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ABSTRACT: In previous works [1, 2], we have performed the one-loop matching of both type-I
and type-II seesaw models for neutrino masses onto the Standard Model Effective Field
Theories (SMEFT). In the present paper, by matching the type-III seesaw model onto the
SMEFT at the one-loop level, we complete this series of studies on the construction of low-
energy effective field theories (EFTs) for the canonical seesaw models. After integrating out
the heavy fermionic triplets in the type-III seesaw model via both functional and diagrammatic
approaches, we find 33 dimension-six (dim-6) operators in the Warsaw basis and their Wilson
coefficients, while the number of dim-6 operators is 31 (or 41) for the EFT of type-I (or
type-1I) seesaw model. Furthermore, we calculate the branching ratios of radiative decays of
charged leptons in the EFT. Then, the relationship between the beta function of the quartic
Higgs coupling A in the full theory and that of Ay in the EFT is clarified. Finally, we
briefly discuss the phenomenological implications of three types of seesaw EFTs and propose
working observables that are sensitive to the four-fermion operators, which could be used
to distinguish among different seesaw models in collider experiments.
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1 Introduction

In the past few decades, a large number of neutrino oscillation experiments have provided us
with strong evidence that neutrinos are massive but extremely light, and the lepton flavor
mixing is very significant [3]. To accommodate tiny neutrino masses, three types of canonical
seesaw models have been proposed [4-15]. In these seesaw models, neutrinos turn out to be
Majorana particles and the lightness of their masses can be ascribed to the largeness of heavy
particle masses, which may be far beyond the electroweak scale Apy; ~ 100 GeV. In this case,
it seems quite difficult to achieve the on-shell production of these heavy particles in current
or even next-generation collider experiments. An alternative way to scrutinize the seesaw
models of neutrino masses is to explore the off-shell effects of heavy states, which may lead to
remarkable deviations of some observables from the predictions of the Standard Model (SM).

At this point, the SM effective field theory (SMEFT) is a well-established theoretical
framework to interpret possible deviations from the SM predictions [16-18]. Respecting the
SM gauge symmetries and particle content, the SMEFT supplements the SM with a series of
higher-dimensional operators that are suppressed by the inverse power of the cutoff scale A. At
the leading order of 1/A, there is a unique dimension-five (dim-5) operator, i.e., the Weinberg
operator [19], which gives rise to tiny neutrino masses after the spontaneous gauge symmetry
breaking. The discovery of neutrino oscillations can be regarded as the robust evidence for
the Weinberg operator. In the literature, a lot of efforts have been made to find the minimal
complete set of operators of various mass dimensions in the SMEFT [19-26]. Nevertheless, as
the dimension of the operator becomes higher, the number of independent operators in the
SMEFT will increase rapidly [27]. Fortunately, such operators are also strongly suppressed by
higher powers of 1/A, rendering their impact on physical observables smaller. For this reason,
the most commonly used basis is the Warsaw basis [16] of dim-6, including 59 independent



baryon-number-conserving operators and 4 baryon-number-violating ones. In the near future,
the experiments at the high-energy and high-intensity frontiers will hopefully measure the
Wilson coefficients of these dim-6 operators and thus offer useful information about the
ultraviolet (UV) full theory, from which the relevant dim-6 operators arise.

On the other hand, provided a well-motivated and renormalizable UV theory, one can
match it onto the SMEFT by integrating out heavy degrees of freedom above the cutoff
scale A. In this way, the resultant Wilson coefficients of higher-dimensional operators are
completely determined by the model parameters in the UV theory and thus highly correlated.
Ref. [28] outlines the basic strategy to construct the EFT from a specific renormalizable UV
theory. The tree-level contribution of any UV completion (with general scalar, spinor and
vector fields and any types of interactions) to the Wilson coefficients of dim-6 operators in the
SMEFT has been derived in ref. [29]. At the loop level, many UV models as the extensions
of SM are found to be able to generate those dim-6 operators via one-loop matching [30-50].

In view of the discovery of neutrino oscillations, the canonical seesaw models are indeed
well-motivated UV theories. The one-loop matching of type-I and type-1I seesaw models
onto the SMEFT has been carried out in previous works [1, 2]. The EFT descriptions of the
seesaw models are referred to as the seesaw effective field theories (SEFTs). In this paper,
we continue to carry out the complete one-loop matching for the type-III seesaw model up
to dim-6 effective operators. To this end, both functional and diagrammatic methods are
implemented to integrate out the heavy fermionic triplets in the type-III seesaw model. As a
cross-check, the results by using these two different methods are compared with each other.
Several mistakes in ref. [48], where the one-loop matching of the type-III seesaw model has
been done via the functional approach, are corrected. The main motivation for such an
investigation is two-fold. First, the fermionic triplets in the type-III seesaw model experience
the SM gauge interactions and come with three flavors, so the one-loop construction of its
low-energy EFT is more complicated than that for either type-I or type-II seesaw models.
Second, only with all these types of EFTs for the seesaw models can one start to consider
whether it is possible to find out physical observables at low energies to distinguish among
three types of seesaw models. Further discussions about the SEFT-III are also given. We
work in the one-loop SEFT-III and calculate the rates of lepton-flavor-violating rare decays of
charged leptons, such as y — ev. It is demonstrated that the SEFT-III can exactly reproduce
the results in the full theory in the large-mass limit. Then, the beta function of the quartic
Higgs coupling Agpr is discussed and related to that in the full theory. By doing so, we show
that the one-loop matching plays an important role in reconstructing the beta function in the
full theory from that in the EFT. Finally, based on the dim-6 four-fermion operators, a brief
study on the possible way to distinguish among three types of seesaw models is presented.

