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ABSTRACT: In this work, we classify all the possible local four-point couplings relevant for
tree-level flat space 2 — 2 scattering of external massive particles of spin one and spin
two which do not grow faster than s? at large s and fixed t. This kinematic constraint
on local growth of tree-level S-matrices is known as Classical Regge Growth criteria or
CRG [1]. We first construct the spin one and spin two tree-level contact S-matrices as
modules of polarisation tensors and momenta over the ring of polynomials generated by
Mandelstam invariants. We then consider a general scattering process where the external
scattering particles are of different masses but of same spin and constrain this space to
obtain a finite number of CRG allowed local Lagrangians. Our concrete results are primarily
for D > 8 but the process outlined is easily generalised to lower dimensions to include low
dimensional parity violating structures. The space of CRG allowed structures reduces when
we specialise to identical scattering and restrict to parity even couplings in D = 4. We show
that tree-level scattering amplitudes involving exchange diagrams and contact terms in de
Rham-Gabadadze-Tolley massive gravity (dRGT) violate CRG unless the parameters of the
theory take special values. The CRG allowed S-matrices, in the context of large N conformal
field theories (CFTs), can also be interpreted as bulk AdS counterterms consistent with Chaos
bound. Our classified structures therefore can be thought of as ambiguities arising in the
context of conformal field theory inversion formula for four point functions of unconserved
spin one and spin two operators in large N CFTs.
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Introduction

In interacting local quantum field theories, tree-level scattering amplitudes are generated by

local Lagrangians, given schematically by the interactive part of the action,

S = [dPa YL

(1.1)

where D denotes the spacetime dimensions, 7; are dimensionful couplings and L; are various

higher derivative local interaction Lagrangians of the fields, whose scattering process we

want to study. The tree-level amplitudes exhibit two main analytic structures. It involves

simple pole-type singularities in momenta, due to exchange of massless or massive particles,

while the other one comprises only of polynomial terms, known as contact terms. The



contact pieces are completely analytic in momenta and polarisation tensors (corresponding
to external spinning states). For 2 — 2 tree-level scattering processes which are of interest
in this work the local Lagrangians can be at most quartic in the fields, but they can be
of arbitrary high order in derivatives.

In [1, 2], the authors proposed constraints on such Lagrangians which generate tree-level
amplitudes for four photon and four graviton scattering. The criteria called Classical Regge
Growth or CRG (which was subsequently proved in [3] using flat space limit of AdS/CFT),
states that four point tree-level scattering amplitudes should always grow slower than or
equal to s? at large s and fixed ¢ (where s and ¢ are Mandelstam variables) for all values of
the physical momenta and for all values of the polarisation tensors (if the external states have
spin). This kinematic limit is also known as Regge limit of flat space scattering in literature.
Because of the presence of dimensionful couplings associated with these Lagrangians, it is
important to state the energy scales we are working in. Let us assume that we are working
in a theory where there exists a hierarchy of scales, and our Regge limit probes the energy
regimes between the IR and UV scales. An example where one encounters such a hierarchy is
for example tree-level String theory. The dimensionful couplings that parametrize interactions
can be suppressed by the string length while the UV scale is the parameterised Planck
length. Another place where one encounters similar hierarchy of scales is Kaluza Klein
reduction of Einstein gravity where the relevant lower scale would be set by the length of the
compactification circle. For the four point tree-level scattering amplitude 7T'(s,t), generated
by the Lagrangian eq (1.1), CRG then states that,

lim T(s,t) < 5%,

1.2
s—00, fixed t<0 - L%R ( )

where Ljp is the string length for tree-level string theory or the compactification length
for the Kaluza Klein theory and Ly is the Planck length [, for these examples. Thus our
thought experiment truly probes the tree-level processes in such theories, since loops in these
examples would be suppressed by [,. One of the striking results of this criteria was to rule out
any finite polynomial modifications of Einstein Hilbert action in D < 6, upto quartic order.!
More recently the authors of [5], proved CRG directly in flat space for massive and massless
scalar particles from flat space dispersion analysis. In particular, we refer the interested
reader to section VI of [5] for a proof of this bound on finite growth of scattering amplitudes.
Note that CRG is different from the Froissart-Martin bound [6, 7] which is a bound on the
full quantum amplitude (i.e including loops) of a quantum field theory with a mass gap (also
generalised to massless theories in [5, 8]). Froissart Martin bound is applicable for energies
5> ﬁ, and the growth exponent must be strictly less than two. Our present investigation
encompasses generalising the work of [1] to constrain the space of contact term like amplitudes
generated by four-point Lagrangians of massive spin one and spin two particles using CRG.

In order to classify the Lagrangians which generate such local tree-level amplitudes, we
employ the approach adopted in [1]. Consider the 2 — 2 tree-level scattering of massive
spinning particles of different masses generated by all possible contact term like interactions.

'See also [4] for constraints on modification to Einstein Hilbert action (upto cubic order) from causality
principles.



The scattering amplitudes are functions of polarisation tensors describing the external spinning
state and the Mandelstam invariants s,t and u satisfying s +t +u = Y_, m?. The relevant
interaction Lagrangians generating these amplitudes are contact terms of arbitrary high
derivative order, quartic in the spin one and spin two fields. Lagrangians which give rise
to the set of tree-level amplitudes form an equivalence class - if two Lagrangians differ by
equations of motion and total derivatives they give rise to the same scattering amplitude. This
ensures that there is a one-to-one map between the space of contact scattering amplitudes
and the equivalence class of local Lagrangians. Thus classifying contact scattering amplitudes
is equivalent to writing down local Lagrangians.

Massive spinning polarisations have no gauge redundancy hence any Lorentz scalar
polynomial of polarisation and momenta with the correct homogeneity in polarisation tensors
is an allowed contact amplitude and therefore a local Lagrangian. It is useful to think of this
infinite space of analytic scattering amplitudes as a module over the ring of polynomials of
Mandelstam invariants following [1, 9]. The seemingly infinite set of amplitudes is then finitely
generated. The generators of these modules, called “primaries”, are polynomials of scalar
products of polarisations with momenta and polarisations with each other obeying correct
homogeneity. The Mandelstam invariants then act as “descendants” of these generators
giving rise to amplitudes for arbitrarily high order in derivatives. Unlike the massless case,
the module generators need not be only local Lagrangians of field strength F},, for spin one
or Riemann tensor R,,s for spin two. Starting from zeroth order in derivatives, it is then
straightforward to classify the space of such linearly independent polynomials order by order
in derivatives. This is a finite task which truncates at four order in derivatives for the spin
one and eight derivatives for the massive spin two case. If we denote the primaries as g;
and the ring elements as r;, the most general S-matrix is given by >, g; - r;. In this work
we restrict our analysis to D > 8 where this module is freely generated.

We also generalise to identical scattering, which implies imposing Sy invariance on the
space of primaries. It is useful to think of Sy as a semi-direct product S35 x (Zg X Zo).
Thus, as explained in appendix A, we can impose this symmetry in two steps. We can first
impose Zo X Zo symmetry on the primaries, giving rise to the “quasi-invariant” or “local
module” which generate the amplitude corresponding to identical scattering. In the second
step, we impose the remnant S3 on these local modules. The local modules transform in
irreducible representations of S3 and the S-matrix corresponding to identical scattering is
obtained by singlet S35 projection of the quasi-invariants and its descendants [1]. The complete
classification of primaries and quasi-invariants for spin one and spin two are recorded in the
supplementary Mathematica files spinone_regge.nb and spintwo__regge.nb

In order to study Regge growth of these amplitudes, it is also necessary to classify
the independent data in scattering. We provide a convenient parametrization of massive
polarisation tensors in section 2 (see eq (2.5) and eq (2.9)) utilizing the equations of motion of
massive spinning fields and SO(D — 3) symmetry of the four point scattering amplitude. Since
the scattering process takes place in a three plane defined by the momentum conservation
equation Zle pi = 0, the scattering amplitude therefore must be left invariant by SO(D — 3)
rotations orthogonal to the plane of scattering. The kinematics of the scattering process
also enables us to count the number of primaries and quasi invariants as the number of



SO(D — 3) singlets that can be constructed from product of representations of little group
of massive spinning particles with definite symmetry. We find agreement with our explicit
construction of the basis of primaries and quasi-invariants.

For non-identical scattering, a single Lagrangian can give rise to twenty four different
scattering processes, due to permutations of incoming and outgoing particles. These different
scattering processes translate to different Sy transformations of our primaries, i.e the generator
of the amplitudes. CRG then translates to the fact that the primaries must grow slower than
s? at large s and fixed t for each of these scattering processes. We find that for spin one
twenty six couplings are CRG allowed (see section 6.1.1). Out of the twenty six structures
there are two structures at four derivatives, twenty one structures at two derivatives and
three structures at zero derivatives. We have listed them explicitly in the supplementary
file spinone__regge.nb. For spin two non-identical case, we found total five CRG allowed
structures. Out of these five structures, four are two-derivative structures and there is one
zero derivative structure. We have listed them explicitly in eq (6.21). One can also consider
descendants of our primaries which would correspond to constraints on higher derivative
couplings but we find that generically the space of CRG allowed primaries and descendants
can be very large for non-identical scattering and we don’t record them in this work.

For identical case we consider both local modules and descendants. There are ten CRG
allowed structures for spin one generated by the Lagrangians eq. (6.20)

230,1 = (AMAM)Z

0o 1 = Op Ay AP A, A, Loy = FogFo0 4,47, 0, = AVE,, A,
Ly = FopFOVE 5P, Ly = (FagF?)?, Ly = F P F g F %,
Lhiy = Ap0sA,0M07 A0 A

Loy = 0gFapF 07 F s FO, L35 = Fagd®F 10" Fsy F',

(1.3)
where we have defined F, = 0,4, — 0pA, and EFyp = 9, Ap + OpAg. A, denotes the massive
spin one field. There are four CRG allowed structures for spin two generated by the local
Lagrangians eq. (6.22).

A ¢ o ay B E) Ah ¢ oSV a1 B E)

Lo = 00,050008 ho* b’ byt by, Lp = 0],050£0881 8,0"h, h” 1S b,
A ¢ o v s « 'y B )

L), = 53@ 850808 6,,81) 0,0 h. 8,00 b hpC ho, (1.4)
A ¢ o sv v v a 'y B "y 6

L) = 53@ 85620880400 m 0, 0" h® Dy 0" " Dnd hC by

where A, is the massive spin two field and 6{81 OhZ - - 65 Z] is concise expression for product
of two Levi-Civita tensors e/1#2"Hre, ,...q, . Throughout this work, we use the flat space
metric 7, to raise and lower indices in quartic Lagrangians. We also find that in D = 4, three
of the spin two structures evaluate to zero and the only parity even CRG allowed Lagrangian
is given by the zero derivative Lagrangian Zgo. This reduction, in some sense, obvious from
the topological nature of our Lagrangians which can be expressed as product of Levi-Civita
tensors. Note that the CRG allowed classification done in this paper is of a different nature
than [10], which sought to classify four point contact term in D = 4 in the Gross-Mende limit

(large s and large t). The authors of this paper do a complete classification of both parity



violating and parity preserving four point as well as three point couplings in D = 4. It must be
noted however that although we use CRG for all massive spinning particles, the proof for this
statement is only there for massless spinning amplitudes [3] and massive scalar amplitudes [5].
We strongly believe CRG will continue to be true for other massive spinning particles.
UV consistency bounds in massive gravity theories have also been of interest in recent
years [10-21].2 It is interesting to ask if we the space of such massive gravity theories are
consistent in the “classical” sense by imposing CRG. In this regard, we explicitly compute
the tree-level amplitudes (both exchange diagams and contact term contributions) in dRGT
gravity theory [24, 25] where the amplitudes are a function of two parameters of the theory
(c3,d5).> We now impose CRG on these tree-level amplitudes in the energy range,

m? < s < M?,

3mp)i is the cutoff of the effective theory, m is the mass of the massive

where M ~ (m
spin two particle and mp is the reduced Planck mass. We find that there exist polarisation
choices for which the tree-level S-matrix generated by the dRGT effective Lagrangian grows

like O(s?) at large s and fixed t unless

1

In this analysis, we have assumed that loop corrections are suppressed by M so that
CRG is applicable (See [26-28] for explicit loop computations in ghost-free massive gravity
where the one loop is suppressed compared to tree-level). This is also the conclusion of a
causality based analysis by [29]. While these bounds are not as strong as the positivity bounds
of [21], we feel CRG is an important criteria to construct tree-level effective Lagrangians
of massive gravity as we explain below.

Since our analysis involving just the contact terms demonstrates that there do exist
amplitudes which obey CRG, it would be worthwhile to consider CRG as a guiding principle
to construct massive theories of gravity. It would be interesting to see, at a more abstract
level, whether one can construct CRG obeying amplitudes that might be generated by a
two derivative theories of massive spin two particle with ghost-free degrees of freedom. This
would entail classifying all three point couplings of massive spin two field and restricting
to six derivative contact term like couplings that we have classified. Now, we can take
an arbitrary linear combination of these set of exchange amplitudes constructed from the
classified three point couplings with the ghost-free massive spin two propagator and the
contact amplitudes generated by the four point couplings. We would then look for linear
combinations which obeys CRG. It would be interesting to see if such solutions satisfy the
full UV consistency bounds as well. In this direction, the authors of [30] have considered a
single massive spin two field coupled to massless spin two field in D = 4 and have explicitly
shown no such theory can be consistent with CRG.

