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1 Introduction

The motivation for this work is the question of whether a theory with a single massive spin-2
particle coupled to gravity, which has a gap to any other spin-2 or higher-spin particles,
is consistent. Our analysis will crucially rely on the assumption that the theory includes
gravity, and the consistency of the theory will be tested due to this coupling. In this sense,
we are motivated to understand if a theory with an isolated massive spin-2 particle is in the
Swampland (see [1, 2] for reviews). Swampland constraints which relate the existence of a
massive spin-2 particle to the cutoff of the effective theory were proposed in [3]. Indeed, the
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Figure 1. Figure showing the setup of the effective theory that we consider. There is a parametric
gap between the mass of the massive spin-2 particle m and the cutoff of the effective theory A. The
Regge growth regime we consider is between m and A. As well as gravity, there can be other massive
or massless spin-0 or spin-1 particles in the theory, though we demand that their masses are also
below the Regge regime. The question we address is whether the amplitude Regge growth can be no
faster than s2.

statement was made that a massive spin-2 particle with a parametric gap to the cutoff is
not consistent. We find further evidence for this statement in this work. We discuss more
details on the connection to the spin-2 conjecture in section 1.2.

The approach we take to this question in this work is the behaviour of two-to-two classical
scattering amplitude A of the massive spin-2 particle. In particular, we consider how the
amplitude grows with the centre-of-mass energy parameter s, in the regime where s is much
larger than the momentum exchange parameter ¢ and the mass of the spin-2 particle m,
but still much smaller than the cutoff scale A of the theory. In such a regime there is a
leading power of s that will dominate the amplitude, and we aim to constrain the theory by
demanding that this power cannot be too large, more precisely, cannot be larger than two:

s0slog A(s,t) <2 for A> /s> m,\/|t]. (1.1)

The question we address is whether there exists a theory with an isolated massive spin-2
particle which can satisfy the constraint (1.1). We will allow the theory also to have further
(a finite number of) massless or massive spin-0 and spin-1 particles, but with a mass below
the Regge regime defined above. This is illustrated in figure 1.

The constraint (1.1) is a version of the Classical Regge Growth conjecture (CRG) proposed
in [4]. The original conjecture, as formulated in [4], is the statement that the classical (tree-
level) S-matrix of any consistent theory cannot grow faster than s? in the Regge limit, that is
for s — oo at fixed ¢. This is not precisely (1.1), but it certainly inspires it.

The bound (1.1) is a local bound in the language of [5]. Some strong results on such a
bound were developed in [5], for example, showing that it holds in five dimensions or higher
for scattering of scalar particles. We refer to [5] for references on the topic, to [6] for a recent
review, and to [7-10] for other recent work.!

Tn this work we will consider only flat space scattering amplitudes. In AdS, there is some evidence that



The theories that we consider, below the cutoff A, are the most general local effective
theories with a finite number of derivatives. So we allow for arbitrary higher-derivative
operators, but do not account for the possibility of an infinite number of correlated higher
derivative operators that can resum into non-analyticities. Such series must correspond to
integrating out a particle and are controlled by the mass scale of the particle that has been
integrated out. If the particle is spin-0 or spin-1, we include this possibility explicitly by
allowing for such states in the effective theory below the cutoff A. If the particle that has
been integrated out has spin-2 or higher, then by construction it must have a mass above
the cutoff A. Since we are working in the regime A > /s, we can reliably neglect such
possibilities. In other words, we are interested in theories where one massive spin-2 particle
is isolated from other massive spin-2 (or higher) particles, and that includes their effects
through an infinite number of correlated higher-derivative operators.

The primary quantity that we are interested in is the growth of the scattering amplitude
with s. There are many other ways to constrain theories with massive (and massless) spin-2
particles. A small selection of relevant papers follows. Perhaps most similar in nature to our
analysis are the papers [14-17], on which we rely heavily. These papers studied the total
energy dependence of scattering amplitudes in the type of theories we are considering. They
then used this to bound the cutoff scale through unitarity, or to constrain the spectrum of
particles. In particular, in [17] the constraint on the energy growth was shown to lead to
a beautiful bound on the spectrum of Kaluza-Klein states in compactifications of higher
dimensional pure gravity. There are similar papers which study constraints imposed by
superluminality [11, 18, 19]. There are also many papers studying theories of purely massive
spin-2 states, so without the massless spin-2 gravity present. We refer to [20, 21] for reviews,
and to [22-28] for some relevant work.

1.1 Summary of results

It is simple to summarise our results: we find that there are no possible theories, so any
values of the couplings of any operators, which have tree-level scattering that can satisfy
the Regge growth bound (1.1).

As stated, this result holds up to the assumption that there are no relevant infinite
correlated series of higher dimension operators, that is, that there is a gap to any poles
of further massive spin-2 particles.

We also restrict to four dimensions: d = 4. This makes the computation more tractable
as there are identities which reduce the number of operators. We do not expect our results
to change in higher dimensions.

The implications of our results for theories with isolated massive spin-2 particles, coupled
to gravity, depend on how strongly one expects the classical Regge growth bound (1.1) to hold.
There is very strong evidence for this, but to the best of our knowledge, it remains to be proven.

1.2 Relation to the spin-2 conjecture

In this section we discuss some aspects of the spin-2 conjecture proposed in [3]. The conjecture
states that in a theory with gravity and a massive spin-2 particle of mass m, there is a

the Regge growth bound is related to the Chaos bound in the dual CFT [4, 11-13].



bound on the cutoff A of the theory

mM,

A~ P
My,

(1.2)
Here M, is the Planck scale and M,, is a mass scale which sets the interactions of the massive
spin-2 particle. So it is a scale which appears in the coupling of the field, h,,, to the tensor
current T which defines its interactions
1

T (1.3)

If h,, was the graviton, then M, would be M, and T"” would be the energy-momentum
tensor.

The scale M, is somewhat subtle, because the interaction strength may vary for different
fields. It is therefore natural to suggest that the cutoff is set by the weakest interaction scale
(largest value of M,,), otherwise the proposal is not well-posed and leads to different cutoffs
associated with different fields. A universal interaction which is always present is gravity,
and this is always controlled by the mass scale M,. This means that if the massive spin-2
field is coupled to gravity we should take M,, ~ M,. This is then the natural application of
the spin-2 conjecture to our setup, which gives the proposed constraint of A ~ m, so that
there cannot be a parametric gap from the mass of the spin-2 to an infinite tower of states.

2 Classifying scattering amplitudes

This section aims to present all the ingredients needed to compute the most general 2 — 2
tree-level scattering amplitude of a massive spin-2 particle. To do so, we will consider that
the massive spin-2 particle can couple to a (massive or massless) scalar particle, a massive
spin-1 particle and a massless spin-2 particle. Fermions do not need to be introduced since
by momentum conservation they cannot be exchanged between bosons. Massless spin-1
particles can also be ignored, since its coupling with two massive spin-2 particles is not
allowed by gauge symmetry.

Tree-level scattering amplitudes can be computed directly, without reference to specific
Lagrangian terms, in a model-independent way. One can use the fact that the result has
to satisfy Lorentz invariance, crossing symmetry, locality and unitarity to chart all the
possible contributions. This can be done using on-shell methods, as explained for instance
in [29]. The basic idea behind on-shell amplitudes is that they are invariant under field
redefinitions and integration by parts in the Lagrangian, making the classification of the
vertices easier. Most of the computations of this part were already developed in [14-16], in
a different context.? For that reason, we will only explain the basic steps in the main text,
relegating some details to appendices A—D and referring the reader to the aforementioned
references for a more detailed discussion.

Let us start by fixing the notation. A particle ¢ has momentum p;, spin /; and mass
m;. We denote its polarisation tensor by ¢;. This tensor is symmetric, traceless and satisfies

2The authors of these papers were interested in the high energy limit, {s — 400, t = —00, s/t — fixed},
of the same scattering.
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Figure 2. Contributions to the tree-level 2 — 2 scattering of any self-interacting particle.

