
J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

Published for SISSA by Springer

Received: January 17, 2024
Accepted: April 14, 2024

Published: May 9, 2024

N =4 Supergravity with Local Scaling Symmetry in Four
Dimensions

Nikolaos Liatsos

Physics Division, National Technical University of Athens
15780 Zografou Campus, Athens, Greece

E-mail: n.liatsos.s@gmail.com

Abstract: We construct the most general four-dimensional N = 4 supergravity coupled to
an arbitrary number n of vector multiplets in which the global scaling symmetry is gauged,
in addition to a subgroup of SL(2,R) × SO(6, n). The various gaugings are parametrized
by an embedding tensor built out of 2

(n+6
3
)
+ 4(n + 6) parameters that satisfy a specific

set of quadratic consistency constraints, to which we provide explicit solutions. We also
derive the local supersymmetry transformation rules and the equations of motion for the
four-dimensional N = 4 matter-coupled supergravity with local scaling symmetry. Such
supergravity theories do not possess an action, since the scaling symmetry is only an on-shell
symmetry of the corresponding ungauged theories.

Keywords: Extended Supersymmetry, Supergravity Models, Superspaces

ArXiv ePrint: 2401.04813

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP05(2024)101

https://orcid.org/0000-0003-4069-8434
mailto:n.liatsos.s@gmail.com
https://doi.org/10.48550/arXiv.2401.04813
https://doi.org/10.1007/JHEP05(2024)101


J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

Contents

1 Introduction 2

2 The ingredients of D = 4, N = 4 supergravity 4
2.1 Scalar coset space representatives 4
2.2 Fermionic fields 5
2.3 Symplectic frames 6

3 Gauging the scaling symmetry 6
3.1 Embedding tensor 7
3.2 Quadratic consistency constraints 9
3.3 Solution to the quadratic constraints 10
3.4 Gauge covariant field strengths 14
3.5 Scalar sector 15

4 Supersymmetry algebra 16

5 Equations of motion 20
5.1 Fermionic field equations 21
5.2 Bosonic field equations 22

6 Maximally symmetric solutions and mass matrices 26

7 Conclusions and outlook 29

A Solution of the Bianchi identities 30

B Solution of the quadratic constraints 36

C T-identities 46
C.1 From (3.26) 46
C.2 From (3.27) 47
C.3 From (3.28) 47
C.4 From (3.29) 48
C.5 From (3.30) 48
C.6 From (3.31) 49
C.7 From (3.32) 50
C.8 From (3.33) 50
C.9 From (3.34) 52
C.10 From (3.35) 53

– 1 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

1 Introduction

N = 4 supergravity theories in four spacetime dimensions are of particular interest, since
they exhibit the maximum amount of supersymmetry that is compatible with a consistent
coupling of the supergravity multiplet to matter multiplets. The first instances of four-
dimensional pure N = 4 supergravities were constructed more than 40 years ago in [1–4]
and the coupling of N = 4 supergravity to vector multiplets, as well as some of its gaugings,
were analyzed a few years later in [5–10]. More recently, various gauged N = 4 supergravity
models originating from orientifold compactifications of type IIA or IIB supergravity [11, 12]
were studied in detail [13–21].

A systematic parametrization of all the consistent gaugings of four-dimensional N = 4
matter-coupled supergravity is provided in [22] by means of an appropriately constrained
embedding tensor that encodes the embedding of the gauge group into the on-shell global
symmetry group of the ungauged theory, namely SL(2,R) × SO(6,n), where n is the number
of vector multiplets. The embedding tensor formalism was introduced in [23–25] and further
developed in [26–29] (see [30–32] for reviews). The full Lagrangian for the gauged D = 4,
N = 4 matter-coupled supergravity in an arbitrary symplectic frame is given in [33], where
it was also shown that the supertrace of the squared mass eigenvalues vanishes for any
Minkowski vacuum of such a theory that completely breaks N = 4 supersymmetry. This
non-trivial result establishes the absence of quadratic divergences in the 1-loop corrections
to the scalar potential for this class of vacua.

The objective of this work is the construction of all possible gaugings of the four-
dimensional N = 4 supergravity coupled to an arbitrary number n of vector multiplets that
include a gauging of the global scaling symmetry R+ of the equations of motion of the ungauged
theory. This symmetry, which is also often referred to as trombone symmetry, generalizes the
invariance of Einstein’s equations of general relativity under Weyl rescalings of the metric:

gµν → Ω2gµν , (1.1)

where Ω is a real constant. Thus, the gauge groups under consideration in this paper will be
direct products of a subgroup of SL(2,R)× SO(6, n) and the scaling symmetry R+.

The earliest instance of a supergravity theory with local scaling symmetry is the massive
ten-dimensional IIA theory constructed in [34, 35] by a generalized dimensional reduction [36]
of eleven-dimensional supergravity. This theory is distinct from Romans’ massive IIA
supergravity [37]. Furthermore, supergravities with local trombone symmetry in nine and
six spacetime dimensions with a higher-dimensional origin were constructed in [38] and [39,
40] respectively. All the aforementioned theories do not possess an action. A general
framework for the construction of trombone gauged supergravity theories that makes use
of the embedding tensor formalism was established in [41], which also provides explicitly
the algebraic structures of the embedding tensors that parametrize the consistent gaugings
of the maximal supergravities in various spacetime dimensions that involve the on-shell
scaling symmetry of the corresponding ungauged theories as well as the quadratic constraints
satisfied by these tensors. Furthermore, the authors of [41] derived the equations of motion
that characterize the three-dimensional maximal supergravity with local scaling symmetry,
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while the corresponding equations for the trombone gauged maximal (N = 8) supergravity
in four dimensions were specified in [42]. In both cases, it is clear that the field equations
cannot be obtained from an action.

As far as half-maximal (N = 4) matter-coupled supergravity in four spacetime dimensions
is concerned, the standard gaugings thereof, which describe gauge groups that are entirely
embedded into SL(2,R)×SO(6, n) and do not include the scaling symmetry, are parametrized
by an embedding tensor Θ that can be expressed in terms of two real constant SL(2,R)×
SO(6, n) tensors ξαM and fαMNP = fα[MNP ] [22]. From the general analysis of [41] it follows
that in this case, the gauging of the on-shell scaling symmetry of the ungauged theory
translates into the introduction of additional components θαM in the embedding tensor, which
transform in the fundamental representation of SL(2,R)× SO(6, n). Hence, the simultaneous
gauging of a subgroup of SL(2,R)× SO(6, n) and the trombone symmetry can be described
by a deformed embedding tensor Θ̂ carrying in total 2

(n+6
3
)
+ 4(n+ 6) parameters.

In this paper, we work out the generic algebraic consistency constraints on the embedding
tensor of any trombone gauged supergravity that are put forward in [41] for the specific case
of four-dimensional N = 4 supergravity coupled to n vector multiplets. This allows us to
specify the explicit parametrization of the embedding tensor Θ̂ in terms of the irreducible
SL(2,R) × SO(6, n) tensors fαMNP , ξαM and θαM as well as the quadratic constraints on
these three tensors which guarantee consistency of the gaugings of D = 4, N = 4 supergravity
that involve the scaling symmetry. We also confirm that these quadratic constraints are
sufficient for compatibility of the theory with N = 4 supersymmetry by an explicit derivation
of the associated equations of motion. Once more it is apparent that these field equations
cannot be reproduced by the variation of an action, which is explained by the fact that the
theory under study results from the gauging of the trombone symmetry of the equations
of motion of the ungauged four-dimensional N = 4 supergravity, which, however, is not a
symmetry of the action thereof. We should point out that a preliminary discussion of the
gaugings of D = 4, N = 4 supergravity that involve the scaling symmetry can be found in [43],
whose author has derived an expression for the embedding tensor that parametrizes the
aforementioned gaugings as well as a set of quadratic consistency constraints on the irreducible
components of this tensor. However, our results cast doubt on the validity of these constraints.

The rest of this article is organized as follows. In section 2, we review the field content
of the four-dimensional N = 4 supergravity coupled to n vector multiplets and the structure
of the coset space SL(2,R)

SO(2) × SO(6,n)
SO(6)×SO(n) parametrized by the scalar fields of the theory. We

also provide a definition of the relevant symplectic frames. In section 3, we determine
the algebraic structure of the embedding tensor that parametrizes the gaugings of D = 4,
N = 4 supergravity that include the trombone symmetry. We also provide the quadratic
consistency constraints satisfied by the irreducible components of this embedding tensor and
an explicit general solution to these constraints. In section 4, we give the local supersymmetry
transformation rules of four-dimensional N = 4 supergravity with local scaling symmetry
and verify the closure of their algebra on the bosonic fields of the theory. In section 5,
we derive the full set of equations of motion that characterize the trombone gauged half-
maximal supergravity in four dimensions. In section 6, we specify the conditions satisfied by
solutions to these field equations with constant scalar and vanishing vector and fermionic
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fields as well as the mass matrices of the fluctuations of the various fields of the theory
around such solutions. Furthermore, in appendix A, we present the rheonomic approach
underlying the derivation of the local supersymmetry transformations and the fermionic field
equations provided in the main text. In appendix B, we explain in detail the procedure for
the solution of the quadratic constraints on the embedding tensor. Finally, in appendix C,
we derive the quadratic constraints satisfied by the fermion shift matrices of the theory
(T -identities) by appropriately dressing the quadratic constraints on the embedding tensor
with the representatives of the scalar coset manifold.

2 The ingredients of D = 4, N = 4 supergravity

In order to establish the notations, we first recall the field content of four-dimensional
N = 4 matter-coupled Poincaré supergravity. The N = 4 supergravity multiplet contains
the graviton gµν , four gravitini ψiµ, i = 1, . . . , 4, six vector fields Aijµ = −Ajiµ , four spin-1/2
fermions χi (dilatini) and a complex scalar τ parameterizing the coset manifold SL(2,R)

SO(2) . This
multiplet can be coupled to n vector multiplets, which contain n vector fields Aaµ, a = 1, . . . , n,
4n gaugini λai, and 6n real scalar fields ϕam, m = 1, . . . , 6, which parameterize the coset
manifold SO(6,n)

SO(6)×SO(n) . Overall, the scalar σ-model is described by the coset space [5, 6, 8]

M = SL(2,R)
SO(2) × SO(6,n)

SO(6) × SO(n) . (2.1)

2.1 Scalar coset space representatives

The SL(2,R)/SO(2) factor of the scalar manifold (2.1) can be represented by a complex
SL(2,R) vector Vα [22], where α = +,−, which satisfies the constraint

VαV∗
β − V∗

αVβ = −2iϵαβ , (2.2)

where ϵαβ = −ϵβα and ϵ+− = 1. We will raise and lower SL(2,R) indices according to
the convention

Vα = Vβϵβα, Vα = ϵαβVβ , (2.3)

where ϵαβ = −ϵβα with ϵ+− = 1, such that ϵαγϵβγ = δαβ .
It is also useful to introduce the positive definite symmetric matrix

Mαβ = Re(VαV∗
β) , (2.4)

which satisfies

MαβMβγ = δαγ . (2.5)

Furthermore, Vα carries SO(2)∼=U(1) charge +1.
On the other hand, the coset space SO(6,n)/(SO(6)×SO(n)) parametrized by the 6n

real scalars of the n vector multiplets can be described by means of a coset representative
LM

M = (LMm, LM
a), where M = 1, . . . , n+6 is a vector index of SO(6,n), m = 1, . . . , 6 and

a = 1, . . . , n are indices of the fundamental representations of SO(6) and SO(n) respectively,

– 4 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

while M is an SO(6)×SO(n) index, which decomposes as M = (m, a). The matrix L is an
element of SO(6,n), which means that

ηMN = ηMNLM
MLN

N = LM
MLNM = LM

mLNm + LM
aLNa , (2.6)

where ηMN = ηMN = diag(−1,−1,−1,−1,−1,−1, 1, . . . , 1︸ ︷︷ ︸
n entries

). The constant matrices ηMN

and ηMN and their inverses, ηMN and ηMN , can be used as metrics to raise and lower the
corresponding indices.

As for the scalar sector of the N = 4 supergravity multiplet, it is useful to introduce
the positive definite symmetric matrix M = LLT , with elements

MMN = −LMmLNm + LM
aLNa , (2.7)

which satisfies

MMNMNP = δMP . (2.8)

We can trade the matrix elements LMm for the antisymmetric SU(4) tensors LMij =
−LMji defined by

LM
ij = ΓmijLMm, (2.9)

where Γmij are six antisymmetric 4×4 matrices that realize the isomorphism between the
fundamental representation of SO(6) and the two-fold antisymmetric representation of SU(4).
We refer the reader to appendix A of [33] for the explicit expressions for these matrices. In
terms of LMij , which satisfy the pseudo-reality condition

LMij = (LMij)∗ = 1
2ϵijklLM

kl, (2.10)

equation (2.6) is written as

ηMN = −LMijLNij + LM
aLNa . (2.11)

2.2 Fermionic fields

The fermionic fields of D = 4, N = 4 matter-coupled supergravity transform in representations
of the isotropy group H = SO(2) × SO(6) × SO(n) of the coset space (2.1), parametrized
by the scalar fields. More precisely, the gravitini, the dilatini and the gaugini transform in
the fundamental representation of SU(4), which is the universal cover of SO(6), while the
gaugini alone transform in the fundamental representation of SO(n) as well. Furthermore,
the fermions ψiµ, χi and λai carry SO(2) charges −1

2 , +3
2 and +1

2 respectively and have
the following chirality properties:1

γ5ψ
i
µ = ψiµ, γ5χ

i = −χi, γ5λ
ai = λai, (2.12)

while their charge conjugates ψiµ = (ψiµ)c, χi = (χi)c and λ
a
i = (λai)c have opposite SO(2)

charges and chiralities.
1We use the gamma matrix and spinor conventions of [32], which are also summarized in appendix A of [33].
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2.3 Symplectic frames

The Lagrangian that describes the ungauged theory involves n+ 6 abelian vector fields AΛ
µ ,

which are referred to as electric vectors and combine with their magnetic duals, AΛµ, into an
SL(2,R) × SO(6,n) vector AMα

µ , which is also a symplectic vector of Sp(2(6+n),R)⊃ SL(2,R)
× SO(6,n). Following [22], we introduce a composite SL(2,R) × SO(6,n) index M = Mα

and an antisymmetric symplectic form CMN defined by

CMN = CMαNβ ≡ ηMN ϵαβ . (2.13)

Every electric/magnetic split AM
µ = AMα

µ = (AΛ
µ , AΛµ) such that (2.13) decomposes as

CMN =
(
CΛΣ CΛ

Σ
CΛ

Σ CΛΣ

)
=
(

0 δΛ
Σ

−δΣ
Λ 0

)
(2.14)

defines a symplectic frame and any two symplectic frames are related by a symplectic
rotation that is an element of Sp(2(6 + n),R). In [33], the choice of the symplectic frame was
conveniently parametrized by means of projectors ΠΛ

M and ΠΛM that extract the electric
and magnetic components of a symplectic vector VM = (V Λ, VΛ) respectively, according to

V Λ = ΠΛ
MVM, VΛ = ΠΛMVM. (2.15)

The properties that must be satisfied by these projectors are provided in the same reference.

