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1 Introduction

N = 4 supergravity theories in four spacetime dimensions are of particular interest, since
they exhibit the maximum amount of supersymmetry that is compatible with a consistent
coupling of the supergravity multiplet to matter multiplets. The first instances of four-
dimensional pure N' = 4 supergravities were constructed more than 40 years ago in [1-4]
and the coupling of N/ = 4 supergravity to vector multiplets, as well as some of its gaugings,
were analyzed a few years later in [5-10]. More recently, various gauged N = 4 supergravity
models originating from orientifold compactifications of type ITA or IIB supergravity [11, 12]
were studied in detail [13-21].

A systematic parametrization of all the consistent gaugings of four-dimensional N = 4
matter-coupled supergravity is provided in [22] by means of an appropriately constrained
embedding tensor that encodes the embedding of the gauge group into the on-shell global
symmetry group of the ungauged theory, namely SL(2,R) x SO(6,n), where n is the number
of vector multiplets. The embedding tensor formalism was introduced in [23-25] and further
developed in [26-29] (see [30-32] for reviews). The full Lagrangian for the gauged D = 4,
N = 4 matter-coupled supergravity in an arbitrary symplectic frame is given in [33], where
it was also shown that the supertrace of the squared mass eigenvalues vanishes for any
Minkowski vacuum of such a theory that completely breaks N' = 4 supersymmetry. This
non-trivial result establishes the absence of quadratic divergences in the 1-loop corrections
to the scalar potential for this class of vacua.

The objective of this work is the construction of all possible gaugings of the four-
dimensional A/ = 4 supergravity coupled to an arbitrary number n of vector multiplets that
include a gauging of the global scaling symmetry R™ of the equations of motion of the ungauged
theory. This symmetry, which is also often referred to as trombone symmetry, generalizes the
invariance of Einstein’s equations of general relativity under Weyl rescalings of the metric:

G = LGy (1.1)

where () is a real constant. Thus, the gauge groups under consideration in this paper will be
direct products of a subgroup of SL(2,R) x SO(6,n) and the scaling symmetry R*.

The earliest instance of a supergravity theory with local scaling symmetry is the massive
ten-dimensional ITA theory constructed in [34, 35] by a generalized dimensional reduction [36]
of eleven-dimensional supergravity. This theory is distinct from Romans’ massive ITA
supergravity [37]. Furthermore, supergravities with local trombone symmetry in nine and
six spacetime dimensions with a higher-dimensional origin were constructed in [38] and [39,
40] respectively. All the aforementioned theories do not possess an action. A general
framework for the construction of trombone gauged supergravity theories that makes use
of the embedding tensor formalism was established in [41], which also provides explicitly
the algebraic structures of the embedding tensors that parametrize the consistent gaugings
of the maximal supergravities in various spacetime dimensions that involve the on-shell
scaling symmetry of the corresponding ungauged theories as well as the quadratic constraints
satisfied by these tensors. Furthermore, the authors of [41] derived the equations of motion
that characterize the three-dimensional maximal supergravity with local scaling symmetry,



while the corresponding equations for the trombone gauged maximal (N = 8) supergravity
in four dimensions were specified in [42]. In both cases, it is clear that the field equations
cannot be obtained from an action.

As far as half-maximal (N = 4) matter-coupled supergravity in four spacetime dimensions
is concerned, the standard gaugings thereof, which describe gauge groups that are entirely
embedded into SL(2,R) x SO(6,7n) and do not include the scaling symmetry, are parametrized
by an embedding tensor © that can be expressed in terms of two real constant SL(2,R) x
SO(6,n) tensors {ans and faomrnp = famnp) [22]- From the general analysis of [41] it follows
that in this case, the gauging of the on-shell scaling symmetry of the ungauged theory
translates into the introduction of additional components 6, in the embedding tensor, which
transform in the fundamental representation of SL(2,RR) x SO(6,n). Hence, the simultaneous
gauging of a subgroup of SL(2,R) x SO(6,n) and the trombone symmetry can be described
by a deformed embedding tensor 6 carrying in total 2(”+6) + 4(n + 6) parameters.

In this paper, we work out the generic algebraic consistency constraints on the embedding
tensor of any trombone gauged supergravity that are put forward in [41] for the specific case
of four-dimensional A" = 4 supergravity coupled to n vector multiplets. This allows us to
specify the explicit parametrization of the embedding tensor O in terms of the irreducible
SL(2,R) x SO(6,n) tensors fomnp, Eanr and O, as well as the quadratic constraints on
these three tensors which guarantee consistency of the gaugings of D = 4, ' = 4 supergravity
that involve the scaling symmetry. We also confirm that these quadratic constraints are
sufficient for compatibility of the theory with A/ = 4 supersymmetry by an explicit derivation
of the associated equations of motion. Once more it is apparent that these field equations
cannot be reproduced by the variation of an action, which is explained by the fact that the
theory under study results from the gauging of the trombone symmetry of the equations
of motion of the ungauged four-dimensional A/ = 4 supergravity, which, however, is not a
symmetry of the action thereof. We should point out that a preliminary discussion of the
gaugings of D = 4, N' = 4 supergravity that involve the scaling symmetry can be found in [43],
whose author has derived an expression for the embedding tensor that parametrizes the
aforementioned gaugings as well as a set of quadratic consistency constraints on the irreducible
components of this tensor. However, our results cast doubt on the validity of these constraints.

The rest of this article is organized as follows. In section 2, we review the field content

of the four-dimensional N/ = 4 supergravity coupled to n vector multiplets and the structure

of the coset space S&g) X So?g(fgg(n) parametrized by the scalar fields of the theory. We

also provide a definition of the relevant symplectic frames. In section 3, we determine
the algebraic structure of the embedding tensor that parametrizes the gaugings of D = 4,
N = 4 supergravity that include the trombone symmetry. We also provide the quadratic
consistency constraints satisfied by the irreducible components of this embedding tensor and
an explicit general solution to these constraints. In section 4, we give the local supersymmetry
transformation rules of four-dimensional N’ = 4 supergravity with local scaling symmetry
and verify the closure of their algebra on the bosonic fields of the theory. In section 5,
we derive the full set of equations of motion that characterize the trombone gauged half-
maximal supergravity in four dimensions. In section 6, we specify the conditions satisfied by
solutions to these field equations with constant scalar and vanishing vector and fermionic



fields as well as the mass matrices of the fluctuations of the various fields of the theory
around such solutions. Furthermore, in appendix A, we present the rheonomic approach
underlying the derivation of the local supersymmetry transformations and the fermionic field
equations provided in the main text. In appendix B, we explain in detail the procedure for
the solution of the quadratic constraints on the embedding tensor. Finally, in appendix C,
we derive the quadratic constraints satisfied by the fermion shift matrices of the theory
(T-identities) by appropriately dressing the quadratic constraints on the embedding tensor
with the representatives of the scalar coset manifold.

2 The ingredients of D = 4, N/ = 4 supergravity

In order to establish the notations, we first recall the field content of four-dimensional
N = 4 matter-coupled Poincaré supergravity. The N/ = 4 supergravity multiplet contains
the graviton g,,, four gravitini Q,Z)Z, 1=1,...,4, six vector fields Af] = —Aff, four spin-1/2

fermions x; (dilatini) and a complex scalar 7 parameterizing the coset manifold Sé“g(f){). This

multiplet can be coupled to n vector multiplets, which contain n vector fields A%, a=1,...,n,

4n gaugini A%, and 6n real scalar fields ¢¥2, m = 1,...,6, which parameterize the coset

manifold %. Overall, the scalar o-model is described by the coset space [5, 6, 8]

SL(2,R) SO(6,n)

M="501) * 50(6) xS0

(2.1)

2.1 Scalar coset space representatives

The SL(2,R)/SO(2) factor of the scalar manifold (2.1) can be represented by a complex
SL(2,R) vector V, [22], where a = +, —, which satisfies the constraint

VoVi — VoV = —2ieqg (2.2)
where €3 = —€go and e;_ = 1. We will raise and lower SL(2,R) indices according to
the convention

VO =V V= eapV’, (2.3)
where € = —¢#® with €~ = 1, such that e*Veg, = a5

It is also useful to introduce the positive definite symmetric matrix
Mapg = Re(Va Vi), (2.4)
which satisfies
M Mg, = 85 (2.5)

Furthermore, V, carries SO(2)=U(1) charge +1.

On the other hand, the coset space SO(6,n)/(SO(6)xSO(n)) parametrized by the 6n
real scalars of the n vector multiplets can be described by means of a coset representative
Ly = (Ly™, Ly®), where M =1,...,n+6 is a vector index of SO(6,n), m =1,...,6 and
a=1,...,n are indices of the fundamental representations of SO(6) and SO(n) respectively,

— 4 —



while M is an SO(6)xSO(n) index, which decomposes as M = (m, a). The matrix L is an
element of SO(6,n), which means that

N = nun LMLy = Ly™M Lyyr = Lyr™Lvm + Ly®Lya (2.6)
where nyny = nun = diag(—1,—1,—1,—1,—1,—1,1,...,1). The constant matrices nyn
— ————

n entries
and ny7n and their inverses, n”™Y and MY can be used as metrics to raise and lower the

corresponding indices.
As for the scalar sector of the N' = 4 supergravity multiplet, it is useful to introduce
the positive definite symmetric matrix M = LLT, with elements

Muyn = —L]MmLNm + LMQLNQ, (27)
which satisfies
MMN Ny p = 6. (2.8)

We can trade the matrix elements Ly/™ for the antisymmetric SU(4) tensors Ly% =
— L7 defined by

Ly = FmijLMmy (2.9)

where Fmij are six antisymmetric 4x4 matrices that realize the isomorphism between the
fundamental representation of SO(6) and the two-fold antisymmetric representation of SU(4).
We refer the reader to appendix A of [33] for the explicit expressions for these matrices. In
terms of Ly/¥, which satisfy the pseudo-reality condition

S |
Lrij = (LmV)" = §€ijkzLMkl7 (2.10)
equation (2.6) is written as
UMN:_LMULNU_‘_LMQLNQ (211)

2.2 Fermionic fields

The fermionic fields of D = 4, N' = 4 matter-coupled supergravity transform in representations
of the isotropy group H = SO(2) x SO(6) x SO(n) of the coset space (2.1), parametrized
by the scalar fields. More precisely, the gravitini, the dilatini and the gaugini transform in
the fundamental representation of SU(4), which is the universal cover of SO(6), while the
gaugini alone transform in the fundamental representation of SO(n) as well. Furthermore,
the fermions 1,[);, X' and A& carry SO(2) charges —%, +% and +% respectively and have
the following chirality properties:!

Vsl =P, vsx' =X, AE =2, (2.12)

while their charge conjugates v, = (1#;)6, xi = ()¢ and XY = (A\%)€ have opposite SO(2)
charges and chiralities.

"We use the gamma matrix and spinor conventions of [32], which are also summarized in appendix A of [33].



2.3 Symplectic frames

The Lagrangian that describes the ungauged theory involves n + 6 abelian vector fields AI’),
which are referred to as electric vectors and combine with their magnetic duals, A,,, into an
SL(2,R) x SO(6,n) vector Aﬁ/[a, which is also a symplectic vector of Sp(2(6 +n),R)D SL(2,R)
x SO(6,n). Following [22], we introduce a composite SL(2,R) x SO(6,n) index M = M«
and an antisymmetric symplectic form CMV defined by

CMN = cMaNB = MN o (2.13)

Every electric/magnetic split Aﬁ/‘ = Aﬁ/l o= (Aﬁ, Aj,) such that (2.13) decomposes as

AY A A
cmv _ (© . ) 02 o3 (2.14)
CA” Cax 0% 0

defines a symplectic frame and any two symplectic frames are related by a symplectic
rotation that is an element of Sp(2(6 + n),R). In [33], the choice of the symplectic frame was
conveniently parametrized by means of projectors IT* v and Iy o that extract the electric
and magnetic components of a symplectic vector VM = (VA7 V) respectively, according to

VA =114 VM, Vy = My VM. (2.15)

The properties that must be satisfied by these projectors are provided in the same reference.

3 Gauging the scaling symmetry

In this section, we will present the structure of the consistent gaugings of half-maximal
supergravity in four spacetime dimensions that involve the scaling symmetry. We first recall
that the on-shell global symmetry group of the ungauged D = 4, N/ = 4 supergravity coupled
to n vector multiplets is

G = SL(2,R) x SO(6,n) x RT, (3.1)

where RT denotes the scaling (or trombone) symmetry of the equations of motion, under
which the various fields transform as

59#1/ = 2/\guu ) 5A,/LV1 = )\A;/LV[? 0T =0, st =0, (3'2)

) 1 . . 1 . . )
0 =M, =g, A= oA, (3.3)

1
2
where A is an infinitesimal real parameter. We denote the generators of G by ¢ ; = (to,t4),
where tg is the generator of the scaling symmetry R, while t4 are the generators of
SL(2,R) x SO(6, n), where the index A labels the adjoint representation of SL(2, R) x SO(6,n),
and thus decomposes as A = ([MN], (af)).



3.1 Embedding tensor

For the purpose of constructing the most general N' = 4 locally supersymmetric theory in
four spacetime dimensions whose gauge group is the direct product of the scaling symmetry
R* and a subgroup of SL(2,R) x SO(6,n), we will employ the embedding tensor formalism,
which was introduced in [23-25] and further developed in [26-29] (see [30-32] for reviews).
In this formulation of the gauging procedure, all the information about the embedding of the
gauge group into G is encoded in an embedding tensor ) MA, by means of which the gauge
group generators X x4 are expressed as linear combinations of the generators of G according to

XM:éMAtA:éMOto—i-éMAtA. (3.4)

We also introduce vector gauge fields Aﬁ/l = Al]y @ which decompose into electric vectors Aﬁ

and magnetic vectors A,,, and the gauge covariant exterior derivative
d=d—gAMX (3.5)

where ¢ is the gauge coupling and AM = Aﬁ/‘daz“. The action of (3.5) on a p-form depends
on the representation of G carried by the latter. Furthermore, we note that

B = gO,AaM (3.6)

is the linear combination of the one-form potentials A that gauges the scaling symmetry.
Moreover, from the coupling of the embedding tensor in (3.5) it follows that the latter has
scaling weight —1.

Following [41], we consider the following ansatz for the embedding tensor:

(_:)MNP — (__)MNP + Cl(tNP)MQHQa
@Mﬁ“/ — @Mﬂ’)’ + <2(t5’7)MQGQ ’ (3'7)
OM’ =0,

where ¢; and ¢y are real constants and Oy = (0O, ©1%7) is the embedding tensor
that parametrizes the standard gaugings of four-dimensional N = 4 supergravity, which do
not involve the trombone symmetry. Consistency of the standard gaugings restricts © ,4
to the (2,n+ 6) + (2, (ngﬁ)) representation of SL(2,R) x SO(6,n), which means that this
embedding tensor is built out of two real constant SL(2,R) x SO(6,n) tensors &, and
JaMNP = [aMNP] [22]. The explicit expressions for its components, Oun VP and ©,1/77, in
terms of £,a7 and foarnp can be found in [22, 33]. Also, (tA)MN

the generators of SL(2,R) x SO(6,n) in the fundamental representation, which are taken to be

are the matrix elements of

N,Bzéﬁ

(tPo)ma’" = 5[]}[377Q]M527 (tys) Ma (765)a5z\N4 : (3.8)

We now recall that the non-abelian two-form field strengths H™ of the vector gauge
fields AM involve Stueckelberg-type terms of the form [27, 44]

HP > ¢Z% yix BV, (3.9)



where BMN = BMN) are two-form gauge fields and the intertwining tensor Z7 s is given by
ASVIVED. (IVIGLE (3.10)

where )
Xan” = OMA (t)NT = —0MmdN + O (ta) T (3.11)

are the matrix elements of the gauge group generators in the fundamental representation
of G. As pointed out in [41], the two-form field content of the theory should be the same
in the presence and in the absence of a gauging of the scaling symmetry, since it is fixed by
supersymmetry. Therefore, the intertwining tensor must project onto the adjoint (3,1) +
(1, in+6)(n+ 5)) representation of SL(2,R) x SO(6,n) in its lower indices (MN'). This
requirement determines the parameters (; and (s in the ansatz (3.7) for the embedding tensor.

More precisely, the two-fold symmetric tensor product of the fundamental (2,n + 6)
representation of SL(2,R) x SO(6,n) decomposes as

((2,n+6) x (2,n+ 6))sym.
_ (3,;(n+6)(n+ 7 — 1) +(3,1) + (1,;(n+6)(n+5)> (3.12)

We require the projection of the intertwining tensor onto the representation (3,%(n+6)(n+7)-1)
to vanish, i.e.