The remaining part of this paper is structured as follows. In section 2, we introduce
the type-III seesaw model and establish our notations and conventions. Then, the tree-level
matching up to dim-6 is accomplished by utilizing the equation of motion. The one-loop
matching onto the SMEFT with functional and diagrammatic approaches is given in section 3.
The resulting dim-6 operators in the Warsaw basis and their Wilson coefficients are explicitly
provided. In section 4, we further discuss some phenomenological implications of the SEFTs.
We summarize the main results and conclude in section 5.



2 The type-III seesaw model

The type-III seesaw model extends the SM by introducing three right-handed fermionic
triplets ¥y in the adjoint representation of the SU(2);, gauge group and with the hypercharge
Y = 0. The gauge-invariant Lagrangian for the full type-III seesaw model is written as [15]

. _ -1
Loype_tit = Lsy + Tr (ZRuDzR) - [\@ OYsSpH + o T (ECRMEZR) + h.c} ,(2.1)
with the SM Lagrangian being

1 1 1 t 2
Lon =~ CpGM" = Wo,W' — B, B" + (D,H) (D*H) —m*H'H — X (H'H)

+ Y Fibf — (QuY HUg + QYaH Dy + Y, HEp +hec.) , (2.2)
7

where f = Q,Ug, Dy, {y,, ER refer to the SM fermionic doublets and singlets, and H is the
SM Higgs doublet with Y = 1/2 while H is defined as H = io2H*. In addition, ;= CQT and

R= CTRT are defined, where C = iy2+? denotes the charge-conjugation matrix. Without
loss of generality, we shall work in the mass basis of Y, namely, the mass matrix for Xy
is diagonal with My, = diag{M,, M, M3}. It is worthwhile to note that three heavy states
in the same fermionic triplet have the same mass, while three flavors of fermionic triplets
have their own masses as indicated by their mass matrix.

In eq. (2.1), the covariant derivative reads D, =9, —ig;Y B, — ngTIW!{ - igSTAG;j1 as
usual. For the fields in the fundamental representation of SU(2);, we have T! = o/ /2 (for
I =1,2,3) with 0! being the Pauli matrices. For the adjoint representation, we take the
representation matrices as (T7) ;. = —ie! /K (for I,J, K = 1,2,3), where e//K is the totally
antisymmetric Levi-Civita tensor. As for the adjoint representation of the SU(3), group,
T4 = A\/2 is defined with A* being the Gell-Mann matrices (for A = 1,2,---,8). In the
subsequent discussions, we rewrite Y in the adjoint representation as Xy = ol Z{:{ /2
and introduce the three-vector X = (211{, Z%{, E%) in the weak-isospin space. Hence the
Lagrangian in eq. (2.1) can be recast into

- N Ma—
Etype—HI = £SM + 2R : llDER - (YE : ER + 722%{ . ER + h.C.)

Yy + Yy < Y+ YL

_ ls . My + > )
_ESM+22 ipx 5 RS Y ( 5 DIETDY 5 , o (23)

in which 3 = Sy + 5, has been defined, and Tr (£3¢) = Tr (¥3) = XX has been used. It
is worth stressing that all quantities in boldface represent the vectors in the weak-isospin space,
and their components are defined as =/ = 2!, (Yy)! =0 Yy,o! H and (Y)! = HTYX’:TO'IZ;,
with I = 1,2,3 and Z; = 10263. In these notations, the dot in eq. (2.3) is just the inner

product between two three-vectors. With the Lagrangian in eq. (2.3), it is straightforward
to derive the equation of motion (EOM) for X, i.e.,

iy - My — (YL + %) =0, (2.4)



By solving the above EOM, one can find the classical field ¥ and then expand it with respect
to 1/Mjy, in order to obtain the local field ﬁlc. Integrating out the heavy field ¥ at the tree
level is equivalent to substituting the local classical field 26 back into the Lagrangian of
the UV theory. Since we are interested in the operators in the SEFT-III up to dim-6, it is
sufficient to retain the terms up to O(1/M32) in the local field, i.e.,

A 1 A o 1 i c
EC—M(Y;JFYZ)——]WE( M2><YT+Y)+O<M3>. (2.5)

After inserting the local classical field 3 in eq. (2.5) into the full Lagrangian eq. (2.3), we
complete the tree-level matching of the type-I1I seesaw model onto the SMEFT with the dim-5
and dim-6 operators. Some comments on the results of this tree-level matching are in order.

* The tree-level Lagrangian of the SEFT-IIT turns out to be LEr 1 = Ley — (1/2) (Y +
Yg) 3., where 3 is given in eq. (2.5). Keeping the terms of O(1/My) in eq. (2.5),
we get the dim-5 Weinberg operator

Yy, 1

1
Et(ee _ -3
dim-5 2 ]\4’E

8

. 1 o

Yéthe = o (YZMYET ) EHHT M the. = (C) 02 4nec.
b

tree

(2.6)
where the identity O'abO' = 20,40, — 0,30.4 has been used and H'H = HfeH* = 0
is implied. One can see that the Weinberg operator (’)g‘ﬁ = @IA{T H T@fc is successfully
derived with the Wilson coefficient (C, ¥ )) = (1/2)Yy Mg 'Yy

tree

e In a similar way, to obtain the dim-6 operators, one should take out the terms of order
1/M2 in eq. (2.5). More explicitly, the dim-6 operator in the SEFT-III at the tree level

reads
ip .. YD . 1 o _
5323?_6:—— Ly =2 v = (Va-—5Yi |- (o’ H)ip (Hioley) , (2.7)
2 M3 2 M} ME ( ) ( )

which coincides the result in ref. [51]. Converting the above dim-6 operator into those
in the Warsaw basis, we get the following three operators

08 = (11, 1) (701,
o) = (a''D L H) (Feo’ven) (2.8)
OeH - (HTH) (QERH) 3

with their tree-level Wilson coefficients
3

_ 3 1 _ _
4Y2M22Y£§ ’ Cl(tllz—tree = 7Y2M22Y£§ ) CeH—tree = YZME ZYZTYZ : (2'9)

1
C;le—tree = 4

Note that the lepton-flavor indices of these dim-6 operators and their Wilson coefficients
have been suppressed.