3 Gauging the scaling symmetry

In this section, we will present the structure of the consistent gaugings of half-maximal
supergravity in four spacetime dimensions that involve the scaling symmetry. We first recall
that the on-shell global symmetry group of the ungauged D = 4, N = 4 supergravity coupled
to n vector multiplets is

G = SL(2,R)× SO(6, n)× R+ , (3.1)

where R+ denotes the scaling (or trombone) symmetry of the equations of motion, under
which the various fields transform as

δgµν = 2λgµν , δAM
µ = λAM

µ , δτ = 0 , δϕam = 0 , (3.2)

δψiµ = 1
2λψ

i
µ , δχi = −1

2λχ
i, δλai = −1

2λλ
ai, (3.3)

where λ is an infinitesimal real parameter. We denote the generators of G by tÂ = (t0, tA),
where t0 is the generator of the scaling symmetry R+, while tA are the generators of
SL(2,R)×SO(6, n), where the index A labels the adjoint representation of SL(2,R)×SO(6, n),
and thus decomposes as A = ([MN ], (αβ)).
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3.1 Embedding tensor

For the purpose of constructing the most general N = 4 locally supersymmetric theory in
four spacetime dimensions whose gauge group is the direct product of the scaling symmetry
R+ and a subgroup of SL(2,R)× SO(6, n), we will employ the embedding tensor formalism,
which was introduced in [23–25] and further developed in [26–29] (see [30–32] for reviews).
In this formulation of the gauging procedure, all the information about the embedding of the
gauge group into G is encoded in an embedding tensor Θ̂M

Â, by means of which the gauge
group generators XM are expressed as linear combinations of the generators of G according to

XM = Θ̂M
ÂtÂ = Θ̂M

0t0 + Θ̂M
AtA . (3.4)

We also introduce vector gauge fields AM
µ = AMα

µ , which decompose into electric vectors AΛ
µ

and magnetic vectors AΛµ, and the gauge covariant exterior derivative

d̂ = d− gAMXM , (3.5)

where g is the gauge coupling and AM = AM
µ dxµ. The action of (3.5) on a p-form depends

on the representation of G carried by the latter. Furthermore, we note that

B ≡ gΘ̂M
0AM (3.6)

is the linear combination of the one-form potentials AM that gauges the scaling symmetry.
Moreover, from the coupling of the embedding tensor in (3.5) it follows that the latter has
scaling weight −1.

Following [41], we consider the following ansatz for the embedding tensor:

Θ̂M
NP = ΘM

NP + ζ1(tNP )MQθQ ,

Θ̂M
βγ = ΘM

βγ + ζ2(tβγ)MQθQ ,

Θ̂M
0 = θM ,

(3.7)

where ζ1 and ζ2 are real constants and ΘM
A = (ΘM

NP ,ΘM
βγ) is the embedding tensor

that parametrizes the standard gaugings of four-dimensional N = 4 supergravity, which do
not involve the trombone symmetry. Consistency of the standard gaugings restricts ΘM

A

to the (2,n + 6) +
(
2,
(n+6

3
))

representation of SL(2,R)× SO(6, n), which means that this
embedding tensor is built out of two real constant SL(2,R) × SO(6, n) tensors ξαM and
fαMNP = fα[MNP ] [22]. The explicit expressions for its components, ΘαM

NP and ΘαM
βγ , in

terms of ξαM and fαMNP can be found in [22, 33]. Also, (tA)MN are the matrix elements of
the generators of SL(2,R)×SO(6, n) in the fundamental representation, which are taken to be

(tPQ)Mα
Nβ = δN[P ηQ]Mδ

β
α, (tγδ)Mα

Nβ = δβ(γϵδ)αδ
N
M . (3.8)

We now recall that the non-abelian two-form field strengths HM of the vector gauge
fields AM involve Stueckelberg-type terms of the form [27, 44]

HP ⊃ gZP
MNB

MN , (3.9)
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where BMN = B(MN ) are two-form gauge fields and the intertwining tensor ZP
MN is given by

ZP
MN ≡ X(MN )

P , (3.10)

where
XMN

P ≡ Θ̂M
Â(tÂ)N

P = −θMδPN + Θ̂M
A(tA)NP (3.11)

are the matrix elements of the gauge group generators in the fundamental representation
of G. As pointed out in [41], the two-form field content of the theory should be the same
in the presence and in the absence of a gauging of the scaling symmetry, since it is fixed by
supersymmetry. Therefore, the intertwining tensor must project onto the adjoint (3,1) +(
1, 1

2(n + 6)(n + 5)
)

representation of SL(2,R) × SO(6,n) in its lower indices (MN ). This
requirement determines the parameters ζ1 and ζ2 in the ansatz (3.7) for the embedding tensor.

More precisely, the two-fold symmetric tensor product of the fundamental (2,n + 6)
representation of SL(2,R) × SO(6,n) decomposes as

((2,n + 6)× (2,n + 6))sym.

=
(

3, 1
2(n + 6)(n + 7)− 1

)
+ (3,1) +

(
1, 1

2(n + 6)(n + 5)
)

(3.12)

We require the projection of the intertwining tensor onto the representation
(
3, 1

2 (n+6)(n+7)−1
)

to vanish, i.e.

ZPγ(M(α|N)β) −
1

n+ 6ηMNη
RSZPγR(α|S|β) = 0 . (3.13)

Substituting the ansatz (3.7) into the above condition and using the explicit expressions (3.8)
for the generators of SL(2,R) × SO(6,n), we find ζ1 + ζ2 = −2, or ζ2 = −2− ζ1. Therefore,
the components of the embedding tensor Θ̂M

Â read

Θ̂αM
NP = fαM

NP + δ
[N
M ξP ]

α − ζ1δ
[N
M θP ]

α , (3.14)

Θ̂αM
βγ = δ(β

α ξ
γ)
M − (2 + ζ1)δ(β

α θ
γ)
M , (3.15)

Θ̂αM
0 = θαM . (3.16)

Without loss of generality, we can set ζ1 = −1, which leads to

Θ̂αM
NP = fαM

NP + δ
[N
M ξP ]

α + δ
[N
M θP ]

α , (3.17)

Θ̂αM
βγ = δ(β

α ξ
γ)
M − δ(β

α θ
γ)
M , (3.18)

Θ̂αM
0 = θαM . (3.19)

Indeed, for any other value of ζ1, the parametrization (3.14)–(3.16) of the embedding tensor
can be obtained from (3.17)–(3.19) by the redefinition ξαM → ξαM−(ζ1+1)θαM . In the rest of
this paper, the components of the embedding tensor Θ̂ will be given by equations (3.17)–(3.19),
which result in the following expression for the entries of the gauge group generators:

XMαNβ
Pγ =− δγβfαMN

P + 1
2
(
δPMδ

γ
βξαN − δPNδ

γ
αξβM − ηMNδ

γ
βξ
P
α + δPN ϵαβξ

γ
M

)
− δPNδ

γ
βθαM + 1

2
(
δPMδ

γ
βθαN + δPNδ

γ
αθβM − ηMNδ

γ
βθ

P
α − δPN ϵαβθ

γ
M

)
. (3.20)
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Furthermore, the intertwining tensor equals

ZP
MN = ZPA(tA)MN , (3.21)

where

ZMαNP = −1
2Θ

αMNP + 3
2η

M [N |θα|P ], ZMαβγ = 1
2ϵ

α(β
(
ξγ)M + θγ)M

)
. (3.22)

We should mention that a parametrization of the embedding tensor describing the
gaugings of D = 4, N = 4 supergravity that involve the scaling symmetry was first given
in [43]. In this reference, the embedding tensor Θ̂M

Â is given by (3.14)–(3.16) with ζ1 = 2
and θαM = −1

2καM , so it clearly satisfies the linear constraint (3.13). Equivalently, the
expression for XMαNβ

Pγ provided in [43] can be obtained from (3.20) by redefining ξαM as
ξαM → ξαM − 3θαM and then setting θαM = −1

2καM .

3.2 Quadratic consistency constraints

In order for the gauging to be consistent, the embedding tensor Θ̂M
Â must also be invariant

under the action of the gauge group that it defines, which translates into the quadratic
constraints [41]

0 = Θ̂M
ÂtÂθN = XMN

PθP , (3.23)

0 = Θ̂M
ÂtÂΘN

B = XMN
PΘP

B + Θ̂M
AΘN

CfAC
B, (3.24)

where fABC are the structure constants of the Lie algebra of SL(2,R) × SO(6, n), defined
by [tA, tB] = fAB

CtC . From equations (3.23) and (3.24) it follows that the gauge group
generators satisfy

[XM, XN ] = −XMN
PXP , (3.25)

which amounts to the closure of the gauge algebra. Using (3.17)–(3.20) we find that
conditions (3.23) and (3.24) are equivalent to the following quadratic constraints on the
SL(2,R) × SO(6, n) tensors fαMNP , ξαM and θαM :

ϵαβξα(M |θβ|N) = 0 ,
(3.26)

ϵαβ
(
θPα fβMNP + ξα[M |θβ|N ] − 3 θαMθβN

)
= 0 ,

(3.27)
θP(αfβ)MNP + ξ(α[Mθβ)N ] = 0 ,

(3.28)
ξM(αθβ)M + θMα θβM = 0 ,

(3.29)
ξP(αfβ)MNP − ξ(α[Mθβ)N ] = 0 ,

(3.30)
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ξM(αθβ)M + ξMα ξβM = 0 ,
(3.31)

ϵαβ
(
ξPα fβMNP + ξαMξβN − 3ξα[M |θβ|N ]

)
= 0 ,

(3.32)
3fα[MN |Rfβ|PQ]

R + 2ξ(α[Mfβ)NPQ] + 2θ(α[Mfβ)NPQ] = 0 ,
(3.33)

ϵαβθα[M |fβ|NPQ] = 0 ,
(3.34)

ϵαβ(fαMNRfβPQ
R − ξα[M |fβ|N ]PQ + ξα[P |fβ|Q]MN + θα[M |fβ|N ]PQ − θα[P |fβ|Q]MN

+ξα[M |ξβ[P ηQ]N ] − ξα[M |θβ[P ηQ]N ] + ξα[P |θβ[MηN ]Q] − 3θα[M |θβ[P ηQ]N ]) = 0 .
(3.35)

In the absence of a gauging of the scaling symmetry, i.e. for θαM = 0, the above constraints
consistently reduce to the quadratic identities (2.20) of [22], obeyed by the tensors fαMNP and
ξαM that parametrize the standard gaugings of half-maximal supergravity in four dimensions.
Furthermore, given the remark in the last paragraph of the previous subsection, the quadratic
constraints (3.26)–(3.35) should reproduce the corresponding constraints in [43] if one performs
the redefinition ξαM → ξαM − 3θαM and then sets θαM = −1

2καM . However, we have found
that this is not the case and, in fact, the quadratic constraints on the irreducible components of
the embedding tensor Θ̂ provided in [43] are not consistent with the formula for XMN

P therein,
since they do not imply the closure relation (3.25); thus, we respectfully disagree with them.

