊
N
2

⌋
)⊗gl(

⌈
N
2

⌉
) and h = so(N) symmetric cases. In this paper

we extend the results for the remaining symmetry classes. We now list the possible overlap
functions for the gl(N) spin chains. For h = gl(M) ⊗ gl(N −M) the on-shell overlaps are

⟨Ψ|ū⟩√
⟨ū|ū⟩

=
[

M∏
ν=1

brν−1−rν
ν

]
QM (a)√

Q̄N
2

(0)QN
2

( i
2)

×

√
detG+

detG− , where N is even,

⟨Ψ|ū⟩√
⟨ū|ū⟩

=
[

M∏
ν=1

brν−1−rν
ν

]
QM (a)√

QN−1
2

(− i
4)QN−1

2
( i

2)
×

√
detG+

detG− , where N is odd.

(1.1)
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For h = so(N):

⟨Ψ|ū⟩√
⟨ū|ū⟩

=
[

N∏
ν=1

yrν−1−rν
ν

][
N−1∏
ν=1

√
Qν(0)
Qν( i

2)

]
×

√
detG+

detG− , (1.2)

and for h = sp(N):

⟨Ψ|ū⟩√
⟨ū|ū⟩

=

N/2∏
k=1

x
r2k−2−r2k

k


√√√√ ∏N/2−1

k=1 Q2k(0)Q2k(i/2)∏N/2
k=1 Q̄2k−1(0)Q2k−1(i/2)

×

√
detG+

detG− . (1.3)

The a, bν , xk, yν are parameters of the boundary state, the Qν-s are the usual Q-functions,
rν-s are the number of Bethe roots and detG± are the Gaudin-like determinants. The proof
for (1.1) when M =

⌊
N
2

⌋
and for (1.2) can be found in [30]. In this paper we extend the

derivation of (1.1) for general M . We also give strong arguments for the correctness of (1.3),
but leave the precise proof to a later work.

The formulas can be applied for any representations of gl(N) therefore they give the
overlaps of the SO(6) and the alternating SU(4) spin chains which describe the scalar sectors
of the N = 4 SYM and the ABJM theories. We show that our formulas agree with the
conjectures of the overlaps appeared in [16–18].

The paper is organized as follows. In section 2 we briefly recall the definitions of
the gl(N) symmetric spin chains. In section 3 we show the properties the untwisted KT -
relation and derive a sum formula for the off-shell overlaps which gives the proof of the
on-shell formula (1.1). In section 4 we continue with the twisted KT -relation and derive
the corresponding sum formula for the off-shell overlaps of the sp(N) symmetric boundary
states. We show that the sum formula has the same embedding rules as the Gaudin-like
determinants which allows us to conjecture (1.3). In section 5 we apply our on-shell formulas
for the states which appeared earlier in the AdS/CFT correspondence.

2 Definitions

In this section we review the definitions of the gl(N) symmetric spin chains. Let us start
with our conventions for gl(N) algebra and its representations. Let Ei,j-s be the N ×N unit
matrices which have components (Ei,j)a,b = δi,aδj,b and they are satisfy the gl(N) Lie-algebra:

[Ei,j , Ek,l] = δj,kEi,l − δi,lEk,j . (2.1)

For the N -tuples Λ = (Λ1, . . . ,ΛN ) we can define a highest weight representation VΛ. Let
EΛ

i,j ∈ End(VΛ) and |0Λ⟩ ∈ VΛ be the corresponding generators and highest weight state
for which

EΛ
i,j |0Λ⟩ = Λi|0Λ⟩, for i = 1, . . . , N,

EΛ
i,j |0Λ⟩ = 0, for 1 ≤ i < j ≤ N.

(2.2)

Let us continue with the definition of the corresponding Yangian algebra Y (N) [32]. We
use the notations of [30, 33–36]. The Yangian algebra Y (N) is generated by the monodromy
matrix T (u) =

∑N
i,j=1Ei,j⊗Ti,j(u) ∈ End(CN )⊗Y (N) which satisfies the usual RTT -relation

R12(u− v)T1(u)T2(v) = T2(v)T1(u)R12(u− v), (2.3)

– 3 –
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where we use the gl(N) R-matrix

R(u) = u1 + cP, (2.4)

where c is a constant and I, P are the identity and the permutation operators in the vector
space CN ⊗ CN . We can define representations of the Yangian Y (N) on a quantum space H.
A representation is highest weight if there exists a unique pseudo-vacuum |0⟩ ∈ H such that

Ti,i|0⟩ = λi(u)|0⟩, for i = 1, . . . , N,
Tj,i|0⟩ = 0, for 1 ≤ i < j ≤ N.

(2.5)

The λi(u)-s are the vacuum eigenvalues. The irreducible representations of gl(N) can be
generalized for representations of Y (N). We can define the matrices (Lax-operators)

LΛ(u) = 1 + c

u

N∑
i,j=1

Ei,j ⊗ EΛ
j,i ∈ End(CN ) ⊗ End(VΛ), (2.6)

which are solutions of the RTT -relation.
Let us consider the following tensor product quantum space H = H(1) ⊗H(2) and define

monodromy matrices on each sub-spaces T (i)(u) ∈ End(CN )⊗H(i) for i = 1, 2. We can define
a monodromy matrix (which satisfy the RTT -relation) on the tensor product space as

Ti,j(u) =
N∑

a=1
T

(1)
a,j (u) ⊗ T

(2)
i,a (u). (2.7)

The consequence of this co-product property is that we can build more general monodromy
matrices using the elementary ones (2.6):

T0(u) = LΛ(J)
0,J (u− ξJ) . . . LΛ(1)

0,1 (u− ξ1), (2.8)

where ξj ∈ C are the inhomogeneities. We can series expand the monodromy matrix around
u = ∞ as

Ti,j(u) = δi,j + c

u
∆(Ej,i) + O(u−2), (2.9)

where we introduced the co-product of the gl(N) generators

∆(Ei,j) =
∑

k

(
EΛ(k)

i,j

)
k
, (2.10)

where the operators
(
EΛ(k)

i,j

)
k

act non-trivially only on the site k. For this monodromy
matrix (2.8) the pseudo vacuum is

|0⟩ = |0Λ(1)⟩ ⊗ · · · ⊗ |0Λ(J)⟩, (2.11)

for which

∆(Ei,i)|0⟩ = Λi|0⟩, (2.12)

where Λi =
∑J

j=1 Λ(j)
i are the gl(N) weights of the pseudo-vacuum.

– 4 –
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We can also define the transfer matrix

T (u) = trT (u), (2.13)

which gives commuting quantities

[T (u), T (v)] = 0. (2.14)

For a given sets of complex numbers t̄µ = {tµk}
rk
k=1, µ = 1, . . . , N − 1, following [33], one

can define off-shell Bethe vectors

B(t̄) ≡ B(t̄1, . . . , t̄N−1). (2.15)

The recursion for the definition of the off-shell Bethe vectors can be found in the appendix A.
The Bethe vector is on-shell if the Bethe roots t̄µ satisfies the Bethe Ansatz equations

αµ(tµk) := λµ(tµk)
λµ+1(tµk) = f(tµk , t̄

µ
k)

f(t̄µk , t
µ
k)
f(t̄µ+1, tµk)
f(tµk , t̄µ−1)

, (2.16)

where we used the following notations

g(u,v) = c

u−v
, h(u,v) = f(u,v)

g(u,v) ,

f(u,v) = 1+g(u,v) = u−v+c
u−v

, t̄µk = t̄µ\tµk ,

f(u, t̄i) =
ri∏

k=1
f(u,tik), f(t̄i,u) =

ri∏
k=1

f(tik,u), f(t̄i, t̄j) =
ri∏

k=1
f(tik, t̄j).

(2.17)

The on-shell Bethe vectors are eigenvectors of the transfer matrix

T (u)B(t̄) = τ(u|t̄)B(t̄), (2.18)

with the eigenvalue

τ(u|t̄) =
N∑

i=1
λi(u)f(t̄i, u)f(u, t̄i−1), (2.19)

where r0 = rN = 0.
One can also define the left eigenvectors of the transfer matrix

C(t̄)T (u) = τ(u|t̄)C(t̄), (2.20)

and the square of the norm of the on-shell Bethe states satisfies the Gaudin hypothesis [34]

C(t̄)B(t̄) =
∏N−1

ν=1
∏

k ̸=l f(tνl , tνk)∏N−2
ν=1 f(t̄ν+1, t̄ν)

detG, (2.21)

where G is the Gaudin matrix given by

G
(µ,ν)
j,k = −c

∂ log Φ(µ)
j

∂tνk
, (2.22)

– 5 –
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where we defined the expressions

Φ(µ)
k = αµ(tµk)f(t̄µk , t

µ
k)

f(tµk , t̄
µ
k)
f(tµk , t̄µ−1)
f(t̄µ+1, tµk)

. (2.23)

We can also define another monodromy matrix which satisfies the same RTT -algebra [35].
This transfer matrix can be obtained from one of the quantum minors as

T̂N+1−j,N+1−i(u) = (−1)i+jt1,...,ĵ,...,N

1,...,̂i,...,N
(u− c)qdet(T (u))−1, (2.24)

ta1,a2,...,am

b1,b2,...,bm
(u) =

∑
p

sgn(p)Ta,bp(1)(u)Ta,bp(2)(u− c) . . . Ta,bp(m)(u− (m− 1)c), (2.25)

qdet(T (u)) = t1,2,...,N
1,2,...,N (u). (2.26)

Here î and ĵ mean that the corresponding indices are omitted. We call T̂ as twisted monodromy
matrix. The twisted monodromy matrix T̂ is also a highest weight representation of Y (N), i.e.,

T̂i,i|0⟩ = λ̂i(u)|0⟩, for i = 1, . . . , N,
T̂j,i|0⟩ = 0, for 1 ≤ i < j ≤ N,

(2.27)

where the pseudo-vacuum eigenvalues are

λ̂i(u) = 1
λN−i+1(u− (N − i)c)

N−i∏
k=1

λk(u− kc)
λk(u− (k − 1)c) . (2.28)

The ratios of the vacuum eigenvalues have the following form

α̂i(u) = λ̂i(u)
λ̂i+1(u)

= αN−i(u− (N − i)c). (2.29)

The twisted monodromy matrix T̂ is similar to the inverse of the original monodromy matrix T :

V T̂ t(u)V T (u) = 1, (2.30)

where V is an off-diagonal N × N matrix of the auxiliary space with the components
Vi,j = δi,N+1−j and the superscript t is the transposition in the auxiliary space, i.e.

[
T̂ t(u)

]
i,j

=

T̂j,i(u). Applying this equation to the RTT -relation we obtain the RT̂T -relation

R̄1,2(u− v)T̂1(u)T2(v) = T2(v)T̂1(u)R̄1,2(u− v), (2.31)

where we used the crossed R-matrix

R̄1,2(u) = V2R
t2
1,2(−u)V2. (2.32)

One can also define the corresponding twisted transfer matrix as

T̂ (u) = trT̂ (u) =
N∑

i=1
T̂i,i(u). (2.33)

– 6 –
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From the RT̂T -relation (2.31) on can derive that the original and twisted monodromy
matrices are commuting

[T (u), T̂ (v)] = 0, (2.34)

therefore they have common eigenvectors. Let B̂(t̄) be the off-shell Bethe vector generated
from T̂i,j . In [35] the connection between the Bethe vectors B(t̄) and B̂(t̄) was determined

B̂(t̄) = (−1)#t̄

(
N−2∏
s=1

f(t̄s+1, t̄s)
)−1

B(µ(t̄)), (2.35)

where
µ(t̄) = {t̄N−1 − c, t̄N−2 − 2c, . . . , t̄1 − (N − 1)c}. (2.36)

The eigenvalue of the twisted transfer matrix

T̂ (u)B(t̄) = τ̂(u|t̄)B(t̄) (2.37)

has the following form

τ̂(u|t̄) =
N∑

i=1
λ̂i(u)f(t̄N−i + (N − i)c, u)f(u, t̄N−i+1 + (N − i+ 1)c). (2.38)

From the co-product form of the monodromy matrix (2.8), we can obtain the co-product
form of twisted monodromy matrix using (2.30)

T̂0(u) = L̂Λ(J)
0,J (u− ξJ) . . . L̂Λ(1)

0,1 (u− ξ1), (2.39)

where
L̂Λ

0,1(u) = V0

((
L̂Λ

0,1(u)
)−1

)t0

V0. (2.40)

For rectangular Young diagrams where Λj = s for j ≤ a, Λj = 0 for j ≥ a let us introduce
the notation L(s,a)(u) for the Lax-operators. For these representations the Lax-operators
satisfy the unitarity property

L(s,a)(u)L(s,a)(−u− c(s− a)) = (u+ cs)(u− ca)
u(u+ c(s− a)) 1, (2.41)

therefore
L̂

(s,a)
0,1 (u) = u(u+ c(s− a))

(u+ cs)(u− ca)V0
(
L

(s,a)
0,1 (−u− c(s− a))

)t0
V0. (2.42)

3 Exact overlaps for untwisted boundary states

In this section we review the so-called KT -relation which serves as the defining relation for
the integrable boundary states [30]. One can introduce the KT -relation in two different ways,
and we analyze the untwisted and the twisted KT -relations, separately. The main advantage
of these relations is that we can replace the creation operators in the Bethe vectors with the
annihilation ones, which opens the way to calculate overlaps between Bethe and boundary
states by recursion. In this section we concentrate on the untwisted case. In [30] the formulas
for on-shell overlaps were derived for a subset of integrable boundary states. In this section
we review these results and generalize them for all integrable boundary states.

– 7 –
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3.1 Definition of the untwisted integrable states

The untwisted integrable boundary states ⟨Ψ| are defined by the following untwisted KT -
relation

K0(u)⟨Ψ|T0(u) = ⟨Ψ|T0(−u)K0(u), (3.1)

where K(u) is an invertible N ×N matrix of the auxiliary space.1 We define the twisted KT -
relation in the next section. In [30] it was showed that the consistency of the definition (3.1)
requires the reflection equation for the K-matrix

R1,2(u− v)K1(−u)R1,2(u+ v)K2(−v) = K2(−v)R1,2(u+ v)K1(−u)R1,2(u− v). (3.2)

In the following we analyze the KT -relation in more detail. We investigate the properties
of the possible K-matrices, show the relation between K-matrices and boundary states and
also show the consequences of the KT -relation for the on-shell overlaps.

3.1.1 Integrable K-matrices and their regular forms

The most general solution of the reflection equation (3.2) is well known [37]:

K(u) = a

u
1 + U , (3.3)

where U is an N × N involution matrix, i.e.,

U2 = 1. (3.4)

The constant a ∈ C is a free parameter of the K-matrix. We note that there is another type
of solutions of the reflection equation for which U2 = 0, and we call them singular solutions.

Since the monodromy matrix has gl(N) symmetry

T0(u) = G0∆(G)T0(u)G−1
0 ∆(G−1), (3.5)

(where G ∈ GL(N) and ∆(G) ∈ End(H) is the co-product of G which acts on the quantum
space and G0 acts on the auxiliary space) we can obtain transformed K-matrices and
boundary states

KG(u) = G−1
0 K0(u)G0, ⟨ΨG| = ⟨Ψ|∆(G), (3.6)

which also satisfy the untwisted KT -relation:

KG(u)⟨ΨG|T0(u) = ⟨ΨG|T0(−u)KG(u). (3.7)

One can diagonalize the involution U as

G−1UG = diag(−1, . . . ,−1︸ ︷︷ ︸
M

,+1, . . . ,+1︸ ︷︷ ︸
N−M

), (3.8)

1Since the defining equation of the monodromy matrix (RT T -equation (2.3)) is homogeneous on T , the
renormalized monodromy matrix T̃ (z) = λ̃(z)T (z) is also a solution of the RT T -relation. However this
renormalized monodromy matrix satisfies only a renormalized KT -relation therefore using the definition (3.1)
we partially fixed the normalization freedom to the symmetric functions λ̃(−z) = λ̃(z).

– 8 –
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where the numbers of −1-s and 1 are M and N −M , respectively. We say that the matrix U
has signature (M,N −M) and we call it type (N,M) involution. We can see that the K-
matrix commutes with a gl(M)⊕gl(N−M) subalgebra of the original algebra gl(N) therefore
we call this K-matrix and the corresponding boundary state ⟨Ψ| the gl(M) ⊕ gl(N −M)
symmetric K-matrix and boundary state. Without loss of generality we can assume that
M ≤ N

2 . We also call the K-matrix and boundary states with signature (3.8) as type (N,M)
K-matrix and boundary states.

At the end of the day, we are interested in on-shell overlaps ⟨Ψ|B(t̄). We know that the
on-shell Bethe states B(t̄) are highest weight states, i.e.,

∆(Ei,j)B(t̄) = 0, for i < j. (3.9)

Applying this property we obtain that the on-shell overlaps are invariant under GL(N)
transformations corresponding these generators

⟨ΨG|B(t̄) = ⟨Ψ|∆(G)B(t̄) = ⟨Ψ|B(t̄), (3.10)

where G = exp(φEi,j) for i < j. In the following let us try to apply such transformations,
which leave the on-shell overlap invariant, to obtain a fixed form for different K-matrices
and involutions U with the same type.

Let us define GL(N) transformations which contains only generators Ei,j where i < j

(rising operators):

G = exp
(

N−1∑
c=2

φcE1,c

)
exp

(
N−1∑
c=2

ϕcEc,N

)
exp(ΦE1,N ), (3.11)

where the angles are fixed by

φc = −UN,c

UN,1
, ϕc = Uc,1

UN,1
, Φ = −UN,N − s

UN,1
, s = ±1. (3.12)

We saw that the transformation ⟨Ψ|∆(G) does not change the on-shell overlaps. The
corresponding transformed U-matrix is

U (2) = G−1UG, (3.13)

which has the following components

U (2)
1,1 = −s, U (2)

1,b = 0, U (2)
1,N = 0,

U (2)
a,1 = 0, U (2)

a,b = Ua,b −
Ua,1UN,b

UN,1
, U (2)

a,N = 0, (3.14)

U (2)
N,1 = UN,1, U (2)

N,b = 0, U (2)
N,N = s,

where a, b = 2, . . . , N−1. Without limiting the generality, let us choose the convention s = +1.
We can see that the new matrix U (2) has a block diagonal form and the matrix

{
U (2)

a,b

}N−1

a,b=2
in the N − 2 dimensional invariant subspace is a type (N − 2,M − 1) involution matrix.
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Applying the analog transformation on the N − 2 dimensional invariant subspace, we obtain
an N − 4 dimensional invariant subspace. Reaping this method, we obtain a series of matrices

U (k+1) =
(
G(k)

)−1
U (k)G(k), U (1) = U , (3.15)

where the GL(N) transformations are

G(k) = exp

 N−k∑
c=k+1

φ(k)
c Ek,c

 exp

 N−k∑
c=k+1

ϕ(k)
c Ec,N+1−k

 exp(Φ(k)Ek,N+1−k), (3.16)

with

φ(k)
c = −

U (k)
N+1−k,c

U (k)
N+1−k,k

, ϕ(k)
c =

U (k)
c,k

U (k)
N+1−k,k

, Φ(k) = −
U (k)

N+1−k,N+1−k − 1

U (k)
N+1−k,1

. (3.17)

The components of the matrices U (k) have the following recursion

U (k+1)
α,β = −δα,β , U (k+1)

α,b = 0, U (2)
α,β̄

= 0,

U (k+1)
a,β = 0, U (k+1)

a,b = U (k)
a,b −

U (k)
a,kU

(k)
N+1−k,b

U (k)
N+1−k,k

, U (2)
a,β̄

= 0, (3.18)

U (k+1)
ᾱ,β = U (β)

ᾱ,βδN+1−ᾱ,β , U (k+1)
ᾱ,b = 0, U (2)

ᾱ,β̄
= +δᾱ,β̄ ,

where α, β = 1, . . . , k, a, b = k + 1, . . . , N − k, ᾱ, β̄ = N − k + 1, . . . , N . We can see that the
matrix

{
U (k+1)

a,b

}N−k

a,b=k+1
in the N−2k dimensional invariant subspace is a type (N−2k,M−k)

involution matrix. We can use this definition as long as U (k)
N+1−k,k ̸= 0, which is equivalent to

that the N − 2k+ 2 dimensional matrix
{
U (k)

a,b

}N+1−k

a,b=k
is not a type (N − 2k+ 2, 0) involution

matrix which is the identity, i.e. for the type (N,M) involution the recursion stops at the
k = M + 1 step and we have the involution matrix

U (M+1)
α,β = −δα,β , U (M+1)

α,b = 0, U (M+1)
α,β̄

= 0,

U (M+1)
a,β = 0, U (M+1)

a,b = +δa,b, U (M+1)
a,β̄

= 0, (3.19)

U (M+1)
ᾱ,β = bβδN+1−ᾱ,β , U (M+1)

ᾱ,b = 0, U (M+1)
ᾱ,β̄

= +δᾱ,β̄ ,

where α, β = 1, . . . ,M , a, b = M + 1, . . . , N −M , ᾱ, β̄ = N −M + 1, . . . , N and

bβ = U (β)
N+1−β,β . (3.20)

Hereafter, we call the matrix U (M+1) (and the corresponding K-matrix K(M+1)(z) = a
z 1 +

U (M+1) and boundary state ⟨Ψ(M+1)|) the regular form of the type (N,M) involution U
(and K-matrix K(z) and boundary state ⟨Ψ|). Since the GL(N) transformations (3.16)
contain only rising operators, the on-shell overlaps with the regular and the original boundary
states are the same

⟨Ψ(M+1)|B(t̄) = ⟨Ψ|
M∏

k=1
∆(G(k))B(t̄) = ⟨Ψ|B(t̄). (3.21)

During the calculation of the overlaps, we concentrate on K-matrices with regular forms.
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3.1.2 Solutions of the untwisted KT -relations

During the derivations of the overlaps, we do not need to specify ⟨Ψ|, it is enough to require
the constraint (3.1). In the following we demonstrate that there exist non-trivial boundary
states ⟨Ψ| for all K-matrix and we show the connections to the solutions of the reflection
equations in different representations.

We can build integrable boundary states using the co-product property (2.7). For the
tensor product quantum space H = H(1) ⊗H(2), if the ⟨Ψ(1)| ∈ H(1) and ⟨Ψ(2)| ∈ H(2) are
integrable boundary states with the same K-matrix K(u), i.e., the KT -relations are satisfied

K0(u)⟨Ψ(i)|T (i)
0 (u) = ⟨Ψ(i)|T (i)

0 (−u)K0(u), for i = 1, 2, (3.22)

then the tensor product state

⟨Ψ| = ⟨Ψ(1)| ⊗ ⟨Ψ(2)| ∈ H (3.23)

satisfies the KT -relation (3.1) with the same K-matrix K(u) (see [30]). The consequence of
this co-product property is that we can build integrable boundary states as tensor products
of integrable two-site states.

Elementary two-site states for the defining representations. The simplest example
is that where the quantum space is the tensor product of the defining and its contra-gradient
representations for which the monodromy matrix is

T0(u) = L̄0,2(u+ θ)L0,1(u− θ), (3.24)

where L(u) is Lax operator (2.6) for Λ = (1, 0, . . . , 0) and L̄(u) is Lax operator for Λ =
(0, . . . , 0,−1), i.e.

L(u) = 1 + c

u

N∑
i,j=1

Ei,j ⊗ Ej,i, L̄(u) = 1 − c

u

N∑
i,j=1

Ei,j ⊗ EN+1−i,N+1−j . (3.25)

For this “elementary” monodromy matrix the KT-relation reads as

K0(u)⟨ψ(θ)|L̄0,2(u+ θ)L0,1(u− θ) = ⟨ψ(θ)|L̄0,2(−u+ θ)L0,1(−u− θ)K0(u). (3.26)

The “elementary” two-site state ⟨ψ(θ)| acts on the sites 1, 2. We can use the natural basis
vectors ei in CN for which Ei,jek = δj,kei. The “elementary” two-site state can be expressed
as ⟨ψ(θ)| =

∑
ψi,j(θ)(ei)t ⊗ (ej)t. Using the equivalent matrix form of the two site state

ψ(θ) =
∑
ψj,i(θ)Ei,j the KT -relation reads (3.26) as

K0(u)L̄0,1(u+ θ)t1ψ1(θ)L0,1(u− θ) = L̄0,1(−u+ θ)t1ψ1(θ)L0,1(−u− θ)K0(u). (3.27)

Since

L̄0,1(u)t1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗ (EN+1−i,N+1−j)t
1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗ (EN+1−j,N+1−i)1

= V1L0,1(−u)V1, (3.28)
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the KT -relation simplifies as

K0(u)L0,1(−u− θ)V1ψ1(θ)L0,1(u− θ) = L0,1(u− θ)V1ψ1(θ)L0,1(−u− θ)K0(u). (3.29)

Since the permutation operator has the form P =
∑

i,j Ei,j ⊗ Ej,i the Lax operator is just
the R-matrix L(u) = 1

uR(u) therefore the KT -relation is simplified as

K0(u)R0,1(−u− θ)V1ψ1(θ)R0,1(u− θ) = R0,1(u− θ)V1ψ1(θ)R0,1(−u− θ)K0(u). (3.30)

We just obtained the original reflection equation (3.2) therefore the two-site satisfies the
“elementary” KT-relation (3.26) if

V ψ(θ) = K(θ) → ψj,i(θ) = KN+1−i,j(θ). (3.31)

Elementary two-site states for general representations. We can generalize the
two-site states and the corresponding KT -relation for any representation Λ as

K0(u)⟨ψΛ(θ)|LΛ̄
0,2(u+ θ)LΛ

0,1(u− θ) = ⟨ψΛ(θ)|LΛ̄
0,2(−u+ θ)LΛ

0,1(−u− θ)K0(u), (3.32)

where Λ = (Λ1, . . . ,ΛN ) and Λ = (−ΛN , . . . ,−Λ1). For representations Λ (even for infinite
dimensional ones) for which there is a non-trivial solution of the above equation, we can
build general integrable two-site states as

⟨Ψ| = ⟨ψΛ1(θ1)| ⊗ ⟨ψΛ2(θ2)| ⊗ · · · ⊗ ⟨ψΛJ/2(θJ/2)|. (3.33)

In the following we demonstrate that there exist two-site states for any finite dimensional irreps.
At first, let us choose a basis eΛ

i in VΛ and their co-vectors are
(
eΛ

i

)t
. We can express

the two-site state as ⟨ψΛ(θ)| =
∑
ψi,j(θ)

(
eΛ

i

)t
⊗
(
eΛ

j

)t
. Using the equivalent matrix form of

the two-site state ψΛ(θ) =
∑
ψΛ

j,i(θ)eΛ
i ⊗

(
eΛ

j

)t
, the KT -relation (3.32) reads as

K0(u)LΛ̄
0,1(u+ θ)t1ψΛ

1 (θ)LΛ
0,1(u− θ) = LΛ̄

0,1(−u+ θ)t1ψΛ
1 (θ)LΛ

0,1(−u− θ)K0(u). (3.34)

Let us look at the Lax operator LΛ̄ in more detail. It contains the highest weight representation
EΛ̄

i,j . Let us define the following sets of operators

ĒΛ
i,j = −EΛ

N+1−j,N+1−i, (3.35)

which is also a highest weight irrep of gl(N) and the highest weights are (−ΛN , . . . ,−Λ1)
therefore we can choose the convention for the generators EΛ̄

i,j as EΛ̄
i,j = −EΛ

N+1−j,N+1−i. We

also choose the convention
(
EΛ

i,j

)t
= EΛ

j,i therefore

LΛ̄
0,1(u)t1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗
(
EΛ

N+1−j,N+1−i

)
1
. (3.36)

The set of operators ẼΛ
i,j = EΛ

N+1−i,N+1−j is also an irrep of gl(N) but the state |0Λ⟩ is now a
lowest weight state i.e. Ẽi,j |0Λ⟩ = 0 for i > j and the lowest weights are (ΛN , . . . ,Λ1). Since
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every finite dimensional irreps are highest weight reps therefore there exists a highest weight
state |0̃Λ⟩ with highest weights (Λ1, . . . ,ΛN ). Since the highest weight irreps are unique there
exists a similarity transformation V Λ for which ẼΛ

i,j = V ΛEΛ
i,jV

Λ, i.e.,

LΛ̄
0,1(u)t1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗
(
V ΛEΛ

j,iV
Λ
)

1
= V Λ

1 L
Λ
0,1(−u)V Λ

1 . (3.37)

Substituting back to the equation (3.34), we obtain that

K0(u)LΛ
0,1(−u− θ)V Λ

1 ψ
Λ
1 (θ)LΛ

0,1(u− θ) = LΛ
0,1(u− θ)V Λ

1 ψ
Λ
1 (θ)LΛ

0,1(−u− θ)K0(u), (3.38)

which is equivalent to the reflection equation

K0(−u)LΛ
0,1(θ + u)KΛ

1 (−θ)LΛ
0,1(θ − u) = LΛ

0,1(θ − u)KΛ
1 (−θ)LΛ

0,1(θ + u)K0(−u), (3.39)

where we used the notation

KΛ
1 (θ) = V Λ

1 ψ
Λ
1 (θ) → ψΛ

j,i(θ) =
∑

k

V Λ
i,kK

Λ
k,j(θ). (3.40)

Since the reflection equation has non-trivial solution for any finite dimensional representation
Λ (e.g. it can be obtained from the original K-matrix K(u) using the fusion procedure [38])
we just showed that the two-site states exist for any finite dimensional irreps. However, it
is worth to note that the original equation (3.32) also has infinite dimensional solutions
and our later derivations are independent from the quantum space therefore the results are
valid even for the infinite dimensional integrable two-site states. In section 5.3 we show an
example for infinite dimensional boundary state.

Symmetric properties of the vacuum eigenvalues. We showed that we can build
general integrable states as

⟨Ψ| = ⟨ψΛ(1)(θ1)| ⊗ ⟨ψΛ(2)(θ2)| ⊗ · · · ⊗ ⟨ψΛ(J)(θJ)|, (3.41)

where the monodromy matrices are defined as

T0(u) = LΛ̄(J)
0,2J (u+ θJ)LΛ(J)

0,2J−1(u− θJ) . . . LΛ̄(2)
0,2 (u+ θ1)LΛ(1)

0,1 (u− θ1). (3.42)

We can see that untwisted final states exist only for alternating spin chains where the
representation of site 2j is the conjugate representation of site 2j − 1. For these alternating
chain the pseudo-vacuum eigenvalues are

λi(u) =
J∏

k=1

u− θk + cΛ(k)
i

u− θk

u+ θk + cΛ̄(k)
i

u+ θk
=

J∏
k=1

u− θk + cΛ(k)
i

u− θk

u+ θk − cΛ(k)
N+1−i

u+ θk
, (3.43)

therefore we have the following properties

λi(u) = λN+1−i(−u), αi(u) = 1
αN−i(−u) . (3.44)

– 13 –



J
H
E
P
0
5
(
2
0
2
4
)
1
9
4

3.1.3 Pair structure

In this paper our goal is to calculate the overlaps between boundary states and on-shell
Bethe states: ⟨Ψ|B(t̄). There is an important property of these on-shell overlaps. From the
KT -relation (3.1) we can easily show that

⟨Ψ|(T (u) − T (−u)) = 0. (3.45)

Applying it on an on-shell Bethe vector we obtain that(
τ(u|t̄) − τ(−u|t̄)

)
⟨Ψ|B(t̄) = 0, (3.46)

therefore the non-vanishing on-shell overlaps (⟨Ψ|B(t̄) ̸= 0) require that

τ(u|t̄) = τ(−u|t̄). (3.47)

It can be shown that it is equivalent to that the Bethe roots have achiral pair structure
t̄N−ν = −t̄ν i.e.,

t̄ = πa(t̄), πa(t̄) = {−t̄N−1,−t̄N−2, . . . ,−t̄1}. (3.48)

We introduce some notations. For odd N or even N where rN
2

is even, we can decompose

the set of Bethe roots as t̄ = t̄+ ∪ t̄−, where t̄± =
{
t̄±,ν

}⌊N
2 ⌋

ν=1 and t̄+,ν = t̄ν , t̄−,ν = t̄N−ν for

ν < N
2 and t̄+, N

2 =
{
t

N
2

k

}r N
2

/2

k=1
, t̄−, N

2 =
{
t

N
2

k

}r N
2

k=r N
2

/2+1
. In the pair structure limit t̄− = −t̄+.

For even N where rN
2

is odd, we can decompose the set of Bethe roots as t̄ = t̄+ ∪ t̄− ∪ t̄0,

where t̄± =
{
t̄±,ν

}N
2

ν=1 and t̄+,ν = t̄ν , t̄−,ν = t̄N−ν for ν < N
2 and t̄+, N

2 =
{
t

N
2

k

} r N
2

−1

2

k=1
,

t̄−, N
2 =

{
t

N
2

k

}r N
2
−1

k=
r N

2
+1

2

, t̄0 =
{
t

N
2

rN

}
. In the pair structure limit t̄− → −t̄+ and t̄0 → {0}.

We will show that the on-shell overlaps are proportional to the Gaudin-like determinant
detG+. When t̄0 = ∅, we have the decomposition t̄ = t̄+ ∪ t̄− and we can also make
the corresponding decomposition of the set Φ̄ = {Φµ

k}µ,k (which are defined by (2.23))
as Φ̄ = Φ̄+ ∪ Φ̄−. Due to this decomposition, the original Gaudin matrix (2.22) has the
following block form

G =
(
A++ A+−

A−+ A−−

)
, (3.49)

where we defined the following matrices

A
++,(µ,ν)
j,k = −c ∂

∂t+,ν
k

log Φ+,(µ)
j

∣∣∣∣∣
t̄−=−t̄+

, A
+−,(µ,ν)
j,k = −c ∂

∂t−,ν
k

log Φ+,(µ)
j

∣∣∣∣∣
t̄−=−t̄+

,

A
−+,(µ,ν)
j,k = −c ∂

∂t+,ν
k

log Φ−,(µ)
j

∣∣∣∣∣
t̄−=−t̄+

, A
−−,(µ,ν)
j,k = −c ∂

∂t−,ν
k

log Φ−,(µ)
j

∣∣∣∣∣
t̄−=−t̄+

,

(3.50)
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It is easy to show that A++ = A−− and A+− = A+−. Using these identities, one can show
that the original Gaudin determinant factorizes in the pair structure limit as

detG = detG+ detG−, (3.51)

where
detG± = det

(
A++ ±A+−

)
. (3.52)

For odd rN/2, i.e, when t̄0 =
{
t
N/2
rN/2

}
, we have the decomposition t̄ = t̄+ ∪ t̄0 ∪ t̄− and

Φ̄ = Φ̄+ ∪ Φ̄0 ∪ Φ̄−. Due to this decomposition, the original Gaudin matrix (2.22) has
the following block form

G =

A
++ A+0 A+−

A0+ A00 A0−

A−+ A−0 A−−

, (3.53)

where we defined the following matrices

A
+0,(µ)
j = −c ∂

∂t
N/2
rN/2

log Φ+,(µ)
j , A

−0,(µ)
j = −c ∂

∂t
N/2
rN/2

log Φ−,(µ)
j ,

A
0+,(ν)
k = −c ∂

∂t+,ν
k

log Φ(N/2)
rN/2

, A
0−,(ν)
k = −c ∂

∂t−,ν
k

log Φ(N/2)
rN/2

,

A00 = −c ∂

∂t
N/2
rN/2

log Φ(N/2)
rN/2

.