Consider the same Lagrangians listed in eqs (1.3) and (1.4) but now in AdS and let us
study the four point CF'T correlator that they generate at large N. These correlators, in the

2See also [13, 22, 23] for causality motivated approaches to higher derivative theories of gravity with massive
spin two particles.
3We thank Shiraz Minwalla for pointing out this possibility to us.



Regge limit, obey Chaos bound [31] and are solutions to large N crossing equation involving
just double trace operators in the CFT spectrum [32]. This has important consequences in
the context of Inversion formula of a CFT correlator [33, 34]. In [35], it was proven that scalar
CFT correlators in large N CFT can be completely determined by the double discontinuity
of the correlator up to a fixed number of AdS scalar contact term like interactions. Modulo
some caveats which we explain in detail in section 6.5, we interpret the Lagrangians in
egs (6.20) and (6.22) as similar ambiguities in conformal inversion formula for four point
correlators of unconserved spinning operators.

This paper is organized in the following way. In section 2 we define the kinematics of our
process and explicitly state the unconstrained data in four point scattering after imposing
equations of motion. In section 3 we perform a group theoretic counting for the number of
primaries and quasi-invariants. In section 4 and section 5 we explicitly construct primaries
and quasi-invariants for spin one and two respectively. Finally in section 6 we classify CRG
allowed primaries as well as quasi-invariants and their descendants. In section 6.3 we comment
on our CRG allowed structures in D = 4. In section 6.4, we explicitly compute tree-level
amplitudes in dRGT massive gravity theory and show that for all possible choices of the
parameters in the theory, the amplitudes violate CRG. In section 6.5 explain the connection
with the inversion formula of a large N CFT.

2 Kinematics

In the 2 — 2 scattering processes that we study, the incoming and outgoing particles are
of the same spin but in general of different masses. We also generalise to the case where
the particles of same mass. For non-identical particles, we can study twenty four different
scattering processes (since we can permute the incoming and outgoing particles in twenty
four different ways). It is therefore, convenient to introduce some notation to denote various
scattering processes we study. We introduce the following notation for the scattering process
where massive spin one and spin two particles of mass m; and m; are incoming and my
and m; are outgoing,*

TUz‘(Pl)"J'(P2)—>Uk(P3)Uz(P4)’ Thi(Pl)hj(l’2)—>bk(ﬁ3)f)l(?4)’ (2.1)

where v and § denote spin one and spin two particles respectively. This scattering process
obeys the following on-shell conditions and momentum conservation for the spinning particles,

(p1)? =-m?, (p2)*=-m3, (p3)>=-mj, (pa)°=-mi, > ph=0.  (22)
n
The Mandelstam invariants for this process are given by

s=—(p1+p2)?® =—2p1-pa+mi+ m?, t=—(p1+p3)* = —2p1 - p3 + m? + mj,
u=—(p2+p3)?> = —2p2 - p3 + m + m, s+t+u=>» mi. (2.3)

7

The different processes correspond to permuting the particles (labelled by different
masses) while we continue to label the incoming and outgoing momenta by p1, p2 and ps, ps

4(4,9,k,1) takes values from various permutations of (1,2,3,4).



respectively, it is convenient to represent the different processes pictorially. For example,
the two different processes involving scattering of spin one particles, Ty, ()05 (p2) 03 (p3)va(pa)

and To, (p1)o (p2)—02(ps)0a(ps
to right). For identical particles, of course such a distinction is not there and there is only

) can be pictorially represented as in figure 1 (time runs from left

one scattering process represented by, Ty, )o(p2)—0(ps)o(ps)- We Teview the relevant degrees

of freedom for massive spinning particles.

Massive spin one. Massive spin one particles are parametrised by their polarisation

vectors, which obey the following free equations of motion [36]

capPi)pi" =0, (0} —m7)eau(pi) =0, (2.4)

where ¢, is the polarisation vector of the spin one field of mass m,.> In the 2 — 2 scattering
experiment where the scattering plane is 3-dimensional (since Y7, pi' = 0 due to momentum
conservation), we can divide polarisation in terms of a three dimensional vector e|C|L in the

scattering three plane spanned by the three independent momenta and a (D — 3) transverse
il

vector €,

orthogonal to the scattering plane.

€ = ey + €, where, ey e =0. (2.5)

In this equation, € transforms as a vector of SO(D — 3). This decomposition is motivated
by the fact that since the four-particle scattering happens in the three plane spanned by the
momentum vectors, the scattering amplitude enjoys SO(D — 3) residual symmetry. Stated
differently, SO(D — 3) is a stabilizer group of four point scattering amplitude.

We now provide an explicit parametrization of ey in terms of momenta. For non-identical
particles, solutions for our ¢, are process dependent. Let us consider the process,

Ty (p1)02 (p2) 03 (p3)va (pa) (2.6)

This indicates the scattering process in which we have incoming spin one particles of
mass m1 and mo and the outgoing particles are of masses ms and my. The on-shell conditions
(and momentum conservation) for this scattering process are,

a(pi) - pi=0,  pi=-mj, (2.7)
This process can be represented pictorially in subfigure a of figure 1. In general, e! can be
a function of all the three independent momenta,

I _ P1 b P2 P4
DT s tw) | gmnsita) T h(m, s ta)

(2.8)

for complex numbers a,b and ¢ and functions f, g and h of the same dimensions as momenta
for dimensional consistency. Recall, if the particle were massless, the term corresponding to a
would have been gauge redundant but since our external states are massive, this corresponds
to a physical polarisation, usually termed as the longitudinal polarisation. The space spanned

5In order to avoid confusion, we use Latin letters to denote the type of particle and the Greek letters to
denote the Lorentz indices.



(€1,m1) (€4,m4) (e1,m1) (€4,m4)

P2

(€2,m2) (e3,m3) (€3,ms3) (€2, m2)
b

Figure 1. Two different scattering processes Ty, (5, )05 (p2)—0s(ps)va(pa) 30 Lo, (p1)os(pa)—02(p3)va(ps)
described by figure a and b respectively. The e denote the polarisation tensor for the massive spin one
particle.

by po and p4 is termed as transverse polarisation. Moreover, not all the three numbers are
linearly independent and we have only two independent in-plane polarization vectors because

of the equation of motion, e, - p; = 0 (since by construction, € - p; = 0). We find that the
most general solution of eg, obtained in this manner, to be parametrized by two complex
numbers. Denoting the transverse and longitudinal polarisations by €] and ef respectively,

an explicit parametrization is given by,

e = arel + Brel, el =0, b =1ef 2 =1,
e = N <p1—|-C1p2+C'2p4>, 61T:/\/’1T<'T1p2—7‘2p4),
mi mi mi mi my

(2.9)
where a1 and 31 are arbitrary complex numbers and explicit expressions for N{*, N{ ', C1,Ca, T1
and T are given in eq (B.1) of appendix B. The two modes parametrized by a; and (3
corresponding to the longitudinal and the transverse modes respectively. Hence, in conclusion,
the polarisation tensor for massive spin one particle is parametrized by (a1, 31, ell) The rest
of the polarizations eg (p2), e:! (p3), and eﬂ (p4) can be obtained by just applying the double
transposition elements Zg ® Zy € (P12 Psy, P13 Py, P14 Ps3) of the permutation group Sy on
the e!(pl) polarisation vector, where P;; implies swap of the particle indices ¢ and j 5 If we
denote the unit vectors in the D — 3 dimensional orthogonal space to the scattering plane as

€),, the most general massive spin one polarisation vector therefore is given by

1 L T 1
€ = ﬁ (aeu —l—ﬂeu) + ey,
D-3
Z ey = e €y = €af).- (2.10)
a=1

5See appendix A for a brief review of the representation theory of the discrete group S, that we use in this
paper.



Here e, are arbitrary numbers and we have suppressed the mass label for convenience. In
Regge limit, (large s, fixed t) the leading s behaviour of the e! is given by,

by (2) 4 (P22 s (1) oy

This is consistent with the fact that we expect the longitudinal mode to grow with energy
while the transverse mode remains constant.

Massive spin two. The spin two field is parametrized by a symmetric traceless polarisation
tensor obeying the free equations of motion [36, 37],

he,(ppt =0, (7 —m2)hs,(p) =0, A =0, (2.12)

a
v
mass m,. Suppressing the index associated with different masses, we can also express the

where, similar to the spin one case, h?, is the polarisation vector of the spin two field of

polarisation tensor as,

= Y G =0, (2.13)

where ¢ runs over the basis elements of a symmetric (D — 1) x (D — 1) matrix and
the index p runs over D spacetime dimensions. Without any loss of generality , we choose
to parameterize the massive spin two field polarisation as tensor product of two spin one
polarisations with the additional constraint of tracelessness. To be precise, we define the
following two vectors in plane of three-dimensional el

e:[ = aeﬁ € = Bel (2.14)

The polarisations are therefore given by,

e Three in-plane components of polarisation tensors determined by,

_ L, _ S
h=etel, e == (e“ e + ¢, 6:) , €y =€, 6 - (2.15)

5yu pv 9

o Off diagonal terms are 2(D — 3) in number and are of the form (see eq (2.10) for
definition of e}})

1
& =3 (res +efer) . (2.16)
e A symmetric tensor of dimensions w composed of direct product of e,
enl = elel. (2.17)

We also impose the constraint of tracelessness which implies

D(

>}

_1)

2 D-3
[ S R e ) (2.18)
i=1 a=1



In other words we can choose h,, = €,€, where ¢, is the spin one polarisation with the
condition of tracelessness. In this expression we have used the following orthogonality relations

bl =er.eb =0 LT =, (2.19)

The total degree of freedom is W, which is indeed the degree of freedom for

massive spin two particle as is evident from eq (2.12).

Ngof:D(D;l)—D—lz (D+1)2(D_2). (2.20)

For the remainder of the paper, we choose to represent the scattering of four massive
spin one and spin two particles using the following notation

o/
Tﬁi(pl)ﬁj(p2)‘>5k(P3)El(P4)' (2.21)

The generalisation of these solutions to the identical particles is straightforward by
setting m; to m in eq (2.9).

3 Group theoretic enumeration of amplitudes

Before we explicitly compute the analytic S-matrices, we first record our expectation from
a group-theoretic analysis. The enumeration of possible analytic structures contributing to
tree-level 2 — 2 scattering of spinning particles can also be formulated as a group theory
problem which has been addressed recently in great detail for massless and massive particles
in [1, 9, 38—41]. The little group for massive spinning particles is SO(D — 1). Consider
a particle whose polarisations transform in the irreducible representation p of the little
group. As explained insection 2, in a 2 — 2 scattering experiment, the scattering plane
is 3-dimensional and scattering amplitude has a residual SO(D — 3) symmetry. Therefore,
the number of structures contributing to the scattering of four non-identical particles then
becomes the number of SO(D — 3) singlets in p®* [1, 42].

Nion-id = P®4|SO(D73)- (31)

In order to compute this, it is convenient to restrict the SO(D — 1) representation pr
to irreps of SO(D — 3).

P’SO(D—3) = g ngpyg, (3.2)

where p, represents irreducible representations of SO(D — 3), n, represents their degeneracy
and the sum is over all possible irreducible representations that appear in such a restriction.
The explicit structures are the SO(D — 3) invariant polynomials of ﬁ:f] with appropriate
homogeneity where i labels the particles. The restriction of a generic SO(M) irreducible
representation to irreps of SO(M — 1) is a mathematical problem whose solution is given
by “Branching rules”, reviewed in great detail in the context of scattering amplitudes in [2]
and we will use their results extensively in this section.

If the particles are identical, the amplitudes enjoy an additional S4 symmetry ( the
symmetry group pertaining to permutations of four objects, see appendix A). Recall that Sy

,10,



group has an normal subgroup Zs X Zs, and S4 can be written as the semi-direct product
of 53 and ZQ X Zg.

S4 = S3 X (ZQ X Zg)

We first impose the Zs X Zs symmetry on our polynomial of ﬁf]. The space of such
structures are called “quasi-invariant” S-matrices [1]. The counting of such structures is
given by ,

NQuasi-inV = P®4‘ngzg = p®4 - 352P b2y /\2p7 p= p’SO(D73) = EBg ngﬁg7 (33>

where S? and A? denote the symmetric and the anti-symmetric tensor product and the
singlet condition for SO(D — 3) is implied. The quasi-invariant structures can further be
organised into irreducible representations of S3. As reviewed in appendix A, there are three
irreducible representations of Ss,

1g =111, 2M:H:|, 1A:§. (3.4)

These constitute the one dimensional symmetric and anti-symmetric representations of
Ss3 and the two dimensional mixed symmetric representation. We now enumerate amplitudes
for the cases of scattering of massive spin one and massive spin two particles. Note that in
this work, we will mostly consider the space-time dimension D > 8. The group theory and the
subsequent enumeration of structures are only valid in this context. For lower dimensions, we
can have reduction of the structures we classify in this work as well as appearance of additional
parity violating structures in specific dimensions (Additional Lorentz invariant structures can
be formed by contraction with space time Levi-Civita tensor in lower dimensions).