3.3 Solution to the quadratic constraints

In order to solve the quadratic constraints (3.26)–(3.35) for any number n ≥ 1 of vector
multiplets, we employ a strategy similar to the one followed in [41, 42] for the solution of
the corresponding constraints for the maximal supergravities with local scaling symmetry
in various spacetime dimensions. In particular, we decompose the embedding tensor with
respect to the subgroup SO(1, 1)B × SO(1, 1)A × SO(5, n− 1) of SL(2,R)× SO(6, n), where
SO(1, 1)B is a subgroup of SL(2,R), while SO(1, 1)A× SO(5, n− 1) is embedded into SO(6,n).
When SO(6, n) is broken to SO(1, 1)A × SO(5, n− 1), an SO(6,n) vector vM decomposes into
an SO(5,n − 1) vector vm̂, where m̂ = 1, . . . , n + 4 is an index labelling the fundamental
representation of SO(5,n− 1), and two SO(5,n− 1) singlets v⊕ and v⊖ with SO(1, 1)A weights
0,+1 and −1 respectively, according to the branching rule

n + 6 = (n + 4)0 + 1+1 + 1−1 , (3.36)

while the SO(6,n)-invariant metric ηMN decomposes as

ηMN = (η⊕⊖ = η⊖⊕ = 1, ηm̂n̂), (3.37)

where ηm̂n̂ is the SO(5,n− 1)-invariant metric. Furthermore, with respect to the subgroup
SO(1, 1)B of SL(2,R), an SL(2,R) vector vα splits into two scalars v+ and v− with weights
+1 and −1 respectively under SO(1, 1)B . Therefore, with respect to SO(1, 1)B × SO(1, 1)A ×
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SO(5, n − 1), the embedding tensor components ξαM and θαM decompose as

ξαM = (ξ+m̂, ξ+⊕, ξ+⊖, ξ−m̂, ξ−⊕, ξ−⊖), (3.38)
θαM = (θ+m̂, θ+⊕, θ+⊖, θ−m̂, θ−⊕, θ−⊖) . (3.39)

Moreover, the SL(2,R) × SO(6, n) tensor fαMNP decomposes as

fαMNP = (f+m̂n̂p̂, f+⊕n̂p̂, f+⊖n̂p̂, f+⊕⊖p̂, f−m̂n̂p̂, f−⊕n̂p̂, f−⊖n̂p̂, f−⊕⊖p̂), (3.40)

given the branching rule of the 3-fold antisymmetric representation of SO(6,n) with respect
to the subgroup SO(1, 1)A × SO(5, n − 1):(

n + 6
3

)
=
(

n + 4
3

)0

+
(

n + 4
2

)+1

+
(

n + 4
2

)−1

+ (n + 4)0 (3.41)

Our choice to decompose the embedding tensor with respect to the subgroup SO(1, 1)B ×
SO(1, 1)A × SO(5, n− 1) of SL(2,R)× SO(6, n) is motivated by the fact that the respective
decomposition of θαM contains an SO(5, n− 1) singlet, for instance θ+⊕, which, if non-zero,
allows one to solve all of the quadratic constraints (3.26)–(3.35). Indeed, in appendix B, we
prove that for non-vanishing θαM , the general solution to these constraints is parametrized by
three real SO(5, n−1) singlets θ+⊕, θ−⊕, ξ+⊕, a real SO(5, n−1) vector θ+m̂, an antisymmetric
rank two SO(5, n−1) tensor f+⊕m̂n̂, whose weights under SO(1, 1)B×SO(1, 1)A are indicated
by their relevant indices, and four additional real SO(1, 1)B × SO(1, 1)A × SO(5, n − 1)
tensors ζ+m̂, ζ−m̂, ζ−⊕m̂n̂ = ζ−⊕[m̂n̂], ζ+m̂n̂p̂ = ζ+[m̂n̂p̂], which are eigenvectors of the operator
δf+⊕ ≡ f+⊕

m̂n̂tm̂n̂, where tm̂n̂ = t[m̂n̂] are the generators of SO(5, n− 1), according to

δf+⊕ζ+m̂ ≡ −f+⊕m̂
n̂ζ+n̂ = 1

2 (ξ+⊕ + θ+⊕) ζ+m̂ , (3.42)

δf+⊕ζ+m̂n̂p̂ ≡ −3f+⊕[m̂
q̂ζ+n̂p̂]q̂ =

1
2 (ξ+⊕ + θ+⊕) ζ+m̂n̂p̂ , (3.43)

δf+⊕ζ−⊕m̂n̂ ≡ 2f+⊕[m̂
p̂ζ−⊕n̂]p̂ = (−ξ+⊕ + θ+⊕) ζ−⊕m̂n̂ , (3.44)

δf+⊕ζ−m̂ ≡ −f+⊕m̂
n̂ζ−n̂ = −1

2 (ξ+⊕ − 3θ+⊕) ζ−m̂ . (3.45)

The remaining irreducible components of the embedding tensor can be expressed in terms
of the aforementioned tensors as

θ+⊖ =− 1
2θ+⊕

θm̂+ θ+m̂ , (3.46)

θ−⊖ =− 1
2θ2

+⊕
θn̂+θ+n̂θ−⊕ − 1

θ+⊕
ζm̂− θ+m̂ , (3.47)

θ−m̂ =θ−⊕
θ+⊕

θ+m̂ + ζ−m̂ , (3.48)

ξ+⊖ =− 1
2
ξ+⊕
θ2

+⊕
θm̂+ θ+m̂ − 1

θ+⊕
ζm̂+ θ+m̂ , (3.49)

ξ−⊕ =ξ+⊕
θ+⊕

θ−⊕ , (3.50)

ξ−⊖ =− θ−⊕
θ2

+⊕
ζm̂+ θ+m̂ + ξ+⊕

θ+⊕
θ−⊖ , (3.51)
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ξ+m̂ =ξ+⊕
θ+⊕

θ+m̂ + ζ+m̂ , (3.52)

ξ−m̂ =ξ+⊕θ−⊕
θ2

+⊕
θ+m̂ + θ−⊕

θ+⊕
ζ+m̂ + ξ+⊕

θ+⊕
ζ−m̂ , (3.53)

f+⊕⊖m̂ = 1
θ+⊕

f+⊕m̂n̂θ
n̂
+ − 1

2ζ+m̂ , (3.54)

f−⊕⊖m̂ =θ−⊕
θ2

+⊕
f+⊕m̂n̂θ

n̂
+ + 1

θ+⊕
ζ−⊕m̂n̂θ

n̂
+ − 1

2
θ−⊕
θ+⊕

ζ+m̂ + 1
2

(
ξ+⊕
θ+⊕

− 3
)
ζ−m̂ , (3.55)

f+⊖m̂n̂ =− 2
θ2

+⊕
θ+[m̂f+⊕n̂]p̂θ

p̂
+ − 1

2θ2
+⊕

θp̂+θ+p̂f+⊕m̂n̂

− 1
θ+⊕

(
ζ+m̂n̂p̂θ

p̂
+ + ζ+[m̂θ+n̂]

)
, (3.56)

f−⊕m̂n̂ =θ−⊕
θ+⊕

f+⊕m̂n̂ + ζ−⊕m̂n̂ , (3.57)

f−⊖m̂n̂ = 1
θ2

+⊕
ζ p̂−θ+p̂f+⊕m̂n̂ −

1
2
θ−⊕
θ3

+⊕
θp̂+θ+p̂f+⊕m̂n̂ − 2θ−⊕

θ3
+⊕

θ+[m̂f+⊕n̂]p̂θ
p̂
+

+ 2
θ2

+⊕
ζ−[m̂f+⊕n̂]p̂θ

p̂
+ − 1

2θ2
+⊕

θp̂+θ+p̂ζ−⊕m̂n̂ −
2
θ2

+⊕
θ+[m̂ζ−⊕n̂]p̂θ

p̂
+ (3.58)

− θ−⊕
θ2

+⊕
ζ+m̂n̂p̂θ

p̂
+ − θ−⊕

θ2
+⊕

ζ+[m̂θ+n̂] +
ξ+⊕
θ2

+⊕
ζ−[m̂θ+n̂] −

3
θ+⊕

ζ−[m̂θ+n̂] ,

f+m̂n̂p̂ =
3
θ+⊕

θ+[m̂f+⊕n̂p̂] + ζ+m̂n̂p̂ , (3.59)

f−m̂n̂p̂ =3θ−⊕
θ2

+⊕
θ+[m̂f+⊕n̂p̂] +

θ−⊕
θ+⊕

ζ+m̂n̂p̂ −
3
θ+⊕

ζ−[m̂f+⊕n̂p̂] +
3
θ+⊕

θ+[m̂ζ−⊕n̂p̂] . (3.60)

Furthermore, the ζ tensors must satisfy the polynomial constraints:

ζm̂+ ζ+m̂ = 0 , (3.61)

ζm̂− ζ−m̂ = 0 , (3.62)

ζ−⊕m̂n̂ζ
n̂
+ = 0 , (3.63)

ζ−⊕m̂n̂ζ
n̂
− = 0 , (3.64)

ζ+m̂ζ−n̂ = 0 , (3.65)

ζ+m̂n̂p̂ζ
p̂
+ = 0 , (3.66)

ζ+m̂n̂p̂ζ
p̂
− = 0 , (3.67)

3ζ+r̂[m̂n̂ζ+p̂q̂]
r̂ + 2ζ+[m̂ζ+n̂p̂q̂] = 0 , (3.68)

ζ−[m̂ζ+n̂p̂q̂] = 0 , (3.69)

ζ−⊕p̂
q̂ζ+m̂n̂q̂ + ζ+[m̂ζ−⊕n̂]p̂ − ζ+p̂ζ−⊕m̂n̂ − 2

(
ξ+⊕
θ+⊕

− 1
)
ζ−[m̂f+⊕n̂]p̂

+ 2
θ+⊕

ζ−[m̂f+⊕n̂]
q̂f+⊕p̂q̂ −

1
2

(
ξ2

+⊕
θ+⊕

− 2ξ+⊕ − 3θ+⊕

)
ζ−[m̂ηn̂]p̂ = 0 . (3.70)
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It is easier to construct solutions to the system of equations (3.42)–(3.45) and (3.61)–(3.70)
than to the original set of quadratic constraints, (3.26)–(3.35). A simple solution to the former
can be obtained by setting ζ+m̂ = ζ−m̂ = ζ−⊕m̂n̂ = ζ+m̂n̂p̂ = 0, which leaves a non-trivial
embedding tensor parametrized by θ+⊕, θ−⊕, ξ+⊕, θ+m̂ and f+⊕m̂n̂.

Interestingly, SO(1, 1) × SO(5, n − 1), where the SO(1, 1)-factor is identified with the
diagonal of SO(1, 1)B and SO(1, 1)A [22], is the global symmetry group of the ungauged
five-dimensional N = 4 supergravity coupled to n − 1 vector multiplets [45, 46], which,
upon compactification on a circle, yields a four-dimensional N = 4 supergravity coupled
to n vector multiplets. Thus, at least a subset of the gaugings of four-dimensional N = 4
supergravity described by the general solution to the quadratic constraints (3.26)–(3.35)
given in this subsection must have a higher-dimensional origin as Scherk-Schwarz reductions
from five dimensions.

Obviously, the breaking of the SO(6, n) symmetry to SO(1, 1)A × SO(5, n− 1) requires
the existence of at least one vector multiplet, i.e. n ≥ 1. Let us now discuss the case of
pure D = 4, N = 4 supergravity, for which n = 0. Adding the quadratic constraints (3.29)
and (3.31) we obtain

ηMN (ξαM + θαM ) (ξβN + θβN ) = 0 . (3.71)

For n = 0, ηMN = −δMN = −diag(1, 1, 1, 1, 1, 1), so equation (3.71) implies that

ξαM = −θαM , (3.72)

which ensures the validity of the constraints (3.26), (3.29) and (3.31). Furthermore, as a result
of (3.72), the rest of the quadratic constraints on the embedding tensor are simplified to

ϵαβ
(
θPα fβMNP − 4θαMθβN

)
= 0 , (3.73)

θP(αfβ)MNP = 0 , (3.74)

fα[MN |Rfβ|PQ]
R = 0 , (3.75)

ϵαβθα[M |fβ|NPQ] = 0 , (3.76)

ϵαβ
(
fαMNRfβPQ

R + 2θα[M |fβ|N ]PQ − 2θα[P |fβ|Q]MN

)
= 0 . (3.77)

A non-trivial solution to the conditions (3.73)–(3.77) can be obtained by assigning arbitrary
non-zero values to the components f+123, θ+4, θ+5 and θ+6 of the embedding tensor and
setting all the other components of fαMNP and θαM equal to zero. In this case, the vector
fields A1+

µ , A2+
µ and A3+

µ gauge an SO(3) subgroup of SO(6), while the linear combinations∑6
M=4 θ+MA

M+
µ and ∑6

M=4 θ+MA
M−
µ of the vector fields gauge the subgroup of SL(2,R)

generated by σ3 and σ1 + iσ2 and the former gauges the scaling symmetry as well. Another
simple way of satisfying (3.73)–(3.77) is by setting fαMNP = 0 and θαM = vαAM , where vα
and AM are arbitrary real SL(2,R) and SO(6) vectors respectively. Therefore, the gauging
of the scaling symmetry is consistent for n = 0 as well, since there still exist solutions to
the quadratic constraints (3.26)–(3.35) with non-vanishing θαM .
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3.4 Gauge covariant field strengths

Under a gauge transformation with infinitesimal parameters ζM(x) the one-form gauge
fields AM transform as

δζA
M = d̂ζM = dζM + gXNP

MAN ζP (3.78)

and their non-abelian two-form field strengths are defined by [27, 28, 44]

HMα =dAMα + g

2XNβPγ
MαANβ ∧APγ + gZMαABA

=dAMα + g

2XNβPγ
MαANβ ∧APγ (3.79)

− g

2Θ
αM

NPB
NP + 3

2gθ
α
NB

MN + g

2
(
ξMβ + θMβ

)
Bαβ ,

where BMN = B[MN ] and Bαβ = B(αβ) are two-form gauge fields in the adjoint representa-
tions of SO(6,n) and SL(2,R) respectively. The above field strengths transform covariantly
under (3.78), i.e.

δζH
M = −gXNP

MζNHP , (3.80)

provided the two-form gauge fields transform as (see for example [31])

δζB
MN = ϵαβ

(
−2ζ [M |αH |N ]β +A[M |α ∧ δζA|N ]β

)
, (3.81)

δζB
αβ = ηMN

(
2ζM(α|HN |β) −AM(α| ∧ δζAN |β)

)
. (3.82)

Furthermore, the field strengths (3.79) are invariant under the following tensor gauge trans-
formations, which are parametrized by one-forms ΞMN = Ξ[MN ] and Ξαβ = Ξ(αβ):

δΞA
Mα = −gZMαAΞA = g

2Θ
αM

NPΞNP − 3
2gθ

α
NΞMN − g

2
(
ξMβ + θMβ

)
Ξαβ , (3.83)

δΞB
MN = d̂ΞMN + ϵαβA

[M |α ∧ δΞA
|N ]β , (3.84)

δΞB
αβ = d̂Ξαβ − ηMNA

M(α| ∧ δΞA
N |β), (3.85)

where
d̂ΞMN ≡ dΞMN − 2gθαPAPα ∧ ΞMN + 2gΘ̂αPQ

[M |APα ∧ Ξ|N ]Q (3.86)

and

d̂Ξαβ ≡ dΞαβ − 2gθγMAMγ ∧ Ξαβ

− g
(
ξ(α|M − θ(α|M

)
AMγ ∧ Ξ|β)γ − g (ξγM − θγM )AM(α ∧ Ξβ)γ , (3.87)

since the parameters of the tensor gauge transformations have scaling weight +2, as do
the two-form gauge fields.