(3.54)

In the r.h.s. we took the pair structure limit t̄−,ν → −t̄+,ν , t̄0 → {0} after the derivation.
It is easy to show that

A++ = A−−, A+− = A−+,

A0+ = A0−, A0− = A0+,
(3.55)

therefore the original Gaudin determinant factorizes also as (3.51) with the definitions

detG+ =
∣∣∣∣∣A++ +A+− A+0

A0+ 1
2A

00

∣∣∣∣∣, detG− = 2
∣∣∣A++ −A+−

∣∣∣. (3.56)

3.2 Overlaps for the type (N,
⌊

N
2

⌋
), (N, 0) and singular K-matrices

In this subsection we review the results of [30] for the untwisted overlaps. In [30] the on-shell
overlap formulas were proved for the type (N,

⌊
N
2

⌋
) boundary states. In the next subsection

we use this result to prove the on-shell overlap formulas for all untwisted boundary states.

3.2.1 On-shell overlaps for type (N,
⌊

N
2

⌋
) K-matrices

Let us choose the type (N,
⌊

N
2

⌋
) K-matrix with its regular form

K(z) =
⌊N

2 ⌋∑
k=1

a− z

z
Ek,k +

N∑
k=⌊N

2 ⌋+1

a + z

z
Ek,k +

⌊N
2 ⌋∑

k=1
bkEN+1−k,k. (3.57)
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In [30] it was proved that the normalized on-shell overlap has the following simple form

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=
(
−2a

c

)r0 N
2∏

ν=1
brν−1−rν

ν F⌊
N
2 ⌋(t̄+,⌊N

2 ⌋)

√
detG+

detG− ,

where we introduced a quantum number r0 = #t̄0 and the one-particle overlap functions
F⌊

N
2 ⌋ read as

F( N−1
2 )(z) = −a− z√

(−z)(c/2 − z)
,

F( N
2 )(u) = (a− z)(a + z)√

−z2(c/2 − z)(c/2 + z)
.

(3.58)

In the applications it is common to use the c = i convention and redefine the Bethe
roots as u(µ)

k := tµk + i
2µ + x for which the Bethe equations read as

αµ

(
u

(µ)
k − i

2µ− x

)
=

rµ∏
l ̸=k

u
(µ)
k − u

(µ)
l + i

u
(µ)
k − u

(µ)
l − i

rµ+1∏
l=1

u
(µ)
k − u

(µ+1)
l − i

2

u
(µ)
k − u

(µ+1)
l + i

2

rµ+1∏
l=1

u
(µ)
k − u

(µ−1)
l − i

2

u
(µ)
k − u

(µ−1)
l + i

2

.

For x = −iN
4 the pair structure limit tN−µ

l = −tµk becomes u(N−µ)
l = −u(µ)

k . Introducing
the Q-functions

Qµ(u) =
rµ∏

k=1
(u− uµ

k), (3.59)

and

Q̄µ(u) =

Qµ(u), if 0 /∈ ū(µ),
1
uQµ(u), if 0 ∈ ū(µ),

(3.60)

the overlaps simplify as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=


N
2∏

ν=1
brν−1−rν

ν

×
QN

2
(a)√

Q̄N
2

(0)QN
2

( i
2)

×

√
detG+

detG− , (3.61)

for even N and

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=


N−1

2∏
ν=1

brν−1−rν
ν

×
QN−1

2
(−a− i

4)√
QN−1

2
( i

4)QN−1
2

(− i
4)

×

√
detG+

detG− , (3.62)

for odd N .

3.2.2 On-shell overlaps for the singular K-matrices

The result of [30] can be also applied for singular K-matrices. For simplicity, let us choose
the singular K-matrix in the regular form

K(z) = 1
z

1 +
⌊N

2 ⌋∑
k=1

bkEN+1−k,k. (3.63)
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You can see that this singular K-matrix differs from the type (N,
⌊

N
2

⌋
) (3.57) only in its

diagonal elements. The corresponding on-shell overlaps read as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=

⌊
N
2 ⌋∏

ν=1
brν−1−rν

ν

F(⌊N
2 ⌋)

s (t̄+,⌊N
2 ⌋)

√
detG+

detG− , (3.64)

where

F( N−1
2 )

s (z) = 1√
(−z)(c/2 − z)

,

F( N
2 )

s (u) = 1√
−z2(c/2 − z)(c/2 + z)

.
(3.65)

In the next section we will use these overlap formulas in the limit bs → 0 for s > M .
The limit of this formula is not well defined and the reason is that we fixed the normalization
of the final state ⟨Ψ| as ⟨Ψ|0⟩ = 1 but in bs → 0 limit this cannot be done. Let us choose
the normalization in a bs dependent way:

⟨Ψ|0⟩ = A(bM+1, . . . , b⌊N
2 ⌋), (3.66)

where A is a function of b-s and it can also depend on the quantum space i.e. the gl(N)
weights of the pseudo-vacuum: Λ = (Λ1, . . . ,ΛN ). Using this normalization the overlap
formula is modified as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= A(bM+1, . . . , b⌊N
2 ⌋)

⌊
N
2 ⌋∏

ν=1
brν−1−rν

ν

F(⌊N
2 ⌋)

s (t̄+,⌊N
2 ⌋)

√
detG+

detG− . (3.67)

There is also a novelty in the KT -relation in this limit. Applying the limit bs → 0 for s > M

for the untwisted KT -relation, we obtain that

⟨Ψ|Ti,j(u) = ⟨Ψ|Ti,j(−u), (3.68)

for M < i, j < N + 1−M . Using the asymptotic expansion of the monodromy matrices (2.9)
in the KT -relation (3.68) we obtain that

⟨Ψ|∆(Ei,j) = 0, for M < i, j < N + 1 −M, (3.69)

therefore the final state ⟨Ψ| is a singlet for a gl(N −M) subalgebra. To obtain non-vanishing
overlaps, the Bethe states also have to be singlets for this subalgebra. The gl(N) weights
of the Bethe states are

∆(Ek,k)B(t̄) = (Λk + rk−1 − rk)B(t̄), (3.70)

therefore the non-vanishing overlaps require that

Λk = rk − rk−1, for M < k < N + 1 −M, (3.71)
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i.e., we can fix the quantum numbers as

rk = rM +
k∑

l=M+1
Λl, for k = M + 1, . . . ,

⌊
N

2

⌋
, (3.72)

in the limit bs → 0 for s > M . Returning to the on-shell formula, let us choose the
normalization as

A(bM+1, . . . , b⌊N
2 ⌋) =

⌊N
2 ⌋∏

ν=M+1
bΛν

ν . (3.73)

Substituting back to (3.67), the renormalized overlap formula reads as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=
[

M∏
ν=1

brν−1−rν
ν

] ⌊N
2 ⌋∏

ν=M+1
bΛν+rν−1−rν

ν

F(⌊N
2 ⌋)

s (t̄+,⌊N
2 ⌋)

√
detG+

detG− . (3.74)

We showed that the non-vanishing overlap have the selection rule (3.71) therefore the overlap
formula simplifies as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=
[

M∏
ν=1

brν−1−rν
ν

]
F(⌊N

2 ⌋)
s (t̄+,⌊N

2 ⌋)

√
detG+

detG− , (3.75)

which has a well defined limit.

3.2.3 Sum formula for M = 0

For the M = 0 case, where the K-matrix is just the identity K(u) = 1, the KT -relation
simplifies as

⟨Ψ|Ti,j(u) = ⟨Ψ|Ti,j(−u), for i, j = 1, . . . , N. (3.76)

We can see that we obtain the M = 0 case from any M in the a → ∞ limit. In [30] we
also derived a sum formula for the off-shell overlaps of the type (N,

⌊
N
2

⌋
) boundary states

and taking the a → ∞ limit we can also obtain the sum formula for the off-shell overlaps
of the M = 0 case. See the details in appendix B.

A special property appears in the M = 0 case. Using the asymptotic expansion of the
monodromy matrices (2.9) in the KT -relation we obtain that

⟨Ψ|∆(Ei,j) = 0, for i, j = 1, . . . , N, (3.77)

therefore the boundary state ⟨Ψ| is a sum of singlet states. Repeating the arguments of the
previous sub-subsection, we obtain that the Bethe states with non-vanishing overlaps have
to be gl(N) singlets, i.e. we have the selection rules

Λk = rk − rk−1, (3.78)

i.e.,

rk = rΛ
k :=

k∑
l=1

Λl. (3.79)
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Since the functions α-s depend on Λ, the sum formula does not give off-shell overlap for
arbitrarily α-s only for the α-s which correspond to correct Λk-s. If we first fix the quantum
numbers rk then we have constrains on the representation of the quantum space therefore the
only remaining freedom is to choose the limited number of inhomogeneities θi-s independently.
The consequence is that the αν(t̄νk)-s are not algebraically independent variables anymore.

Anyway, for proper α-s we have a sum formula for the (N, 0) type off-shell overlaps:

⟨Ψ|B(t̄) = S0
ᾱ(t̄) =

∑
part

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z̄0(πa(t̄i))Z̄0(t̄ii)
N−1∏
ν=1

αν(t̄νi ), (3.80)

where the recursion for the highest coefficients (HC) Z̄0 is given in (B.6).

3.3 Recursion for the off-shell type (N, M) overlaps

In this section we show a recursive method for evaluation of the off-shell overlaps where
the K-matrix has type (N,M) regular form

K(z) =
M∑

k=1
bkEN+1−k,k +

N∑
k=1

Kk,k(z)Ek,k. (3.81)

Choosing the diagonal part as

Kk,k(z) =


a−z

z , k = 1, . . . ,M,
a+z

z , k = M + 1, . . . , N,
(3.82)

we obtain the type (N,M) K-matrix and choosing

Kk,k(z) = 1
z
, k = 1, . . . , N, (3.83)

we obtain a singular K-matrix with the type (N,M) form. The calculations below can
be used for both cases.

Our method starts with the recurrence relation of the off-shell Bethe vectors (A.1)

B
(
{z, t̄1},

{
t̄k
}N−1

k=2

)
=

N∑
j=2

T1,j(z)
∑

part(t̄)
(. . . )B

(
t̄1,
{
t̄kii

}j−1

k=2
,
{
t̄k
}N−1

k=j

)
. (3.84)

Now we only want to sketch the method therefore we concentrate on the operator content of
the recurrence relation (A.1), the explicit form of the numerical coefficients are not important,
we use the notation (. . . ) for them. We also concentrate on changes of the quantum numbers
rk therefore we introduce the shorthanded notation

B(t̄) → Br1,r2,...,rN−1 , (3.85)

where rj = #t̄j . Using this notation, the recurrence relation can be written as

Br1+1,r2,...,rN−1 =
N∑

j=2
T1,j

∑
(. . . )Br1,r̃2...,r̃N−1 , (3.86)
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where r̃k ≤ rk. We also use the action formula (A.3)

Ti,jBr1,r2,...,rN−1 =


∑

(. . . )Br1,...ri+1,ri+1+1,...,rj−1+1,rj ,...rN−1 , i ≤ j,∑
(. . . )Br1,...rj−1,rj+1−1,...,ri−1−1,ri,...rN−1 , i > j.

(3.87)

We can see that the operators Ti,j for i < j increase the quantum numbers therefore they are
the creation operators and analogously, the operators Ti,j for i > j decrease the quantum
numbers therefore they are the annihilation operators. We also use the (N, j) components
of the KT -relation

⟨Ψ|T1,j(u) = bj

b1
⟨Ψ|TN,N+1−j(−u) + Kj,j(u)

b1
⟨Ψ|TN,j(−u) − KN,N (u)

b1
⟨Ψ|TN,j(u), for j ≤M,

(3.88)

⟨Ψ|T1,j(u) = Kj,j(u)
b1

⟨Ψ|TN,j(−u) − KN,N (u)
b1

⟨Ψ|TN,j(u), for j > M. (3.89)

We can see that using this relation we can change the creation operators T1,j in (3.86) to
annihilation operators TN,N+1−j , TN,j . Using the recurrence relation, the KT -relation and
the action formula, we obtain a recurrence equation for the off-shell overlap:

⟨Ψ|Br1,r2,...,rN−1 =
M∑

j=2

∑
(. . . )⟨Ψ|Br1−1,...,rj−1−1,rj ,...,rN−j ,rN−j+1−1,...,rN−1−1+

+
∑

(. . . )⟨Ψ|Br1−1,...,rN−1−1. (3.90)

We can see that this recursion decreases r1 and rN−1 by 1 therefore the non-vanishing
off-shell overlaps requires

rN−1 = r1. (3.91)

Using this recursion one can eliminate all t̄1 and t̄N−1 which leads to a gl(N − 2) overlap

⟨Ψ|Br1,r2,...,rN−1 =
∑
part

(. . . )⟨Ψ|B0,r̃2,...,r̃N−2,0. (3.92)

We can see that this recursion leaves the differences rk+1 − rk = r̃k+1 − r̃k invariant for
k = M,M + 1, . . . N −M . The Bethe states B0,r̃2,...,r̃N−2,0 in the gl(N − 2) subsector are
generated by {Ta,b}N−1

a,b=2. Since KN,a = Ka,N = K1,a = Ka,1 = 0 for a = 2, . . . , N − 1, the
KT -relation is closed in this subsector, i.e.

N−1∑
c=2

Ka,c(u)⟨Ψ|Tc,b(u) =
N−1∑
c=2

⟨Ψ|Ta,c(−u)Kc,b(u), (3.93)

for a, b = 2, . . . , N − 1. The K-matrix {Ka,b(u)}N−1
a,b=2 of this subsector has type (N −

2,M − 1) form.
Repeating the recursion we obtain type (N − 2M, 0) overlaps as

⟨Ψ|Br1,r2,...,rN−1 =
∑
part

(. . . )⟨Ψ|B0,...,0,r̃M+1,...,r̃N−M−1,0,...,0. (3.94)
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Since the differences are invariant we can express r̃k-s with rk-s as

r̃k = rk − rM , for k = M + 1, . . . N −M − 1. (3.95)

Since the type (N − 2M, 0) K-matrix requires the selection rule (3.79), for non-vanishing
overlaps we obtain that

r̃k = rk − rM =
s∑

k=M+1
Λk, for s = M + 1, . . . , N −M − 1, (3.96)

we can also invert this formula

Λs = rs − rs−1, for s = M + 1, . . . ,
⌊
N

2

⌋
. (3.97)

3.4 Sum formula and the on-shell limit

In this section we show the sum formula of the off-shell overlap for the K-matrices with the
form (3.81). This sum formula can be applied simultaneously for a type (N,M) K-matrix
and a singular K-matrix for which the on-shell overlap was already derived (3.75). We
show that the two off-shell formulas are proportional to each other therefore specifying the
proportionality factor and using the on-shell formula of the singular case, we also obtain
the on-shell formula for the type (N,M) boundary states.

For these types of K-matrices the off-shell overlaps have the following sum formula

Sᾱ(t̄) := ⟨Ψ|B(t̄) =
∑ ∏N−1

ν=1 f(t̄νii, t̄νi )∏N−2
ν=1 f(t̄ν+1

ii , t̄νi )

∏N−M−1
s=M+1 f(t̄sii, t̄siii)f(t̄siii, t̄si )∏N−M−1

s=M+1 f(t̄s+1
ii , t̄siii)f(t̄siii, t̄s−1

i )

×Z(t̄i)Z̄(t̄ii)S0
{αs}N−M−1

s=M+1
({t̄siii}N−M−1

s=M+1 )
N−1∏
ν=1

αν(t̄νi ), (3.98)

where sum goes through the partitions t̄ = t̄i ∪ t̄ii ∪ t̄iii where #t̄N−s
i = #t̄si , #t̄N−s

ii = #t̄sii,
#t̄N−s

iii = #t̄siii, #t̄Mi = #t̄M+1
i = · · · = #t̄N−M

i , #t̄Mii = #t̄M+1
ii = · · · = #t̄N−M

ii and
#t̄1iii = #t̄2iii = · · · = #t̄Miii = 0, t̄N−M

iii = · · · = #t̄N−1
iii = 0. The sum formula contains an

overlap function S0 of a gl(N − 2M) spin chain with the identity K-matrix i.e. the type
(N − 2M, 0) overlaps which were previously calculated, see (3.80). The proof of the sum
formula can be found in appendix D.1.

In appendix F we show that the HC-s Z and Z̄ are proportional to universal HC-s which
are independent from the diagonal element of the K-matrix:

Z(t̄) = G(t̄M )Z0(t̄),
Z̄(t̄) = G(t̄M )Z̄0(t̄),

(3.99)

where
G(z) = 1

g(−z, z)
KN,N (z)

b1
. (3.100)

The universal HC-s Z0 and Z̄0 are given by recurrence equations (F.13) and (F.19).
Substituting back (3.99) to the sum formula (3.98) we obtain that

Sᾱ(t̄) = G(t̄M )S0
ᾱ(t̄), (3.101)
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where we introduced the universal off-shell overlap

S0
ᾱ(t̄) =

∑ ∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

∏N−M−1
s=M+1 f(t̄sii, t̄siii)f(t̄siii, t̄si )∏N−M−1

s=M+1 f(t̄s+1
ii , t̄siii)f(t̄siii, t̄s−1

i )

×Z0(t̄i)Z̄0(t̄ii)S0
{αs}N−M−1

s=M+1
({t̄siii}N−M−1

s=M+1 )
N−1∏
ν=1

αν(t̄νi ), (3.102)

which does not depend the diagonal part of the K-matrix. In the following, let SM
ᾱ (t̄) and

Ss
ᾱ(t̄) be the off-shell overlaps of the type (N,M) and the singular K-matrices i.e.

K1,1(u) = · · ·=KM,M (u) = a−z
z

, KM+1,M+1(u) = · · ·=KN,N (u) = a+z
z

, for SM
ᾱ , (3.103)

K1,1(u) = · · ·=KM,M (u) =KM+1,M+1(u) = · · ·=KN,N (u) = 1
z
, for Ss

ᾱ. (3.104)

Using (3.101) and (3.100) we have

SM
ᾱ (t̄) =

[
rM∏
k=1

(
a + tMk

)]
Ss

ᾱ(t̄). (3.105)

In the previous section we already proved the normalized on-shell overlap for the singular
K-matrix (3.75). Substituting back, we obtain the normalized on-shell overlap for the type
(N,M) K-matrices

⟨ΨM |B(t̄)√
C(t̄)B(t̄)

=
[

M∏
ν=1

brν−1−rν
ν

]
rM∏
k=1

(
−a− tMk

)
F(⌊N

2 ⌋)
0 (t̄+,⌊N

2 ⌋)

√
detG+

detG− . (3.106)

For c = i convention, using the Q-functions (3.59) the overlaps read as

⟨ΨM |B(t̄)√
C(t̄)B(t̄)

=
[

M∏
ν=1

brν−1−rν
ν

]
QM (−a + i

2

(
M − N

2

)
)√

Q̄N
2

(0)Q̄N
2

( i
2)

×

√
detG+

detG− , (3.107)

for even N and

⟨ΨM |B(t̄)√
C(t̄)B(t̄)

=
[

M∏
ν=1

brν−1−rν
ν

]
QM (−a + i

2

(
M − N

2

)
)√

QN−1
2

(− i
4)QN−1

2
( i

4)
×

√
detG+

detG− , (3.108)

for odd N .

4 Exact overlaps for twisted boundary states

In this section we investigate the overlap formulas for twisted boundary states. In [30] we saw
that there are two classes of twisted boundary states, the so(N) and the sp(N) symmetric
ones. In [30] the so(N) on-shell overlaps were already derived and now we calculate the
remaining overlaps for the sp(N) symmetric case. At first, we specify the twisted integrable
boundary states and the corresponding K-matrices which satisfy the twisted KT -relation.
Using this relation we show a recursive method which allows the calculation of the off-shell
overlaps. After that we show a sum formula for the off-shell overlaps. The sum formula has
useful properties that are the same as the embedding rules of the Gaudin-like determinants.
These allow us to assume the on-shell overlap formula, but further work is needed for a
precise proof, which we will postpone to later.
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4.1 Definition of the twisted integrable states

Let us consider the boundary states ⟨Ψ| which satisfy the twisted KT -relation

K0(u)⟨Ψ|T0(u) = λ0(u)⟨Ψ|T̂0(−u)K0(u), (4.1)

where K(u) is an invertible N ×N matrix of the auxiliary space. In [30] it was showed that
the consistency of the definition (4.1) requires the twisted reflection equation for the K-matrix

R1,2(u− v)K1(−u)R̄1,2(u+ v)K2(−v) = K2(−v)R̄1,2(u+ v)K1(−u)R1,2(u− v). (4.2)

We note that for N = 2 the twisted monodromy matrix is equivalent to the original one
(see equation (A.7))

T̂0(u) = λ̂2(u)
λ2(u− c

2)ϵ
−1
0 T0

(
u− c

2

)
ϵ0 = λ1(u)

λ2(u− c
2)σ

−1
0 T0

(
u− c

2

)
σ0, (4.3)

where we used (2.28) and

σ =
(

1 0
0 −1

)
. (4.4)

Substituting back to the twisted KT -relation, we obtain that

(σ0K0(u))⟨Ψ|T0(u) = λ0(u)λ1(−u)
λ2(−u− c

2) ⟨Ψ|T0

(
−u− c

2

)
(σ0K0(u)). (4.5)

Choosing the normalization for which λ0(u) = λ2(−u− c
2 )

λ1(−u) , the shifted version of the mon-
odromy matrix

T̃0(u) = T0

(
u− c

2

)
(4.6)

satisfies the untwisted KT -relation

K̃0(u)⟨Ψ|T̃0(u) = λ0(u)⟨Ψ|T̃0(−u)K̃0(u), (4.7)

where
K̃(u) = σK

(
u− c

2

)
. (4.8)

We just showed that the untwisted and twisted KT -relations are equivalent for N = 2. In
the following we concentrate on N > 2.

4.1.1 Integrable K-matrices and their regular forms

For N > 2 the most general solution of this equation is well known [37]:

K(u) = K = V U , (4.9)

where K and U are N × N matrices with the following constraint

Kt = ±V KV, U t = ±U . (4.10)
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Since the monodromy matrices have gl(N) symmetry

T0(u) = G0∆(G)T0(u)G−1
0 ∆(G−1), (4.11)

T̂0(u) =
(
V G−1

0 V
)t0∆(G)T0(u)(V G0V )t0∆(G−1), (4.12)

(where G ∈ GL(N)) we can obtain transformed K-matrices and boundary states as

KG = V GtV KG, UG = GtUG ⟨ΨG| = ⟨Ψ|∆(G) (4.13)

which also satisfy the twisted KT -relation

KG⟨ΨG|T0(u) = λ0(u)⟨ΨG|T̂0(−u)KG. (4.14)

We can determine the subgroups which leave the K-matrices (and equivalently the boundary
states) invariant. Rearranging (4.13), the defining equation for the subgroups is

U = GtUG, (4.15)

therefore G ∈ SO(N) for U t = +U and G ∈ Sp(N) for U t = −U , thus we call these K-matrices
and the corresponding boundary states the so(N) and sp(N) symmetric K-matrices and
boundary states, respectively. In [30] it was demonstrated that the twisted KT -relation is
very efficient tool to calculate the overlaps ⟨Ψ|B(t̄) for so(N) symmetric K-matrices. In the
following we concentrate on the sp(N) symmetric case for which the N is always even.

At the end of the day, we are interested in on-shell overlaps ⟨Ψ|B(t̄). We know that the on-
shell Bethe states B(t̄) are highest weight states, therefor the transformations G = exp(φEi,j)
leave the on-shell overlap invariant for i < j (rising operators). In the following let us try
to apply such transformations, which leave the on-shell overlap invariant, to obtain more
simple K- and U-matrices for the sp(N) symmetric case.

Let us define GL(N) transformations which contain only rising operators as

G = exp
(

N∑
c=3

φcE1,c +
N∑

c=3
ϕcE2,c

)
, (4.16)

where
φc = Uc,2

U2,1
, ϕc = −Uc,1

U2,1
. (4.17)

We saw that this transformation does not change the on-shell overlaps. The transformed
U-matrix is

U (2) = GtUG, (4.18)

which remains anti-symmetric and the components read as

U (2)
2,1 = U2,1,

U (2)
a,1 = Ua,1 + Ua,1U1,2

U2,1
= 0,

U (2)
a,2 = Ua,2 −

Ua,2U2,1
U2,1

= 0,

U (2)
a,b = Ua,b + Ua,1Ub,2

U2,1
− Ua,2Ub,1

U2,1
,

(4.19)
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where a, b = 3, . . . , N . We can see that the new matrix U (2) has block-diagonal form and we
can repeat the method on the N − 2 dimensional invariant subspace. Reaping this method
we obtain the series of matrices

U (k+1) =
(
G(k)

)t
U (k)G(k), U (1) = U , (4.20)

where the GL(N) transformations are

G(k) = exp

 N∑
c=2k+1

φ(k)
c E2k−1,c +

N∑
c=2k+1

ϕ(k)
c E2k,c

, (4.21)

with

φ(k)
c =

U (k)
c,2k

U (k)
2k,2k−1

, ϕ(k)
c = −

U (k)
c,2k−1

U (k)
2k,2k−1

. (4.22)

The matrices have block diagonal forms

U (k+1) =
k∑

j=1
U (j)

2j,2j−1(E2j,2j−1−E2j−1,2j)+
N∑

a,b=2k+1

U (k)
a,b +

U (k)
a,2k−1U

(k)
b,2k

U (k)
2k,2k−1

−
U (k)

a,2kU
(k)
b,2k−1

U (k)
2k,2k−1

Ea,b.

(4.23)
The recursion stops at the step N/2 and we have the involution matrix

U ( N
2 ) =

N
2∑

j=1
xj(E2j,2j−1 − E2j−1,2j), (4.24)

where
xk = U (k)

2k,2k−1. (4.25)
The corresponding K-matrix is

K( N
2 ) = V U ( N

2 ) =
N
2∑

j=1
xj(EN−2j+1,2j−1 − EN−2j+2,2j). (4.26)

Hereafter, we call the matrix U ( N
2 ) (and the corresponding K-matrix and final state ⟨Ψ( N

2 )|)
the regular form of the original U (and K-matrix and final state ⟨Ψ|). Since the GL(N)
transformations (4.21) contain only rising operators, the on-shell overlaps with the regular
and the original final states are the same

⟨Ψ( N
2 )|B(t̄) = ⟨Ψ|

N
2 −1∏
k=1

∆(G(k))B(t̄) = ⟨Ψ|B(t̄). (4.27)

During the calculation of the overlaps we will concentrate on the regular K-matrices (4.26).

4.1.2 Solutions of the twisted KT -relations
Similarly as for the untwisted case, we can build twisted integrable final states using the
co-product property (2.7). For the tensor product quantum space H = H(1) ⊗H(2), if the
⟨Ψ(1)| ∈ H(1) and ⟨Ψ(2)| ∈ H(2) are twisted integrable final states with the same K-matrix
then the tensor product state

⟨Ψ| = ⟨Ψ(1)| ⊗ ⟨Ψ(2)| ∈ H (4.28)

satisfies the twisted KT -relation (4.1) with the same K-matrix (see [30]).
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Elementary two-site states. The consequence is that we can build integrable final states
as a tensor product of “elementary” two-site states where the quantum space is the tensor
product of two rectangular representations

T0(u) = L
(s,a)
0,2 (u+ θ− c(s− a))L(s,a)

0,1 (u− θ), T̂0(u) = L̂
(s,a)
0,2 (u+ θ− c(s− a))L̂(s,a)

0,1 (u− θ),
(4.29)

where the twisted Lax-operators are

L̂
(s,a)
0,1 (u) = u(u+ c(s− a))

(u+ cs)(u− ca) L̄
(s,a)
0,1 (u+ c(s− a)),

L̄
(s,a)
0,1 (u) = V0

(
L

(s,a)
0,1 (−u)

)t0
V0.

(4.30)

Using this identity, the twisted KT -relation reads as

K0⟨ψ(s,a)(θ)|L(s,a)
0,2 (u+ θ − c(s− a))L(s,a)

0,1 (u− θ)

= λ0(u)⟨ψ(s,a)(θ)|L̂(s,a)
0,2 (−u+ θ − c(s− a))L̂(s,a)

0,1 (−u− θ)K0, (4.31)

which simplifies as

K0⟨ψ(s,a)(θ)|L(s,a)
0,2 (u+ θ − c(s− a))L(s,a)

0,1 (u− θ)

= ⟨ψ(s,a)(θ)|L̄(s,a)
0,2 (−u+ θ)L̄(s,a)

0,1 (−u− θ + c(s− a))K0, (4.32)

where we defined the λ0 as

λ0(u) = (u2 − (θ − cs)2)(u2 − (θ + ca)2)
(u2 − θ2)(u2 − (θ − c(s− a))2) . (4.33)

The “elementary” two-site state acts on the sites 1, 2. Let us choose a basis e(s,a)
i in V(s,a)

and their co-vectors are
(
e

(s,a)
i

)t
for which ⟨ψ(s,a)(θ)| =

∑
ψi,j(θ)

(
e

(s,a)
i

)t
⊗
(
e

(s,a)
j

)t
. Using

the equivalent matrix form of the two-site state ψ(s,a)(θ) =
∑
ψj,i(θ)E(s,a)

i,j , the KT -relation
reads as

K0L
(s,a)
0,1 (u+ θ − c(s− a))t1ψ

(s,a)
1 (θ)L(s,a)

0,1 (u− θ)

= L̄
(s,a)
0,1 (−u+ θ)t1ψ

(s,a)
1 (θ)L̄(s,a)

0,1 (−u− θ + c(s− a))K0. (4.34)

Let us look at the Lax operator LΛ̄ in more details. It contains the highest weight repre-
sentation EΛ̄

i,j . Let us define the following sets of operators

ĒΛ
i,j = −EΛ

N+1−j,N+1−i, (4.35)

which is also a highest weight irrep of gl(N) and the highest weights are (−ΛN , . . . ,−Λ1)
therefore we can choose the convention for the generators EΛ̄

i,j as EΛ̄
i,j = −EΛ

N+1−j,N+1−i. We

also choose the convention
(
EΛ

i,j

)t
= EΛ

j,i therefore

L̄
(s,a)
0,1 (u)t1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗
(
E

(s,a)
N+1−j,N+1−i

)
1
,

L
(s,a)
0,1 (u)t1 = 1 + c

u

N∑
i,j=1

(Ei,j)0 ⊗
(
E

(s,a)
i,j

)
1
.

(4.36)
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The set of operators ẼΛ
i,j = EΛ

N+1−i,N+1−j is also an irrep of gl(N) but the state |0Λ⟩ is now a
lowest weight state i.e. Ẽi,j |0Λ⟩ = 0 for i > j and the lowest weights are (ΛN , . . . ,Λ1). Since
every finite dimensional irreps are highest weight reps therefore there exist a highest weight
state |0̃Λ⟩ for which the highest weights are (Λ1, . . . ,ΛN ). Since the highest weight irreps are
unique there exists a similarity transformation V (s,a) for which Ẽ

(s,a)
i,j = V (s,a)E

(s,a)
i,j V (s,a) i.e.

L̄
(s,a)
0,1 (u)t1 = 1 − c

u

N∑
i,j=1

(Ei,j)0 ⊗
(
V (s,a)E

(s,a)
j,i V (s,a)

)
1

= V
(s,a)

1 L
(s,a)
0,1 (−u)V (s,a)

1 ,

L
(s,a)
0,1 (u)t1 = 1 + c

u

N∑
i,j=1

(EN+1−i,N+1−j)0 ⊗
(
V (s,a)E

(s,a)
i,j V (s,a)

)
1

= V
(s,a)

1 L̄
(s,a)
0,1 (−u)V (s,a)

1 ,

(4.37)

Substituting back, the KT -relation simplifies as (v1 = −θ + c s−a
2 ,v2 = −u+ c s−a

2 )

K0L̄
(s,a)
0,1 (v1 + v2)K(s,a)

1 (−v1)L(s,a)
0,1 (v1 − v2) = L

(s,a)
0,1 (v1 − v2)K(s,a)

1 (−v1)L̄(s,a)
0,1 (v1 + v2)K0,

(4.38)
where we used the notation

K
(s,a)
1 (v) =V

(s,a)
1 ψ

(s,a)
1

(
v−cs−a2

)
, → ψ

(s,a)
j,i (v) =

∑
k

V
(s,a)

i,k K
(s,a)
k,j

(
v+cs−a2

)
. (4.39)

We just obtained the twisted reflection equation for the rectangular representation (s, a).
Since the reflection equation has solution for any rectangular representation (e.g. it can be
obtained from the original K-matrix using the fusion procedure) we just showed that the
“elementary” two-site state exists for any rectangular representation. However, it is worth
to note that the original equation (4.1) also has infinite dimensional solutions and our later
derivations are independent from the quantum space therefore the results are valid even for
the infinite dimensional integrable two-site states.

Symmetric properties of the vacuum eigenvalues. In summary, we can build general
integrable states as

⟨Ψ| = ⟨ψ(s1,a1)(θ1)| ⊗ · · · ⊗ ⟨ψ(sJ ,aJ )(θJ)|, (4.40)

where the monodromy matrices are defined as

T0(u) = L
(sJ ,aJ )
0,2J (u+θJ−c(sJ−aJ))L(sJ ,aJ )

0,2J−1(u−θJ) . . . L(s1,a1)
0,2 (u+θ−c(s1−a1))L(s1,a1)

0,1 (u−θ1).
(4.41)

We can see that twisted final states exist for spin chains where the representation of site 2j
is the same as 2j − 1. For these chains the pseudo-vacuum eigenvalues have the following
properties

λk(u) = λ0(u)λ̂N+1−k(−u), αk(u) = 1
αk(−u− kc) . (4.42)

Elementary one-site states. For the sp(N) symmetric K-matrices there exists another
type of “elementary” integrable state which are one-site states. In the following we show an
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example where the quantum space is a rectangular representation for which s = 1, a = 2.
The monodromy matrix is

T0(z) = L
(1,2)
0,1 (z + c/2) = 1 + c

z + c/2(Ei,j)0 ⊗
(
E

(1,2)
j,i

)
1
. (4.43)

We show that there exists a non-trivial solution of the twisted KT -relation

K0⟨ψ|T0(z) = λ0(z)⟨ψ|T̂0(−z)K0. (4.44)

We know that the representation s = 1, a = 2 can be obtained from the tensor product
of the defining representation by antisymmetrization. If ej-s are the basis vectors of the
defining representation (i.e. Ei,jek = δj,kei) then let e(i,j) for 1 ≤ i < j ≤ N be the basis
vectors of the representation s = 1, a = 2 with the identification e(i,j) = ei ⊗ ej − ej ⊗ ei.
The generators has matrix elements:(

E
(1,2)
i,j

)
(a1,b1),(a2,b2)

= δa1,iδa2,jδb1,b2−δb1,iδa2,jδa1,b2−δa1,iδb2,jδb1,a2 +δb1,iδb2,jδa1,a2 . (4.45)

The twisted monodromy matrix reads as

T̂0(z) = 1
λ0(z)

(
1 − c

z − c/2(Ei,j)0 ⊗
(
E

(1,2)
N+1−i,N+1−j

)
1

)
. (4.46)

For these chains the pseudo-vacuum eigenvalues are

λk(u) =


z+3c/2
z+c/2 , for k = 1, 2,

1, for k > 2,
(4.47)

λ̂k(u) =


1

λ0(z)
z−3c/2
z−c/2 , for k = N − 1, N,

1
λ0(z) , for k > 2.