3.1 Massive spin one

The polarization parametrizing a massive spin one particle transforms under vector repre-
sentation of SO(D — 1) in D dimensional space-time. A SO(D — 1) vector transforms as a
direct sum of a SO(D — 3) vector and two SO(D — 3) scalars.

This is consistent with our analysis regarding in-plane and orthogonal decomposition
of the massive spin one polarisation vector around eq (2.10). We identify the two scalars
as «, 8 while the vector is identified with €.

3.1.1 Scattering amplitudes for non-identical particles

In order to evaluate eq (3.1) it is convenient to enumerate the direct product p, ® py.

Po @ po = BRNR PR = BR (N, + 1) PR, (3.6)

where ng deontes the degeneracy of the SO(D — 3) irreducible representation pr that appears
in the tensor product. The degeneracy ng that appears for each representation R in eq (3.6),
is a sum of the degeneracies of the representation R appearing in the symmetric and the
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Irreps | S%p | A%p
[ 1 0
3 o |1
° 4 1
O] 2 2

Table 1. Product of two vector space of massive spin 1 polarizations.

anti-symmetric product of the two representations p,. The number of SO(D — 3) singlets
in ®*p, is then easily obtained,

Ngon-id = Z (n% + né)Q (37>
R

For vectors transforming in the little group of massive spin one, we group the product
into irreducible representations arising out of symmetric and anti-symmetric product of the
two representations in table 1.

From eq (3.6) we easily see the number of singlets is,

Noowia =12 +12+(4+1)%+ (2+2)% = 43. (3.8)

We verify this counting in the later sections by explicitly constructing the independent
S-matrices for the massive spin one case in section 4.

3.1.2 Scattering amplitudes for identical particles

For identical particles, using eq (3.3), we can count the number of S-matrices which are
Zs X Zg invariants [1, 42],

P  zaxzs = Pt = 35%po @ Apy, (3.9)

The number of tensor structures in the symmetric and antisymmetric tensor product of
p is given in the table 1. The number of Zy X Zo invariant spin one S-matrices is therefore

N(guasi-inv =(43—-3(4 x1)—3(2x2)) =19, (3.10)
where we have used eq (3.8).

3.2 Massive spin two

In D dimensional space-time, a massive spin two particle transforms in a symmetric traceless
tensor representation of the little group SO(D —1). The symmetric traceless SO(D — 1) tensor
transforms as 2 vectors, 3 scalars, and a symmetric traceless tensor representation of SO(D—3).

py =L@ 200 3e. (3.11)
This is consistent with our analysis around eq (2). We identify the three scalars as parametriz-
ing the tensors €1, e+, .7, the two vectors parametrize ¢, ¢, while the symmetric

ab

w without the trace.

traceless tensor parametrizes the components of &
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Irreps | S%p | A%p
(11| 1 0
S0 |
BE‘ 1 0
(1] 2 2
B:\ 2 2
O 8 8
1] 7 4
3 [ 1] 4
° 10 4

Table 2. Product of two symmetric traceless representation of massive spin 2 polarizations.

As a consistency check we show that the degrees of freedom encoded in this decomposition
is as expected for a SO(D — 1) symmetric traceless tensor. Denoting by d[R], the dimensions
of the representation R of SO(D — 3),

(D—-2)(D+1)

d[[T]] + 2d[]] + 3d[e] = 5 ,

(3.12)

which is the expected degree of freedom for a symmetric traceless SO(D — 1) tensor.

3.2.1 Scattering amplitudes for non-identical particles

As before, we find the Clebsch-Gordon decomposition of the tensor product p®2. There
are now nine irreps appearing the tensor product. The organisation of their degeneracies
in the symmetric and the anti-symmetric sector is given in table 2. Number of structures
contributing to non-identical scattering is given by,

Nb

non-id

= 633. (3.13)

3.2.2 Scattering amplitudes for identical particles

For identical particles, we can enumerate the quasi-invariant structures using eq (3.3),

NP

Quasi-inv

= 201. (3.14)

We explicitly construct these structures in section 5.

4 Explicit construction of the S-matrices: spin one

In this section we explicitly construct the contact tree-level amplitudes that contribute to
scattering process involving four non-identical spin one particles and also impose Sy symmetry
for the situation when the particles are identical. Massive spinning particles do not have any
gauge symmetry and since, at first, we are considering non-identical particles, we don’t need
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to consider the symmetry of S-matrices under the permutation group S4. The allowed local
S-matrices are therefore easy to construct. The massive spin one fields admit plane wave
solutions, parametrized by the polarisation tensor €/ (p;), which obeys the following condition.

€a(pi) - pi =0, pi° = —m, (4.1)

where a denotes a particle of mass my.

Let us consider the scattering process in which particles labelled by the polarisation
vectors €] and €} are the incoming particles and particles corresponding to €5 and €} are
the outgoing particles. In terms of the notation introduced in eq (2.1),

0
Tﬁl(Pl)ez(m)%63(p3)64(p4) (4.2)
The on-shell conditions (and momentum conservation) for this scattering process are,
_ 2 _ 2
€pi) pi=0,  p;=-mj, (4.3)

Since the particle mass label and the momenta index label coincide, we also represent this as

T1n2—>34 (44)

For the scattering process in eq (4.2), we can construct all independent local S-matrices
by using independent scalar data which we determine as follows. Using equations of motion,
eq (4.3) and momentum conservation, the linearly independent data constitutes,

Ap =€1.p2, Aa =e€1.ps, Ao = €2.p1,
Ags = €2.p3, Aszz = €3.p2, Aszs = €3.p4, (4.5)

Ay = eap1, Agz =es.p3, by = €€,

where, €; = €;(p;), and p; are the polarisation and the momentum of the i** spin one
particle. The reader can easily check that other A;; = ¢;.p; can be reduced to the set in
eq (4.5) using eq (4.3) and momentum conservation. For notational convenience, we name
€;-p; independent structures for each i as follows,

€1.p2 = a1, €1.p4 = B1, €3.p2 =53, €3.p4 = a3, (4.6)

€2.p1 = (2, €2.p3 = B2, €4.p1 = B4, €1.p3 = Qy.

For the rest of the paper, we will denote A;; by &;, which can take two values corresponding
to the two different values of j index- a; and S;. Thus our S-matrices are local polynomials
of A;j,a; and B; with appropriate homogeneity and graded by derivatives. We start at
the lowest derivative order i.e derivative order zero and move to higher derivative orders,
looking for linearly independent polynomials of A;;, b;; with the correct homogeneity at each
derivative order. Such polynomials without any symmetry, where the derivative order is
counted through the number of A;;s in the structure, i.e we don’t have explicit Mandelstam
variables in the structures, are called primaries.
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4.1 S-matrices as module and descendants

The process outlined in the previous subsection is finite and the polynomials of A; ; and b;;,
classified in this manner, are termed generators of ‘primaries. The space of such polynomials
can further be multiplied by local polynomials of Mandelstam invariants, which are termed
“descendants”. Analytic S-matrices form a module rather than a vector space over the ring of
polynomials generated by s,¢ and m. Note that pole exchanges imply multiplication with
non-analytic polynomials in momenta and hence are not descendants of the primaries.
For identical particles we have to impose additional S; symmetry on the space of primaries
and there is a nice structure which emerges [1, 9]. We impose S, invariance on the space
of primaries in two steps. The first step involves imposing Zs X Zg invariance to obtain
quasi-invariants which generate the “local module” for identical scattering. The local module
can further be organised into irreducible representations of S3. The symmetric and the anti-
symmetric module are one dimensional and are denoted by e‘?ls and e?; respectively where

the superscript 0’ denotes the derivative order of the module. The mixed syl’mmetrlic moc%ules,
on the other hand, are two dimensional and are represented as a triplet {egl\’d(l), egl\’ﬂm), egl\’f)}

with the following condition between its orbit elements,
V) 1 i
egl\’/l(l) + egl\f) + egh’f”) =0.
11
Following the conventions of [1], we canonically choose the orbit element egl\;l(l) to be

] . aL,(2) 1(3)
symmetric under P2, g’ >

An efficient way of generating S-matrices from the quasi-invariant modules was outlined in [1].

to be symmetric under P53 and eg to be symmetric under P;3.
Given the set of polynomials of A;; and b; ; with no symmetry, we impose S4 symmetry in
two steps. We first impose Zy ® Zs symmetry using the projector eq (A.3) in appendix A

1
Iy = 4 (14 Pi1oP3q + Pi3Poy + PiaPs3), (4.7)

and find the set of linearly independent quasi-invariants. Given the set of quasi-invariant S-
matrices {TZ-QI} we find the linearly independent set of tensor structures in the set {IIg (TZQI) 1,
where the projectors have been worked out in eq (A.5),

1
Hls:6(1—|—P12+P23+P13+P132+P123)7
1
HlA:6(1—P12—P23—P13+P132+P123)7
4.8
o _1+Pe o )
2m 9 — 114,
P P
H%:%—Hls-

This enumerates the number of linearly independent quasi-invariant S-matrices transform-
ing in the irreducible representation R and their orbits. For tensor structures transforming
in 2j; the other element in the orbit is generated by the action of the H(221\)/1 or H(zi)d
eq (A.5)). These quasi invariants form the generators of the module in the sense that all

(see

the higher derivative structures are obtained from these generators by multiplication of
appropriate polynomials of Mandelstam invariants. To be precise, given a quasi-invariant
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module of derivative order [, which transforms in the irreducible representation R. of S3, the

b derivative descendant module are generated by multiplying a polynomial of derivative
order n — [ transforming in the same irrep R. The S-matrix generated by a generator module
at any derivative order are therefore obtained from these descendant quasi-invariant mod-
ules by projection onto S5 singlets. The polynomial ring, which generates the descendants,
corresponding to each irreducible sector has been classified for the massless case [1] and the
same classification carries over to the massive case with a minor modification since we have
an additional scale in the problem due to the mass “m” of the identical particles. Besides
this minor modification, the most general descendant S-matrices for each irreducible sector
can be generated as follows,

stzm“(32+t2+u )2 (stu)° ?

0',(3)

Sg;{?l:ma(ﬁ—}—tz—ku (2s—t—u)e, (1)—}—(225 s— u)eg (2)+(2u t—s)eq, ),

(stu)° <
l l
Sptt =m (2 412 +u?)? (stu) ( 22 2)ed Dy (22— 22— u2) e D (20— £2— 62)e] )>,
Sn+6—ma(s2+t2—|—u (stu) (225 t2s+t2u—ut+u’s— s2u) e?A,

(4.9)

where n = a + 4b + 6¢ + [. In particular note that the S-matrices generated from a module
that transforms in 2p; or 14 must be a higher derivative descendant.

The amplitudes classified in this manner are in one-to-one correspondence with the
equivalence class of local Lagrangians [1]. Two Lagrangians differing by equations of motion
and total derivatives, give rise to the same scattering amplitude. The generators of the local
module correspond to the linearly independent Lagrangians at lowest order in derivatives.
Descendants of the local modules are generated by putting contracted derivatives on different
fields in the Lagrangians which span the basis of local modules. These contracted derivatives
in the momentum space correspond to polynomials of Mandelstam invariants multiplying
the generators of local module. In this work, we will not attempt to list the explicit local
Lagrangians or their descendants that generate these amplitudes except in special cases. In
this subsection and the next we provide the non-identical and identical module construction
in terms of possible polynomial structure for each derivative order, relegating the explicit
structure to the Mathematica files spinone_regge.nb (and spintwo_ regge.nb for spin two)

4.2 Non-identical particles
We classify the amplitudes corresponding to the non-identical scattering corresponding to
the process,

601(P1)62(P2)—>€3(P3)€4(P4) (4.10)

This construction is accomplished in two steps. In the first step, we saturate the homogeneity
in polarisation by counting the number of structures consisting of { and b;;. In the second
step, we count the degeneracy of each such structure keeping in mind that each &; can
take two values {ay, f3;}.
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Zero derivative S-matrices: structures at zero derivatives are just polynomials of b;;.
It is not hard to convince oneself that homogeneity requirement ensures that only one kind
of structure is possible

Moy = bigbp, ¥ i, k=14, (4.11)

where the superscript denotes this is a structure corresponding to spin one scattering and
the subscript denotes the derivative order of the structure and labels the degeneracy. Taking
into account the symmetricity of b;;, we can have only three possible structures

bi2b3a, bizbas, biabos. (4.12)

Two derivative S-matrices: for the two derivative S-matrices, there can be one possible

tensor structure,
Moy = &&jbi, (4.13)

where the indices i, j, k,l = 1, - - - 4 taking into account homogeneity of the polarisation tensors.
There are (;L) ways of selecting the 4, j indices and each of the &s can take two values. This
brings the total number of two derivative structures to 6 x 22 = 24.

Four derivative S-matrices: for the four derivative S-matrices, again, there can be one

possible tensor structure,
M§471 = gzgjgkgla v iajak:7l = 17"'47 (414)

taking into account the homogeneity of the polarisation tensors. Each of the ;s can take two
values, which brings the total number of two derivative structures to 2* = 16.

We have forty three massive spin one S-matrices, as expected from our group theoretic
counting in eq (3.8).

4.3 Identical particles

In this subsection, we specialise to the case when the four particles are identical and the
amplitudes have an additional S4 permutation symmetry. As explained insection 4.1, we
impose S, invariance in two steps. We first impose Zo X Zo symmetry and enumerate the
quasi-invariant S-matrices. In the second step we classify the amplitudes into irreducible
irreps of Ss.