1
ZPV(M(OAN)/B) — —— w25 R(als|p) = 0. (3.13)
n+6

Substituting the ansatz (3.7) into the above condition and using the explicit expressions (3.8)
for the generators of SL(2,R) x SO(6,n), we ﬁnd (1+ (= -2, 0r (o0 =—2— (1. Therefore,
the components of the embedding tensor 6 M2 read

Ount™F = furr™F 4 0l B — ¢ 6107, (3.14)
Ouns™ =68 — 2+ (1)5%07) | (3.15)
éaM =0.0 - (3.16)
Without loss of generality, we can set (; = —1, which leads to
Ourt VT = fors NP + 61Nl 4 sWTP, (3.17)
Ouns® = 5P&1) — 507 (3.18)
Ounr’ = Oanr - (3.19)

Indeed, for any other value of (;, the parametrization (3.14)—(3.16) of the embedding tensor
can be obtained from (3.17)—(3.19) by the redefinition {oar — {anr — (C1+1)0anr. In the rest of
this paper, the components of the embedding tensor © will be given by equations (3.17)—(3.19),
which result in the following expression for the entries of the gauge group generators:

Xntans™" = = 53 forin® + 5 (55153 — 6F00Eanr — maind3eR + Feasth)

— 6800 ars + - (5M5waN + 08 020n — nunO0E — Reastl) . (3.20)



Furthermore, the intertwining tensor equals

ZP aw = ZPA(ta) (3.21)
where

ZMaNP _ —%@O‘MNP + gnM[N‘ea‘P], ZMeapy — %60‘(5 (M 4 M) . (3.22)

We should mention that a parametrization of the embedding tensor describing the
gaugings of D = 4, N' = 4 supergravity that involve the scaling symmetry was first given
in [43]. In this reference, the embedding tensor O is given by (3.14)—(3.16) with ¢; = 2
and O, = —%KZQM, so it clearly satisfies the linear constraint (3.13). Equivalently, the
expression for Xy ng 7 provided in [43] can be obtained from (3.20) by redefining &,as as
ot — Eamr — 30ar and then setting Oqp = —%RQM.

3.2 Quadratic consistency constraints

In order for the gauging to be consistent, the embedding tensor 6 MA must also be invariant
under the action of the gauge group that it defines, which translates into the quadratic
constraints [41]
0=Om 100 = Xpun"0p (3.23)
0= (:)MAtA@NB = XM/\/’P@pB + (:)MA@N’CfAcB, (3.24)
where fap® are the structure constants of the Lie algebra of SL(2,R) x SO(6,7), defined

by [ta,t] = fap%tc. From equations (3.23) and (3.24) it follows that the gauge group
generators satisfy

(X1, Xn] = =Xaun" Xp (3.25)

which amounts to the closure of the gauge algebra. Using (3.17)-(3.20) we find that
conditions (3.23) and (3.24) are equivalent to the following quadratic constraints on the
SL(2,R) x SO(6,n) tensors fopmnp, Samr and Ouns:

&0 Opny = 0,

(3.26)
e’ (engMNP + &am|9pN) — 39aM95N> =0,
(3.27)
0o foyninp + SN =0,
(3.28)
5%95)1\4 +0X 050 =0,
(3.29)

gafﬂ)MNP — &8N =0,
(3.30)



Mg+ EMEarr =0,
(3.31)

*h <€§fﬂMNP + SamépN — 3€a[M|95|N]) =0,
(3.32)

3 famnirSapQ) " + 28 fonpg + 20 fonpg =0,
(3.33)

€Poian fanpg =0,
(3.34)

P (farinrfarQ"™ — Eappn Fainipg + Eatp a1 + Oapan Fainpo — Oulp faiQiaN

FEaimEaPNQIN] — Salm|O81PTQIN] + SalpOa1MmINIQ) — 30aimOpPTIQIN]) = 0.
(3.35)

In the absence of a gauging of the scaling symmetry, i.e. for 6,3 = 0, the above constraints
consistently reduce to the quadratic identities (2.20) of [22], obeyed by the tensors foasnp and
&anr that parametrize the standard gaugings of half-maximal supergravity in four dimensions.
Furthermore, given the remark in the last paragraph of the previous subsection, the quadratic
constraints (3.26)—(3.35) should reproduce the corresponding constraints in [43] if one performs
the redefinition {apr — &anr — 304 and then sets 0,37 = —%/ﬁa M- However, we have found
that this is not the case and, in fact, the quadratic constraints on the irreducible components of
the embedding tensor © provided in [43] are not consistent with the formula for X x” therein,
since they do not imply the closure relation (3.25); thus, we respectfully disagree with them.

3.3 Solution to the quadratic constraints

In order to solve the quadratic constraints (3.26)—(3.35) for any number n > 1 of vector
multiplets, we employ a strategy similar to the one followed in [41, 42] for the solution of
the corresponding constraints for the maximal supergravities with local scaling symmetry
in various spacetime dimensions. In particular, we decompose the embedding tensor with
respect to the subgroup SO(1,1)p x SO(1,1)4 x SO(5,n — 1) of SL(2,R) x SO(6,n), where
SO(1,1)p is a subgroup of SL(2,R), while SO(1,1)4 x SO(5,n — 1) is embedded into SO(6,n).
When SO(6,n) is broken to SO(1,1)4 x SO(5,n — 1), an SO(6,n) vector vy; decomposes into
an SO(5,n — 1) vector vy, where 7o = 1,...,n + 4 is an index labelling the fundamental
representation of SO(5,n —1), and two SO(5,n — 1) singlets vq, and ve with SO(1,1) 4 weights
0,41 and —1 respectively, according to the branching rule

n+6=n+4)°"+1" 4171, (3.36)
while the SO(6,n)-invariant metric ny/n decomposes as
nuN = (Nee = Nes = 1,Mma), (3.37)

where 1,5 is the SO(5,n — 1)-invariant metric. Furthermore, with respect to the subgroup
SO(1,1)p of SL(2,R), an SL(2,R) vector v, splits into two scalars vy and v_ with weights
+1 and —1 respectively under SO(1,1)p. Therefore, with respect to SO(1,1)p x SO(1,1)4 X

,10,



SO(5,n — 1), the embedding tensor components £, and 6., decompose as

Sart = (Ermr 10,840 6—m §—a. &), (3.38)
QOJM = <9+T?L7 0+EB7 9+@7 9—777,7 0—@7 9—@) . (339)

Moreover, the SL(2,R) x SO(6,n) tensor foynp decomposes as

farine = (frmnp, fronp, fronp: f+aop f-map, f-omp, f-onp, f-oop); (3.40)

given the branching rule of the 3-fold antisymmetric representation of SO(6,n) with respect
to the subgroup SO(1,1)4 x SO(5,n — 1):

0 +1 -1
(3003 - 037) 07 v on

Our choice to decompose the embedding tensor with respect to the subgroup SO(1,1)p x
SO(1,1)4 x SO(5,n — 1) of SL(2,R) x SO(6,n) is motivated by the fact that the respective
decomposition of 6,5, contains an SO(5,n — 1) singlet, for instance 6,4, which, if non-zero,
allows one to solve all of the quadratic constraints (3.26)—(3.35). Indeed, in appendix B, we
prove that for non-vanishing 6,7, the general solution to these constraints is parametrized by
three real SO(5,n—1) singlets 0.4, 0_g, {+a, a real SO(5, n—1) vector 0., an antisymmetric
rank two SO(5,n — 1) tensor figma, whose weights under SO(1,1)5 x SO(1, 1) 4 are indicated
by their relevant indices, and four additional real SO(1,1)p x SO(1,1)4 x SO(5,n — 1)
tensors (i, Cmy C—@mn = C—@pmn]» C+map = Cy[map), Which are eigenvectors of the operator
0f o = fra ™t na, where ty, = timn) are the generators of SO(5,n — 1), according to

a1
OfreCrm = —from Cra = 3 (bre +01a) Crm, (3.42)
. 1
0ty Crmap = —3frapm Craplq = 5 (Ere + 0+1a) Crmnp » (3.43)
0,0 C-mmn = 2from’Canp = (—&+a + 04a) Camn (3.44)
A 1
Ofre G- = —frem" (- = =5 (Ere — 30+0) (- (3.45)

The remaining irreducible components of the embedding tensor can be expressed in terms
of the aforementioned tensors as

9 0™ 3.46
9 g0 .- igme (3.47)
0o =720+ (3.48)
+®
Lo on L s
—_ = - MO 3.49
f—&-@ 203_@ + Y+ 9+®C+ + ( )
3
£ o Tii 0_q (3.50)
o= -0 mg ., . 5‘"7@9 3.51
—6 = T g2 ¢ +m+9 -5, (3.51)
+@ +©
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Erm 2979+m + G

&
0 0 ¢

§—m :§+E.; @9+m + 9 ®C+m 9+EB Crin s
0% +@ +o
1 TL

f+oom =0 fromally C+m :

o

0—o A 1 p 10-g 1 (&t
_gom =75 fremaly + 7—C_amnty — 55—C m+(3)C
f-eo gz, Jromils g Gomnby =5t e o (g,

9 R A
fremn =— Ee—&-[mf—&-@ﬁ]ﬁgﬁ - meieﬂaﬁr@mﬁ

- 91 (Crmaphl + Copmban)

0_
f—@mﬁ :9 @f—l-Ean +C—€an,
+
1 16_ 6?_ 5
J—omn :%Cfe-&-ﬁf—i-@mﬁ — 203@9 O1pf+amn — 93 20, i franp?
Cinf 0065 2, ¢ onpb
m n + emn — +|m EBn
R L e e e
0 S0 N 3
gz, et — g Crinbia) + g Cpnbia) — g—Cpnbial
Yo to O+
3
J+mnp :@0+[m.f+@ﬁﬁ] + Cmip 5

0_ 0_o 3 3

f—mnp _3(9 699—1— mf—i-e}np] + - C-i—mnp TC—[mf—i-@ﬁ;ﬁ] + 976+[mC—€Bﬁﬁ] .
+® -‘r +& +&

Furthermore, the ¢ tensors must satisfy the polynomial constraints:

(P =0,

("¢ =0

Camall =0

(—emal" =0

CimC—n =0

C+mﬁ;3§§ =0

Crrmnp P =0,

3Csrpmalapa + 2C+pmCrapg =0,
CimCrapg =0

; 3
C-@p’Crmag + Chpml—galp — Cpl—ama — 2 (eii - 1) C— i +onlp

2 X 1(&
+ g —Cmfren frep — 5 <0+@ — 2%t — 36’+@> C—pinagp =0
+@ +&
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(3.52)
(3.53)
(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.70)



It is easier to construct solutions to the system of equations (3.42)—(3.45) and (3.61)—(3.70)
than to the original set of quadratic constraints, (3.26)—(3.35). A simple solution to the former
can be obtained by setting (15 = (—m = C—@mn = C+map = 0, which leaves a non-trivial
embedding tensor parametrized by 0iq, 0_g, é+a, Orm and fipma.

Interestingly, SO(1,1) x SO(5,n — 1), where the SO(1, 1)-factor is identified with the
diagonal of SO(1,1)p and SO(1,1)4 [22], is the global symmetry group of the ungauged
five-dimensional A/ = 4 supergravity coupled to n — 1 vector multiplets [45, 46], which,
upon compactification on a circle, yields a four-dimensional N' = 4 supergravity coupled
to n vector multiplets. Thus, at least a subset of the gaugings of four-dimensional N’ = 4
supergravity described by the general solution to the quadratic constraints (3.26)—(3.35)
given in this subsection must have a higher-dimensional origin as Scherk-Schwarz reductions
from five dimensions.

Obviously, the breaking of the SO(6,n) symmetry to SO(1,1)4 x SO(5,n — 1) requires
the existence of at least one vector multiplet, i.e. n > 1. Let us now discuss the case of
pure D = 4, N' = 4 supergravity, for which n = 0. Adding the quadratic constraints (3.29)
and (3.31) we obtain

MY (Eant + Oanr) (Esn +05n5) = 0. (3.71)
For n = 0, MV = —¢MN = _diag(1,1,1,1,1,1), so equation (3.71) implies that
goeM = _eaMy (372)

which ensures the validity of the constraints (3.26), (3.29) and (3.31). Furthermore, as a result
of (3.72), the rest of the quadratic constraints on the embedding tensor are simplified to

e (08 farine — ety ) =0, (3.73)

G@fﬁ)MNP =0, (3.74)

fapanirfapg™ =0, (3.75)

o fanrg =0, (3.76)

e (fantnnfarg™ + 2Wapn fanpo — Waip faiguin) = 0. (3.77)

A non-trivial solution to the conditions (3.73)—(3.77) can be obtained by assigning arbitrary
non-zero values to the components fii23, 614, 015 and 64 of the embedding tensor and
setting all the other components of foy/np and 6,3; equal to zero. In this case, the vector
fields A, A>* and A" gauge an SO(3) subgroup of SO(6), while the linear combinations
S8 9+MA£/[+ and 38,4 9+MA24_ of the vector fields gauge the subgroup of SL(2,R)
generated by o3 and o1 + i0y and the former gauges the scaling symmetry as well. Another
simple way of satisfying (3.73)—(3.77) is by setting fopnp = 0 and Oyp1 = voApr, Where vy,
and Ajs are arbitrary real SL(2,R) and SO(6) vectors respectively. Therefore, the gauging
of the scaling symmetry is consistent for n = 0 as well, since there still exist solutions to
the quadratic constraints (3.26)—(3.35) with non-vanishing 6,/.
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3.4 Gauge covariant field strengths

Under a gauge transformation with infinitesimal parameters ¢ (z) the one-form gauge
fields AM transform as

S AM = deM = dcM 4 gXpp™MAN (P (3.78)
and their non-abelian two-form field strengths are defined by [27, 28, 44]
HMe —gAMe %XNBPWMO‘ANB AAPY 4 gzMeAp,
—dAMe %XNBPWMC“ANB A APY (3.79)
3
— J0°MypBNP 1 gy BN + I () + 0)1) B,
2 2 2
where BMN = BIMN] and B8 = B(@B) are two-form gauge fields in the adjoint representa-

tions of SO(6,n) and SL(2,R) respectively. The above field strengths transform covariantly
under (3.78), i.e.

S HM = —gXprpM N HP, (3.80)

provided the two-form gauge fields transform as (see for example [31])
5 BMN = e (_2€[M|aH|Nm 1 AlMla 5 5<A|NW) , (3.81)
5B = nurx (QCM(a\ HNIB) _ AM(@l p 5, ANlﬁ)) , (3.82)

Furthermore, the field strengths (3.79) are invariant under the following tensor gauge trans-
formations, which are parametrized by one-forms ZMN = EMN] apd 28 = =(h).

SeAMe — _gzMadz %@aMNPENP - g g3 =MN _ g (554 + egﬁ) zoB (3.83)
6= BMN — q=MN 4 ¢ g AMIe p 52 AINIE (3.84)
6=B*? = d=% — npn AM@ A 5z ANID), (3.85)

where
dzMN = g=2MN _240,p AP NEMN 4 966, polM AT A EINIQ (3.86)

and
d=P = d=°F — 2¢0. 3, AMY N 2P
_g (§<a|M _ 9<a\M) Anry AEPY — g (&0 — Oy0) AM@ AZOT, (3.87)

since the parameters of the tensor gauge transformations have scaling weight +2, as do
the two-form gauge fields.

The gauge covariant three-form field strengths of the two-form gauge fields are de-
fined by [44]

HEOMN — GMN | ¢ Al A (dANW + %XPW(;WWAP7 A AQ5> : (3.88)

/H(S)aﬂ = dABaﬂ — nMNAM(a‘ VAN <dAN|ﬁ) -+ %XP,YQ(;NW)APW AN AQ5> . (3.89)
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In addition, the field strengths (3.79), (3.88) and (3.89) satisfy the Bianchi identities

dHMe = gzMaAy®) (3.90)
ZMeAGHE) — Xy, MO NS A HP, (3.91)

where dHM® = dHM® 4 gXnzp, MO ANS A HP.

3.5 Scalar sector

In this subsection, we discuss the interplay of the scalar sector of D = 4, N' = 4 matter-coupled
supergravity with its gaugings that involve the scaling symmetry.