(4.48)

The pseudo-vacuum eigenvalues have the same properties as before (4.42).
We can fix the λ0 from the defining equation of the twisted monodromy matrix

T0(z)V0T̂
t0
0 (z)V0 = 1

λ0(z)

1+ c

z+c/2
∑
i,j

Ei,j⊗E(1,2)
j,i

1− c

z−c/2
∑
k,l

Ek,l⊗E
(1,2)
l,k


= 1
λ0(z)

1− c2

z2−c2/4
∑
i,j

Ei,j⊗E(1,2)
j,i − c2

z2−c2/4
∑
i,j,l

Ei,l⊗E
(1,2)
j,i E

(1,2)
l,j

.
(4.49)

Using the identity

N∑
j=1

E
(1,2)
j,i E

(1,2)
l,j = 2δi,l1 − E

(1,2)
l,i , (4.50)

we obtain that

T0(z)V0T̂
t0
0 (z)V0 = 1

λ0(z)
z2 − 9c2/4
z2 − c2/4 1, (4.51)
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therefore the λ0(z) function reads as:

λ0(z) = z2 − 9c2/4
z2 − c2/4 . (4.52)

Fixing the K-matrix to the regular form (4.26). Substituting back to the KT -relation, we
have four types of equations

xa⟨ψ|T2a,2b(z) = λ0(z)⟨ψ|T̂N+2−2a,N+2−2b(−z)xb, (4.53)
−xa⟨ψ|T2a,2b−1(z) = λ0(z)⟨ψ|T̂N+2−2a,N+1−2b(−z)xb, (4.54)
−xa⟨ψ|T2a−1,2b(z) = λ0(z)⟨ψ|T̂N+1−2a,N+2−2b(−z)xb, (4.55)
xa⟨ψ|T2a−1,2b−1(z) = λ0(z)⟨ψ|T̂N+1−2a,N+1−2b(−z)xb, (4.56)

which are equivalent to

xa⟨ψ|E(1,2)
2b,2a = ⟨ψ|E(1,2)

2a−1,2b−1xb, (4.57)

−xa⟨ψ|E(1,2)
2b−1,2a = ⟨ψ|E(1,2)

2a−1,2bxb, (4.58)

−xa⟨ψ|E(1,2)
2b,2a−1 = ⟨ψ|E(1,2)

2a,2b−1xb. (4.59)

For a = b we have

⟨ψ|
(
E

(1,2)
2a,2a − E

(1,2)
2a−1,2a−1

)
= 0. (4.60)

The following ansatz for the one-site state solves the equation above:

⟨ψ| =
∑

a

yae(2a−1,2a). (4.61)

Substituting back to the equation (4.57) for a ̸= b we have

⟨ψ|
(
xaE

(1,2)
2b,2a − xbE

(1,2)
2a−1,2b−1

)
=

(xayb − xbya)(2b− 1, 2a), for b ≤ a,

(xbya − xayb)(2a, 2b− 1), for b > a.
(4.62)

These equations are satisfied iff

ya = xa. (4.63)

One can also show that the one-site state

⟨ψ| =
∑

a

xae(2a−1,2a) (4.64)

satisfies the remaining equations (4.58) and (4.59), too.

4.1.3 Pair structure

The on-shell overlaps have an important property. From the twisted KT -relation we can
easily show that

⟨Ψ|
(
T (u) − λ0(u)T̂ (−u)

)
= 0. (4.65)
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Applying it on an on-shell Bethe vector we obtain that(
τ(u|t̄) − λ0(u)τ̂(−u|t̄)

)
⟨Ψ|B(t̄) = 0, (4.66)

therefore the non-vanishing on-shell overlaps require that

τ(u|t̄) = λ0(u)τ̂(−u|t̄). (4.67)

It can be shown that it is equivalent to that the Bethe roots have chiral pair structure
t̄ν = −t̄ν − νc i.e.,

t̄ = πc(t̄), πc(t̄) = {−t̄1 − c,−t̄2 − 2c, . . . ,−t̄N−1 − (N − 1)c}. (4.68)

We introduce some notations. Let r be a set for which r = {ν|rν is odd}. We can
decompose the set of Bethe roots as t̄ = t̄+ ∪ t̄0 ∪ t̄−, where t̄± =

{
t̄±,ν

}N
ν=1, t̄0 =

{
t0,ν
}

ν∈r for

t̄+,ν = {tνk}
⌊ rν

2 ⌋
k=1 , t̄−,ν = {tνk}

2⌊ rν
2 ⌋

k=⌊ rν
2 ⌋+1 and t0,ν = tνrν

. In the pair structure limit t̄−,ν = πc(t̄+,ν)

and t0,ν = −cν/2.
In the following, we argue that the on-shell overlaps are proportional to the Gaudin-like

determinant detG+. Due to the decomposition t̄ = t̄+ ∪ t̄0 ∪ t̄− and Φ̄ = Φ̄+ ∪ Φ̄0 ∪ Φ̄−, the
original Gaudin matrix has the following block form

G =

A
++ A+0 A+−

A0+ A00 A0−

A−+ A−0 A−−

, (4.69)

where we defined the following matrices

A
++,(µ,ν)
j,k = −c ∂

∂t+,ν
k

log Φ+,(µ)
j , A

+−,(µ,ν)
j,k = −c ∂

∂t−,ν
k

log Φ+,(µ)
j ,

A
−+,(µ,ν)
j,k = −c ∂

∂t−,ν
k

log Φ+,(µ)
j , A

−−,(µ,ν)
j,k = −c ∂

∂t−,ν
k

log Φ−,(µ)
j ,

A
+0,(µ,ν)
j = −c ∂

∂tνrν

log Φ+,(µ)
j , A

−0,(µ,ν)
j = −c ∂

∂tνrν

log Φ−,(µ)
j ,

A
0+,(µ,ν)
k = −c ∂

∂t+,ν
k

log Φ0,(µ), A
0−,(µ,ν)
k = −c ∂

∂t−,ν
k

log Φ0,(µ),

A00,(µ,ν) = −c ∂

∂tνrν

log Φ0,(µ).

(4.70)

In the r.h.s. we took the pair structure limit after the derivation. It is easy to show that

A++ = A−−, A+− = A−+,

A0+ = A0−, A0− = A0+,
(4.71)

therefore the original Gaudin determinant factorize as

detG = detG+ detG−, (4.72)
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with the definitions

detG+ =
∣∣∣∣∣A++ +A+− A+0

A0+ 1
2A

00

∣∣∣∣∣, detG− = 2#r
∣∣∣A++ −A+−

∣∣∣, (4.73)

where r0 = #t̄0 = #r.
The Gaudin-like determinant detG+ depends on the Bethe roots t+,µ

k and the derivatives
X+,µ

k , X0,µ which are defined as

X+,µ
k = −c ∂

∂z
logα(z)

∣∣∣∣∣
z=t+,µ

k

, X0,µ = − c2
∂

∂z
logα(z)

∣∣∣∣∣
z=−µc/2

. (4.74)

Let us introduce the number of X+,µ
k (which is equal to the number of t+,µ

k ) as r+ =∑N
ν=1 #t̄+,µ =

∑N
ν=1

⌊ rν
2
⌋
. The set of functions F(r+,r0)(X̄+|X̄0|t̄+) equals to the Gaudin-like

determinant, i.e., F(r+,r0)(X̄+|X̄0|t̄+) = detG+ iff it satisfies the following Korepin criteria:

1. The function F(r+,r0)(X̄+|X̄0|t̄+) is symmetric over the replacement of the pairs
(X+,µ

j , t+,µ
j ) ↔ (X+,µ

k , t+,µ
k ).

2. It is linear function of each X+,µ
j and X0,µ.

3. F(1,0)(X+,ν
1 |∅|t+,ν

1 ) = X+,ν
1 and F(0,1)(∅|X0,ν |∅) = X0,ν .

4. The coefficient of X+,µ
j is given by the function F(r+−1,r0) with modified parameters

∂F(r+,r0)(X̄+|X̄0|t̄+)
∂X+,µ

j

= F(r+−1,r0)(X̄+,mod\X+,µ,mod
j |X̄0,mod|t̄+\t+,µ

j ), (4.75)

where the original variables should be replaced by

X+,ν,mod
k = X+,ν

k − c
d

du
log βν(u|t+,µ

j )
∣∣∣∣∣
u=t+,ν

k

.

X0,ν,mod = X0,ν − c
d

du
log βν(u|t+,µ

j )
∣∣∣∣∣
u=− νc

2

.

(4.76)

The coefficient of X0,µ is given by the function F(r+,r0−1) with modified parameters

∂F(r+,r0)(X̄+|X̄0|t̄+)
∂X0,µ

= F(r+,r0−1)(X̄+,mod|X̄0,mod\X0,µ,mod, t̄+), (4.77)

where the original variables should be replaced by

X+,ν,mod
k = X+,ν

k − c
d

du
log γν(u)

∣∣∣∣∣
u=t+,ν

k

,

X0,ν,mod = X0,ν − c
d

du
log γν(u)

∣∣∣∣∣
u=− νc

2

.

(4.78)

5. F(r+)(X̄+|X̄0|t̄+) = 0, if all X+,µ
j = 0 and X0,µ = 0.
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The definitions of the β-s are

βν(u|t+,µ
j ) =



f(t+,µ
j ,u)

f(u,t+,µ
j )

f(−t+,µ
j −µc,u)

f(u,−t+,µ
j −µc)

for ν = µ,

1
f(t+,µ

j ,u)
1

f(−t+,µ
j −µc,u)

for ν = µ− 1,

f(u, t+,µ
j )f(u,−t+,µ

j − µc) for ν = µ+ 1,
1 for ν ̸= µ− 1, µ, µ+ 1.

(4.79)

The γ functions are defined as

γν(u) =



f(−µc/2,u)
f(u,−µc/2) for ν = µ,

1
f(−µc/2,u) for ν = µ− 1,
f(u,−µc/2) for ν = µ+ 1,
1 for ν ̸= µ− 1, µ, µ+ 1.

(4.80)

4.2 Recursion for the off-shell overlaps

In [30] a recursion was introduced for the off-shell overlaps of the so(N) symmetric K-matrices.
The recursion assumed that KN,1 ̸= 0 which could have been prescribed in the so(N) case
but for the sp(N) symmetric K-matrix we have Ki,j = −KN+1−j,N+1−i therefore KN,1 = 0.
It means that the recursion of [30] cannot be used here in the twisted case. Now we use
an alternative recursion for the Bethe states

B
(
t̄1, {z, t̄2},

{
t̄k
}N−1

k=2

)
=

N∑
j=3

T2,j(z)
∑

part(t̄)
(. . . )B

(
t̄1, t̄2,

{
t̄kii

}j−1

k=3
,
{
t̄k
}N−1

k=j

)
+

+
N∑

j=3
T1,j(z)

∑
part(t̄)

(. . . )B
(
t̄1ii, t̄

2,
{
t̄kii

}j−1

k=3
,
{
t̄k
}N−1

k=j

)
, (4.81)

where the dots denote some coefficients which can be found in appendix C. Using the
simplified notation we have

Br1,r2+1,r3,...,rN−1 =
N∑

j=3
T2,j

∑
part

(. . .)Br1,r2,r̃2...,r̃N−1 +
N∑

j=3
T1,j

∑
part

(. . .)Br1−1,r2,r̃2...,r̃N−1 , (4.82)

where r̃j ≤ rj . In the following we show that the twisted KT -relation can be used to replace
the creation operators in B(t̄) to annihilation ones therefore we can obtain a recursion for
the off-shell overlaps. We use the regular form of the sp(N) symmetric K-matrix (4.26). We
need the following components of the twisted KT -relation

KN,2⟨Ψ|T2,2a−1(z) = λ0(u)⟨Ψ|T̂N,N−2a+1(−z)KN−2a+1,2a−1,

KN,2⟨Ψ|T2,2a(z) = λ0(u)⟨Ψ|T̂N,N−2a+2(−z)KN−2a+2,2a,

KN−1,2⟨Ψ|T1,2a−1(z) = λ0(u)⟨Ψ|T̂N−1,N−2a+1(−z)KN−2a+1,2a−1,

KN−1,2⟨Ψ|T2,2a(z) = λ0(u)⟨Ψ|T̂N−1,N−2a+2(−z)KN−2a+2,2a.

(4.83)

– 32 –



J
H
E
P
0
5
(
2
0
2
4
)
1
9
4

Using the recurrence relation (4.82) and the KT -relation we obtain that

⟨Ψ|B(t̄1,{z, t̄2},{t̄s}N−1
s=3 )

=
N/2∑
a=2

∑
part(t̄)

⟨Ψ|T̂N,N−2a+1(−z)B(t̄1, t̄2,{t̄sii}2a−2
s=3 ,{t̄s}N−1

s=2a−1)(. . .)

+
N/2∑
a=2

∑
part(t̄)

⟨Ψ|T̂N,N−2a+2(−z)B(t̄1, t̄2,{t̄sii}2a−1
s=3 ,{t̄s}N−1

s=2a)(. . .)

+
N/2∑
a=2

∑
part(t̄)

⟨Ψ|T̂N−1,N−2a+1(−z)B(t̄1ii, t̄2,{t̄sii}2a−2
s=3 ,{t̄s}N−1

s=2a−1)(. . .),

+
N/2∑
a=2

∑
part(t̄)

⟨Ψ|T̂N−1,N−2a+2(−z)B(t̄1ii, t̄2,{t̄sii}2a−1
s=3 ,{t̄s}N−1

s=2a)(. . .). (4.84)

Applying the action formula (A.5) with the simplified notations

T̂i,jBr1,r2,...,rN−1 =


∑

part(. . . )Br1,...rN−j+1+1,rN−j+2+1,...,rN−i+1,rN−i+1,...rN−1 , i ≤ j,∑
part(. . . )Br1,...rN−i+1−1,rN−i+2−1,...,rN−j−1,rN−j+1,...rN−1 , i > j.

(4.85)

the recurrence equation (4.84) for the off-shell overlap reads as

⟨Ψ|Br1,r2,...,rN−1 =
N/2∑
a=1

∑
part

(. . . )⟨Ψ|Br1−1,r2−2,r3−2,...,r2a−2−2,r2a−1−1,r2a,...,rN−1 . (4.86)

We can see that we just obtained a recursion which decrease the quantum number r2 by
2. We also note that this recursion leaves the combinations 2r2k−1 − r2k−2 − r2k invariant
for k = 1, . . . , N/2. Applying this recursion iteratively we can eliminate all of the second
Bethe roots as

⟨Ψ|Br1,r2,...,rN−1 =
∑
part

(. . . )⟨Ψ|Br̃1,0,r̃3...,r̃N−1 . (4.87)

Since recursion decrease the quantum number r2 by 2, we obtain non-vanishing overlap only
when r2 is even. The Bethe states with r2 = 0 are generated by the operators Tα,β and Ta,b

for α, β ≤ 2 and a, b ≥ 3. The {Tα,β}α,β≤2 and {Ta,b}a,b≥3 are closed Y (2) and Y (N − 2)
subalgebras of the original Yangian Y (N), furthermore, they are commuting subalgebras
[Tα,β(u), Ta,b(v)] = 0. We recall that the operators

{
T̂ᾱ,β̄

}
ᾱ,β̄≥N−1

or
{
T̂ā,b̄

}
ā,b̄≤N−2

generate
the same subalgebras as {Tα,β}α,β≤2 or {Ta,b}a,b≥3, respectively. In summary, we have traced
back the off-shell overlaps of gl(N) spin chain to gl(2) ⊕ gl(N − 2) spin chain, i.e.

⟨Ψ|Br̃1,0,r̃3...,r̃N−1 =
(
⟨Ψ′|Br̃1

)
×
(
⟨Ψ′′|Br̃3...,r̃N−1

)
, (4.88)

where the boundary states ⟨Ψ′|, ⟨Ψ′′| correspond to the K-matrices of the gl(2) and gl(N − 2)
subsectors. Repeating the recursion, the overlaps can be expressed as

⟨Ψ|Br1,r2,...,rN−1 =
∑
part

(. . . )⟨Ψ|Br̃1,0,r̃3,0,r̃5,...,0,r̃N−1 =
∑
part

(. . . )
N/2∏
a=1

⟨Ψ′|Br̃2a−1 , (4.89)
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which is a product of gl(2) overlaps. The boundary states ⟨Ψ′| of these gl(2) subsectors
correspond to the K-matrix

K =
(

1 0
0 −1

)
. (4.90)

We showed that the twisted and untwisted KT -relations are equivalent for the gl(2) spin
chains and the K-matrix in the untwisted convention reads as

K̃ = σK =
(

1 0
0 1

)
, (4.91)

which is a type (2, 0) K-matrix. We saw that only the gl(2) singlets have non-vanishing
overlaps for these boundary states therefore we have the selection rules r̃2k−1 = Λ2k−1−Λ2k

2 .
Since the combinations

r̃2k−1 = r2k−1 −
r2k−2 + r2k

2 , for k = 1, . . . , N/2, (4.92)

are invariant under the recursion we can express r̃k-s with rk-s, therefore the non-vanishing
overlaps require that

r2k−1 −
r2k−2 + r2k

2 = Λ2k−1 − Λ2k

2 , for k = 1, . . . , N/2. (4.93)

4.3 Sum formula and the pair structure limit

The recursion described in the previous subsection provides a systematic way to compute
the overlaps. It turns out that combining this method with the co-product property of
the Bethe states and the boundary states ⟨Ψ|, we can derive the following sum formula
for the off-shell overlaps:

Sᾱ(t̄) := ⟨Ψ|B(t̄) =
∑ ∏N−1

ν=1 f(t̄νii, t̄νi )∏N−2
ν=1 f(t̄ν+1

ii , t̄νi )

∏N/2
a=1 f(t̄2a−1

ii , t̄2a−1
iii )f(t̄2a−1

iii , t̄2a−1
i )∏N/2−1

a=1 f(t̄2a
ii , t̄

2a−1
iii )f(t̄2a+1

iii , t̄2a
i )

×Z(t̄i)Z̄(t̄ii)
N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

iii )
N−1∏
ν=1

αν(t̄νi ), (4.94)

where sum goes through the partitions t̄ = t̄i∪ t̄ii∪ t̄iii where #t̄2a
iii = 0 and #t̄2a

i ,#t̄2a
ii are even

for a = 1, . . . , N/2−1; and #t̄2a−1
i = #t̄2a−2

i −#t̄2a
i

2 , #t̄2a−1
ii = #t̄2a−2

ii −#t̄2a
ii

2 , #t̄2a−1
iii = Λ2a−1−Λ2a

2
for a = 1, . . . , N/2. The sum formula contains the overlap functions S(2a−1)

α2a−1 of the gl(2)
spin chain

S(s)
α (t̄) := Sα

(
t̄+ c

s

2

)∣∣∣∣∣
α2a−1(z)→α2a−1(z−c s

2 )

,

Sα(t̄) =
∑

f(t̄νii, t̄νi )Z0(t̄i)Z0(−t̄ii)α(t̄i),

(4.95)

where
Z0(t̄) = κ(t̄)

∏
k<l

f(−tk, tl), κ(z) = 1
z
. (4.96)
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The proof of the sum formula can be found in appendix D.2. The HC-s Z, Z̄ are determined
by the recursions (F.26) and (F.30). There is also a connection between the HC-s

Z(t̄) = 1∏N−2
s=1 f(t̄s+1, t̄s)

Z̄(πc(t̄))). (4.97)

Since the on-shell overlaps are non-vanishing only when the Bethe roots have chiral pair
structure (4.68), we need to take the pair structure limit tsl → −tsk − sc of the off-shell overlap.
It turns out that the HC-s have poles in this limit. The recurrence relations of HC-s can
be used to derive the residue of these poles at the pair structure limit tsl → −tsk − sc. For
even s i.e. in the limit t2a

l → −t2a
k − 2ac we obtain that

Z̄(t̄) → c

t2a
l + t2a

k + 2ac

[
xa+1
xa

h(t2a
k , t

2a
l )h(t2a

l , t
2a
k )
]

f(τ̄2a, t2a
k )f(τ̄2a, t2a

l )
f(τ̄2a+1, t2a

k )f(τ̄2a+1, t2a
l )

×

×
∑

part(τ̄2a−1,τ̄2a+1)
Z̄(τ̄i)

f(τ̄2a−1
i , τ̄2a−1

iii )
f(τ̄2a, τ̄2a−1

iii )
f(τ̄2a+1

i , τ̄2a+1
iii )

f(τ̄2a+2, τ̄2a+1
iii )

× (4.98)

×
[

1
h(t2a

k , τ̄
2a−1
iii )h(t2a

l , τ̄
2a−1
iii )

][
g(τ̄2a+1

iii , t2a
k )g(τ̄2a+1

iii , t2a
l )
]

+ reg.

where τ̄ = t̄\{t2a
k , t

2a
l }. The summation goes thought the partitions τ̄ s = τ̄ s

i ∪ τ̄ s
iii where

#τ̄ s
iii = δs,2a−1 + δs,2a+1. For odd s i.e. in the limit t2a−1

l → −t2a−1
k − (2a − 1)c the HC-s

are regular. These properties are derived in the appendix G.
There is another difference between the even and odd s. For s = 2b there is no extra

selection rule for the α-functions α2b(z) i.e. it can contain arbitrary number of parameters
(inhomogeneities) therefore we can handle the expressions t2b

k , α2b(t2b
k ) and also the derivatives

α′
2b(t2b

k ) (or equivalently X2b
k = −cα′(t2b

k )/α(t2b
k )) as independent variables. On the other

hand we have extra selection rules for s = 2b− 1 since the numbers of Bethe roots restrict
the possible quantum spaces, such as (4.93)

nb := Λ2b−1 − Λ2b

2 = r2b−1 −
r2b−2 + r2b

2 . (4.99)

Since the α-functions α2b−1(z) reads as

α2b−1(z) =
m2b−1∏

j=1

z − θ
(2b−1)
j + s

(2b−1)
j c

z − θ
(2b−1)
j

z + c(2b− 1) + θ
(2b−1)
j

z + c(2b− 1) + θ
(2b−1)
j − s

(2b−1)
j c

, (4.100)

where m2b−1 is the number of rectangular representation (s, 2b− 1) in the quantum space and

Λ2b−1 − Λ2b

2 = nb =
m2b−1∑

j=1
s

(2b−1)
j . (4.101)

For a fixed nb the maximum number of inhomogeneities θ(2b−1)
j appear when the all s(2b−1)

j = 1
therefore

α2b−1(z) =
nb∏

j=1

z − θ
(2b−1)
j + c

z − θ
(2b−1)
j

z + c(2b− 1) + θ
(2b−1)
j

z + c(2b− 1) + θ
(2b−1)
j − c

. (4.102)
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For nb ≥ 2 we have at least two independent parameters θ(2b−1)
1 , θ

(2b−1)
2 in the function

α2b−1(z). Taking a Bethe root t2b−1
k for a fixed k, we can handle the expressions t2b−1

k ,
α2b−1(t2b−1

k ) and also the derivatives α′
2b−1(t2b−1

k ) as independent variables however the other
expressions α2b−1(t2b−1

l ) and α′
2b−1(t2b−1

l ) are not independent any more and for nb = 2 we
can express them as a function of t2b−1

k , α2b−1(t2b−1
k ) and α′

2b−1(t2b−1
k ).

It turns out that taking the tsl → −tsk − sc limit (for s = 2b− 1 we assume that nb ≥ 2
and we handle the expressions t2b−1

k , α2b−1(t2b−1
k ) and X2b−1

k as independent variables) of
the sum formula we obtain that the Xs

k dependence of the off-shell overlap is

lim
ts
l
→−ts

k
−sc

Sᾱ(t̄) = Xs
k × F (s)(tsk) f(τ̄ s, tsk)f(τ̄ stsl )

f(τ̄ s+1, tsk)f(τ̄ s+1, tsl )Sᾱmod(τ̄) + S̃, (4.103)

where τ̄ = t̄\{tsk, tsl } and S̃ is independent from Xs
k. We also used the following functions:

F (2b−1)(z) = c2

4 g(z,−z − (2b− 1)c)g(−z − (2b− 1)c, z),

F (2b)(z) = xb+1
xb

c2

4 h(z,−z − 2bc)h(−z − 2bc, z),
(4.104)

and the modified α-s are

αmod
s−1 (z) = αs−1(z) 1

f(tsk, z)f(−tsk − sc, z) ,

αmod
s (z) = αs(z)f(tsk, z)f(−tsk − sc, z)

f(z, tsk)f(z,−tsk − sc) ,

αmod
s+1 (z) = αs+1(z)f(z, tsk)f(z,−tsk − sc),

αmod
ν (z) = αν(z), for ν ̸= s− 1, s, s+ 1.

(4.105)

The derivation can be found in appendix H.
We saw that for non-vanishing overlaps the quantum numbers r2b are even, however the

quantum numbers r2b−1 can be odd, for which the limit t2b−1
k → −(b− 1/2)c is relevant. It

turns out that taking the t2b−1
k → −(b− 1/2)c limit (we assume that nb ≥ 2 and we handle

the expression X0,2b−1 = −cα′(−(b − 1/2)c) as independent variable) of the sum formula,
we obtain that the X0,2b−1 dependence of the off-shell overlap is

lim
t2b−1
k

→−(b−1/2)c
Sᾱ(t̄) = X0,2b−1

(
−2
c

)
f(τ̄ s,−(b− 1/2)c)
f(τ̄ s+1,−(b− 1/2)c)Sᾱmod(τ̄) + S̃, (4.106)

where τ̄ = t̄\{t2a−1
k } and the modified α-s are

αmod
2b−2(z) = α2b−2(z) 1

f(−(b− 1/2)c, z) ,

αmod
2b−1(z) = α2b−1(z)f(−(b− 1/2)c, z)

f(z,−(b− 1/2)c) ,

αmod
2b (z) = α2b(z)f(z,−(b− 1/2)c),

αmod
ν (z) = αν(z), for ν ̸= 2b− 2, 2b− 1, 2b+ 1.

(4.107)

The derivation can be found in appendix H.
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4.4 On-shell limit

Let us renormalize the overlap function as

Nᾱ(t̄) =
(
− c2

)r0 1∏N−1
ν=1 F

(ν)(t̄+,ν)
∏

k ̸=l f(t+,ν
l , t+,ν

k )
∏

k<l f(t+,ν
l ,−t+,ν

k −νc)f(−t+,ν
k −νc, t+,ν

l )

× 1∏
ν∈r
∏

k f(−νc/2, t+,ν
k )f(t+,ν

k ,−νc/2)
Sᾱ(t̄). (4.108)

We can easily show that

lim
ts
l
→−ts

k
−sc

Nᾱ(t̄) = Xs
kNᾱmod(τ̄) + Ñ, (4.109)

and
lim

t2b−1
k

→−(b−1/2)c
Nᾱ(t̄) = X0,2b−1Nᾱmod(τ̄) + Ñ, (4.110)

which agrees with the embedding of the Gaudin-like determinant (4.75), (4.77). However it
is not enough for the proof our conjecture. We can see that the Gaudin-like determinant
is defined for every set of quantum numbers r+, r0 however the overlap function is defined
only for r2b−1 ≥ r2b−2+r2b

2 therefore we should use more complicated initial condition then
property (3). Another problem is that we have constraints for the functions α2b−1(z) and
their most general form is

α2b−1(z) = A2b−1(z|θ̄2b−1) =
nb∏

j=1

z − θ2b−1
j + c

z − θ2b−1
j

z + c(2b− 1) + θ2b−1
j

z + c(2b− 1) + θ2b−1
j − c

, (4.111)

which contain only nb = r2b−1 − r2b−2+r2b

2 number of free variable θ2b−1
j for j = 1, . . . , nb

therefore the expressions α′(t2b−1
k ) are not independent, i.e., the pair structure limit can not

handle as a function of the variables X+,ν
k . We can only define functions

N̂+(t̄+|{X̄+,2a}
N
2 −1

a=1 |{θ̄2a−1}
N
2

a=1) = lim
α2b(t2b

k
)→F2b

k

[
lim

t̄−→πc(t̄+)
Nᾱ(t̄)

]
, (4.112)

where the second limit is the formal on-shell limit with replacement

α2b(t2b
k ) → F2b

k := f(tµk , t̄
µ
k)

f(t̄µk , t
µ
k)
f(t̄µ+1, tµk)
f(tµk , t̄µ−1)

. (4.113)

The expression N̂+ (4.112) depends only on the “half” of the X variables X+,2b
k and the

inhomogeneities θ2a−1
j . Our conjecture is

N̂+
(
t̄+|{X̄+,2a}

N
2 −1

a=1 |{θ̄2a−1}
N
2

a=1

)
= F(r+)(X̄+, t̄+)

∣∣∣∣∣
X2b−1

k
→−c∂z logA2b−1(z|θ̄2b−1)

∣∣∣∣∣
z→t2b−1

k

,

(4.114)
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for on-shell Bethe roots. We postpone the precise proof to a later work. Nevertheless, we
believe that the proof of the recursion rules (4.109) and (4.110) sufficiently establishes the
correctness of the statement.

Applying our conjecture, the on-shell overlap can be written as

⟨Ψ|B(t̄) =
(
−2
c

)r0 N−1∏
ν=1

F (ν)(t̄+,ν)
∏
k ̸=l

f(t+,ν
l , t+,ν

k )
∏
k<l

f(t+,ν
l ,−t+,ν

k −νc)f(−t+,ν
k −νc, t+,ν

l )


×
∏
ν∈r

[∏
k

f(−νc/2, t+,ν
k )f(t+,ν

k ,−νc/2)
]

detG+, (4.115)

and the normalized on-shell overlap has the following simple form

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=
(
−2
c

)r0 N−1∏
ν=1

F(ν)(t̄+,ν)

√
detG+

detG− . (4.116)

The one-particle overlap functions F(ν) read as

F(ν)(z) = F (ν)(z)√
f(z,−z − νc)f(−z − νc, z)

, (4.117)

therefore

F(2b)(z) =
(
xb+1
xb

)√
(z + bc)2(c2/4 − (z + bc)2),

F(2k−1)(z) = 1√
(z + 2b−1

2 c)2(c2/4 − (z + (b− 1/2)c)2)
.

(4.118)

For c = i convention, using the Q-functions the overlaps simplifies as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

=

N/2∏
k=1

x
r2k−2−r2k

k


√√√√ ∏N/2−1

k=1 Q2k(0)Q2k(i/2)∏N/2
k=1 Q̄2k−1(0)Q2k−1(i/2)

×

√
detG+

detG− . (4.119)

5 Applications for AdS/CFT correspondence

In this section we apply our formulas for states which are relevant for the AdS/CFT corre-
spondence. In the N = 4 SYM and the ABJM theories the scalar sectors can be described
by gl(4) spin chain where the quantum spaces are the tensor product of the six dimensional
Λ = (1, 1, 0, 0) representation and the alternating tensor product of the defining Λ = (1, 0, 0, 0)
and its contra-gradient Λ = (0, 0, 0,−1) representation. For the untwisted case the possible
residual symmetries are gl(2) ⊕ gl(2) or gl(3) and for twisted case the possible residual
symmetries are so(4) and sp(4). The gl(2) ⊕ gl(2) and so(4) symmetric boundary states were
handled in the previous paper [30]. Now we take the remaining gl(3) and sp(4) symmetric
boundary states which appeared earlier in the context of defect AdS/CFT correspondence.
We show that the previously conjectured formulas agree with our general result. We would
like to emphasize that in the untwisted case our formula is precisely proven.
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5.1 sp(4) symmetric boundary state

In this section, we reconstruct the overlap formula of [17, 21] for the sp(4) ∼= so(5) symmetric
boundary state of the scalar sector of the N = 4 SYM which can be described by an
so(6) spin chain. Now we take a homogeneous spin chain with the representations sk = 1,
rk = 2 of gl(4) which is isomorphic to the defining representation of the so(6) algebra. The
monodromy matrix is

Ta(u) = L
(1,2)
a,J (u+ c/2) . . . L(1,2)

a,1 (u+ c/2). (5.1)

This monodromy matrix is built from Lax-operators (4.43) for which the one-site state (4.64)
satisfies the elementary twisted KT -relation (4.44) therefore the homogeneous tensor product
states satisfy

⟨Ψ| = ⟨ψ|⊗J , (5.2)

the twisted KT -relation. We can use the notation (Z, Y,X, X̄, Ȳ , Z̄) for the basis vectors
of the six dimensional representation as

Z → (1, 1, 0, 0) ≡ e(1,2), Z̄ → (0, 0, 1, 1) ≡ e(3,4),

Y → (1, 0, 1, 0) ≡ e(1,3), Ȳ → (0, 1, 0, 1) ≡ e(2,4),

X → (1, 0, 0, 1) ≡ e(1,4), X̄ → (0, 1, 1, 0) ≡ e(2,3).

(5.3)

Using these notations the elementary state reads as

⟨ψ| = Z + Z̄, (5.4)

for x1 = x2 = 1 which agrees with the sp(4) ∼= so(5) symmetric boundary states in [21].
This state is also relevant for defect CFT defined by a ’t Hooft line embedded in the N = 4
SYM [17]. We can apply our on-shell overlap formula (4.119) as

C(t̄)|Ψ⟩⟨Ψ|B(t̄)
C(t̄)B(t̄)

= Q2(0)Q2(i/2)
Q1(0)Q1(i/2)Q3(0)Q3(i/2)

detG+

detG− . (5.5)

We can see that this result is in complete agreement with the conjecture of [21].

5.2 Boundary states in the ABJM theory

In this section, we reconstruct the overlap formula of [16] and [18] for the scalar sector
of the ABJM theory which can be described by an alternating gl(4) spin chain. In [16]
a gl(3) symmetric boundary state appeared in the context of three-point function of two-
determinant and one single trace operator. In [18] a gl(2) ⊕ gl(2) and a gl(3) symmetric
boundary state corresponds to correlation functions of single trace operators and a circular
supersymmetric Wilson loop.