Zero derivative quasi-invariant S-matrices. Quasi-invariant S-matrices are invariant
under the double transposition generated by

(P12 P34, P13Pss). We record the behaviour of our building blocks under the double trans-
position. For the building block b;;, we have two possibilities depending on which Zs cycle
of Zo x Zsg it is invariant under. For example,

P19 P34 (b12) = b12, P13Poy(b12) = P1aPo3(b12) = baa, (4.15)

where (P12P34, P13P24, P14P23) are the elements of ZQ X ZQ and Z,j 7é k,l For each bz’j;
therefore it remains invariant under one element of Zy X Zs. Zero derivative structures in
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eq (4.12) are, hence, already Zy X Zs invariant and they are three in number. The zero
derivative quasi-invariant structures transform in a 1g + 2p; representation of Ss.

3 =15 + 2. (4.16)
The generator of the quasi-invariant module transforming in 1g and 2pg are respectively
given by
80 1
elg = 5(51,2b3,4 + b1,3b2 4 + b14b23)
(4.17)
9%,(1)

€anr = 3(2b12b3.4 = brgbog — brabay)

Two derivative quasi-invariant S-matrices. The other building block, &;, was used to
denote two possibilities & € (a4, 8;) in eq (4.5). We explicitly see from eq (4.5),

PijPu(ci) = aj,  PyPu(Bi) = B;. (4.18)
Recall the two derivative structures we enumerated in eq (4.13).
Mo | = &i&ibu, Voi, gk l=1,---4. (4.19)

Our analysis in eqs (4.15) and (4.18) imply that the two derivative Quasi-invariant S-matrices
must be of the form.

M§2’1|ZQ><ZQ = (glgjbkl + gkflblj) ) v iaja kal = 17 -4 (420)

This combination is invariant under all elements Pz, 7z, € (PiaPss, Pi3Pas, P14Pa3), for all
i #j # k # 1. We can choose the indices 7, j in (g)/Q = 3 ways because of the Zo x Zo
symmetry. Recall that all the b;;s are invariant under one of the elements of Zy x Zs. Hence
the choices for §;&; that leaves this combination invariant under the Zs x Zsy element, which
leaves by; invariant, amounts to three possibilities (because of eq (4.18))

a0y, BiB;, (B + a;B;) - (4.21)

Hence the total counting of quasi-invariant S-matrices at two derivative order is 9. The
S3 representation theory is given by,

9=21g+1a +3 2. (4.22)

Four derivative quasi-invariant S-matrices. Similarly, quasi-invariant S-matrices at
the four derivative order can be constructed from eq (4.14). This is a polynomial of £ with
two possible choices for each particle. It is easy to see that two of the possible Zy X Zo
combinations are the structures having all a;s and all §;s.

Mgi(j’o) = a10o0304, MSQS?A) = (3182334, (4.23)

where the superscript (a,b) denotes the number of o and § s respectively. For structures
having two «;s and two ;s the possibilities are three in number

Mn,(2,2)

0,(2,2
gro = 01203042, %2, M2

grs = a1P2fB304lz,x2,-
(4.24)

v,(2,2
Ma4(71 ) = iasBsBalzyxzss
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Similarly for structures having one a; and three ;s and vice versa,

(1,3 (3.1
M§4f1 ) = 21828382y 2 M;4(71 ) = arasasBulzy 2, (4.25)

where these structures are to be considered after imposing Zo X Zso. In total we have seven
structures. Proceeding as in the two derivative case, we get the following S3 decomposition
of S-matrices,

7=1s+3 2m. (4.26)

In total therefore, we find nineteen quasi-invariant S-matrices for spin one scattering.

5 Explicit construction of the S-matrices: spin two

We now evaluate independent scattering amplitudes relevant for massive spin two scattering.
The massive spin two field admits plane wave solutions parametrized by a symmetric traceless
tensor h,,(p;). As explained previously, it is often convenient to specialise to a special choice
of polarisation without any loss of generality,

hw (i) = €u(Pi)en(pi),  €(pi)-€(pi) =0, e(pi).€"(pi) =1, (5.1)

where the second constraint implements the tracelessness condition and third condition is a
normalisation condition. This enables us to classify the structures relevant to gravitational
scattering in terms of building blocks eq (4.5). The exact expressions for all the structures
are recorded in the supplementary Mathematica file spintwo_regge.nb. Here we present the
counting of the number of the structures, in terms of the scalar invariants without presenting
the explicit expressions. We grade the structures by their derivatives.

5.1 Non-identical particles

We first enumerate the non-identical amplitudes. Similar method is followed, we list by
counting structures which saturate homogeneity in polarisations as polynomials of &; and
bij. Then estimate the possible degeneracies of each such structure because of two possible
values of &;.

Zero derivative S-matrices. Structures at Zero derivatives are just polynomials of b;;.
The number of independent b;; structures are 6. We can think of it as the number of
independent structures of by,(1)bag(2)030(3)b40(4) With the constraint, b;; = 0 because of the
tracelessness of h,, and b;; = bj; because of symmetricity of h,,. It is helpful to think in
terms of the conjugacy classes of the Sy permutation group. Due to the condition b; = 0,
the two conjugacy classes which survive are the double transposition (or Zy x Zsy) and the
four cycles generated by,

(12)(34), (13)(24), (14)(23),
(1234), (1243), (1324), (1342), (1423), (1432). (5.2)

The Zgo x Z3 action generates terms which are quadratic in b;;, these are three in number. We
further note that due to the symmetricity of the scalar b;;, three of the amplitudes generated
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by six four cycles are independent. Thus the number of linearly independent zero derivative
structures are 6. In equations, we have two classes of zero derivative structures with three
linearly independent structures for both of them,

My, =b5bh, Mo, = bigbjbubi, Y ikl =1,---4, (5.3)

where the superscript denotes this is a structure corresponding to spin two scattering and
the subscript denotes the derivative order of the structure and labels the degeneracy. It
is also implied that i # j in b;;.

Two derivative S-matrices. We now systematically classify the higher derivative struc-
tures. At two derivatives we expect the following three classes of structures

M, | = &&bigbh, My = G&babbi, My = Ebjibub, (5.4)

where it is implied that the indices 4, j, k and [ take values from 1 to 4. We now count each

of such possible structures. For the structure M g we can choose ;, §; in (g‘) ways. Note

219
that the structure bijbil is automatically fixed by 7t1his choice. Hence the total counting for
M g271 becomes (3) x 22 (Recall that we had two choices for each ;). For the structure M 32’2,
we can similarly choose ;, §; in (;L) ways. However for the tensor structure b;byby;, we have
two possible choices due to the fact that the indices [ and k take two possible values. In
other words, once i and j are fixed, there are two possible chains of b;;bjby; with two fixed

end points- bybyby; and bibyby;. Hence the total counting for M(SQ , becomes (g) x 2 x 22,

For the tensor structure M gg 4, We can choose ¢2 in 4 ways but the possible choices for &2
is now three (corresponding to a?, 32 and «;/3;) and moreover, the tensor structure bj1biiby
is fixed. The counting becomes (}

Alternatively, we can also construct M 22 v M, 32 9

replacing b;js by &;§;. For M 3272, consider the zero derivative non-quadratic structures, there

) x 3. In total, we get 84 structures.
from the zero derivative structures by

are three structures and from each structure, we can choose 1 b;; in (111) way and make it a
scalar of type &¢;. So the total number of ways is (111) x 3 x 2 x 2. For MSQJ, we get 2 ways
to replace the b;; by &&; and there are three such structures so we get 2 x 3 x 2 x 2.

Four derivative S-matrices. For four derivative structures, we have the following pos-
sible tensors,

M34,1 = &b, ,M§4,2 = &7¢4bjkbi, M§4,3 = &i&k&ibijbrr- (5.5)

In a similar manner, we enumerate the degeneracy of each class. For M 24 1» We can choose i
and j indices in 6 different ways and each &2 can have three possibilities which brings our

counting to 6 x 32. For the second structure M. g we can choose &2 in 4 possible ways,

4 99
which leaves us with three possibilities to choose 5}2&, which automatically fixes the rest of
the tensor structure. Our counting becomes (4 x 3) x (3 x 22), where we have taken into
account that 512 can take three values while &; can take two values. For the second structure
M 2473, we note that we can construct b;;by; in three different ways (This is essentially the
zero derivative photon structure), which also automatically fixes the &;s. Hence the counting

becomes, 3 x 2%. In total we have 246 structures at four derivatives.
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Six derivative S-matrices. For six derivative structures, we have the following possi-

ble tensor,
Mgejl = §EEEbR (5.6)

Recall that we had 6 independent b;;s. Homogeneity in the polarisations ensures that
the rest of the structure is fixed once we make a choice for b;;. Hence the counting becomes,
6 x 22 x 3% giving us 216 structures at six derivatives.

Eight derivative S-matrices. At 8 derivative, we can only have one possible tensor
structure,

M, | = 68 (5.7)
The counting becomes 3% = 81.
Hence, the total number of spin two structures is 633.

5.2 Identical particles

In this section we enumerate the reduction in the number of four point scattering amplitudes
for spin two scattering if the particles were identical. Analogous to the case of identical
scattering of spin one particles, we impose S4 invariance in two steps. We will enumerate
the quasi-invariant structures and their S3 irreps, relegating the explicit formulae for the

amplitudes to our Mathematica file spintwo_ regge.nb.

Zero derivative quasi-invariant S-matrices. There are six structures at zero derivatives
given by eq (5.3). We immediately see that these two classes of structures are Zg X Zo
invariant by themselves. The generators of the local module M go , and M go 5 transform in

3 = 1g + 2 which accounts for six quasi invariant structures.
6=21g+2 2m. (5.8)

Two derivative quasi-invariant S-matrices. There are three classes of two derivative
structures contributing to massive spin two scattering given by eq (5.4). We think of a subset
of the graviton structures as the product of the two spin one modules at zero derivative
and two derivative order,

M§2,1‘22><ZQ = (&&ibr + Er&ibij) MgoJ’ZQXzQ = b;jbi (5.9)
The quasi-invariant structures that can be constructed from them are as follows.

Mgz’l\ZﬂZQ = (&fjbijb%l + §k§lbklb?j) , M2272\22xz2 = (&&;bitbibr; + Er&ibabijbi;) |
(5.10)

For the structure in M 2271|ng z, we note that it is generated by the product of the spin
one structures which remain invariant under the same Zo x Zs cycle, while for the second
structure, it is the product of M}, ,[z,xz, with the other Zz x Zy invariant element in the
orbit of M 50’1\ 7,x7,- For the class of structures, M QQJIZQX 7,, we can choose the indices i, j
in 3 ways because of Zs X Zy symmetry which fixes rest of the structure and there are three
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Zo symmetric (of Zg x Zo ) combinations possible for §;&;. We therefore obtain 3 x 3 = 9
for M 3071|22X22. While for M 3272\ Zyx Zs, We can choose the indices 4, j in 3 ways and there
is a further choice of (%) to be made for the tensor structure b;;by,by; (because of the chain
like structure). Therefore, we obtain 3 x 3 x 2 = 18, giving us a total of 27 quasi-invariant
S-matrices for spin two. The third structure which cannot be expressed as product of two
spin one structures is given by,

M§273|ngzz = <5%523b34b24 + E3b13bsabia + E3brabasbra + 535125231?13) : (5.11)

It is easy to see that we have three such structures corresponding to choices of &? (see
eq (4.21)). So the total number of two derivative quasi invariant structures becomes 30
and their S3 representation is given by,

30=61g+4 15 + 10 2. (5.12)

We derive this explicitly by using the S5 projectors (see eq (A.5)). We provide the explicit
construction of the irreps in the Mathematica files.

Four derivative quasi-invariant S-matrices. The four derivative quasi-invariant S-
matrices fall into the following three classes from eq (5.5)

M |zaxz, = (E€50% + ERETVE)),
M§472!zg «zy = (§76&bjkbrt + E7&&kbibir + ER&E bubij + E7&Ekbibu), (5.13)
My 320z = &i€i€k&ibisbi.

For the first class of quasi-invariant amplitudes, the number of independent amplitudes can
be counting by noting that for all we have 3 possibilities for the 4, j indices due to Zy X Zo
symmetry. For each of them the product §Z-2€J2 takes six possible combinations symmetric
in Zy of Zo X Zs in terms of «; and S;
a?ajz-, a?ﬁ? + ajz 2, aZaiB;+ oz?alﬂi,
a; B0 By, aiﬁiﬂ? + a;B;82, 535?-

Thus there are 18 structures in total for the first class. For the second class, we note that

(5.14)

the primary structure from which this is generated, requires explicit Zs X Zo symmetrization.

3
2

of the structure. Taking into the fact that 52-2 and &; can take three and two possible values

For a given index i, there are (;) ways of choosing the indices j and k and this fixes the rest
respectively, the number of structures is 3 x 3 x 22 = 36. For the third structure, the number
of linearly independent Zy x Zsy invariant combinations possible is three (basically set by
bijbr). The possible choices for the combination §;&;£,€;, was evaluated in eq (4.26) giving
a total of 21 structures of this class. The total number of four derivative quasi-invariant
structures therefore becomes 75.