Figure 3. The exchange amplitude can be computed using on-shell three-point vertices. Each vertex
is assigned a coefficient a;.

pf €, = 0. Momentum conservation in our conventions reads py + p2 +p3 = 0. Formally, when
constructing the amplitudes, we will write the polarisation matrices as a product of vectors,
€ = €iw = €u€i, with these vectors satisfying €;,ei’ = 0, €,p}' = 0. This does not mean
that we are assuming the physical polarisations matrices to have rank one: it is only a way
in which one can keep track of the contractions more easily. At any point of the computation
one can always go back to the €, formalism. In the new language, gauge invariance of the
massless spin-1 and spin-2 particles means invariance under €;, — €, + ap;,, being o an
arbitrary constant. We will denote empé»‘ = A;j, eweéf = B;j = Bj;. All the fields are taken to
be canonically normalised, with mass dimension one. Parity-odd interactions always involve
contractions with the Levi-Civita tensor €, € (p;, pj, €k, €) = ghval Din Pjv €ka €15- Finally, we
denote by Mgy . (mq, my, me) a three-point interaction of particles with spin a, b, ¢ and
masses mg, My, Me, where the particle ¢ will be the one exchanged.

Two sources of diagrams contribute to any 2 — 2 tree-level scattering amplitude: exchange

— Acontact + Aexhcange

diagrams and contact terms, Ag_ o , pictorially represented in figure 2.

We discuss them case by case.

2.1 On shell three-point interactions

The exchange diagrams can be computed in two steps. First, we need to list all the possible on-
shell three-point vertices between the two massive spin-2 particles and the exchanged particle.
Then, we take two sets of these vertices, and connect them through the corresponding
propagator, see figure 3.

This reduces the problem to find all possible on-shell 3-point interactions allowed by
Lorentz invariance, crossing symmetry, unitarity, locality and gauge invariance. We discuss
how to do this in appendix B, presenting directly the results in the next subsections.

2.1.1 Massive-2, massive-2, massive-2

In this section, we are looking at three-point couplings between three identical massive spin-2
particles of mass m. There are in general ten contributions, five of them are parity-even and



the other five are parity-odd [14, 30]. One of them (parity-even) comes from a renormalizable
piece in the Lagrangian and the rest from non-renormalizable pieces. In four dimensions,
d = 4, this list can be reduced by taking into account that any set of more than four vectors
cannot be linearly independent. We discuss these redundancies in appendix B.2, showing
directly in table 1 the independent functions.

Ma 29 (m,m,m)
puBi2Bi3Bag = M,y
A% (B3 A3) + B33 Aly + BipA%) = Mo
45 (Bi2BagA12Azy + Bi1aBi3Ag1 Az + BizBaz A1 Ag)) = M3
A%LA%A%?,A% =M,

Az (Bia Bage (p1,p2, €1, €2) — Bia Bage (p1,p2, €1, €3) + Bia Bize (p1,p2, €2,€3)) = M
1

ag (ArzAas Asi (Asi e (prop2, €15 €2) — Ao e (1, 2, €1, €3) + Arae (P, p2, €2, 63))) = M

Table 1. Independent three-point amplitudes for three identical massive spin 2-particles with mass
min d = 4.

Here the spin-2 particle is taken to have mass m, and the coefficients p and A; have
energy dimension one. Generally, we assume, here and in the next sections, that the scale A;
at which every term becomes relevant can be different. A table with the complete list of the
ten contributions is shown in appendix B.2. A Lagrangian basis generating the parity-even
elements (the full list, not only the ones presented in table 1) can be found in appendix C.1.?

The total cubic vertex we will be considering for this interaction is therefore (restricting

ourselves to four dimensions):
V272,2(m, m,m) = a;M1 + agMa + asMs + agMs + asMs + ag Mg , (2.1)

with a; being arbitrary coefficients.

2.1.2 Massive-2, massive-2, massless-2

In this case we start with six parity-even and nine parity-odd three-point operators at high
enough dimension. We can exploit again the fact that we are working in d = 4 to write
some of them as linear combinations of the others. A list with the fifteen interactions is
given in appendix B.2, in table 6, whereas below, in table 2, we only write the nine (five
even and four odd) linearly independent contributions [19].

3This basis is not one-to-one since, as explained above, Lagrangians related by field redefinitions or total
derivatives give rise to the same on-shell vertices.



Ga,2,2 (m,m,0)
M%,Angfz =G
M%)A:ﬂBlz (A12B23 + A23B13) = Go
M%) (A2sBis + A12Ba3) % = G

L A5A9 A2, By =
a2 A2 ds 12=04

1A A2 AQ A2 —
MpAfr,l 124123 31—g5

M%) (BagA12 + Bi3Aa3) € (p3, €1, €2, €3) = G

1 _

i Br2Asi e (ps, €1, €2,€3) = Gr
_1
M, A2
_1
MpAj

A19A3A31 € (ps3, €1, €2,€3) = G

A12A93A3; € (p1,p2, €1 €2) = G

Table 2. Basis of independent three-point amplitudes for two (identical) massive spin-2 particles, one
massless spin 2-particle in four dimensions.

The massless spin-2 particle is the graviton, and so each vertex is suppressed with a factor
of the Planck mass M,,. The A; have units of energy and a Lagrangian basis for the parity-even
interactions is given in appendix C.2. The total cubic vertex for this interaction is therefore:

Va2.2(m,m,0) = g1G1 + 92G2 + 93G3 + 94Ga + 9595 + 9696 + 97G7 + 98Gs + oGy . (2.2)

Here the g; are arbitrary coefficients. Moreover, as discussed in [15, 16] and the references
therein, gauge invariance requires

291 =g3g2. (23)
This relation can be derived by studying the Compton scattering of a massive and a massless
spin-2 particle, which involves both the massive-2, massive-2, massless-2 and the massless-2,
massless-2, massless-2 vertices (the latter coming from the usual graviton self-interaction
cubic vertex in the Einstein-Hilbert term).

2.1.3 Massive-2, massive-2, massive-1

Exploiting one more time the fact that we are interested in the case d = 4, in table 3 we
present the (independent) three-point vertices we will be considering, agreeing with [15]. We
relegate the full list of interactions for any dimension to appendix B.2, table 7.

Moz (m,m,m)
(A12B12B23 + A21B12B13) = Ky
/%% (A91 A3y Bog + A%, A19Bi3) = Ko

Bis (€ (p1, €1, €2,€3) — € (p2, €1, €2,€3)) = K3
;\%21 € (p1,p2, €1, €2) (BazA12 + Bi3Az) = Ky

Table 3. Four-dimensional three-point amplitudes for two identical massive spin-2 particles and one
massive spin-1 particle.



Here A; is the scale of suppression of the vertex K; and a parity-even Lagrangian basis
is detailed in appendix C.3. The total cubic vertex for this case is therefore:

VQQJ(TH, m,my) = k1K1 + kaKo + ksKs + kaKy . (2.4)
The k; are arbitrary coefficients.

2.1.4 Massive-2, massive-2, scalar

Finally, regarding the coupling with a scalar field ¢, our computations match the ones of [16].
MQ,Q,O <m7 m, M)
’ITLSB%Q == 81
%A12A21312 =&
2

1 A2 42 _
A4 = 53
3

/%43126(191,]92,61,62) =38,
/-%gAlezg e (p1,p2,€1,€) =S5

Table 4. All possible on-shell three-point amplitudes for two massive spin 2-particles and one
scalar particle.

Here Ai suppress the non-renormalizable operators, mg is some interaction scale, the
mass M of the scalar can be M > 0 and a basis of Lagrangian terms for the parity-even
amplitudes is derived in appendix C.4. The total vertex for this interaction is:

‘/2’2,0(771, m, M) = $151 + $282 + 5353 + $454 + 8555 - (2.5)
The s; are arbitrary coefficients.

2.2 Exchange amplitude

As explained previously, the contribution of an exchanged particle k to the on-shell 2 — 2
scattering of a massive spin-2 particle can be computed as follows. Firstly, we take two
sets of vertices Va9 (m, m, my,) defined in equations (2.1), (2.2), (2.4) and (2.5). Secondly,
we “remove” the particle k of the vertices and connect them through the corresponding
propagator, given explicitly in appendix A.