For the coset space parametrized by the complex scalar of the N = 4 supergravity
multiplet, we define the gauged SL(2,R)/SO(2) zweibein by

P= %eaﬁvacivﬁ (3.92)
and the gauged SO(2) connection by
1 1 af N )%
A= —5€ ValdVj , (3.93)

where

. 1 1
Vo = AV + 59 (Earr = Oanr) AMBY, 39 (gﬁM - 96M) AnaVs . (3.94)

The definitions (3.92) and (3.93) follow from the expansion of the gauged Maurer-Cartan
left-invariant one-form associated with the coset manifold SL(2,R)/SO(2) along the basis
{01,102, 03} of the Lie algebra sl(2,R), where oy spans its compact s0(2) subalgebra (see [33]
for more details).

The Maurer-Cartan equation satisfied by this form implies the Bianchi identity

DP=dP - 2iANP = %g (Eart — Oant) VOV HMP (3.95)
and gives the following expression for the gauged SO(2) curvature:
F=dA=iP"ADP+ % (€9 — 0%,) MagHMP. (3.96)
With some algebra, one can also derive the useful identity
DV, =dV, —iAv, = PV*. (3.97)

On the other hand, for the coset space parametrized by the 6n real scalars of the n vector
multiplets, we define the gauged SO(6,n)/(SU(4) x SO(n)) vielbein by

P9 =M, dLy"Y, (3.98)
the gauged SU(4)~SO(6) connection by

& = MRy (3.99)
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and the gauged SO(n) connection by
02 = LM ,d L0, (3.100)

where
dLy™M = dLy ™M + gANO N T L. (3.101)

In this case, the relevant gauged Maurer-Cartan equations imply the Bianchi identity
DT = AP + gt A By — @i A BT — 2 A By = 9O NP g L HM®,  (3.102)

as well as the following expressions for the gauged SU(4) and SO(n) curvatures Rij and
RQQ respectively:

Rij = dd}i] — Q' A (ij = pwik VAN Pyk + géaMNPLNikijkHMa, (3103)
RQQ = d@gb + (:Jgg A AQQ = —p@'j A PYI + géaMNPLNngQHMOC. (3.104)

One can also derive the following useful relations:

A~

DLMU =dLy" — @)ikLMkj - d’jkLMik = LMgpgijv (3.105)

DLy® = dLp® + 0% Lt = Ly P (3.106)

4 Supersymmetry algebra

In this section, we provide the local supersymmetry transformation rules of D =4, N’ =4
matter-coupled supergravity with local scaling symmetry and the algebra that they obey.
In the geometric approach [47], the local supersymmetry transformations of the spacetime
fields follow from the restrictions to spacetime of the Lie derivatives of the corresponding
superfields along a tangent vector that is dual to the gravitino super-one-forms, as explained
in appendix A.

In particular, the N' = 4 local supersymmetry transformations of the bosonic fields
€y» Yo, Lij, Lag and Afy @ are the same as in the ungauged (or standard gauged) theory

and are given by [33]

Seel = Ev iy + €YV, (4.1)
56Va = VZEiXi, (42)
56LMij = LMQ(QE[Z)\?] + Eijklgk)\gl), (4.3)
L = 2Ly X5 + coc. (4.4)
S AN = (V) LM e yux? — VOLMEE Mg + 2V LM @ + cc. (4.5)
while the corresponding transformations of the linear combinations
BMa — 1 @ocM BNP 39(1 BMN 1 M 9M Baﬁ 4.6
7% :_5 NPD +§N 7% +§(£B + ﬁ) 7% ( )
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of the antisymmetric tensor gauge fields, which appear in the gauge covariant field
strengths (3.79) of the vector gauge fields, read

563%04 _ 4ZZMO¢NPLN‘1LP Ez’ym,)\ + = (53 + QM) (VOl> (V,B)*gi%yxi
+ 4ZZMaNPLNaLpz]€ ’ij)\ + = (5,3 + GM) VaVﬂE Yuv Xi
+ 8iZMNE LR Ly (i) + €ty (4.7)
M M o — — i
- (55 + 03 ) MeP (6 Vil Vi) + Eivui/ﬁy])

+22M peg, AL S ALY — (€4 + 031) mvp Al 5eA])).

V]

Before giving the local supersymmetry transformations of the fermions, we introduce
the symplectic vector g{)ﬁa (H W, Gauv), where H ;}V =TT yo H %‘1 are the field strengths
of the electric vector fields Aﬁ and Gy, are their magnetic duals, defined by

1
Gapw = RAZHEV — §€HVPOIAEHEI)U + fermions,, (4.8)

where Ry, and Z)x: are the kinetic matrices of the electric vector fields in the Lagrangian for
the standard gauged D = 4, N' = 4 supergravity. The expressions for these matrices depend
on the choice of the symplectic frame and can be deduced from the following decomposition
of the 2(n + 6) x 2(n + 6) matrix Myn = MynvMyp in a given symplectic frame:

(4.9)

Mz Mp*
MMN - MAZ MAE

—(T+RI'R)px (RT 1),
(I—IR)AE _(I—l)AE '

The fermionic part of (4.8) is explicitly given in [33]. We also point out that G)/* satisfies
the twisted self-duality condition [33]

€upoGM P = 27]MNe°‘ﬁMNpM5yg5,7 + two-fermion terms. (4.10)

The local supersymmetry transformation rules for the fermionic fields 1;,, x; and Ag;
in the trombone gauged four-dimensional half-maximal supergravity can be written in a
manifestly SL(2,R) x SO(6, n)-covariant form by means of the symplectic vector g})ﬁa and,
up to terms quadratic in the fermions, which can be found in [33], are given by

~ ) .1 - ) )
561%/1 = Dﬂfi - fVaLMijQ%O‘fy”p'y e — ngh-j'y#e] + gqjlekl’yuej, (4.11)
OeXi = V*LMUQ el P 7“@ + gAgwej — nge] (4.12)
1
Oc /\ = *V*LMag M € — Pgiju’y“ej —|—gAQE]i€j — Zngei, (4.13)
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where the fermion shift tensors read
g , .3 g
AY = farrnpV LM LNFLEI 4 §§aMVaLM”, (4.14)
. . 1 .
Asai? = faranpVLM LN LPIF — ZfﬁéaMVaLM@
A'Llj — faMNP(Va)*LMleNikLPﬂ,
BY = fop VLMY,
B% = Oop VLM

In particular, the A tensors (4.14)—(4.16) were first introduced in [22]. Furthermore, the
covariant derivatives of the supersymmetry transformation parameters €; in (4.11) are explicitly
given by
Diues = e + ~w (e, A, 1) b, — LR e — o er — L0, 0 AV, (4.19)
n€i = Op€g 1 nab\ €, A, P)7Y € 9 w€i i u€j 9 aMA, €, .

where

wu™ (e, A, 1) = 2”199y e0) — 1€MW e, 0,5 + DA + gy, + iley )
— QQeEfeb]”GaMAya (4.20)

is the solution for the spin connection wuab of the restriction of the supertorsion con-
straint (A.20), T = 0, to spacetime.

The commutator of two consecutive local supersymmetry transformations, dg(e1) and
6 (e2), parametrized by left-handed Weyl spinors €} and €} respectively and their charge
conjugates, reads

[Ba(e1), 0 (€2)] = deget (€") + drorents (Aab) + 9@ (€3) + dso(2) (A)
+ 5SU(4) (Azj) + 580(71) (AQQ) + 5gauge(CMa) + 5tensor<E;]Y[Na Eg'@) ) (421>

where the first term denotes a covariant general coordinate transformation [48-50] with
diffeomorphism parameter

f“ = Egi’yl%il -+ E%'y”qi . (4.22)

We refer the reader to [33] for the explicit form of this transformation. The expressions
for the parameters of the remaining transformations that appear on the right-hand side
of (4.21) can be found in the same reference. Here, we only give the parameters of the
vector and tensor gauge transformations:

CMO‘ = —Q(Va)*LMijEUEQj +c.c., (4.23)
EMN,u = 4Z'L[MikLN}jk (Eli’)/MEJé - Egi’yufji) y (4.24)
Eaﬁu = Maﬂ (Elmueé - Egi’yuei) . (4.25)

The supersymmetry algebra (4.21) has been verified in [33] for the standard gaugings of
four-dimensional N' = 4 supergravity, for which 6,3, = 0. In the presence of a gauging of the
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a
I

Vas Laij and Lyg, of the coset manifold parametrized by the scalar fields of the theory.

scaling symmetry, the algebra (4.21) still closes on the vielbein €% and on the representatives

Of course, in the latter case, the action of the commutator [dg(e1),dg(€e2)] on these fields
yields additional terms that involve the embedding tensor components 6,;;. For example,
for the vielbein we find

[Gg(er), dglea)lel > —2g0anr (VELM éte) + (V) LM e er5) e (4.26)

which is precisely a scaling gauge transformation of the vielbein with parameters given
by (4.23).

Furthermore, the action of the commutator of two local supersymmetry transformations
on the vector gauge fields gives

[0 (1), 5Q(62)]A£/[a =0cget (fu)Aﬁ/Ia + 5Q(53)A£/Ia + 5gauge(<Nﬁ)A,]ya
+ 5tensor(E]yVP7 E/E’Y)Aﬁ/la - 51/ (g%a - H%a) ) (427)

which has exactly the same form as in the standard gauged theory [33]. Since Q;}V =H l‘},/, (4.27)

implies that the N' = 4 supersymmetry algebra (4.21) closes on the electric vector fields
Aﬁ. It also closes on the linear combinations II* ;.60 Ap, and A MaéaM AAAM of the

magnetic gauge fields provided
O (Gt = H) =0 (4.28)

and

O’ (Gt — HM) =0 (4.29)

respectively. Equations (4.28) and (4.29) are duality equations between the electric and
the magnetic vector fields projected with the components 64 and O A of the embedding
tensor respectively.

In addition, for the two-form gauge fields B%O‘ we find

[ (€1), dq(€2)] By =00 (e3) By +Ggauge (¢ ) By + Grensor (25 257) By

pv

_5Q (gpr)B/%a+€uypa€pJMaa (430)
« NB P N(a| »P|B

_2ZM Npeﬁ,ygpA[Mﬁgy]Z_i_(féw_i_géw) nNPépA['u |gy}l}),

where the vector gauge transformations (3.81) and (3.82) of the two-form gauge fields have
been modified as

O BAN = —2eqs (Mg — ABTI5 A1) (4.31)
and
¢ B = 2w (CM<a|glivV|ﬁ> _ Aff("" 5 A%\B)) (4.32)
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respectively, and
JMap — _gzMa [LN o LIP3 P2t 4 LN LPIR (g iyt 4 208 N
+ 266070 j0) + 2LV LA N+ 2LN L5 (At Ny )

oo (R o) [

{ A 3¢ - 1 —
SO O P b (e SR 3

=GV (R = L)+ ) ) (- .

Using the Bianchi identity (3.90), the fact that QI/}V =H {}V and the quadratic constraints (3.26)—
(3.35) on the embedding tensor, one can show that if the equations of motion

1 R
§e/Wf)f’DVg,ﬁ‘ff“ = gJMen (4.34)

where Bug%a = 8MQ%O‘ + gXng,yMaAfyﬁgfpV, are satisfied, then

[Bo(er), dg(e2)] (TP mBA!) = degen(€”) (T Bt + S (es) (T mBi )
+ Bgauge (¢V7) (T 1B
+ Sensor (BN T, 207) (HA MB%) (4.35)
— I Xy MeP AN (gfy - HZZ/)

+ 3 X pep MEP AN (67— HT).

Therefore, the ' = 4 supersymmetry algebra (4.21) closes on the antisymmetric tensor fields
mt MB{X} up to the last two terms on the right-hand side of (4.35), which, in the absence
of a gauging of the scaling symmetry, correspond to a gauge invariance of the Lagrangian
of the standard gauged D = 4, N' = 4 supergravity that acts only on the two-form gauge
fields (see for example [29, 51]). Moreover, equations (4.34) are identified with the equations
of motion for the vector gauge fields A/]y @ and their bosonic sector will be reproduced in
the next section as well.

Finally, the supersymmetry algebra (4.21) closes on the fermionic fields, provided their
equations of motion hold. These equations are given in the next section.

5 Equations of motion

Having specified the local supersymmetry transformation rules, we are now ready to proceed to
the derivation of the equations of motion of the most general four-dimensional N' = 4 matter-
coupled supergravity with local scaling symmetry. Since this theory does not admit an action,
it must be constructed directly on the level of the equations of motion. By explicitly working
out these field equations, we will also verify that the quadratic constraints (3.26)—(3.35)
ensure compatibility of the theory with N’ = 4 supersymmetry.
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5.1 Fermionic field equations

The equations of motion for the fermions can be straightforwardly determined with the use
of the rheonomic approach, since they are identified with the restrictions to spacetime of the
constraints (A.37), (A.38) and (A.40), imposed on the inner components of the fermionic
supercurvatures by the Bianchi identities. In particular, the equations of motion for the
dilatini are the spacetime projection of the superspace equations (A.37) and read

(gx)z = — ’Y’upri + ’YMVV?M#P; V*LMngyp Y ’Yyp¢] + V*LMaguy ’YMV)‘i
2 - , o 5
+ 39427 05 — 2942 iAgj + 29A2% jAai — gBij ), + ing)\gi =0, (5.1)
where
» — 1 ab 31 4 ~J g Ma
D, xi = 0uxi + Tl (e, A, )vabXi + 5Auxi — o uxj + §0aMAH Xi - (5.2)

Furthermore, by restricting (A.38) to four-dimensional spacetime, we can specify the equations
of motion for the gaugini, which are given by

. . i
(Ex)ai ==V Dpdai ="V, Pasju+ = Vi LaaGo "y P1hip+ V * LarijGoY FyHN
u P u

8
7
+8V LMag IWX +gAQa i 7/}];1 gAQaz Xi +9A2J X1+29Aasz)‘ (5'3)
2 3
+3gA2(1]))\ *BaV 7/’1# QQB’L])\ ngXizoa

where
. 1 N
D;L)\gi = 8,u/\gi + Zwyab(@ A, w)VabAgi + %A,u/\az Wz],uAJ + Wa ,u)\bz + gaMAMaAaz (5 4)

and
A = farnp VLM LN, LPY (5.5)

Finally, the projection of the N' = 4 superspace equations (A.40) on spacetime gives the
following equations of motion for the gravitini:

. . . g .
(Ep)iv = — ' Piyw + Poxi + 2Paz‘ju>\@ - gVaLMijg%a’Y”’ng%wﬂ

— —v LataGpy P\ + V wLtig G X’ + gAri)

— gAliﬂWW“ + §A2ji’7VXJ + g A2ai? AT — gg%'lele; (5.6)
- gewB“qu“ - ggBmuxj + ZQBQ%)\@‘ =0,
where
Piar = 20 ipy) + %W[m“b(ev A ) Yabili) — A i) =207 i) — PBars Al iy (5.7)

The fermionic field equations also contain terms cubic in the fermions, which are ignored
in this work. For 6,5/ = 0, the equations of motion (5.1), (5.3) and (5.6) arise from the

— 21 —



variation of the action of the standard gauged D = 4, N' = 4 supergravity [33] with respect
to the fermionic fields x?, A% and 1/1,2 respectively. However, in the presence of a gauging of
the scaling symmetry, there is no action that reproduces these equations via the variational
principle, since the fermion mass matrices that can be read off from (5.1), (5.3) and (5.6)
are not symmetric (see (6.22)-(6.26)).

5.2 Bosonic field equations

The equations of motion for the bosonic fields follow from the requirement that the fermionic
field equations be invariant under local supersymmetry transformations. We will restrict
ourselves to the derivation of the bosonic sectors of the bosonic field equations, so we will
suppress any term quadratic or quartic in the fermions in the supersymmetry variations of the
fermionic field equations. For this purpose, we only need to consider the local supersymmetry
transformations of the fermions in (5.1), (5.3) and (5.6).

Particularly useful for the computation of the supersymmetry variations of the equations

of motion for the fermions are the following gradient flow relations, which give the covariant
derivatives of the fermion shift tensors:

DAT =45 P* 4 34,20, P %, (5.8)
T . 3 o1 - A L
DAY = —34,%,0P, )% 5Azﬁk’fpg” + §e”klAgklP + AYP, (5.9)

. ) I . o 1 . A
DAy == Aoy P+ 207 Ag® P+ 248 Py, — =05 A Py

- ééj-A’;lP@kl - gﬁljkﬁﬂ“‘? + gAgik)ﬁﬂjk , (5.10)
DARY :%&J”“’AMP — 4o Py — Ay F Py + Agpc P4, (5.11)
DBY :%eiﬂ‘kléklﬁ + B, P, (5.12)
DB, =B,P + BV Py, (5.13)
where
Agpe = farenpVOLM LN LT (5.14)

The first four of the above gradient flow equations were derived in [33].