Through explicit use of the projectors outlined in the eq (A.5), we explicitly construct
the S35 representations of our quasi invariant S-matrices,

75 =15 1g + 25 20 + 10 14. (5.15)
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Six derivative quasi-invariant S-matrices. The possible class of quasi-invariant struc-

tures at six derivatives is given by,
b _ (242 2¢2¢ ¢ p
Mg 1 |zoxzo = (6 &5 SkE1bk + & €E;Eibji)- (5.16)

The counting is facilitated by rewriting this as product of the four derivative and two
derivative spin one module as follows,

Mge’1|22x22 = (&i&;€k&) (§i&ibrt + &i&kbji)- (5.17)

The term in the first bracket is Zy x Zs invariant by itself with seven possibilities as explained
before eq (4.26). The term in the second bracket has nine possibilities as explained around
eq (4.22). In total there are 63 quasi-invariant S-matrices. Their S3 properties can be
worked out similarly,

63=111g+21 2p +10 15 (5.18)

Eight derivative quasi-invariant S-matrices. For this case, it is convenient to write
the tensor structure again in terms of product of two spin one four derivative structure,

Mps | = (6€€8)(6i&56:8), (5.19)

We can there fore construct these amplitudes explicitly using product of the spin one four
derivative amplitudes eq (4.24), eq (4.23) and eq (4.25). Schematically the amplitudes
are given by

MM arf=yto=4, i< (5.20)

The number of such product amplitudes turn out to be 28 but with one relation amongst them,

07(074) n7(470) J— 1 n’(272) u7(272) u7(272) n’(272) n’(272) n7(272)
Ma471 Ma4’1 — _Z (M3471 M64,2 + M64,1 M64,3 + M6472 Ma4’3 ) (5 21)
Lo ro,(1,3) 5 r0,(3,1) '

+ 1M64,1 Ma4,1 :

Thus, we find that there are 27 independent amplitudes. Their S3 representations are

worked out to be,
27T=61s+9 2 + 3 1a. (5.22)

In total we find two hundred and one quasi-invariant S-matrices for spin two scattering.

6 CRG allowed four point couplings

In this section we address the main question of our paper and study the Regge growth of our
non-identical as well as identical amplitudes for spin one and spin two particles. Each of the
amplitudes classified in section 4 is generated by unique four point coupling in the Lagrangian,
which, in principle, can contribute to 23 different processes other than the one studied in
section 4, when the particle masses are different. Classical Regge Growth states that four
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point tree-level scattering amplitudes should always grow slower that s? at large s and fixed
t (where s and ¢ are Mandelstam variables) for all values of the physical momenta and for
all values of the polarisation tensors (if the external states have spin). The Lagrangians we
classified in the previous sections occur at different orders in derivatives and the most general
S-matrix can be schematically generated by the Lagrangian

> viLis (6.1)

where ~; are dimensionful couplings and L; are quartic Lagrangians which generate the
primaries (or local module for identical scattering) and their descendants classified in the
previous section. CRG states that for the tree-level scattering amplitude T'(s,t) generated

by eq (6.1),

1 1

s%oolfr%ilxed T(s,t) < %, 7 <8< z (6.2)
where A is a low energy scale relevant to the theory we are studying. As elucidated in the
introduction, A can be the string length for tree-level string theory or the compactification
length for the Kaluza Klein theory and [, is the Planck length. We only consider the tree-level
processes in such a theory, since loops in these examples would be suppressed by [,. For
non-identical particles, CRG implies that a linear combination of the classified interactions (as
well as its descendants) has to obey CRG for each of the 24 processes. For identical particles,
all the processes are the same and CRG then implies that linear combination of S-matrices
obtained by S3 projection of quasi-invariants must grow slower than s? for large s at fixed ¢.

6.1 Massive spin one couplings

We first demonstrate how to obtain the amplitude for different processes from a single
process. Let us be precise and consider a processes generated due to the following spin
one Lagrangian term,

Ay,0, Al A3, 0" AY, (6.3)

where the spin one fields A1, Ao, A3 and A4 denote spin one particles of masses m1, ms, mg
and my respectively. The scattering amplitude generated by the Lagrangian eq (6.3) in the
process where particle of mass m1, mgo are incoming while mgs, m4 are outgoing, is given by,

TVa—31 = T2 (o) ea(p)—es(ps)ea(pa) = —€1(P1) - €2(p2)e3(p3) - €4(pa) (P2 - pa). (6.4)

We also have to consider the process in which particles mi, ms are incoming and ms, my
are outgoing. This corresponds to the amplitude

T (6.5)

€1(p1)es3(p2)—re2(p3)ea(psa)’

with the on-shell conditions

€i(pi) - pi =0, p? = —m?, i=1,4,
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The scattering amplitude generated by the Lagrangian eq (6.3) for this process is given by,

v

Tq(pl)ég(pz)ﬁez(ps)m(m) = —e1(p1) - e2(p3)es(p2) - €4(pa)(p3 - pa), (6.7)

which is distinct from eq (6.4). We can get the amplitude in eq (6.7) directly from eq (6.4),

2 2
Tﬁnl(P1)€3(p2)H62(p3)64(p4) = Tln2—>34 (ei(pa(i))7pa(i)) ) po‘(i) = —-my, (68)

where, for the scattering process in eq (6.5), 0 = P»3. In total, there could be twenty four
different processes from the Lagrangian eq (6.3), which can be related by elements of Sy to
a single amplitude. Hence, we generate amplitudes for all the twenty processes from the
process in which m; and mso are incoming and mg and my4 are outgoing,

_ _ , 2 2
T;(12H34) = Tﬁngu)(Pl)ﬁg(z)(pz)ﬁeo(3)(p3)eg(4)(p4) = T102—>34 (ez(pa(i)),pa(i)) ) Doy = =My

(6.9)
where o on the lLh.s. acts on the mass labels without changing the incoming or outgoing
momenta labels. However, solving for ¢; (pg(i)) is a tedious process and an equivalent way
(and also computationally convenient way) of getting the amplitudes for different processes
is the following,

Tr (1931 = Thasss (60(1') (pa(i))7pa(i)) ’ , (6.10)
M3 (i) %l(i)
which implies we get the amplitude in two steps. First we permute the €;(p;)s in the process
eq (2.6) according to the relevant element of Sy and then in this result undo the effect of
permutation o in the masses and ¢;-. This enables us to solve the el only once and hence
deriving the amplitude for different processes computationally less arduous.

We have classified in section 4 and section 5, all the contact scattering amplitudes for
the particular process in eq (4.2) corresponding to massive spin one and two external states.
Each of the scattering amplitudes is equivalent to a local Lagrangian. Our analysis implies
that each of these different processes can be obtained directly from the scattering process in
eq (4.2), without explicitly deriving the Lagrangian interaction term generating it,

T;/Z(12—>34) = T;j/?2ﬁ34 (61'(1)0(1‘))7170(@')) ) Pi(i) = —m?, (6.11)
where o denotes one of the elements of Sy and j keeps track of the original scattering amplitude
or the Lagrangian giving rise to that amplitude in the process eq (4.2). More precisely, for
spin one, j takes values from 1 to 43 while for massive spin two j takes values from 1 to
633. Demanding that the amplitudes obey CRG in each of the twenty four processes, we
arrive at the bounds on the classified scattering amplitudes. Using our kinematics described

in section 2, we present the results below.

6.1.1 Non-identical scattering

The space of scattering amplitudes for the process T7,_,5, has been evaluated in section 4
and section 5. Explicit expressions for the same have been given in the supplementary
Mathematica file spinone regge.nb and spintwo__regge.nb. For spin one we have forty three
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structures labelled as T7 15 ,54(€i(pi)), where j = 1---43. In general, all of these amplitudes
are generated by local Lagrangians of the form

L=>> L, (6.12)

where ¢ = 1, ---43 for spin one and ~; are dimensionful parameters. There is a one to one
map (upto equations of motion and total derivatives) between the local Lagrangians L; and
the classified amplitudes generated by the process T7,_,5,. However we will not explicitly
derive the map in this work and its enough for the purpose of this note to know that such
a unique map exists. Thus a generic four point scattering amplitude for spin one or spin
two external states takes the form,

v/h v/b
T12—>34, total — Z’erj/u—ﬁm (6.13)
J

where, on the r.h.s., j = 1,---43 for spin one (while for spin two, j = 1,---633) and the
subscript 12 — 34 in the amplitude Tf 12_y34 denotes the corresponding process. In order
to classify the Regge allowed S-matrices, we search for linear combinations which are CRG
allowed i.e, grow less than s? in the Regge limit. In particular, this linear combination
has to be CRG allowed for all of the twenty four possible processes that we can have for
non-identical particles.

v/h _ v/b
Ta(12—>34), total — ZVJ%, o(12—34)° (6.14)
J

where T;”/Z(HHM) is defined in egs (6.9) and (6.11). Note in particular, the coeflicients v; do
not change since they label the Lagrangians rather than the process.

We now outline the algorithm to find the CRG allowed combination of couplings for
spin one. Algebraically the criteria for finding the linear combination of ~;s such that these
amplitudes obey CRG, translates to a set of twenty four simultaneous equations in forty

three couplings ~;,

. 2
A TR e S 55V o (6.15)
We first use eq (6.11) to generate the amplitudes for rest of 23 different processes obtained

from the Lagrangians dual to each of the forty three amplitudes for the process in eq (2.6).
I

Secondly, using the explicit parametrization of €;s in section 2 (more precisely eqgs (2.5)
and (2.9)), we evaluate the amplitudes and expand T ;’(12 ~y34), totar &4 large s and fixed ¢. This
expansion is organised as a power series expansion in s™. At each order in s", the expansion
contains polynomials of the independent scattering parameters «;, 3;, eil, polynomials of t
such that the homogeneity is satisfied and we solve for the constraints on ~; by setting the
coefficient of each polynomial of o, 3;, ef -ej- and t (since these are independent data)to zero
for n = 3,4. In particular, we allow for the possibility of mass dependent constraints among
the dimensionful parameters ;. We explicitly demonstrate these steps in our supplementary

Mathematica notebook spinone regge.nb.
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o | 1g | 2m | 1a
n=4|1 3 0
n=2| 2 3 1
n=0] 1 1 0

Table 3. S; classification of spin one quasi-invariant modules (primaries) for D > 8 organised by
derivatives, where n denotes the derivative order of the structures.

We just provide the counting of the final results here since the number of structures
are too large and explicit expressions are un illuminating. We get three Regge allowed
structures in the zero-derivative order, twenty one Regge allowed structures in the second
derivative order, and two Regge allowed structures in the four-derivative order from the
list 77, (€i(pi)). These structures imply we have twenty six local Lagrangians which are
CRG allowed for any of the twenty four different scattering processes we study. We also
find that constraints do not depend on mass. We can also consider descendants of these
structures. Considering descendants leads to a larger space of allowed structures at each
derivative order because of cancellations between the primary structures at each derivative
order and descendants of lower primaries. It is a tedious but a finite process and we find
the end results not illuminating enough to record them.

6.1.2 Identical scattering

In this section we study the scattering of four external spin one states of the same mass m.
For identical particles, there is no distinction between different processes. The amplitudes
enjoy additional Sy symmetry. Naively one would have thought that given the classification
of CRG allowed non-identical amplitudes that we have already done, the allowed identical
amplitudes would be the singlet projection of them. A crucial difference in these two cases is
the fact that for the non-identical case, we demanded that the Regge growth be less than s2
for each individual process which translates to each individual orbit of Sy. However, for the
identical scattering, this is too strong a criteria and would exclude potential cancellations in
the leading Regge behaviour between different orbits of Sy. In other words the Sy invariance
and the Regge limit do not commute. The correct order of limits is to impose Sy invariance
and then take Regge limit.

We recall the classification into the irreps of Sy that we had done for the massive spin
one scattering amplitudes and summarise the classification in table 3 and provide explicit
expressions for the module generators in the file spinone_regge.nb. We scan over the space of
S-matrices order by order in derivatives. At each derivative order, we can construct the most
general S-matrix (including descendants) using eq (4.9) and table 3. Let us illustrate this
construction in detail for spin one with the understanding that the spin two construction, later
on, will be done in the same manner. The most general S-matrix at zero order in derivatives
is generated by e?‘;. From table 3, we see that at this derivative order we have only one such
structure. At second order in derivatives, the basis at second order in derivatives is spanned by

B?il = (e?z @ ((25 —t— u)egi&(l) + permutations) o mQG?Z) , (6.16)
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am L=10=2
n = 2 1
n=4 4 1
n=2 3 1
n=20 1 1

Table 4. Number of CRG allowed four point amplitudes for massive spin one and massive spin two
identical scattering where n denotes the derivative order.

where we have considered the “m”-descendant of the lower order guys. In total, at second
order in derivatives, we find that there are four linearly independent S-matrices out of which
two are primaries and two are descendants. We can similarly list the basis at fourth and

sixth order in derivatives,

%1

B?; = (6?45 B (2 + 12+ “2)6?2 &> ((25 —t— u)egl\/’I + permutations)

) ((232 —t? - u2)egi/’1(1) + permutations) ® mQB?il) )

BY, = ((32 + 12+ u?)eds & (stu)ely © ((25 — t — ueg, ) + permutations) (6.17)

® ((252 e uZ)egi/’I(l) + permutations)
& (52 + 12+ u2) ((25 —t— u)egi/}(l) + permutations) @ mQB?;) .