Aexchange =Z

i,j

Figure 4. To compute the exchange amplitude we sum over all three-point interactions connected
with the correspondent propagator.

We represented this process in figure 4. Before moving to the contact terms, let us pause
here for a moment to discuss some details.



2.2.1 Renormalizable and non-renormalizable interactions

In tables 14, and in the vertices associated, we treated normalizable and non-renormalizable
interactions in the same fashion, implicitly assuming that both contributions can be of the
same order. This may look a bit unnatural from a Lagrangian perspective. When dealing
with EFTs and higher dimensional operators in d = 4 we have

di
LEFT = Z az 4 im( <4 + Z d1m d>4 R (2.6)

with @’ and b’ constants, Efig 4 are the renormalizable and £§> 4 the non-renormalizable terms.
Usually, it is natural to expect something like

(L) o o
—dim(L i
{ai, b} ~O(1), A? ( )£d§4 > ﬁ ) (2.7)

J
which makes quite unlikely that diagrams coming from non-renormalizable parts in the
Lagrangian can cancel the ones coming from renormalizable operators, unless some fine
tunning occurs. As a warm-up, when we present our results in section 3 we will begin by
studying a scenario like this.

Nevertheless, since we want to be as general as possible, we will also investigate the case in
which some b; can be b; > 1, potentially making the contribution of the non-renormalizable
pieces in the Lagrangian of the same order of the renormalizable interactions. This is
discussed extensively in section 3.2

2.2.2 Fierz-Pauli coupling

An important role for us is played by the vertex produced when we (minimally) couple the
Fierz-Pauli action to gravity. This vertex must be non-vanishing in any theory of a massive
spin-2 particle. The Fierz-Pauli Lagrangian, which describes the propagation of a massive
spin-2 particle, denoted h,,, in a flat background 7,,, is

1 1 1
L= 0,0 Byl 4 07 Dphly — S 0uh7 9 gy + 50,0 — Sm” (Wb = 17) . (2.8)

Here h = n*”h,,. Let us now consider a general background with a metric g,,. La-
grangian (2.8) becomes

1 1 1
L= =Vl Nyh V7V gl = SV bV g+ 5V bV b = om? (P By, = 12)
(2.9)

where the indices are now raised and lowered with the metric g, and the derivatives have
been replaced by covariant derivatives.* To obtain the three-point interactions between two
massive and one massless spin-2 particles we expand the metric as

g“l/ MV . 17 g/‘ll

2.10
e o (2.10)

g,uu Nuv +

*One can also include a term £ D> & (h“"hW — %hg) if the background has non-vanishing curvature R. It is
easy to check that this term does not contribute to the massive-2, massive-2, massless-2 three-point interactions.



and look for the terms of the form hhg. There are three different on-shell contributions:

ap B 9
h'uyh,m/ = (7]&“ - %) <776V - ?Mp) haﬁh#u|hhg = _Mpgaunﬁth/h%@

1
= —2—DB12B13B 2.11
M, 12013023 , ( )

also®

2

D0t~ m
Vb N  hpo|hng = 33757V uhpo Vihaglhng = —G1 + 27M B13Bo3Bia — 2Go,  (2.12)
p

and in a similar way
e~ DY ~ 1
Vuh?N phly | hng = ngpygaﬁvuhpavvhaﬁlhhg = 593’ (2.13)

with Gz and Gy introduced in section 2.1.2. This means that the Fierz-Pauli contribution
to the on-shell three-point vertices can be written as:

1
Grpling = 5 (95 +G1 +2G2) (2.14)
which translates into
291 = g2 =293 # 0. (2.15)

This non-vanishing combination of three-point couplings must be satisfied in any theory of
a massive spin-2 particle coupled to gravity. So in looking for possible consistent theories
with appropriate Regge behaviour we are allowed to set any couplings to zero, but must
demand that g1, g2 and g3 are non-vanishing and satisfy the constraints (2.15). Note that
this matches the constraint from gauge invariance (2.3).

2.2.3 Parity symmetry

In the previous sections we introduced parity-even and parity-odd three-point functions,
assuming that the theory can be parity violating. Given a particular choice of external
polarisations, contributions from even-even and odd-odd vertices will be parity-even, whereas
even-odd and odd-even connections will give rise to parity-odd terms.

One can (and we will) avoid this mixing by using the transversity basis for the polarisations,
see appendix A, in which the spin of the particles is projected in the transverse direction
to the scattering plane.® In the transversity basis, the amplitudes A have definite parity
P and they transform under this symmetry as [31]

P AT1T2,7’37’4 - (_1)T1+72_T3_T4AT1T2,T3T4’ (2'16)

where the indices 7,7, r,r, refer to the helicities 7; = {0, £1, £2} of the ingoing, 1 and 2,
and outgoing, 3 and 4, particles. Regarding the exchange diagrams, this means that when

5See appendix D for the details.
5Unlike the usual helicity basis, in which spin and momentum are projected onto the same plane.

,10,



dd-odd =
X\ A = C’quchaelge + ﬂg;gﬁafsg:n = c’qcegg?ad
P(A) = A
~7

_ pgodd—even even—odd odd
A = c’qexchange + cﬂexchange + Acontact

Figure 5. In the transversity basis contributions with different parity decouple.

the sum of the helicities of the scattered particles is an even number, only even-even and
odd-odd terms contribute; on the contrary, if this sum is an odd number, one must consider
even-odd and odd-even interactions. The same reasoning applies to the contact terms: in the
transversity basis they decouple according to the parity, as represented in figure 5. For our
proposes and to prove our result it will be enough just to study the parity-even amplitudes.

Let us also comment that we exploit other nice properties of the transversity basis, like
the simple form of the crossing symmetry relations. A review of transversity amplitudes
and their properties is given in [14, 31, 32].

2.3 Contact terms

Computing all the contact terms is the trickiest and most cumbersome part since, in principle,
there is an infinite number of them. To have a situation we can handle, we will only
include interactions with an arbitrary but finite number of derivatives, following the algorithm
developed in [14-16]. As discussed in the introduction, neglecting the possibility of an infinite
number of correlated higher derivative operators is part of the setting of an isolated massive
spin-2 particle that we are studying.

As explained above, we will only need to consider parity-even contact interactions. Parity-
even and parity-odd contributions decouple in the transversity basis: when the sum of the
helicities of the scattered particles is an even (odd) number only parity-even (parity-odd)
terms contribute. To reach our results it is enough to look at the parity-even amplitudes.”

We can start with the renormalizable (parity-even) operators. There are only two such
operators:

B13B14B23 B2y + B12B14B23 B34 + B12B13B24 B3y , (2.17a)
3%4333 + B%2B§4 + B%?,B§4 ) (2.17b)

or, written in the Lagrangian basis,
WU RSNG4+ W R hG, + W2 haP R, (2.18a)
R RS, B2PRS 5 + BB, WP R 5 + WM RS B2 Rl (2.18b)

Non-renormalizable contact terms, on the other hand, are many. Schematically, the list
of parity-even contact terms with up to NV derivatives can be written by first computing

n+k+m+l=N Gkl
nm k 1
‘/2,2,2,2 (m7m7m7m) - Z Z W@”h 8mh6 h@ h, (219)
n,m,k,l contractions

"The reader interested in the parity-odd 4-point interactions is referred to [14].

— 11 —



with the first summation taking into account all the possible ways in which the indices of
the four h,, and the derivatives 9, can be contracted, and then symmetrizing under the
interchange of any two particles. We are using in (2.19) the description in terms of fields,
instead of {A;;, Bmn}, to make the analysis more understandable.

The above discussion serves to illustrate the complexity of the problem. In practice,
though, we will follow a slightly different approach, adapting the strategy developed in [14].