Thus far we have matched the type-III seesaw model onto the SMEFT at the tree level.
The unique dim-5 Weinberg operator and three dim-6 operators in the Warsaw basis, together



with their Wilson coefficients in terms of the model parameters in the full theory, are derived.
The technical details of the one-loop matching have been clearly explained and extensively
applied to various UV theories in refs. [35, 42, 43, 52-56]. Therefore, we shall just summarize
the loop-level matching results in next section.

Before proceeding with the details of one-loop matching, we briefly comment on the EFT
construction for the UV theory with heavy particles of different masses. In the type-11I seesaw
model with heavy fermion triplets of non-degenerate masses, one should in principle construct
a sequence of EFTs by integrating out these triplets separately at the scales characterized
by their masses and considering the renormalization-group (RG) running effects between
these scales. However, if we restrict ourselves to the one-loop precision, only the RG effects
on the operators and their coefficients at the tree level are relevant.

If we focus on the tree-level matching, as shown in eq. (2.6) and eq. (2.7), integrating
out one heavy triplet results in the dim-5 and dim-6 operators in £ . and L5 ., where
the lighter triplets are not involved at all. Therefore, eliminating a heavier triplet does
not necessitate the construction of an EFT containing lighter triplets. In this way, when
integrating out all ¥’s at different scales separately, the operator mixing via the RG running
will only be caused by LI . and L, [57]. In addition, for the energy scale between
any two heavy triplet masses, the Yukawa coupling matrix YE(") existing in the EFT can
be obtained from the original one Yy, by removing the last n columns if n heavy triplets
have been integrated out. The RG running of Yz(n) in the intermediate EFTs may affect
the lepton flavor mixing at the electroweak scale. However, such effects depend crucially on
the flavor structure of Yy, in the UV theory. All these issues deserve more dedicated studies
and thus will not be explored in the present work.

To summarize, as far as the operators and their Wilson coefficients from one-loop
matching are concerned, one needs only to integrate out heavy fermion triplets simultaneously
appearing in the loop of one-light-particle-irreducible (1LPI) diagrams. This procedure is
similar to matching the SMEFT to the Low-energy Effective Field Theory (LEFT), where
one integrates out ¢, W, Z and Higgs boson at the one-loop level simultaneously at a common
scale p1 = my, [58-60].

3 One-loop matching

The publicly available packages Matchmakereft [55] and Matchete [56] have been designed to
accomplish the one-loop matching of any renormalizable UV model onto the SMEFT, based
on the diagrammatic approach and the functional approach, respectively. Some comments
on the main features of these packages are in order.

The package Matchmakereft performs the off-shell matching in the background-field
gauge, calculating numerous off-shell amplitudes separately in both the EFT and the complete
UV theory and then equating the results. To this end, one needs the prior construction of
a redundant operator basis, such as the Green’s basis, which requires knowledge about the
structure or symmetries of given field contents. On the other hand, Matchete is using the
functional method, which realizes the direct matching without specifying the EFT basis and
calculating the Feynman diagrams. This advantage of functional methods becomes apparent
when matching the UV to the operator of higher mass dimensions in the EFT. However,



the drawback is that the obtained operators remain highly redundant, and the automatic
reduction to the Warsaw basis in Matchete demands a significant amount of time, with
manual reduction required for certain operators. In this regard, Matchmakereft exhibits
faster performance as the conversion formula from the Green’s basis to the Warsaw basis
is built-in. Additionally, Matchete’s results are given in the d-dimensional basis, and thus
the evanescent contributions cannot be handled. In contrast, Matchmakereft considers the
evanescent contributions by incorporating the evanescent operators into the Green’s basis.
Fortunately, unlike the type-II seesaw, both type-I seesaw and type-III seesaw considered in
the present work are not subject to any evanescent contributions [61].

We have utilized these two packages to carry out the one-loop matching of the type-I11
seesaw model and made a careful cross-check to ensure the correctness of the matching results.
In the following, we will list the complete one-loop matching results, including threshold
corrections to the SM couplings, the matching conditions for the Weinberg operator and
for the dim-6 operators in the Warsaw basis.

3.1 Threshold corrections
The renormalizable terms of dim-4 that already exist in the SM receive threshold corrections

from the one-loop matching. We collect these corrections to the SM Lagrangian as below

0Lsn = 6Za G, G + 6 Zy Wi, WM +6Z5 B, ,B" + Y foZpf
f

+ (Q0Y, HUy + QuoY4H Dy + 0, 6Y,HEyg + h.c.)
2
162y (D) (D"H) + smy H'H + oA (HTH)” | (3.1)

As the kinetic terms for the Higgs doublet, gauge bosons and fermions are modified, one has
to normalize these fields to maintain the canonical form. For the Higgs doublet and fermions,
we redefine H — (1 —6Zy/2)H and f — (1 —6Z;/2)f. For the gauge bosons, one has to
redefine the gauge-boson fields and gauge couplings g; and g, simultaneously, i.e.,

{BM — (1+207Z) B, {W/f — (1 +26Zy,) W} 52

g1 = 9f" = (1-26Zp) g, 92 = 98" = (1= 20Zy) g
to keep the covariant derivative D, intact. For notational simplicity, we introduce the effective

parameter g4 and the threshold correction dg.g such that g.g = g + dg.4, where g is the
original parameter belonging to {m?, A, Y,,Y,,Y;, 95} All the threshold corrections are