From table 3, we get that there are one primary and nine descendant structures at four
derivatives and twenty descendant structures at six derivatives. Higher order descendants can
similarly be constructed. The counting of S-matrices at each derivative order can be recast
into a partition function which encodes the number of linearly dependent S-matrices at each
derivative order and also their S5 transformation properties [1, 9, 43, 44]. However, we will
not explore that avenue in this present work for massive spinning particles.

Having classified the basis at each derivative order, we can now summarise the Regge
growth at each order in table 4. For this exercise, we use the explicit form of the polarisation
vectors e”s obtained from eq (2.9) in the limit of equal external masses,

k k4 ke ~k
61 —N1 ( 0172 Cg) 61 —./\/2 <7'12 - 7—24> 5 (618)
m m
where
- §% — 25t0 + > - 5202
Ve estarz+az—1 T\ @2 —2sta+ a2’
5 (at — 3) 5 (3t — @) =1 -1
C = = R C = = 5 - = — )
1T (8 = 28tu + @2) >7 (32— 25ta + @) =3 =3
S ~ t U
§=-—"-—-1 =1 = 1
S Gy , t 52 and T 5712 ,
(6.19)
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where s, t and u are the Mandelstam variables defined in eq (2.3) for equal masses. The
I

rest of the ¢;'s are obtained as usual using Zs x Zs projections of e!. We have checked that
there are no CRG allowed structures at eight derivatives which are not trivial m descendants
of the lower order structures. The explicit structures are cumbersome and we list them in
the supplementary Mathematica file spinone_regge.nb. In the main text we provide a more
concise form for the amplitude in terms of local Lagrangians. We find that the Regge allowed

structures are generated by the following set of local Lagrangians,
ngu = (AMA“)Q
L3 | = 0, A, AP0 A, A, LY 5 = FopF*PA,AY, LY g = AVF, F" Ay
LY, = FogFP F 5P, LY 5 = (FapF*P)?, LY 5 = FopF*Fog F™,
LY 4 = Au0sA,0M"0° And” A%,
LY 1 = 05 FapF 7 F s FO, L, = Fopd®F°0° Fy F™,
(6.20)
where we have defined Fy, = 8,4, — OyAq and Fy, = 0,4y + 0pA,. In the labelling of
the structures, the superscript denotes it generates a massive spin one amplitude while the
superscripts keep track of derivative order and the number of structures at each derivative
order. In particular we note that the structures 23471, ~g4’2, 236’1 and 53672 were noted in [1]
as Regge allowed structures for massless spin one scattering as well. The appearance of these
polynomials for the massive case as well can be justified as follows. For massless spin one
particles, since we have gauge invariance, the local Lagrangians are functions of the field
strength. For massive spin one, as we have seen that we do not have this constraint and this
leads to a broader class of Lagrangians which are not strictly polynomials in field strength.
However the gauge invariant combination of field strength ensures that the longitudinal
component (i.e the fastest growing component for the massive polarisation) of the spin
one polarisation cancel and the Regge limit of polynomials of field strength evaluated over
solutions of massive polarisations grow similarly as massless ones. Hence the space of Regge
allowed structures for the identical massive spin one scattering should atleast include the
Regge allowed structures corresponding to the massless spin one case and possibly some
more. Happily we find this indeed is the case and this serves as a sanity check for our
bootstrap method and the Regge analysis.

6.2 Massive spin two couplings

In this section we perform the same exercise for massive spin two scattering amplitudes. We
analyse both non-identical and identical scattering in these subsequent subsections.

6.2.1 Non-identical scattering

As for the case of massive spin one particles, we use eq (6.11) to generate the amplitudes for
rest of 23 different processes obtained from the Lagrangians dual to each of the six hundred

thirty three amplitudes (evaluated in section 5) for the process in eq (2.6). Secondly, using
[

the explicit parametrization of €;s in section 2 (more precisely eqs (2.5) and (2.14)), we do

the Regge expansion of the amplitude in s™. We solve for the constraints on v; by setting the
coefficient of each polynomial of o, 3, eil . ej- and ¢ (since these are independent data) in the
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expansion to zero for n which now runs from 3 to 8. We find five Regge allowed S-matrices
for the process T1h2 _,34 (‘and also for 23 different processes, T’ 3(12 3 4)) which are listed below.

Ay =b74b55 — 2b1y (bisbaa + bi2bsa) bag + (bi3baa — biobss)

Ay = Af3b12bi3bas + Az [(bi3bas — brabas) (Azsbiz — A1sbas) — brabsy (A13bas + Asbis)]
+ b3a ((Aasbiz — A13bas) (Aazbia — Ai1sbaa) + Ai3Aazbiabsa) ,

Az = A3yb12b14bag — Az Asobiybas + 2434 As2b12b14bos + A1 Asobisbiabay — A14Azsbi3biy
— A1 Agsbiob3, + AogAsablybos + AG b12bisbos — AogAsabisbiabos + A1sAsabiabasbos
+ b3y [b14 (A21 (A32b12 — 2423013 — A14b23) — A2z (Azab12 + Aazbiz + A14b23))
—A14boy (—Azabia — Aosbi3 + A1abas)] + A1 (A21b13 (—b1abas + bizbas — b12b34)
+A32012 (b14ba3 + b13b2g — b12b3a) + Az4b12 (b1ab2s + b13bag — b12b34)),

Ay = A3 b13biabss + Ag1 [Asabrs (—b1abas + bisbag + biabss) + 2b3s Agsbisbiy
+A14bss (brabas + bisbos — biobsa)] — A1aAasbioby — AszAgabasbiy + A1sAssbisb3,
+ A3aboabig (Azabia + Aozbiz — A1abas) + Aggbiabzs (Azabia + Aazbiz + A14bas)
+ A14baab3s (—Azab12 + Az3biz + A14b23) ,

As = (AjpAsz — A14A21) biab3, + by <A14 (bzs (A21b14 — Auzbi2)
+ bog (—Asabia + A21b13 — 2A1293) )
+ Ags (A43b12biz — A12b24b13 + b1y (Azabia + 2421013 — A12523))>

— (b13bas — b1abag) (A2s (Auzbiz — Azabra) + Ara (Aszbaz — Azabas))

+ Aq1 (2443b12013b23 — (b13b2g — b1abas) (A21b13 — A12b23) + b12b3s (A21b13 + A12ba3)
+A34b12 (—b14b23 — b13bag + b12b34)) + A32A43b12 (b14b2s + b13b2g — b12b34)

+ A32A21b14 (b14b2g — bi3bog — b12b34)

+ A3zobog (—2A34b12b14 — A12 (b1abaz — bi3bas + b12b3s))
(6.21)

These amplitudes are generated by the local Lagrangians in the process 17, _,34. The
analysis in the section establishes that these Lagrangians also obey CRG also in any of the
23 other distinct processes that we can study for non-identical scattering.

6.2.2 Identical scattering

In this section we compute the Regge allowed couplings contributing to polynomial S-matrices
for massive spin two scattering. The procedure is same as outlined in section 6.1.2. We
construct the space of most general S-matrices (i.e including primaries and descendants)
using the data from table 5 and eq (4.9). Following the steps exactly as in the case of spin
one, we find that there are exactly one CRG allowed structure at zero, two, four and six
derivatives and no higher derivative order structures. We present the explicit amplitudes
for these Regge allowed structures in the Mathematica file spintwo_ regge.nb and present
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ot | 1s | 2m | 1a
n=8| 6 9 3
n==61]111] 21 | 10
n=41]151] 25 | 10
n=2|6 | 10 | 4
n = 2 2 0

Table 5. S3 classification of spin two quasi-invariant modules (primaries) for D > 8 organised by
derivatives, where n denotes the derivative order of the structures.

here the local Lagrangians giving rise to them.
L£hy = 07,050005 ho he” hS by,

Ah C $P S0 SV ap B 5
Ll = 06),6502686%) 0,0"h. " b h,C b,

[

_ (6.22)
h _ q vy 'y B 5
L= 00,0502636,67 0,0"h. 0,0" he” b, by,
Ah v o op v 1B " 5
Lo = 00,050£088,8,u0m 8, 0"ho 30" b 0,m0" 1S b,
where 5{31553---52 " is concise expression for product of two Levi-Civita tensors

ghth2lng \ ny.a,- Note that the Lagrangian which is of the order six derivatives reminds
us of the second lovelock term that was classified as Regge allowed for massless graviton
scattering in [1]. Indeed the S-matrix generated by this term involves a seven dimensional
Levi-Civita tensor and is similar to the massless case,

Sge = (e1 Nea Nes Aeg Nk Aka A k?,)2 -+ S3 permutations. (6.23)

Similar to the massive spin one case, we note that the second lovelock term was precisely
the gauge invariant Lagrangian that was not ruled out by CRG in [1] for D > 6. The
four derivative lovelock like structure gives a S-matrix involving six dimensional Levi-Civita
tensor of the form,

Sgr = (e1 Nea Neg ANeg Nk A k2)2 +(e1 Nea ANes ANeg Nks A k4)2 + S3 permutations. (6.24)

Since gauge invariance is no longer a requirement for massive spinning particles, we expect
such structures to appear. Similarly, the two and zero derivative structures arise from
“lovelock-like” Lagrangians which generate S-matrices involving five dimensional and four
dimensional Levi-Civita tensors of the form,

Spe=(e1 ANea Aes Aeg Ak1)>+ (e1 Aea Aes Aeg ANka)? + (€1 Aea Aes A eg A ks)?
+ (g Nea ANeg Aeg A k:4)2 + S3 permutations, (6.25)
Sgo = (€1 Nea N eg A 64)2 -+ S3 permutations.
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6.3 Scattering in D=4

In lower dimensions we have additional parity-violating structures which can contribute
to tree-level scattering [1, 42] but we will not attempt to classify them in this work. We
now specialise to scattering in D = 4 and restrict our analysis to the parity even sector.

In D =4, eil is a one dimensional vector parametrized by a single number. The algebraic

1.1
i "€

numbers. As a consequence the following structure which would have transformed under

implication of this fact is that the inner products of the form e reduce to products of

a 3 now transforms in a 1g

€] - €xer - €f ~ €fererer. (6.26)

The space of orthonormal vectors is now three dimensional and generated by (EZL , e;fp, ef)

We use rotational invariance in our problem to express our scattering amplitude in the rotated

'L T |/

orthonormal frame (€/;’,€'; ,€;-), where,

eiﬂ = sin(6;) (cos(qf)i)ef + sin(qbﬁe?) + cos(@i)eil,
el-L/ = cos(6;) (Cos(qbi)ef + sin(@)e?) — sin(6;)e, (6.27)
e = (cos(@)el —sin(@i)ef ).,

where we have ef‘ . ef = 1. Note that the condition ¢; - k; = 0 holds in the rotated frame
as well. For spin two scattering, we also have the constraint of tracelessness. The complex

basis of in-plane polarisations in the rotated frame can be written as

1 V)
eli(ei,qbi) =\3 (eZL :tzeiT)

= (cos(6;) cos(¢;) Fisin(¢;)) € + (cos(8;) sin(ep;) £ i cos(p;)) € — sin(6;)e;-.
(6.28)

Now we can see that, € (7 — 0;,¢;) = —¢; (0;, ¢;). The in-plane polarisations in this rotated
frame, i.e ej(ﬁi, ¢;) suffices for a general spin two analysis in D = 4, if we consider the 6;’s
and ¢;’s are arbitrary variables with, 0 < 6; <7, 0 < ¢; < 2m.7

For identical scattering with spin one external particles, there is a reduction in the
number of linearly independent parity even quasi- invariant structures in D = 4 compared
to D > 8 that we have listed in this work (see eqs (4.52) and (4.53 ) of [42]). However, the
Regge allowed S-matrices continue to be generated by the Lagrangians in eq (6.20). We have
checked their linear independence using explicit parametrisation of the polarisation tensors
in D = 4 (using eqs (2.5) and (6.27) and the fact that € - ejL ~ eilejl in D =4).

For spin two massive external states, the situation is a bit more dramatic, the amplitude
generated by the six derivative term in eq (6.22), vanishes since it is topological in D < 6. This
is easy to see from the structure of the S-matrix and the decomposition of the polarisation
tensor we have implemented in this work. A generic polarisation € corresponding to a
spinning particle of mass m;, is decomposed into a in-plane and out-of plane part

€=t 4

' = okt 1 BiK2 + K3, (6.29)

"It will be interesting to map this parametrization in D = 4 to other ways of parametrizing massive spinning
polarisations in the literature [45].
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where in D = 4, ¢-' is now just a number- more precisely it is constrained to be i if we
normalise our polarisation tensors to be |e!|?> = 1 (recall € - € = 0 because of tracelessness).
The six derivative S-matrix involves a seven dimensional e-tensor and becomes immediately
clear from the structure

el epeleqpenp;
that we need e’ to be atleast four-dimensional for this quantity to be non-zero (We have
used momentum conservation to discard the fourth momenta k* throughout). Note that
this argument is also true for the four and two derivative structure where we need e to
be atleast three and two dimensional respectively for the amplitude to be non-zero. In
summary, for D = 4, there is only one parity even Regge allowed structure, generated by
the 0 derivative Lagrangian in eq (6.22).