The gauge covariant three-form field strengths of the two-form gauge fields are de-
fined by [44]

H(3)MN = d̂BMN + ϵαβA
[M |α ∧

(
dA|N ]β + g

3XPγQδ
|N ]βAPγ ∧AQδ

)
, (3.88)

H(3)αβ = d̂Bαβ − ηMNA
M(α| ∧

(
dAN |β) + g

3XPγQδ
N |β)APγ ∧AQδ

)
. (3.89)
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In addition, the field strengths (3.79), (3.88) and (3.89) satisfy the Bianchi identities

d̂HMα = gZMαAH(3)
A , (3.90)

ZMαAd̂H(3)
A = XNβPγ

MαHNβ ∧HPγ , (3.91)

where d̂HMα ≡ dHMα + gXNβPγ
MαANβ ∧ HPγ .

3.5 Scalar sector

In this subsection, we discuss the interplay of the scalar sector of D = 4, N = 4 matter-coupled
supergravity with its gaugings that involve the scaling symmetry.

For the coset space parametrized by the complex scalar of the N = 4 supergravity
multiplet, we define the gauged SL(2,R)/SO(2) zweibein by

P̂ = i

2ϵ
αβVαd̂Vβ (3.92)

and the gauged SO(2) connection by

Â = −1
2ϵ

αβVαd̂V∗
β , (3.93)

where
d̂Vα ≡ dVα + 1

2g (ξαM − θαM )AMβVβ +
1
2g
(
ξβM − θβM

)
AMαVβ . (3.94)

The definitions (3.92) and (3.93) follow from the expansion of the gauged Maurer-Cartan
left-invariant one-form associated with the coset manifold SL(2,R)/SO(2) along the basis
{σ1, iσ2, σ3} of the Lie algebra sl(2,R), where iσ2 spans its compact so(2) subalgebra (see [33]
for more details).

The Maurer-Cartan equation satisfied by this form implies the Bianchi identity

D̂P̂ ≡ dP̂ − 2iÂ ∧ P̂ = i

2g (ξαM − θαM )VαVβHMβ (3.95)

and gives the following expression for the gauged SO(2) curvature:

F̂ ≡ dÂ = iP̂ ∗ ∧ P̂ + g

2 (ξαM − θαM )MαβH
Mβ . (3.96)

With some algebra, one can also derive the useful identity

D̂Vα ≡ d̂Vα − iÂVα = P̂V∗
α . (3.97)

On the other hand, for the coset space parametrized by the 6n real scalars of the n vector
multiplets, we define the gauged SO(6,n)/(SU(4) × SO(n)) vielbein by

P̂a
ij = LMad̂LM

ij , (3.98)

the gauged SU(4)≃SO(6) connection by

ω̂ij = LMikd̂LMjk (3.99)
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and the gauged SO(n) connection by

ω̂a
b = LMad̂LM

b, (3.100)

where
d̂LM

M ≡ dLM
M + gANαΘ̂αNM

PLP
M . (3.101)

In this case, the relevant gauged Maurer-Cartan equations imply the Bianchi identity

D̂P̂a
ij ≡ dP̂a

ij + ω̂a
b ∧ P̂bij − ω̂ik ∧ P̂akj − ω̂jk ∧ P̂aik = gΘ̂αM

NPLNaLP
ijHMα, (3.102)

as well as the following expressions for the gauged SU(4) and SO(n) curvatures R̂ij and
R̂a

b respectively:

R̂ij ≡ dω̂ij − ω̂ik ∧ ω̂kj = P̂ aik ∧ P̂ajk + gΘ̂αM
NPLN

ikLPjkH
Mα, (3.103)

R̂a
b ≡ dω̂a

b + ω̂a
c ∧ ω̂cb = −P̂aij ∧ P̂ bij + gΘ̂αM

NPLNaLP
bHMα. (3.104)

One can also derive the following useful relations:

D̂LM
ij ≡ d̂LM

ij − ω̂ikLM
kj − ω̂jkLM

ik = LM
aP̂a

ij , (3.105)

D̂LM
a ≡ d̂LM

a + ω̂abLM
b = LM

ijP̂ aij . (3.106)

4 Supersymmetry algebra

In this section, we provide the local supersymmetry transformation rules of D = 4, N = 4
matter-coupled supergravity with local scaling symmetry and the algebra that they obey.
In the geometric approach [47], the local supersymmetry transformations of the spacetime
fields follow from the restrictions to spacetime of the Lie derivatives of the corresponding
superfields along a tangent vector that is dual to the gravitino super-one-forms, as explained
in appendix A.

In particular, the N = 4 local supersymmetry transformations of the bosonic fields
eaµ, Vα, LMij , LMa and AMα

µ are the same as in the ungauged (or standard gauged) theory
and are given by [33]

δϵe
a
µ = ϵ̄iγaψiµ + ϵ̄iγ

aψiµ , (4.1)

δϵVα = V∗
αϵ̄iχ

i, (4.2)

δϵLMij = LMa(2ϵ̄[iλ
a
j] + ϵijklϵ̄

kλal) , (4.3)

δϵLM
a = 2LMij ϵ̄iλ

a
j + c.c. , (4.4)

δϵA
Mα
µ = (Vα)∗LMij ϵ̄

iγµχ
j − VαLMaϵ̄iγµλai + 2VαLMij ϵ̄

iψjµ + c.c. , (4.5)

while the corresponding transformations of the linear combinations

BMα
µν ≡ −1

2Θ
αM

NPB
NP
µν + 3

2θ
α
NB

MN
µν + 1

2
(
ξMβ + θMβ

)
Bαβ
µν (4.6)
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of the antisymmetric tensor gauge fields, which appear in the gauge covariant field
strengths (3.79) of the vector gauge fields, read

δϵB
Mα
µν =− 4iZMαNPLN

aLP
ij ϵ̄iγµνλaj +

1
2
(
ξMβ + θMβ

)
(Vα)∗(Vβ)∗ϵ̄iγµνχi

+ 4iZMαNPLN
aLPij ϵ̄

iγµνλ
j
a +

1
2
(
ξMβ + θMβ

)
VαVβ ϵ̄iγµνχi

+ 8iZMαNPLN
ikLPjk

(
ϵ̄jγ[µ|ψi|ν] + ϵ̄iγ[µψ

j
ν]

)
(4.7)

+
(
ξMβ + θMβ

)
Mαβ

(
ϵ̄iγ[µ|ψi|ν] + ϵ̄iγ[µψ

i
ν]

)
+ 2ZMα

NP ϵβγA
Nβ
[µ δϵA

Pγ
ν] −

(
ξMβ + θMβ

)
ηNPA

N(α|
[µ δϵA

P |β)
ν] .

Before giving the local supersymmetry transformations of the fermions, we introduce
the symplectic vector GMα

µν = (HΛ
µν ,GΛµν), where HΛ

µν = ΠΛ
MαH

Mα
µν are the field strengths

of the electric vector fields AΛ
µ and GΛµν are their magnetic duals, defined by

GΛµν ≡ RΛΣH
Σ
µν −

1
2ϵµνρσIΛΣH

Σρσ + fermions , (4.8)

where RΛΣ and IΛΣ are the kinetic matrices of the electric vector fields in the Lagrangian for
the standard gauged D = 4, N = 4 supergravity. The expressions for these matrices depend
on the choice of the symplectic frame and can be deduced from the following decomposition
of the 2(n+ 6) × 2(n+ 6) matrix MMN = MMNMαβ in a given symplectic frame:

MMN =

MΛΣ MΛ
Σ

MΛ
Σ MΛΣ

 =

−(I +RI−1R)ΛΣ (RI−1)Λ
Σ

(I−1R)Λ
Σ −(I−1)ΛΣ

 . (4.9)

The fermionic part of (4.8) is explicitly given in [33]. We also point out that GMα
µν satisfies

the twisted self-duality condition [33]

ϵµνρσGMαρσ = 2ηMN ϵαβMNPMβγGPγµν + two-fermion terms . (4.10)

The local supersymmetry transformation rules for the fermionic fields ψiµ, χi and λai
in the trombone gauged four-dimensional half-maximal supergravity can be written in a
manifestly SL(2,R)× SO(6, n)-covariant form by means of the symplectic vector GMα

µν and,
up to terms quadratic in the fermions, which can be found in [33], are given by

δϵψiµ = D̂µϵi −
i

8VαLMijGMα
νρ γνργµϵ

j − 1
3gĀ1ijγµϵ

j + g

2ϵijklB
klγµϵ

j , (4.11)

δϵχi = − i

4V
∗
αLMijGMα

µν γµνϵj + P̂ ∗
µγ

µϵi +
2
3gĀ2ijϵ

j − gB̄ijϵ
j , (4.12)

δϵλai =
i

8V
∗
αLMaGMα

µν γµνϵi − P̂aijµγ
µϵj + gĀ2a

j
iϵj −

1
4gB̄aϵi , (4.13)

– 17 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

where the fermion shift tensors read

Aij2 = fαMNPVαLMklL
NikLPjl + 3

2ξαMVαLMij , (4.14)

A2ai
j = fαMNPVαLMaL

N
ikL

Pjk − 1
4δ

j
i ξαMVαLMa , (4.15)

Aij1 = fαMNP (Vα)∗LMklL
NikLPjl, (4.16)

Bij = θαMVαLMij , (4.17)
Ba = θαMVαLMa. (4.18)

In particular, the A tensors (4.14)–(4.16) were first introduced in [22]. Furthermore, the
covariant derivatives of the supersymmetry transformation parameters ϵi in (4.11) are explicitly
given by

D̂µϵi ≡ ∂µϵi +
1
4ωµab(e,A, ψ)γ

abϵi −
i

2Âµϵi − ω̂i
j
µϵj −

g

2θαMA
Mα
µ ϵi, (4.19)

where

ωµ
ab(e,A, ψ) = 2eν[a∂[µe

b]
ν] − eν[aeb]ρecµ∂νe

c
ρ + ψ̄iµγ

[aψ
b]
i + ψ̄i[aγb]ψiµ + ψ̄i[aγµψ

b]
i

− 2ge[a
µ e

b]νθαMA
Mα
ν (4.20)

is the solution for the spin connection ωµ
ab of the restriction of the supertorsion con-

straint (A.20), T̂ a = 0, to spacetime.
The commutator of two consecutive local supersymmetry transformations, δQ(ϵ1) and

δQ(ϵ2), parametrized by left-handed Weyl spinors ϵi1 and ϵi2 respectively and their charge
conjugates, reads

[δQ(ϵ1), δQ(ϵ2)] = δcgct(ξµ) + δLorentz(λab) + δQ(ϵ3) + δSO(2)(Λ)
+ δSU(4)(Λij) + δSO(n)(Λab) + δgauge(ζMα) + δtensor(ΞMN

µ ,Ξαβµ ) , (4.21)

where the first term denotes a covariant general coordinate transformation [48–50] with
diffeomorphism parameter

ξµ = ϵ̄2iγ
µϵi1 + ϵ̄i2γ

µϵ1i . (4.22)

We refer the reader to [33] for the explicit form of this transformation. The expressions
for the parameters of the remaining transformations that appear on the right-hand side
of (4.21) can be found in the same reference. Here, we only give the parameters of the
vector and tensor gauge transformations:

ζMα = −2(Vα)∗LMij ϵ̄1iϵ2j + c.c. , (4.23)

ΞMNµ = 4iL[M
ikLN ]jk

(
ϵ̄1iγµϵ

j
2 − ϵ̄2iγµϵ

j
1

)
, (4.24)

Ξαβµ =Mαβ

(
ϵ̄1iγµϵ

i
2 − ϵ̄2iγµϵ

i
1

)
. (4.25)

The supersymmetry algebra (4.21) has been verified in [33] for the standard gaugings of
four-dimensional N = 4 supergravity, for which θαM = 0. In the presence of a gauging of the
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scaling symmetry, the algebra (4.21) still closes on the vielbein eaµ and on the representatives
Vα, LMij and LMa of the coset manifold parametrized by the scalar fields of the theory.
Of course, in the latter case, the action of the commutator [δQ(ϵ1), δQ(ϵ2)] on these fields
yields additional terms that involve the embedding tensor components θαM . For example,
for the vielbein we find

[δQ(ϵ1), δQ(ϵ2)]eaµ ⊃ −2gθαM
(
VαLMij ϵ̄

i
1ϵ
j
2 + (Vα)∗LMij ϵ̄1iϵ2j

)
eaµ , (4.26)

which is precisely a scaling gauge transformation of the vielbein with parameters given
by (4.23).

Furthermore, the action of the commutator of two local supersymmetry transformations
on the vector gauge fields gives

[δQ(ϵ1), δQ(ϵ2)]AMα
µ =δcgct(ξν)AMα

µ + δQ(ϵ3)AMα
µ + δgauge(ζNβ)AMα

µ

+ δtensor(ΞNPν ,Ξβγν )AMα
µ − ξν

(
GMα
µν −HMα

µν

)
, (4.27)

which has exactly the same form as in the standard gauged theory [33]. Since GΛ
µν ≡ HΛ

µν , (4.27)
implies that the N = 4 supersymmetry algebra (4.21) closes on the electric vector fields
AΛ
µ . It also closes on the linear combinations ΠΛ

Mαθ
αMAΛµ and ΠΛ

MαΘ̂αMAAΛµ of the
magnetic gauge fields provided

θM
(
GM
µν −HM

µν

)
= 0 (4.28)

and
Θ̂M

A
(
GM
µν −HM

µν

)
= 0 (4.29)

respectively. Equations (4.28) and (4.29) are duality equations between the electric and
the magnetic vector fields projected with the components θM and Θ̂M

A of the embedding
tensor respectively.