3

g
09a et = =202y gg = Ii_gtr (Ls) (3.3)
om’s = —m>*6 2y —om?
4 2
_m —2y:t) . 3™ fy__3 2 i
= @tr (YEMZ YE) +%tr (YZ (1+2L2) YE) — Wtr (YEME (1+L2) YE) y (34)
m2y. 8 9 3y, P
Oy o = ~Yud 2y 2-0Y, = T tr (Ve M5?vil) + it (vs (1+2L5) ) , (3.5)
2y, B afs
m-Y. _ 3Y
Oy = ~Yad Ly 2- 0¥ = 4 tr (e M?vil)+ it (vs (1+2L5) ) , (3.6)



1
Y, o = —Y10Zp /2 502,Y,-6Y

QY/B

2 T 9m -2 T O‘/B
T (Yo ?v) + e (YuM5? (3+2Ly) ViY;)
3y, N, 3
ot (Y2(1+2LE)Y) Pre (Vs (114+10Ly) Vil Yl) : (3.7)

o = —2M0Z 51— BA

m’g3 (T+2Ly) T] m*gs —2
= tr|Y; Y, tr ( My,
962 { M2 12072 ( )

iy (e (52 K) o 34
2

+37;‘7tr [YEME—2 (T—2Ly,) YngYﬂ +4—71r2tr [Yz (1+Ly) YQYzYZT}

g (YETYE)ik (YETYE)

1672 (M?—M})

(YETYE)Z-k (YZTYZ)M M; My Ly,

- 1672 (M?—M?)

m? (Y;?YE)M (Y;?YE)M
1672 (MZ*M2)3

e (%), (455),

32m2 M, M, (M2—M2)®

ki {Mf (1+Li)M,§(1+Lk)}

[Mf (443L;,)— M (4—3L,,)—14M2 ML,

{M6(1+2L )— M} (14+2L,)

—MME (194100, —4L,,) + M M? (19+10Lk—4Li)] : (3.8)

where “tr” indicates the trace operation in the flavor space, and

2 2 2
Ly = diag{ log (]\6[2) ,log <]\ﬁj[2> ,log (]\%)} = diag{L,, Ly, L3} , (3.9)
i 2 3

with u being the 't Hooft mass scale, and L, = log (M?/M2) has been defined. Note
that the fermion triplet has ¥ = 0, so no threshold correction to the gauge coupling ¢,
appears at one-loop.

3.2 Matching condition for the dim-5 operator

The Wilson coefficient of the dim-5 operator at the one-loop level is given by

(CH o = 1298%7r2 {YZ . VZLE)YE "y 1282 2 [YE(l ﬁELE)Yg v
* 16);1'2 [YE : LjE)YET} v 161 2 {YZY YZOJL?YZT + Trans.] *
" 25672 [YE (8+2Ls) Yy YEM3'Ys + ﬂans’] )
— 643?‘51“ {YE (1+2Ly) YET} (YEME_IYET)aﬁ 7 (3.10)



where “Trans.” denotes the transpose of the preceding term.

3.3 Matching conditions for the dim-6 operators

For different types of dim-6 operators, the matching conditions for their Wilson coefficients
at the one-loop level are summarized as follows

.« X3
93 2
Cw = 110t (M5?) . (3.11)
.« X2H?
9% 2yt
9192 —2
793 ot
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_ 9% (T+2Ly) 4 92 —2 91 (5+6Lg) 4
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1 i, (1146Lg) s
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Table 1. Summary of the dimension-six operators in the Warsaw basis of the SMEFT [20]. There are
33 operators that are induced by integrating out heavy fermionic triplets of the type-III seesaw model
at one-loop level, and they are highlighted in boldface. For comparison, we show the dim-6 operators
in the SEFT-I in light gray, while those in the SEFT-II in dark gray and light gray. It can be observed
that the SEFT-II covers all the dim-6 operators in the SEFT-I and SEFT-III, whereas the SEFT-III
contains two more dim-6 operators than the SEFT-I does, namely, the operators Oy, and 0(3)
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With all the matching conditions for the Wilson coefficients of the operators up to dim-6,
we are able to write down the complete Lagrangian of the SEFT-III at the one-loop level, i.e.,

Lsgpr—m1 = Lsm (m2 - mgffv A=Ay Y] = Yieg, Yo = Yiem Ya = Yaemrs 92 = 92,eff)
5)\ P ap aB DB (3)af o
{(C( )) O(ﬁ) +he } + CJ(LH) treeO( ) C§ﬂ) treeO( ) + CeH treeOefI

+3 o, (3.44)

where the original parameter g € {m?, \, Y}, Y,, Yy, g5} in the SM Lagrangian is substituted by
its effective counterpart g.g = g + 0., With dg.¢ provided by egs. (3.3)-(3.8). For the dim-5
operator in the second line of eq. (3.44), both the tree-level and one-loop-level coefficients
are included, i.e., C’é? = (0(5))tree + (Cé?f))lo
and eq. (3.10). In addition, three dim-6 operators from the tree-level matching are shown

op’ which are respectively given by eq. (2.6)

separately in the second line and their Wilson coefficients are given in eq. (2.9). In the last
line of eq. (3.44), we formally sum up all the loop-induced dim-6 operators in the Warsaw
basis, as explicitly shown in table 1, and their coefficients are given in egs. (3.11)—(3.43).