6.4 CRG analysis of massive gravity

In this subsection we show that tree-level massive graviton scattering violate CRG in dRGT
gravity [24, 25]. The effective Lagrangian is described by

2,2
mpm
8

T LT
s_/dxm<23 V(g,h)>, (6.30)

where R is the Riemann scalar built out of g, = g?w +hyy. Here ggy is the Minkowski metric
Nuvs hyuw 1s the massive spin two field, m is its mass and mp is the reduced Planck mass. The
interactions are concisely packaged into V' (g, h) = Va(g,h) + Va(g,h) + Va(g,h) + --- as

Va(g, h) = b1 (h?) + ba(h)?,
Va(g,h) = c1(h®) 4 ca(h®) (h) 4 c3(R)®, (6.31)
Vi(g, h) = di(h*) 4 da(h®) () + d3(h?)* + da(h?)(h)? + d5(h)*,

where (h) = hy,g"", (h?) = huyg“ahaggﬁ” and so on. The ghost free conditions yields
the following relations,

1 1 3¢ 5
b1 =—by =1, e =2c3+ 5, c2 = —3c3 — 5, d1=—6d5+73+ﬁ
B 3cg3 1 B 3c3 1 B 3cs
do = 8ds 5 1 ds = 3ds 1 6 d4y = —6ds5 + 1
(6.32)

We wish to compute exchange diagrams and contact terms which contribute to tree-level
scattering of 2 — 2 massive spin two fields in this theory and study their Regge growth.
Our Regge limit probes the energies,

m? < s< M2 M~ (mPmp)1, (6.33)

such that loops are suppressed and we can impose CRG on the tree-level amplitude. We
follow [37] and use g, = 7w + huw to expand this Lagrangian to cubic and quartic in
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order to get the vertices. We use the following quadratic expansions of the inverse metric
and its determinant,

1, 1 hii?
g =" — B+ R+ O(h®), V=g = (1 + 5k =4 <th - g)) +O(h?).

(6.34)
At quadratic order, the Lagrangian in eq (6.32) gives rise to the following ghost-free spin
two propagator.8

4 1 1 1
Buipa e (p) = e (2 (%ul Opows + 9uw29u2w) - 39’““29”1”2>’ (6.35)
eab = TNab + pll];b .
m

It was shown in [26-28], that despite the higher derivative terms in the propagator, the loop
contributions are suppressed in mp (and hence M) and we can safely consider tree-level
amplitudes in the energy range in eq (6.33). For computing the tree-level, scattering relevant
three point vertices and four point vertices have to be evaluated. We note that the off-shell
cubic and the on-shell quartic vertices from /—gV (g, h) are given by

—m?m? haghgahl; i
¢® = TP <b1 (f*;u - 2ha5h37h7a> + by <( g) = 2haghsahy,
+ c1haghgyhya + c2haghgahy, + C3<h;‘i)3> ’
@ —m?m? b1 2
) = ——g (3801 =31+ di)(hashpyhophya) + (=7 +b2 = €2+ ds | (hashsa)® )

(6.36)

In these expansions, the indices of h,,, are raised and lowered by the flat space background
metric. We have also imposed hf; = 0 in deriving the on-shell four point couplings. The

8Note the change in normalisation of the propagator in comparison with eq 2.44 of [37].
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relevant couplings from the /—gR are given by,

m2 (1
9(3) _ P ((hﬁ)280'8php0'_

1 3 1
n 5 |3 —h2,050,hpo— Zhwauhwayh,m + R O by Oy hpo + §h,u,8[, RupOphue

4o

—%hwao Pip O P o F 1 DT O v+ 2110 By B By — P O B pis Op s+ 1y o0y O asr
P4 1p 00 Op P — Py PO O PP B O O = Ty Bopes O Dty — D i s O
+%8,,h§hw8ph,w =Ry Ophup — Py 0,0, h 4 iagag h3h2,+ iauhg&,hghw - ghg (Drhup)?
—ihgaphwaghyp— %hgayhypao Rpo — %hghypapaghw = %hghypagaphw - %hghypaaagh,,p

1 1 1 1
+§h§h,,p8p&,h§ +§h§aph§aahp,,— g(hﬁ)%aahgfgh? (8,h5) 2) ,

2/ 3 1 1 3
g\ = % (16 (Dahipe) W+ 0o hpadalipa i+ 30 o Oahaahity, + 5 Ouhoadphoaluhug

—phoaOahyohuwhu, — %ag BpaOoltuo My Py + gaa oo Oahpo oy hyp — 0o Puo o po Py Py
—20phoOahioal i+ 05 hypOahoahwhu,+ é@a&,hmhwhuphw — 5 0ah pa i hyphue
—00 05 P pa Py hpphue + 0600l po hywhyphye + iagaahpahiyhpg + %aaaghm 2, hoo
—iaaaahpghiyh,,g - %8th<9phwhw,hpg+ %aphwaahmhwh,,g

00 P00 T pa P Bopo + 00 P pa Oa Py Ty Pops — O Psa Do yip Py T pr + gaa PyipOative iy o

1
—Zaahwaahpghwhpa —20,hp0ahoahuwhpe +0,hu Ochoalwhpe +0,00haa by huphea

_8p8a hua h;wh;tphaa - aaaphuah;whuphoa +8aaahuphuuhuphaa) )
(6.37)

where we have obtained the off shell three point and the on-shell four point vertices from
the \/—gR using xAct tensor programme [46]. The four point scattering therefore consists of

exchange diagrams which are generated by two vertices gg’ ) and gg’) and contact diagrams

generated by g‘(;l ) and gg). The exchange diagram is constructed by stitching together two
three point functions as explained in section 7.2.2 of [1] using the massive spin two propagator
in eq (6.35). For this purpose, it is necessary that we obtain the off-shell three point vertices
(i.e without imposing the EOM (2.12)). Thus we have three different kinds of exchange

diagrams corresponding to three different choices of the vertices.
A 5 A A @ ¢ .
0B g NORNOR NORNOS (6.38)
The computation of these diagrams can be automated. We also have contact term amplitudes
A A (. 6.39
g$)7 gg) ( )

After a tedious calculation the complete four point amplitude is given by the sum of each
individual pieces.” The final answer is quite complicated and a Mathematica file containing

9As a consistency check we reproduced tree-level scattering amplitude in Einstein gravity from gg) and

gg) using this procedure but with a massless spin two propagator.
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the answer will be available on request. Using our explicit polarisation parametrisation in
egs (2.9) and (2.12), we find that the Regge limit depends on the tunable dimensionless
coupling c3 and the amplitude grows like O(s). The coefficient ds in the amplitude precisely
occurs in the combination given by the zero derivative CRG allowed Lagrangian in eq (6.22)
and hence drops out in the Regge limit. However there exists a particular value of c3 for
which the leading behaviour of the four point amplitude can be ameliorated.

3=~ (6.40)

Thus dRGT massive gravity violates CRG for all other possible values of couplings c3 and
ds. This is also the conclusion of a causality based analysis by [29]. Authors of [5], showed
that for tree-level amplitudes, local growth of S-matrices (i.e growth for energy scales below
the cutoff but larger than other energy scales in the problem) is bounded by s? at large s
and fixed ¢, as a consequence of the unitarity of the full quantum scattering amplitude. If
a theory violates CRG, which is a tree-level criteria, it might be sick when one considers
the unitarity of the full S-matrix as well (as shown in [21] using dispersion relations). In
summary, it seems to be crucial that while constructing such theories of massive gravity,
CRG is an important criteria to impose if we want to construct massive theories of gravity.

Our analysis involving contact terms in this paper shows promise in this regard. One
might approach the problem in a bootstrap sense. Let us restrict to two derivative theories
of gravity (say) and classify all amplitudes upto possible two derivative for three point
amplitude and upto six derivative for four point amplitudes. The reason for considering upto
six derivatives in contact S-matrices is that we might generate such six derivative amplitude
when computing exchange diagrams involving two derivative three point Lagrangian couplings
in our proposed theory (due to the higher derivative terms in the propagator eq (6.35)).
We now consider the space of 2 — 2 scattering amplitudes generated by these three point
and four point amplitudes. Since we want ghost-free theories of gravity, we use the massive
spin two propagator derived from ghost-free gravity in eq (6.35) to construct the exchange
diagrams. One then demands that arbitrary linear combination of these amplitudes cannot
grow faster than s? at large s and fixed ¢. It will be interesting to find out if there exists a
non-zero solution for this problem other than dRGT massive gravity theory. One can then
try to see if these other CRG allowed massive gravity theories obey the full UV consistency
derived through dispersion relations.

6.5 Ambiguity in inversion formula

In this subsection we interpret the CRG allowed Lagrangian structures as ambiguity in
inversion formula in large N conformal field theories ([33-35]). Let us review the argument
of [35] for ambiguity in the inversion formula for scalars. Four point functions of primary
scalar operators in conformal field theories are constrained by symmetry upto a function
of crossratios u and v, which we define below. Operator product expansion enables us to
express this as a series expansion involving a purely kinematic piece called the conformal
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block and a part containing information about the CFT.

1 1 1 1
(O(21)O0(22)O(23)0(24)) = —35 350w, 0) = 35> —35 > CayGas(u,v),
L9~ T3y L12” T34 A,J (6.41)
1'2 .CL'Q .’112 X '
where, u=zz= ;2 ‘34, v=(1-2)1-2) = %3 ;47
AR T13T24

where Cp ;s is the product of OPE coefficients, G j(u,v) is the conformal block and the sum
over A and J runs over the dimensions and spin of the primary operators that appear in
the OPE expansion of two external operators. The data of the CFT is completely specified
by the scaling dimensions and spin of the primary operators and their three point functions
Cha,y. In [33, 34], it was shown that this data can be obtained from the double discontinuities
of the correlator. Schematically this was expressed in [35] in the following manner,

Ing = /1 dzdzEK} (2, 2)([0(22), O(x3)][O(21), O(24)])
0 (6.42)

+ 07 [ dadzKl (e 2)00), 0G0, 0s))

where the functions K& ;(2,2) are explicitly known. The function I ; encodes the data for
the CF'T. The poles in A correspond to the dimensions of the operators appearing in the OPE
of the two external operators and the residue at these poles generate the OPE coeflicients.
The r.h.s. of the formula involves double discontinuity of the correlator which receives non-zero
contribution from all the single trace operators in the spectrum but is unaffected by double
trace operators. Hence the inversion formula enables us to extract double trace data about
the CFT from just knowing about the single trace operators. The residues are analytic in
spin but for a generic CFT this formula valid only for J > 1. This bound follows from the
boundedness of the CE'T correlator in Regge limit, a kinematic limit of the Correlator in the
Lorentzian regime [33]. This is particularly interesting for large N CFTs where this constraint
is weaker [47] and we can get data only for J > 2. Hence, two correlators having the same
double discontinuities can differ by presence of J = 0 and J = 2 double trace operators in the
spectrum. On the other hand, in large N CF'Ts, the double trace operators appearing in the
large N crossing equations of the CF'T four point function are in one to one correspondence
with local counterterms in the bulk [32]. Putting these two pieces of argument together,
in [35], the authors proved a theorem that the four point functions of scalar operators in large
N CFTs are completely fixed by the double discontinuity of the correlator and three local
counterterms in AdS with arbitrary coefficients.'® These set of counter terms in AdS give
rise to CFT correlators whose Regge growth are bounded by Chaos bound [47]. In particular,
the correlators generated by bulk contact like terms in the Regge limit behave as [3],

hCR
lim gf(z,2) x ()

— —ge?, Z=ce 6.43
Hm AT z=o0e r, z=oce", ( )

where the superscript C'R denotes that limit is taken in a Lorentzian Regge configuration,
which is obtained by analytically continuing from the euclidean correlation function by an

9Similar arguments have been used in [48] to constrain the mixed four point functions in large N Chern
Simons theories with vector matter.

— 37 —



™ while

anticlockwise rotation of the cross ratio z about the point 1, (1 —2) — (1 — z)e 2
z is held fixed in the upper half plane (UHP). Causally, this the configuration in which
O(z2) is in the future light cone of O(x3) and O(x4) is in the future light cone of O(z1) but
these pairs of particles are space like separated from one another. Regge limit corresponds
to boosting the operators O(z2) and O(x4) in this Lorentzian Regge configuration, which
translates to z — 0,z — 0 with z/z held fixed (also expressed as ¢ — 0 at fixed p). For
large N CFTs, Chaos bound implies A" < 2.

There exists a different Lorentzian kinematic limit for correlators of large N CFTs
called the “Bulk point” limit which generates tree-level flat space scattering amplitudes
corresponding to bulk interactions [31, 49, 50]. For a Lagrangian which generates flat space
S-matrix which grows in Regge limit as s, the small o behaviour of the bulk point correlator
takes the following form

U—)l()i,H;—)O gcs(u,v) o UA—llpa’ (6.44)
where the superscript C'S denotes that limit is taken in a Lorentzian scattering configuration,
which is analytically continued from the euclidean correlation function by an anticlockwise
rotation of the cross ratio z about the point 1, (1 — z) — (1 — 2)e~?™ while z is held fixed
in the UHP followed by anti-clockwise rotation of z — ze~2™ while Z is held fined in UHP.
Causally, this the configuration in which both O(z2), O(z4) are in the future light cone of
O(z3) and O(z1). Bulk point corresponds to the limit z/Z — 1 or p — 0. The coefficient
« encodes the derivative order of the bulk interaction. For CFT correlators generated by
contact term like interactions, one can analytically continue from the causally Regge sheet
to causally scattering sheet [3].

h“E(p)  hY5(p)
O-A’ —1 O-A’— 1

(6.45)

In particular, this analytic continuation does not affect the exponent of ¢ for contact term
interactions in the bulk. Eq (6.44) captures the behaviour of the CFT correlator when both
the cross ratios are small while (6.45) is for small o but finite p. For correlators of scalars,
massless spin one and spin two, this analytic continuation between two different Lorentzian
kinematics and detailed analysis of two order of limits of cross-ratios imply that flat space
Lagrangians that violate CRG necessarily violate Chaos bound, when we study the Regge
limit of the correlators generated by these Lagrangians in AdS.