In addition, for the two-form gauge fields BMα
µν we find

[δQ(ϵ1), δQ(ϵ2)]BMα
µν =δQ(ϵ3)BMα

µν +δgauge(ζNβ)BMα
µν +δtensor(ΞNPρ ,Ξβγρ )BMα

µν

−δQ(ξρψiρ)BMα
µν +ϵµνρσξρJMασ (4.30)

−2ZMα
NP ϵβγξ

ρANβ[µ GPγν]ρ+
(
ξMβ +θMβ

)
ηNP ξ

ρA
N(α|
[µ GP |β)

ν]ρ ,

where the vector gauge transformations (3.81) and (3.82) of the two-form gauge fields have
been modified as

δζB
MN
µν = −2ϵαβ

(
ζ [M |αG|N ]β

µν −A
[M |α
[µ δζA

|N ]β
ν]

)
(4.31)

and
δζB

αβ
µν = 2ηMN

(
ζM(α|GN |β)

µν −A
M(α|
[µ δζA

N |β)
ν]

)
(4.32)
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respectively, and

JMαµ≡−2ZMα
NP

[
LNaL

P
ijP̂

aijµ+LNikLPjk
(
χ̄jγ

µχi+2λ̄ajγµλia

+2iϵµνρσψ̄iνγρψjσ
)
+2LNaLPbλ̄aiγµλib+2LNaLP ij

(
λ̄aiψjµ−λ̄aiγµνψjν

)
+2LNaLPij

(
λ̄
a
iψ

µ
j −λ̄

a
i γ

µνψjν
)]

+
(
ξMβ +θMβ

)[ i
2V

αVβ(P̂µ)∗ (4.33)

− i

2(V
α)∗(Vβ)∗P̂µ+Mαβ

(3i
4 χ̄iγ

µχi+ i

2 λ̄
a
i γ

µλia+
1
2ϵ

µνρσψ̄iνγρψiσ

)
− i

2V
αVβ

(
χ̄iψ

iµ−χ̄iγµνψiν
)
+ i

2(V
α)∗(Vβ)∗

(
χ̄iψµi −χ̄

iγµνψiν
)]
.

Using the Bianchi identity (3.90), the fact that GΛ
µν = HΛ

µν and the quadratic constraints (3.26)–
(3.35) on the embedding tensor, one can show that if the equations of motion

1
2ϵ

µνρσD̂νGMα
ρσ = gJMαµ, (4.34)

where D̂µGMα
νρ ≡ ∂µGMα

νρ + gXNβPγ
MαANβµ GPγνρ , are satisfied, then

[δQ(ϵ1), δQ(ϵ2)]
(
ΠΛ

MBM
µν

)
= δcgct(ξρ)

(
ΠΛ

MBM
µν

)
+ δQ(ϵ3)

(
ΠΛ

MBM
µν

)
+ δgauge(ζNβ)

(
ΠΛ

MBM
µν

)
+ δtensor(ΞNPρ ,Ξβγρ )

(
ΠΛ

MBM
µν

)
(4.35)

−ΠΛ
MX(NP)

MξρAN
ρ

(
GP
µν −HP

µν

)
+ 3ΠΛ

MX[NP]
MξρAN

[µ

(
GP
νρ] −HP

νρ]

)
.

Therefore, the N = 4 supersymmetry algebra (4.21) closes on the antisymmetric tensor fields
ΠΛ

MBM
µν up to the last two terms on the right-hand side of (4.35), which, in the absence

of a gauging of the scaling symmetry, correspond to a gauge invariance of the Lagrangian
of the standard gauged D = 4, N = 4 supergravity that acts only on the two-form gauge
fields (see for example [29, 51]). Moreover, equations (4.34) are identified with the equations
of motion for the vector gauge fields AMα

µ and their bosonic sector will be reproduced in
the next section as well.

Finally, the supersymmetry algebra (4.21) closes on the fermionic fields, provided their
equations of motion hold. These equations are given in the next section.

5 Equations of motion

Having specified the local supersymmetry transformation rules, we are now ready to proceed to
the derivation of the equations of motion of the most general four-dimensional N = 4 matter-
coupled supergravity with local scaling symmetry. Since this theory does not admit an action,
it must be constructed directly on the level of the equations of motion. By explicitly working
out these field equations, we will also verify that the quadratic constraints (3.26)–(3.35)
ensure compatibility of the theory with N = 4 supersymmetry.
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5.1 Fermionic field equations

The equations of motion for the fermions can be straightforwardly determined with the use
of the rheonomic approach, since they are identified with the restrictions to spacetime of the
constraints (A.37), (A.38) and (A.40), imposed on the inner components of the fermionic
supercurvatures by the Bianchi identities. In particular, the equations of motion for the
dilatini are the spacetime projection of the superspace equations (A.37) and read

(Eχ)i ≡− γµD̂µχi + γµγνψiµP̂
∗
ν − i

4V
∗
αLMijGMα

νρ γµγνρψjµ +
i

4V
∗
αLMaGMα

µν γµνλ
a
i

+ 2
3gĀ2ijγ

µψjµ − 2gĀ2
aj
iλaj + 2gĀ2

aj
jλai − gB̄ijγ

µψjµ +
5
2gB̄

aλai = 0 , (5.1)

where

D̂µχi ≡ ∂µχi +
1
4ωµ

ab(e,A, ψ)γabχi +
3i
2 Âµχi − ω̂i

j
µχj +

g

2θαMA
Mα
µ χi . (5.2)

Furthermore, by restricting (A.38) to four-dimensional spacetime, we can specify the equations
of motion for the gaugini, which are given by

(Eλ)ai≡−γµD̂µλai−γµγνψjµP̂aijν+
i

8V
∗
αLMaGMα

νρ γµγνρψiµ+
i

4V
∗
αLMijGMα

µν γµνλja

+ i

8VαLMaGMα
µν γµνχi+gĀ2a

j
iγ
µψjµ−gA2ai

jχj+gA2aj
jχi+2gĀabijλbj (5.3)

+2
3gĀ2(ij)λ

j
a−

g

4 B̄aγ
µψiµ−2gB̄ijλja−

3
4gBaχi=0 ,

where

D̂µλai ≡ ∂µλai +
1
4ωµ

ab(e,A, ψ)γabλai +
i

2Âµλai − ω̂i
j
µλaj + ω̂a

b
µλbi +

g

2θαMA
Mα
µ λai (5.4)

and
Aab

ij ≡ fαMNPVαLMaL
N
bL

Pij . (5.5)

Finally, the projection of the N = 4 superspace equations (A.40) on spacetime gives the
following equations of motion for the gravitini:

(Eψ)iν ≡ − γµρ̂iµν + P̂νχi + 2P̂aijνλaj −
i

8VαLMijGMα
ρσ γµγρσγνψ

j
µ

− i

8VαLMaGMα
µρ γµργνλ

a
i +

i

8V
∗
αLMijGMα

µρ γµργνχ
j + gĀ1ijψ

j
ν

− g

3 Ā1ijγµνψ
jµ + g

3 Ā2jiγνχ
j + gA2ai

jγνλ
a
j −

3
2gϵijklB

klψjν (5.6)

+ g

2ϵijklB
klγµνψ

jµ − 3
2gB̄ijγνχ

j + 7
4gB

aγνλai = 0 ,

where

ρ̂iµν ≡ 2∂[µ|ψi|ν]+
1
2ω[µ|

ab(e,A,ψ)γabψi|ν]−iÂ[µ|ψi|ν]−2ω̂ij [µ|ψj|ν]−gθαMAMα
[µ| ψi|ν]. (5.7)

The fermionic field equations also contain terms cubic in the fermions, which are ignored
in this work. For θαM = 0, the equations of motion (5.1), (5.3) and (5.6) arise from the
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variation of the action of the standard gauged D = 4, N = 4 supergravity [33] with respect
to the fermionic fields χi, λai and ψiµ respectively. However, in the presence of a gauging of
the scaling symmetry, there is no action that reproduces these equations via the variational
principle, since the fermion mass matrices that can be read off from (5.1), (5.3) and (5.6)
are not symmetric (see (6.22)–(6.26)).

5.2 Bosonic field equations

The equations of motion for the bosonic fields follow from the requirement that the fermionic
field equations be invariant under local supersymmetry transformations. We will restrict
ourselves to the derivation of the bosonic sectors of the bosonic field equations, so we will
suppress any term quadratic or quartic in the fermions in the supersymmetry variations of the
fermionic field equations. For this purpose, we only need to consider the local supersymmetry
transformations of the fermions in (5.1), (5.3) and (5.6).

Particularly useful for the computation of the supersymmetry variations of the equations
of motion for the fermions are the following gradient flow relations, which give the covariant
derivatives of the fermion shift tensors:

D̂Aij1 =A(ij)
2 P̂ ∗ + 3Ā2

a(i
kP̂a

j)k, (5.8)

D̂Aij2 =− 3A2
a
k

(iP̂a
j)k − 3

2A2
a
k
kP̂a

ij + 1
2ϵ

ijklĀ2klP̂ +Aij1 P̂ , (5.9)

D̂A2
a
j
i =− Ā2

ai
jP̂ + 1

2δ
i
jĀ2

ak
kP̂ + 2AabikP̂bjk −

1
2δ

i
jA

abklP̂bkl

− 1
6δ

i
jA

kl
2 P̂

a
kl −

2
3Ā1jkP̂

aik + 2
3A

(ik)
2 P̂ ajk , (5.10)

D̂Aab
ij =1

2ϵ
ijklĀabklP̂ − 4A2[a|k

[iP̂|b]
j]k −A2[a|k

kP̂|b]
ij +AabcP̂

cij , (5.11)

D̂Bij =1
2ϵ

ijklB̄klP̂ +BaP̂
aij , (5.12)

D̂Ba =B̄aP̂ +BijP̂aij , (5.13)

where
Aabc ≡ fαMNPVαLMaL

N
bL

P
c. (5.14)

The first four of the above gradient flow equations were derived in [33].
Using the Bianchi identity (3.95), the twisted self-duality condition (4.10), the duality

equations (4.29), equations (5.9) and (5.12) and the quadratic constraints (C.9), (C.16),
(C.18), (C.25) and (C.30) on the A and B tensors, we can write the supersymmetry variation
of the equations of motion for the dilatini as

δϵ(Eχ)i = Eϵi +
[1
2V

∗
αLMijϵ

µνρσ(D̂νGMα
ρσ )− gĀ2

ak
iP̂ajk

µ + gĀ2
ak
jP̂aik

µ

− gĀ2
ak
kP̂aij

µ − 3
2gB̄

aP̂aij
µ − g

3ϵijklA
kl
2 (P̂µ)∗ − g

2ϵijklB
kl(P̂µ)∗

]
γµϵ

j , (5.15)
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where

E ≡ − e−1D̂µ

(
e(P̂µ)∗

)
+ 1

8V
∗
αV∗

βMMNGMα
µν GNβµν + g2

(
− 2

9A
ij
1 Ā2ij

+ 1
9ϵ

ijklĀ2ijĀ2kl −
1
2Ā2

ai
jĀ2a

j
i −

3
8ϵ

ijklĀ2ijB̄kl +
1
8Ā2a

i
iB̄

a (5.16)

+ 3
16ϵ

ijklB̄ijB̄kl

)
,

where D̂µ

(
e(P̂µ)∗

)
≡ ∂µ

(
e(P̂µ)∗

)
+2ieÂµ(P̂µ)∗−2geθαMAMα

µ (P̂µ)∗. Therefore, the equation
of motion for the complex scalar of the N = 4 supergravity multiplet reads

E = 0 . (5.17)

In order to specify the equations of motion for the scalar fields of the vector multiplets
in four-dimensional N = 4 matter-coupled supergravity with local scaling symmetry, we
need to compute the supersymmetry variation of the corresponding equations for the gaugini.
Using the Bianchi identity (3.102), condition (4.10), the duality equations (4.29), the gradient
flow relations (5.10) and (5.13) as well as the T -identities of appendix C in the (10,n)0 and
(6,n)0 representations of SU(4) × SO(n) × SO(2), we find

δϵ(Eλ)ai =Eaijϵj +
[1
4V

∗
αLMaϵ

µνρσ
(
D̂νGMα

ρσ

)
+ g

2 ĀabjkP̂
bjkµ + g

6 Ā2jkP̂a
jkµ

− 3
4gB̄jkP̂a

jkµ + g

2A2aj
j(P̂µ)∗ − g

2Ba(P̂
µ)∗
]
γµϵi , (5.18)

where

Eaij ≡ e−1D̂µ

(
eP̂aij

µ
)
− 1

2MαβLMaLNijGMα
µν GNβµν + g2

(
Caij +

1
2ϵijklC̄a

kl
)
, (5.19)

which is manifestly self-dual, i.e. Eaij = (Eaij)∗ = 1
2ϵ
ijklEakl, with D̂µ

(
eP̂aij

µ
)
≡ ∂µ

(
eP̂aij

µ
)
+

eω̂a
b
µP̂bij

µ − eω̂i
k
µP̂akj

µ − eω̂j
k
µP̂aik

µ − 2geθαMAMα
µ P̂aij

µ and

Caij =− 2
3Ā2a

k
[iĀ1j]k −

1
6A2a[i

kĀ2j]k −
1
2A2a[i|

kĀ2k|j] + Āab[i|kA2
b
|j]
k + 1

3A2ak
kĀ2[ij]

+ 5
2A2a[i

kB̄j]k +
1
2A2ak

kB̄ij −
1
4ĀabijB

b − 1
4Ā2[ij]Ba +

1
8B̄ijBa . (5.20)

Therefore, invariance of the equations of motion for the gaugini under local supersymmetry
transformations imposes the following equations of motion for the 6n scalars of the n vector
multiplets:

Eaij = 0 . (5.21)