3.4 Comparison with previous results

The one-loop matching results of the type-III seesaw model should be compared with the
previous ones in ref. [48], which are obtained in assumption of the mass degeneracy for three
fermionic triplets. To make such a comparison easier, we take the equal-mass limit of our
general results in eq. (3.44), i.e., My = My = M3 = M, and find that most of our results
are consistent with those in ref. [48]. However, we do observe some mistakes in ref. [48].
More explicitly, the matching conditions for the coefficients {d\, Y, C,p, Cgl) , CS’Z) } in the
equal-mass limit should be corrected as follows

2 2
o= —tr (Yp¥ivy') A1+ L)+ 57 05 (T-2L) +tr(YEYZTY§YET>[ 6M2(13—|—6L)
t 13m? + 1, m? 4
—tr (Mlvp¥ivy) 5L+ e —I—Wtr (vivz) AN+ g3 (TH2L) |~ {1503 Ns,
2y Pr - 3m2
oy = (Vo) +3 (Vo) 1+L+4EQ(3+2L)
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+W (verlyy vy v ) ~ap™ (ve¥d) (ve¥d)” (142L)
3 r 1 * pr 1 pr
c@rer — _ - 5M251’ Notgi7m (vevdvswl)" (7+61) - e (YEYTYEY) (25+6L)
2 2 1 T\ spr
+ 553 [3(11+6L) g7 — (127 +158L) g3] (YEYE> 24M2 (T+2L) tr (VoY) 6
(9+6L) pr 3 pr
Ve (verlyy vy v ) L (vevi) (ve¥i)” (+21),  (3.45)

where L = log (4?/M?) has been defined and Ny, denotes the number of fermionic triplets.
Two further comments are in order. First, note that our notation for Yy, is actually the
Hermitian conjugation of that in ref. [48], and m? = —,u%{ is implied. Second, it should be
pointed out that the effects of field normalization on 0\ and §Y; haven’t been considered in
the above equations in order to perform a direct comparison with ref. [48]. Additionally, an
overall factor of 1/(167%) has been dropped in these coefficients for the same reason.

4 Further discussions

4.1 Radiative decays of charged leptons

The one-loop matching conditions derived in the previous section can be implemented to carry
out self-consistent one-loop calculations in the SEFT-III, which are supposed to reproduce
the same results in the UV full theory, i.e., the type-III seesaw model. As an explicit example,
we calculate the rates of lepton-flavor-violating decays of charged leptons [, — l/g + v in
the SEFT-III, and compare the results with those in the full type-III seesaw model. In the
SEFT-III, after the spontaneous gauge symmetry breaking, the Lagrangian can be written as
L sppram = Lqy +0£. It is worthwhile to notice that the SM Lagrangian Lq,; now includes
the Majorana neutrino mass term arising from the dim-5 Weinberg operator. Therefore,
there exist flavor-violating vertices in Lq,; when we shift to the mass basis of neutrinos,
which is (%E’Y”%LW; Ugt + ﬂ;"“ %laRQZ)JFUOm + h.c.), with U, being the unitary mixing

matrix to diagonalize the C®). For the extra terms in £, we show explicitly those relevant
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H, O;(]
(f)

Figure 1. The Feynman diagrams for radiative decays of charged leptons I, — l5 +~ at the one-loop
level in the SEFT-III, where the 't Hooft-Feynman gauge has been adopted. Diagrams (a)-(f) are
induced by the modified SM interactions after the spontaneous gauge symmetry breaking, while
the diagram (g) is caused by the dim-6 operators O,y and O, 5
SEFT-III.

from the one-loop matching in the

for I, — I + v as follows

2 2
gy v s gy V7 ___ 1)ap 3)ap
LD 7272 9 laL’y#l,BLZ (Cgl)—tree + C;Jl) tree) - ﬁ? aL’yuyﬂLZ# (ng-ll)—tree - gll)—tree>
_ 3a
(f 925 Lot VLW c@eb +h.c.> + ceH wee (LaBgH ) + hic.
+ L% (cngg — sWCS‘ﬁ) lonoulsr " + h. c}
92 — 9o
= *%laLWlﬁLZu(RRT)a,B - ﬁVaLVHVﬁLZu(RRT)aﬁ
g _ V2 —
(2\2&5@7 vaL W, (RRY),5 + h.c.) + | = (ﬁaEﬁH> (RRTM)) o5 + h.c.
© (I ol F*™) (RRTM h 41
B (aLJ;w BR )( Dag The|, (4.1)

where v = 2My; /gy, ¢ = cosfy, s, = sinf,, and R = vYMg'/v/2 should be noticed.
Then, it can be obtained that RRT = UQYEMQQYE]L/Q, and the U = (1 + RRT/2)U, is the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix for lepton flavor mixing. Furthermore,

6, = arctan(g;/g,) is the weak mixing angle, and e = g; cos, = g,sinf,, is the electric

charge. Without loss of generality, we work in the mass basis of charged leptons, i.e,
M, = diag{m,,m (for « = e, p, 7 ) being the charged-lepton masses.
eq. (4.1), the tree-level coefficients C’gl)_fie, C'}{l) troe
corresponding vertices appear in the one-loop diagrams in figure 1. Note that the third line

m,} with m, In

and C% oH-tree Dave been used, as the
of eq. (4.1) takes account of the contributions from the loop-level operators, i.e., two dim-6

operators O, p and O,y,, which result in the electromagnetic dipole operator that directly leads
to the radiative decays of charged leptons. With the interactions in eq. (4.1) for the specific
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process p~(py) — €~ (py) + 7(q), we can compute the amplitudes for the diagrams in figure 1

eG 7 ME _ v *
Maq = W;)Q [U <3 - M{%{/) UT] o |:u (p2) ot q, (mePL + muPR) u (pl) €u (q)} )

eG _ ” .
M= 3\@1;2 (c%v - 2) (UUTL)e“ [u (py) c"q, (mePL + mMPR) u(py) €, (q)} ,
eG
My = —L (2uU"
£ V2 (n)’ (00)
where Gp/v2 = ¢3/(8M3,) is the Fermi constant, and M, = diag{m,,my, ms} with m,
(for i = 1,2,3) being neutrino masses. It is easy to verify that UUT ~ 1 + RR' and thus

the PMNS matrix is non-unitary.! Consequently, the decay rate in the SEFT-III up to
O(My?) is given by