Using the Bianchi identity (3.95), the twisted self-duality condition (4.10), the duality
equations (4.29), equations (5.9) and (5.12) and the quadratic constraints (C.9), (C.16),
(C.18), (C.25) and (C.30) on the A and B tensors, we can write the supersymmetry variation
of the equations of motion for the dilatini as

1 A - A _ N
55(5x)i =Ee¢ + §V2LMU€WPU(D,,Q%O‘) _ QAQQkiPij:u + gAQijP@k“
n D 3 =Su5 DL * DL * j
— gAQQkkPgiju - 593213@3'“ — %éijklAgl(Pu) — geijlekl(P’u) ’yue], (515)
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where

2
9

1 .., - - 1- . - . 3 ... _ _ 1- . _

~ ~ 1 i~
E=— eilDM (e(P“)*) + gV;Vg)MMNQ%O‘QNBW + 92( AT Agij

3
+ mﬁzjleijBkl)7

where Bu (e(ﬁ“)*) =0 (6(15“)*>+2ieflu(15“)*—2ge€aMAf‘fa(f’“)*. Therefore, the equation
of motion for the complex scalar of the AN/ = 4 supergravity multiplet reads

£=0. (5.17)

In order to specify the equations of motion for the scalar fields of the vector multiplets
in four-dimensional N/ = 4 matter-coupled supergravity with local scaling symmetry, we
need to compute the supersymmetry variation of the corresponding equations for the gaugini.
Using the Bianchi identity (3.102), condition (4.10), the duality equations (4.29), the gradient
flow relations (5.10) and (5.13) as well as the T-identities of appendix C in the (10,n)o and
(6,1n)p representations of SU(4) x SO(n) x SO(2), we find

4 1 . _ . L
Se(Ex)ai =Eaijél + LLV;LMQEWP" (DyG2°) + 5 A PV 4 & Aoy P
3 & 5 Jku g J( DWY* g DL *
= 29 P 4 L Aoy (P =SB (P | e, (5.18)

where

A R 1 1 5
5@']‘ = eilDu (ePyj“) — §MQBLMQLNUQ%O‘QN’BW + 92 (C(u‘j + 2Eijklcakl> s (519)

which is manifestly self-dual, i.e. £ = (£qij)* = 37 Eqpy, with D, (eﬁ@j“) =0, (epgij”) +

A~ b P ~k D ~k D Mo p
ewg“PQij” — eWw; HPijM —ewj ngik:M — 2g€9aMAM apgiju and

27 &k 3 1 kg 1 kg 1 b ko, L kg
Caij = — 52 1 A1jk = g Azl Azjk — 5A2a0 Azrlj) T AapfiikA2°))" + 3 A20k" Azl
5 _ _q 1. 1-
+ §A2g[ikBj]k + §AggkkBij . ZA@ijBQ - EAZW}BQ + gBing. (520)

Therefore, invariance of the equations of motion for the gaugini under local supersymmetry
transformations imposes the following equations of motion for the 6n scalars of the n vector
multiplets:

Eaij = 0. (5.21)

Moreover, the Einstein equations of four-dimensional N' = 4 supergravity with local
scaling symmetry can be derived by requiring supersymmetry invariance of the equations
of motion for the gravitini, (5.6). We note that the supersymmetry variation of the field
strengths of the gravitini, p;,., gives rise to the commutator

1.

L. i . g
_’Y'u [D,uy DZ/:| € = _’Yu <4R,u1/ab7ab€i - iF;wei - Ri],uufj - 29aMH%a€i> s (5-22)
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where the gauged SO(2) and SU(4) curvatures F, o and R wv are given by equations (3.96)
and (3.103) respectively, and

]A%W“b = 28[uwy}“b(e, A ) + 2wy, (e, A, 1/1)wl,]cb(e, A, ) (5.23)

is the Riemann curvature tensor associated with the spin connection (4.20). The relevant Ricci
tensor and scalar are defined as usual by ]A%W = eal,eg]%#pab and R = gt ]:EW respectively.
If R,,%(e) = 28[Mw,,]ab(e) + 2w[uac(e)wy]cb(e) is the Riemann tensor associated with the
torsion-free spin connection, w,(e), then using (4.20) we find that up to two- and four-
gravitini terms,

Ru™ = Ry (€) + Agbansef, Dy AN

49200005 <e{Z'A£]4aANﬁlbl - ;efueZ]AyaANﬁp) , (5.24)

]%,w = Ryu(e) + gbam (QeWDMAM‘m + gwegDpAMa“>
+20%000105N (Aﬂ/’aAf,Vﬂ - gW,A,])”O‘ANﬂp) : (5.25)
R = R(e) + 6g0anel Dy AN — 6g% 0001055 AN ANPH (5.26)

where D, AMe® = 9, ,AMaa ) 9, (e)AMe® The Riemann tensor (5.23) also satisfies the
Bianchi identity

» Mo
R,u[upo] = _geaMgu[prg] (527)

up to terms involving the gravitini. From (5.25) and (5.27) it follows that the commuta-
tor (5.22) equals

~ ~ 1~ 7 A ~
_,y,u, |:D,ua Dl/:| € = — 7#(2R(,u,1/)€i - §Fuuei - Ri],ul/ej - geaMH%aei
)
+ 4g9aMeW,,JHMaP%,~>. (5.28)

Using the last equation, identities (3.96) and (3.103), the twisted self-duality condition (4.10),
the duality equations (4.28) and (4.29), the gradient flow equations (5.8) and (5.12) as well
as the quadratic constaints on the A and B tensors of appendix C in the (15,1)¢ and
(1,1)o representations of SU(4) x SO(n) x SO(2), we can write the bosonic sector of the
supersymmetry variation of the equations of motion for the gravitini as

1 oA (A Mo 3 a
0c (€4);, = = | VaLlarije” g (ng% )+9A2a[z L't — 9B* Pais*
95 pu_9n 7 1
— gAQ[ij]P'u — 2B¢jP“:| ")/M’YVEJ — 5 (gEinstein)wj 7“@'7 (529)

where

(gElnsteln) = ﬁ( V) — QP( p*) ﬁ’y P‘”J — ,MMNMaﬂgMagNﬂyp

1 o
(BA”AW S AY Az A@JAZ% (5.30)
1 - 3 1. -
+ EA;BU — §B”Bij + SBaBa)g,uu .
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In particular, Aéj Byj is real as a result of the quadratic constraint (3.26) (see appendix C).
Therefore, the bosonic sector of the Einstein equations reads

(gEinstein)l_w =0. (531)

From (5.30) one can read off the effective cosmological constant, which is given by

A= g2 <— %Aij;llij + éAéjAQij + %AQ@jAzgij — éA?Bz] + SBZ]BU — ;BGBCL) . (532)
For O, = 0, (5.32) consistently reduces to the scalar potential of the standard gauged D = 4,
N = 4 matter-coupled supergravity [22]. On the other hand, the gauging of the trombone
symmetry induces an additional contribution to the effective cosmological constant consisting
of the last three terms on the right-hand side of (5.32), which is not always positive, unlike
its counterpart in the four-dimensional ' = 8 supergravity [42].

From the supersymmetry variations of the fermionic field equations we can deduce the
equations of motion for the vector gauge fields as well. For this purpose, we note that
the terms of dc (€y);, e (€))4; and b (€y),, that are proportional to v,€/, y,€ and v,7,€

respectively can be written as

66 (gx)l i V;LMij (gvector)Mau '}’Mﬁj, (5.33)
1 o
56(5>\)gi D ivéLMg (gvector)M u7p€i7 (534)
1 o )
de (glli)il, 2 _§VaLMij (gvector>M M’Y;L'Yyﬁ], (535)

where
1

(Evector) M = QGWPUDVQ%O‘ +2gZMNP [ L pij PYIH
¢ L * l N P
— 59 (5}3‘4 + 9};”) VaVs (P 4 39 (554 + 924) (VO (VO PR (5.36)
Thus, supersymmetry invariance of the equations of motion for the fermions requires

V;LMij (Evector)MaM =0 (537)

and
V;LMQ (gvector)Ma'u =0. (538)

Contracting (5.37) with V3 Ly™ and (5.38) with V5L n® and then subtracting the two resulting
equations and using (2.11) we obtain

N ViVs (Evector) T = 0. (5.39)
Due to the constraint (2.2), the imaginary part of the above equation implies that
(gvector)Mau =0, (540)

which is but the bosonic sector of the equations of motion for the vector fields. This completes
the derivation of the full set of field equations for the trombone gauged half-maximal
supergravity in four spacetime dimensions.
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6 Maximally symmetric solutions and mass matrices

From the equations of motion for the scalar fields, (5.17) and (5.21), it follows that a solution
to the field equations of the previous section with constant scalar and vanishing vector,
two-form and fermionic fields satisfies the following two conditions:

9 1w 7 L Gai 7
— —AY Agij + 56” * Agij Ao — §A2@jA2@]i

9
3 ikl i R L1 i ma, 3 ijkin B
— ée AQijBkl + §A2g BE+ Ee Bz'jBkl =0 (61)
and 1
Caij + §€ijklégkl =0, (6.2)

where the tensor Cq;; is given by (5.20). For the standard gaugings, for which 6,3 = 0, these
conditions reproduce the extremization conditions of the scalar potential [33]. Any constant
solution to (6.1) and (6.2) corresponds to a solution to the field equations with maximally
symmetric four-dimensional spacetime and cosmological constant given by (5.32).

The mass spectrum of the theory around such a solution can be obtained by linearizing
the field equations. The fluctuations of the coset representatives V, and L. around such
a solution can be written as [33]

Vo = XV5, SLarY = 5,9 Ly, SLp% = %% LY, (6.3)

where ¥ denotes the complex SL(2,R)/SO(2) scalar fluctuation and 3,;; are the self-dual
SO(6,n)/(SO(6)xSO(n)) scalar fluctuations. Using the gradient flow relations (5.8)—(5.13),
we find that in terms of the real scalar fluctuations

Y =V2ReE, Ty =+2Im¥, XU — _[miye. (6.4)

the linearized form of the equation of motion for the complex scalar of the N’ = 4 supergravity
multiplet, (5.17), is given by the following two real equations:

6_13u (68‘“21) e (M%)lel + (M(?))l,am
€0y (0" T2) = (MG)>* Tz + (Mg) e

SabOmn X, (6.5)
SabOmn X

while the linearized equations of motion for the scalars of the vector multiplets read

e 0y (e0M L) = (MB)U™IS) 4 (MB)U2 Sy 4 (M) 6,60 52 (6.7)

where the entries of the squared mass matrix for the scalars, M3, are given by

9 2 a2 _
(M)H! = (MG)*? =g <_ o AT Arij = §A§J)A2ij+§A[2J]A211+A2@JA2* i
1 - 1. ... 3 .
_FA;BU_ZAQM B*—%-ZB ]Bij>, (6.8)

1. - R B
(M)hem = /24 (4A2ijA2akk — A% Aok i+ ZA@ijAZQkk

5. .~ 5 3 N
— gAggkkBij—l- EAzing_ SBZ']'BQ> 'Y 4 c.c. s (69)
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_ 1. - R
(M) = i\/2¢° <4A2ijA2akk — A% Aok i+ ZA@ijAQQkk

o - — 5 - = 3= = -
—8A2akkBij+mAgijBa—8BijBa> 'Y tece., (6.10)

1. - o 1
(M)t = /24 (4A2ijA2akk_Aabisz2bkj+4AabijA2bkk
— 24,9 B. _?A ak BA,_}A . B& EB.BQ Tmij 6.11
245%; jk S 27 kDij 4 24 +8 ij +c.c., ( )
) 1- - _ - 1 - _
(M3B)am2 — /24> <4A2ijA2akk — A% A+ ZA@ijA2Qkk

. _ 5. [ T _ y
—2A22kiBjk— gAggkkBij— ZAQZ']'BQ—F 8BijBa> '™ fec.. (612)

Furthermore, the symmetric part of the submatrix (M32)2m reads

1
2

(M

1 2 i 5 2460 7
yambn 4 ~(pAq2)bmam — 2 5abgmn (— §A1]A1ij + §Ag])A2zj

2
L g _La iz
+§A2§i A2*j*1142g' Ax9
- 1 R RN
+g25mn (A(“cijAb)c” —§A2(g|ﬂ Al 4 A5l 4,17,
L alip) _1B(aBb>>
2 4
_ g | .
+g? (_A(acklAb)cw _QAQ(Q\kZAz@Jl+§5@A12JA2M
| e 1 y
+25“—bA2§kZA2931+65“—”A2”Bkl+65“—bA2le” (6.13)
1 -
— 45ameBkl>p(mian)kl
2 1la Blejl | S gabjl 7 8 ab 40D
+g —6A *gklA* +§A AQ(kl) — gAfklAQ

2 — 2 - ; s
+§ALb]lA2[kl] - gAa*bklA[zm —3A,lel ! Ay,
—5A,ald 4,8 13 4,lal, 0 4,8 4 3 4,lall 4,105,

_Aabil By feb, Bil 34,00l IR | 34l B@])F[mijrﬂhk7

while its antisymmetric part is given by

1

2

1 L 1 R .
(Mg)m,bﬂ_i(M%)bﬂ,m = g2omn (A‘”’”Bij—i—A“bijB”—l—2A2[“|ilB|Q]+2A2[“’Z~B|l~’]>

g2 ( AR, 1 Aab Bij) [ (m, Tkl
+g? <_2A2(a|kj3b)+2A2(ajka> 25 AT BE (6.14)

- 2 a2 . .
—25‘”)A293ch—Sém’A[Q]l]Bkl—i—35‘”7A2[kl]B]l)F[mijF"]Zk.

— 27 —



For the derivation of the formulae (6.8)—(6.14) we have made use of many of the T-identities
of appendix C. Since the scalar mass matrix (6.8)—(6.14) is not symmetric, it cannot arise
from a scalar potential. In the absence of a gauging of the scaling symmetry, the elements
of the squared mass matrix of the scalars consistently reduce to the expressions provided
in [33] and its antisymmetric part vanishes.

Moreover, using the duality relation (4.10) and the fact that Q%O‘ is on-shell identified
with H %O‘ by virtue of the duality equations (4.28) and (4.29), we can write the equations
of motion for the vector fields, (5.40), as

e 19, (eHMty = (MM g AN 4| (6.15)
where
[e% Z QY * * (6% * *
MDY x5 = 197 (Ep +04p) (8% — 0% ) MMP (V) (V1) Vs = VVIVEY;)
— 29 ZpyorOpNsTMMP ML, L2 LR, LT (6.16)

is the squared mass matrix of the vector fields and the ellipses represent terms of higher
order in the fields that are not relevant for the present analysis.

In addition, to specify the mass matrices of the fermions, we first note that the linearized
fermionic field equations read

92 _ _ ‘ L .y 5 -,
’YM,DMXZ‘ =g (31422']' — Bw‘) ’}/'ulbi — QQAQJZ‘)\Q]‘ + QQAQJJ'/\@' + ing)\@ R (617)

. 1 . o .3
VDA =g <A2aj’ - 455'3“) VU — g A X + g A X — 9B

g 2 g
+2g A% ), 4 ggA;%g. — 29BN, (6.18)
2 - 3 . 1
YPDyip = — 39 (Alij - 26ijk:lBkl) Yl — QQ'YNGM (6.19)
where 1
Dyiv = Outhin + Zwuab(e)'yabl/}iu (6.20)

and similarly for the spin-1/2 fermions and

7

9 N . : .
G = <3A2ji B 3Bij> X+ <2A2ai] + 2553a> Ay (6.21)

are the goldstini of the broken supersymmetries. The mass matrix of the gravitini can be
read off from (6.19) and is given by

2 [+ 3
(Mg)ij =39 (Alij - 2€ijlekl) : (6.22)

On the other hand, from (6.17) and (6.18) it follows that in the (;, v/2A%) basis, the entries
of the mass matrix for the spin-1/2 fermions, M, 5, read

(M1)ij =0, (6.23)
5v/2

(M%)zy = —V2g42%Y; + \@9551{122% + Tgégéﬁ, (6.24)
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. . o 32 -
(M) = —V2g45% ; + V2907 Ay, — Tga;Bﬂ, (6.25)
(My)eHb9 = 2g A% 4 ggaa—’?AgJ) — 2gBY§ab, (6.26)

Of course, for a given solution to (6.1) and (6.2), the matrix M, must be computed after
the elimination of the goldstini that are eaten by the massive gravitini.