Now we take a alternating spin chain with the defining representations Λ = (1, 0, 0, 0)
and its contra-gradient Λ = (0, 0, 0,−1) one. The monodromy matrix is

Ta(u) = L̄a,2J−1(u+ c)La,2J−1(u− c) . . . L̄a,2(u+ c)La,1(u− c). (5.6)
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This monodromy matrix is built from the elementary monodromy matrices (3.24) (θ = c),
for which the two-site state (3.31) satisfies the elementary untwisted KT -relation (3.26)
therefore the tensor product states

⟨Ψ| = ⟨ψ(c)|⊗J (5.7)

satisfy the untwisted KT -relation. We can use the notation (Y 1, Y 2, Y 3, Y 4), (Ȳ1, Ȳ2, Ȳ3, Ȳ4)
for the basis vectors of the representations Λ = (1, 0, 0, 0) and its contra-gradient Λ =
(0, 0, 0,−1), respectively, as

Y 1 → (1, 0, 0, 0), Ȳ1 → (−1, 0, 0, 0),
Y 2 → (0, 1, 0, 0), Ȳ2 → (0,−1, 0, 0),
Y 3 → (0, 0, 1, 0), Ȳ3 → (0, 0,−1, 0),
Y 4 → (0, 0, 0, 1), Ȳ4 → (0, 0, 0,−1).

(5.8)

5.2.1 Three-point functions

Let us choose a gl(3) symmetric K-matrix as a = −c and

U =


0 0 0 −1
0 1 0 0
0 0 1 0
−1 0 0 0

, (5.9)

for which the explicit form of the K-matrix is

K(u) =


−c
u 0 0 −1
0 −c+u

u 0 0
0 0 −c+u

u 0
−1 0 0 −c

u

. (5.10)

The two-site state (3.31) reads as

⟨ψ| =
∑
A,B

KB,A(c)Y A ⊗ ȲB = −(Y 1 + Y 4) ⊗ (Ȳ1 + Ȳ4), (5.11)

which agrees with the boundary states of the maximal giant graviton in [16]. To apply our
overlap formula we need to calculate the regular form of the U-matrix (3.14), which is

U (2) =


−1 0 0 0
0 1 0 0
0 0 1 0
−1 0 0 1

. (5.12)

The parameter b1 can be calculated from (3.20), i.e.,

b1 = −1. (5.13)

Now, we can apply our on-shell overlap formula (3.107) as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= (−1)r1
Q1( i

2)√
Q2(0)Q2( i

2)
×

√
detG+

detG− . (5.14)

We can see that this result is in complete agreement with the conjecture of [16].
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5.2.2 Wilson loop one-point functions

Overlap of 1/6 BPS Wilson loops. Let us choose a gl(2) symmetric K-matrix as
a = 0 and

K(u) = U =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

. (5.15)

The elementary two-site state (3.31) reads as

⟨ψ| = lim
u→∞

∑
A,B

KB,A(c)Y A ⊗ ȲB = −Y 1 ⊗ Ȳ1 − Y 2 ⊗ Ȳ2 + Y 3 ⊗ Ȳ3 + Y 4 ⊗ Ȳ4, (5.16)

which agrees with the boundary states of the of 1/6 BPS Wilson loops in [18]. We derived
the overlap for the regular form K-matrix

Kr(u) = a

z
+


−1 0 0 0
0 −1 0 0
0 b2 1 0
b1 0 0 1

, (5.17)

therefore we can obtain the overlap corresponding to K-matrix (5.15) by taking the b1, b2, a →
0 limit. However this limit of our overlap formula is not well defined since we fixed the
normalization of the boundary state as ⟨Ψ|0⟩ = 1, however when b1 = 0 the overlap with the
pseudo-vacuum is zero ⟨Ψ|0⟩ = 0. It can be seen from the explicit form of the corresponding
two-site state (given by (3.31)) as

⟨ψr| = lim
u→∞

∑
A,B

Kr
B,A(c)Y A⊗ȲB = b1Y

1⊗Ȳ4+b2Y
2⊗Ȳ3−Y 1⊗Ȳ1−Y 2⊗Ȳ2+Y 3⊗Ȳ3+Y 4⊗Ȳ4.

(5.18)
To obtain the two-site state (5.16) in the limit b1, b2 → 0, we have to fix the normalization
in a b1 dependent way: ⟨Ψ|0⟩ = bJ

1 . Using this normalization, our overlap function for the
regular K-matrix (3.107) modifies as

⟨Ψr|B(t̄)√
C(t̄)B(t̄)

=
[
bJ−r1

1 br1−r2
2

]
× Q2(a)√

Q2(0)Q2( i
2)

×

√
detG+

detG− . (5.19)

Now we can take the limit. Since J ≥ r1 and r1 ≥ r2, we obtain non-vanishing overlaps
only when J = r1 = r2 and the final formula simplifies as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= lim
b1,b2,a→0

⟨Ψr|B(t̄)√
C(t̄)B(t̄)

=
√
Q2(0)
Q2( i

2)
×

√
detG+

detG− . (5.20)

We can see that this result is in complete agreement with the conjecture (4.29) in [18].
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Overlap of 1/2 BPS Wilson loops. Let us choose a gl(3) symmetric K-matrix as
a = 0 and

K(u) = U =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

. (5.21)

The elementary two-site state (3.31) reads as

⟨ψ| = lim
u→∞

∑
A,B

KB,A(c)Y A ⊗ ȲB = −Y 1 ⊗ Ȳ1 + Y 2 ⊗ Ȳ2 + Y 3 ⊗ Ȳ3 + Y 4 ⊗ Ȳ4, (5.22)

which agrees with the boundary states of the of 1/2 BPS Wilson loops in [18]. We derived
the overlap for the regular form K-matrix

Kr(u) = a

z
+


−1 0 0 0
0 1 0 0
0 0 1 0
b1 0 0 1

, (5.23)

therefore we can obtain the overlap corresponding to K-matrix (5.21) by taking the b1, a → 0
limit. Applying the previous argument we need to fix the normalization as ⟨Ψ|0⟩ = bJ

1 . Using
this normalization, our overlap function for the regular K-matrix (3.107) modifies as

⟨Ψr|B(t̄)√
C(t̄)B(t̄)

= bJ−r1
1

Q1(− i
2)√

Q2(0)Q2( i
2)

×

√
detG+

detG− , (5.24)

where we have the selection rule r1 = r2. Now we can take the limit. Since J ≥ r1, we obtain
non-vanishing overlaps only when J = r1 and the final formula simplifies as

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= lim
b1,a→0

⟨Ψr|B(t̄)√
C(t̄)B(t̄)

=
Q1(− i

2)√
Q2(0)Q2( i

2)
×

√
detG+

detG− . (5.25)

We can see that this result is in complete agreement with the conjecture (5.7) in [18].

5.3 Boundary state with infinite dimensional representation

One of the main advantages of our results is that they are representation-independent, i.e.
they can be applied to infinite dimensional quantum spaces. Here is a concrete example
that is relevant for correlators between the ’t Hooft line embedded in N = 4 SYM theory
and non-protected bulk operators [17]. The SL(2) sector can be described by homogeneous
gl(2) spin chains where the quantum spaces are tensor products of infinite dimensional
representation with highest weight Λ = (−1/2, 1/2). The monodromy matrix is

T0(u) = L
(− 1

2 , 1
2 )

0,J (u) . . . L(− 1
2 , 1

2 )
0,1 (u), (5.26)
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and the Lax-operator L(u) has a usual form

L(− 1
2 , 1

2 )(u) = 1 + c

u

2∑
k,l=1

Ek,l ⊗ E
(− 1

2 , 1
2 )

l,k =
2∑

k,l=1
Ek,l ⊗ ℓk,l(u). (5.27)

Let us choose the representation E
(− 1

2 , 1
2 )

k,l as

E
(− 1

2 , 1
2 )

1,1 |n⟩ = −
(
n+ 1

2

)
|n⟩,

E
(− 1

2 , 1
2 )

2,2 |n⟩ =
(
n+ 1

2

)
|n⟩,

E
(− 1

2 , 1
2 )

2,1 |n⟩ = −i(n+ 1)|n+ 1⟩,

E
(− 1

2 , 1
2 )

1,2 |n⟩ = −in|n− 1⟩.

(5.28)

The boundary state which describes correlators for the ’t Hooft line embedded in N = 4
SYM theory can be written as

⟨Ψ| = ⟨B|⊗J , (5.29)

where the elementary one-site state is

⟨B| =
( ∞∑

n=0
(−1)nPn(cos θ)⟨n|

)
. (5.30)

Now we have to find the corresponding K-matrix of the one-site state which satisfies the
untwisted KT -relation2

K0(u)⟨B|T0(u) = ⟨B|T0(−u)K0(u), (5.31)

for J = 1. Let us parameterize the K-matrix in the usual way

K(u) = a

u
1 + U , U =

U1,1 U1,2 = 1−U2
1,1

U2,1

U2,1 U2,2 = −U1,1

. (5.32)

In the auxiliary space we have four equations:

K1,1(u)⟨B|ℓ1,1(u) +K1,2(u)⟨B|ℓ2,1(u) = ⟨B|ℓ1,1(−u)K1,1(u) + ⟨B|ℓ1,2(−u)K2,1(u), (5.33)
K1,1(u)⟨B|ℓ1,2(u) +K1,2(u)⟨B|ℓ2,2(u) = ⟨B|ℓ1,1(−u)K1,2(u) + ⟨B|ℓ1,2(−u)K2,2(u), (5.34)
K2,1(u)⟨B|ℓ1,1(u) +K2,2(u)⟨B|ℓ2,1(u) = ⟨B|ℓ2,1(−u)K1,1(u) + ⟨B|ℓ2,2(−u)K2,1(u), (5.35)
K2,1(u)⟨B|ℓ1,2(u) +K2,2(u)⟨B|ℓ2,2(u) = ⟨B|ℓ2,1(−u)K1,2(u) + ⟨B|ℓ2,2(−u)K2,2(u). (5.36)

Since
E

(− 1
2 , 1

2 )
1,1 |n⟩ = −E(− 1

2 , 1
2 )

2,2 |n⟩, (5.37)

2For the gl(2) spin chains the untwisted and twisted KT-relations are equivalent. For simplicity, we prefer
to use the former notation.
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for all n we have the identity

⟨B|ℓ2,2(−u) = ⟨B|ℓ1,1(u). (5.38)

Let us apply this identity in the third equation (5.35). It simplifies as

K2,2(u)⟨B|ℓ2,1(u) = ⟨B|ℓ2,1(−u)K1,1(u), (5.39)

i.e.,
(K2,2(u) +K1,1(u))⟨B|E(− 1

2 , 1
2 )

1,2 = 0. (5.40)

Since ⟨B|E(− 1
2 , 1

2 )
1,2 ̸= 0, we obtain that

K2,2(u) = −K1,1(u), (5.41)

therefore
a = 0. (5.42)

Let us continue with the first equation (5.33). It simplifies as

2U1,1⟨B|E(− 1
2 , 1

2 )
1,1 + U1,2⟨B|E(− 1

2 , 1
2 )

1,2 + ⟨B|E(− 1
2 , 1

2 )
2,1 U2,1 = 0. (5.43)

Let us multiply with the state |n⟩:

−2
(
n+ 1

2

)
U1,1⟨B|n⟩ − inU1,2⟨B|n− 1⟩ − i(n+ 1)U2,1⟨B|n+ 1⟩ = 0, (5.44)

therefore we obtain that

U2,1(n+ 1)Pn+1(cos θ) = −iU1,1(2n+ 1)Pn(cos θ) − nU1,2Pn−1(cos θ). (5.45)

Using the defining relation of the Legendre polynomials

(n+ 1)Pn+1(cos θ) = (2n+ 1) cos θPn(cos θ) − nPn−1(cos θ), (5.46)

we can fix the unknowns as

U1,2 = U2,1, (5.47)
U1,1 = i cos θU2,1. (5.48)

The involution property of U fixes the normalization freedom as

U1,2 =
1 − U2

1,1
U2,1

→ U2,1 = 1 + (cos θU2,1)2

U2,1
→ U2,1 = ± 1

sin θ . (5.49)

Without loss of generality, choose the positive sign for which the U-matrix and K-matrix
read as

K(z) = U =
(
i cot θ 1

sin θ
1

sin θ −i cot θ

)
. (5.50)
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This K-matrix satisfies the remaining two equations (5.34) and (5.36) therefore the elementary
KT -equation (5.39) is satisfied. Using the co-product property of KT -relation, the tensor
product boundary states (5.29) satisfy the KT -relation for any J . The existence of the
K-matrix proves the integrability of the boundary state (5.29). To use our overlap formula,
we need to calculate the regular form of the U-matrix (3.14):

U (2) =
(

−1 0
1

sin θ 1

)
, (5.51)

and the variable b1 is defined by (3.20), i.e.,

b1 = 1
sin θ . (5.52)

Now we can apply our on-shell overlap formula (3.107)

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= (sin θ)r1 ×
√
Q1(0)
Q1( i

2)
×

√
detG+

detG− . (5.53)

We can see that this result is in complete agreement with the conjecture of [17].

5.4 Boundary state in the gluon subsector

In the N = 4 SYM there is the gluonic spin-1 su(2) subsector which is formed by the self-dual
components of the field strength. The one-loop mixing matrix of the gluon operators is
the Hamiltonian of an SO(3) spin chain which is a homogeneous gl(2) spin chain where the
quantum space is a tensor product of the representation Λ = (1,−1).

We can define the monodromy matrix as

T0(u) = L
(1,−1)
0,J (u) . . . L(1,−1)

0,1 (u), (5.54)

and the Lax-operator L(u) has a usual form

L(1,−1)(u) = 1 + c

u

2∑
k,l=1

Ek,l ⊗ E
(1,−1)
l,k =

2∑
k,l=1

Ek,l ⊗ ℓk,l(u). (5.55)

We can choose the convention as

E
(1,−1)
1,1 = Sz, E

(1,−1)
1,2 = Sx + iSy,

E
(1,−1)
2,2 = −Sz, E

(1,−1)
2,1 = Sx − iSy,

(5.56)

where

Sx =

 0 0 0
0 0 i

0 −i 0

, Sy =

 0 0 −i
0 0 0
i 0 0

, Sz =

 0 −i 0
i 0 0
0 0 0

. (5.57)

The pseudo-vacuum is

|0(1,−1)⟩ = 1√
2

 1
i

0

. (5.58)
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The boundary state which describes correlators for the ’t Hooft line embedded in N = 4
SYM theory can be written as

⟨Ψ| = ⟨B|⊗J , (5.59)

where the elementary one-site state is

⟨B| =

 x1
x2
x3


T

= xT . (5.60)

Let us introduce the notations

z = x1 + ix2, ρ2 = x2
1 + x2

2 + x2
3. (5.61)

The vacuum overlap is

⟨B|0⟩ = 1
2J/2 z

J . (5.62)

Now we have to find the corresponding K-matrix of the one-site state which satisfies the
untwisted KT -relation

K0(u)⟨B|T0(u) = ⟨B|T0(−u)K0(u), (5.63)

for J = 1. The calculation is completely analogue as was in the previous section. We use the
same ansatz (5.32) for the K-matrix. Solving the equations (5.33)–(5.36) we obtain that

a = 0, U1,1 = −x3
z
U2,1, U2,2 = x3

z
U2,1, U1,2 = x1 − ix2

z
U2,1. (5.64)

From the normalization U2 = 1 we obtain that

U2,1 = z

ρ
. (5.65)

The existence of the K-matrix proves the integrability of the boundary state (5.59). To use
our overlap formula, we need to calculate the regular form of the U-matrix (3.14):

U (2) =
(
−1 0

z
ρ 1

)
, (5.66)

and the variable b1 is defined by (3.20), i.e.,

b1 = z

ρ
. (5.67)

Now we can apply our on-shell overlap formula (3.107)

⟨Ψ|B(t̄)√
C(t̄)B(t̄)

= 1
2J/2

zJ−r1

ρ−r1
×
√
Q1(0)
Q1( i

2)
×

√
detG+

detG− . (5.68)

We can see that this result is in complete agreement with the conjecture of [17].

– 46 –



J
H
E
P
0
5
(
2
0
2
4
)
1
9
4

6 Conclusion

In this paper we determined the on-shell overlap functions of the gl(N) symmetric spin
chains for the sp(N) and gl(M)⊕ gl(N −M) symmetric boundary states (see (3.107), (3.108)
and (4.119)). Combing them with the results of [30], the on-shell overlap formulas are
available for every integrable boundary states of the gl(N) spin chains which are built from
one- or two-site states. We gave a complete proof for (3.107) and (3.108), however the precise
derivation of (4.119) is positioned to a later work.

It would be interesting to generalize our method for K-matrices with extra boundary
degrees of freedom, i.e., when the boundary states are given by matrix product states
(MPS) [39]. This generalization would be very important since these MPS appear in the
context of defect AdS/CFT correspondence [12, 13, 19–21, 40].

Another interesting direction could be the generalization to supersymmetric gl(N |M)
spin chains. Applying our methods one might be able to find the overlap functions for every
grading, which could provide an alternative proof of the previously discovered fermionic
duality rules of the on-shell overlaps [41, 42].
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A Off-shell Bethe vectors

In this section we review the recurrence and action formulas of the off-shell Bethe vectors
which are used in our derivations of the overlaps. These formulas can be found in [33–36].

The off-shell Bethe vectors can be calculated from the following sum formula [33]

B
(
{z, t̄1},

{
t̄k
}N−1

k=2

)

=
N∑

j=2

T1,j(z)
λ2(z)

∑
part(t̄)

B
(
t̄1,
{
t̄kii

}j−1

k=2
,
{
t̄k
}N−1

k=j

)∏j−1
ν=2 αν(t̄νi )g(t̄νi , t̄ν−1

i )f(t̄νii, t̄νi )∏j−1
ν=1 f(t̄ν+1, t̄νi )

, (A.1)

where the sum goes over all the possible partitions t̄ν = t̄νi ∪ t̄νii for ν = 2, . . . , j − 1 where
t̄νi , t̄

ν
ii are disjoint subsets and #t̄νi = 1. We set by definition t̄1i = {z} and t̄N = ∅.
There is another sum formula

B
({
t̄k
}N−2

k=1
, {z, t̄N−1}

)

=
N−1∑
j=1

Tj,N (z)
λN (z)

∑
part(t̄)

B
({
t̄k
}j−1

k=1
,
{
t̄kii

}N−2

k=j
, t̄N−1

)∏N−2
ν=j g(t̄ν+1

i , t̄νi )f(t̄νi , t̄νii)∏N−1
ν=j f(t̄νi , t̄ν−1)

, (A.2)

where the sum goes over all the possible partitions t̄ν = t̄νi ∪ t̄νii for ν = j, . . . , N − 2 where
t̄νi , t̄

ν
ii are disjoint subsets and #t̄νi = 1.
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We also use the following action formula for the off-shell Bethe vectors [36]

Ti,j(z)B(t̄) = λN (z)
∑

part(w̄)
B(w̄ii)

∏i−1
s=j f(w̄s

i , w̄
s
iii)∏i−2

s=j f(w̄s+1
i , w̄s

iii)

×
i−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

N−1∏
s=j

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s+1
iii , w̄s

iii)f(w̄s+1
ii , w̄s

iii)
, (A.3)

where w̄ν = {z, t̄ν}. The sum goes over all the partitions of w̄ν = w̄ν
i ∪ w̄ν

ii ∪ w̄ν
iii where

w̄ν
i , w̄

ν
ii, w̄

ν
iii are disjoint sets for a fixed ν and #w̄ν

i = Θ(i− 1− ν), #w̄ν
iii = Θ(ν − j). We also

set w̄0
i = w̄N

iii = {z} and w̄0
ii = w̄0

iii = w̄N
i = w̄N

ii = ∅. We also used the unit step function
Θ(k) which is defined as Θ(k) = 1 for k ≥ 0 and Θ(k) = 0 for k < 0.

We can see that the diagonal elements Ti,i(u) do not change the quantum numbers rj .
The creation operators i.e. Ti,j(u) where i < j increase the quantum numbers ri, ri+1, . . . , rj−1
by one. The annihilation operators i.e. Tj,i(u) where i < j decrease the quantum numbers
ri, ri+1, . . . , rj−1 by one.

We also use the co-product formula of the off-shell Bethe vectors. Let H(1),H(2) be
two quantum spaces for which H = H(1) ⊗H(2) and the corresponding off-shell states are
B(1)(t̄),B(2)(t̄). The co-product formula reads as [43]

B(t̄) =
∑

part(t̄)

∏N−1
ν=1 α

(2)
ν (t̄νi )f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

B(1)(t̄i) ⊗ B(2)(t̄ii), (A.4)

where the sum goes over all the possible partitions t̄ν = t̄νi ∪ t̄νii where t̄νi , t̄νii are disjoint subsets.

We also need the action of the twisted monodromy matrix on the off-shell Bethe vec-
tors [30].

T̂i,j(z)B(t̄) = (−1)i−j λ̂N (z)
∑

part(w̄)
B(w̄ii)

∏N−1
s=2 f(t̄s−1−c, t̄s)∏N−1

s=2 f(w̄s−1
ii −c, w̄s

ii)

∏N−j
s=N−i+1 f(w̄s

i , w̄
s
iii)∏N−j

s=N−i+2 f(w̄s−1
i −c, w̄s

iii)

×
N−1∏

s=N−i+1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s+1
i +c)f(w̄s

i , w̄
s+1
ii +c)

N−j∏
s=1

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s−1
iii −c, w̄s

iii)f(w̄s−1
ii −c, w̄s

iii)
,

(A.5)

where w̄ν = {z − sc, t̄ν}. The sum goes over all the partition of w̄ν = w̄ν
i ∪ w̄ν

ii ∪ w̄ν
iii where

w̄ν
i , w̄

ν
ii, w̄

ν
iii are disjoint sets for a fixed ν and #w̄ν

i = Θ(ν −N − 1 + i), #w̄ν
iii = Θ(N − j − ν).

We also set w̄0
iii = {z}, w̄N

i = {z − Nc} and w̄0
i = w̄0

ii = w̄N
ii = w̄N

iii = ∅.

There are gl(2) subsectors which are spanned by the Bethe vectors B(∅×k−1, t̄k, ∅×N−1−k)
and the generators {Ti,j}k+1

i,j=k and {T̂i,j}N+1−k
i,j=N−k leave this subspace invariant. We can compare
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the actions (A.3) and (A.5) on this subspace and we find the following identities

T̂N−k,N−k(z)
λ̂N+1−k(z)

B(∅×k−1, t̄k, ∅×N−1−k) = Tk,k(z − kc)
λk+1(z − kc)B(∅×k−1, t̄k, ∅×N−1−k),

T̂N−k,N−k+1(z)
λ̂N+1−k(z)

B(∅×k−1, t̄k, ∅×N−1−k) = −Tk,k+1(z − kc)
λk+1(z − kc) B(∅×k−1, t̄k, ∅×N−1−k),

T̂N−k+1,N−k(z)
λ̂N+1−k(z)

B(∅×k−1, t̄k, ∅×N−1−k) = −Tk+1,k(z − kc)
λk+1(z − kc) B(∅×k−1, t̄k, ∅×N−1−k),

T̂N−k+1,N−k+1(z)
λ̂N+1−k(z)

B(∅×k−1, t̄k, ∅×N−1−k) = Tk+1,k+1(z − kc)
λk+1(z − kc) B(∅×k−1, t̄k, ∅×N−1−k),

(A.6)

therefore the original and the twisted monodromy matrices are equivalent in the gl(2)
subsectors, i.e.,

1
λ̂N+1−k(z)

(
T̂N−k,N−k(z) T̂N−k,N−k+1(z)
T̂N−k+1,N−k(z) T̂N−k+1,N−k+1(z)

)

∼=
1

λk+1(z − kc)

(
Tk,k(z − kc) −Tk,k+1(z − kc)

−Tk+1,k(z − kc) Tk+1,k+1(z − kc)

)
. (A.7)

B Untwisted off-shell overlap of M = 0 case

Let us take the following singular K-matrix

K(u) = 1
u

1 + U = 1
u

1 + bj

⌊N
2 ⌋∑

j=1
EN+1−j,j . (B.1)

We can apply the result of [30] for the off-shell overlaps. The off-shell overlap has the
sum formula

Sᾱ(t̄|b̄) = A
∑
part

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z̄(πa(t̄i))Z̄(t̄ii)
N−1∏
ν=1

αν(t̄νi ), (B.2)

where we introduced a non-trivial vacuum overlap

A := ⟨Ψ|Ω⟩. (B.3)

The HC has the recursion relation (see [30])

Z̄({z, t̄1},
{
t̄s
}N−1

s=2 )

= b2
b1

∑
part

Z̄({ω̄s
ii}N−2

s=1 , t̄
N−1
ii )

N−2∏
s=1

f(ω̄s
i , ω̄

s
ii)

h(ω̄s
i , ω̄

s−1
i )f(ω̄s

i , ω̄
s−1
ii )

f(t̄N−1
i , t̄N−1

ii )f(t̄N−1,−z)
h(t̄N−1

i , ω̄N−2
i )f(t̄N−1

i , ω̄N−2
ii )f(t̄2,z)

− 1
b1

1
z

∑
part

Z̄(w̄1
ii,{t̄sii}N−1

s=2 )f(w̄1
i , w̄

1
ii)

h(w̄1
i ,z)

f(t̄2i , t̄2ii)
h(t̄2i , w̄1

i )f(t̄2i , w̄1
ii)

N−1∏
s=3

f(t̄si , t̄sii)
h(t̄si , t̄s−1

i )f(t̄si , t̄s−1
ii )

. (B.4)
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Let us renormalize the HC as

Z̄(t̄) = 1∏N
2

s=1 b
rs−rs−1
s

Z̄0(t̄). (B.5)

Using the renormalized HC-s, the recursion will be independent on parameters of the K-matrix

Z̄0({z, t̄1},
{
t̄s
}N−1

s=2 )

=
∑
part

Z̄0({ω̄s
ii}N−2

s=1 , t̄
N−1
ii )

N−2∏
s=1

f(ω̄s
i , ω̄

s
ii)

h(ω̄s
i , ω̄

s−1
i )f(ω̄s

i , ω̄
s−1
ii )

f(t̄N−1
i , t̄N−1

ii )f(t̄N−1,−z)
h(t̄N−1

i , ω̄N−2
i )f(t̄N−1

i , ω̄N−2
ii )f(t̄2, z)

− 1
z

∑
part

Z̄0(w̄1
ii, {t̄sii}N−1

s=2 )f(w̄1
i , w̄

1
ii)

h(w̄1
i , z)

f(t̄2i , t̄2ii)
h(t̄2i , w̄1

i )f(t̄2i , w̄1
ii)

N−1∏
s=3

f(t̄si , t̄sii)
h(t̄si , t̄s−1

i )f(t̄si , t̄s−1
ii )

. (B.6)

The bs dependence appears only in the sum formula as

Sᾱ(t̄|b̄) = A∏N
2

s=1 b
rs−rs−1
s

S0
ᾱ(t̄), (B.7)

where we defined the bs independent quantity

S0
ᾱ(t̄) =

∑
part

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z̄0(πa(t̄i))Z̄0(t̄ii)
N−1∏
ν=1

αν(t̄νi ). (B.8)

It is clear that we obtain the M = 0 K-matrix in the limit bj → 0. We saw that the
non-vanishing overlaps require the selection rules rk = rΛ

k =
∑k

l=1 Λk (see (3.79)). For
these quantum numbers, the limit bj → 0 of the overlap is non-singular only if the vacuum
expectation value scales as A ∼

∏N
2

s=1 b
rΛ

s −rΛ
s−1

s =
∏N

2
s=1 b

Λs
s . Let us choose the normalization

of the two-site state as

A =
N
2∏

s=1
bΛs

s , (B.9)

therefore the off-shell overlap reads as

Sᾱ(t̄|b̄) =
N
2∏

s=1
bΛs+rs−1−rs

s S0
ᾱ(t̄). (B.10)

Now we can take the bs → 0 limit as

Sᾱ(t̄|b̄ = 0̄)
∣∣∣∣∣
r=rΛ

= S0
ᾱ(t̄). (B.11)

We just derived that the non-vanishing off-shell overlaps for M = 0 is S0
ᾱ(t̄) with the

recursion (B.6).
There is a significant simplification in the N = 2 case. In this case we have only one set

of Bethe roots t̄ ≡ t̄1 and α-function α ≡ α1. The sum formula simplifies as

S0
α(t̄) =

∑
part

f(t̄ii, t̄i)Z0(t̄i)Z0(−t̄ii)α(t̄i), (B.12)
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and we can give the HC in a closed form:

Z0(t̄) = κ(t̄)
∏
k<l

f(−tk, tl), κ(z) = 1
z
. (B.13)

We also need some limits of the gl(2) overlaps. The HC-s have formal poles in the limits
tl → −tk and tk → 0. For the first limit let us introduce the notation τ̄ = t̄\{tk, tl}. Taking
the limit tl → −tk we have

S0
α(t̄)→ (B.14)

g(−tk, tl)α(tk)α(tl)
1

−t2k

∑
part(τ̄)

f(τ̄ii, tk)f(τ̄ii,−tk)f(−tk, τ̄i)f(tk, τ̄i)f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)α(τ̄i)

+g(tk,−tl)
1

−t2k

∑
part(τ̄)

f(tk, τ̄i)f(−tk, τ̄i)f(τ̄ii,−tk)f(τ̄ii, tk)f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)α(τ̄i)+reg.

After simplifications we have

S0
α(t̄) → g(−tk, tl)(α(tk)α(tl) − 1) (B.15)

× 1
−t2k

f(τ̄ , tk)f(τ̄ ,−tk)
∑

part(τ̄)
f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)

[
α(τ̄i)

f(tk, τ̄i)f(−tk, τ̄i)
f(τ̄i, tk)f(τ̄i,−tk)

]
+ reg.

Introducing the modified α-s as

αmod(z) = α(z)f(tk, z)f(−tk, z)
f(z, tk)f(z,−tk) , (B.16)

and using the sum formula (B.12) we obtain that

S0
α(t̄) → Xk

1
−t2k

f(τ̄ , tk)f(τ̄ ,−tk)S0
αmod(τ̄) + S̃, (B.17)

where S̃ does not depend on Xk which is defined as

lim
tl→−tk

g(−tk, tl)(α(tk)α(tl) − 1) = −cα
′(tk)
α(tk) ≡ Xk. (B.18)

Taking the other limit tk → 0 we have

S0
α(t̄) → 1

tk
α(tk)

∑
part(τ̄)

f(τ̄ii, 0)f(0, τ̄i)f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)α(t̄i) (B.19)

+ 1
−tk

∑
part(τ̄)

f(0, τ̄i)f(τ̄ii, 0)f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)α(t̄i) + reg.,

where we introduced the set τ̄ = t̄\{tk}. After simplifications we have

S0
α(t̄) → 1

tk
(α(tk) − 1)f(τ̄ , 0)

∑
part(τ̄)

f(τ̄ii, τ̄i)Z0(τ̄i)Z0(−τ̄ii)
[
α(t̄i)

f(0, τ̄i)
f(τ̄i, 0)

]
+ reg. (B.20)

Introducing the modified α-s as

αmod(z) = α(z)f(0, z)
f(z, 0) , (B.21)
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and using the sum formula (B.12) we obtain that

S0
α(t̄) → X0

(
−2
c

)
f(τ̄ , 0)S0

αmod(τ̄) + S̃, (B.22)

where S̃ does not depend on Xk which is defined as

lim
tk→0

1
tk

(α(tk) − 1) = α′(0) ≡
(
−2
c

)
X0. (B.23)

C A new recurrence relations for the Bethe vectors

In section A we show recurrence relations for the off-shell Bethe vectors (A.1) and (A.2)
which are recursions on the quantum numbers r1 and rN−1. In this section we derive two
other recurrence relations for the off-shell Bethe vectors which decreases the quantum number
r2 and rN−2.

Recursion in r2. In this subsection we derive the recurrence relation

B(t̄1,{z, t̄2},{t̄s}N−1
s=3 )

=
N∑

j=3

∑
part(t̄)

T2,j(z)
λ3(z) B(t̄1, t̄2,{t̄sii}

j−1
s=3,{t̄

s}N−1
s=j ) 1

f(z, t̄1)

∏j−1
s=3αs(t̄si )g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏j−1
s=2 f(t̄s+1, t̄si )

+
N∑

j=3

∑
part(t̄)

T1,j(z)
λ3(z) B(t̄1ii, t̄2,{t̄sii}

j−1
s=3,{t̄

s}N−1
s=j )g(z, t̄1i )f(t̄1i , t̄1ii)

f(z, t̄1)

∏j−1
s=3αs(t̄si )g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏j−1
s=2 f(t̄s+1, t̄si )

,

(C.1)

where the sum goes over all the possible partitions t̄ν = t̄νi ∪ t̄νii for ν = 1 and ν = 3, . . . , j − 1
where t̄νi , t̄νii are disjoint subsets and #t̄νi = 1. We set by definition t̄2i = {z} and t̄N = ∅.

During the derivation we use the action formula (A.3). Applying it for i = 2 we obtain that

T2,j(z)
λ3(z) B(t̄1, t̄2, {t̄sii}

j−1
s=3, {t̄

s}N−1
s=j ) = 1∏N−1

s=3 αs(z)
∑

part(w̄)
B(w̄1

ii, {z, t̄2}, {z, t̄sii}
j−1
s=3, {w̄

s
ii}N−1

s=j )

× f(w̄1
i , w̄

1
ii)

h(w̄1
i , z)

N−1∏
s=j

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s+1
iii , w̄s

iii)f(w̄s+1
ii , w̄s

iii)
, (C.2)

where w̄ν = {z, t̄ν} and the sum goes over all the partitions of w̄1 = w̄1
i ∪w̄1

ii and w̄ν = w̄ν
ii∪w̄ν

iii
for ν = j, j + 1, . . . , N − 1. We also set w̄N

iii = {z} and w̄N
ii = ∅.