Moreover, the Einstein equations of four-dimensional N = 4 supergravity with local
scaling symmetry can be derived by requiring supersymmetry invariance of the equations
of motion for the gravitini, (5.6). We note that the supersymmetry variation of the field
strengths of the gravitini, ρ̂iµν , gives rise to the commutator

−γµ
[
D̂µ, D̂ν

]
ϵi = −γµ

(1
4R̂µν

abγabϵi −
i

2 F̂µνϵi − R̂i
j
µνϵj −

g

2θαMH
Mα
µν ϵi

)
, (5.22)
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where the gauged SO(2) and SU(4) curvatures F̂µν and R̂i
j
µν are given by equations (3.96)

and (3.103) respectively, and

R̂µν
ab ≡ 2∂[µων]

ab(e,A, ψ) + 2ω[µ
ac(e,A, ψ)ων]c

b(e,A, ψ) (5.23)

is the Riemann curvature tensor associated with the spin connection (4.20). The relevant Ricci
tensor and scalar are defined as usual by R̂µν = eaνe

ρ
bR̂µρ

ab and R̂ = gµνR̂µν respectively.
If Rµνab(e) ≡ 2∂[µων]

ab(e) + 2ω[µ
ac(e)ων]c

b(e) is the Riemann tensor associated with the
torsion-free spin connection, ωµab(e), then using (4.20) we find that up to two- and four-
gravitini terms,

R̂µν
ab = Rµν

ab(e) + 4gθαMe[a|
[µDν]A

Mα|b]

+ 4g2θαMθβN

(
e

[a|
[µA

Mα
ν] ANβ|b] − 1

2e
a
[µe

b
ν]A

Mα
ρ ANβρ

)
, (5.24)

R̂µν = Rµν(e) + gθαM
(
2eaνDµA

Mαa + gµνe
ρ
aDρA

Mαa
)

+ 2g2θαMθβN
(
AMα
µ ANβν − gµνA

Mα
ρ ANβρ

)
, (5.25)

R̂ = R(e) + 6gθαMeµaDµA
Mαa − 6g2θαMθβNA

Mα
µ ANβµ, (5.26)

where DµA
Mαa ≡ ∂µA

Mαa + ωµ
a
b(e)AMαb. The Riemann tensor (5.23) also satisfies the

Bianchi identity

R̂µ[νρσ] = −gθαMgµ[νH
Mα
ρσ] (5.27)

up to terms involving the gravitini. From (5.25) and (5.27) it follows that the commuta-
tor (5.22) equals

−γµ
[
D̂µ, D̂ν

]
ϵi =− γµ

(1
2R̂(µν)ϵi −

i

2 F̂µνϵi − R̂i
j
µνϵj − gθαMH

Mα
µν ϵi

+ i

4gθαM ϵµνρσH
Mαρσϵi

)
. (5.28)

Using the last equation, identities (3.96) and (3.103), the twisted self-duality condition (4.10),
the duality equations (4.28) and (4.29), the gradient flow equations (5.8) and (5.12) as well
as the quadratic constaints on the A and B tensors of appendix C in the (15,1)0 and
(1,1)0 representations of SU(4) × SO(n) × SO(2), we can write the bosonic sector of the
supersymmetry variation of the equations of motion for the gravitini as

δϵ (Eψ)iν =−
[1
4VαLMijϵ

µρσλ
(
D̂ρGMα

σλ

)
+ gA2a[i

kP̂ aj]k
µ − 3

4gB
aP̂aij

µ

− g

3 Ā2[ij]P̂
µ − g

2 B̄ijP̂
µ
]
γµγνϵ

j − 1
2 (EEinstein)µν γ

µϵi , (5.29)

where

(EEinstein)µν ≡ R̂(µν) − 2P̂(µP̂
∗
ν) − P̂aijµP̂

aij
ν −

1
2MMNMαβGMα

µρ GNβνρ

+ g2
(1
3A

ij
1 Ā1ij −

1
9A

ij
2 Ā2ij −

1
2A2ai

jĀ2
ai
j (5.30)

+ 1
6A

ij
2 B̄ij −

3
2B

ijB̄ij +
1
8B

aB̄a

)
gµν .
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In particular, Aij2 B̄ij is real as a result of the quadratic constraint (3.26) (see appendix C).
Therefore, the bosonic sector of the Einstein equations reads

(EEinstein)µν = 0 . (5.31)

From (5.30) one can read off the effective cosmological constant, which is given by

Λ= g2
(
−1
3A

ij
1 Ā1ij+

1
9A

ij
2 Ā2ij+

1
2A2ai

jĀ2
ai
j−

1
6A

ij
2 B̄ij+

3
2B

ijB̄ij−
1
8B

aB̄a

)
. (5.32)

For θαM = 0, (5.32) consistently reduces to the scalar potential of the standard gauged D = 4,
N = 4 matter-coupled supergravity [22]. On the other hand, the gauging of the trombone
symmetry induces an additional contribution to the effective cosmological constant consisting
of the last three terms on the right-hand side of (5.32), which is not always positive, unlike
its counterpart in the four-dimensional N = 8 supergravity [42].

From the supersymmetry variations of the fermionic field equations we can deduce the
equations of motion for the vector gauge fields as well. For this purpose, we note that
the terms of δϵ (Eχ)i, δϵ (Eλ)ai and δϵ (Eψ)iν that are proportional to γµϵ

j , γµϵi and γµγνϵ
j

respectively can be written as

δϵ (Eχ)i ⊃ V∗
αLMij (Evector)Mαµ γµϵ

j , (5.33)

δϵ(Eλ)ai ⊃
1
2V

∗
αLMa (Evector)Mαµ γµϵi , (5.34)

δϵ (Eψ)iν ⊃ −1
2VαLMij (Evector)Mαµ γµγνϵ

j , (5.35)

where

(Evector)Mαµ ≡ 1
2ϵ

µνρσD̂νGMα
ρσ + 2gZMαNPLNaLPijP̂

aijµ

− i

2g
(
ξMβ + θMβ

)
VαVβ(P̂µ)∗ + i

2g
(
ξMβ + θMβ

)
(Vα)∗(Vβ)∗P̂µ. (5.36)

Thus, supersymmetry invariance of the equations of motion for the fermions requires

V∗
αLMij (Evector)Mαµ = 0 (5.37)

and
V∗
αLMa (Evector)Mαµ = 0 . (5.38)

Contracting (5.37) with VβLNij and (5.38) with VβLNa and then subtracting the two resulting
equations and using (2.11) we obtain

ηMNV∗
αVβ (Evector)Mαµ = 0 . (5.39)

Due to the constraint (2.2), the imaginary part of the above equation implies that

(Evector)Mαµ = 0 , (5.40)

which is but the bosonic sector of the equations of motion for the vector fields. This completes
the derivation of the full set of field equations for the trombone gauged half-maximal
supergravity in four spacetime dimensions.
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6 Maximally symmetric solutions and mass matrices

From the equations of motion for the scalar fields, (5.17) and (5.21), it follows that a solution
to the field equations of the previous section with constant scalar and vanishing vector,
two-form and fermionic fields satisfies the following two conditions:

− 2
9A

ij
1 Ā2ij +

1
9ϵ

ijklĀ2ijĀ2kl −
1
2Ā2

ai
jĀ2a

j
i

− 3
8ϵ

ijklĀ2ijB̄kl +
1
8Ā2a

i
iB̄

a + 3
16ϵ

ijklB̄ijB̄kl = 0 (6.1)

and
Caij +

1
2ϵijklC̄a

kl = 0 , (6.2)

where the tensor Caij is given by (5.20). For the standard gaugings, for which θαM = 0, these
conditions reproduce the extremization conditions of the scalar potential [33]. Any constant
solution to (6.1) and (6.2) corresponds to a solution to the field equations with maximally
symmetric four-dimensional spacetime and cosmological constant given by (5.32).

The mass spectrum of the theory around such a solution can be obtained by linearizing
the field equations. The fluctuations of the coset representatives Vα and LM

M around such
a solution can be written as [33]

δVα = ΣV∗
α, δLM

ij = ΣaijLMa, δLM
a = ΣaijLMij , (6.3)

where Σ denotes the complex SL(2,R)/SO(2) scalar fluctuation and Σaij are the self-dual
SO(6,n)/(SO(6)×SO(n)) scalar fluctuations. Using the gradient flow relations (5.8)–(5.13),
we find that in terms of the real scalar fluctuations

Σ1 =
√
2ReΣ, Σ2 =

√
2ImΣ, Σam = −ΓmijΣaij , (6.4)

the linearized form of the equation of motion for the complex scalar of the N = 4 supergravity
multiplet, (5.17), is given by the following two real equations:

e−1∂µ (e∂µΣ1) = (M2
0)1,1Σ1 + (M2

0)1,amδabδmnΣbn, (6.5)
e−1∂µ (e∂µΣ2) = (M2

0)2,2Σ2 + (M2
0)2,amδabδmnΣbn , (6.6)

while the linearized equations of motion for the scalars of the vector multiplets read

e−1∂µ (e∂µΣam) = (M2
0)am,1Σ1 + (M2

0)am,2Σ2 + (M2
0)am,bnδnpδbcΣcp , (6.7)

where the entries of the squared mass matrix for the scalars, M2
0, are given by

(M2
0)1,1 =(M2

0)2,2 = g2
(
− 2
9A

ij
1 Ā1ij−

2
9A

(ij)
2 Ā2ij+

2
9A

[ij]
2 Ā2ij+A2ai

jĀ2
ai
j

− 11
6 A

ij
2 B̄ij−

1
4A2ai

iB̄a+3
4B

ijB̄ij

)
, (6.8)

(M2
0)1,am=

√
2g2

(1
4Ā2ijĀ2

ak
k−ĀabikĀ2b

k
j+

1
4Ā

ab
ijĀ2b

k
k

− 5
8Ā2

ak
kB̄ij+

5
12Ā2ijB̄

a− 3
8B̄ijB̄

a
)
Γmij+c.c. , (6.9)
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(M2
0)2,am= i

√
2g2

(1
4Ā2ijĀ2

ak
k−ĀabikĀ2b

k
j+

1
4Ā

ab
ijĀ2b

k
k

− 5
8Ā2

ak
kB̄ij+

5
12Ā2ijB̄

a− 3
8B̄ijB̄

a
)
Γmij+c.c. , (6.10)

(M2
0)am,1 =

√
2g2

(1
4Ā2ijĀ2

ak
k−ĀabikĀ2b

k
j+

1
4Ā

ab
ijĀ2b

k
k

−2Ā2
ak
iB̄jk−

5
8Ā2

ak
kB̄ij−

1
4Ā2ijB̄

a+1
8B̄ijB̄

a
)
Γmij+c.c. , (6.11)

(M2
0)am,2 = i

√
2g2

(1
4Ā2ijĀ2

ak
k−ĀabikĀ2b

k
j+

1
4Ā

ab
ijĀ2b

k
k

−2Ā2
ak
iB̄jk−

5
8Ā2

ak
kB̄ij−

1
4Ā2ijB̄

a+1
8B̄ijB̄

a
)
Γmij+c.c. . (6.12)

Furthermore, the symmetric part of the submatrix (M2
0)am,bn reads

1
2(M

2
0)am,bn+

1
2(M

2
0)bn,am= g2δabδmn

(
− 2
9A

ij
1 Ā1ij+

2
9A

(ij)
2 Ā2ij

+1
2A2ci

jĀ2
ci
j−

1
4A2ci

iĀ2
cj
j

)
+g2δmn

(
Ā(a

cijA
b)cij− 1

2A2
(a|
i
jĀ2

|b)i
j+A2

(a|
i
iĀ2

|b)j
j

− 1
2A2

(a|
i
iB̄|b)− 1

4B
(aB̄b)

)
+g2

(
−Ā(a

cklA
b)cij−2A2

(a|
k
iĀ2

|b)j
l+

1
3δ

abAij2 Ā2kl

+2δabA2ck
iĀ2

cj
l+

1
6δ

abAij2 B̄kl+
1
6δ

abĀ2klB
ij (6.13)

− 1
4δ

abBijB̄kl

)
Γ(m

ijΓn)kl

+g2
(
−6Ā[a

cklA
b]cjl+8

3A
abjlĀ2(kl)−

8
3Ā

ab
klA

(jl)
2

+2
3A

abjlĀ2[kl]−
2
3Ā

ab
klA

[jl]
2 −3A2

[a|
k
lĀ2

|b]j
l

−5A2
[a|
l
jĀ2

|b]l
k+3A2

[a|
k
jĀ2

|b]l
l+3A2

[a|
l
lĀ2

|b]j
k

−AabjlB̄kl+ĀabklBjl−3A2
[a|
k
jB̄|b]+3Ā2

[a|j
kB

|b]
)
Γ[m

ijΓn]ik,

while its antisymmetric part is given by
1
2(M

2
0)am,bn−

1
2(M

2
0)bn,am= g2δmn

(
AabijB̄ij+ĀabijBij+1

2A2
[a|
i
iB̄|b]+1

2Ā2
[a|i

iB
|b]
)

−g2
(
AabijB̄kl+ĀabklBij

)
Γ(m

ijΓn)kl

+g2
(
−2A2

(a|
k
jB̄|b)+2Ā2

(a|j
kB

|b)+2δabA2ck
jB̄c (6.14)

−2δabĀ2
cj
kBc−

2
3δ

abA
[jl]
2 B̄kl+

2
3δ

abĀ2[kl]B
jl
)
Γ[m

ijΓn]ik.
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For the derivation of the formulae (6.8)–(6.14) we have made use of many of the T -identities
of appendix C. Since the scalar mass matrix (6.8)–(6.14) is not symmetric, it cannot arise
from a scalar potential. In the absence of a gauging of the scaling symmetry, the elements
of the squared mass matrix of the scalars consistently reduce to the expressions provided
in [33] and its antisymmetric part vanishes.