7 Conclusions and outlook

We have constructed the most general four-dimensional N = 4 supergravity coupled to an
arbitrary number n of vector multiplets with a gauge symmetry that is the direct product of
a subgroup of SL(2,R) x SO(6,n) and the on-shell scaling symmetry of the corresponding
ungauged theory. In the embedding tensor formalism, such gaugings are parametrized by
three real constant SL(2,R) x SO(6,n) tensors fonmnp, {anr and Oynr, which are subject to
a set of quadratic consistency constraints. We have explicitly derived a general solution
to these constraints in the presence of at least one vector multiplet, that is for n > 1, by
decomposing them with respect to the subgroup SO(1,1)p x SO(1,1)4 x SO(5,n — 1) of
SL(2,R) x SO(6,n). We have also specified the local supersymmetry transformation rules of
half-maximal supergravity with local scaling symmetry in four spacetime dimensions and
the associated equations of motion. The latter are completely fixed by supersymmetry and
cannot be obtained from an action.

It is worth pointing out that in the absence of a gauging of the scaling symmetry, the
quadratic constraints (3.26)—(3.35), which in this case reproduce the quadratic consistency
constraints on the standard gaugings provided in [22] (equations (2.20) thereof), can still be
solved by decomposing them with respect to the subgroup SO(1,1)5 xSO(1,1)4 xSO(5,n—1)
of SL(2,R) x SO(6,n), assuming of course that n > 1. Indeed, for ,3; = 0, the embedding
tensor still contains parameters in the fundamental representation of SL(2,R) x SO(6,n),
namely &,ns, whose decomposition contains an SO(5,n — 1) singlet, for example &g, which,
if non-vanishing, will allow us to explicitly construct a general solution to the quadratic
identities (2.20) of [22]. Such a solution will describe a class of standard gaugings of four-
dimensional A/ = 4 matter-coupled supergravity with non-vanishing £,5s, which have not
been extensively studied in the literature to date.

Solutions with non-vanishing &, to the quadratic constraints on the embedding tensor
that parametrizes the standard gaugings of D = 4, N' = 4 supergravity have also been
found in [22] for the following two cases:

i. for foprnvp = 0, in which case £, must be of the form &, = vowys, with v, arbitrary
and wyy lightlike, i.e. wyw™ = 0. As pointed out in [22], this simple solution describes
a gauging that can be obtained by a Scherk-Schwarz reduction from five dimensions
with a non-compact SO(1,1) twist. The relevant gauged D = 4, N’ = 4 supergravity
model with a single vector multiplet was explicitly constructed in [18] by a generalized
dimensional reduction of the aforementioned type of the ungauged pure D = 5, N' =4
supergravity.
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ii. for electric gaugings of the four-dimensional N' = 4 supergravity model with n = 6
vector multiplets that originates from compactification of type IIB supergravity on a
T% /74 orientifold [11, 12], which has an off-shell global SL(2,R) x GL(6,R) symmetry.
The higher-dimensional origin of such gaugings with non-vanishing &,s is not yet clear,
however.

On the other hand, by decomposing the SL(2,R) x SO(6,n) tensors forrnp and {uar with
respect to SO(1,1)p x SO(1,1)4 x SO(5,n — 1), one could find a broader class of consistent
standard gaugings of D = 4, N = 4 supergravity coupled to at least one vector multiplet with
non-vanishing &,3s and a potential five-dimensional origin. Then, it would be very interesting
to search for new vacua of four-dimensional ' = 4 matter-coupled supergravity that arise from
these gaugings and to specify the corresponding mass spectra using the conditions satisfied by
the critical points of the scalar potential and the explicit formulae for the mass matrices of the
various fields of the theory, given in [33]. An analogous analysis could be performed for the
gaugings described by the general solution to the quadratic constraints (3.26)—(3.35) given
in subsection 3.3, which involve the scaling symmetry, by looking for maximally symmetric
solutions to the corresponding equations of motion with constant scalar fields.
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A Solution of the Bianchi identities

The local supersymmetry transformation rules of four-dimensional A/ = 4 supergravity with
local scaling symmetry can be derived with the use of the geometric or rheonomic approach
(for a review see [47]).

The first step in this approach is the extension of the spacetime fields of the theory to
superfields in N/ = 4 superspace: this means that the spacetime zero-forms x*, x;, A%, )\%,
Va, VE, Ly and Ljs%, the spacetime one-forms e? = epdt, P = wid:c“, Vi = Y dat,
AMo — Aﬂ/f “dzt and wey = wyepdrt, where w,,qp is the spin connection, and the spacetime two-
forms BMYN = %B%N dzt Adz¥ and B8 = %Bgf dx* Adx¥ are promoted to super-zero-forms,
super-one-forms and super-two-forms in N’ = 4 superspace respectively. These superforms
depend on the superspace coordinates (z#,0%,6;,) (where 6, and 0;,, i,a = 1,2,3,4, are
anticommuting fermionic coordinates and are the components of left-handed Weyl spinors
6% and their charge conjugates ; respectively) in such a way that their projections on the
spacetime submanifold, i.e. the #" = df* = 0 hypersurface, are equal to the corresponding

spacetime quantities.
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A basis of one-forms in A/ = 4 superspace is given by the supervielbein {e®, 1%, i},
where e® is the bosonic vielbein, while 9¢, and 14, which are the spinor components of
the left-handed gravitino super-one-forms ¢’ and their charge conjugates 1; respectively,
constitute the fermionic vielbein.

Given the scaling weights of the various super-p-forms of the theory, the appropriate
definitions of the corresponding gauged supercurvatures in the presence of a gauging of
the trombone symmetry read

R® =dw™ 4w A w, (A1)

T% =de® + w% A € — ghart AM A €@ — ' Ay = De® — f Ay™; (A.2)

. 1 i .
pi = Dipy =dipy + 7™ Nty — 5 AN s =07 Ay = S0aa AM® Ny, (A.3)
% > 1 ab 3 4 ~ g Ma
Vi = Dx; =dx; + Zw YabXi + EAX'L‘ —wi' X+ §0aMA Xi » (A.4)
Agi = DA\gi =dN\gi + Zwab%bxy + §A)\@~ — O Agj + GaPApi g&aMAMO‘)\@- , (A.5)

3
HMo —gpgMa gXNﬂP’yMaANﬁ A APY _ gGaMNPBNP + 599?\7BMN

+ 5 (6 + 03) BYP — (V) LMy gy = VLM i A, (A.6)

HEOMN _GpMN | ¢ o AIMle <dAlN15 + gvaQ(;lN}'BAPV A AQ5) : (A7)
HEB =dB8 — iy AM A <dAN|ﬁ> + %XPWQ(;NW)APV A AQ5> : (A.8)
P :%eaﬁvadvﬁ , (A.9)

Pyij =LM ydLsiy, (A.10)

where A, &;7 and @, are the extensions of the gauged SO(2), SU(4) and SO(n) connections
to N/ = 4 superspace respectively and D is the exterior derivative that is covariant with
respect to local Lorentz, SO(2), SU(4), SO(n) and gauge transformations.
By acting on the gauged supercurvatures with the exterior derivative d and using the
fact that d?> = 0, we obtain the following Bianchi identities:
DR =0, (A.11)

DT* =R% N €® + 1y Ay*p" + 9" Ay p;

— gfanr (MM + (V) LM Ay + VLM A ) A, (A.12)
Dp; ZiRab N Yab¥i — %F Ay — Ri? A1

= Zbanrii A (HM 4 (V) LG Ay + VLM i A g) (A.13)
DV; :iRab’Yain + %in — Rx;

o+ S0anrxi (KM + (V) LMy A+ VLM b A oF) (A.14)
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A 1 b A ~ ~
DRy =5 R™apdai + %F)\@» — RiAgj + RPhyi
S Banrdar (MM 4+ (V) LY Ay + VLM ) At), (A.15)
DHM = —VALMIP* Ny Npy — (V) LM A i A by + 20 LM A
— (Va)*LMijP A ’(El A ¢j — VaLMgﬁ)gij A ’lLl A ¢j + QVQLMZ‘]QZ?; A ﬁ] (A.lﬁ)

3
_ %@aMNPH(P,)NP + §99]@.{/,%(3)M1v 4 g (5[13\/[ + 924) H 3B

1 ., N 3 . A 1 . N
—5 0 M xp DHON 1 Zog DHOMN 1 2 (et 1 03') DHO =
XNBP'yMa (fHNﬁ + (V’B)*LNijizi A wj + VﬁLNijz/_)i A w]) (A.l?)
A (HEY+ O LR A+ VTP gt n gt

A A 1 L
DP =39 (art — Oart) VOVEHMP — g (Eanr — Banr) VELMUap; A (A.18)
DPuij =90ant™F Lo Lpij (HMa + (V) LMy Aoy + VLM gk A ﬂ)l> ; (A.19)

where F', R and R, are the superspace gauged SO(2), SU(4) and SO(n) curvatures
respectively, given by equations (3.96), (3.103) and (3.104), which are now to be viewed
as superspace equations.

The above Bianchi identities can be solved by suitable expansions of the supercurvatures
along the bases of one-, two- and three-forms in AN/ = 4 superspace that are built out
of the supervielbein {e?, ¥ 1;} by means of the wedge product. These expansions must
obey the rheonomy principle, which means that all the components of the supercurvatures
along the basis elements that involve at least one of the gravitino super-one-forms, ¥?, 1;
(outer components) must be expressed in terms of the supercurvature components along the
basis elements e?, e® A e? and e® A e® A ¢ (inner components) and the physical superfields.
This requirement ensures that no new degrees of freedom are introduced in the theory.
Furthermore, the expansions of the supercurvatures along the bases of one-, two- and
three-forms in superspace constructed out of the supervielbein are referred to as rheonomic
parametrizations of the supercurvatures.

To solve the Bianchi identities (A.11)—(A.19), we first impose the kinematic constraint

T =0, (A.20)

which amounts to the vanishing of the supertorsion. The restriction of (A.20) to four-
dimensional spacetime allows us to express the spin connection wj,.; in terms of the vielbein
e}, the gravitini zpz and the linear combination B, = g0, MAﬁ/[ @ of the vector gauge fields,
which gauges the scaling symmetry, according to (4.20).

The rheonomic parametrizations of the super-field strengths of the scalars and the vectors,
f’, ]5@]- and HM< in the trombone gauged four-dimensional half-maximal supergravity are
the same as those in the standard gauged theory and are given by [33]

P =P.e® + ix’, (A.21)
Puij =Puijac® + 2 Majj) + it Mg, (A.22)
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1 1 - 1 .
HMe 257{%&6“ Ael + ( — ZVO‘LM”)\@%;,)\? e Nel + ZVO‘LMQ)Z,-%{,)\; e® A el
+ (V) LM i ya b A e + (VO‘)*LMQE\Q%W Aet + c.c.), (A.23)
where the inner components ’HM @ satisfy the constraint

Eabcd/HMQCd = —QMMNMangi\ICB. (A.24)

On the other hand, in the presence of a gauging of the scaling symmetry, the rheonomic
parametrizations of the fermionic supercurvatures, VZ, AaZ and p;, contain all the terms
of their counterparts in the standard gauged theory, which can be found in [33], as well
as additional ones proportional to the embedding tensor components 0,57, whose form is
dictated by the representations of SU(4) x SO(n) x SO(2) carried by the fermionic (super)fields.
Thus, the correct ansatzes for the rheonomic parametrizations of the super-field strengths
of the fermions in D = 4, N' = 4 supergravity with local scaling symmetry read (up to
three-fermion terms provided in [33])

Vi = Vige® — %LMUV*HM%“"W + B + ggz‘_lzij@bj +agBiji, (A.25)
Agi = Agiae® = Pusjay™’ + LMGV*% i + g Aoy’ 11 + BgBathi , (A.26)

pi = %pmbe Aeb— gLMZJV o HM ey e pT A et — ggﬁuﬂa@b‘j A e
- %’YQ%MBM%W Aet, (A.27)

where we have introduced the fermion shift matrices

A = farawpV LM LVFLPI 4 2 v LM, (A.28)
) ) 1 .

A2gij = faMNPVaLMgLNikLPJk - ZégfaMVaLMga (A29)
AT = farrp (V) I LNF LT, (4.30)
B = Qo VLMY (A.31)
B2 = VO LMe (A.32)

the first three of which were first defined in [22], while «, 8 and v are constant coefficients,
whose values are determined by requiring closure of the Bianchi identities and are thus
found to be

1
a=—1, B:_Z’ v=1. (A.33)

Furthermore, from the torsion Bianchi identity (A.12) one obtains the rheonomic
parametrization of the Riemann supercurvature Rgp:

1 Al 5 ]
Rap :§Rcdabec A€l + Oupethi A €€ + Bighet)’ A €

i T o
+ EVQLMin%aW NPT + éVaLMijfabcdHMaCd¢Z A
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— ZVQLMZJH%awi AN w] + gVaLMUGabcdHMOCCd/‘/}i A w] (A34)

1 - - 1
,AZ“ LA w J _
39 1]¢ wa +3

+ four-fermion terms,

+ GAT i A Yapihj

where

. L A ;
Oiabe = Va|Pilblc — ivcpiab - 2gBijnc[a7b} XJ + 2ngnc[a7b} /\gi (A35>

and the omitted four-fermion terms are the same as in the standard gauged N = 4 supergravity
in four dimensions (see [33]).

Moreover, the rheonomic parametrizations of the super-three-forms H®Me =
—30°M ypHENP 4 390 HOMN 4 1 (bl 4 64) 15 read

1 -
H(g)Ma = EHSIZ)CMaea/\Cb/\ec-i-i@aMNPLNng” )\gi'yabwj/\e“Aeb
—3i0% LM LN A yapih Ae Aeb
1 N s
— 1 (8 +6)) ) V) Kvwine e’
— i@ MNP LT b Nyt Ae® e +3i0% LM o LN A%y 09 Ne®Ae (A.36)
1 j .
1 (5%4—9%) VOV ivapth Ae Neb
+2i0 MNP [ Rt Ayarhi Ae® —6if% LM LN Ayaay Ae®
1 _.
~3 (5244—9?3/[) MByi Aygaps Ne.
In addition, the Bianchi identities impose differential constraints on the inner components
of the supercurvatures, whose projections on spacetime are identified with the equations
of motion of the theory. Indeed, the closure of the Bianchi identities is equivalent to the
closure of the N' = 4 supersymmetry algebra on the spacetime fields, which happens only

when the equations of motion are satisfied. In particular, the ¥ A y%1); sector of the Bianchi
identity (A.14) implies the following superspace equations of motion for the dilatini:

A

i S - 5 =
'Ya‘/ia = ZV;LMQH%Q’Yab)\% — QQAQQZ'AQJ' + 29142&7]')\21‘ + EQBQ)\QZ' (A37)
+ three-fermion terms,

while the corresponding sector of the Bianchi identity (A.15) gives the following superspace
equations of motion for the gaugini:

~

V" Raia = VaLarifHay“ V"2 + gVaLyaMay v Xi
: . _ 9 .
— gAsa? Xj + gA2ai? Xi + 29 Aaij N + ggAQ(ij))‘]Q (A.38)
_ .3
—29Bij N, — ZQBQX%' + three-fermion terms,

where
A = faranpVOLM LN, LPY (A.39)
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On the other hand, by considering the 1)* A y%1); A e® sector of the Bianchi identity (A.13),
one can specify the superspace equations of motion for the gravitini in the trombone gauged
D = 4, N = 4 supergravity, which read

V' biva = 5 Vo LntaMay ™" Xi = 5 Vi LarijHay“7'X!
. . 1 - ‘ .
+PaXi+2PgijaAQ]+§gA2ji7aX]+gA2gi]7a)‘? (A4O>
3 - -7
— §gBZ~j’an] + ZgB%a)\@ +three-fermion terms.

We refer the reader to [33] for the suppressed three-fermion terms on the right-hand sides
of (A.37), (A.38) and (A.40).