A< A <2 (6.46)

Violation of Chaos bound however does not imply violation of CRG. Although this leaves
the possibility that there might be Lagrangians which are CRG allowed but violate Chaos
bound in AdS, we do not expect this to happen from the structure of AdS integrals involved
in the proof for scalar, massless spin one and spin two particles (see [3] for detailed analysis
in this regard). In fact, in all the examples explicitly studied in [3], A’ = A. Indeed, the set
of scalar AdS counterterms classified by [35], are same as the set of scalar counterterms that
are allowed by CRG for four point flat space scattering of scalars [1]. This argument then
generalises to inversion formula for conserved spinning external particles [51-53]. The local
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four photon and four graviton counterterms that are CRG allowed were classified in [1] and
they can be interpreted as the local counterterms which are AdS ambiguities for the inversion
formula for four point functions of conserved currents and stress tensors.

We would like to interpret our CRG allowed massive spin one and massive spin two
Lagrangians, in egs (6.20) and (6.22), as ambiguities of the inversion formula corresponding to
four point functions of unconserved currents and symmetric traceless tensors. Indeed one can
check that using spinning AdS propagators [54], the tree-level AdS correlators generated by
our CRG allowed Lagrangians all obey Chaos bound. However, even though we believe this
is the exhaustive list of Regge allowed counter terms, we are unable to provide a proof of this
statement due to the following reason. For massive external states, “Bulk point” limit is not
the correct kinematic limit to probe flat space scattering (appendix I of [3]). Hence a naive
extrapolation of the chain of arguments for massless scattering, that led us to establishing
that CRG violation implies violation of Chaos bound, to massive scattering is not feasible. In
particular, this leaves open the possibility that there might exist CRG violating interactions
in flat space which obey Chaos bound in AdS for massive particles. While we believe this
cannot be the case, it would be nice to establish a proof of this fact. Recently much progress
have been made in trying to understand flat space scattering of massive external particles
from AdS correlators [55-58]. Using this machinery it would be interesting to derive the
analogue of eq (6.46) for massive scattering, which would constitute a proof of the statement
that violation of CRG for S matrices of massive particles implies violation of Chaos bound
for correlators of unconserved spinning operators in CFT.

7 Conclusion

In this work, we have classified the space of contact S-matrices (analytic in polarisation
tensors and momenta) that contribute to 2 — 2 tree-level scattering of massive spin one and
spin two particles which obey CRG criteria. Our results are for both identical as well as
non-identical scattering of particles in D > 8. In the first part of this work, we constructed
the space of all allowed S-matrices that can contribute to such tree-level processes. As was
done in [1], it is useful to think of this space as a module of polarisation tensors over the ring
of polynomials of Mandelstam invariants. The classification then entails constructing the
generator of these modules and together with the polynomial of Mandelstam invariants, these
modules generate the most general S-matrix at any derivative order. Unlike the massless case,
the local module generators for massive spinning particles are easy to construct. Since there is
no gauge redundancy, the local generators need not only be polynomials of field strength (for
spin one) or Riemann tensor (for spin two). The classified structures can also be organised in
irreducible representations of Sy when they correspond to scattering of identical particles. Our
process have been summarised in section 4 and section 5 and we present the explicit structures
in the supplementary Mathematica files. The counting of number of linearly independent
structures contributing to the scattering can also be thought of constructing SO(D — 3)
singlets out of representations of little group of massive spinning particles. We obtain exact
agreement between the group theory counting and explicit construction of structures. Our
construction, although done for D > 8, can easily generalised to lower dimensions as well
where we expect reduction of parity even structures and appearance of additional parity
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violating structures due to the Levi-Civita tensors corresponding to each dimensions. In lower
dimensions the modules might not be freely generated as well. It would be interesting to
verify this through Hilbert series for the massive spin one and spin two fields [1, 9, 44, 59, 60].
For non-identical scattering, each of the primaries corresponds to a local Lagrangian while
for identical scattering, the quasi-invariants correspond to a Lagrangian coupling.

In the second part of this work, we study the Regge behaviour (large s at fixed t) of
these structures for both identical and non-identical scattering and classify the couplings
consistent with Classical Regge Growth criteria. For non-identical scattering, a single coupling
can contribute to different processes (obtained by permutations of the external states). We
demand that amplitude generated by a coupling grows slower than or equal to s? in the
Regge limit for all possible choices of polarisation tensors and each of the possible processes.
We generalise this study for the case of identical scattering as well. Our method and results
have been summarised in section 6.1 and section 6.2. For the identical scattering, we find
that only a finite number of module generators and their descendants are CRG allowed and
the corresponding local Lagrangians are given by eq (6.20) for the massive spin one and
eq (6.22) for the massive spin two scattering. We specialise to the case of D = 4, where
remarkably only a single parity even structure survives for massive spin two, given by the
zero derivative Lagrangian in eq (6.22).

We show that dRGT theory [16, 24] violates CRG except for the special choice of its
parameter values c3 = i. We do so by explicitly computing the four point tree-level amplitude
in this theory. We propose that one should consider CRG as a criteria that a theory must
satisfy when constructing tree-level massive gravity theories. In particular, our preliminary
analysis involving contact-terms suggest that it would be worthwhile exploring this problem
in the space of scattering amplitudes in a bootstrap manner by considering both exchange
diagrams and contact terms together.

We, then, interpret our CRG allowed Lagrangians as possible AdS contact term ambi-
guities that relevant for inversion formula for large N CFTs. We believe, our list of CRG
allowed counterterms is exhaustive despite the fact that it assumes CRG violation in massive
flat space scattering implies violation of Chaos bound in the bulk (since the existing proof of
the statement in [3] deals with massless particles). It would be interesting to prove this using
recent developments in massive scattering in flat space physics from AdS [55-58].

In [1], a broad goal of constraining classical theories of gravity was proposed. One of
the conjectures was that there exist exactly three classical gravitational S-matrices that are
consistent with a set of physically motivated ‘low energy’ constraints- Finstein S-matrix
generated by Einstein Hilbert action, the type II S-matrix and the Heterotic S-matrix
generated by their classical truncations. This conjecture implied but is not implied by two
more conjectures. The only consistent classical gravitational S-matrix whose exchange poles
are bounded in spin is the Einstein S-matrix and the only consistent classical gravitational
S-matrix with massless spin two pole is the Einstein S-matrix. For D < 6, the second and
third conjectures were shown to be true for four point scattering in the sense that there
exists no finite polynomial deformation of Einstein gravity consistent with CRG criteria [1].
However to address the first conjecture, we need to consider scattering of massive spins, mixed
scattering as well as higher point scattering. In this regard, its worth mentioning recently
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in [61], the authors construct a space of new amplitudes with dual resonance for a tunable
spectrum along with tame high-energy behavior and an infinite spin tower. In [62], however
demanding the factorization on massive poles onto a set of three-point amplitudes constrained
the simplest bespoke model, putting forth more empirical evidence for our first conjecture.

Let us consider dimensional reduction of pure Einstein gravity in from R“P~! dimensions
to RVP~2 x S1/75 [63]. The D — 1 dimensional theory has real massive spin one, massive
spin two as well as massless spin two, massless spin one and scalar particles. The interactions
generating tree-level amplitudes in the dimensionally reduced theory can be worked out by
linearising the Einstein gravity action to quartic orders. The three point and four point
couplings of the dimensionally reduced fields are infinite in number and are highly fine
tuned with very specific numerical coefficients appearing in front of them. The tree-level
scattering amplitudes in D dimensional pure gravity theory saturates CRG. If one were to
study scattering amplitudes in the D — 1 dimensional theory, this would be a consequence
of cancellations in the Regge growth due to fine tuning in the Kaluza Klein (KK) theory.
Thus this is a nice toy model for making progress on conjecture I of [1]. In the context of
this toy model, we can now ask the following question. We take a linear combination of all
possible two derivative three point functions and contact terms of massive spin one, spin two
and massless spin one and two particles in a D — 1 dimensional theory and try to see if there
exist a solution by demanding that the scattering amplitude, that this linear combination
generates, must obey CRG. One would expect that if we try to, say, impose CRG over just the
space of four point couplings of massive spin one without taking into account the exchanges,
we should find that no finite combinations of such four point couplings should be allowed
because of our toy example. But as we show in section 6.1 that there exists a finite solution
to this bootstrap problem. Thus a preliminary analysis leads to a conclusion that CRG is
not enough to completely fix the spectrum to KK spectrum in this approach. Despite this, it
would be interesting to see how close we can constrain the spectrum to KK theories using
CRG by considering both exchange amplitudes and purely contact amplitudes together.!!

We leave these threads for future endeavours.
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A S, representation theory

In this appendix we review the group theory for discrete group Sy, relevant for main text.
The discussion closely follows §2.3 of [1]. Sy the discrete group that permutes four objects,
which, in the context of this paper are the four scattering particles. S4 has a normal abelian
subgroup generated by Zo x Zso, the double transposition. This normal subgroup is generated
by (Pi2Ps4, P13Ps4) (where Pj; swaps ¢ <+ j) and has four elements

{1, Pio P34, P13Poy, P14 Po3}. (A.1)

Since the Mandelstam invariants are invariant under this normal subgroup, it is convenient
to impose the S4 symmetry in two steps. Given a polynomial of polarisation tensors and
Mandelstam invariants, we first impose Zo X Zs and then impose the remnant permutation

group given by the coset S5 = ﬁ. The remnant symmetry group is generated by

{1, P12, P13, P23, P123, Pa31}. (A.2)

The total action of Sy therefore corresponds to first gauge fixing an S4 element to the form
(ijk4) using Zs X Zo and then the left action of S3 on (123). Using the above factorization
we first project polynomials of momenta and polarisations to the Zo x Zo invariants by
using suitable projectors and then construct the S3 irreps of those S-matrices using the
projectors corresponding to the Ss irreps. The Zo X Zo invariant structure is also known as
the “quasi-invariant S-matrix” following the terminology in [1]. The projector corresponding
to quasi-invariant S-matrices is,

1
Iy = 1 (14 P1oP3g+ Pi3Poy + P14 Ps3) . (A.3)

Now, we construct projectors corresponding to different irreps of S3. There are three
irreducible representations of S,

ls =TT,  2m=(1, 1a= E (A.4)

1g is the complete symmetric, 1o is the complete anti-symmetric, and 2pp is the 2
dimensional mixed symmetric representation. The corresponding projectors are given below:

1 1
I = 6 (14 Pio+ Pog+ P13+ Pasi1 +Pi23), Iy, = 6 (1=Pio— Pog— P13+ Po31+Pi23),
1+ P, Py3+P P13+ P
Hglg[: +2 12—1115, Hg&[: 232 123—H15, H(ZB;\)AZ 13-; 231 .
(A.5)
One can easily check that H%M is not independent. The projectors satisfy the identity,
my) + 05 1y =o, (A.6)

as 2 is a 2 dimensional representation. These are the final set of Sy projectors that we will
use in the orbit classification S-matrices. It is also instructional to record the action of S3 on
the space of polynomials of Mandelstam invariants subject to the condition s + t 4+ u = 4m?.
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It is easy to convince oneself that the polynomials of (s, ¢, u) transforming in various irreps
of S3 subject to the condition of s + ¢ +u = 4m? are given by,

fig(s,t,u) = m?(s* + £* + u?)’(stw)",
Fal (s, u) = m® (5% + 62+ u?) (stu){(2s — t — u), (25 — 2 — u?)}, (A7)
fia(s,t,u) = ma(s* 4+ 2 + u?)b(stu)® (52t — 125 4 t2u — u’t + u’s — 52u> .

B Explicit expressions for polarisation vectors

We present the explicit expressions for N{*, N{,C1,Ca, T1, T5 used in eq (2.9).

AL — \/ m3k3, + (s — 2m?2) (mikia — kiakas)
! m3 (k3, — 4m3m3) + m3k3, + k12 (mikio — kiakos)’

NT = \/ mikiyk
—mikYy — m3kiy + kiakoakyy’ (B.1)
Cl _ m% (k14l€24 — 2mik12) C2 _ m% (k12k24 — 2m%k‘14)
m3k}, + kia (m3k12 — kiakas)’ m3k?, + k12 (m3k1o — kiakoa)’
1 1 2 2
Ti=—, T=— & = =1
k12 k14 ! !
Here we define, k;; = —2k;.k; = s;; — m? — mj2 s;;j is symmetric in 7 and j and s12 = s34 = s,

§93 — S14 — U, and S13 = S94 = t.
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