(@ (02) 04, (e P+ m, Pr) w (p) €5, (0)] (42)

ep

2,2, 5 2
Gre my,

—_— 4.
81927° (43)

13 16 1.
{ + (2 — 2)] RR' — —UMZU"
MW

ep

On the other hand, one can also compute the decay rate in the full type-III seesaw model,
as has been done in ref. [62]. Based on the calculations in ref. [62], we expand the results
therein with respect to 1/Ms, and retain the terms up to O(Msy?). The final result reads

2

Gie*md | /13 1 -

r ~ M\ =4 C)RRY — —-UMZUT 4.4
(1 —e+7) 81995 (3+ ) g, UMY (4.4)
where the coefficient C' = —6.56 is given in ref. [62]. Given s2 ~ 0.23, it is straightforward

to verify the coefficient 16(c2 — 2)/3 ~ —6.56 in eq. (4.3). As expected, eq. (4.3) agrees
perfectly with eq. (4.4). Therefore, starting with the EFT Lagrangian alone, one will be able
to carry out complete one-loop calculations of the low-energy observables in a similar way
as the simple example shows in this subsection. It is worthwhile to stress that the dim-6
operators O,y and O, g arising from the one-loop matching play an important role [63].
Although the comparison between our result in eq. (4.3) and that in eq. (4.4) from
ref. [62] is helpful to demonstrate the correctness of one-loop matching, both results should
be improved when confronted with the experimental observations of u — ey. The reason is
simply that the one-loop matching is carried out at the matching scale, i.e., the seesaw scale
characterized by the heavy triplet mass, but the experimental measurements are performed
at the scales of charged-lepton masses. Since the seesaw scale is significantly higher than the
electroweak scale, we only integrate out the seesaw particles but retain the contributions from
t,W, Z and Higgs boson in loops. Therefore, the results presented in eqs. (4.3) and (4.4)
should not be viewed as the physical decay width, but the value at the matching scale. To

calculate the decay rate of u — ey at the scale u = m,,, we should further integrate out

},L?
those heavy particles in the SM and take account of the RG running of relevant physical
parameters. In this case, the more suitable EFT is in fact the LEFT, as discussed generally
in ref. [64]. Such a complete calculation will be necessary when one attempts to constrain

the model parameters in the UV theory by using the precision measurements of 1 — ev.

Tt is worth noting that the non-unitarity of the PMNS matrix in the type-III seesaw model is induced by
the mixing between fermionic triplets and the SM leptons, including both neutrinos and charged leptons [62].
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4.2 Beta function of the quartic Higgs coupling

In the SM, around the energy scale u = O(10!) GeV, the running quartic Higgs coupling
A(p) becomes negative [65, 66|, rendering the electroweak vacuum to be unstable. The main
reason why A(u) declines rapidly with the increasing p is that the beta function of A contains
a large negative contribution from the top Yukawa coupling ;. In the type-11I seesaw model,
this problem will be more serious, since A decreases faster than it does in the SM due to
the existence of the Yukawa coupling Y5, of the fermionic triplet. The beta function of A
in the type-III seesaw model is [67]:

dx 3 3 9
B = 167&@ = Q91+ 9105 + 502 = 39iA — 9g3A + 24N7 4 1207 — Gy
+ 120 tr (YY) = 10 tr (Y v vevy) (4.5)

= M+ 120t (Yol ) - 10 6 (Yavdvp v

where the beta function B§M in the SM has been identified in the last line. Since we have
matched the type-III seesaw model onto the SMEFT, it is interesting to clarify the relationship
between the beta function in the UV full theory and that derived in the EFT. From the EFT
perspective, the one-loop renormalization-group (RG) running of Agpr can be studied in the
traditional way [30]. More explicitly, in the SEFT-III where heavy fermionic triplets have
been integrated out, the running of Agpr can be triggered by higher-dimensional operators
apart from original SM contributions [57, 68]:

dAgFT
A = 1672
B(AgrT) = 167°1 m

4
= mite (RO aCH ] —vich).

(4.6)

where it is sufficient to input the tree-level results of the Wilson coefficients in eq. (2.9) for
self-consistent computations at one-loop level. Note that Agpr # A here, because the UV
theory and the EFT may differ in the UV-divergent behaviors (see, e.g., ref. [69], for a review).

However, since we are working on a UV-motivated EFT, we can not only maintain the
infrared (IR) information but also even reconstruct the beta functions of the UV theory
under certain conditions. In fact, according to the EFT running in eq. (4.6) and one-loop
matching result, one can reproduce the running behavior of A in the full type-III seesaw model
in eq. (4.5). The key point is that we need to include the contribution from the threshold
correction to A into the beta function in eq. (4.6) in the following way

B(A) = B(AeFT) — 16772Atd(((5;\;ff) ;

(4.7)
where d Ao is the threshold correction to A given in eq. (3.8) and it depends on the renormal-
ization scale u. Extracting the py-dependence of 0o in eq. (3.8) explicitly, one can check
that the equality in eq. (4.7) indeed holds. With the above demonstration, we emphasize
that the complete expression of (\) in the full theory can be reproduced by subtracting the
threshold contribution from the beta function B(Agpyp) in the EFT.
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The result in eq. (4.7) can be easily understood by focusing on the divergent behaviors
from the perspective of the region expansion in the UV theory. First, note that the beta
function S(Agpr) in the EFT is governed by the UV divergence of the soft region of loop
momentum in the UV theory. However, this UV divergence can be offset by the IR divergence
of the hard region loop momentum, the UV divergence of which corresponds to the true
one of the UV full theory. Because of this, the u-dependence of dAeg in eq. (4.7) comes
from two sources, i.e., the UV and IR divergences. Consequently, the IR contribution in
1672 1ud (6 Xegr) /dp will cancel B(Agpr) out. In the meanwhile, the remaining part from the
UV contribution just produces S()\). In this way, eq. (4.7) will hold for a general UV theory
and its EFT description.