From the rheonomic parametrizations of the supercurvatures (A.1)-(A.10) we can deter-
mine the local supersymmetry transformations of the spacetime fields in four-dimensional
N = 4 supergravity with local scaling symmetry. We recall that from the superspace point of
view, a local supersymmetry transformation parametrized by left-handed Weyl spinors ¢’ and
their charge conjugates ¢; is a Lie derivative ¢, along a tangent vector € such that

i)t =¢ and 1) = €. (A.41)

Using Cartan’s magic formula, £, = di. 4 i.d, we find for the super-one-forms e, ;
and AMe:

lee® =i T + 37“% + Ei'yawi, (A.42)
bep; = ﬁei + e i, (A43)
CAM = HqMe g ooy Mg, 4 2V LM ey, (A.44)

where we have used the definitions of the superspace curvatures Te, pi and HM and
2 1 ab g ~ ] g Ma
De; = de; + Zwab’y € — 5./462 — wijej — igaMA €. (A.45)
For the super-zero-forms v! = (Ve V&, Latijs Lvia, X*, Xis )\ig, Agi) we have the simpler result
b’ =i Dl (A.46)

Furthermore, for the super-two-forms BM® = —%@O‘MNPBNP—F%G]O‘VBMN%—% (fév[ + 0%) BB
we find
1 3
¢.BMe =i qOMe 5e‘WNp%AW ALAPY + 5.9%%‘4[1‘“5 AL ANDY
Liov | o N P

5 (5" +6}") nwp ANl A g AT, (A.47)
Using the parametrizations given for the gauged supercurvatures and identifying the local
supersymmetry transformation . of each spacetime p-form with the projection of the Lie
derivative £, of the corresponding super-p-form on spacetime, it is straightforward to determine

the N' = 4 local supersymmetry transformations of all the spacetime fields in the trombone
gauged theory. The results have been presented in section 4.
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B Solution of the quadratic constraints

Our strategy for the solution of the quadratic constraints obeyed by the embedding tensor
that parametrizes the consistent gaugings of four-dimensional AN/ = 4 matter-coupled super-
gravity that involve the scaling symmetry is analogous to that of [41, 42] for the solution of
the corresponding constraints for the trombone gauged maximal supergravities in various
dimensions. Assuming the presence of at least one vector multiplet, that is n > 1, we
decompose the irreducible components foarnp, Eanr and O, of the embedding tensor with
respect to the subgroup SO(1,1)p x SO(1,1) 4 x SO(5,n — 1) of SL(2,R) x SO(6,n) according
to (3.38)-(3.40). We take advantage of the fact that the decomposition of 45 contains an
SO(5,n — 1) singlet, which, if non-vanishing, enables us to explicitly solve the quadratic
identities (3.26)—(3.35). We then write down the decomposition of each of these constraints
with respect to SO(1,1)p x SO(1,1)4 x SO(5,n — 1) writing next to each of the resulting
identities its weights wp and w4 with respect to SO(1,1)p and SO(1,1) 4 respectively in
the form (wp,wa). We have:

o For (3.26):
§rol-o—E(—alie=0, (0,2) (B.1)
0—eétmtétal—m—0trelm—E{-abim=0, (0,1) (B.2)
§robl-ot&iel-0—E-obio—E-cbli0=0, (0,0) (B.3)
Ernb-n) =& (mb1n) =0, (0,0) (B.4)
0—c&im+8Erol-m—0i+08m—E-cbimn=0, (0,-1) (B.5)
§rotl-c—E-acblie=0. (0,-2) (B.6)

« For (3.27):

— 07 f_omit0+0f-aom+0" frami—0-a fraom
1 1 1 1
+§97@f+m—§f+@97m—§9+@§7m+§ff@9+fn (0,1) (B.7)

_39—@9+7ﬁ +39+@9_m = 0 B

- " 1 1 1 1
0 f-@em—0" f+@em+§§+®9—@ — §§+99—@ - 55—@‘9+@+§§—99+®
*394_@9_@4’39_@94_@ :07 (0,0) (BS)

0 f—iip 0+ f—omnt0+0f-omi—07 Frmap—0—o Fromn—0-o fraomn
+& s (mb—n) =& [mb+n) — 601 (mb-4) =0, (0,0) (B.9)

—0% f-min—O+e f-aent0" fromit+0-ofrecm
1 1 1 1
t50-08m—5800-m—50+e8-nt 5E-o01m (0,-1) (B.10)

—30_c0m+30,00_m =0.
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« For (3.28):

—eiﬁr@ﬁm+9+@f+@em+%9+@§+m—%€+@9+m:07 (2,1)
9Tf+@em+%§+®9+e—%f+99+@ =0, (2,0)

0% frinnp+0+0 fromat0ie framatEpnbia =0, (2,0)
9if+emﬁ+9+ef+@em—%9+e§+m+%f+99+m=07 (2,-1)

—0% f—gmnt0i0f-oom—0" framni+0—ofroom

1 1 1 1
+§97@f+m—§f+@97m+§9+@§—m—557@9+m207 (0,1)
07 f-wom+0™ froom

1 1 1 1
t5é+e0-0—58+e0-0t56-0b+e —5¢-00+0 =0, (0,0)

9§ffmﬁ;s+9+eaffeﬁm+9+ef—@ﬁm+9§f+mﬁﬁ+9—@f+emﬁ+9fef+@mﬁ

+& 4 mb—n) e b1n) =0, (0,0)

07 f—cmi+01of-womn+0" from+0—o fraom

1 1 1 1
—59795+m+§€+997m—§9+e§7m+§§799+m20» (0,-1)
. 1 |
—fo—®mﬁ+97®ff®em+59—69577?1—55—@977%20, (=2,1)
. 1 1
07 f-oomt+58-ab-0—5¢-00-0 =0, (=2,0)
07 f_ i +0—of—cmn+0—_o f—omi+E mb_a =0, (=2,0)

. 1 1
9ﬁf—eﬁm+9—ef—@em—59—e§—m+§§—99—m:0- (=2,-1)

For (3.29):
EM0m+Erabio+iiatio+0] 0 m+2010010 =0, (2,0)

EM0_m+Eial_otérel_o+E 0 imt+i oo+l cbia
20004201605 +20160-5 =0, (0,0)

EM0 €l o+E o0 g +0"0 5 +20_g0_o=0. (—2,0)
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(B.11)

(B.12)
(B.13)
(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)
(B.21)
(B.22)

(B.23)

(B.24)

(B.25)



« For (3.30):

—fif+@mﬁ+€+@f+@em—%9+@€+m+%§+@9+mZoa (2,1)
fff+@em—%f+@9+e+%§+99+@20, (2,0)

& frmnp+Era fromntEroframn—Ermbin =0, (2,0)
fﬁf+emﬁ+€+ef+@em+%9+ef+m—%§+99+m=0» (2,-1)

—& fomnt o f-von—E" framnit—ofraomn

1 1 1 1
—597®f+m+§f+@97m—§9+@§—m+§ff@9+fn207 (0,1)

&l f—wom+E" froom
1

1 1 1
—5é+el-ot5treb-0— 5¢-ebrot56-00+e =0, (0,0)

fﬁf—mﬁp‘i‘&@f—emﬁ +f+ef—@mﬁ+f§f+mﬁp+f—@f+emﬁ+f—ef+@mﬁ

=&y pmb—n) —E—nb4n) =0, (0,0)

& foomntésof-vomntE fromnté—ofraom

1 1 1 1
t50-68+mn—58+e0-mt50re8—m—56-c0rm =0, (0,-1)
. 1 1
—57f7@mﬁ+§7@ffeaem—597@57m+§€7@97m207 (-2,1)
. 1 1
fo—eaem—§§—@9—e+§§—99—@207 (-2,0)
2 fmip+é o f-onntéool-amn —&_mb_n) =0, (—2,0)

. 1 1
§ﬁf—emﬁ+§—ef—@@m+59—ef—m—gf—ee—m:0- (=2,-1)

For (3.31):

M0 +ErabiotEiolio+ I en+26 0840 =0, (2,0)

M0 _m+Eial_otérel_o+E 0 mt+i oo+l cbia
+20E 420 0+2106 6 =0, (0,0)

M0+ gb-_o+Eal-o+EME m+26_gé_c=0. (—2,0)
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(B.26)

(B.27)
(B.28)
(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)
(B.36)
(B.37)

(B.38)

(B.39)

(B.40)



« For (3.32):
— & feomnt & f-aontE" from—¢ o froont+ialin—Eral_n

3 3 3 3
—50-0fnt SEel-nt 5 0tes-—n—5E-ebin =0, (0,1) (B.41)

&l fwomn—E€" froomtiiaé-o—E abio

3 3 3 3
—gt+el-ot5irel-at5i-ebte —56-001e =0, (0,0) (B.42)

8 fomip+Eraf-omntlrol-amn—E frmip—E—a fromn—E—o framn
28 (mé—n) =3 mb-n) +3E_mbia =0, (0,0) (B.43)

—& feomn—Erof-somntE" fromitéofroont+éalimn—Erebn
3 3 3 3
—50-efmt SErol-mntS0teb-m—5E-obtm =0. (0,-1) (B.44)
« For (3.33):

6/ +ipmaf+ple’ +0 +amal oo
+3 (€4 tm+041m) fraple — Exa+01a) frmap =0, (2,1) (B.45)

2fymapfroo’ +4fpommfrae’ +2 (Expnt+0ipm) frajoo
+(ra+0ia) fromn— (Eret0ie) frama=0, (2,0) (B.46)

3f it fipa) +6fromafisio+2 (Expmt0smm) frapg =0, (2,0) (B.47)

6/ +ipmal+ple’ —6f+omal oo
+3 (Epn+041m) frape — Erotbio) frmnp =0,  (2,-1) (B.48)

6f+f[mﬁf—ﬁ]@f+6f+€a[mﬁf—ﬁ]eae +6f—ﬁ[mﬁf+ﬁ]@f+6f—@[mﬁf+;ﬁ]@e
+3 (Epn+041m) f-aple — Ero+0+0) fomnp  (0,1) (B.49)
+3 (E—pnt+0-tm) frape — E—a+0-a) frmap =0,

frmipf-oe® + f-mipfrac’ +2frpammf-no? +2f—poimfrae”

1
+ (Expm+041m) f—ﬁ]@e+(57[m+97[m)f+ﬁ]@e+§(§+@+9+@)f—emﬁ (0,0) (B.50)
1 1
+ o

5( (Erotbio) fmamn—= (E—a+0_¢) f+roma =0,

DN | —

§—ot+0_g) froma—

3f it f—pi +3frommnl—pilo+3fromnf—pie
+ (Epin +040m) Fipa) + (E-pmT0-pn) f+apg =0, (0,0) (B.51)
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6. +ipnaf—po” —6f+opmnf—soo+6f—imafise —6f—cmmafises
+3 (Expn+01pm) foaplo — (E+ro+040) f-mnp (0,-1)
+3 (€ t0—1m) fraslo — (E—e+0-0) frmap =0,

6./ ipnnf—po +6f—ammaf-soo
3 (E-pmt0-pm) fonplo— (E—at+0-a) f-map =0, (-2,1)

2f—mapf-we? +4fpoinf-aje” +2 (E-im+0—im) f-ajoo
+(—ot0-o) f-cmnn—(E—c+0_c) f-ami=0, (-2,0)

3f-itmaf—pa) +6f-@pmnf-pie+2 (E-pn+0-n) foapg =0,  (=2,0)

6./ i —plo” —6f—cpmnf—plee
+3 (€ t0—m) foaplo— (E—at0-c) f—mnp=0. (=2,-1)

For (3.34):

30 i f—aple — 30— S raple —O+e f—mapT0—a f1map =0, (0,1)
204 (i f-njwe =20 frajee H0+e f-oma—0-a f+omn
—Oiof-amit0_oftemi=0, (0,0)

O f—npa) —O—mfrapg =0, (0,0)

30 i f—aple — 30— S raple —O+o f-mapt0-o frmap=0. (0,-1)
For (3.35):

2frapnS-njo’ +(Ero—0+a) f—ami— (E—o—0—¢) fromn =0, (0,2)

— fromaf-oo"+f-omifroe"+(E+e—0+0) f-aom—(E—o—0-¢) froom

1 1 1 1
—Z§+@§—m+zf—@f+m+19+@€—m—19—@§+m (0,1)

3
20 00,5 =0,

1 1 3
t18+0l—m—8-ebimnt 10rel—m—

Frmai f—po" = f—mns frpe” + fromnf-oop— f-emafroos

— (& =04 pm) f-nppe+ (E-pm—0- [m)f+n1p@+1(§+p—9+p)f-@mn
1(f—*—e—ﬁ)ﬂr@ﬁm 1(f+@ 9+@)f—mnp+ (-o—0-) frmnp  (0,1)

+5 €+@€ (T3] f o8+ [mMalp — 9+@57[mnﬁ]ﬁ+§0—®£+[mnﬁ]ﬁ

3
- 55-&-@97[7%7771];&"’ 55—@9+[mflﬁ]ﬁ - §9+®97[m%}p+ 20-00+mnap =0,
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(B.52)

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)

(B.58)
(B.59)
(B.60)

(B.61)

(B.62)

(B.63)



f+mﬁﬁff@6ﬁ_f7mﬁﬁf+®6ﬁ_ (Expm—0+1m) f-ajoe+ (E—pm—0—pn) fralwe
5 Ero—0+0) f-oma— (f—@—e— ) fFroma (0,0) (B.64)

[\D\I—‘[\D —

(Ere— 9+@)f—€9mn+ ((—e—0-5) framn=0,

Frmaif-pg” = F—marfrpa’ + Fromnf—opi—f-aomafropst Fromaf—eps— f-omnfrepd

— (&pn—04m) Fnipg T (=t —0-pin) fralpa

+ (6o —0+15) f-ama— (65— 0-p) Frqpna  (0,0) (B.65)
FE € pNgn) —E- &t pNa1a) — im0 —pNa1a) +E—m 01 pMa1a)

& 10— Mala) — €10+ mNalg) — 30+ m b [p7g)n) +30 - b1 57g1) = 0

— Frompf-ne?+ f—ampfrie’ —2freopmf-neo+ (§+(m =04 () f-n)me

1
—(&-n—0- )f+n)EB9+ ((+o—0+a) f-omi— (57@—97@)f+emﬁ
1 1 1
+§(€+6_9+9)f769mﬁ_§(579_07@)f+@mﬁ+§£+[mf—ﬁ}_56-&-[7%0—7%] (0,0) (B.66)

1 3 1
+ 55—[m9+ﬁ] - §9+[m9—ﬁ] + i ((reé-o—E¢-aéro—Eral-octi ablic)

1
+ M (§+ob-0 —E-ob+o —30100-c+30-00+0) =0,

— fromif-oo" + f-emifree” +(E+o—0+0) f-aom—(E—e—0-0) froom
1 1 1 1
+pérebom—lobim— g0rolmt 10-clim (0,-1) (B.67)

1 1 3 3
- Z’f+69—m+ 15—@9%1 - 19+@9—m+ 19—e9+m =0,

Frmne f-pe” = F-mns f1pe” — Fremnf-oop+ f-omafroop
*(5+[m*9+[m)f—ﬁ]ﬁe+(§—[m*9—[m)f+ﬁ]ﬁe+1(£+ﬁ*9+ﬁ)f—emﬁ

%(5_ o) froma 5 (Ero—010) fmnpt 3 (6 o~-o)fems O (B
+5 §+e§ [mTa]p §e€+mnn]p *9+e§ Tl T 5 Lo_ o+ mNap

- §§+69—[m77ﬁ]ﬁ+ 55—99+[m77ﬁ]ﬁ - §9+69—[m77ﬁ]ﬁ+ 59—@9+[m77ﬁ]ﬁ =0,
2fopimf-ne’+(Ero—0+0) f-ami—(E—o—0-0) fromn=0. (0,-2) (B.69)

To solve the quadratic constraints (B.1)—(B.69) in a systematic way, we first consider
those with SO(1,1) x SO(1,1) 4 weights (wp,wa) = (2,1), i.e. the constraints (B.11), (B.26)
and (B.45). If 0,/ is not identically zero, we may assume without loss of generality that
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0+ # 0. Then, from (B.11) it follows that

1 1 1
froeem = 7—0% frama — 56+m + f&r—@@m. (B.70)
9+@ 2 2 9+@
Substituting the above expression for figec. into equation (B.26), the latter becomes
O1/2,1/2 - (5+m - §+®9+m> =0, (B.71)
+@®

where we have introduced the operator

1 a1
O1/2,1/2 = 0f ¢ — 3 (Cro t0+0) = fra " tma — 5 (+o +0+a), (B.72)

where t,5 are the generators of SO(5,n—1), whose elements in the fundamental representation
have been chosen to be (t)p7 = 5{77%77&]]5. The general solution of (B.71) for the SO(5,n — 1)
vector &4y, reads

£
Etm = ¢9+® O4m + Cham s (B.73)
+@

where (4, is a real zero mode of the operator O/ 1/5. Using the above equation we can
simplify (B.70) to
1