8 invariant under the

In short, one only needs to compute explicitly the tensor structures
group of permutations that preserve the Mandelstam variables invariant, the so-called kinetic

permutations T [33]
I8 = {1, (12)(34), (13)(24), (14)(23)}, (2.20)

where (i7)(kl) means that we do the permutations i <+ j and k <> [ at the same time. There
are 201 such (parity-even) tensor structures, which we will denote by T, and that we list
in appendix E.? Then, each of these structures is multiplied by an arbitrary polynomial
fa(s,t) of s and t, yielding:

B 201
Acontact — N f (s,6) Ty . (2.21)

We are calling this intermediate result A°™2ct to distinguish it from the actual Acontact
invariant under the permutation of any two particles. Indeed, to obtain A®©™at one has
to impose the remaining permutation symmetries in A°™2°t These other permutations,
under which (s,t,u) are not invariant, will lead to crossing relations that must be satisfied.

In section 3.2 we will explain extensively what are these crossing constraints and how to
obtain Acontact,

3 Constraining theories through Regge growth

We consider the most general effective theory of a massive spin-2 particle and impose the
constraint (1.1). The result we are after is whether such a theory, satisfying (1.1), exists.
At least, it must contain the couplings (2.14) as non-vanishing, and so satisfy (2.15). That
is the starting point. The rest of the couplings are allowed to take any values, including
vanishing. The analysis follows a simple procedure:

1. Compute all exchange and contact contributions for all polarisations. This results in
some function of s and ¢

A2_>2 _ ZAixchange + ZAﬁontact = .A (S,t) ) (31)
’ J

(2

8By tensor structures in this context we mean the terms > 0"hO™h 8*h 8'h with the indices of the
n,m,k,l
derivatives always contracted with an index of some h.

9Only 97 of them are independent in d = 4, since the vanishing of the Grassmannian of the vectors {p;, €;,.}
imposes extra constraints. However, it is harder to find a basis of the independent structures than to work
with the redundancies.
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2. Take the limit {s > |t|,m?}. Expand A (s,t) in powers of s

>l>itm2,4(s,t) =t A )+ A3 (). AL (D) ST (3.2)

3. Impose
Apm (£) =0, for m >3, Vi< 0, (3.3)

and for any external polarisation configuration. Equation (3.3) will yield several sub-
equations, one for each power of t. These sub-equations will depend linearly on the
coefficients of the contact terms and quadratically on the three-point couplings.

4. Solve the previous equations. If (1.1) can be satisfied non-trivially, some relation
between the three-point and the four-point couplings will be obtained. Otherwise, no
possible theory satisfying (1.1) exists.

3.1 A maximally natural scenario

As a warm-up, we will start by considering a simplified scenario in which all dimensionless
couplings are taken to be of order one. So this means that the magnitude of operators
is controlled by their dimension and the cutoff scale A. So this is a type of maximally
natural scenario.

The starting point is the demand that the combination of terms in (2.14) is non-vanishing.
These operators have all mass dimension five. By direct computation, it is easy to check
that with only these three pieces, the four-point scattering of a massive spin-2 particle can
never satisfy (1.1).

We therefore need to see if the other operators can be chosen to cancel the too-fast Regge
growth. The “maximally natural” scenario we are considering means that such a possible
cancellation is very restricted. Regarding the contact terms, only the ones with mass dimension
less than or equal to six can be useful. Higher dimensional operators will be suppressed by
higher powers of A, which makes them parametrically smaller. We would have equations like

3 3

S S 83 .
oz tbgrstegto =0, (3.4)

which, unless the coupling constants satisfy ¢ > b > a, as we are forbidding in this section,
must be solved order by order.'? For the same reasons, we can ignore three-point vertices
suppressed by A" for n > 2.

This leaves us with the following three-point vertices:

Va2 (m,m,m) = axMy + aa Mz + azM3 + asMs, (3.5a)
Va2 (m,m,0) = g1G1 + 9202 + 93G3 + 96G6 + 9707, (3.5b)
Voo 1 (m,m,mi) = ki1Ky + k3Ks, (3.5¢)
V2,0 (m,m, M) = 5151 + 5282 + 5454 . (3.5d)

190a, b, c} serve as an illustrative example, we are not referring to any couplings in particular.

,13,



Four-point interactions with up to two derivatives have to be included. Focusing only on
the parity-even terms, there are 12 distinct choices:

e 2 contact terms with no derivatives, already discussed in (2.17). We multiply them by

{c1, c2}.

e 4 contact terms with two derivatives with the indices of the derivatives contracted
among themselves (terms of the form 0*hd,hhh + symmetrization). They come with
the couplings {cs, ..., cs}.

¢ 6 contact terms with two derivatives with the indices of the derivatives contracted with
the massive spin-2 fields (terms of the form 0*0"h,, hhh + symmetrization). We use
{c7, ... ,c12} to parameterize these interactions.

Overall, there are 12 4 14 degrees of freedom. We will show now that this system can never
satisfy (1.1), writing some intermediate steps. We will indicate by ij — ab the helicity of
the particles scattered, so taking values {0, £1, £2}.

From 11 — 11 at order s*t:

a3

32
mMp

 From 00 — 00 at order s% (using az = 0):

a3

127072
mMp

=0 — a3:0. (37)

e From (—1)(2) — (=1)(=2) at order s3v/t (using as = 0 = a3):

a2 + 3 (4(g2 — 293)* + (g7 — 296)°)
m5Mp?

=0 — a5;=0,92=2¢g3, 97 =296  (3.8)

o From the equations involving just contact couplings
{c7, ... ,c12} =0. (3.9)
o Plugging these constraints in the other equations the only real solution is:
{a1,as,91,93, 95,96, 52, k1, k3} =0, (3.10)

with s1 being a free parameter.

This means that all cubic couplings, except for the renormalizable interaction with the scalar
field, must vanish. In particular, the required combination (2.14) also, and so the theory
is trivial. In other words, under the assumptions made, there cannot exist a theory of a
massive spin-2 particle consistent with (1.1).
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3.2 The general case

After discussing a simplified version of the problem, we will now tackle the general case, in
which all exchange and contact diagrams with any finite number of derivatives are included
with arbitrary coefficients. Our strategy follows closely, though not identically, the one
developed in [14-16].

In what follows, we will describe in detail the procedure without showing any explicit
computation. The reader interested can find an ancillary Mathematica file attached to the
paper with the code used. We only focus on the parity-even choices of polarisations, recall
equation (2.16), since this is enough to arrive at our results.

To start with, let us split the four-point scattering amplitude A, 7, -,-, into the contact
and the exchange contributions:

Aryry s = AZSho0ES 4 geoniact (3.11)
where again the indices r,, r,7, refer to the helicities 7; = {0, 1, £2} of the ingoing, 1 and
2, and outgoing, 3 and 4, particles. Then, the steps to follow are:

1. Compute Ai’fﬁg"ﬁ;%j As commented in section 2.1 one needs to take two sets of the

three-point vertices,

Vaoo (m,m,m) = ayxMy + aaMsa + asMs + asMy + asMs + ag M , (3.12a)
Vaoo (m,m,0) = g1G1 + g2G2 + 93G3 + 94G4 + 9555 + 96Gs + 9707

+ 9898 + 9999 , (3.12b)
V2,2,1 (m’ m, ml) = k1K1 4+ kKo + k33 + k44, (3,12(})
V272,0 (m, m, M) = 51851 + 8989 + 5353 + 8454 + 55855, (3.12(1)

“remove” the exchanged particle and connect them through the correspondent propagator.
We listed the functions and conventions we used in appendix A. The result of this step
is an amplitude that depends on the product of the twenty-four three-point coupling
constants.