We can do the summation for the partitions of w̄1:
T2,j(z)
λ3(z) B(t̄1, t̄2, {t̄sii}

j−1
s=3, {t̄s}

N−1
s=j ) = 1∏N−1

s=3 αs(z)
× (C.3)[ ∑

part({w̄s}N−1
s=j

)

B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {w̄s

ii}N−1
s=j )f(z, t̄1)

N−1∏
s=j

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s+1
iii , w̄s

iii)f(w̄s+1
ii , w̄s

iii)
+

∑
part(t̄1,{w̄s}N−1

s=j
)

B({z, t̄1ii}, {z, t̄2}, {z, t̄sii}
j−1
s=3, {w̄s

ii}N−1
s=j )g(t̄1i , z)f(t̄1i , t̄1ii)

N−1∏
s=j

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s+1
iii , w̄s

iii)f(w̄s+1
ii , w̄s

iii)

]
.
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In the second line the sum goes over all the partitions of t̄1 = t̄1i ∪ t̄1ii and w̄ν = w̄ν
ii ∪ w̄ν

iii
where #t̄1i = #w̄ν

iii = 1 for ν = j, j + 1, . . . , N − 1. Let us concentrate on the summation
of the first line. We can do the summation for the partitions using that if w̄k

iii = {z} than
the term 1/f(w̄k+1

ii , w̄k
iii) = 0 for the partitions where z ∈ w̄k+1

ii therefore if w̄k
iii = {z} then

w̄k+1
iii = {z}, w̄k+1

ii = t̄k+1 for non-vanishing terms. We can repeat this argument and we
obtain that if w̄k

iii = {z} then w̄s
iii = {z}, w̄s

ii = t̄s for s > k, i.e.,

1∏N−1
s=3 αs(z)

∑
part(w̄)

B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {w̄

s
ii}N−1

s=j )f(z, t̄1)
N−1∏
s=j

αs(w̄s
iii)f(w̄s

ii, w̄
s
iii)

h(w̄s+1
iii , w̄s

iii)f(w̄s+1
ii , w̄s

iii)

= 1∏j−1
s=3 αs(z)

B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {t̄

s}N−1
s=j )f(z, t̄1)f(t̄j , z) (C.4)

+
N∑

k=j+1

1∏k−1
s=3 αs(z)

∑
part({t̄s}k−1

s=j )

B(t̄1, {z, t̄2}, {z, t̄sii}k−1
s=3 , {t̄

s}N−1
s=k )f(z, t̄1)f(t̄k, z)

×
∏k−1

s=j αs(t̄si )f(t̄sii, t̄si )∏k−2
s=j h(t̄s+1

i , t̄si )f(t̄s+1
ii , t̄si )

g(z, t̄k−1
i )

f(t̄k, t̄k−1
i )

.

In the third line the sum goes over all the partitions of t̄ν = t̄νi ∪ t̄νii where #t̄νi = 1 for
ν = j, j + 1, . . . , k − 1. We can repeat the analogous calculation for the second line of (C.3)
and we obtain that

T2,j(z)
λ3(z) B(t̄1, t̄2,{t̄sii}

j−1
s=3,{t̄

s}N−1
s=j )

= 1∏j−1
s=3αs(z)

B(t̄1,{z, t̄2},{z, t̄sii}
j−1
s=3,{t̄

s}N−1
s=j )f(z, t̄1)f(t̄j ,z)

+
N∑

k=j+1

1∏k−1
s=3 αs(z)

∑
part({t̄s}k−1

s=j )

B(t̄1,{z, t̄2},{z, t̄sii}k−1
s=3 ,{t̄

s}N−1
s=k )f(z, t̄1)f(t̄k,z)

×
∏k−1

s=j αs(t̄si )f(t̄sii, t̄si )∏k−2
s=j h(t̄s+1

i , t̄si )f(t̄s+1
ii , t̄si )

g(z, t̄k−1
i )

f(t̄k, t̄k−1
i )

+ 1∏j−1
s=3αs(z)

∑
part(t̄1)

B({z, t̄1ii},{z, t̄2},{z, t̄sii}
j−1
s=3,{t̄

s}N−1
s=j )g(t̄1i ,z)f(t̄1i , t̄1ii)f(t̄j ,z) (C.5)

+
N∑

k=j+1

1∏k−1
s=3 αs(z)

∑
part(t̄1,{t̄s}k−1

s=j )

B({z, t̄1ii},{z, t̄2},{z, t̄sii}k−1
s=3 ,{t̄

s}N−1
s=k )g(t̄1i ,z)f(t̄1i , t̄1ii)f(t̄k,z)

×
∏k−1

s=j αs(t̄si )f(t̄sii, t̄si )∏k−2
s=j h(t̄s+1

i , t̄si )f(t̄s+1
ii , t̄si )

g(z, t̄k−1
i )

f(t̄k, t̄k−1
i )

.
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We can repeat the analogous calculation for

T1,j(z)
λ3(z) B(t̄1ii, t̄2, {t̄sii}

j−1
s=3, {t̄

s}N−1
s=j ) (C.6)

= 1∏j−1
s=3 αs(z)

B({z, t̄1ii}, {z, t̄2}, {z, t̄sii}
j−1
s=3, {t̄

s}N−1
s=j )f(t̄j , z)

+
N∑

k=j+1

1∏k−1
s=3 αs(z)

∑
part({t̄s}k−1

s=j )

B({z, t̄1ii}, {z, t̄2}, {z, t̄sii}k−1
s=3 , {t̄

s}N−1
s=k )f(t̄k, z)

×
∏k−1

s=j αs(t̄si )f(t̄sii, t̄si )∏k−2
s=j h(t̄s+1

i , t̄si )f(t̄s+1
ii , t̄si )

g(z, t̄k−1
i )

f(t̄k, t̄k−1
i )

.

Let us introduce the following notation

Tj(z|t̄1, t̄2, {t̄sii}
j−1
s=3, {t̄

s}N−1
s=j ) := T2,j(z)

λ3(z) B(t̄1, t̄2, {t̄sii}
j−1
s=3, {t̄

s}N−1
s=j ) (C.7)

−
∑

part(t̄1)

T1,j(z)
λ3(z) B(t̄1ii, t̄2, {t̄sii}

j−1
s=3, {t̄

s}N−1
s=j )g(t̄1i , z)f(t̄1i , t̄1ii),

where the sum goes over all the partitions of t̄1 = t̄1i ∪ t̄1ii for #t̄1i = 1. Using the previous
results (C.5) and (C.6) we obtain that

Tj(z|t̄1, t̄2, {t̄sii}
j−1
s=3, {t̄

s}N−1
s=j )

= 1∏j−1
s=3 αs(z)

B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {t̄

s}N−1
s=j )f(z, t̄1)f(t̄j , z) (C.8)

+
N∑

k=j+1

1∏k−1
s=3 αs(z)

∑
part({t̄s}k−1

s=j )

B(t̄1, {z, t̄2}, {z, t̄sii}k−1
s=3 , {t̄

s}N−1
s=k )f(z, t̄1)f(t̄k, z)

×
∏k−1

s=j αs(t̄si )f(t̄sii, t̄si )∏k−2
s=j h(t̄s+1

i , t̄si )f(t̄s+1
ii , t̄si )

g(z, t̄k−1
i )

f(t̄k, t̄k−1
i )

.

We can see that the Tj-s are expressed with B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {t̄s}

N−1
s=j ) for j = 3, . . . , N .

We can invert these equations and express B(t̄1, {z, t̄2}, {t̄s}N−1
s=3 ) with Tj-s as

B(t̄1, {z, t̄2}, {t̄s}N−1
s=3 )

=
N∑

k=3

∑
part(t̄)

Tk(z, t̄1, t̄2, {t̄sii}k−1
s=3 , {t̄

s}N−1
s=k ) 1

f(z, t̄1)

∏k−1
s=3 αs(t̄si )g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏k
s=3 f(t̄s, t̄s−1

i )
, (C.9)

where the sum goes over all the partitions of t̄ν = t̄νi ∪ t̄νii for ν = 3, 4, . . . , k − 1 and #t̄νi = 1.
Substituting the definition of Tj (C.7) we obtain what we wanted to prove (C.1).
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Recursion in rN−2. In this subsection we derive an alternative recurrence relation

B({t̄s}N−3
s=1 , {z, t̄

N−2}, t̄N−2)

=
N−2∑
j=1

∑
part(t̄)

Tj,N−1(z)
λN−1(z) B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1)

∏N−3
ν=j g(t̄ν+1

i , t̄νi )f(t̄νi , t̄νii)∏N−2
ν=j f(t̄νi , t̄ν−1)

1
f(t̄N−1, z)

+
N−2∑
j=1

∑
part(t̄)

Tj,N (z)
λN−1(z)B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1

ii )
∏N−3

ν=j g(t̄ν+1
i , t̄νi )f(t̄νi , t̄νii)∏N−2

ν=j f(t̄νi , t̄ν−1)
(C.10)

× αN−1(t̄N−1
i )g(t̄N−1

i , z)f(t̄N−1
ii , t̄N−1

i )
f(t̄N−1, z)

,

where the sum goes over all the possible partitions t̄ν = t̄νi ∪t̄νii for ν = N−1 and ν = j, . . . , N−3
where t̄νi , t̄νii are disjoint subsets and #t̄νi = 1. We set by definition t̄N−2

i = {z} and t̄0 = ∅.
The derivation is analogous to the previous subsection. We start with the action

formulas (A.3):

Tj,N−1(z)
λN−1(z) B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1)

= 1
αN−1(z)

∑
part(w̄)

B({w̄s
ii}

j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, w̄N−1

ii ) (C.11)

×
j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

αN−1(w̄N−1
iii )f(w̄N−1

ii , w̄N−1
iii )

h(z, w̄N−1
iii )

,

and

Tj,N (z)
λN−1(z)B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1

ii ) (C.12)

= 1
αN−1(z)

∑
part(w̄)

B({w̄s
ii}

j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, {t̄N−1

ii , z})
j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

,

where w̄ν = {z, t̄ν} and the sum goes over all the partitions of w̄N−1 = w̄N−1
ii ∪ w̄N−1

iii and
w̄ν = w̄ν

i ∪w̄ν
ii where #w̄N−1

iii = #w̄ν
i = 1 for ν = 1, . . . , j−1. We also set w̄1

i = {z} and w̄1
ii = ∅.

We can do the summation for the partitions of w̄N−1:

Tj,N−1(z)
λN−1(z) B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1)

=
∑

part(w̄)
B({w̄s

ii}
j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, t̄N−1)

j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

f(t̄N−1, z)

+ 1
αN−1(z)

∑
part({w̄}j−1

1 ,t̄N−1)

B({w̄s
ii}

j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, {t̄N−1

ii , z}) (C.13)

×
j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

αN−1(t̄N−1
i )g(z, t̄N−1

i )f(t̄N−1
ii , t̄N−1

i ).
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Let us concentrate on the summation of the first line. We can do the summation using the
same trick as in the previous subsection, i.e., if w̄k

i = {z} then w̄s
i = {z}, w̄s

ii = t̄s for s < k:

∑
part(w̄)

B({w̄s
ii}

j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, t̄N−1)

j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

f(t̄N−1, z)

= B({t̄s}j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, t̄N−1)f(z, t̄j−1)f(t̄N−1, z) (C.14)

+
j−1∑
k=1

∑
part({t̄}j−1

k
)

B({t̄s}k−1
s=1 , {t̄

s
ii, z}N−3

s=k , {t̄
N−2, z}, t̄N−1)f(z, t̄k−1)f(t̄N−1, z)×

× g(t̄ki , z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)
,

where the sum goes over all the partitions of t̄ν = t̄νi ∪ t̄νii and #t̄νi = 1 for ν = k, . . . , j − 1.
We can repeat the analogous calculation for the second line of (C.13) and we obtain that

∑
part(w̄)

B({w̄s
ii}

j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, {t̄N−1

ii , z})
j−1∏
s=1

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s−1
i )f(w̄s

i , w̄
s−1
ii )

= B({t̄s}j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, {t̄N−1

ii , z})f(z, t̄j−1) (C.15)

+
j−1∑
k=1

∑
part({t̄}j−1

k
)

B({t̄s}k−1
s=1 , {t̄

s
ii, z}N−3

s=k , {t̄
N−2, z}, {t̄N−1

ii , z})f(z, t̄k−1)

× g(t̄ki , z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)
.

Substituting back to (C.13) we obtain that

Tj,N−1(z)
λN−1(z) B({t̄s}j−1

s=1,{t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1)

=B({t̄s}j−1
s=1,{t̄

s
ii,z}N−3

s=j ,{t̄
N−2,z}, t̄N−1)f(z, t̄j−1)f(t̄N−1,z)

+
j−1∑
k=1

∑
part({t̄}j−1

k
)

B({t̄s}k−1
s=1 ,{t̄

s
ii,z}N−3

s=k ,{t̄
N−2,z}, t̄N−1)f(z, t̄k−1)

1 f(t̄N−1,z)

× g(t̄ki ,z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)

+ 1
αN−1(z)

∑
part(t̄N−1)

[
B({t̄s}j−1

s=1,{t̄
s
ii,z}N−3

s=j ,{t̄
N−2,z},{t̄N−1

ii ,z})f(z, t̄j−1) (C.16)

+
∑

part({t̄}j−1
k

)

B({t̄s}k−1
s=1 ,{t̄

s
ii,z}N−3

s=k ,{t̄
N−2,z},{t̄N−1

ii ,z})f(z, t̄k−1)

× g(t̄ki ,z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)

]
αN−1(t̄N−1

i )g(z, t̄N−1
i )f(t̄N−1

ii , t̄N−1
i ).
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We can repeat the analogous calculation for

Tj,N (z)
λN−1(z)B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1

ii ) (C.17)

= 1
αN−1(z)B({t̄s}j−1

s=1, {t̄
s
ii, z}N−3

s=j , {t̄
N−2, z}, {t̄N−1

ii , z})f(z, t̄j−1)

+ 1
αN−1(z)

j−1∑
k=1

∑
part({t̄}j−1

k
)

B({t̄s}k−1
s=1 , {t̄

s
ii, z}N−3

s=k , {t̄
N−2, z}, {t̄N−1

ii , z})f(z, t̄k−1)

× g(t̄ki , z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)
. (C.18)

Let us introduce the following notation

Tj(z|{t̄s}j−1
s=1, {t̄

s
ii}N−3

s=j , t̄
N−2, t̄N−1) := Tj,N−1(z)

λN−1(z) B({t̄s}j−1
s=1, {t̄

s
ii}N−3

s=j , t̄
N−2, t̄N−1)

−
∑

part(t̄N−1)

Tj,N (z)
λN−1(z)B({t̄s}j−1

s=1, {t̄
s
ii}N−3

s=j , t̄
N−2, t̄N−1

ii )αN−1(t̄N−1
i )g(z, t̄N−1

i )f(t̄N−1
ii , t̄N−1

i ),

(C.19)

where the sum goes over all the partitions of t̄N−1 = t̄N−1
i ∪ t̄N−1

ii for #t̄N−1
i = 1. Using

the previous results (C.16) and (C.17) we obtain that

Tj(z|{t̄s}j−1
s=1, {t̄

s
ii}N−3

s=j , t̄
N−2, t̄N−1)

= B({t̄s}j−1
s=1, {t̄

s
ii, z}N−3

s=j , {t̄
N−2, z}, t̄N−1)f(z, t̄j−1)f(t̄N−1, z) (C.20)

+
j−1∑
k=1

∑
part({t̄}j−1

k
)

B({t̄s}k−1
s=1 , {t̄

s
ii, z}N−3

s=k , {t̄
N−2, z}, t̄N−1)f(z, t̄k−1)

1 f(t̄N−1, z)

× g(t̄ki , z)f(t̄ki , t̄kii)
f(t̄ki , t̄k−1)

j−1∏
s=k+1

g(t̄si , t̄s−1
i )f(t̄si , t̄sii)

f(t̄si , t̄s−1)
.

We can see that the Tj-s are expressed with B(t̄1, {z, t̄2}, {z, t̄sii}
j−1
s=3, {t̄s}

N−1
s=j ) for j = 1, . . . , N−

2. We can invert these equations and express B(t̄1, {z, t̄2}, {t̄s}N−1
s=3 ) with Tj-s as

B({t̄s}N−3
s=1 ,{t̄

N−2,z}, t̄N−1))

=
N−2∑
j=1

∑
part(t̄)

Tj(z|{t̄s}j−1
s=1,{t̄

s
ii}N−3

s=j , t̄
N−2, t̄N−1)

∏N−3
s=j g(t̄s+1

i , t̄si )f(t̄sii, t̄si )∏N−2
s=j f(t̄si , t̄s−1)

1
f(t̄N−1,z)

, (C.21)

where the sum goes over all the partitions of t̄s = t̄si ∪ t̄sii for s = j, . . . , N − 3 and #t̄νi = 1.
Substituting the definition of Tj (C.19) we obtain what we wanted to prove (C.10).

D Proof of the sum formulas

In this section we prove the sum formulas (3.98) and (4.94). We deal the untwisted and
twisted cases separately.
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D.1 Untwisted case

For the untwisted case, let us fix the K-matrix to the type (N,M) regular form:

K(z) =
M∑

k=1
bkEN+1−k,k +

N∑
k=1

Kk,k(z)Ek,k. (D.1)

We do not need the explicit form of the non-zero matrix entries therefore the result is
valid also for the singular K-matrices with the form (D.1). In section 3.3 we already saw
that the variables αs(tsk) can be handled as independent variables for s = 1, . . . ,M and
s = N −M, . . . , N − 1. Repeating the previous derivation of [30] (appendix (C.2)) we can
show that the off-shell overlap has the sum formula

Sᾱ(t̄) =
∑

part({t̄s}s∈s+ )
W{αs}s∈s−

({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−)
∏

s∈s+

αs(t̄si ), (D.2)

where we defined the sets s+ = {1, . . . ,M}∪{N−M, . . . , N−1} and s− = {M+1, . . . , N−M−
1}. The coefficients W{αs}s∈s−

({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−) do not depend on the α-functions
αs for s ∈ s+. For completeness, we present this proof.

D.1.1 Proof of (D.2)

We want to prove the sum formula (D.2) where the weights W{αs}s∈s−
do not depend on

αs for s ∈ s+. In the derivation we only care about αs (s ∈ s+) dependence of the overlap
therefore we use the notation (. . . ) for the αs independent coefficients (s ∈ s+). Using this
notation the sum formula takes the form

Sᾱ(t̄) =
∑

part(t̄)

∏
s∈s+

αs(t̄si )(. . . ). (D.3)

We prove this sum formula using induction on M . Let us start with M = 1. We use the
recurrence formula (A.1)

B({z, t̄1},
{
t̄s
}N−1

s=2 ) =
N∑

j=2

T1,j(z)
λ2(z)

∑
part(t̄)

B(t̄1,
{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )
j−1∏
ν=2

αν(tνi ) × (. . . ). (D.4)

We saw that, for non-vanishing overlap, the numbers of the first and (N − 1)-th type of Bethe
roots are equal therefore we fix the quantum numbers as #t̄1 = r1 − 1 and #t̄N−1 = r1.
Using the KT -relation (3.1) we obtain that

⟨Ψ|B({z, t̄1},
{
t̄s
}N−1

s=2 ) = 1
λ2(z)

N−1∑
j=2

Kj,j(z)
b1

∑
part(t̄)

⟨Ψ|TN,j(−z)B(t̄1,
{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )(. . .)

− 1
λ2(z)

KN,N (z)
b1

N−1∑
j=2

∑
part(t̄)

⟨Ψ|TN,j(z)B(t̄1,
{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )(. . .)

+ 1
λ2(z)

KN,N (z)
b1

∑
part(t̄)

⟨Ψ|TN,N (−z)B(t̄1,
{
t̄sii
}N−1

s=2 )αN−1(t̄N−1
i )(. . .)

− 1
λ2(z)

KN,N (z)
b1

∑
part(t̄)

⟨Ψ|TN,N (z)B(t̄1,
{
t̄sii
}N−1

s=2 )αN−1(t̄N−1
i )(. . .).

(D.5)
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We can use the action formulas (A.3)

TN,j(−z)
λ2(z) B(t̄) = α1(z)

∑
part

B(ω̄ii)αN−1(ω̄N−1
iii ) × (. . . ),

TN,j(z)
λ2(z) B(t̄) = 1

αN−1(z)
∑
part

B(w̄ii)αN−1(w̄N−1
iii ) × (. . . ),

(D.6)

for j > 1, where w̄ν = {z, t̄ν}, ω̄ν = {−z, t̄ν} and w̄ν = w̄ν
i ∪ w̄ν

ii ∪ w̄ν
iii, ω̄ν = ω̄ν

i ∪ ω̄ν
ii ∪ ω̄ν

iii.
We can see that in these formulas the α-dependent terms are αN−1(tN−1

k ) and α1(z), αN−1(z)
therefore combining (D.5) and (D.6) we obtain the following recursion for the overlap

⟨Ψ|B({z, t̄1},
{
t̄s
}N−1

s=2 ) =
∑
part

⟨Ψ|B(w̄ii)αN−1(t̄N−1
i ) × (α1(z), αN−1(z), . . . ), (D.7)

where w̄ν
ii ⊂ {z,−z, t̄νii} and t̄ = t̄i ∪ t̄ii where w̄1

ii = w̄N−1
ii = r1 − 1. Applying this recursion

for the overlap we can eliminate the Bethe roots t̄1 and t̄N−1 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
(
∅,
{
w̄k

ii

}N−2

k=2
, ∅
)
αN−1(t̄N−1

i ) × (α1(t1k), αN−1(t1k), . . . ), (D.8)

where w̄ν
ii ⊂ {t̄1,−t̄1, t̄νii}. Since the type (N − 2, 0) overlap does not depend on α1 or

αN−1, we obtain that

Sᾱ(t̄) =
∑
part

αN−1(t̄N−1
i ) × (α1(t1k), αN−1(t1k), . . . ), (D.9)

for M = 1. We can repeat this calculation for the other type of recursion of the off-shell
overlap (A.2):

B
({
t̄k
}N−2

k=1
, {z, t̄N−1}

)
=

N−1∑
j=1

Tj,N (z)
λN (z)

∑
part(t̄)

B
({
t̄k
}j−1

k=1
,
{
t̄kii

}N−2

k=j
, t̄N−1

)
(. . . ). (D.10)

Using the KT -relation (3.1) we obtain that

⟨Ψ|B
({
t̄k
}N−2

k=1
, {z, t̄N−1}

)

= 1
λN (z)

N−1∑
j=1

Kj,j(−z)
b1

∑
⟨Ψ|Tj,1(−z)B

({
t̄k
}j−1

k=1
,
{
t̄kii

}N−2

k=j
, t̄N−1

)
(. . . )

− 1
λN (z)

K1,1(−z)
b1

N−1∑
j=1

∑
⟨Ψ|Tj,1(z)B

(
t̄1,
{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j

)
(. . . ).

(D.11)

We can use the action formulas (A.3)

Tj,1(−z)
λ2(z) B(t̄) = α1(z)αN−1(z)

∑
part

B(ω̄ii)α1(ω̄1
iii)αN−1(ω̄N−1

iii ) × (. . . ),

Tj,1(z)
λ2(z) B(t̄) =

∑
part

B(w̄ii)α1(w̄1
iii)αN−1(w̄N−1

iii ) × (. . . ).
(D.12)
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We can see that in these formulas the α-dependent terms are α1(t1k), αN−1(tN−1
k ) and

α1(z), αN−1(z) therefore combining the equations above we obtain the following recursion
for the overlap

⟨Ψ|B
(
{z, t̄1},

{
t̄s
}N−1

s=2

)
=
∑
part

⟨Ψ|B(w̄ii)α1(t̄1i )αN−1(t̄N−1
i ) × (α1(z), αN−1(z), . . . ), (D.13)

where w̄ν
ii ⊂ {z,−z, t̄νii} and t̄ = t̄i ∪ t̄ii where w̄1

ii = w̄N−1
ii = r1 − 1. Applying this recursion

for the overlap we can eliminate the Bethe roots t̄1 and t̄N−1 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
(
∅,
{
w̄k

ii

}N−2

k=2
, ∅
)
α1(t̄1i ) × (α1(tN−1

k ), αN−1(tN−1
k ), . . . ), (D.14)

where w̄ν
ii ⊂ {t̄1,−t̄1, t̄νii}. Since the type (N − 2, 0) overlap does not depend on α1 or

αN−1, we obtain that

Sᾱ(t̄) =
∑
part

α1(t̄1i ) × (α1(tN−1
k ), αN−1(tN−1

k ), . . . ), (D.15)

for M = 1. Combining the two properties (D.9) and (D.15) of the M = 1 off-shell formula
we obtain that

Sᾱ(t̄) =
∑
part

α1(t̄1i )αN−1(t̄N−1
i ) × (. . . ), (D.16)

which proves (D.2) for type M = 1.
Let us continue with general M . Let us assume that the type (N−2,M−1) overlaps have

the sum formula (D.2). Let us turn to the type (N,M) overlaps. Combining the recurrence
relation (A.1) with the KT -relation we obtain the equation

⟨Ψ|B({z, t̄1},
{
t̄s
}N−1

s=2 )

= 1
λ2(z)

M∑
j=2

bj

b1

∑
⟨Ψ|TN,j(−z)B(t̄1,

{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )
∏

s∈s+∩[2,...,j−1]
αs(t̄si )(. . . ) (D.17)

+ 1
λ2(z)

N−1∑
j=2

Kj,j(z)
b1

∑
⟨Ψ|TN,j(−z)B(t̄1,

{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )
∏

s∈s+∩[2,...,j−1]
αs(t̄si )(. . . )

− 1
λ2(z)

KN,N (z)
b1

N−1∑
j=2

∑
⟨Ψ|TN,j(z)B(t̄1,

{
t̄sii
}j−1

s=2,
{
t̄s
}N−1

s=j )
∏

s∈s+∩[2,...,j−1]
αs(t̄si )(. . . ).

We can also use the action formula (A.3)

TN,j(−z)
λ2(z) B(t̄) = α1(z)

∑
part

B(ω̄ii)
∏

s∈s+∩[j,...,N−1]
αs(t̄si ) × (. . . ),

TN,j(z)
λ2(z) B(t̄) = 1∏

s∈s+∩[j,...,N−1] αs(z)
∑
part

B(w̄ii)
∏

s∈s+∩[j,...,N−1]
αs(w̄s

iii) × (. . . ),
(D.18)
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for j > 1. We can see that in these formulas the α-dependent terms are αs(tsk) for s ∈
s+ ∩ [2, . . . , N − 1] and αs(z) for s ∈ s+ therefore combining them we obtain the following
recursion for the overlap

⟨Ψ|B({z, t̄1},
{
t̄s
}N−1

s=2 ) =
∑
part

⟨Ψ|B(w̄ii)
∏

s∈s+∩[2,...,N−1]
αs(t̄si ) × (αs(z), . . . ), (D.19)

where w̄ν
ii ⊂ {z,−z, t̄νii} and t̄ = t̄i ∪ t̄ii where w̄1

ii = w̄N−1
ii = r1 − 1. Applying this recursion

for the overlap we can eliminate the Bethe roots t̄1 and t̄N−1 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
(
∅,
{
w̄k

ii

}N−2

k=2
, ∅
) ∏

s∈s+∩[2,...,N−1]
αs(t̄si ) × (αs(t1k), . . . ), (D.20)

where w̄ν
ii ⊂ {t̄1,−t̄1, t̄νii}. Since the type (N − 2,M − 1) overlap satisfies the induction

hypothesis, we obtain that

Sᾱ(t̄) =
∑
part

∏
s∈s+∩[2,...,N−1]

αs(t̄si ) × (αs(t1k), . . . ). (D.21)

We can repeat this calculation for the other type of recursion of the off-shell overlap (A.2).
Combining it with the KT -relation (3.1) and the action formulas (A.3), we obtain a sum
formula where the α-dependent terms are αs(tsk) and αs(z) for s ∈ s+ i.e.

⟨Ψ|B({z, t̄1},
{
t̄s
}N−1

s=2 ) =
∑
part

⟨Ψ|B(w̄ii)
∏

s∈s+

αs(t̄si ) × (αs(z), . . . ), (D.22)

where w̄ν
ii ⊂ {z,−z, t̄νii} and t̄ = t̄i ∪ t̄ii where w̄1

ii = w̄N−1
ii = r1 − 1. Applying this recursion

for the overlap we can eliminate the Bethe roots t̄1 and t̄N−1 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
(
∅,
{
w̄k

ii

}N−2

k=2
, ∅
) ∏

s∈s+∩[1,...,N−2]
αs(t̄si ) × (αs(tN−1

k ), . . . ), (D.23)

where w̄ν
ii ⊂ {t̄1,−t̄1, t̄νii}. Since the type (N − 2,M − 1) overlap satisfies the induction

hypothesis, we obtain that

Sᾱ(t̄) =
∑
part

∏
s∈s+∩[1,...,N−2]

αs(t̄si ) × (αs(tN−1
k ), . . . ). (D.24)

Combining the two properties (D.21) and (D.24) we obtain that

Sᾱ(t̄) =
∑
part

∏
s∈s+

αs(t̄si ) × (. . . ), (D.25)

which proves (D.2) for general M .

D.1.2 Proof of (3.98)

Now we derive some useful identities for the undetermined coefficients

W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−), (D.26)
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of the sum formula (D.2). Let us renormalize the overlap formula as

S̃ᾱ(t̄) = Sᾱ(t̄)
N−1∏
s=1

λs+1(t̄s). (D.27)

For the renormalized overlap the sum formula (D.2) reads as

S̃ᾱ(t̄) =
∑

part({t̄s}s∈s+ )
W{αs}s∈s−

({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−)
∏

s∈s+

λs(t̄si )λs+1(t̄sii)
∏

s∈s−
λs+1(t̄s).

(D.28)
We can us the co-product formula (A.4)

S̃ᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 λ

(2)
ν (t̄νi )λ(1)

ν+1(t̄νii)f(t̄νii, t̄νi )∏N−2
ν=1 f(t̄ν+1

ii , t̄νi )
S̃ᾱ(1)(t̄i)S̃ᾱ(2)(t̄ii). (D.29)

Let us choose a fixed partition t̄ν = t̄νi ∪ t̄νii for every ν ∈ s+. Let us choose the vacuum
eigenvalues λν(z) as

λ(2)
ν (tνk) = 0, where tνk ∈ t̄νii, for ν ∈ s+,

λ
(1)
ν+1(tνk) = 0, where tνk ∈ t̄νi , for ν ∈ s+.

(D.30)

Using these conditions in the sum formula (D.28) we obtain that

S̃ᾱ(t̄) = W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−)

∏
s∈s+

λs(t̄si )λs+1(t̄sii)
∏

s∈s−
λs+1(t̄s). (D.31)

Substituting to the co-product formula (D.29) we obtain that

S̃ᾱ(t̄) =
∑

part({t̄s}s∈s− )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

S̃ᾱ(1)(t̄i)S̃ᾱ(2)(t̄ii)
N−1∏
ν=1

λ(2)
ν (t̄νi )λ(1)

ν+1(t̄νii), (D.32)

where the sum goes through to the partitions t̄ν = t̄νi ∪ t̄νii for ν ∈ s− and the partitions
for ν ∈ s+ are fixed. The overlaps are

S̃ᾱ(1)(t̄i) = W{α
(1)
s }s∈s−

({t̄si }s∈s+ |∅|{t̄si }s∈s−)
∏

s∈s+

λ(1)
s (t̄si )

∏
s∈s−

λ
(1)
s+1(t̄si ), (D.33)

S̃ᾱ(2)(t̄ii) = W{α
(2)
s }s∈s−

(∅|{t̄sii}s∈s+ |{t̄sii}s∈s−)
∏

s∈s+

λ
(2)
s+1(t̄sii)

∏
s∈s−

λ
(2)
s+1(t̄sii). (D.34)

Substituting back we obtain that

W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−) =

∑
part({t̄s}s∈s− )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×W{α
(1)
s }s∈s−

({t̄si }s∈s+ |∅|{t̄si }s∈s−)W{α
(2)
s }s∈s−

(∅|{t̄sii}s∈s+ |{t̄sii}s∈s−)
∏

s∈s−
α(2)

s (t̄si ). (D.35)
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Let us choose the quantum space H(1) as α(1)
s (z) = 1 for s ∈ s−. The formula above

simplifies as

W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−)

=
∑

part({t̄s}s∈s− )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)W{αs}s∈s−
(∅|{t̄sii}s∈s+ |{t̄sii}s∈s−)

∏
s∈s−

αs(t̄si ), (D.36)

where we introduced the HC as

Z(t̄) := W{αs}s∈s−
({t̄s}s∈s+ |∅|{t̄s}s∈s−)

∣∣∣∣∣
αs(z)=1

. (D.37)

We can also choose the other quantum space H(2) as α(2)
s (z) = 1 for which

W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−)

=
∑

part({t̄s}s∈s− )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

W{αs}s∈s−
({t̄si }s∈s+ |∅|{t̄si }s∈s−)Z̄(t̄ii), (D.38)

where we introduced the other HC as

Z̄(t̄) := W{αs}s∈s−
(∅|{t̄s}s∈s+ |{t̄s}s∈s−)

∣∣∣∣∣
αs(z)=1

. (D.39)

Substituting t̄si = ∅ for s ∈ s+ to the second formula (D.38) we obtain that

W{αs}s∈s−
(∅|{t̄sii}s∈s+ |{t̄s}s∈s−) =

∑
part({t̄s}s∈s− )

∏N−M−1
s=M+1 f(t̄sii, t̄si )∏N−M−1

s=M+1 f(t̄s+1
ii , t̄si )

S0
{αs}s∈s−

({t̄si }s∈s−)Z̄(t̄ii),

(D.40)
where we used that

W{αs}s∈s−
(∅|∅|{t̄s}s∈s−) = ⟨Ψ|B(∅, . . . , ∅, t̄M+1, . . . , t̄N−M−1, ∅, . . . , ∅) = S0

{αs}s∈s−
({t̄s}s∈s−).

(D.41)
We can substitute to (D.36):

W{αs}s∈s−
({t̄si }s∈s+ |{t̄sii}s∈s+ |{t̄s}s∈s−) =

∑
part({t̄s}s∈s− )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×
∏N−M−1

s=M+1 f(t̄siii, t̄si )f(t̄sii, t̄siii)∏N−M−1
s=M+1 f(t̄siii, t̄

s−1
i )f(t̄s+1

ii , t̄siii)
Z(t̄i)Z̄(t̄ii)S0

{αs}s∈s−
({t̄siii}s∈s−)

∏
s∈s−

αs(t̄si ). (D.42)

Substituting back to the original sum formula (D.2), we obtain that

Sᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

∏N−M−1
s=M+1 f(t̄siii, t̄si )f(t̄sii, t̄siii)∏N−M−1

s=M+1 f(t̄siii, t̄
s−1
i )f(t̄s+1

ii , t̄siii)

×Z(t̄i)Z̄(t̄sii)S0
{αs}s∈s−

({t̄siii}s∈s−)
N−1∏
s=1

αs(t̄si ), (D.43)

which is what we wanted to prove (3.98).
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D.2 Twisted case

For the twisted case let us fix the K-matrix to the regular form

K =
N/2∑
a=1

xaEN+1−2a,2a−1 − xaEN+2−2a,2a.

In section 4.2 we already saw that the variables α2a(t2a
k ) can be handled as independent

variables for a = 1, . . . , N
2 − 1. Using a similar derivation of [30] (appendix (C.1)) we can

show that the overlap has the sum formula

Sᾱ(t̄) =
∑

part({t̄2a}N/2−1
a=1 )

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)
N/2−1∏

a=1
α2a(t̄2a

i ).

(D.44)
For completeness, we present this proof.