1 .
froom = . 0% framn — §C+m- (B.74)
+o

Furthermore, by plugging (B.73) and (B.74) into the constraint (B.45), we can determine
the embedding tensor components fiap up to a zero mode Cimap = Cyfmag) Of O1/2,1/2-
The relevant result reads

3
frmap = @9+[mf+€9ﬁﬁ] + Crrmip - (B.75)

We continue with the quadratic constraints with (wp,wa) = (2,0). Given (B.74),
equation (B.12) determines the component £, according to

3 L o
fro = 9i’99+6 — g St O (B.76)
+o +o

Also, using (B.73), (B.74) and (B.76) we find that (B.27) implies that (., is lightlike, i.e.
(¢ =0. (B.77)

Moreover, from (B.23) it follows that

(1 + E%) (9?&9% + 29+@9+@) =0, (B.78)
O+

which guarantees that (B.38) holds as well. Furthermore, equation (B.13) yields the following
expression for the antisymmetric SO(5,n — 1) tensor ficma:

2 5 1 5
Jremn =— 9T9ﬁ9+[mf+@ﬁ]ﬁ e (9]—7-‘9+ﬁ + 9+@9+e) fremn
Yo ‘o
Lo
“ <9+C+mﬁp + C+[m9+m> : (B.79)
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where we have used (B.73) and (B.75). Next, substituting (B.79) into the identity (B.28)
we obtain the constraint

C+mma§.‘? =0. (B.80)

Finally, the constraint (B.46) is satisfied as a result of (B.73)—(B.76) and (B.78)—(B.80),
while (B.47) holds provided

7 3 (pp
3Ctimnlapd) T 2C+[mStnpg) — 2, (9+9+f + 29+@9+e) fromafreopg =0- (B.81)

We proceed to examine the quadratic constraints with SO(1,1)p x SO(1,1)4 weights
(wp,wa) = (2,—1). Using (B.73), (B.74), (B.76) and (B.79) we find that equation (B.14)
implies that

L oa
(60 + 35—026:4) e = 0. (B.52)
2010

which, combined with previous results, ensures that (B.29) and (B.48) hold as well.
Then, we analyze the constraints with (wp,wa) = (0,2). It is straightforward to
solve (B.1) for {_g, which is given by

Eg= gﬁe,@. (B.83)
+@

By virtue of the last equation, the constraint (B.61) can be written as

6_
O_11- (f—@ﬁm - H@er@mﬁ) =0, (B.84)
+&
where we have defined the operator
O_1,1=0p5 +&te —Osa. (B.85)
The general solution of (B.84) reads
0_o
Fami = g fremmn + G- » (B.86)
+&

where (_gma = (_g[ma) denotes a real zero mode of the operator O_q ;.
Our next task is the solution of the quadratic constraints with (wp,wa) = (0,1).
From (B.2) it follows that

6_
€= Cm + 5*—@9%, (B.87)
O+a Oio
where we have made use of equations (B.73) and (B.83). Also, subtracting the con-
straint (B.15) from (B.7) and using (B.74), (B.83) and (B.87) we find
O-o

Ot + Cormn (B.88)
O+o

0_p =
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where (_j, is a real zero mode of the operator

1
O_1/2,3/2 = 0f1 + 5 (§+e — 30+a). (B.89)
Therefore, (B.87) can be written as

0_
§—m = Sro 699+m C+m + §+® —m - (B.90)
+®

.
On the other hand, adding the constraints (B.7) and (B.15) and using (B.73), (B.86)

and (B.88) we determine the components f_ggy, of the embedding tensor according to

0_c S .16 ¢
® framalt + —C amalt — 57 Cm + = (Jr@ - 3) Com (B.91)
Ot 2010

f—oom = 0o

.
Furthermore, given equations (B.73), (B.74), (B.83), (B.86), (B.88), (B.90) and (B.91), the
constraints (B.30) and (B.41) are satisfied provided

ComaCl =0. (B.92)

Also, substituting equations (B.75), (B.86) and (B.88) into (B.57) we derive the following
expression for the embedding tensor components f_yp:

0_ _ 3
f-map = 02®0+[mf+€9np 97®C+mﬁﬁ - C (mSrenp) T 0, —O0 ey,  (B.93)
+ o

which implies that the constraint (B.49) holds provided
i §
CopmCraplg — 2 < RA | G-t +anp = 0. (B.94)
O+o

Moreover, equation (B.62) is satisfied by virtue of (B.73), (B.74), (B.83), (B.86), (B.88),
(B.90), (B.91) and (B.92). Finally, the quadratic constraint (B.63) implies that

; 3
C-@p?Crmag t Chpml-@alp — CH+pl—mmn — 2 (012 - 1) C-imfronp
2 g 53-@ _
+ —CpnSran) frapi — 5 | 7 — 2640 — 3040 | Cpmnagp =0 (B.95)
0+e 0+e

We note that the constraint (B.94) follows from (B.95) by antisymmetrizing the latter
in 7, ), .

We now focus on the quadratic constraints with SO(1,1) 5 xSO(1, 1) 4 weights (wp,w4) =
(0,0). Solving (B.3) for £&_5 we obtain
0 e

m e
‘o +@

fo=—

where we have used equations (B.76) and (B.83). Furthermore, given (B.74), (B.76), (B.83),
(B.88), (B.91) and (B.96), the constraints (B.8) and (B.16) are satisfied provided

P m =0 (B.97)
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and

§ i
(ﬁ ~3 (9+ Com 4 0s0_c — 9+@9_@) =0. (B.98)
o
Also, from the constraint (B.24) it follows that
07 Cm+0re0-c— 0100 ¢ =0, (B.99)

where we have used, among others, equations (B.78) and (B.98). Clearly, (B.99) implies (B.98)
and can be solved for §_o. Moreover, the expressions for the embedding tensor components
and the constraints on the ( tensors that have been derived so far guarantee the validity
of equations (B.31), (B.39) and (B.42).

Next, using (B.73), (B.88) and (B.90) we find that the quadratic constraint (B.4)
holds provided

CrmC-n) =0, (B.100)

which implies (B.97).

Furthermore, it is straightforward to solve the quadratic constraint (B.58) for the com-
ponents f_gyms of the embedding tensor. Using equations (B.74), (B.86), (B.88) and (B.91)
we find

0_c 0_ 0_

f-emi == EBf;@mn gz, O ol vonn — 255 0104t el
C— mf—l—@n]pe + C Grmn — 9T9+[mc—®ﬁ]ﬁ9+
0% Yo
0_g »  O_g S 3
91@ © Cmaphh — 2, 2 Cpln) + 2. Cpnbya) — @Cf[mﬂﬁ] (B.101)
9+@ bl
Then, equations (B.9), (B.17), (B.32) and (B.43) imply three additional constraints:
C+mma€é =0, (B.102)
Gl =0, (B.103)
(9+e + 9§9+p) C—emn =0, (B.104)
2010

while (B.50) and (B.64) are satisfied by virtue of all the above formulae for the components
of the embedding tensor and constraints on the ( tensors.
Also, the quadratic constraint (B.59) holds provided

C-mCaapg =0, (B.105)

while (B.51), (B.65) and (B.66) are satisfied as a result of the derived expressions for the
embedding tensor components and constraints on the ( tensors.

Let us now consider the quadratic constraints with (wp,w4) = (0,—1). Our results
for the components of the embedding tensor guarantee the validity of (B.5) and imply that
equations (B.10) and (B.18) are satisfied provided

<9+@ + 9 — 9+n> Com=0. (B.106)

,45,



Furthermore, the quadratic constraints (B.33), (B.44), (B.52), (B.60), (B.67) and (B.68) hold
as a consequence of all the above expressions for the embedding tensor components and
constraints on the ( tensors.

Next, we analyze the quadratic constraints with SO(1,1) g xSO(1, 1) 4 weights (wp, w4) =
(—2,1). Using equations (B.83), (B.86), (B.88), (B.90) and (B.91) we find that (B.19) is
satisfied on condition that

Cemal" =0, (B.107)

which guarantees that (B.34) holds as well. On the other hand, the constraint (B.53) is
satisfied by virtue of the derived formulae for the components of the embedding tensor and
constraints on the ( tensors.

We then examine the quadratic constraints with (wp,wa) = (—2,0). Given equa-
tions (B.78), (B.83), (B.88), (B.90), (B.91) and (B.96), the constraints (B.20) and (B.25)
hold provided

(" =0, (B.108)

which ensures the validity of (B.35) and (B.40) as well. Furthermore, equations (B.21),
(B.36), (B.54) and (B.55) are satisfied by virtue of all the above results for the components
of the embedding tensor. This is also true for the quadratic constraints (B.22), (B.37)
and (B.56), which have SO(1,1)p x SO(1,1) 4 weights (wp,wa) = (=2, —1), as well as (B.6)
and (B.69), with (wp,wa) = (0,—-2).

We have completed the analysis of the quadratic identities (B.1)-(B.69). The results of
this appendix give rise to the general solution to the quadratic consistency constraints on the
embedding tensor provided in subsection 3.3 and to an additional one with non-vanishing
070 + 2040010 = 00,0 and Eanr = —Oanr.

C T-identities

By appropriately dressing the quadratic constraints (3.26)—(3.35) on the embedding tensor
with the representatives of the coset spaces SL(2,R)/SO(2) and SO(6,n)/(SO(6)xSO(n))
parametrized by the scalar fields of the theory, one obtains numerous quadratic constraints on
the A and B tensors that appear in the local supersymmetry transformations of the fermions
and in the fermionic field equations. Each of these constraints, which are also known as
T-identities, carries a specific representation of the isotropy group H = SO(2) x SU(4) x SO(n)
of the coset space (2.1). In this appendix, we provide an exhaustive list of the T-identities
of four-dimensional N = 4 supergravity with local scaling symmetry, classifying them
according to their origin (one of (3.26)—(3.35)) and their H representation, using the notation
(Rsu(a), Rso(n))asoz)» Where Rsuy(s) and Rgo(n) denote the SU(4) and SO(n) representations
respectively and ggo(2) the SO(2) charge.

C.1 From (3.26)
Rep ((6 % 6)g,1)o:
Agel] Bij — Ay Bkl _ 5[12 A[2lm] Bjjm + . A[ka] Bjjm
1 60 Ay BY — 61 Ay B 4 %5§5l (A5 By — Ao B™) =0 (C.1)

g
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The two-fold symmetric tensor product of the 6 representation of SU(4) decomposes as
(6 x6)g=1-+20" (C.2)

In order to specify the component of the quadratic constraint (C.1) that is an SU(4) singlet,
we contract (C.1) with 6.6/. We find

(1, 1)0 . A;]BU - A_QijBij =0 (03)
Rep (6,n)p:
1 Ma 27 kp o, L 1k plm
geijklAQ Bg — §A2[ij]Bg — Aggk Bij + ifijlmA2g B =0 (04)
Rep (1,n(n+1)/2)o:
Ag(aji' By — Az By =0 (C.5)
C.2 From (3.27)
Rep (15,1)p:
gAéjk)Bik + §A2(ik)Bjk - ékamA{kBlm - %ijlm;lukglm
-1 _ R
—~ B, (A2% — 45§A2“"“k> — B <A2ai3 — 46§A2ak’“>
2 ikl = 2 - . 1 .. _ _
= 349" Big = 5 Ay B + 28] (A8 Bu + Ao BY) (C.6)
+ 6By B* — gékalBkl =0
Rep (6,1’1)0:

_ _ _ _ 1 _
2 Agafi" Bjji + Asa"(i€jhim B™ + Azar" Bij + Aayij B® — §€ijklA@leQ

1- 1 _ _ 3 —
— §A2[Z]}B§ + geijklAngg + BBz]BQ — §€ij]§lBleg = 0 (C?)

Rep (1,n(n —1)/2)o
A" Bij — Aabij B — Aghe BE + Aghe B — Agjg)i" By + Agjg)'i By — 6B By =0 (C.8)
C.3 From (3.28)

Rep (15,1)42:

3

1 . i
+ e (A5 B — AJNB™) =0 (C.9)

9 _ 1 . 1
§A1ik3]k — *GiklmAgk)Blm + B¢ (AZaiJ - 45ZA2akk>
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Rep (15,1)0:
2 - . 2 1 . _ _ 1 ‘
“Ag B — CAY By 4+ MM Ay By, — < epam AL BI™
3 3 3 3
_ 1 . L
_ Bg (Azyi — 452A2akk> + B% (AQ(MJ _ 461?A2akk)

1 J kl o A kKl _
+ 50/ (AY' Bl — A BM) = 0

Rep (67n)+2
k m 1 koph 1 Kl
Agafi €jkim B — §€ijklA@ B> — geijklAQ B, =0
Rep (6,n)_a:
ik B ik B i s, li A
2424" i Bjjk + A2a"kBij + Aabij B> + 3 Agps B = 0
Rep (6,1’1)0:

_ 1- 1 _
— Ao Bjji + §A2gk[i5j]klmBlm + ZeijlmAQQkkBlm
1

15 b
+ §Aa7bij37+ 4

1. 1 _
GijklA@leQ + EAQ[U]BQ + ﬁeijklAngg =0
Rep (1,n(n—1)/2) 2:
1 . .
—§€ijklA@lJBkl + ALZ,CBQ — Ag@izB@ =0

Rep (1,n(n—1)/2)o:

Aw" Bij + Aabij BY — Aabe B¢ — Aabe BE + Asja)i" By + Asjy'i By = 0

C.4 From (3.29)
Rep (171)+2:

1 ¥ 1 iy 4
geijklAZQjBkl + §€Z‘jlekal + Agging - BEBQ =0

Rep (1,1)o:

1 . 1_ 1 o 1 - . o _
gA;]Bij + §A2ijBU + iAgging + §A29ZiBg + B”Bij — BQBQ =0

C.5 From (3.30)
Rep (15,1):2:

9

1 j .
+ g Cikm (A[ij]Blm - Alszjk> =0

gA[zjk]Alik — gEiklmAgjk)Alzm — Ay%F <A2aij — 155142@1)
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(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)



Rep (15,1)0:

4 o - 4 i - 2 ) 9 o
§A[2J k]AZ(ik) 9 Agjk)AZ[ik] - §€iklmA{kAl2m + §€] M A ik Aot

o o 2 . 2 .
+ Agoi® Ao¥; — Aoei? A% + gA[zjk] B, — §A2[ik] B*

1 . _ _
~ 50 (ASZBM - AMB’“I) =0
Rep (67n)+2:

4 1
§A2g[ik€j}klmAl2m + §€ijklA]§lA2gmm + €5k Aap™ Aol ™

1 1
+ geijklAngg + §EijlmA22kkBlm =0

Rep (6,n)_2:
2 i Aoa s — 2 Ay Ageks — 2 Ay AouF + Aggys g
3 2[ik]“12a j 3 2[jk]“*2a 1 3 2[ij]“12a k abij 27 k

1 - _ 1- _
+ §A2[Z]}BQ+ §A22kkBij — O

Rep (6,n)p:

2 - 1 - 2 - 2 _
§A2gk[i€j}k:lmf4l2m + géijszSlAzgmm + §A2[ik]A2gjk - §A2[jk]A2gik

1- - 1 -
- §A2[ij]A2gkk — Agpij As* — §€ijsz@klA2bmm
1

. 1 T o
3A2[ij]Bg — —€;jm A5 B, — §A2gkkBij — ieijlmAQQkkBlm =0

6

Rep (1,n(n—1)/2)42:

1 g . .
S€ishtAan” A5+ Aape Ao = Agja)i" By = 0

Rep (1,n(n—1)/2)p:

2 i 1 2 - ij 1 ci 1 ci ip A
§A@Z]A2i]‘ + gA@ijAzj + AL(,CAQ* i+ AL(,CAQ*,' — AQ[Q” B@ — Ag[g‘ iB@ =0

C.6 From (3.31)
Rep (171)+2:

9 g | g ,
§€ijk1AlngI§l — Agqi" Ao®7 + geijsz?B“ + Agei' B =0
Rep (1,1)o:

4 - L. 1 . _ 1 - . 1 .. - 1 - ..
§A[22J]A2z‘j — Azai' A2 j + 5 Asei" BE + 5 A2g i BE + §A§JBU + 342 BY =0
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(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)



C.7 From (3.32)

Rep (15,1)o:
gA[zj k]AZ(ik) + %Agjk)fb[ik] - géj MM A ik Agim — g€iklmA{kA12m
+ Agar" A2 + Agei? A, — %55142@]91‘12@1
- SAEJ k]AZ[ik} + g@jAEM] Aoy + 2459 By + 245 B
- %55 (Angkz 1 lelekl> =0
Rep (6,n)o:

— %fiz[m]fl?yk + %Am] Angi® + Agjij Azar® + ;Azgk[iﬁﬂklmflgm
— %EijklAglAZQmm — AgpijAhF + %EijklAlbklAZQmm
+ Agjij1Ba — %ez‘jklAé:lBg - %AQQkkéij + ZfijlmAQQkkBlm =0

Rep (1,n(n—1)/2)p:

2 2 L .

gAiszA2ij — gA@ijAQJ + Agpc A2 i — Agpc A%’

+ 2Ag14)i" Aoy j + 3As1a)i" By — 3Aa'i By = 0
C.8 From (3.33)
Rep (15,1)_2:

4

3
9 . 1 .. - 1 . -

+ gAjlkA2[ik] + A By + gfjklmA2(ik)A2lm + §€JklmA2(ik)Blm =

1 - 3./ 1. .
= 0] AN Aoy + 153 (Azaszzalk — 2A2akkA2all>

- o 3.
AjlkAQ(ik) +340Y  Ag"; — §A2yiA29kk

=3
Rep (15,1)p:
2 = 2 (k) % 1
gA]l Avik + gAQJ AZ(ik) + 3

1 . - 1 . 3 . 3 .
+ 663 Mm A ik Agi, + 6€iklmA]1kAl2m — §A2gkj A2k, — §A2gikA2% k

3 - 3 _ | T 1 Y —
+ ZAQQijA2gkk + ZAQQkkAZQJi + EB]kAQ(ikz) + EAgjk)Bik

. _ 1 . _
A[ij]A2(ik) + gAgk)Awk]

1o~ =1 "
+ ZejklmAuszm + Zez’klmAjl Bim =

1 = _ 3 . _ 3 . _
= 651? (A]flAlkl + A(le)Ale> — Z(SZJ‘AQleAZle + §5§A2gkkz422ll
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(C.28)

(C.29)

(C.30)
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Rep (10,n)42:
éA Ly lA ke ooAlm oAb ke g Im
3 2a(i A1j)k + 3 2a(i €5)klm<12 + A2 (i €)kimab
1- 1 .
- gAling + §A22(ik€j)klm3l =0 (032)
Rep (10,n)_»:
2A2£ik)A%gkj + 2%2(%){12@'% - 2{12(17)1‘_{2@% +76Aafb(j|kf‘i2bk\j>
+ Agping A2d"; + Ao Aza”i + 3424" i By, + As(ijyBa = 0 (C.33)
Rep (10,n)o:
2Agi1) A2a;” + 240k  Azai” — 4A24" (A1 jk + 24155 A24" K
+ 6 A0k A2% )" — A% eiymimAa™ + Ao Azas” + Agfjr) Aai” (C.34)
_ . _ 3 _ .
— Aoa® i€y pim AY" + 3Agq(" By, — §A22k(i€j)klmBl — A1ijBa — AgijyBa = 0
Rep (15,n(n—1)/2)_2:
I _ _ R - -
— 2™ Ay i Ay Som — 2Aabe (AQ% — 455A20kk) — 4Ag, i Ay s
4 - 2 L
- gA{kA@ik + gﬁjkl Agiry Aabim — 2Aspa) i Aoy
1. _ L I 1. _
+ gejklm (AQ[ik]A@lm - A@ikA2lm> + 245047 Bjy) — 555142@]“193@] (C.35)
1. o o
+ iejklm (A@lmBik — A@ikBlm) =0
Rep (15,n(n —1)/2)o:
23 ik _ 2 4k g Ll kl Kl 7
gAzikA@ - §A2 Aabik — 66" (AzklA@ — A3 A@kl)
1 ; 1 . - .
- geiklmAjlkA(Lme + gﬁjklmAlikA@lm + 2A500" Ag i
o T
— 2 Ao Aopy®i — Aabe <A2gi - 4551426]"’1@)
_ 1 - . _
+ Agbe (AQCiJ — 3% A2C’“k> + 441, Ageir, — 6] Alg™ Ay (C.36)
_ o 1. _
+ Aogai” Aoy’ + Aoy Az 'k = 567 Asjali" Az
- _ L1 _ _
+ A(LbjkBik — A&bikBjk — Z(;f (A@lekl — A@lekl)
A_ o 1 - .
= Agpali’ By + Aja)’i By + ;07 (Aogap* By — Aoga*sByy) =0
Rep (6,n(n—1)(n—2)/6)2:
m 1
6 ALy Aoe)y " €ijim + €ijnt <3A[ab|df4|c]dkl + 3A’§lAabc)

1
+ §€ijkl (ALI,CBM — 314[@“32]) =0 (037>
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Rep (6,n(n—1)(n—2)/6)_2
681 A+ 3 Atia Al + 3 Ay + 3 Ao A
2 By + 5 Aanc By = 0 (C.38)
Rep (6,n(n —1)(n — 2)/6)o:
— 12A0(afit" Ajpejik GA[bc ™ Agal " [j€itpim + 6 Aabja A + B€ijmi AlaplaAlg

1
geijklAQ ALbC (C.39)

_ 1 _ _ 3 _
+ ALchij + §6ijklALchkl — 3B[QA@]” — iﬁijklA[&bleg] =0

+ Beijri Ay Aog " m + §A2[ij}ALIE +

Rep (1,n(n—1)(n—2)(n —3)/24) 42

3 g .
- 5eijklA@wA@“ + 3Ac b Aca)® + 2ApeAsayi’ — 2A (e By = 0 (C.40)
Rep (1,n(n—1)(n —2)(n — 3)/24)0:

— 341" Aeaij + 3Actap Aca® + AfabeAod)'s + AlaveAoai’ — AlaveBay — Afane By =0 (C.41)

C.9 From (3.34)

Rep (15,1)o:

AV By — Agipy BT — %eiklmA{kBlm + %ejklmfiukélm =0 (C.42)
Rep (10,n)p:

Ag(ijyBa — A1ijBa + 3Agyi" By, + A2a (i€ kimB™ =0 (C.43)

Rep (15,n(n—1)/2)p:

2Aab zk + 2AabszJk - 75] (A(Lblekl + A(Lblekl>

] kn Ak

— 24504’ By — 24510 iBy + 553 (Aspap" By + Asga" By ) = 0 (C.44)

Rep (6,n(n—1)(n —2)/6)o:
_ 1 3
ALbCBij QGUMB Aabc + 3B[ AJ 62]le[aAJ =0 (0.45)

Rep (1,n(n —1)(n —2)(n — 3)/24)o:

By Apeq) — BlaApea) = 0 (C.46)
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C.10 From (3.35)
Rep ((15 x 15),4,1)o:
9 . )~ .- 9 LN _—
2 im 4 (In im n 2 itmn {1 n - -
- §6ikmn (Ajl Aé ) Agj )All ) - 56]1 (AlimAZ(kn) - AQ(zm)Alkn>
o - 1 _ _
+ Ao A%y — Aggi A% + Zéi (AzgilAQQmm - AngmAggli)

1l i A _am m A _aj 4 [l 7 4 (40 7
= 20 (AQQk]A27 m — A2am Aka> - §A2J Asiky — §A2 As[ik)

9 . ] ~ ) 2 ol L
- 5% (A5™ Apggomy + AS™ Aggpn)) + o0 (A5™ Ay + AF™ Ay )
1 m) ¥ im) 1 1 Ilm] 1 Ilm) 7
+ 555 (A[zj ]AZ(km) — AY )AQ[km}) - §5i (A[z }AQ(im) — A )AZ[im])

1. o L _ _
+ §GJ fmn (AanAuk — Ajim) Atkn — A2[km]A1in)

+ e (457481 = AFAY — AL 8] (v 574
- 1 o
+ elmnpAanAlkm> - ﬁéfg (eimnpAgpA‘i + EJ pAanAh'm) (047)
2 i lim] 7 2 0 )« Y S
+ §55A[2l ]A2[km] - 555«4[2] ]A2[im] + §A2(z‘k)B]l + gAgﬂ)Bik

1 1 A m m) 5 1 A m im) 5
+ 555 <A2(km)Bl + A )Bkm) - 552 (AQ(im)B] + AY )Bim)

1= m AGm) 5 Loira Im _ 4(m) 5

_ 661 (A2(km)B] — AQJ Bkm) + 6(5% (Ag(lm)B — A, Bim)
1 . _ _ _ _ _ _

- geﬂmn (Alikan + AlimBkn + AlkmBin>

1 j j . 1 .
— it (A BT+ AP B A BI) — 6] (AL B

P K Buy) 20k (Cimnp AT B 4 P A By
— 267 (A B™ + AT Bin) + 30% (Aguy B + AL By
- gag'BlmBkm + gagBijim =0

The tensor product (15 x 15)4 of SU(4) decomposes as

(15 x 15)4 = 15 + 45 + 45, (C.48)

The component of the quadratic constraint (C.47) in the 15 of SU(4) follows from contract-
ing (C.47) with 6F, which yields

8 o 8 (- 2 ., i
(15,1)0: §A]1kA1ik - §Ag]k)A2(ik) - §5f (AlflAlkz - Agkl)/hkl)
o R R 4 i -
+ Aggi? A%, — Aoei® A% + §A[2jk]A2(ik) + §A§Jk)A2[ik}
2 2 < 8 ikl - 2 ol
- 563 Mm A ik Ay — §€z’kzlmAj1kAl2m - §A[27 k]AQ[ik] + §5Z A[Qk”Ale

2 2 e 1 1 -
- §A2(ik)B]k - gAg] ) By + gﬁjklmAliszm + gﬁiklmAjlkBlm (C.49)
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4 . 4 gl = 1. /- _
+ §A2[z‘k]BJk + gA[QJ 1By, — §5f (AleBkl + AISIB@
I S
+6B*B;;, — §6kalBkl =0
Rep (15 x 6,n)p:
2 2 - I 2 - -
- §A2g[im6j]kmnAl1n - §A2Qm[i€j]kmnf4§ ™ §A2gl[if41j]k

_ 1 - 2 - - 2 -
Ag(iyAzaj’ + §A2(jk)A2gil — §A29m[i5§-]z41km - gAQQ[iméé‘}AQ(km)

Lo =

= 1 1 _ 1, -
+ Aabij (Azbkl - 45119A2bmm> + ieijmnA@m" <A2blk - 452142@;;)

1 S 1 1
+ gfijkmAll Agan" — §A2[ij]A2gkl - §A2[ik]A2gjl + §A2[jk]A2gil
_1.. mn A1 17 l mn 1* m [In]
662]mnA2 AZQ K+ 6A2g [iej]kmnAQ + 3A2g [ifj]kmnA2

1 Im] 7 1= 1, -
— EeijkmA[zm]AQan - §5§A2jsz2gmm + §5§‘A2ikA2gmm

2 - 1 _ 1 - n
+ 3 Anali" 0 Asfim] + T3 0166 kmn AS™ Aa”p + 2 Ao 105 kmnp A5

1 L (A m A m 1 l mn A
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_ %A@mﬁeﬂkmnfgm + éeijkm[lgg”nBlm + éagiAng
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- if‘_lzgm[ifsé']ekmannp - é‘gfiej]kmnf_lmpmen + %5§<:A2g[iméj]m

1 _ 1 - 1,- 1., -
+ §52Azgmm3ij — §5§g€ijmnA22pmen - 65§A2[jk]Bg + 65§A2[ik]Bﬁ

1 _ 1, - 1 _
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3 = 3 _ 3 = 3 _
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The tensor product 15 x 6 of SU(4) decomposes according to
15x6=6+10+10+64. (C.51)

In order to specify the components of (C.50) in the 10 and 6 representations of SU(4), we first
contract (C.50) with §{. To obtain the 10 component, we symmetrize the resulting identity
in ¢ and k, whereas to get the 6 component, we antisymmetrize in ¢ and k. The results are

2 - . - 1- 1 - S .
(10,n)o: - §A2gj (i A1r)j— §A2(z’j)A2gkj - §A2(jk)A2gi] — Agpji Aty
L 1,0 Agy™ =2 Ay Aog? s+ 2 Ay Asas +2 A j
+ 5427 (€h)imnAab — 5 Atikd2a j‘|‘§ 2(ik) A2aj +6 2ij]A2ak
1- j 1 - l mn 1 i 1+ l mn
_6142[]‘19]142@' +6A2g (i€k)tmn A2 —§Azg(i Bk)j_ZAQQ (i€k)imn B
1- = 1-
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1 N T |
(6,n)o: ~ g €ikmn (AllmAQQJ"JrAg )Azg l) —gAng [iAlk]j+§A2(ij)A2gkj

1= o A A
- §A2(jk)A2gi] — Agyji A2ty — ZA@ikAZQjJ - 51429[ [(€kJtmnAab

- %fiklmA@lmA2bnn - %Aﬂij]Angj - %AQ[jk]A2gij + %fl@l i€k mn A2
- %fiklmA[zl " Aoy n+ %A2[ik] Agaj? — ?ZeiklmAIQmAQan — Aoy’ By
- 21212@[ [i€kimn B — ieiklmg2glann - gAQijBik + %GikmnAQQZZan
- %AM B,— %eiklmAlQmBg—i— %BikBg— %eiklmB“nt =0 (C.53)
Rep (((6,n) x (6,n))4)o:
= 2Aaqpi™ A )y + 240"y Ay ™8}y — 4Aopagy* Azy

+ QAEQkZAIg]gij — 45[[514%””1/_199‘]-}”1 + 5Z[k5;] A%mn/_lggmn

_ _ 9 _
+ 25" Ay 1365} + 240y ™ A 55 + §A[2kl] Aagbij

2 - kl 2 k 4llm] 1 2 1 glkm] 3
— §A2[ij}A@ - 35[1|A2 Agb|jjm + §5MA2 Aab|jjm
2 [k 2 [k 7 1 i
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— Agpn Ags™) — 35@ (55Aglm} Agpjm) — 88 AE™ Ayps
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— 018 A ™ Ay + Ay™ Byj — Agi;B¥ — 25{féj]mz4@”m

+ 2005 gy B + %5}’“5? (4™ B = Aabmn B™)

[k sl > k 1]
+ 2B, Aoy 116 + 2B (o Aapyi 6

Lkl (p 7 m
— 5006 (BaAny™

_ 1 ol = ol = _
+ BQAmmm) 3% (5f§A[2’ Bjjn = 31,45 Byl + 6 B Ay

[k pllm 7 1 [k ¢l] mn n A mn
- 5j B] A2[zm]> - 65(171;5@ 5j (A2 an + AanB )
[k pllm 5 3
i B' Bjjm — 4
The tensor product ((6,n) x (6,n))4 of SU(4) x SO(n) decomposes as

((6,1) x (6,m))4 =(1,n(n - 1)/2) + (20", n(n - 1)/2)
+(15,n(n+1)/2—-1)+(15,1). (C.55)

3 [k 5!

kdll pmn 5 >,
+ 36,0 801 60 B By + 20081 BBy =0

In order to specify the component of (C.54) transforming in the (reducible) (15,n(n+1)/2)
representation of SU(4) x SO(n), we contract (C.54) with §] and we then symmetrize the
resulting equation in a and b. We find

(15,n(n+1)/2)0:  — Ay Ao + Asel;" Aopyi — 24,5 Ay

1 o o o
+ 500 A Apyeji + Anal; Az s + Axgali™ Aoy’
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1 . 2 o
= 50 Aa(als” Aot = 5 0ab <A[2k]]f42[ij] - *5 A[J”Awl)
_ _ 1
+ B(gAgb)ki + B(QAQQ)ik — de ( (a A2b) + B( Agb)] ) (C.56)
T 3% (4571By; + Ay B ) — 55@55 (49'Bji + A5 B")
+ §5@ (B’W’Bij - 1afBj’le) =0

On the other hand, the (1,n(n—1)/2)p component of the quadratic constraint (C.54)
follows from contracting (C.54) with 5,26{, which gives

o o 9 - 9 _ y
(Lnm—1)/2)0: Ay’ Ao’y + 241" Apjesj + 5 A7 Aabiy — 5 A2ij Aat”
- 2A2[Q|ii/12@jj + A@ijgij — A@ijBij - BB[QAQQ}ii (057)
+ 3B[QA2Qii + 9B[QBQ =0
Rep (15,n(n—1)/2)p:
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For BY = B2 = 0, the T-identities given in this appendix consistently reduce to those

of the standard gauged four-dimensional A = 4 matter-coupled supergravity, which are
provided in [33].
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