Acontact

2. Take an ansatz for with the kinematical singularities [32, 34, 35] factored out

T172,T37T4
contact o/ contact
Acontact (S t) _ a7'17'277'37'4 (8’ t) t1 stu bT17'27T3T4 (S’t) (3 13)
T1T2,T3T4 \7) |ZTi|/2 ’ :
(s —4m?2) i
: contact __ T1T2,T3T4 41 N contact __ T172,T3T4 47 _j :
with aZP2%0, = >0 ap ™™™ s™ and b =30 B; ;77 ' 87 arbitrary polyno-
n,m ,J

mials at this point. The indices {n,m} and {7, k} run from 0 to n+m =pand i+j = k,
with p and k such that in the Regge limit, {s > |¢| }, the real and imaginary parts of
both Aexchange and Acontact hayve the same energy scaling. The particular form of the
ansatz follows from the fact that we are using the transversity basis for the polarisations,
a basis which we introduced in section 2.2.3.
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contact contact
T172,T3T4 and b7'17'2,7'37'4

3. Constrain a by requiring that, in the Regge limit, the total ampli-

tude A, 7, -, does not grow faster than s?. In practice this means:

Aexchange Acont act

llm 7'17'23,7'374 + 7'17'2377'37'4 — 0 , (314)
s—o00, V<0 S S

which gives a series of relations between the contact couplings {17277, gJ172:737}
and the product of cubic couplings {a;, g;, km, sn}. By rewriting these products as new
variables

aiaj = aij s gigj = gija kik]’ = k‘ij, SiSj = Sija (3.15)

one can linearise the equations resulting from (3.14), making the problem computation-
ally more tractable. The condition (3.14) is different from the one imposed in [14-16],
who were interested in the case limy,_,o 00y — %2+ = 0 with s/t fixed.

4. At this stage we need to impose further restrictions on the contact interactions which
come from crossing symmetries.!! Imposing the crossing symmetries on the contact
terms requires [31, 36]

Acomact (s5,1) = /"X LTI geoptact (i 5), (3.16a)
Aomact (s, ) = /T DT oot (), (3.16b)
where
Cixe —st — 21m+/stu —ix —su + 2im+/ stu (3.17)
e Xt = , e e = . :
Vs(s — 4m2)t(t — 4m?2) Vs(s — 4m2)u(u — 4m?)

These equations relate some of the surviving {aji7277, BJi72:737} to the constants
{cij, 9ij, kij, sij}. As explained some steps before, this elegant form of the crossing
symmetries (3.16) is a feature of the transversity basis.

5. Make the ansatz for A2t consistent with the expression (2.21). This should hold
for all polarisations, so that

201
Aomact N primaman (g ) T (3.18)
a
for all
TI+m—m—Tu=k, ke27. (3.19)

To do this, omitting for clearness the polarisation indices, one needs to expand the
polynomial f, (s,t) = 3 fi;t's’ and match it at each order with the result obtained in the
ij

previous step.!? Finally, one has to undo the change of variable in the product of cubic
couplings and make sure that everything is consistent: there cannot be contradictions,

" Crossing symmetries are the permutation symmetries that do change the Mandelstan variables. Recall
the discussion in section 2.3.

12Note that for 71 + 72 — 73 — 74 = n, n € (2Z + 1) one should do the same computation but using the
parity-odd tensor structures, which we are not using here.
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e.g. ¢i; = 0, ¢;j # 0, and all couplings must be real. After this step, we end up with the
most general 2 — 2 scattering of a massive spin-2 particle compatible with the Regge
growth requirement (1.1).

After implementing this 5-step procedure, we find that the Regge growth bound (1.1)
can only be satisfied if:

a; =0, Vi; g;i=0,V5>2; k=0,Vi; 8, =0,Vn > 2. (3.20)

Combining this result with the fact that interactions with gravity must include the Fierz-
Pauli action, see equation (2.15), we arrive at'?

a;=0,Vi 9, =0,VYj ki =0,V Sn=0,Yn>2. (3.21)

So all Lagrangian terms must vanish (with the sole exception of the scalar coupling h**h,,, ¢).
Hence, there is no such theory. We therefore arrive at the main result of this paper: theories
containing a single massive spin-2 particle are not compatible with (1.1). Recall that this
follows under the following assumptions:

e The massive spin-2 particle is allowed to couple to a massless spin-2, a massive spin-1
and a massive or massless scalar particle.

e All contact terms with any finite number of derivatives are taken into account, but
infinite series of contact terms which can re-sum to poles are not included.

4 Summary

As discussed in the introduction, it is simple to summarise our results: we find that there are
no possible theories with a massive spin-2 particle coupled to gravity, and a gap to the next
spin-2 (or higher) states, which satisfy the constraint (1.1). So a theory of an isolated massive
spin-2 particle, coupled to gravity, will necessarily exhibit Regge growth which is faster than
52 in the gap between the massive spin-2 particle and any further spin-2 (or higher) states.

This result holds up to the assumption of neglecting infinite series of higher derivative
terms which can resum into a pole. As explained, this is justified because such a series would
only be relevant near the mass scale of the spin-2 (or higher) particle which was integrated
out to generate it, and we assume a gap to any such scales.

Our results strongly suggest that theories of isolated massive spin-2 particles, coupled
to gravity, are in the Swampland. To prove this one would need to prove that the fast
Regge scaling (1.1) is inconsistent. This is essentially what the Classical Regge Growth
Conjecture proposes [4]. As well as what is expected from general Regge growth bounds,
for example as studied in [5].

Of course, theories with massive spin-2 states do occur in ultraviolet complete consistent
theories, but they are always part of an infinite tower. To address this situation within the
framework developed in this paper, one should start by considering all possible three-point

13The same result follows by using equation (2.3) instead of (2.15), which holds in any theory in which the
graviton self-interactions include those from the usual Einstein-Hilbert term.
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vertices between three massive spin-2 particles, with only two of them being indistinguishable.
Notice that this set of interactions is in principle bigger than the one of table 1, since one
would only need to make it symmetric under the exchange of the two identical particles.
Denoting these three-point vertices by Va2 2(m, m, m}) = > fimiFjm;, where fjn, are the
new couplings, Fj,,, the interactions and m; the mass of the spin-2 state, one then would
need to sum over any possible value for the mass -, Voo o(m,m,m;) =32, > fim, Fjm;
and calculate the associated exchange diagrams. In principle, this situation would make the
problem much more complex if further simplifications or assumptions are not made.'* In
restricted settings and imposing unitarity, for example when pure gravity is dimensionally
reduced, it is possible to bound the gap between massive spin-2 states [17]. We expect similar
bounds to be deduced for more general theories using the tools studied in this paper. We
leave a proof of this for future work.

Finally, let us note that theories where there is no massless spin-2 state, but only an
isolated massive spin-2 one, so theories of massive gravity, also exhibit the fast Regge growth we
have found. This follows from our results, which are that the only couplings (so non-quadratic)
interactions which are compatible with slow Regge growth are the coupling to a scalar field.
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A Kinematics and convention

In this appendix we will write explicitly the definitions of the kinematical variables used to
compute the 2 — 2 scattering of the massive spin-2 particle. We will use the conventions
of [14-16].

The incoming particles are labelled by 1 and 2, and outgoing particles by 3 and 4.
Momentum conservation requires

P1+Pp2=p3+Dpa, (A1)

where we take

pi = (E,psinf;,0,pcosb;) , (A.2)

1411 this scenario, one could also derive more constraints from imposing the CRG conjecture on the 2 — 2
scattering of different massive spin-2 particles.
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with E2 =p? +m? and 1 =0, 0y =7, 03 =0, 4, = § — w. The Mandelstam variables are
s=—(p1+p2)°, t=—(p1—ps)°, u=—(p1—ps)?, (A3)

and we are taking the metric n = diag(—1,1,1,1). They satisfy
s+t+u=4m?, (A4)

with m the mass of the spin-2 particle, and are related to E and 6 by

2t
=4E?, f=1— ——. A5
s cos P (A.5)
For the three polarisation vectors of the massive spin-1 particles we use the so-called transver-
sity basis [31, 32, 36] in which the spin of the particles are projected on the axis orthogonal

to the scattering plane

e’(ﬂ) (pj) = ﬁ (p, Esinfj +imcosb;,0, E cos0; F imsin0;) , (A.6a)

They are transverse and orthonormal. From them one can construct the five polarisation
tensors of massive spin-2 particles

€(az) = Can () (A.7a)
v 1 y 5
(1) = V2 (Eéﬂ)e(m + 6?0)6&1)) ; (A.7b)
1
HY- wo v M v T
‘o) = NG (6(1)6(—1) e T 26(0)6(0)) ) (A.7c)

which are transverse, traceless and orthonormal.