D.2.1 Proof of (D.44)

We start with the proof of the sum formula (D.44) where the weights W{α2a−1}N/2
a=1

do not
depend on α2a for a = 1, . . . , N

2 − 1. In the derivation we only care about α2a dependence of
the overlap therefore we use the notation (. . . ) for the α2a independent coefficients. Using
this notation the sum formula takes the form

Sᾱ(t̄) =
∑

part(t̄)

N/2−1∏
a=1

α2a(t̄2a
i )(. . . ). (D.45)

We prove this sum formula using induction on N . Let us start with N = 4. Using the
recurrence formula (C.1)

B(t̄1, {z, t̄2}, t̄3) =
4∑

j=3

∑
part(t̄)

T2,j(z)
λ3(z) B(t̄1, t̄2, {t̄sii}

j−1
s=3, {t̄

s}3
s=j)(. . . )

+
4∑

j=3

∑
part(t̄)

T1,j(z)
λ3(z) B(t̄1ii, t̄2, {t̄sii}

j−1
s=3, {t̄

s}3
s=j)(. . . ), (D.46)

and the KT -relation

T2,3(z) = −x2
x1
λ0(z)T̂4,1(−z), T2,4(z) = xa

x1
λ0(z)T̂4,2(−z),

T1,3(z) = x2
x1
λ0(z)T̂3,1(−z), T1,4(z) = −xa

x1
λ0(z)T̂3,2(−z),

(D.47)

and the action formula (A.5)

T̂i,j(−z)B(t̄) = (−1)i−jα2(z)
∑

part(w̄)
B(ω̄ii)α2(ω̄2

iii)(. . . ), (D.48)

for j ≤ 2, we obtain the following recursion for the overlap

⟨Ψ|B(t̄1, {z, t̄2}, t̄3) =
∑
part

⟨Ψ|B(ω̄ii)α2(z)α2(ω̄2
iii)(. . . ), (D.49)
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where ω̄ν
ii, ω̄

ν
iii ⊂ {−z − νc, t̄ν} where ω̄2

ii = #t̄2 − 1 and ω̄ν
ii ∩ ω̄ν

iii = ∅. We can prove (D.44)
for N = 4 by induction on r2 = #t̄2. Let us start with #t̄2 = 2 for which

⟨Ψ|B(t̄1, {z, t2}, t̄3) =
∑
part

⟨Ψ|B(ω̄1
ii, ∅, ω̄3

ii)α2(z)α2(ω̄2
iii)(. . . ). (D.50)

Since the overlap with r2 = 0 factorize as

⟨Ψ|B(ω̄1
ii, ∅, ω̄3

ii) = S(1)
α1 (ω̄1

ii)S(3)
α3 (ω̄3

ii), (D.51)

which does not depend on α2 we obtain that

⟨Ψ|B(t̄1, {z, t2}, t̄3) =
∑
part

α2(z)α2(ω̄2
iii)(. . . ). (D.52)

We have two possibilities: if ω̄2
iii = {−z − 2c} then the r.h.s. is α2(z)α2(−z − 2c) = 1 or if

ω̄2
iii = {t2} then the r.h.s. is α2(z)α2(t2) therefore

⟨Ψ|B(t̄1, {z, t2}, t̄3) =
∑
part

α2(z)α2(t2)(. . . ) + (. . . ), (D.53)

i.e., we just proved that

⟨Ψ|B(t̄1, t̄2, t̄3) =
∑
part

α2(t̄2i )(. . . ), (D.54)

for r2 = 2. Now let assume that (D.54) is true for #t̄2 = r2−2. Let us apply the relation (D.49)
for #t̄2 = r2 − 1. In this case the number of the second Bethe roots is r2 − 2 therefore we
can use the induction hypothesis (D.54):

⟨Ψ|B(t̄1, {z, t̄2}, t̄3) =
∑
part

α2(ω̄2
i )α2(z)α2(ω̄2

iii)(. . . ), (D.55)

where ω̄ν
i ∩ ω̄ν

iii = ∅. We have three possibilities

⟨Ψ|B(t̄1, {z, t̄2}, t̄3) =


∑

part α2(t̄2i )(. . . ), −z − 2c ∈ ω̄2
i ,∑

part α2(t̄2i )(. . . ), {−z − 2c} = ω̄2
iii,∑

part α2(z)α2(t̄2i )(. . . ), {−z − 2c} /∈ ω̄2
i , ω̄

2
iii,

(D.56)

therefore we obtain that

⟨Ψ|B(t̄1, {z, t̄2}, t̄3) =
∑
part

α2(z)α2(t̄2i )(. . . ) +
∑
part

α2(t̄2i )(. . . ), (D.57)

which proves (D.54) for any even r2, i.e we proved (D.44) for N = 4.
Let us continue with general N . Let us assume that the gl(N − 2) overlaps have the

sum formula (D.44). Let us turn to the type gl(N) overlaps. We can use the recurrence
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formula (C.1)

B(t̄1,{z, t̄2},{t̄s}N−1
s=3 ) =

N/2∑
a=2

∑
part(t̄)

T2,2a−1(z)
λ3(z) B(t̄1, t̄2,{t̄sii}2a−2

s=3 ,{t̄s}N−1
s=2a−1)

a−1∏
b=2

α2b(t̄2b
i )(. . .)

+
N/2∑
a=2

∑
part(t̄)

T2,2a(z)
λ3(z) B(t̄1, t̄2,{t̄sii}2a−1

s=3 ,{t̄s}N−1
s=2a)

a−1∏
b=2

α2b(t̄2b
i )(. . .)

+
N/2∑
a=2

∑
part(t̄)

T1,2a−1(z)
λ3(z) B(t̄1ii, t̄2,{t̄sii}2a−2

s=3 ,{t̄s}N−1
s=2a−1)

a−1∏
b=2

α2b(t̄2b
i )(. . .)

+
N/2∑
a=2

∑
part(t̄)

T1,2a(z)
λ3(z) B(t̄1ii, t̄2,{t̄sii}2a−1

s=3 ,{t̄s}N−1
s=2a)

a−1∏
b=2

α2b(t̄2b
i )(. . .),

(D.58)

and the KT -relation

T2,2a−1(z) = −xa

x1
λ0(z)T̂N,N+1−2a(−z), T2,2a(z) = xa

x1
λ0(z)T̂N,N+2−2a(−z),

T1,2a−1(z) = xa

x1
λ0(z)T̂N−1,N+1−2a(−z), T1,2a(z) = −xa

x1
λ0(z)T̂N−1,N+2−2a(−z),

(D.59)

and the action formula (A.5)

T̂i,N−j(−z)B(t̄) = α2(z)
∑

part(w̄)
B(ω̄ii)

j/2∏
b=1

α2b(ω̄2b
iii)(. . . ). (D.60)

We can see that in these formulas the α-dependent terms are α2b(t2b
k ) and α2b(z) therefore

combining the equations above, we obtain the following recursion for the overlap

⟨Ψ|B(t̄1, {z, t̄2}, {t̄s}N−1
s=3 ) =

∑
part

⟨Ψ|B(ω̄ii)
N
2 −1∏
b=1

α2b(t̄2b
i )(α2b(z), . . . ), (D.61)

where ω̄ν
ii ⊂ {−z − νc, t̄νii} and t̄ = t̄i ∪ t̄ii. Applying this recursion for the overlap we can

eliminate the Bethe roots t̄2 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
(
ω̄1

ii, ∅,
{
ω̄k

ii

}N−1

k=3

) N
2 −1∏
b=2

α2b(t̄2b
i ) × (α2b(t2k), . . . ), (D.62)

where ω̄ν
ii ⊂ {−t̄1−νc, t̄νii}. The overlaps in the r.h.s. factorize to gl(2) and gl(N−2) overlaps as

⟨Ψ|B
(
ω̄1

ii, ∅,
{
ω̄k

ii

}N−1

k=3

)
= S(1)

α1 (ω̄1
ii)⟨Ψ|B

(
∅, ∅,

{
ω̄k

ii

}N−1

k=3

)
. (D.63)

The gl(2) overlap does not depend on α2b and gl(N − 2) overlap satisfies the induction
hypothesis therefore we obtain that

Sᾱ(t̄) =
N
2 −1∏
b=2

α2b(t̄2b
i ) × (α2b(t2k), . . . ). (D.64)
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We can repeat the previous calculation using the alternative recurrence formula (C.10)

B({t̄s}N−3
s=1 , {z, t̄

N−2}, t̄N−2)

=
N/2∑
a=2

∑
part(t̄)

T2a−1,N−1(z)
λN−1(z) B({t̄s}2a−2

s=1 , {t̄sii}N−3
s=2a−1, t̄

N−2, t̄N−1)(. . . )

+
N/2∑
a=2

∑
part(t̄)

T2a,N−1(z)
λN−1(z) B({t̄s}2a−1

s=1 , {t̄sii}N−3
s=2a, t̄

N−2, t̄N−1)(. . . )

+
N/2∑
a=2

∑
part(t̄)

T2a−1,2N (z)
λN−1(z) B({t̄s}2a−2

s=1 , {t̄sii}N−3
s=2a−1, t̄

N−2, t̄N−1
ii )(. . . ) (D.65)

+
N/2∑
a=2

∑
part(t̄)

T2a,2N (z)
λN−1(z) B({t̄s}2a−1

s=1 , {t̄sii}N−3
s=2a, t̄

N−2, t̄N−1
ii )(. . . ),

and the KT -relation

T2a−1,N−1(z) =
xN

2

xa
λ0(z)T̂N−2a+1,1(−z), T2a,N−1(z) =−

xN
2

xa
λ0(z)T̂N−2a+2,1(−z),

T2a−1,N (z) =−
xN

2

xa
λ0(z)T̂N−2a+1,2(−z), T2a,N (z) =

xN
2

xa
λ0(z)T̂N−2a+2,2(−z),

(D.66)

and the action formula (A.5). We can see that in these formulas the α-dependent terms are
α2b(t2b

k ) and α2b(z) therefore combining them, we obtain the following recursion for the overlap

⟨Ψ|({t̄s}N−3
s=1 , {z, t̄

N−2}, t̄N−2) =
∑
part

⟨Ψ|B(ω̄ii)
N
2 −1∏
b=1

α2b(t̄2b
i )(α2b(z), . . . ), (D.67)

where ω̄ν
ii ⊂ {−z − νc, t̄νii} and t̄ = t̄i ∪ t̄ii. Applying this recursion for the overlap we can

eliminate the Bethe roots t̄N−2 as

⟨Ψ|B(t̄) =
∑
part

⟨Ψ|B
({
ω̄k

ii

}N−3

k=1
, ∅, ω̄N−1

ii

) N
2 −2∏
b=1

α2b(t̄2b
i ) × (α2b(tN−2

k ), . . . ), (D.68)

where ω̄ν
ii ⊂ {−t̄N−1 − νc, t̄νii}. The overlaps in the r.h.s. factorize to gl(2) and gl(N − 2)

overlaps as

⟨Ψ|B
({
ω̄k

ii

}N−3

k=1
, ∅, ω̄N−1

ii

)
= ⟨Ψ|B

({
ω̄k

ii

}N−3

k=1
, ∅, ∅

)
S(1)

α1 (ω̄1
ii). (D.69)

The gl(2) overlap does not depend on α2b and gl(N − 2) overlap satisfies the induction
hypothesis therefore we obtain that

Sᾱ(t̄) =
∑
part

N
2 −2∏
b=1

α2b(t̄2b
i ) × (α2b(tN−2

k ), . . . ). (D.70)

Combining the two properties (D.64) and (D.70) we obtain that

Sᾱ(t̄) =
∑
part

N
2 −1∏
b=1

α2b(t̄2b
i ) × (. . . ), (D.71)

which proves (D.44) for general N .
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D.2.2 Proof of (4.94)

Now we derive some useful identities for the undetermined coefficients

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1), (D.72)

of the sum formula (D.44).
Let us start with the overlap where r2b = 0 for b = 1, . . . , N

2 − 1. Since the corresponding
Bethe states are generated by commuting Y (2) subalgebras, these overlaps are factorized as

⟨Ψ|B(t̄1, ∅, t̄3, ∅, . . . , ∅, t̄N−1) =
N/2∏
b=1

S(2b−1)
α2b−1 (t̄2b−1), (D.73)

where
S(2b−1)

α2b−1 (t̄2b−1) := ⟨Ψ|B(∅×2b−2, t̄2b−1, ∅×N−2b). (D.74)

For N = 2 the untwisted and twisted KT -relations are equivalent but there are different
conventions for the monodromy matrices (there is a shift in the spectral parameter) and
the K-matrices. In the untwisted convention the K-matrix is the type (2, 0) for which the
overlap is given by (B.12), (B.13):

Sα(t̄) =
∑

f(t̄νii, t̄νi )Z0(t̄i)Z0(−t̄ii)α(t̄i), (D.75)

where
Z0(t̄) = κ(t̄)

∏
k<l

f(−tk, tl), κ(z) = 1
z
. (D.76)

Introducing the proper shifts (A.7), the overlaps in the twisted convention reads as

S(s)
α (t̄) = Sα

(
t̄+ c

s

2

)∣∣∣∣∣
α2a−1(z)→α2a−1(z−c s

2 )

, (D.77)

therefore

Sᾱ(t̄1, ∅, t̄3, ∅ . . . , ∅, t̄N−1) =
N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

i ). (D.78)

Let us renormalize the general overlap formula as

S̃ᾱ(t̄) = Sᾱ(t̄)
N−1∏
s=1

λs+1(t̄s). (D.79)

For the renormalized overlap the sum formula reads as

S̃ᾱ(t̄) =
∑

part({t̄2a}N/2−1
a=1 )

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)

×
N/2−1∏

a=1
λ2a(t̄2a

i )λ2a+1(t̄2a
ii )

N/2∏
a=1

λ2a(t̄2a−1). (D.80)
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We can use the co-product formula (A.4):

S̃ᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 λ

(2)
ν (t̄νi )λ(1)

ν+1(t̄νii)f(t̄νii, t̄νi )∏N−2
ν=1 f(t̄ν+1

ii , t̄νi )
S̃ᾱ(1)(t̄i)S̃ᾱ(2)(t̄ii). (D.81)

Let us fix a partition t̄2a = t̄2a
i ∪ t̄2a

ii for every a = 1, . . . , N
2 − 1. Let us choose the vacuum

eigenvalues λν(z) as

λ
(2)
2a (t2a

k ) = 0, where t2a
k ∈ t̄2a

ii , for a = 1, . . . , N2 − 1,

λ
(1)
2a+1(t2a

k ) = 0, where t2a
k ∈ t̄2a

i , for a = 1, . . . , N2 − 1.
(D.82)

Using these conditions in the sum formula (D.80) we obtain that

S̃ᾱ(t̄) =W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)
N/2−1∏

a=1
λ2a(t̄2a

i )λ2a+1(t̄2a
ii )

N/2∏
a=1

λ2a(t̄2a−1).

(D.83)
Substituting to the co-product formula (D.81) we obtain that

S̃ᾱ(t̄) =
∑

part({t̄2a−1}N/2
a=1)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

S̃ᾱ(1)(t̄i)S̃ᾱ(2)(t̄ii)
N−1∏
ν=1

λ(2)
ν (t̄νi )λ(1)

ν+1(t̄νii), (D.84)

where the sum goes through to the partitions t̄2a−1 = t̄2a−1
i ∪ t̄2a−1

ii for a = 1, . . . , N/2 and
the partitions of t̄2a are fixed. The overlaps are

S̃ᾱ(1)(t̄i) = W{α
(1)
2a−1}

N/2
a=1

({t̄2a
i }N/2−1

a=1 |∅|{t̄2a−1
i }N/2

a=1)
N/2−1∏

a=1
λ

(1)
2a (t̄2a

i )
N/2∏
a=1

λ
(1)
2a (t̄2a−1

i ), (D.85)

S̃ᾱ(2)(t̄ii) = W{α
(2)
2a−1}

N/2
a=1

(∅|{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1

ii }N/2
a=1)

N/2−1∏
a=1

λ
(2)
2a+1(t̄2a

ii )
N/2∏
a=1

λ
(2)
2a (t̄2a−1

ii ). (D.86)

Substituting back we obtain that

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1) =
∑

part({t̄2a−1}N/2
a=1)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×

W{α
(1)
2a−1}

N/2
a=1

({t̄2a
i }N/2−1

a=1 |∅|{t̄2a−1
i }N/2

a=1)W{α
(2)
2a−1}

N/2
a=1

(∅|{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1

ii }N/2
a=1)

N/2∏
a=1

α
(2)
2a−1(t̄2a−1

i ).

(D.87)

Let us choose the quantum space H(1) as α(1)
2a−1(z) = 1 for which the formula above simplifies as

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)

=
∑

part({t̄2a−1}N/2
a=1)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)W{α2a−1}N/2
a=1

(∅|{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1

ii }N/2
a=1)

N/2∏
a=1

α2a−1(t̄2a−1
i ),

(D.88)
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where we defined the HC as

Z(t̄) := W{α2a−1}N/2
a=1

({t̄2a}N/2−1
a=1 |∅|{t̄2a−1}N/2

a=1)
∣∣∣∣∣
α2a−1(z)=1

. (D.89)

We can also choose the other quantum space H(2) as α(2)
2a−1(z) = 1 for which we have

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)

=
∑

part({t̄2a−1}N/2
a=1)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |∅|{t̄2a−1
i }N/2

a=1)Z̄(t̄ii), (D.90)

where we defined the other HC as

Z̄(t̄) := W{α2a−1}N/2
a=1

(∅|{t̄2a}N/2−1
a=1 |{t̄2a−1}N/2

a=1)
∣∣∣∣∣
α2a−1(z)=1

. (D.91)

Substituting t̄2a
i = ∅ for a = 1, . . . , N

2 − 1 to the second formula (D.90) we obtain that

W{α2a−1}N/2
a=1

(∅|{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)

=
∑

part({t̄2a−1}N/2
a=1)

∏N/2
a=1 f(t̄2a−1

ii , t̄2a−1
i )∏N/2−1

ν=a f(t̄2a
ii , t̄

2a−1
i )

N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

i )Z̄(t̄ii), (D.92)

where we used that

W{α2a−1}N/2
a=1

(∅|∅|{t̄2a−1
i }N/2

a=1) = Sᾱ(t̄1, ∅, t̄3, ∅ . . . , ∅, t̄N−1) =
N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

i ). (D.93)

We can substitute to (D.88):

W{α2a−1}N/2
a=1

({t̄2a
i }N/2−1

a=1 |{t̄2a
ii }

N/2−1
a=1 |{t̄2a−1}N/2

a=1)

=
∑

part({t̄2a−1}N/2
a=1)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

∏N/2
a=1 f(t̄2a−1

iii , t̄2a−1
i )f(t̄2a−1

ii , t̄2a−1
iii )∏N/2−1

a=1 f(t̄2a+1
iii , t̄2a

i )f(t̄2a
ii , t̄

2a−1
iii )

×Z(t̄i)Z̄(t̄ii)
N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

iii )
N/2∏
a=1

α2a−1(t̄2a−1
i ). (D.94)

Substituting back to the original sum formula we obtain that

Sᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

∏N/2
a=1 f(t̄2a−1

iii , t̄2a−1
i )f(t̄2a−1

ii , t̄2a−1
iii )∏N/2−1

a=1 f(t̄2a+1
iii , t̄2a

i )f(t̄2a
ii , t̄

2a−1
iii )

×Z(t̄i)Z̄(t̄ii)
N/2∏
a=1

S(2a−1)
α2a−1 (t̄2a−1

iii )
N−1∏
s=1

αs(t̄si ), (D.95)

which is what we wanted to prove (4.94).
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E Elementary overlaps

In this section we derive some elementary overlaps for two- and one-site states.

Untwisted case. For the untwisted case we use the type (N,M) regular form K-matrices.
We derive the elementary overlaps where the quantum space is the tensor product of the
representations (1, 0, . . . , 0) and (0, . . . , 0,−1) for which the monodromy matrix is

T0(z) = L̄0,2(z + θ)L0,1(z − θ). (E.1)

In this convention the basis vectors ej ⊗ ek have weights Λ(1)
i = δi,j − δi,N+1−k. The

pseudo-vacuum has weight (1, 0, . . . , 0,−1). The following Bethe vectors span the whole
quantum space

B({t1}, . . . , {tk−1}, ∅ . . . , ∅, {tN+1−l}, . . . , {tN−1}) ∼ ek ⊗ el, for k + l ≤ N,

B({t1}, . . . , {tN−1}) ∈ span({ek ⊗ eN+1−k}N
k=1), (E.2)

B({t1}, . . . , {tk−1}, {tk1, tk2}, . . . , {tN−l
1 , tN−l

2 }, {tN+1−l}, . . . , {tN−1}) ∼ eN+1−l ⊗ eN+1−k,

for k + l ≤ N.

We already saw that the corresponding two-site state ⟨ψ(θ)| has the form (3.31)

⟨ψ(θ)| =
N∑

i,j=1
KN+1−j,i(θ)(ei)t ⊗ (ej)t =

M∑
i=1

bi(ei)t ⊗ (ei)t +
N∑

i=1
Ki,i(ei)t ⊗ (eN+1−i)t, (E.3)

therefore the non-vanishing overlaps are

Sᾱ(1)({ts}k−1
s=1 , ∅

×N−2k+1, {ts}N−1
s=N+1−k) = ⟨ψ(θ)|B({ts}k−1

s=1 , ∅
×N−2k+1, {ts}N−1

s=N+1−k), (E.4)

for k = 1, . . . ,M and

Sᾱ(1)({t1}, . . . , {tN−1}) = ⟨ψ(θ)|B({t1}, . . . , {tN−1}). (E.5)

Let us derive these “elementary” overlaps. We can us the recursion equation (A.1):

⟨ψ(θ)|B({ts}k−1
s=1 , ∅

×N−2k+1, {ts}N−1
s=N+1−k)

= 1
λ2(t1)⟨ψ(θ)|T1,k(t1)B(∅, . . . , ∅, {ts}N−1

s=N+1−k) 1∏k−1
ν=2 h(tν , tν−1)

. (E.6)

We also need the KT -relation

⟨ψ(θ)|T1,k(z) = bk

b1
⟨ψ(θ)|TN,N+1−k(−z) + Kk,k(z)

b1
⟨ψ(θ)|TN,k(−z) − KN,N (z)

b1
⟨ψ(θ)|TN,k(z).

(E.7)
Since

TN,k(z)B(∅, . . . , ∅, {ts}N−1
s=N+1−k) = 0, (E.8)

for k ≤ M , we have

⟨ψ(θ)|B({ts}k−1
s=1 , ∅

×N−2k+1, {ts}N−1
s=N+1−k)

= bk

b1

1
λ2(t1)⟨ψ(θ)|TN,N+1−k(−t1)B(∅, . . . , ∅, {ts}N−1

s=N+1−k) 1∏k−1
ν=2 h(tν , tν−1)

, (E.9)
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we can also use the other recursion formula (A.2):

B(∅, . . . , ∅, {ts}N−1
s=N+1−k) = 1

λN (tN−1)TN+1−k,N (tN−1)|0⟩ 1∏N−1
ν=N+2−k h(tν , tν−1)

, (E.10)

therefore

⟨ψ(θ)|B({ts}k−1
s=1 ,∅

×N−2k+1,{ts}N−1
s=N+1−k) = bk

b1

1
λ2(t1)

1
λN (tN−1)

×⟨ψ(θ)|TN,N+1−k(−t1)TN+1−k,N (tN−1)|0⟩ 1∏k−1
ν=2h(tν , tν−1)

1∏N−1
ν=N+2−k h(tν , tν−1)

. (E.11)

We can use the RTT -relation (2.3):[
TN,N+1−k(−t1), TN+1−k,N (tN−1)

]
= g(−t1, tN−1)

(
TN+1−k,N+1−k(tN−1)TN,N (−t1) − TN+1−k,N+1−k(−t1)TN,N (tN−1)

)
,

(E.12)

therefore
1

λ2(t1)TN,N+1−k(−t1)TN+1−k,N (tN−1)|0⟩ = g(−t1, tN−1)
(
α1(t1)αN−1(tN−1) − 1

)
|0⟩.

(E.13)
Substituting back to the overlap formula (E.11), we obtain that

⟨ψ(θ)|B({ts}k−1
s=1 ,∅

×N−2k+1,{ts}N−1
s=N+1−k = bk

b1
g(−t1, tN−1)

(
α1(t1)αN−1(tN−1)−1

)
× 1∏k−1

ν=2h(tν , tν−1)
1∏N−1

ν=N+2−k h(tν , tν−1)
. (E.14)

Let us continue with the other elementary overlap (E.5). We can us the recursion
equation (A.1):

⟨ψ(θ)|B({ts}N−1
s=1 ) = 1

λ2(t1)

N−1∑
j=2

⟨ψ(θ)|T1,j(t1)B
(
∅, . . . ,∅,

{
tk
}N−1

k=j

) 1∏j−1
ν=2h(tν , tν−1)

1
f(tj , tj−1)

+ 1
λ2(t1)αN−1(t̄N−1)⟨ψ(θ)|T1,N (t1)B(∅) 1∏N−1

ν=2 h(tν , tν−1)
. (E.15)

Let us use the other recursion (A.2):

B
(
∅, . . . , ∅,

{
tk
}N−1

k=j

)
= 1
λN (tN−1)Tj,N (tN−1)|0⟩ 1∏N−1

ν=j+1 h(tν , tν−1)
,

therefore the elementary overlap simplifies as

⟨ψ(θ)|B({ts}N−1
s=1 )

= 1
λ2(t1)

1
λN (tN−1)

N−1∑
j=2

⟨ψ(θ)|T1,j(t1)Tj,N (tN−1)|0⟩ 1∏N−1
ν=2 h(tν , tν−1)

1
g(tj , tj−1)

+ 1
λ2(t1)αN−1(t̄N−1)⟨ψ(θ)|T1,N (t1)|0⟩ 1∏N−1

ν=2 h(tν , tν−1)
. (E.16)
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We can also use the KT-relation

⟨ψ|T1,k(z) = bk

b1
⟨ψ|TN,N+1−k(−z) + Kk,k(z)

b1
⟨ψ|TN,k(−z) − KN,N (z)

b1
⟨ψ|TN,k(z), (E.17)

for k ≤ M and

⟨ψ|T1,k(z) = Kk,k(z)
b1

⟨ψ|TN,k(−z) − KN,N (z)
b1

⟨ψ|TN,k(z), (E.18)

for k > M . Since

TN,N+1−j(−z)Tj,N (tN−1)|0⟩ = 0, (E.19)

for j ≤ M , we have

⟨ψ(θ)|B({ts}N−1
s=1 ) = Kj,j(t1)

b1

N−1∑
j=2

⟨ψ(θ)|TN,j(−t1)Tj,N (tN−1)
λ2(t1)λN (tN−1) |0⟩ 1∏N−1

ν=2 h(tν , tν−1)
1

g(tj , tj−1)

−KN,N (t1)
b1

N−1∑
j=2

⟨ψ(θ)|TN,j(t1)Tj,N (tN−1)
λ2(t1)λN (tN−1) |0⟩ 1∏N−1

ν=2 h(tν , tν−1)
1

g(tj , tj−1)

+KN,N (t1)
b1

(
α1(t1)αN−1(t̄N−1)−αN−1(t̄N−1)

αN−1(t1)

)
1∏N−1

ν=2 h(tν , tν−1)
.

(E.20)

We can use the RTT -relation (2.3):[
TN,j(z), Tj,N (tN−1)

]
= g(z, tN−1)

(
Tj,j(tN−1)TN,N (z) − Tj,j(z)TN,N (tN−1)

)
, (E.21)

therefore

1
λ2(t1)

1
λN (tN−1)⟨ψ(θ)|TN,j(−t1)Tj,N (tN−1)B(∅) = g(−t1, tN−1)

(
α1(t1)αN−1(tN−1) − 1

)
,

(E.22)
1

λ2(t1)
1

λN (tN−1)⟨ψ(θ)|TN,j(t1)Tj,N (tN−1)B(∅) = g(t1, tN−1)
(
αN−1(tN−1)
αN−1(t1) − 1

)
. (E.23)

Substituting back to the overlap formula (E.20) we obtain that

⟨ψ(θ)|B({ts}N−1
s=1 )

= g(−t1, tN−1)
(
α1(t1)αN−1(tN−1) − 1

) 1∏N−1
ν=2 h(tν , tν−1)

N−1∑
j=2

Kj,j(t1)
b1

1
g(tj , tj−1)

− KN,N (t1)
b1

g(t1, tN−1)
(
αN−1(tN−1)
αN−1(t1) − 1

)
1∏N−1

ν=2 h(tν , tν−1)

N−1∑
j=2

1
g(tj , tj−1) (E.24)

+ KN,N (t1)
b1

(
α1(t1)αN−1(t̄N−1) − αN−1(t̄N−1)

αN−1(t1)

)
1∏N−1

ν=2 h(tν , tν−1)
.
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We have the identity
N−1∑
j=2

1
g(tj , tj−1) = 1

g(tN−1, t1) , (E.25)

therefore the overlap formula simplifies as

⟨ψ(θ)|B({ts}N−1
s=1 )

= g(−t1, tN−1)
(
α1(t1)αN−1(tN−1) − 1

) 1∏N−1
ν=2 h(tν , tν−1)

N−1∑
j=2

Kj,j(t1)
b1

1
g(tj , tj−1)

+ KN,N (t1)
b1

(
α1(t1)αN−1(t̄N−1) − 1

) 1∏N−1
ν=2 h(tν , tν−1)

, (E.26)

i.e.

⟨ψ(θ)|B({ts}N−1
s=1 ) =

(
α1(t1)αN−1(tN−1) − 1

) 1∏N−1
ν=2 h(tν , tν−1)

×

g(−t1, tN−1)
N−1∑
j=2

Kj,j(t1)
b1

1
g(tj , tj−1) + KN,N (t1)

b1

. (E.27)

We concentrate on two types of K-matrices.

1. For the singular K-matrix where KN,1 = b1, K1,1(z) = · · · = KN,N (z) = 1
u we have

N−1∑
j=2

Kj,j(t1)
KN,1(t1)

1
g(tj , tj−1) = KN,N (t1)

KN,1(t1)
1

g(tN−1, t1) , (E.28)

for which the overlap reads as

⟨ψ|B
({
tk
}N−1

k=1

)
= KN,N (t1)
KN,1(t1)

(
α1(t1)αN−1(tN−1)−1

)N−2∏
s=1

1
h(ts+1, ts)

(
g(−t1, tN−1)
g(tN−1, t1) +1

)
.

(E.29)

We also have the identity

g(−t1, tN−1)
g(tN−1, t1) + 1 = g(−t1, tN−1)

( 1
g(tN−1, t1) + 1

g(−t1, tN−1)

)
= g(−t1, tN−1)

g(−t1, t1) , (E.30)

therefore the overlap simplifies as

Ss
0

({
tk
}N−1

k=1

)
:= ⟨ψ|B

({
tk
}N−1

k=1

)

=
(

1
g(−t1, t1)

KN,N (t1)
KN,1(t1)

)
g(−t1, tN−1)

(
α1(t1)αN−1(tN−1) − 1

)N−2∏
s=1

1
h(ts+1, ts) ,

(E.31)

or equivalently

Ss
0(
{
tk
}N−1

k=1
)

=
(

1
g(−tM , tM )

KN,N (tM )
KN,1(tM )

)
g(−t1, tN−1)

(
α1(t1)αN−1(tN−1) − 1

)N−2∏
s=1

1
h(ts+1, ts) .

(E.32)
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2. For the K-matrix where KN,1 = b, K1,1(z) = K2,2(z) = · · · = KM,M (z) = a−u
u ,

KM+1,M+1(z) = · · · = KN,N (z) = a+u
u we have

⟨ψ|B
({
tk
}N−1

k=1

)
=
(
K1,1(t1)
KN,1(t1)

g(−t1, tN−1)
g(tM , t1) + KN,N (t1)

KN,1(t1)

(
g(−t1, tN−1)
g(tN−1, tM ) + 1

))

×
N−2∏
s=1

1
h(ts+1, ts)

(
α1(t1)αN−1(tN−1) − 1

)
. (E.33)

We can use the identity

g(−t1, tN−1)
g(tN−1, tM ) + 1 = g(−t1, tN−1)

g(−t1, tM ) (E.34)

in the following expression

K1,1(t1)
KN,1(t1)

g(−t1, tN−1)
g(tM , t1) +KN,N (t1)

KN,1(t1)

(
g(−t1, tN−1)
g(tN−1, tM ) +1

)

= KN,N (tM )
KN,1(tM )

1
g(−tM , tM )g(−t1, tN−1), (E.35)

therefore the overlap simplifies as

SM
0

({
tk
}N−1

k=1

)
:= ⟨Ψ|B

({
tk
}N−1

k=1

)

= 1
g(−tM , tM )

KN,N (tM )
KN,1(tM ) g(−t1, tN−1)

(
α1(t1)αN−1(tN−1)−1

)N−2∏
s=1

1
h(ts+1, ts)

= (tM +a)Ss
0

(
{t1},

{
tk
}N−1

k=2

)
. (E.36)

We can see that there is a common form for the two types of the boundary states which is

⟨Ψ|B
({
tk
}N−1

k=1

)
(E.37)

= 1
g(−tM , tM )

KN,N (tM )
KN,1(tM ) g(−t1, tN−1)

(
α1(t1)αN−1(tN−1) − 1

)N−2∏
s=1

1
h(ts+1, ts) .

Twisted case. In this section we derive the elementary overlaps where the quantum space
is the rectangular representation where s = 1, a = 2 for which the monodromy matrix is

T0(z) = L
(1,2)
0,1 (z + c/2), (E.38)

for which

α1(z) = 1,

α2(z) = z + 3c/2
z + c/2 , (E.39)

αk(z) = 1, for k > 2.
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We fix the K-matrix to its regular form (4.26). We saw that the corresponding one-site
state is (4.64)

⟨ψ| =
N/2∑
a=1

xae
t
(2a−1,2a), (E.40)

where e(i,j) are the basis in the quantum space for 1 ≤ i < j ≤ N . The following Bethe
vectors span the quantum space

B(∅, ∅, ∅, . . . , ∅) = e(1,2),

B(∅, {t2} . . . , {tk−1}, ∅ . . . , ∅) ∼ e(1,k), for 3 ≤ k ≤ N, (E.41)
B({t1}, {t2} . . . , {tk−1}, ∅ . . . , ∅) ∼ e(2,k), for k + l ≤ N,

B({t1}, {t21, t22}, . . . , {tk−1
1 , tk−1

2 }, {tk−1}, . . . , {tl−1}, ∅ . . . , ∅) ∼ e(k,l), for 3 ≤ k < l ≤ N.