Moreover, using the duality relation (4.10) and the fact that GMα
µν is on-shell identified

with HMα
µν by virtue of the duality equations (4.28) and (4.29), we can write the equations

of motion for the vector fields, (5.40), as

e−1∂ν(eHMανµ) = (M2
1)Mα

NβA
Nβµ + . . . , (6.15)

where

(M2
1)Mα

Nβ = i

4g
2 (ξγP + θγP )

(
ξδN − θδN

)
MMP

(
(Vα)∗(Vγ)∗VβVδ − VαVγV∗

βV∗
δ

)
− 2g2ZPγQRΘ̂βNSTM

MPMαγLQaL
SaLRijL

T ij (6.16)

is the squared mass matrix of the vector fields and the ellipses represent terms of higher
order in the fields that are not relevant for the present analysis.

In addition, to specify the mass matrices of the fermions, we first note that the linearized
fermionic field equations read

γµDµχi = g

(2
3Ā2ij − B̄ij

)
γµψjµ − 2gĀ2

aj
iλaj + 2gĀ2

aj
jλai +

5
2gB̄

aλai , (6.17)

γµDµλ
ai = g

(
A2

a
j
i − 1

4δ
i
jB

a
)
γµψjµ − gĀ2

ai
jχ

j + gĀ2
aj
jχ

i − 3
4gB̄

aχi

+ 2gAabijλbj +
2
3gA

(ij)
2 λ

a
j − 2gBijλ

a
j , (6.18)

γµνρDνψiρ = − 2
3g
(
Ā1ij −

3
2ϵijklB

kl
)
γµνψjν −

1
2gγ

µGi , (6.19)

where
Dµψiν ≡ ∂µψiν +

1
4ωµab(e)γ

abψiν (6.20)

and similarly for the spin-1/2 fermions and

Gi ≡
(2
3Ā2ji − 3B̄ij

)
χj +

(
2A2ai

j + 7
2δ

j
iBa

)
λ
a
j (6.21)

are the goldstini of the broken supersymmetries. The mass matrix of the gravitini can be
read off from (6.19) and is given by

(M 3
2
)ij = −2

3g
(
Ā1ij −

3
2ϵijklB

kl
)
. (6.22)

On the other hand, from (6.17) and (6.18) it follows that in the (χi,
√
2λai) basis, the entries

of the mass matrix for the spin-1/2 fermions, M1/2, read

(M 1
2
)ij = 0 , (6.23)

(M 1
2
)iaj = −

√
2gĀ2

aj
i +

√
2gδji Ā2

ak
k +

5
√
2

4 gδji B̄
a, (6.24)

– 28 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

(M 1
2
)aij = −

√
2gĀ2

ai
j +

√
2gδijĀ2

ak
k −

3
√
2

4 gδijB̄
a, (6.25)

(M 1
2
)ai,bj = 2gAabij + 2

3gδ
abA

(ij)
2 − 2gBijδab. (6.26)

Of course, for a given solution to (6.1) and (6.2), the matrix M1/2 must be computed after
the elimination of the goldstini that are eaten by the massive gravitini.

7 Conclusions and outlook

We have constructed the most general four-dimensional N = 4 supergravity coupled to an
arbitrary number n of vector multiplets with a gauge symmetry that is the direct product of
a subgroup of SL(2,R)× SO(6, n) and the on-shell scaling symmetry of the corresponding
ungauged theory. In the embedding tensor formalism, such gaugings are parametrized by
three real constant SL(2,R)× SO(6, n) tensors fαMNP , ξαM and θαM , which are subject to
a set of quadratic consistency constraints. We have explicitly derived a general solution
to these constraints in the presence of at least one vector multiplet, that is for n ≥ 1, by
decomposing them with respect to the subgroup SO(1, 1)B × SO(1, 1)A × SO(5, n − 1) of
SL(2,R)× SO(6, n). We have also specified the local supersymmetry transformation rules of
half-maximal supergravity with local scaling symmetry in four spacetime dimensions and
the associated equations of motion. The latter are completely fixed by supersymmetry and
cannot be obtained from an action.

It is worth pointing out that in the absence of a gauging of the scaling symmetry, the
quadratic constraints (3.26)–(3.35), which in this case reproduce the quadratic consistency
constraints on the standard gaugings provided in [22] (equations (2.20) thereof), can still be
solved by decomposing them with respect to the subgroup SO(1, 1)B×SO(1, 1)A×SO(5, n−1)
of SL(2,R)× SO(6, n), assuming of course that n ≥ 1. Indeed, for θαM = 0, the embedding
tensor still contains parameters in the fundamental representation of SL(2,R) × SO(6, n),
namely ξαM , whose decomposition contains an SO(5, n− 1) singlet, for example ξ+⊕, which,
if non-vanishing, will allow us to explicitly construct a general solution to the quadratic
identities (2.20) of [22]. Such a solution will describe a class of standard gaugings of four-
dimensional N = 4 matter-coupled supergravity with non-vanishing ξαM , which have not
been extensively studied in the literature to date.

Solutions with non-vanishing ξαM to the quadratic constraints on the embedding tensor
that parametrizes the standard gaugings of D = 4, N = 4 supergravity have also been
found in [22] for the following two cases:

i. for fαMNP = 0, in which case ξαM must be of the form ξαM = vαwM , with vα arbitrary
and wM lightlike, i.e. wMwM = 0. As pointed out in [22], this simple solution describes
a gauging that can be obtained by a Scherk-Schwarz reduction from five dimensions
with a non-compact SO(1,1) twist. The relevant gauged D = 4, N = 4 supergravity
model with a single vector multiplet was explicitly constructed in [18] by a generalized
dimensional reduction of the aforementioned type of the ungauged pure D = 5, N = 4
supergravity.
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ii. for electric gaugings of the four-dimensional N = 4 supergravity model with n = 6
vector multiplets that originates from compactification of type IIB supergravity on a
T 6/Z2 orientifold [11, 12], which has an off-shell global SL(2,R) × GL(6,R) symmetry.
The higher-dimensional origin of such gaugings with non-vanishing ξαM is not yet clear,
however.

On the other hand, by decomposing the SL(2,R)×SO(6, n) tensors fαMNP and ξαM with
respect to SO(1, 1)B × SO(1, 1)A × SO(5, n− 1), one could find a broader class of consistent
standard gaugings of D = 4, N = 4 supergravity coupled to at least one vector multiplet with
non-vanishing ξαM and a potential five-dimensional origin. Then, it would be very interesting
to search for new vacua of four-dimensional N = 4 matter-coupled supergravity that arise from
these gaugings and to specify the corresponding mass spectra using the conditions satisfied by
the critical points of the scalar potential and the explicit formulae for the mass matrices of the
various fields of the theory, given in [33]. An analogous analysis could be performed for the
gaugings described by the general solution to the quadratic constraints (3.26)–(3.35) given
in subsection 3.3, which involve the scaling symmetry, by looking for maximally symmetric
solutions to the corresponding equations of motion with constant scalar fields.
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A Solution of the Bianchi identities

The local supersymmetry transformation rules of four-dimensional N = 4 supergravity with
local scaling symmetry can be derived with the use of the geometric or rheonomic approach
(for a review see [47]).

The first step in this approach is the extension of the spacetime fields of the theory to
superfields in N = 4 superspace: this means that the spacetime zero-forms χi, χi, λai, λai ,
Vα, V∗

α, LMij and LM
a, the spacetime one-forms ea = eaµdx

µ, ψi = ψiµdx
µ, ψi = ψiµdx

µ,
AMα = AMα

µ dxµ and ωab = ωµabdx
µ, where ωµab is the spin connection, and the spacetime two-

forms BMN = 1
2B

MN
µν dxµ∧dxν and Bαβ = 1

2B
αβ
µν dx

µ∧dxν are promoted to super-zero-forms,
super-one-forms and super-two-forms in N = 4 superspace respectively. These superforms
depend on the superspace coordinates (xµ, θiα, θiα) (where θiα and θiα, i, α = 1, 2, 3, 4, are
anticommuting fermionic coordinates and are the components of left-handed Weyl spinors
θi and their charge conjugates θi respectively) in such a way that their projections on the
spacetime submanifold, i.e. the θi = dθi = 0 hypersurface, are equal to the corresponding
spacetime quantities.

– 30 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

A basis of one-forms in N = 4 superspace is given by the supervielbein {ea, ψiα, ψiα},
where ea is the bosonic vielbein, while ψiα and ψiα, which are the spinor components of
the left-handed gravitino super-one-forms ψi and their charge conjugates ψi respectively,
constitute the fermionic vielbein.

Given the scaling weights of the various super-p-forms of the theory, the appropriate
definitions of the corresponding gauged supercurvatures in the presence of a gauging of
the trombone symmetry read

Rab =dωab + ωac ∧ ωcb, (A.1)

T̂ a =dea + ωab ∧ eb − gθαMA
Mα ∧ ea − ψ̄i ∧ γaψi = D̂ea − ψ̄i ∧ γaψi , (A.2)

ρ̂i = D̂ψi =dψi +
1
4ω

ab ∧ γabψi −
i

2Â ∧ ψi − ω̂i
j ∧ ψj −

g

2θαMA
Mα ∧ ψi , (A.3)

V̂i = D̂χi =dχi +
1
4ω

abγabχi +
3i
2 Âχi − ω̂i

jχj +
g

2θαMA
Mαχi , (A.4)

Λ̂ai = D̂λai =dλai +
1
4ω

abγabλai +
i

2Âλai − ω̂i
jλaj + ω̂a

bλbi +
g

2θαMA
Mαλai , (A.5)

HMα =dAMα + g

2XNβPγ
MαANβ ∧APγ − g

2Θ
αM

NPB
NP + 3

2gθ
α
NB

MN

+ g

2
(
ξMβ + θMβ

)
Bαβ − (Vα)∗LMijψ̄i ∧ ψj − VαLMijψ̄

i ∧ ψj , (A.6)

H(3)MN =d̂BMN + ϵαβA
[M |α ∧

(
dA|N ]β + g

3XPγQδ
|N ]βAPγ ∧AQδ

)
, (A.7)

H(3)αβ =d̂Bαβ − ηMNA
M(α| ∧

(
dAN |β) + g

3XPγQδ
N |β)APγ ∧AQδ

)
, (A.8)

P̂ = i

2ϵ
αβVαd̂Vβ , (A.9)

P̂aij =LMad̂LMij , (A.10)

where Â, ω̂ij and ω̂a
b are the extensions of the gauged SO(2), SU(4) and SO(n) connections

to N = 4 superspace respectively and D̂ is the exterior derivative that is covariant with
respect to local Lorentz, SO(2), SU(4), SO(n) and gauge transformations.

By acting on the gauged supercurvatures with the exterior derivative d and using the
fact that d2 = 0, we obtain the following Bianchi identities:

D̂Rab =0 , (A.11)

D̂T̂ a =Rab ∧ eb + ψ̄i ∧ γaρ̂i + ψ̄i ∧ γaρ̂i
− gθαM

(
HMα + (Vα)∗LMijψ̄i ∧ ψj + VαLMijψ̄

i ∧ ψj
)
∧ ea, (A.12)

D̂ρ̂i =
1
4R

ab ∧ γabψi −
i

2 F̂ ∧ ψi − R̂i
j ∧ ψj

− g

2θαMψi ∧
(
HMα + (Vα)∗LMjkψ̄j ∧ ψk + VαLMjkψ̄

j ∧ ψk
)
, (A.13)

D̂V̂i =
1
4R

abγabχi +
3i
2 F̂χi − R̂i

jχj

+ g

2θαMχi
(
HMα + (Vα)∗LMjkψ̄j ∧ ψk + VαLMjkψ̄

j ∧ ψk
)
, (A.14)

– 31 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

D̂Λ̂ai =
1
4R

abγabλai +
i

2 F̂ λai − R̂i
jλaj + R̂a

bλbi

+ g

2θαMλai
(
HMα + (Vα)∗LMjkψ̄j ∧ ψk + VαLMjkψ̄

j ∧ ψk
)
, (A.15)

D̂HMα =− VαLMijP̂ ∗ ∧ ψ̄i ∧ ψj − (Vα)∗LMaP̂ ij
a ∧ ψ̄i ∧ ψj + 2(Vα)∗LMijψ̄i ∧ ρ̂j

− (Vα)∗LMijP̂ ∧ ψ̄i ∧ ψj − VαLMaP̂aij ∧ ψ̄i ∧ ψj + 2VαLMijψ̄
i ∧ ρ̂j (A.16)

− g

2Θ
αM

NPH(3)NP + 3
2gθ

α
NH(3)MN + g

2
(
ξMβ + θMβ

)
H(3)αβ ,

−1
2Θ

αM
NP D̂H(3)NP + 3

2θ
α
ND̂H(3)MN + 1

2
(
ξMβ + θMβ

)
D̂H(3)αβ =

XNβPγ
Mα

(
HNβ + (Vβ)∗LNijψ̄i ∧ ψj + VβLNijψ̄i ∧ ψj

)
(A.17)

∧
(
HPγ + (Vγ)∗LPklψ̄k ∧ ψl + VγLP klψ̄k ∧ ψl

)
,

D̂P̂ = i

2g (ξαM − θαM )VαVβHMβ − g (ξαM − θαM )VαLMijψ̄i ∧ ψj , (A.18)

D̂P̂aij =gΘ̂αM
NPLNaLPij

(
HMα + (Vα)∗LMklψ̄k ∧ ψl + VαLMklψ̄

k ∧ ψl
)
, (A.19)

where F̂ , R̂ij and R̂a
b are the superspace gauged SO(2), SU(4) and SO(n) curvatures

respectively, given by equations (3.96), (3.103) and (3.104), which are now to be viewed
as superspace equations.