Regarding the propagators, the propagator of a scalar particle with mass M is

—1

) A8
p? + M? —ic (A-8)
For a massive spin-1 particle, first we need to introduce the projector
. bup
I, (M) = N + (A.9)

2
from which one can write the propagator of a massive spin-1 particle with mass m; as

—I1 (ml)
P, =M "7 A.10
P p2 4+ m? —de ( )
Finally, the propagator of a massive spin-2 particle of mass m is

. 2
P o ;ZHMIVIH,U«QVQ + HM1V2HM2V1 B §HM1M2HV1V2
H1p2,V1V2 T 2

A1l
p%+m?2 —ie ’ (A-11)

with IT,,,, = II,,,, (m), whereas for a massless spin-2 (in de Donder gauge) it reads

Pﬂ1#271/11/2 — ;nM1V1nM2V2 + 77;;)1;2—77;;261/1 — NMpipaNvivs ) (A.12)
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B On-shell quantities

In the first part of this appendix we explain how to construct the on-shell three-point vertices
presented in section 2.1, following the procedure developed in [29]. In the second part of

the appendix B.2 we list all possible vertices.'®

B.1 General discussion

Let us start by fixing the notation. We are interested in the on-shell three-point interactions
of 3 particles with masses m;, momenta p;, spin s; and polarisation tensors ¢;, with ¢ =1,2,3
respectively. They satisfy ¢; - p; = 0, whereas the fact that they are on shell means p? = p; -
p; = —m?2. Our convention for momentum conservation reads 3. p; = 0. As explained at

(]
the beginning of section 2 we will formally write the polarisation matrices as the product of
vectors €., = €€, as a trick to keep track of the contractions more easily.

B.1.1 Parity even

The parity-even on-shell three-point vertices are polynomial functions of the product of
{€iy, p;}, homogeneous of order s, in each €;, -from now on, and making abuse of notation, we
will call for simplicity €;, = ¢;-. Taking into account that ¢; - €; = 0 = ¢; - p; these interactions
can be constructed from nine contractions

€1 - €2, €1 - €3, €2 - €3,
€1°D2, €1°D3, €2 D1, (B.1)
€2 - P3, €3 P1, €3-P2,

which, using p1 + p2 + p3 = 0, can be reduced further to

€1 €2, €1 €3, €2 €3,
€1 P2, €3 P15 €2 p1, (B.2)
—€1 P2 —€3-P1 —€2 - P1
€137, b €3-P7, P €2-P37, b
and so the most general parity-even three-point interaction must take the form
My 50,55 (P1,D2,p3) = C (€1 €2)"12 (€1 €3)"* (€2 - €3)™ (€1 - p2)""? (€3 - p1)™* (€2 - p1)**"
(B.3)
where C' is an arbitrary constant'® and the exponents are non-negative integers that have
to satisfy
12 + 213 + Y12 = 1, (B.4a)
T12 + T23 + Y21 = 52, (B.4b)
T13 + T23 + Y31 = 83, (B.4c)
8; > 0. (B.4d)

15For the coupling massive-2-, massive-2, scalar, the table 4 already contained all terms, so we will not
discuss it here.
S Any product p; - p; can be rewritten as a function of the masses and reabsorbed in this constant.
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In the particular case d = 4, we can also use the fact that the Gram determinant of the vectors
{€1, €2, €3, p1, p2} must vanish: five vectors cannot be all independent in four dimensions. We
already exploded this fact in the main text.

B.1.2 Parity odd

On the other hand, parity-odd three-point functions are constructed from contractions
with the Levi-Civita tensor e, € (p;,pj, €x,€1) = swagpi“pj” ek elB or € (pis€j, e, €) =
Euvaf €t eV ek €lP | plus some extra parity-even structures to include enough number of
€;. The most general parity-odd on-shell three-point amplitude can always be written as:

M51752,83 (p17p2’p3) =

De (pi, p3?, €%, 65, €57, ) (e1 - €2)™2 (€1 - €3) ™ (€2 - €3)™ (€1 - p2)"*2 (e3 - p1) ™" (e2 - p1)"? |
(B.5)

where D is an arbitrary constant and the exponents, non-negative integers, have to satisfy

T12 + Z13 + Y12 + 23 = 51, (B.6a)
T12 + T23 + Y21 + 24 = 52, (B.6b)
Z13 + T3 + Y31 + 25 = s3, (B.6c¢)
21+ 22+ 23+ 24+ 25 =4, (B.6d)
5> 0, (B.6e)

1>2>0. (B.6f)

We can exploit the fact that we are working in d = 4 to reduce the number of independent
contributions. The contraction of the Levi-Civita tensor with five linearly dependent five-
vectors {Py, Py, E1, Es3, E3} yields

e(P1, Py, E1, By, E3) =0, (B.7)

where we will take P, = (CY¥,p}), P» = (C9,ph), E1 = (CY,€}), By = (CY,€y), B3 =
4

(Z a,,C’S,eg ); Cg are arbitrary scalars and the «, are defined such that € = aop} +
v=0

aoph + azel + ayeh, following the ideas used in [14, 29]. From the choices {CY,CY,CY, O} =

{Bu1j, Baj, Aj1, Ajo} for j = 1,2,3 and {C, C3, CY, C} = {A1j, Asj. pj-p1,pj-p2} for j = 1,2
one can impose [14]

— A12e(p1, €1, €2,€3) = 0, (B.8a)
2) — Agze(p2, €1, €2,€3) = 0, (B.8Db)
3) + As1 (e(p1, €1, €2, €3) + (p2, €1, €2,€3)) = 0, (B.8c)
Agse(p1,p2, €1, €3) + Az1e(p1,p2, €1, €2) + p1 - p1e(p2; €1, €2, €3) — p1 - p2e(p1, €1, €2,€3) = 0,
(B.8d)

A12e(p1,p2, €2, €3) — Az16(p1, P2, €1, €2) + D1 - p2g(p2, €1, €2, €3) — p2 - P2e(p1, €1, €2, €3) = 0.
(B.8e)

Bi3e(p1, p2, €1, €2) — Biae(p1, p2, €1, €3)

( (

Bi2e(p1, p2, €2, €3) + Bage(p1, p2, €1, €

Bize(p1,p2, €2, €3) — Baze(p1,p2, €1, €
( )
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In the case of massless particles of spin > 1, the functions (B.3) and (B.5) must also
be gauge invariant, which in this context means invariant under

€ip — €ip T APip (B.Q)

being o an arbitrary constant.

Finding all possible solutions to equations (B.4) and (B.6), and considering only the
amplitudes invariant under (B.9) if there are massless particles with spin > 1, is equivalent to
finding all possible on-shell three-point parity-even and parity-odd interactions, respectively.
This procedure can be used for any three particles of any mass and spin. As a last step, if
some particles are identical, we need to impose invariance under the interchange of these
two particles, which reduces the list of allowed interactions.

Along section 2.1 and tables 1-4 we listed these solutions, considering three identical
massive spin-2 particles and two identical massive spin-2 particles coupled to a massless
spin-2, massive spin-1 and massive or massless scalar particle. We only wrote the independent
contributions in d = 4 in the main text, showing below the full list of possibilities.

B.2 On-shell three-point interactions, complete list
B.2.1 Massive-2, massive-2, massive-2

We give in table 5 the list of allowed three-point interactions for this case.

Ma 29 (m,m,m)
pBiaBi3Bag = My
A% (Bi3A3; + B33 Aly + BiyA3,) = My
% (Bi2BagA12 Ay + B1aBi3Ag1 Az + Bi3BazA12 A1) = M3
AiiA31A12A21 (B2sA12 + Bi12A31 — Bi3A21) = My

A%A%A%?,A%l = M;s
A; (Biz Bag e (p1,p2, €1, €2) — Biz Bog e (p1,p2, €1, €3) + Bia Bize (p1, pa, €2, €3)) = Mg
1= ((A31B1a — A12Ba3) € (p1, €1, €9, €3) + (Az1Bia + A21Biz) € (pa, €1, €2, €3)) = My
Aig (A3, Bi2e (p1, p2, €1, €2) — A3y Bise (p1, p2, €1, €3) + A3y Base (p1, p2, €2, €3)) = Ms
Aig(A?’l (—A21B13 + A12B23) € (p1, 2, €1, €2) + A21 (A31B12 + A12B23) € (p1, 2, €1, €3)
+A12 (A31B12 — A21B13) € (p1,p2, €2, €3)) = My
Ai?o (A12A423A431 (As1€ (p1,p2, €1, €2) — A2z (p1, P2, €1, €3) + A12€ (P1,p2, €2, €3))) = Mo

Table 5. Three-point amplitudes for three identical massive spin 2-particles with mass m.