The non-vanishing overlaps are

Sᾱ({t1}, t̄2, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅) = ⟨ψ|B({t1}, t̄2, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅), (E.42)

for a = 2, . . . , N/2 and #t̄s = 2 for s = 2, . . . , 2a − 2.
Let us derive these “elementary” overlaps. We can use the recursion (C.1). For this

representation the non-vanishing Bethe vectors are listed in (E.41) therefore the recursion
of the off-shell Bethe vector simplifies as

B({t1}, {z, t2}, t̄3, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅)

=
∑

part(t̄)

[
T2,2a−1(z)
λ3(z) B({t1}, {t2}, {t̄sii}2a−2

s=3 , {t2a−1}, ∅, . . . ∅) 1
f(z, t1)

1
f(t2a−1, t̄2a−2

i )

+ T1,2a−1(z)
λ3(z) B(∅, {t2}, {t̄sii}2a−2

s=3 , {t2a−1}, ∅, . . . ∅) 1
h(z, t1)

1
f(t2a−1, t̄2a−2

i )

+ T2,2a(z)
λ3(z) B({t1}, {t2}, {t̄sii}2a−2

s=3 , ∅, . . . ∅) 1
f(z, t1)

1
h(t2a−1, t̄2a−2

i )
(E.43)

+ T1,2a(z)
λ3(z) B(∅, {t2}, {t̄sii}2a−2

s=3 , ∅, . . . ∅) 1
h(z, t̄1)

1
h(t2a−1, t̄2a−2

i )

] 2a−2∏
s=3

g(t̄si , t̄s−1
i )f(t̄sii, t̄si )

f(t̄s, t̄s−1
i )

.

We can use the KT -relation

⟨Ψ|T2,2b−1(z) =−λ0(z)xb

x1
⟨Ψ|T̂N,N+1−2b(−z), ⟨Ψ|T2,2b(z) =λ0(z)xb

x1
⟨Ψ|T̂N,N+2−2b(−z),

⟨Ψ|T1,2b−1(z) =λ0(z)xb

x1
⟨Ψ|T̂N−1,N+1−2b(−z), ⟨Ψ|T1,2b(z) =−λ0(z)xb

x1
⟨Ψ|T̂N−1,N+2−2b(−z),

(E.44)
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therefore we obtain that

⟨Ψ|B({t1},{z, t2}, t̄3, . . . , t̄2a−2,{t2a−1},∅, . . .∅) = λ0(z)
λ3(z)

xa

x1

∑
part(t̄)

[

−⟨Ψ|T̂N,N+1−2a(−z)B({t1},{t2},{t̄sii}2a−2
s=3 ,{t2a−1},∅, . . .∅) 1

f(z, t1)
1

f(t2a−1, t̄2a−2
i )

+⟨Ψ|T̂N−1,N+1−2a(−z)B(∅,{t2},{t̄sii}2a−2
s=3 ,{t2a−1},∅, . . .∅) 1

h(z, t1)
1

f(t2a−1, t̄2a−2
i )

+⟨Ψ|T̂N,N+2−2a(−z)B({t1},{t2},{t̄sii}2a−2
s=3 ,∅, . . .∅) 1

f(z, t1)
1

h(t2a−1, t̄2a−2
i )

(E.45)

−⟨Ψ|T̂N−1,N+2−2a(−z)B(∅,{t2},{t̄sii}2a−2
s=3 ,∅, . . .∅) 1

h(z, t1)
1

h(t2a−1, t̄2a−2
i )

]

×
2a−2∏
s=3

g(t̄si , t̄s−1
i )f(t̄sii, t̄si )

f(t̄s, t̄s−1
i )

.

Let us use the identity (2.35) for the Bethe states of the r.h.s.:

B({ts}j−1
s=1, ∅, . . . , ∅) = (−1)j−1

N−2∏
s=N+1−j

f(ws+1, ws)B̂(∅, . . . , ∅, {ws}N−1
s=N+1−j), (E.46)

B(∅, {ts}j−1
s=2, ∅, . . . , ∅) = (−1)j

N−2∏
s=N+1−j

f(ws+1, ws)B̂(∅, . . . , ∅, {ws}N−2
s=N+1−j , ∅), (E.47)

where ws = tN−s + (N − s)c and the Bethe states B̂ are built from the twisted monodromy
matrix entries T̂i,j . We can use the recursion (C.10)

B̂(∅, . . . , ∅, {ws}N−1
s=N+1−j) = T̂N+1−j,N (wN−2)

λ̂N−1(wN−2)
|0⟩ 1∏N−2

ν=N+1−j h(wν+1, wν)
, (E.48)

B̂(∅, . . . , ∅, {ws}N−2
s=N+1−j , ∅) = T̂N+1−j,N−1(wN−2)

λ̂N−1(wN−2)
|0⟩ 1∏N−3

ν=N+1−j h(wν+1, wν)
. (E.49)

Substituting back to (E.45) we obtain that

⟨Ψ|B({t1}, {z, t2}, t̄3, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅) = λ0(z)
λ3(z)

1
λ̂N−1(t2 + 2c)

xa

x1

∑
part(t̄)

[

+ ⟨Ψ|T̂N,N+1−2a(−z)T̂N+1−2a,N (t2 + 2c)|0⟩ 1
f(z, t1)

1
h(t2, t1)

1
f(t2a−1, t̄2a−2

i )
1

h(t2a−1, t2a−2
ii )

− ⟨Ψ|T̂N−1,N+1−2a(−z)T̂N+1−2a,N−1(t2 + 2c)|0⟩ 1
h(z, t1)

1
f(t2a−1, t̄2a−2

i )
1

h(t2a−1, t2a−2
ii )

− ⟨Ψ|T̂N,N+2−2a(−z)T̂N+2−2a,N (t2 + 2c)|0⟩ 1
f(z, t1)

1
h(t2, t1)

1
h(t2a−1, t̄2a−2

i )
(E.50)

+ ⟨Ψ|T̂N−1,N+2−2a(−z)T̂N+2−2a,N−1(t2 + 2c)|0⟩ 1
h(z, t1)

1
h(t2a−1, t̄2a−2

i )

]

×
2a−2∏
s=3

g(t̄si , t̄s−1
i )f(t̄sii, t̄si )

f(t̄s, t̄s−1
i )h(tsii, ts−1

ii )
,
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where we used the identity
f(wν+1, wν)
h(wν+1, wν) = g(tN−ν−1 − c, tN−ν) = − 1

h(tN−ν , tN−ν−1) . (E.51)

Now we can use the RTT -relation (2.3)[
T̂i,j(−z), T̂j,i(t2 + 2c)

]
= g(−z, t2 + 2c)

(
T̂j,j(t2 + 2c)T̂i,i(−z) − T̂j,j(−z)T̂i,i(t2 + 2c)

)
,

(E.52)
therefore we have

λ0(z)
λ3(z)

1
λ̂N−1(t2 + 2c)

⟨Ψ|T̂N,N+1−2a(−z)T̂N+1−2a,N (t2 + 2c)|0⟩

= λ0(z)
λ3(z)

1
λ̂N−1(t2 + 2c)

⟨Ψ|T̂N−1,N+1−2a(−z)T̂N+1−2a,N−1(t2 + 2c)|0⟩ (E.53)

= λ0(z)
λ3(z)

1
λ̂N−1(t2 + 2c)

⟨Ψ|T̂N,N+2−2a(−z)T̂N+2−2a,N (t2 + 2c)|0⟩

= λ0(z)
λ3(z)

1
λ̂N−1(t2 + 2c)

⟨Ψ|T̂N−1,N+2−2a(−z)T̂N+2−2a,N−1(t2 + 2c)|0⟩

= g(−z, t2 + 2c)
(
α2(t2)α2(z) − 1

)
,

where we used the identity (2.29), the symmetry property (4.42) and the explicit forms (E.39).
Substituting back to (E.50) the overlap simplifies as

⟨Ψ|B({t1}, {z, t2}, t̄3, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅)

= xa

x1
g(−z − 2c, t2)(α2(z)α2(t2) − 1)

( 1
h(z, t1) − 1

f(z, t1)
1

h(t2, t1)

)
(E.54)

×
∑

part(t̄)

∏2a−2
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏2a−2
s=3 f(t̄s, t̄s−1

i )h(t̄sii, t̄s−1
ii )

(
1

h(t2a−1, t̄2a−2
i )

− 1
f(t2a−1, t̄2a−2

i )
1

h(t2a−1, t2a−2
ii )

)
.

Using the identities
1

h(u, v1) − 1
f(u, v1)

1
h(u, v2) = h(v1, v2)

h(u, v1), h(u, v2) ,

1
h(v1, u) − 1

f(v1, u)
1

h(v2, u) = h(v2, v1)
h(v1, u), h(v2, u) ,

(E.55)

we obtain that

⟨Ψ|B({t1}, {z, t2}, t̄3, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅) = xa

x1
g(−z − 2c, t2)(α2(z)α2(t2) − 1)

× h(t2, z)
h(z, t1)h(t2, t1)

1
h(t2a−1, t̄2a−2)

∑
part(t̄)

∏2a−2
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏2a−2
s=3 f(t̄s, t̄s−1

i )h(t̄sii, t̄s−1
ii )

h(t̄2a−2
i , t̄2a−2

ii ). (E.56)

Let us try to simplify the sum. At first we try to do the summation for the partition on t̄2a−2 as∑
part(t̄)

∏2a−2
s=3 g(t̄s

i , t̄s−1
i )f(t̄s

ii, t̄
s
i )∏2a−2

s=3 f(t̄s, t̄s−1
i )h(t̄s

ii, t̄
s−1
ii )

h(t̄2a−2
i , t̄2a−2

ii ) (E.57)

=
∑

part({t̄s}2a−3
s=3 )

∏2a−3
s=3 g(t̄s

i , t̄s−1
i )f(t̄s

ii, t̄
s
i )∏2a−3

s=3 f(t̄s, t̄s−1
i )h(t̄s

ii, t̄
s−1
ii )

 ∑
part(t̄2a−2)

g(t̄2a−2
i , t̄2a−3

i )f(t̄2a−2
ii , t̄2a−2

i )
f(t̄2a−2, t̄2a−3

i )h(t̄2a−2
ii , t̄2a−3

ii )
h(t̄2a−2

i , t̄2a−2
ii )

.
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We can do the second summation as∑
part(t̄2a−2)

g(t̄2a−2
i , t̄2a−3

i )f(t̄2a−2
ii , t̄2a−2

i )
f(t̄2a−2, t̄2a−3

i )h(t̄2a−2
ii , t̄2a−3

ii )
h(t2a−2

i , t2a−2
ii )

= g(t2a−2
1 , t̄2a−3

i )f(t2a−2
2 , t2a−2

1 )
f(t̄2a−2, t̄2a−3

i )h(t2a−2
2 , t̄2a−3

ii )
h(t2a−2

1 , t2a−2
2 )+ g(t2a−2

2 , t̄2a−3
i )f(t2a−2

1 , t2a−2
2 )

f(t̄2a−2, t̄2a−3
i )h(t2a−2

1 , t̄2a−3
ii )

h(t2a−2
2 , t2a−2

1 )

= h(t2a−2
1 , t2a−2

2 )h(t2a−2
2 , t2a−2

1 )
h(t̄2a−2, t̄2a−3)

h(t2a−3
i , t2a−3

ii ). (E.58)

Substituting back to (E.57) we obtain that

∑
part({t̄s}2a−2

s=3 )

∏2a−2
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏2a−2
s=3 f(t̄s, t̄s−1

i )h(t̄sii, t̄s−1
ii )

h(t̄2a−2
i , t̄2a−2

ii )

= h(t2a−2
1 , t2a−2

2 )h(t2a−2
2 , t2a−2

1 )
h(t̄2a−2, t̄2a−3)

∑
part({t̄s}2a−3

s=3 )

∏2a−3
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏2a−3
s=3 f(t̄s, t̄s−1

i )h(t̄sii, t̄s−1
ii )

h(t2a−3
i , t2a−3

ii ).

(E.59)

In the second line we obtained the original sum with less partitions therefore we can finish
the summation by iteration and the result is

∑
part({t̄s}2a−2

s=3 )

∏2a−2
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏2a−2
s=3 f(t̄s, t̄s−1

i )h(t̄sii, t̄s−1
ii )

h(t̄2a−2
i , t̄2a−2

ii ) =
2a−2∏
s=3

h(ts1, ts2)h(ts2, ts1)
h(t̄s, t̄s−1)

h(t2i , t2ii).

(E.60)
Substituting back to (E.56) we obtain that

⟨Ψ|B({t1}, {z, t2}, t̄3, . . . , t̄2a−2, {t2a−1}, ∅, . . . ∅)

= xa

x1
g(−z − 2c, t2)(α2(z)α2(t2) − 1) h(t2, z)h(z, t2)

h(z, t1)h(t2, t1)

∏2a−2
s=3 h(ts1, ts2)h(ts2, ts1)∏2a−1

s=3 h(t̄s, t̄s−1)
, (E.61)

i.e.

⟨Ψ|B({t1}, {t̄2}2a−2
s=2 , {t2a−1}, ∅, . . . ∅) = xa

x1
g(−t21 − 2c, t22)(α2(t̄2) − 1)

∏2a−2
s=2 h(ts1, ts2)h(ts2, ts1)∏2a−2

s=1 h(t̄s+1, t̄s)
.

(E.62)

F Recursion for the HC-s Z and Z̄

Untwisted case. Let us define the tensor product Hilbert space as Hmod = H(1) ⊗ H
where the H(1) quantum space is defined by the monodromy matrix (E.1) for which the
α-functions are

α
(1)
1 (z) = f(z, θ), α

(1)
N−1(z) = 1

f(−z, θ) ,

α(1)
s (z) = 1, for s = 2, . . . , N − 2.

(F.1)

On the tensor product quantum space the α-functions are

αmod
s (z) = α(1)

s (z)αs(z), for s = 1, . . . , N − 1. (F.2)

– 79 –



J
H
E
P
0
5
(
2
0
2
4
)
1
9
4

Since the HC Z is independent on the α-functions, we can derive a recursion for the HC
Z from the co-product formula:

Sᾱmod(t̄) =
∑

part(t̄)

∏N−1
ν=1 αν(t̄νi )f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(1)(t̄i)Sᾱ(t̄ii). (F.3)

We fix some of the α-functions as αs(z) = 1 for s ∈ s− for which the sum formula simplifies as

Sᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)Z̄(t̄ii)
∏

s∈s+

αs(t̄si ). (F.4)

Substituting to the co-product formula (F.3) we obtain that

∑
part(t̄)

∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )
×Z(t̄i)Z̄(t̄ii)α(1)

1 (t̄1i )α(1)
N−1(t̄N−1

i )
∏

s∈s+

αs(t̄si ) (F.5)

=
∑

part(t̄)

∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )f(t̄ν

iii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )f(t̄ν+1
iii , t̄ν

i )
Sᾱ(1)(t̄i)

 ∏N−1
ν=1 f(t̄ν

iii, t̄
ν
ii)∏N−2

ν=1 f(t̄ν+1
iii , t̄ν

ii)
Z(t̄ii)Z̄(t̄iii)

∏
s∈s+

αs(t̄sii)

 ∏
s∈s+

αs(t̄si ).

In the l.h.s. and the r.h.s. the sum goes through to the partitions with condition #t̄si = #t̄Mi ,
#t̄sii = #t̄Mii and #t̄siii = #t̄Miii for s ∈ s−.

Let us get the coefficient for the term
∏

s∈s+ αs(t̄s). In the l.h.s. site we have to take
t̄sii = ∅ for s ∈ s+. We also have the condition #t̄sii = #t̄Mii = ∅ for the remaining s ∈ s−.
Analogous way we have to take t̄siii = ∅ in the r.h.s. We obtain the condition

Z(t̄)α(1)
1 (t̄1)α(1)

N−1(t̄N−1) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(1)(t̄i)Z(t̄ii), (F.6)

where the sum goes through all the subsets for which the overlap Sᾱ(1)(t̄i) is non-vanishing.
In the previous section we derived these elementary overlaps. We obtain that the non-vanish
overlaps are

Sᾱ(1)(∅, . . . , ∅) = 1, (F.7)

and (E.14)

Sᾱ(1)({ts}k−1
s=1 , ∅

×N−2k+1, {ts}N−1
s=N+1−k) = bk

b1
g(−t1, tN−1)

(
α

(1)
1 (t1)α(1)

N−1(tN−1) − 1
)

× 1∏k−1
ν=2 h(tν , tν−1)

1∏N−1
ν=N+2−k h(tν , tν−1)

, (F.8)

for k = 2, . . . ,M and

Sᾱ(1)({ts}N−1
s=1 ) = 1

g(−tM , tM )
KN,N (tM )
KN,1(tM ) g(−t1, tN−1)

(
α

(1)
1 (t1)α(1)

N−1(tN−1)−1
)N−2∏

s=1

1
h(ts+1, ts) .

(F.9)
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Using this result we obtain the following formula

Z(t̄) = 1
α

(1)
1 (t̄1)α(1)

N−1(t̄N−1)−1
(F.10)

×
(

M∑
k=2

bk

b1

∑
partk(t̄)

g(−t̄1i , t̄N−1
i )

(
α

(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )−1

) ∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )

N−2∏
s=1

1
h(t̄s+1

i , t̄s
i )
Z(t̄ii)

+
∑

part(t̄)
G(t̄Mi )g(−t̄1i , t̄N−1

i )
(
α

(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )−1

) ∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )

N−2∏
s=1

1
h(t̄s+1

i , t̄s
i )
Z(t̄ii)

)
,

where in the first line the partk(t̄) denotes the partitions t̄s = t̄si ∪ t̄sii where #t̄si = 1 for s < k

or s > N − k and #t̄si = 0 for k ≤ s ≤ N − k. In the second line the summation goes through
the partitions where #t̄si = 1 for s = 1, . . . , N − 1. We also used the notation

G(z) = 1
g(−z, z)

KN,N (z)
KN,1(z) . (F.11)

This recursion can be used to eliminate all t1k-s to obtain the HC for the type (N−2,M−1)
and continuing the recursion the HC is completely defined. It is interesting that the r.h.s.
of the recursive definition contain a parameter θ, but the HC is independent on θ. We can
choose special value to obtain θ independent formula, e.g. choosing θ → t1k. However, the
present form of the formula is fully adequate from now on.

Let us renormalize the HC as

Z0(t̄) = 1
G(t̄M )

Z(t̄). (F.12)

For the renormalized HC we have the following recursion

Z0(t̄) = 1
α

(1)
1 (t̄1)α(1)

N−1(t̄N−1)−1
(F.13)

×
(

M∑
k=2

bk

b1

∑
partk(t̄)

g(−t̄1i , t̄N−1
i )

(
α

(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )−1

) ∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )

N−2∏
s=1

1
h(t̄s+1

i , t̄s
i )
Z0(t̄ii)

+
∑

part(t̄)
g(−t̄1i , t̄N−1

i )
(
α

(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )−1

) ∏N−1
ν=1 f(t̄ν

ii, t̄
ν
i )∏N−2

ν=1 f(t̄ν+1
ii , t̄ν

i )

N−2∏
s=1

1
h(t̄s+1

i , t̄s
i )
Z0(t̄ii)

)
,

which is independent of the diagonal part of the K-matrix.
We can repeat this calculation for the other HC Z̄. Interchanging the αs-s with α

(1)
s

in the co-product formula (F.3) we obtain that

Sᾱmod(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(t̄i)Sᾱ(1)(t̄ii)α(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i ). (F.14)
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Using the sum formulas where αs(z) = 1 for s = M + 1, . . . , N −M − 1:∑
part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)Z̄(t̄ii)α(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )

∏
s∈s+

αs(t̄si )

=
∑

part(t̄)

∏N−1
ν=1 f(t̄νiii, t̄νi )f(t̄νiii, t̄νii)∏N−2

ν=1 f(t̄ν+1
iii , t̄νi )f(t̄ν+1

iii , t̄νii)

 ∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)Z̄(t̄ii)
∏

s∈s+

αs(t̄si )


× Sᾱ(1)(t̄iii)α(1)

1 (t̄1i )α(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

i )α(1)
N−1(t̄N−1

ii ). (F.15)

In the l.h.s. and the r.h.s. the sums go through to the partitions with condition t̄si = t̄Mi ,
t̄sii = t̄Mii and t̄siii = t̄Miii for s ∈ s−.

Let us get the α independent terms. In the l.h.s. site we have to take t̄si = ∅ for s ∈ s+.
We have the condition t̄si = t̄Mi = ∅ for the reaming s ∈ s−. Analogous way we have to take
t̄si = ∅ in the r.h.s. We obtain the condition

Z̄(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

α
(1)
1 (t̄1i )α(1)

N−1(t̄N−1
i )Z̄(t̄i)Sᾱ(1)(t̄ii), (F.16)

where the sum goes through all the subsets for which the overlap Sᾱ(1)(t̄ii) is non-vanishing.
Using the explicit overlaps we obtain the following formula

Z̄(t̄) =
α

(1)
1 (t̄1)α(1)

N−1(t̄N−1)
1 − α

(1)
1 (t̄1)α(1)

N−1(t̄N−1)
(F.17)

×
(

M∑
k=2

bk

b1

∑
partk(t̄)

g(−t̄1ii, t̄N−1
ii )

α
(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii ) − 1
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )h(t̄ν+1

ii , tνii)
Z̄(t̄i)

+
∑

part(t̄)
G(t̄Mii )g(−t̄1ii, t̄N−1

ii )
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii ) − 1
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )h(t̄ν+1

ii , tνii)
Z̄(t̄i),

where in the first line the partk(t̄) denotes the partitions t̄s = t̄si ∪ t̄sii where #t̄sii = 1 for s < k

or s > N − k and #t̄sii = 0 for k ≤ s ≤ N − k. In the second line the summation goes through
the partitions where #t̄sii = 1 for s = 1, . . . , N − 1. This recursion completely defines the HC
and it is depend on a parameter θ, but the HC is independent on it.

Let us renormalize the HC as

Z̄0(t̄) = 1
G(t̄M )

Z̄(t̄). (F.18)

For the renormalized HC we have the following recursion

Z̄0(t̄) =
α

(1)
1 (t̄1)α(1)

N−1(t̄N−1)
1−α(1)

1 (t̄1)α(1)
N−1(t̄N−1)

(F.19)

×
(

M∑
k=2

bk

b1

∑
partk(t̄)

g(−t̄1ii, t̄N−1
ii )

α
(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )−1
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )h(t̄ν+1

ii , tνii)
Z̄0(t̄i)

+
∑

part(t̄)
g(−t̄1ii, t̄N−1

ii )
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )−1
α

(1)
1 (t̄1ii)α

(1)
N−1(t̄N−1

ii )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )h(t̄ν+1

ii , tνii)
Z̄0(t̄i)

)
,

which is independent of the diagonal part of the K-matrix.

– 82 –



J
H
E
P
0
5
(
2
0
2
4
)
1
9
4

Twisted case. Let us define the tensor product Hilbert space as Hmod = H(1)⊗H where the
H(1) quantum space is defined by the monodromy matrix (E.38) for which the α-functions are

α
(1)
2 (z) = f(z, θ)

f(−z − 2c, θ) , α
(1)
1 (z) = 1,

α(1)
s (z) = 1, for s = 3, . . . , N − 1.

(F.20)

Since the HC Z is independent on the α-functions, we can derive a recursion for the HC
Z from the co-product formula (F.3). Fixing some of the α-functions as α2a−1(z) = 1 for
a = 1, . . . , N/2, the sum formula simplifies as

Sᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z(t̄i)Z̄(t̄ii)
N/2−1∏

a=1
α2a(t̄2a

i ). (F.21)

Substituting back to the co-product formula (F.3) we obtain that

∑
part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×Z(t̄i)Z̄(t̄ii)α(1)
2 (t̄2i )

N/2−1∏
a=1

α2a(t̄2a
i )

=
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )f(t̄νiii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )f(t̄ν+1

iii , t̄νi )

× Sᾱ(1)(t̄i)

 ∏N−1
ν=1 f(t̄νiii, t̄νii)∏N−2

ν=1 f(t̄ν+1
iii , t̄νii)

Z(t̄ii)Z̄(t̄siii)
N/2−1∏

a=1
α2a(t̄2a

ii )

N/2−1∏
a=1

α2a(t̄2a
i ). (F.22)

In the l.h.s. and the r.h.s. the sum goes through to the partitions with condition #t̄2a−1
i =

#t̄2a−2
i +#t̄2a

i
2 , #t̄2a−1

ii = #t̄2a−2
ii +#t̄2a

ii
2 and #t̄2a−1

iii = #t̄2a−2
iii +#t̄2a

iii
2 for a = 1, . . . , N/2.

Let us get the coefficient of the term
∏N/2−1

a=1 α2a(t̄2a). In the l.h.s. site we have to
take t̄2a

ii = ∅ for a = 1, . . . , N/2 therefore #t̄2a−1
ii = #t̄2a−2

ii +#t̄2a
ii

2 = 0 for the reaming sets.
Analogous way we have to take t̄siii = ∅ in the r.h.s. We obtain the condition

Z(t̄)α(1)
2 (t̄2) =

∑
part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(1)(t̄i)Z(t̄ii), (F.23)

where the sum goes through all the subsets for which the overlap Sᾱ(1)(t̄i) is non-vanishing.
In the previous section we derived these elementary overlaps. We obtain that the non-vanish
overlaps are

Sᾱ(1)(∅, . . . , ∅) = 1, (F.24)

and

Sᾱ(1)({t1}, {t̄s}2a−2
s=2 , {t2a−1}, ∅, . . . ∅) = xa

x1
g(−t21 − 2c, t22)(α2(t̄2) − 1)

∏2a−2
s=2 h(ts1, ts2)h(ts2, ts1)∏2a−2

s=1 h(t̄s+1, t̄s)
,

(F.25)
for a = 2, . . . , N/2. Using this result we obtain the following formula

Z(t̄) = 1
α

(1)
2 (t̄2) − 1

M∑
a=2

∑
parta(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(1)(t̄i)Z(t̄ii), (F.26)
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where the parta(t̄) denotes the partitions t̄b = t̄bi ∪ t̄bii where #t̄1i = #t̄2a−1
i = 1, #t̄bi = 2

for 2 ≤ b ≤ 2a − 2 and #t̄bi = 0 for 2a − 1 < b.
We can repeat this calculation for the other HC Z̄. Interchanging the αs-s with α

(1)
s

in the co-product formula (F.3) we obtain that

Sᾱmod(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(t̄i)Sᾱ(1)(t̄ii)α(1)
2 (t̄2i ). (F.27)

Using the sum formulas where α2a−1(z) = 1:

∑
part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×Z(t̄i)Z̄(t̄ii)α(1)
2 (t̄2i )

N/2−1∏
a=1

α2a(t̄2a
i )

=
∑

part(t̄)

∏N−1
ν=1 f(t̄νiii, t̄νi )f(t̄νiii, t̄νii)∏N−2

ν=1 f(t̄ν+1
iii , t̄νi )f(t̄ν+1

iii , t̄νii)

×

 ∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

×Z(t̄i)Z̄(t̄ii)
N/2−1∏

a=1
α2a(t̄2a

i )

Sᾱ(1)(t̄iii)α(1)
2 (t̄2i )α(1)

2 (t̄2ii). (F.28)

In the l.h.s. and the r.h.s. the sums go through to the partitions with condition #t̄2a−1
i =

#t̄2a−2
i +#t̄2a

i
2 , #t̄2a−1

ii = #t̄2a−2
ii +#t̄2a

ii
2 and #t̄2a−1

iii = #t̄2a−2
iii +#t̄2a

iii
2 for a = 1, . . . , N/2.

Let us get the α independent terms. In the l.h.s. site we have to take t̄2a
i = ∅ for

a = 1, . . . , N/2 therefore #t̄2a−1
i = #t̄2a−2

i +#t̄2a
i

2 = 0 for the reaming sets. Analogous way we
have to take t̄si = ∅ in the r.h.s. We obtain the condition

Z̄(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

α
(1)
2 (t̄2i )Z̄(t̄i)Sᾱ(1)(t̄ii), (F.29)

where the sum goes through all the subsets for which the overlap Sᾱ(1)(t̄ii) is non-vanishing
therefore

Z̄(t̄) = 1
1 − α

(1)
2 (t̄2)

N/2∑
a=2

∑
parta(t̄)

α
(1)
2 (t̄2i )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z̄(t̄i)Sᾱ(1)(t̄ii), (F.30)

where parta(t̄) denotes the partitions t̄b = t̄bi ∪ t̄bii where #t̄1ii = #t̄2a−1
ii = 1, #t̄bii = 2 for

2 ≤ b ≤ 2a − 2 and #t̄bii = 0 for 2a − 1 < b.
We close this section by the proof of the identity

Z(t̄) = 1∏N−2
s=1 f(t̄s+1, t̄s)

Z̄(πc(t̄)). (F.31)

Let us apply the recursion for

Z̄(πc(t̄)) = α
(1)
2 (t̄2)

α
(1)
2 (t̄2) − 1

N/2∑
a=2

∑
parta(t̄)

∏N−1
ν=1 f(t̄νi , t̄νii)

∏N−2
ν=1 f(t̄ν+1

ii , t̄νi )
α

(1)
2 (t̄2i )

Z̄(πc(t̄i))Sᾱ(1)(πc(t̄ii)).

(F.32)
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For the elementary overlap we have

Sᾱ(1)(πc(t̄)) = 1
α2(t̄2)

2a−2∏
s=1

f(t̄s+1, t̄s)Sᾱ(1)(t̄). (F.33)

Substituting back we obtain that

Z̄(πc(t̄)) =
N−2∏
ν=1

f(t̄ν+1, t̄ν) 1
α

(1)
2 (t̄2) − 1

N/2∑
a=2

∑
parta(t̄)

∏N−1
ν=1 f(t̄νi , t̄νii)∏N−2

ν=1 f(t̄ν+1
i , t̄νii)

Z(t̄i)Sᾱ(1)(t̄ii). (F.34)

Interchanging the notation we obtain

Z̄(πc(t̄)) =
N−2∏
ν=1

f(t̄ν+1, t̄ν) 1
α

(1)
2 (t̄2) − 1

N/2∑
a=2

∑
parta(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Sᾱ(1)(t̄i)Z(t̄ii)

=
N−2∏
ν=1

f(t̄ν+1, t̄ν)Z(t̄), (F.35)

and that is we wanted to prove.

G Poles of the twisted HC-s

In this section we derive the residues of the poles at the pair structure limit t2a
k + t2a

l +2ac→ 0
in the twisted HC-s Z̄

Z̄(t̄) → g(t2a
l ,−t2a

k − 2ac)
[
xa+1
xa

h(t2a
k , t

2a
l )h(t2a

l , t
2a
k )
]

f(τ̄2a, t2a
k )f(τ̄2a, t2a

l )
f(τ̄2a+1, t2a

k )f(τ̄2a+1, t2a
l )∑

part(τ̄2a−1,τ̄2a+1)
Z̄(τ̄i)

f(τ̄2a−1
i , τ̄2a−1

iii )
f(τ̄2a, τ̄2a−1

iii )
f(τ̄2a+1

i , τ̄2a+1
iii )

f(τ̄2a+2, τ̄2a+1
iii )

g(τ̄2a+1
iii , t2a

k )g(τ̄2a+1
iii , t2a

l )
h(t2a

k , τ̄
2a−1
iii )h(t2a

l , τ̄
2a−1
iii )

+ reg.,

(G.1)

where τ̄ = t̄\{t2k, t2l }. The summation goes thought the partitions τ̄ s = τ̄ s
i ∪ τ̄ s

iii where
#τ̄ s

iii = δs,2a−1 + δs,2a+1.
At first we derive the formula for a = 1. We start with the r2 = 2 case. We start with

the recursion for the off-shell Bethe state (C.1) for the spin chains where α2a−1(z) = 1 which
is equivalent to the selection rules #t̄2a−1 = #t̄2a−2+#t̄2a

2 :

B({t1},{z, t2},{t̄s}N−1
s=3 ) (G.2)

=
N∑

j=3

∑
part(t̄)

T2,j(z)
λ3(z) B({t1},{t2},{t̄sii}

j−1
s=3,{t̄

s}N−1
s=j )

j−1
2∏

a=2
α2a(t̄2a

i ) 1
f(z, t1)

∏j−1
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏j−1
s=2 f(t̄s+1, t̄si )

+
N∑

j=3

∑
part(t̄)

T1,j(z)
λ3(z) B(∅,{t2},{t̄sii}

j−1
s=3,{t̄

s}N−1
s=j )

j−1
2∏

a=2
α2a(t̄2a

i ) 1
h(z, t1)

∏j−1
s=3 g(t̄si , t̄s−1

i )f(t̄sii, t̄si )∏j−1
s=2 f(t̄s+1, t̄si )

,

where t̄2i = {z}. From the sum formula (D.95) we can see that the α2a independent term in
the overlap is just the HC Z̄(t̄). In this calculation we want to derive the pole structure for
these quantities therefore we use the notation ∼= for the equality up to α-dependent terms i.e.

⟨Ψ|B(t̄) ∼= Z̄(t̄). (G.3)
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Dropping the α2a(t2a
k ) dependent terms we obtain that

B({t1}, {z, t2}, {t̄s}N−1
s=3 )

∼=
1

λ3(z)T2,3(z)B({t1}, {t2}, {t̄s}N−1
s=3 ) 1

f(z, t1)
1

f(t̄3, z)

+ 1
λ3(z)

∑
part(t̄3)

T2,4(z)B({t1}, {t2}, t̄3ii, {t̄s}N−1
s=4 ) 1

f(z, t1)
g(t̄3i , t̄2i )f(t̄3ii, t̄3i )
f(t̄3, t̄2i )f(t̄4, t̄3i )

+ 1
λ3(z)T1,3(z)B(∅, {t2}, {t̄s}N−1

s=3 ) 1
h(z, t1)

1
f(t̄3, z)

(G.4)

+ 1
λ3(z)

∑
part(t̄3)

T1,4(z)B(∅, {t2}, t̄3ii, {t̄s}N−1
s=4 ) 1

h(z, t1)
g(t̄3i , t̄2i )f(t̄3ii, t̄3i )
f(t̄3, t̄2i )f(t̄4, t̄3i )

.