At this point, we shall have a closer look at the one-loop matching results, which in
general receive contributions from both log(u)-independent and log(u)-dependent terms.
Normally, the log(u)-dependent contributions can be ignored at the matching scale, as they
simply vanish at @ = My, in the case of mass degeneracy. This indicates that the log(u)-
independent term represents the contribution from heavy particles in the UV model at a
fixed scale, which has been discussed in section 4.1. While in this subsection, we have noticed
that the log(u)-dependent terms, on the other hand, essentially contribute to the running
behavior of the UV theory at low-energy scales. The combination of log(u)-independent
and log(u)-dependent parts can perfectly reproduce the complete UV theory at any energy
scale below the matching scale at the one-loop level.

4.3 Strategy to distinguish among SEFTs

Thus far all three types of seesaw models have been matched to the SMEFT at the one-loop
level. As for the effective operators up to dim-6, these three SEFTs show clear differences
between each other, as indicated in table 1. Therefore, a natural and interesting question is
whether these different dim-6 operators can be implemented to experimentally distinguish
among three types of seesaw models. To fully answer this question, one must perform a
global-fit analysis of all existing experimental measurements in the framework of the SEFTs
and make a model comparison. In the previous literature [46, 70-73], numerous efforts have
been made to distinguish among different types of seesaw models from the EFT perspective,
utilizing low-energy observables in the leptonic sector. In this subsection, we just outline a
preliminary strategy to look for the answer via non-leptonic observables.

First of all, we notice that the differences among three SEFTs mainly appear as the
four-fermion operators. From table 1, there are 31 dim-6 operators in the SEFT-I, whereas
two additional ones (namely, Oy, and Oé?])) exist in the SEFT-III. As for the SEFT-II, eight
more dim-6 operators are present, including Oqé ; Oy and six four-fermion operators of type
RRRR, when compared to the SEFT-III. Based on these observations, we propose to search
for physical observables that are sensitive to the four-fermion operators in collider experiments.
The global-fit analysis of four-fermion operators in the SMEFT indicates that the data from
the top-quark sector at the CERN Large Hadron Collider (LHC) may provide very useful
information [74, 75]. For instance, the top-pair production is sensitive to four-quark operators,
but there occur many degeneracies among these operators and more observables will be
helpful to break the degeneracies [76]. Motivated by these studies for the SMEFT, we shall
focus on the processes also in the top-quark sector.
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Then, we suggest looking into the single-top production at high-energy hadron colliders.
As shown in ref. [77], the impact of the dim-6 operator O((JZ) on the single-top production is
significant. This operator appears in both the SEFT-II and the SEFT-III, but not in the
SEFT-I, implying the possibility to distinguish the latter one from the former two. More
explicitly, three operators O((;;), O, and Og’; at dim-6 in the SMEFT contribute to the
single-top production mainly through the interference with the SM contribution. However,
O, Wwill be neglected in our analysis because it is absent in all three SEFTs. The rest
two operators contribute to the production cross-sections of u + d — ¢ + b in the s-channel

and u + b — d + t in the t-channel [77]?

3) A 2 /o n
SR 2050V | g (35— MP)* (284 M) LY, g3 (3—MP)* (25+M7)
ud=tb v A? 384ms2 (8 M2) A8mA28% (3= M)
. §— M2+ M3
203y, 4 (s 212 95 (s—Mf)ln []\tpw
Oyt = | V24— Ha tbv 95 (8—MY) _o®Y W
ubmdt tb A2 64m5M2, (8— M2+ MZ,) 99 1 8mA23 ’

(4.8)
where V,; denotes the element of Cabibbo-Kobayashi-Maskawa matrix, and only the interfer-
ence contributions or the terms up to O(A~2) are kept, and the tree diagrams with single

(3)

insertions of ng) and OS’()Z are considered. Omne can see that the contribution of Oy’ in

the t-channel is logarithmically enhanced at high energies compared to that of OS;. Such
a distinct dependence on the center-of-mass energy v/é at the parton level signifies the

) (3) .

possibility to probe the operator O( Once the associated Wilson coeflicient Cyy’ is found to

be nonzero, the SEFT-I can be immediately excluded, since it does not contain this operator.

To estimate the experimental sensitivity to these two relevant Wilson coeflicients, we
utilize a simple statistical analysis by constructing the x?-function as follows

2 2
2 (ngp. - fU]sE)FT) T (JéX}l - fUEFT) + (f - 1)2 (4 9)
X = (50,)? (60,)? 6f)? '

t

where og,, (or o¢y, ) stands for the measured cross-section in the s- (or ¢-) channel at the

ex
LHC [78] pand likewise ofpp (or ohpy) for the expected cross-section in the EFT. While
do, and do, are the uncertainties of experimental measurements, the theoretical uncertainty
of the EFT cross-section has been taken into account by introducing a nuisance parameter
f and its error §f as a penalty term into the x? function. To obtain the total hadronic
cross-section in the proton-proton colliders, one has to convolve the partonic cross-sections in
eq. (4.8) with the parton distribution functions (PDF) with the energy threshold being M,.