Since we are working in d = 4 any set of five or more vectors will always be linearly
dependent -see the discussion in the previous section of this appendix-. In the parity-even
sector this redundancy translates into the following relation, obtained by imposing the
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vanishing of the Gram matrix of the vectors {p;, €;,}:

4
—3/\41% + 2MaAym? — 2MsAgm? + 4A3M, = 0. (B.10)

This equation allows us to write, for instance, My as a function of the other amplitudes. The
same can be done in the parity-odd sector, where from (B.8) it follows [14]:

Mg =0, (B.11a)
2Ag Mg + A M7 =0, (B.11b)
3m2Ag Mg + 203 Mg =0, (B.11c)

and so { M7, Mg, Mgy} can be written as functions of {Mg, Mi9}. A list with only the
independent amplitudes in four dimensions (and a slightly different notation)was shown
in table 1.

B.2.2 Massive-2, massive-2, massless-2

We start with six distinct parity-even and nine parity-odd three-point operators, see table 6.
G222 (m,m,0)
M%, A3,BY, =G
ﬁpA31312 (A12B23 + A23B13) = Go
o ~ (A23B1s + A12B23) > = Gs
A12A23A31 (A12B23 + A23B13) = Gy

MA2

MpA2 —L - A19A91A3,B1a = G5

M, A4A 2A 3A31 = Go
ﬁp (B23A12 + BI3A23) € (p37 €1, €2, 63) = g7
LB121431 € (ps, €1, €2,€3) = G

—— A2 A23A31 € (p3, €1,€2,€3) = Gy

My A2
M, A2 —-Az1B12 (A21€ (p1, p2, €1 €3) + Ar2e (p1, 2, €2 €3)) = Gio
M, Az ——- A3, Biae (p1,p2, €1 €2) = Gu
M A2 (A12B23 - AQlBlg) (A21E (pl;p27 €1 63) + A12€ (pl,pQ, €9 63)) = g12
p

MPAQ ——As1 (A12Ba3 — A21B13) € (p1, p2, €1 €2) = Gi3

A A4 —— A1 A31A12 (A21€ (p1, 2, €2 €3) + A12e (p1, 2, €1 €3)) = Ga

7 A4 —L A9 A3 A3, € (p1, p2, €1 €2) = G
p

Table 6. All possible three-point amplitudes for two (identical) massive spin-2 particles, one massless
spin 2-particle.
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The fact that we are working in d = 4 implies, for the parity-even sector:
m?Gs + 202G 4+ 2A2G5 = 0, (B.12)

which we will use to rewrite G4 as a function of the other G;,. On the other hand, the
parity-odd sector can be reduced by using (B.8), which translates into

A14G1a + 2A35m? Gy + 2A15G15 = 0, (B.13a)
A%,G15 +2A2Gs = 0, (B.13b)

A%yG12 — AL3Gis + A§Go +m?Gr =0, (B.13c)
A33G1s + ATpGio =0 (B.13d)

A}pG1o — 2A%,G11 — 2m?Gs =0 (B.13e)

so we can also ignore the set {Gig,G11, Gi2, G13, G4} as long as we work in four dimensions.
This is what we did in table 2.

B.2.3 Massive-2, massive-2, massive-1
The list of possible three-point functions, two parity-even and five parity-odd, is given
in table 7.
Mz (m,m,mq)
(A12B12Bo3 + A21B12B13) = Ky
/%% (A91 A3y Bog + A3 A12B13) = Ko

Bis (e (p1,€1,€2,€3) — € (p2, €1,€2,€3)) = K3

ﬁ € (p1,p2, €1, €2) (BasAj2 — BigAas) = Ky
4
$A12A21((p2, €1,€2,€3) — (p1,€1,€2,€3)) = K5
/%2312 (A21 (p1,p2, €1, €3) — A2 (p1, 02, €2, €3)) = Ks

%A12A21 (A21 (p1,p2, €1, €3) — A12 (p1, 2, €2,€3)) = K7
7

Table 7. All possible three-point amplitudes for two identical massive spin-2 particles and one massive
spin-1 particle.

The parity-even sector cannot be reduced further by using dimensional dependent relations.
On the other hand, by imposing (B.8), in four dimensions the parity-odd terms satisfy

Ks+Ks—Kg=0, (B.14a)
26 —m3iK3 =0, (B.14b)
2K7 + miKs =0, (B.14c)

which allows us to eliminate {Ks5, Kg, L7} in favour of {3, K4}. This is how we presented
the results in the main text, see table 3.
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C Lagrangian basis

As explained in the main text, one of the advantages of working directly with on-shell
amplitudes is that they are blind to field redefinitions and integration by parts in the
Lagrangian, making the correspondence between both pictures not one-to-one. In this
appendix we will give a Lagrangian basis for the parity-even amplitudes presented in section 2
and appendix B.2, focusing only on the three-point amplitudes. Notice that Lagrangians
are off-shell quantities, and only when going on-shell one reproduces the previous results.
This means that when we write one of the bases as a linear combination of the other one,
both sides must be read on-shell.

Conventions and definitions. The Riemann tensor is:
Roguy = % [0,05hva + 0,0ahg, — 0,0ghua — 0,0ahsy] (C.1)
and we define
Fopu = aahﬁu - 8ﬁhcw ) (C.2)

where h,,, represents the massive spin-2 field. Instead of h,, and their derivatives we are using
a very particular linear combination of them defined as Fy5, and R,g.,. These fields help us
capture a particular polarization of the massive spin-2 particle. For example, in Regge limit
h,, may have all possible polarizations but roughly speaking, at leading order R,g,, captures
only the transverse polarization and filters out the vector and the longitudinal polarizations.
Similarly Fis, captures vector polarization at leading order. To go from the derivative
basis J,, to the momentum basis p, we do 9, — —ip,. We denote by L, c (ma, mp, me)
a three-point interaction of particles with spin a, b, ¢ and masses mg, my, m., where the
particle ¢ will be the one exchanged. Indices are contracted with the flat metric 7, .

C.1 DMassive-2, massive-2, massive-2

A Lagrangian basis for the on-shell parity-even three-point amplitudes listed in table 5 is

Lagrangian basis L322 (m,m,m)

—é (R R2PRL) = L

(Rl/ﬂ/aﬂF25F366 + FléRQp,VaﬂF?) 55 + Fl F26R3,u1/aﬁ) = Lzl

__1 (Fl“aFyzuahg'BV + Fl/lahZ,BVFS ot hlﬁszuaFEMa) = Lf),

(hl,uahQV,BRS + hluaRiVaﬁh?)uﬂ + R;lwaﬁhQVBhgua) = LQ
u (Pl h2endr) = Ly

Table 8. Lagrangians term for the three-point vertices derived in table 5.
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where A, : and p have units of energy. On-shell and Lagrangian basis are related by

My =Ly, (C.3a)
—2My = 2Ls — 2L + 3m>L; (C.3b)
—2M3 = Ly — 2Ls + 3m*L; (C.3c)

AMy = Ly +2m*(Ls — 2Ls + 3m>Ly) + 3m* Ly , (C.3d)

—8M5 = Ly —m?L; — m* (Ls — 2L3) — 5m°L; .

where we are doing an abuse of notation, to maintain the expressions simple, calling =+ =

M1, ApM; = M;, —1 = Lj, A;;L; = L;. In other words, M; and L; in (C.3) do not
necessarily have mass dlmen81on—4.
C.2 Massive-2, massive-2, massless-2