We can us the KT-relation

⟨Ψ|T2,3(z) = −λ0(z)x2
x1

⟨Ψ|T̂N,N−3(−z), ⟨Ψ|T1,3(z) = λ0(z)x2
x1

⟨Ψ|T̂N−1,N−3(−z),

⟨Ψ|T2,4(z) = λ0(z)x2
x1

⟨Ψ|T̂N,N−2(−z), ⟨Ψ|T1,4(z) = −λ0(z)x2
x1

⟨Ψ|T̂N−1,N−2(−z).
(G.5)

Therefore

⟨Ψ|B({t1}, {z, t2}, {t̄s}N−1
s=3 ) ∼=

− λ0(z)
λ3(z)

x2
x1

⟨Ψ|T̂N,N−3(−z)B({t1}, {t2}, {t̄s}N−1
s=3 ) 1

f(z, t1)
1

f(t̄3, z)

+ λ0(z)
λ3(z)

x2
x1

∑
part(t̄)

⟨Ψ|T̂N,N−2(−z)B({t1}, {t2}, t̄3ii{t̄s}N−1
s=4 ) 1

f(z, t1)
g(t̄3i , t̄2i )f(t̄3ii, t̄3i )
f(t̄3, t̄2i )f(t̄4, t̄3i )

(G.6)

+ λ0(z)
λ3(z)

x2
x1

⟨Ψ|T̂N−1,N−3(−z)B(∅, {t2}, {t̄s}N−1
s=3 ) 1

h(z, t1)
1

f(t̄3, z)

− λ0(z)
λ3(z)

x2
x1

∑
part(t̄)

⟨Ψ|T̂N−1,N−2(−z)B(∅, {t2}, t̄3ii{t̄s}N−1
s=4 ) 1

h(z, t1)
g(t̄3i , t̄2i )f(t̄3ii, t̄3i )
f(t̄3, t̄2i )f(t̄4, t̄3i )

.

We can apply the action formula (A.5)

λ0(z)
λ3(z) T̂N,N−3(−z)B({t1}, {t2}, {t̄s}N−1

s=3 ) =

− α2(z)
∑

part(w̄)
α2(w̄2

iii)B(∅, ∅, {w̄s
ii}N−1

s=3 )
∏N−1

s=2 f(t̄s−1 − c, t̄s)∏N−1
s=4 f(w̄s−1

ii − c, w̄s
ii)

∏3
s=1 f(w̄s

i , w̄
s
iii)∏3

s=2 f(w̄s−1
i − c, w̄s

iii)

× 1
h(w̄1

i , w̄
2
i + c)

1
h(w̄2

i , w̄
3
i + c)f(w̄2

i , w̄
3
ii + c)

N−1∏
s=3

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s+1
i + c)f(w̄s

i , w̄
s+1
ii + c)

(G.7)

× 1
h(−z − c, w̄1

iii)
1

h(w̄1
iii − c, w̄2

iii)
f(w̄3

ii, w̄
3
iii)

h(w̄2
iii − c, w̄3

iii)
.
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The α2 independent terms are where w̄2
iii = {−z − 2c}, i.e.,

λ0(z)
λ3(z) T̂N,N−3(−z)B({t1}, {t2}, {t̄s}N−1

s=3 ) ∼=

− f(t1 − c, t2)
h(t1 − c, t2)

∑
part(w̄)

B(∅, ∅, {w̄s
ii}N−1

s=3 )
∏N−1

s=4 f(t̄s−1 − c, t̄s)∏N−1
s=4 f(w̄s−1

ii − c, w̄s
ii)

(G.8)

× g(t2 − c, w̄3
i )f(w̄3

i , w̄
3
iii)f(w̄3

ii, w̄
3
iii)

h(−z − 3c, w̄3
iii)

N−1∏
s=3

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s+1
i + c)f(w̄s

i , w̄
s+1
ii + c)

.

The pole at t2 → −z − 2c appears only if w̄3
i = {−z − 3c} therefore

λ0(z)
λ3(z) T̂N,N−3(−z)B({t1}, {t2}, {t̄s}N−1

s=3 ) ∼=

− g(t2,−z − 2c)f(t1 − c, t2)
h(t1 − c, t2)

∑
part(w̄)

B(∅, ∅, t̄3ii, {w̄s
ii}N−1

s=4 )
∏N−1

s=4 f(t̄s−1 − c, t̄s)
f(t̄3ii − c, w̄4

ii)
∏N−1

s=5 f(w̄s−1
ii − c, w̄s

ii)

× f(−z − 3c, t̄3ii)
h(−z − 4c, w̄4

i )f(−z − 4c, w̄4
ii)

N−1∏
s=4

f(w̄s
i , w̄

s
ii)

h(w̄s
i , w̄

s+1
i + c)f(w̄s

i , w̄
s+1
ii + c)

(G.9)

× f(−z − 3c, t̄3iii)f(t̄3ii, t̄3iii)
h(−z − 3c, t̄3iii)

+ reg.

Since there is a f(−z − 4c, w̄4
ii) term in the denominator, the residue is non-zero only if

−z − 4c /∈ w̄4
ii therefore w̄4

i = −z − 4c. Since there are also f(w̄s
i , w̄

s+1
ii + c) terms in the

denominator, repeating the previous argument, only the partitions w̄s
i = −z − sc, w̄s

ii = t̄s

are relevant for the residue:
λ0(z)
λ3(z) T̂N,N−3(−z)B({t1}, {t2}, {t̄s}N−1

s=3 ) ∼=

g(t2,−z − 2c)
h(t2, t1)

∑
part(t̄3)

B(∅, ∅, t̄3ii, {t̄s}N−1
s=4 )f(−z − 3c, t̄3)f(t̄3ii, t̄3iii)f(t̄3iii − c, t̄4)

h(−z − 3c, t̄3iii)
+ reg. (G.10)

Analogous way we can also derive that
λ0(z)
λ3(z) T̂N,N−2(−z)B({t1},{t2},{t̄s}N−1

s=3 )∼=−g(t2,−z−2c)
h(t2, t1) f(−z−3c, t̄3)B(∅,∅,{t̄s}N−1

s=3 )+reg.,
λ0(z)
λ3(z) T̂N−1,N−3(−z)B(∅,{t2},{t̄s}N−1

s=3 )∼= g(t2,−z−2c)f(−z−3c, t̄3) (G.11)

×
∑

part(t̄3)
B(∅,∅, t̄3ii,{t̄s}N−1

s=4 )f(t̄3
ii, t̄

3
iii)f(t̄3

i −c, t̄4)
h(−z−3c, t̄3

iii)
+reg.,

λ0(z)
λ3(z) T̂N−1,N−2(−z)B(∅,{t2},{t̄s}N−1

s=3 )∼=−g(t2,−z−2c)f(−z−3c, t̄3)B(∅,∅,{t̄s}N−1
s=3 )+reg.

Substituting back we obtain that

Z̄({t1}, {z, t2}, {t̄s}N−1
s=3 ) ∼=

g(t2,−z − 2c)x2
x1

∑
part(t̄3)

Z̄(∅, ∅, t̄3ii, {t̄s}N−1
s=4 )

( 1
h(z, t1) − 1

h(t2, t1)f(z, t1)

)
(G.12)

× f(t̄3ii, t̄3i )
f(t̄4, t̄3i )f(−z − 3c, t̄3i )

f(−z − 3c, t̄3)
f(t̄3, z)

(
g(−z − 3c, t̄3i ) + g(t̄3i , z)

)
+ reg.
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We can use the following identities

g(−z − 3c, t̄3i ) + g(t̄3i , z) = g(−z − 3c, t̄3i )g(t̄3i , z)
g(−z − 3c, z) , (G.13)

1
h(z, t1) − 1

h(t2, t1)f(z, t1) = h(t2, z)
h(t2, t1)h(z, t1) , (G.14)

therefore we have

Z̄({t1}, {z, t2}, {t̄s}N−1
s=3 )

= g(t2,−z − 2c)
[
x2
x1
h(t2, z)h(z, t2)

] 1
f(t̄3, t2)f(t̄3, z)

(G.15)

×
∑

part(t̄3)

f(t̄3ii, t̄3i )
f(t̄4, t̄3i )

Z̄(∅, ∅, t̄3ii, {t̄s}N−1
s=4 ) ×

[ 1
h(t2, t1)h(z, t1)

][
g(t̄3i , t2)g(t̄3i , z)

]
+ reg.

In summary

Z̄({t1}, {t21, t22}, {t̄s}N−1
s=3 ) → g(t22,−t21 − 2c)

[
x2
x1
h(t22, t21)h(t21, t22)

] 1
f(t̄3, t22)f(t̄3, t21)

(G.16)

×
∑

part(t̄3)

f(t̄3i , t̄3iii)
f(t̄4, t̄3iii)

Z̄(∅, ∅, t̄3i , {t̄s}N−1
s=4 )g(t̄3iii, t22)g(t̄3iii, t21)

h(t22, t1)h(t21, t1)
+ reg.

We prove the general formula (G.1) by induction in r2. Let us assume that the formula (G.1)
is true for #t̄2 = r2 − 2. For #t̄2 = r2 we can use the recursion (F.30)

Z̄(t̄) = 1
1 − α

(1)
2 (t̄2)

N/2∑
a=2

∑
parta(t̄)

α
(1)
2 (t̄2i )

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

Z̄(t̄i)Sᾱ(1)(t̄ii). (G.17)

Now we can take the t2k + t2l + 2c → 0 limit. The elementary overlaps Sᾱ(1)(t̄ii) have no
poles in this limit, the poles only appears in Z̄(t̄i) where #t̄2i = r2 − 2 therefore we can
use the induction assumption in the r.h.s.:

Z̄(t̄) → g(t2l ,−t2k − 2c)
[
x2
x1
h(t2k, t2l )h(t2l , t2k)

]
f(τ̄2, t2k)f(τ̄2, t2l )
f(τ̄3, t2k)f(τ̄3, t2l )

×

 1
1 − α

(1)
2 (τ̄2)

N
2∑

a=2

∑
parta(t̄)′

∏2a−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏2a−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )
α

(1)
2 (τ̄2

i )Z̄(τ̄i)Sᾱ(1)(τ̄ii)

 (G.18)

× f(τ̄1
i , τ̄

1
iii)f(τ̄1

ii , τ̄
1
iii)

f(τ̄2, τ̄1
iii)

f(τ̄3
i , τ̄

3
iii)f(τ̄3

ii , τ̄
3
iii)

f(τ̄4, τ̄3
iii)

g(τ̄3
iii, t

2
k)g(τ̄3

iii, t
2
l )

h(t2k, τ̄1
iii)h(t2l , τ̄1

iii)
.

Now we can use the recursion (F.30) again.

Z̄(t̄) → g(t2l ,−t2k − 2c)
[
x2
x1
h(t2k, t2l )h(t2l , t2k)

]
f(τ̄2, t2k)f(τ̄2, t2l )
f(τ̄3, t2k)f(τ̄3, t2l )

× Z̄(τ̄i)
f(τ̄1

i , τ̄
1
iii)

f(τ̄2, τ̄1
iii)
f(τ̄3

i , τ̄
3
iii)

f(τ̄4, τ̄3
iii)

g(τ̄3
iii, t

2
k)g(τ̄3

iii, t
2
l )

h(t2k, τ̄1
iii)h(t2l , τ̄1

iii)
, (G.19)
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which proves (G.1) for a = 1. One can also do an induction on N and combining it with
the previous derivation we obtain the formula (G.1) for general a.

Now we can derive the pole for the other HC simply from the identity

Z(t̄) = 1∏N−2
s=1 f(t̄s+1, t̄s)

Z̄(πc(t̄))). (G.20)

Taking the t2a
k + t2a

l + 2ac limit we can use the pole formula (G.1) on the r.h.s.

Z(t̄) → g(−t2a
l − 2c, t2a

k )
[
xa+1
xa

h(t2a
k , t

2a
l )h(t2a

l , t
2a
k )
]

f(t2a
k , τ̄

2a)f(t2a
l , τ̄

2a)
f(t2a

k , τ̄
2a−1)f(t2a

l , τ̄
2a−1)

×
∑

part(τ̄2a−1,τ̄2a+1)
Z̄(πc(τ̄i))

1∏N−2
s=1 f(τ̄ s+1

i , τ̄ s
i )

(G.21)

× f(τ̄2a−1
iii , τ̄2a−1

i )
f(τ̄2a−1

iii , τ̄2a−2)
f(τ̄2a+1

iii , τ̄2a+1
i )

f(τ̄2a+1
iii , τ̄2a)

[
g(τ̄2a−1

iii , t2a
k )g(τ̄2a−1

iii , t2a
l )

h(τ̄2a+1
iii , t2a

k )h(τ̄2a+1
iii , t2a

l )

]
+ reg.,

using the identity (G.20) again we obtain that

Z(t̄) → g(−t2a
l − 2c, t2a

k )
[
xa+1
xa

h(t2a
k , t

2a
l )h(t2a

l , t
2a
k )
]

f(t2a
k , τ̄

2a)f(t2a
l , τ̄

2a)
f(t2a

k , τ̄
2a−1)f(t2a

l , τ̄
2a−1)

× (G.22)

∑
part(τ̄2a−1,τ̄2a+1)

Z(τ̄1
i )f(τ̄2a−1

iii , τ̄2a−1
i )

f(τ̄2a−1
iii , τ̄2a−2)

f(τ̄2a+1
iii , τ̄2a+1

i )
f(τ̄2a+1

iii , τ̄2a)
g(τ̄2a−1

iii , t2a
k )g(τ̄2a−1

iii , t2a
l )

h(τ̄2a+1
iii , t2a

k )h(τ̄2a+1
iii , t2a

l )
+ reg.

H Pair structure limit of the twisted overlaps

In this section we derive the pair structure limit tsl → −tsk − sc of the off-shell overlap. In
section 4.3 we saw that there is a significant difference between the even and odd s. For s = 2b
the there is no extra selection rule for the α-functions α2b(z) i.e. it can contain arbitrary
number of parameters (inhomogeneities). On the other hand we have extra selection rules
for s = 2b − 1, see section 4.3 for the details.

In the following we calculate the pair structure limit t2b
l → −t2b

k − 2bc of the off-shell
overlap (4.94):

Sᾱ(t̄) =
∑

part(t̄)

∏N−1
ν=1 f(t̄νii, t̄νi )∏N−2

ν=1 f(t̄ν+1
ii , t̄νi )

∏N/2
a=1 f(t̄2a−1

iii , t̄2a−1
i )f(t̄2a−1

ii , t̄2a−1
iii )∏N/2−1

a=1 f(t̄2a+1
iii , t̄2a

i )f(t̄2a
ii , t̄

2a−1
iii )

×Z(t̄i)Z̄(t̄ii)
N/2∏
a=1

S(2a−1)
α2a−1 (τ̄2a−1

iii )
N−1∏
s=1

αs(t̄si ). (H.1)

We also take limits t2b−1
l → −t2b−1

k − (2b− 1)c, t2b−1
k → −(b− 1/2)c when n2b−1 ≥ 2.

Pair structure limit t2b
l → −t2b

k −2bc. Let us calculate the limit t2b
l → −t2b

k −2bc of the
overlap formula (H.1). Formal poles appear in the HC in this limit for the partition where
{t2b

k , t
2b
l } ∈ t̄2b

i or {t2b
k , t

2b
l } ∈ t̄2b

ii . Let τ̄ = t̄\{t2b
k , t

2b
l } and let us get the partitions in (H.1)
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where t̄2b
ii = {t2b

k , t
2b
l } ∪ τ̄ii. We can take the limit t2b

l → −t2b
k − 2bc as

g(t2b
l ,−t2b

k − 2bc)
[
xb+1
xb

h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]

×
∑

part(τ̄)

f(τ̄2b
ii , t

2b
k )f(τ̄2b

ii , t
2b
l )

f(τ̄2b+1
ii , t2b

k )f(τ̄2b+1
ii , t2b

l )f(τ̄2b+1
iv , t2b

k )f(τ̄2b+1
iv , t2b

l )

× f(t2b
k , τ̄

2b
i )f(t2b

l , τ̄
2b
i )

f(t2b
k , τ̄

2b−1
i )f(t2b

l , τ̄
2b−1
i )f(t2b

k , τ̄
2b−1
iii )f(t2b

l , τ̄
2b−1
iii )

× f(τ̄2b−1
iv , τ̄2b−1

i )f(τ̄2b+1
iv , τ̄2b+1

i )f(τ̄2b−1
iv , τ̄2b−1

iii )f(τ̄2b+1
iv , τ̄2b+1

iii )
f(τ̄2b−1

iv , τ̄2b−2
i )f(τ̄2b+1

iv , τ̄2b
i )

×
∏N−1

ν=1 f(τ̄ν
ii , τ̄

ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )
(H.2)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

Sα2b−1(τ̄2a−1
iii )

N−1∏
s=1

αs(τ̄ s
i )

× f(τ̄2b−1
ii , τ̄2b−1

iv )
f(τ̄2b

ii , τ̄
2b−1
iv )

f(τ̄2b+1
ii , τ̄2b+1

iv )
f(τ̄2b+2

ii , τ̄2b+1
iv )

[
1

h(t2b
k , τ̄

2b−1
iv )h(t2b

l , τ̄
2b−1
iv )

][
g(τ̄2b+1

iv , t2b
k )g(τ̄2b+1

iv , t2b
l )
]
,

where we used the pole formula (G.1) and the sum goes through the partitions τ̄ = τ̄i ∪
τ̄ii ∪ τ̄iii ∪ τ̄iv where #τ̄2a−1

i = #τ̄2a−2
i +#τ̄2a

i
2 , #τ̄2a−1

ii = #τ̄2a−2
ii +#τ̄2a

ii
2 for a = 1, . . . , N

2 and
#τ̄2a

iii = #τ̄2a
iv = 0 and #τ̄2b−1

iv = #τ̄2b+1
iv = 1 and #τ̄2a−1

iv = 0 for a ̸= b, b + 1. Collecting
the terms we obtain that

g(t2b
l ,−t2b

k − 2bc)
[
xb+1
xb

h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]

f(τ̄2b, t2b
k )f(τ̄2bt2b

l )
f(τ̄2b+1, t2b

k )f(τ̄2b+1, t2b
l )

×
∑

part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

[∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )

f(τ̄2b−1
ii , τ̄2b−1

iv )
f(τ̄2b

ii , τ̄
2b−1
iv )

f(τ̄2b+1
ii , τ̄2b+1

iv )
f(τ̄2b+2

ii , τ̄2b+1
iv )

]

×
[∏N/2

a=1 f(τ̄2a−1
iii , τ̄2a−1

i )∏N/2−1
a=1 f(τ̄2a+1

iii , τ̄2a
i )

f(τ̄2b−1
iv , τ̄2b−1

i )f(τ̄2b+1
iv , τ̄2b+1

i )
f(τ̄2b−1

iv , τ̄2b−2
i )f(τ̄2b+1

iv , τ̄2b
i )

]

×Z(τ̄i)Z̄(τ̄ii)
[

N−1∏
s=1

αs(τ̄ s
i )f(t2b

k , τ̄
2b
i )f(t2b

l , τ̄
2b
i )

f(τ̄2b
i , t2b

k )f(τ̄2b
i t2b

l )
f(τ̄2b+1

i , t2b
k )f(τ̄2b+1

i , t2b
l )

f(t2b
k , τ̄

2b−1
i )f(t2b

l , τ̄
2b−1
i )

]
(H.3)

× f(τ̄2b−1
iv , τ̄2b−1

iii )f(τ̄2b+1
iv , τ̄2b+1

iii )
N/2∏
a=1

S(2a−1)
α2a−1 (τ̄2a−1

iii )

× f(τ̄2b+1
iii , t2b

k )f(τ̄2b+1
iii , t2b

l )
f(t2b

k , τ̄
2b−1
iii )f(t2b

l , τ̄
2b−1
iii )

g(τ̄2b+1
iv , t2b

k )g(τ̄2b+1
iv , t2b

l )
h(t2b

k , τ̄
2b−1
iv )h(t2b

l , τ̄
2b−1
iv )

.

Now let us define a spin chain where the quantum space H(2) is a tensor product two
rectangular representation (1, 2b − 1):

T
(2)
0 (z) = L

(1,2b−1)
0,2 (z + t2b

k − c(1 − 2b))L(1,2b−1)
0,1 (z − t2b

k − c), (H.4)
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for which the α-functions are

α
(2)
2b−1(z) = 1

f(t2b
k , z)f(−t2b

k − 2bc, z)
= 1
f(t2b

k , z)f(t2b
l , z)

,

α
(2)
k (z) = 1, for k ̸= 2b− 1.

(H.5)

Defining the tensor product quantum space as Hmod = H⊗H(2), we can use the co-product
formula (A.4)

S
(2b−1)
αmod

2b−1
(t̄2b−1) =

∑
part(t̄2b−1)

α
(2)
2b−1(t̄2b−1

i )f(t̄2b−1
ii , t̄2b−1

i )S(2b−1)
α2b−1 (t̄2b−1

i )S(2b−1)
α

(2)
2b−1

(t̄2b−1
ii ), (H.6)

where the elementary overlap is

S
(2b−1)
α

(2)
2b−1

({u}) = S
α

(2)
2b−1(z−c 2b−1

2 )

({
u+ c

2b− 1
2

})
= 1
u+ c2b−1

2
(α(2)

2b−1(u) − 1)

= 2
c

1
h(tbk, u)h(tbl , u)

. (H.7)

Substituting back to the co-product formula (A.4) we obtain that

S
(2b−1)
αmod

2b−1
(t̄2b−1) = 2

c

∑
part(t̄)

f(t̄2b−1
ii , t̄2b−1

i )S(2b−1)
α2b−1 (t̄2b−1

i )

× 1
f(t2b

k , t̄
2b−1
i )f(t2b

l , t̄
2b−1
i )

1
h(tbk, t̄

2b−1
ii )h(tbl , t̄

2b−1
ii )

. (H.8)

Repeating the calculation for the representation (1, 2b + 1), we obtain the following co-
product formula

S
(2b+1)
αmod

2b+1
(t̄2b+1)

= 2
c

∑
part(t̄)

f(t̄2b+1
ii , t̄2b+1

i )S(2b+1)
α2b+1 (t̄2b+1

i )f(t̄2b+1
i , t2b

k )f(t̄2b+1
i , t2b

l )g(t2b
k , t̄

2b+1
ii )g(t2b

l , t̄
2b+1
ii ).

(H.9)

Substituting back the co-product formulas (H.8) and (H.9) to (H.3) we obtain that

g(t2b
l ,−t2b

k − 2bc)
[
xb+1
xb

c2

4 h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]
× f(τ̄2b, t2b

k )f(τ̄2bt2b
l )

f(τ̄2b+1, t2b
k )f(τ̄2b+1, t2b

l )∑
part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )

×Z(τ̄i)Z̄(τ̄ii)
[

N−1∏
s=1

αs(τ̄ s
i )f(t2b

k , τ̄
2b
i )f(t2b

l , τ̄
2b
i )

f(τ̄2b
i , t2b

k )f(τ̄2b
i t2b

l )
f(τ̄2b+1

i , t2b
k )f(τ̄2b+1

i , t2b
l )

f(t2b
k , τ̄

2b−1
i )f(t2b

l , τ̄
2b−1
i )

]
(H.10)

N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii ),
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where the sum goes through the partitions τ̄ = τ̄i ∪ τ̄ii ∪ τ̄iii where #τ̄2a−1
i = #τ̄2a−2

i +#τ̄2a
i

2 ,
#τ̄2a−1

ii = #τ̄2a−2
ii +#τ̄2a

ii
2 for a = 1, . . . , N

2 and #τ̄2a
iii = 0. We also defined the modified α-s as

αmod
2b−1(z) = α2b−1(z) 1

f(t2b
k , z)f(t2b

l , z)
,

αmod
2b+1(z) = α2b+1(z)f(z, t2b

k )f(z, t2b
l ), (H.11)

αmod
2a−1(z) = α2a−1(z), for a ̸= b, b+ 1.

Defining the remaining αmod-s as

αmod
2b (z) = α2b(z)

f(t2b
k , z)f(t2b

l , z)
f(z, t2b

k )f(z, t2b
l )
,

αmod
2a (z) = α2a(z), for a ̸= b,

(H.12)

we obtain that

g(t2b
l ,−t2b

k − 2bc)
[
xb+1
xb

c2

4 h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]
× f(τ̄2b, t2b

k )f(τ̄2bt2b
l )

f(τ̄2b+1, t2b
k )f(τ̄2b+1, t2b

l )∑
part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )f(τ̄2a−1

iii , τ̄2a−1
i )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )f(τ̄2a+1

iii , τ̄2a
i )

(H.13)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
[

N−1∏
s=1

αmod
s (τ̄ s

i )
]
.

Repeating the previous calculation for the partition t̄2b
i = {t2b

k , t
2b
l } ∪ τ̄i we obtain the

following pole in the t2b
k + t2b

l + 2bc → 0 limit

g(−t2b
k − 2bc, t2b

l )α2b(t2b
k )α2b(t2b

l )
[
xb+1
xb

c2

4 h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]
× f(τ̄2b, t2b

k )f(τ̄2bt2b
l )

f(τ̄2b+1, t2b
k )f(τ̄2b+1, t2b

l )∑
part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )f(τ̄2a−1

iii , τ̄2a−1
i )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )f(τ̄2a+1

iii , τ̄2a
i )

(H.14)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
N−1∏
s=1

αmod
s (τ̄ s

i ).

Applying the formulas (H.13) and (H.14) we obtain that the formal pole at the limit
t2b
k + t2b

l + 2bc → 0 reads as

Sᾱ(t̄) → g(−t2b
k − 2bc, t2b

l )
(
α2b(t2b

k )α2b(t2b
l ) − 1

)
×
[
xb+1
xb

c2

4 h(t2b
k , t

2b
l )h(t2b

l , t
2b
k )
]

f(τ̄2b, t2b
k )f(τ̄2bt2b

l )
f(τ̄2b+1, t2b

k )f(τ̄2b+1, t2b
l )

×
∑

part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

ii , τ̄2a−1
iii )f(τ̄2a−1

iii , τ̄2a−1
i )∏N/2−1

a=1 f(τ̄2a
ii , τ̄

2a−1
iii )f(τ̄2a+1

iii , τ̄2a
i )

(H.15)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
N−1∏
s=1

αmod
s (τ̄ s

i ) + reg.
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Since α2b(t2b
k )α2b(−t2b

k − 2bc) = 1, the limit t2b
k + t2b

l + 2bc → 0 of the overlap is finite and
the derivative of the α2b appears as

lim
t2b
l
→−t2b

k
−2bc

g(−t2b
k − 2bc, t2b

l )
(
α2b(t2b

k )α2b(t2b
l ) − 1

)
= −cα

′
2b(t2b

k )
α2b(t2b

k )
= X2b

k . (H.16)

Using the sum formula (H.1) again we obtain that

lim
t2b
l
→−t2b

k
−2bc

Sᾱ(t̄) = X2b
k × F (2b)(t2b

k ) f(τ̄2b, t2b
k )f(τ̄2bt2b

l )
f(τ̄2b−1, t2b

k )f(τ̄2b−1, t2b
l )
Sᾱmod(τ̄) + S̃, (H.17)

where S̃ is independent from X2b
k and

F (2b)(z) = xb+1
xb

c2

4 h(z,−z − 2bc)h(−z − 2bc, z) (H.18)

Pair structure limit t2b−1
l → −t2b−1

k − (2b − 1)c. Let us calculate the limit t2b−1
l →

−t2b−1
k − (2b− 1)c of the overlap formula (H.1) when n2b−1 ≥ 2. Let us notice that n2a−1 =

#t̄2a−1
iii for a = 1, . . . , N

2 , therefore #t̄2a−1
iii ≥ 2. We know that HC-s Z, Z̄ are regular in

the limit t2b−1
l → −t2b−1

k − (2b − 1)c and the t2b−1
l → −t2b−1

k − (2b − 1)c limit of the gl(2)
overlaps are (B.17)

S(2b−1)
α2b−1 (t̄2b−1)→X2b−1

k ×F (2b−1)(t2b−1
k )f(τ̄2b−1, t2b−1

k )f(τ̄2b−1, t2b−1
l )S(2b−1)

αmod
2b−1

(τ̄)+S̃, (H.19)

where S̃ is independent from X2b−1
k , the modified α is defined as

αmod
2b−1(z) = α2b−1(z)f(t2b−1

k , z)f(t2b−1
l , z)

f(z, t2b−1
k )f(z, t2b−1

l )
, (H.20)

and

F (2b−1)(z) = −
(

1
z + c2b−1

2

)2

. (H.21)

We can see that the X2b−1
k term appears only for the partitions where {t2b−1

k , t2b−1
l } ∈ t̄2b−1

iii .
Let τ̄ = t̄\t2b−1

k , t2b−1
l } and let us get the partitions in (H.1) where t̄2b−1

iii = {t2b−1
k , t2b−1

l } ∪
τ̄2b−1

iii .

Sᾱ(t̄) → X2b−1
k × F (2b−1)(t2b−1

k )
∑

part(τ̄)

[
f(τ̄2b−1

iii , t2b−1
k )f(τ̄2b−1

iii , t2b−1
l )

f(t2b−1
k , τ̄2b−1

i )f(t2b−1
l , τ̄2b−1

i )
f(t2b−1

k , τ̄2b−2
i )f(t2b−1

l , τ̄2b−2
i )

f(τ̄2b−1
ii , t2b−1

k )f(τ̄2b−1
ii , t2b−1

l )
f(τ̄2b

ii , t
2b−1
k )f(τ̄2b

ii , t
2b−1
l )∏N−1

ν=1 f(τ̄ν
ii , τ̄

ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

(H.22)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S(2a−1)
α2a−1 (τ̄2a−1

iii )
N−1∏
s=1

αs(τ̄ s
i )
]

+ S̃,
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where S̃ is independent from X2b−1
k . Collecting the terms we obtain that

Sᾱ(t̄)→X2b−1
k ×F (2b−1)(t2b−1

k )
∑

part(τ̄)

[
f(τ̄2b−1, t2b−1

k )f(τ̄2b−1, t2b−1
l )

f(τ̄2b, t2b−1
k )f(τ̄2b, t2b−1

l )
(H.23)

×
∏N−1

ν=1 f(τ̄ν
ii , τ̄

ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )

×
[

N−1∏
s=1

αs(τ̄ s
i )f(t2b−1

k , τ̄2b−1
i )f(t2b−1

l , τ̄2b−1
i )

f(τ̄2b−1
i , t2b−1

k )f(τ̄2b−1
i , t2b−1

l )
f(τ̄2b

i , t2b−1
k )f(τ̄2b

i , t2b−1
l )

f(t2b−1
k , τ̄2b−2

i )f(t2b−1
l , τ̄2b−2

i )

]]
+S̃.

Defining the remaining αmod-s as

αmod
2b−2(z) = α2b−2(z) 1

f(t2b−1
k , z)f(t2b−1

l , z)
,

αmod
2b (z) = α2b(z)f(z, t2b−1

k )f(z, t2b−1
l ), (H.24)

αmod
s (z) = αs(z), for s ̸= 2b− 2, 2b− 1, 2b,

the overlap formula simplifies as

Sᾱ(t̄) → X2b−1
k × F (2b−1)(t2b−1

k )
[
f(τ̄2b−1, t2b−1

k )f(τ̄2b−1, t2b−1
l )

f(τ̄2b, t2b−1
k )f(τ̄2b, t2b−1

l )

×
∑

part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

(H.25)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
N−1∏
s=1

αmod
s (τ̄ s

i )
]

+ S̃.

Applying the sum formula again we obtain that

Sᾱ(t̄) → X2b−1
k × F (2b−1)(t2b−1

k )f(τ̄2b−1, t2b−1
k )f(τ̄2b−1, t2b−1

l )
f(τ̄2b, t2b−1

k )f(τ̄2b, t2b−1
l )

Sᾱmod(τ̄) + S̃. (H.26)

Pair structure limit t2b−1
k → −(b−1/2)c. Let us calculate the limit t2b−1

k → −(b−1/2)c
of the overlap formula (H.1) when n2b−1 ≥ 1 or #t̄2b−1

iii ≥ 1. We know that HC-s Z, Z̄ are
regular in the limit t2b−1

k → −(b − 1/2)c and the t2b−1
k → −(b − 1/2)c limit of the gl(2)

overlaps are (B.22)

S(2b−1)
α2b−1 (t̄2b−1) → X0,2b−1

(
−2
c

)
f(τ̄2b−1,−(b− 1/2)c)S(2b−1)

αmod
2b−1

(τ̄) + S̃, (H.27)

where S̃ is independent from X0,2b−1, the modified α is defined as

αmod
2b−1(z) = α2b−1(z)f(−(b− 1/2)c, z)

f(z,−(b− 1/2)c) . (H.28)
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We can see that the X0,2b−1 term appears only for the partitions where {t2b−1
k } ∈ t̄2b−1

iii . Let
τ̄ = t̄\t2b−1

k and let us get the partitions in (H.1) where t̄2b−1
iii = {t2b−1

k } ∪ τ̄2b−1
iii .

Sᾱ(t̄) → X0,2b−1
(
−2
c

)
×

∑
part(τ̄)

[
f(τ̄2b−1

iii ,−(b− 1/2)c)

f(−(b− 1/2)c, τ̄2b−1
i )

f(−(b− 1/2)c, τ̄2b−2
i )

f(τ̄2b−1
ii ,−(b− 1/2)c)

f(τ̄2b
ii ,−(b− 1/2)c)

(H.29)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
N−1∏
s=1

αs(τ̄ s
i )
]

+ S̃,

where S̃ is independent from X0,2b−1. Collecting the terms we obtain that

Sᾱ(t̄)→X0,2b−1
(
−2
c

)
×
∑

part(τ̄)

[
f(τ̄2b−1,−(b−1/2)c)
f(τ̄2b,−(b−1/2)c) (H.30)

×
∏N−1

ν=1 f(τ̄ν
ii , τ̄

ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )

×
[

N−1∏
s=1

αs(τ̄ s
i )f(−(b−1/2)c, τ̄2b−1

i )
f(τ̄2b−1

i ,−(b−1/2)c)
f(τ̄2b

i ,−(b−1/2)c)
f(−(b−1/2)c, τ̄2b−2

i )

]]
+S̃.

Defining the remaining αmod-s as

αmod
2b−2(z) = α2b−2(z) 1

f(−(b− 1/2)c, z) ,

αmod
2b (z) = α2b(z)f(z,−(b− 1/2)c), (H.31)
αmod

s (z) = αs(z), for s ̸= 2b− 2, 2b− 1, 2b,

the overlap formula simplifies as

Sᾱ(t̄) → X0,2b−1
(
−2
c

)
×
[
f(τ̄2b−1,−(b− 1/2)c)
f(τ̄2b,−(b− 1/2)c)

×
∑

part(τ̄)

∏N−1
ν=1 f(τ̄ν

ii , τ̄
ν
i )∏N−2

ν=1 f(τ̄ν+1
ii , τ̄ν

i )

∏N/2
a=1 f(τ̄2a−1

iii , τ̄2a−1
i )f(τ̄2a−1

ii , τ̄2a−1
iii )∏N/2−1

a=1 f(τ̄2a+1
iii , τ̄2a

i )f(τ̄2a
ii , τ̄

2a−1
iii )

(H.32)

×Z(τ̄i)Z̄(τ̄ii)
N/2∏
a=1

S
(2a−1)
αmod

2a−1
(τ̄2a−1

iii )
N−1∏
s=1

αmod
s (τ̄ s

i )
]

+ S̃.

Applying the sum formula again we obtain that

Sᾱ(t̄) → X0,2b−1
(
−2
c

)
× f(τ̄2b−1,−(b− 1/2)c)

f(τ̄2b,−(b− 1/2)c) Sᾱmod(τ̄) + S̃. (H.33)
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