For this purpose, we adopt the NNPDF31_nlo_as_0118_luxged PDFs [79], and the s- and

2For clarity, we have explicitly factorized out the cutoff-scale dependence A~? from the Wilson coefficients
of dim-6 operators in this subsection such that these coefficients now become dimensionless.
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Figure 2. The y2-fit results for the s- and ¢-channel single-top production based on the LHC run-II
data, where only two operators OS; and Ot(z?z) at the order of O(A~2) contribute to the relevant
processes. The solid red (or dashed blue) curve indicates the allowed region of two associated Wilson
coefficients multiplied by (TeV/A)? at the 68% (or 95%) confidence level, while the SM prediction is
represented by the black star.

t-channel hadronic cross-sections under the V,, — 1 approximation are

20(3) 2 (3) )
obpr = | f+ —1— A2 ohn — A2 (21.03 pb) - (1 TeV)

5 201(5’;1;2 0(3) 9

where 0§, and o}, are the SM cross-sections for the s-channel and the ¢-channel, respectively.
From the LHC run-IT data at the center-of-mass energy /s = 8 TeV with the total luminosity
L = 20.2 fb~!, the measured single-top cross-sections are Ooxp. = 4 8+ 5 pb and Jexp =
89. 6Jr 3 Pb, respectlvely, whereas the NLO+NNLL SM predictions are 5 61 4+ 0.22 pb and
87.8Jj1.9 pb [80]. Given these input values, a simplified version of the y2-fit analysis can be
accomplished by imposing a constraint y2 —x2,, < Ax? at the 68% and 95% confidence levels.

The final results of the y?-fit analysis are shown in figure 2. At the 95% confidence level, we
obtain the allowed regions Cly) - (TeV/A)? € [~1.89, 1.79] and Cfy - (TeV/A)? € [~0.65,0.43].
Note that the one-loop matching conditions for the Wilson coefficients in the SEFT-II and
the SEFT-III give C’,gg) = —g3/(19207) and 0,52) = —g3/(1607?), respectively. Therefore,
as the cutoff scale is identified as A = M, in the SEFT-II and A = My, in the SEFT-III,
one can translate the bounds on the Wilson coefficients in figure 2 into the lower bounds
on the scales of the type-II and type-III seesaw models

M, >38GeV, My > 13 GeV. (4.11)

It can be seen that these lower bounds on the seesaw scales are rather weak, because the
coefficients from one-loop matching are suppressed and the current measurements are not
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precise enough. In addition, figure 2 shows that the LHC run-II data are well consistent
with the SM predictions. However, the situation may be greatly improved for future collider
experiments. For example, at the HL-LHC, the luminosity will be increased to 3000 fb™1,
such that the experimental uncertainty will be reduced to one percent of the present one.
With such a high precision, it is hopefully possible to detect visible deviations from the
SM predictions, and the information about the typical scales of type-II and type-III seesaw
models can be obtained.

Finally, we point out that further discrimination between the SEFT-II and the SEFT-III
is possible but more challenging. When v/C'/A ~ 1 TeV~! is sizable with C being a general
Wilson coefficient of the dim-6 operator, we also need to include the dim-6 squared terms,
apart from the interference terms, into the global fit for the single-top production. In this
case, there are three additional operators Oé? y Opq a0d Ogyy that are also involved in the
global-fit analysis of the SMEFT [76]. Fortunately, the last two operators are absent in the
SEFT-II and SEFT-III, as shown in table 1, so only Oélll) is relevant. As this operator happens
to be in the SEFT-II, but not in the SEFT-III, it can be utilized to further distinguish
between the SEFT-II and the SEFT-III in the measurements of single-top production. Once
the dim-6 squared terms are added into the analysis, any indication of nonzero values of
C(g},) will be a smoking-gun signal for the type-II seesaw model, while excluding the type-I
and type-III seesaw models. However, a detailed analysis along this line is beyond the scope
of this paper and will be left for future works.

5 Conclusions

In the present paper, we have accomplished the complete one-loop matching of the type-III
seesaw model onto the SMEFT via both functional and diagrammatic approaches. The general
results for three generations of heavy fermionic triplets are given. A careful comparison
with the previous results in ref. [48], where the equal-mass limit has been taken for the
fermionic triplets, indicates that some mistakes in the Wilson coefficients in ref. [48] need to
be corrected. The correct results are also summarized in section 3.4.

Furthermore, the low-energy phenomenology of the SEFT-III in three aspects is explored.
First, we calculate the rates of lepton-flavor-violating decays of charged leptons in the SEFT-
IIT and demonstrate that the results in the full type-I1I seesaw model in the large-mass limit
can indeed be reproduced when the one-loop matching operators and the associated Wilson
coefficients are taken into account. This is a simple example for self-consistent one-loop
calculations in the SEFT-III, which will be important to probe neutrino mass models in
the precision era of particle physics. Then, we investigate the relationship between the beta
function B(Agpy) of the running quartic Higgs coupling Agpp in the SEFT-IIT and that ()
in the full type-III seesaw model. It has been shown that S()) in the full theory can be derived
by subtracting S(Agpy) in the EFT by the contribution from the p-dependence of one-loop
matching condition for A. All these discussions manifest the importance of one-loop matching
for phenomenological studies in the EFT. Finally, with the EFTs for three types of seesaw
models, we propose a possible way to distinguish among them in collider experiments. For
example, the single-top production in the hadron colliders is sensitive to dim-6 four-fermion
operators. A novel way to rule out the SEFT-I is to discover the contribution from the operator

— 922 —



Oéﬁ), which is absent in the SEFT-I. The further discrimination between the SEFT-II and
the SEFT-III relies on the observation of the dim-6 operator Ot(ﬂll)7 which is more challenging.
It is interesting to see whether this strategy can be really implemented in the future analysis
of the HL-LHC data to single out the true mechanism for neutrino mass generation.

The origin of neutrino masses definitely calls for new physics beyond the SM. As the
canonical seesaw models for neutrino masses usually work at the energy scale far beyond the
electroweak scale, precision calculations in their low-energy EFTs will be indispensable when
more accurate data are available at the high-energy and high-intensity frontiers. We believe
that the one-loop construction of the SEFTs for three types of canonical seesaw models will
be very useful for their phenomenological studies at low energies in a systematic way.
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