An off-shell basis for the six parity-even contributions presented in table 6 is

Lagrangian basis L2 22 (m,m,0)

—ﬁ (Rl“”R2’75R3“5) = L¢

o (B P2y, R0 = Ls

ur s af

2 (Rlumx,@F25F366 + F15R2uVaBF3 ) =Ly

>

— (hLoh3, R30) = Ly
— (FAah® Bl + WP FRSFS,) = Lo

— (R F2ron®® — o,hlr o h2end) = Ly

Table 9. Lagrangian basis for the parity-even three-point amplitudes of two (identical) massive spin-2
particles, one massless spin 2-particle.

where, as usual, the A i have mass dimension=1. Both bases are related (again making an
abuse of notation and calling A;G; = G;, A, L; = L;) by:

—8Ge = L — 2m*Ls, (C.4a)
4G5 = Ls, (C.4b)
4Gy = Ly — 4m?(Ly — L3), (C.4c)
—G3 = L3, (C.4d)
~Go =Ly — L3, (C.de)
—G1=L1—La+ Ls. (C.4f)

C.3 DMassive-2, massive-2, massive-1

Regarding table 3, the parity-even entries can be described by the following Lagrangians
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Lagrangian basis £221 (m,m,m1)

& (RO 2, A3 4 Flg RO A3) = L

L

Fl gh?®P A% 4 plef 2 A = L

Table 10. Lagrangians describing parity-even three-point amplitudes for two identical massive spin-2
particles and one massive spin-1 particle.

where [\% is some energy scale. Both languages are related (abusing of notation and calling
A%ICQ = /CQ, A%LQ = LQ)) by

’i’Cl = Li s (C.5a)

219 = L5 4+ 2A,,, L7, (C.5Db)

2m27m§

where A,,, = 5

C.4 Massive-2, massive-2,scalar

Finally, the parity-even part of table 4 can be obtained from

Lagrangian basis L2 20 (m,m, M)

1 (plwaB 2 — L.
AL, (R e Ruva5¢) =L

(P 0) = 1
ms (hy W ¢) = Li

Table 11. Lagrangians for two massive spin 2-particles and one scalar particle.

with Az, an energy scale supressing the non-renormalizable operators. On-shell and La-
grangian pictures (abusing of notation and calling %15 =8, ALSi =S, nLTlg =L, AL.L; = L)
are related by

483 = Ly +4A3,L; — 4iAp Ly, (C.6a)
—28y = iLs — 2Ap Ly (C.6b)
S =1L, (C.6¢)
where Ay = M

D Fierz-Pauli vertices

In this appendix we will derive the contribution V,h,;V#h#?. The term V,h,,VPh* can
be obtained in a similar way. For simplicity we will take M, = 1 in the computation.

guugpagoﬂvuhpavyhadhhg —

(" =g") (0= *) (17 =977 ) (Buhpo —Tjphno = Lol ) (Duhas =T, hys =T har )|
wltpo =2 ppliyoe =L polipy vitaf ™ L v tyB— L vgltay ) [hhg

= — ("m0 g0 A 07 ) Dl Oy s

0050 (oo = Ulhro = Uhiahr ) (Bvhas =T, By =T, R ) lnng- (D.1)
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Let us write explicitly the contribution (Fthw) |hhg

1
szhfyo|hhg = 5777)\ (%gpx + apglw\ - a)\gup) h'ya . (D'Q)
Expanding and going on-shell

+ 0 nPonP <auhpcr = Diphao = FZUhP’Y> (&'haﬁ = Fhahos = Fzﬂ hm) s

1 vV
= _7777/\77M Upaﬂgﬁ (augp)\ + apgu)\ - az\g,up) h’}/UaI/hoc,B

2
1
- 577}“/7#)04770/8777)\ (a,uga)\ + 80.9“)\ - a)\gucr) h'ypaz/haﬁ
1
= S0P (Duor + Oplux — O3Gup) hroOuhag
1
- inwnpangﬁﬁﬂ (augcr)\ + 809;0\ - 8)\gua) h'ypauhaﬁ
= (A23A3z2B13B12 — A32A13B32B12) + (A13A31BagBia — A23 A31B13Ba3)
= —2A31B12 (A23Bi3 + A12Ba3) = —2 M3, (D.3)

whereas the other contribution is just

- (9MV77WUU/3 + ' gron7P + 77"”77”‘)‘9Uﬁ) OuhpoOvhag = — A3, BYy + 2m*B13By3Bis . (D.4)

E Contact terms

To simplify the notation we will define A} = Ao = €1-pa, As = Aoy = €3-p1, Az = A3y = €3-p1,
Ay = Ay = eqp1, As = A1y = €14, Ag = Ay = €2-py, A7 = A3y = €3-py, Ag = Ago = €4-pa.
We will show here the parity-even tensor structures invariant under the kinetic permutations
and with up to two derivatives. The rest of the terms can be constructed using the attached
Mathematica notebook.

E.1 With no derivatives

For this case a Lagrangian basis is

{A, B} formalism | Lagrangian basis
Bi3B14B23Baa W R heP g,
B12B14B23Bsa W B2 h3P R,
Bi12B13B24 B3y h B2 haP

B2,BL, B, R28 3
BLBL | WR,hOh,
BLBY | WR,hOh,

Table 12. Explicit basis for the parity-even tensor structures invariant under kinetic permutations
and with 0 derivatives.
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E.2 With two derivatives

We will only write the first element of each term, hiding in ... the elements needed to make
the term invariant under the kinetic permutations — see the definition in expression (2.20)—,

e.g. AIAQB§4B12 + = A1A2B§4Blz — A4A7Bg4B%2 — A7A8334B%2. The basis, which has

30 terms, is

{A, B} formalism

Lagrangian basis

{A, B} formalism

Lagrangian basis

AyAgB19B13Bo3 + . ..

ORI OPRIRS B+

A5A1By3BoyBay+ . ..

IR PR L+

AgAsB13B14B3s + . ..

1 3 4 1,2
O RSO h2 g

A5AGB§4312

W R B3P0, Y + .

A1A28§4Blg + ...

RO, 2 BIPRL s+

A1A3B13B3yBoy + . ..

O*hvhE PO, NG + ...

A1A2B14B3yBag + . ..

O*hhl WPO,hG + ..

AsAgB13B34Bos + . ..

hhd 0,0 hg, + ...

AsAgB14B34Bog + . ..

hr9,0%h, B3RS + ...

AlAGB§4Blz + ...

TR R BPPO, Y +

A1AgB13B34Bos + . ..

O*h 3 _0,hPh3, + ...

A1A¢B14B34 B3 + . ..

PO, b WPRE 4.

A2A8824B%3 + ...

OhA b O, b PR s +

Az AgB12B13B3s + . ..

P WEOYRZ R, + . ..

A2 AgB13B14Bag + . ..

O B3y 0P R2, + . .

A1A7B§4Bl3 +...

R RS 0,2 P Tl + .

A1A7B12Boy B3y + . ..

9,2 0 PR

A1A7B14BoyBaz + . ..

R oo hl 0,h* PR, + ...

AsA7B3,Biz+ ... | hMhE W2 P@0,hl s+ ... || A3AsB1aBouBsa+ ... | 0°h'h2 9,h* PR}, + ...
A3AsB1aBayBag + ... | 0°BM O, WPRE 4+ || AgArBasBiy 4 ... | B*VRS 9,hPOT R, + .
AyA7B1aBiaBss + ... | ORMOPRIRL B3+ ... || AyA7BisBiaBoy + ... | OPhMOVRIR B2+ .

vy oS

AlAgB%3Bl4 —+ ...

uv 4 a3
R 0,0 W2 g

A1AgB12Bo3 B3y + ...

R0, h2 B3P R, ..

A1AgBi13Bo3Bas + . ..

hHr 99, b3 B hG, + ...

ASAGBQ3B%4 +...

2 3 1 4
h2v RS OVhIP O, Y5 + .

A3A¢B12B14B3y + . ..

Table 13. Explicit basis for the parity-even tensor structures invariant under kinetic permutations

v da g
DR ORI R2 S g

and with two derivatives.
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