The above Bianchi identities can be solved by suitable expansions of the supercurvatures
along the bases of one-, two- and three-forms in N = 4 superspace that are built out
of the supervielbein {ea, ψi, ψi} by means of the wedge product. These expansions must
obey the rheonomy principle, which means that all the components of the supercurvatures
along the basis elements that involve at least one of the gravitino super-one-forms, ψi, ψi
(outer components) must be expressed in terms of the supercurvature components along the
basis elements ea, ea ∧ eb and ea ∧ eb ∧ ec (inner components) and the physical superfields.
This requirement ensures that no new degrees of freedom are introduced in the theory.
Furthermore, the expansions of the supercurvatures along the bases of one-, two- and
three-forms in superspace constructed out of the supervielbein are referred to as rheonomic
parametrizations of the supercurvatures.

To solve the Bianchi identities (A.11)–(A.19), we first impose the kinematic constraint

T̂ a = 0 , (A.20)

which amounts to the vanishing of the supertorsion. The restriction of (A.20) to four-
dimensional spacetime allows us to express the spin connection ωµab in terms of the vielbein
eaµ, the gravitini ψiµ and the linear combination Bµ ≡ gθαMA

Mα
µ of the vector gauge fields,

which gauges the scaling symmetry, according to (4.20).
The rheonomic parametrizations of the super-field strengths of the scalars and the vectors,

P̂ , P̂aij and HMα, in the trombone gauged four-dimensional half-maximal supergravity are
the same as those in the standard gauged theory and are given by [33]

P̂ =P̂aea + ψ̄iχ
i, (A.21)

P̂aij =P̂aijaea + 2ψ̄[i|λa|j] + ϵijklψ̄
kλla, (A.22)
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HMα =1
2H

Mα
ab ea ∧ eb +

(
− 1

4V
αLMij λ̄aiγabλ

a
j e

a ∧ eb + 1
4V

αLMaχ̄iγabλ
i
a e

a ∧ eb

+ (Vα)∗LMijχ̄
iγaψ

j ∧ ea + (Vα)∗LMaλ̄iaγaψi ∧ ea + c.c.

)
, (A.23)

where the inner components HMα
ab satisfy the constraint

ϵabcdHMαcd = −2MM
NM

α
βHNβ

ab . (A.24)

On the other hand, in the presence of a gauging of the scaling symmetry, the rheonomic
parametrizations of the fermionic supercurvatures, V̂i, Λ̂ai and ρ̂i, contain all the terms
of their counterparts in the standard gauged theory, which can be found in [33], as well
as additional ones proportional to the embedding tensor components θαM , whose form is
dictated by the representations of SU(4)×SO(n)×SO(2) carried by the fermionic (super)fields.
Thus, the correct ansatzes for the rheonomic parametrizations of the super-field strengths
of the fermions in D = 4, N = 4 supergravity with local scaling symmetry read (up to
three-fermion terms provided in [33])

V̂i = V̂iae
a − i

4LMijV∗
αHMα

ab γabψj + γaP̂ ∗
aψi +

2
3gĀ2ijψ

j + αgB̄ijψ
j , (A.25)

Λ̂ai = Λ̂aiaea − P̂aijaγ
aψj + i

8LMaV∗
αHMα

ab γabψi + gĀ2a
j
iψj + βgB̄aψi , (A.26)

ρ̂i =
1
2 ρ̂iabe

a ∧ eb − i

8LMijVαHMα
bc γbcγaψ

j ∧ ea − 1
3gĀ1ijγaψ

j ∧ ea

+ 1
2γgϵijklB

klγaψ
j ∧ ea, (A.27)

where we have introduced the fermion shift matrices

Aij2 = fαMNPVαLMklL
NikLPjl + 3

2ξαMVαLMij , (A.28)

A2ai
j = fαMNPVαLMaL

N
ikL

Pjk − 1
4δ

j
i ξαMVαLMa , (A.29)

Aij1 = fαMNP (Vα)∗LMklL
NikLPjl, (A.30)

Bij = θαMVαLMij , (A.31)

Ba = θαMVαLMa , (A.32)

the first three of which were first defined in [22], while α, β and γ are constant coefficients,
whose values are determined by requiring closure of the Bianchi identities and are thus
found to be

α = −1, β = −1
4 , γ = 1 . (A.33)

Furthermore, from the torsion Bianchi identity (A.12) one obtains the rheonomic
parametrization of the Riemann supercurvature Rab:

Rab =
1
2Rcdabe

c ∧ ed + ¯̂
θ
i

abcψi ∧ ec +
¯̂
θiabcψ

i ∧ ec

+ i

4VαLMijHMα
ab ψ̄i ∧ ψj + 1

8VαLMijϵabcdHMαcdψ̄i ∧ ψj
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− i

4V
∗
αLM

ijHMα
ab ψ̄i ∧ ψj +

1
8V

∗
αLM

ijϵabcdHMαcdψ̄i ∧ ψj (A.34)

+ 1
3gĀ1ijψ̄

i ∧ γabψj +
1
3gA

ij
1 ψ̄i ∧ γabψj

+ four-fermion terms ,

where
θ̂iabc = γ[a|ρ̂i|b]c −

1
2γcρ̂iab − 2gB̄ijηc[aγb]χj + 2gBaηc[aγb]λai (A.35)

and the omitted four-fermion terms are the same as in the standard gauged N = 4 supergravity
in four dimensions (see [33]).

Moreover, the rheonomic parametrizations of the super-three-forms H(3)Mα ≡
−1

2ΘαM
NPH(3)NP + 3

2θ
α
NH(3)MN + 1

2

(
ξMβ + θMβ

)
H(3)αβ read

H(3)Mα= 1
6H

(3)Mα
abc ea∧eb∧ec+iΘαMNPLN

aLP
ij λ̄aiγabψj∧ea∧eb

−3iθαNL[M
aL

N ]ij λ̄
a
i γabψj∧e

a∧eb

− 1
4
(
ξMβ +θMβ

)
(Vα)∗(Vβ)∗χ̄iγabψi∧ea∧eb

−iΘαMNPLN
aLPij λ̄

i
aγabψ

j∧ea∧eb+3iθαNL[M
aL

N ]
ij λ̄

aiγabψ
j∧ea∧eb (A.36)

− 1
4
(
ξMβ +θMβ

)
VαVβχ̄iγabψi∧ea∧eb

+2iΘαMNPLN
ikLPjkψ̄

j∧γaψi∧ea−6iθαNL[M |ikL|N ]
jkψ̄

j∧γaψi∧ea

− 1
2
(
ξMβ +θMβ

)
Mαβψ̄i∧γaψi∧ea.

In addition, the Bianchi identities impose differential constraints on the inner components
of the supercurvatures, whose projections on spacetime are identified with the equations
of motion of the theory. Indeed, the closure of the Bianchi identities is equivalent to the
closure of the N = 4 supersymmetry algebra on the spacetime fields, which happens only
when the equations of motion are satisfied. In particular, the ψ̄i ∧ γaψi sector of the Bianchi
identity (A.14) implies the following superspace equations of motion for the dilatini:

γaV̂ia =
i

4V
∗
αLMaHMα

ab γabλ
a
i − 2gĀ2

aj
iλaj + 2gĀ2

aj
jλai +

5
2gB̄

aλai (A.37)

+ three-fermion terms ,

while the corresponding sector of the Bianchi identity (A.15) gives the following superspace
equations of motion for the gaugini:

γaΛ̂aia =
i

4V
∗
αLMijHMα

ab γabλja +
i

8VαLMaHMα
ab γabχi

− gA2ai
jχj + gA2aj

jχi + 2gĀabijλbj +
2
3gĀ2(ij)λ

j
a (A.38)

− 2gB̄ijλja −
3
4gBaχi + three-fermion terms ,

where
Aab

ij ≡ fαMNPVαLMaL
N
bL

Pij . (A.39)
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On the other hand, by considering the ψ̄i ∧ γaψi ∧ eb sector of the Bianchi identity (A.13),
one can specify the superspace equations of motion for the gravitini in the trombone gauged
D = 4, N = 4 supergravity, which read

γbρ̂iba=
i

2VαLMaHMα
ab γbλ

a
i −

i

2V
∗
αLMijHMα

ab γbχj

+P̂aχi+2P̂aijaλaj+
1
3gĀ2jiγaχ

j+gA2ai
jγaλ

a
j (A.40)

− 3
2gB̄ijγaχ

j+7
4gB

aγaλai+three-fermion terms .

We refer the reader to [33] for the suppressed three-fermion terms on the right-hand sides
of (A.37), (A.38) and (A.40).

From the rheonomic parametrizations of the supercurvatures (A.1)–(A.10) we can deter-
mine the local supersymmetry transformations of the spacetime fields in four-dimensional
N = 4 supergravity with local scaling symmetry. We recall that from the superspace point of
view, a local supersymmetry transformation parametrized by left-handed Weyl spinors ϵi and
their charge conjugates ϵi is a Lie derivative ℓϵ along a tangent vector ϵ such that

iϵψ
i = ϵi and iϵψi = ϵi . (A.41)

Using Cartan’s magic formula, ℓϵ = diϵ + iϵd, we find for the super-one-forms ea, ψi
and AMα:

ℓϵe
a = iϵT̂

a + ϵ̄iγaψi + ϵ̄iγ
aψi, (A.42)

ℓϵψi = D̂ϵi + iϵρ̂i, (A.43)
ℓϵA

Mα = iϵHMα + 2(Vα)∗LMij ϵ̄iψj + 2VαLMij ϵ̄
iψj , (A.44)

where we have used the definitions of the superspace curvatures T̂ a, ρ̂i and HMα and

D̂ϵi ≡ dϵi +
1
4ωabγ

abϵi −
i

2Âϵi − ω̂i
jϵj −

g

2θαMA
Mαϵi. (A.45)

For the super-zero-forms νI ≡ (Vα,V∗
α, LMij , LMa, χ

i, χi, λ
i
a, λai) we have the simpler result

ℓϵν
I = iϵD̂ν

I . (A.46)

Furthermore, for the super-two-forms BMα ≡ −1
2ΘαM

NPB
NP+3

2θ
α
NB

MN+1
2

(
ξMβ + θMβ

)
Bαβ

we find

ℓϵB
Mα =iϵH(3)Mα − 1

2Θ
αM

NP ϵβγA
Nβ ∧ ℓϵAPγ +

3
2θ

α
N ϵβγA

[M |β ∧ ℓϵA|N ]γ

− 1
2
(
ξMβ + θMβ

)
ηNPA

N(α| ∧ ℓϵAP |β). (A.47)

Using the parametrizations given for the gauged supercurvatures and identifying the local
supersymmetry transformation δϵ of each spacetime p-form with the projection of the Lie
derivative ℓϵ of the corresponding super-p-form on spacetime, it is straightforward to determine
the N = 4 local supersymmetry transformations of all the spacetime fields in the trombone
gauged theory. The results have been presented in section 4.
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B Solution of the quadratic constraints

Our strategy for the solution of the quadratic constraints obeyed by the embedding tensor
that parametrizes the consistent gaugings of four-dimensional N = 4 matter-coupled super-
gravity that involve the scaling symmetry is analogous to that of [41, 42] for the solution of
the corresponding constraints for the trombone gauged maximal supergravities in various
dimensions. Assuming the presence of at least one vector multiplet, that is n ≥ 1, we
decompose the irreducible components fαMNP , ξαM and θαM of the embedding tensor with
respect to the subgroup SO(1, 1)B×SO(1, 1)A×SO(5, n− 1) of SL(2,R) × SO(6,n) according
to (3.38)–(3.40). We take advantage of the fact that the decomposition of θαM contains an
SO(5, n − 1) singlet, which, if non-vanishing, enables us to explicitly solve the quadratic
identities (3.26)–(3.35). We then write down the decomposition of each of these constraints
with respect to SO(1, 1)B × SO(1, 1)A × SO(5, n − 1) writing next to each of the resulting
identities its weights wB and wA with respect to SO(1, 1)B and SO(1, 1)A respectively in
the form (wB, wA). We have:

• For (3.26):

ξ+⊕θ−⊕−ξ−⊕θ+⊕ =0 , (0,2) (B.1)
θ−⊕ξ+m̂+ξ+⊕θ−m̂−θ+⊕ξ−m̂−ξ−⊕θ+m̂ =0 , (0,1) (B.2)
ξ+⊕θ−⊖+ξ+⊖θ−⊕−ξ−⊕θ+⊖−ξ−⊖θ+⊕ =0 , (0,0) (B.3)
ξ+(m̂θ−n̂)−ξ−(m̂θ+n̂) =0 , (0,0) (B.4)
θ−⊖ξ+m̂+ξ+⊖θ−m̂−θ+⊖ξ−m̂−ξ−⊖θ+m̂ =0 , (0,−1) (B.5)
ξ+⊖θ−⊖−ξ−⊖θ+⊖ =0 . (0,−2) (B.6)

• For (3.27):

−θn̂
+f−⊕m̂n̂+θ+⊕f−⊕⊖m̂+θn̂

−f+⊕m̂n̂−θ−⊕f+⊕⊖m̂

+1
2θ−⊕ξ+m̂− 1

2ξ+⊕θ−m̂− 1
2θ+⊕ξ−m̂+1

2ξ−⊕θ+m̂ (0,1) (B.7)

−3θ−⊕θ+m̂+3θ+⊕θ−m̂ =0 ,

θm̂
+ f−⊕⊖m̂−θm̂

− f+⊕⊖m̂+1
2ξ+⊕θ−⊖− 1

2ξ+⊖θ−⊕− 1
2ξ−⊕θ+⊖+1

2ξ−⊖θ+⊕

−3θ+⊕θ−⊖+3θ−⊕θ+⊖ =0 , (0,0) (B.8)

θp̂
+f−m̂n̂p̂+θ+⊕f−⊖m̂n̂+θ+⊖f−⊕m̂n̂−θp̂

−f+m̂n̂p̂−θ−⊕f+⊖m̂n̂−θ−⊖f+⊕m̂n̂

+ξ+[m̂θ−n̂]−ξ−[m̂θ+n̂]−6θ+[m̂θ−n̂] =0 , (0,0) (B.9)

−θn̂
+f−⊖m̂n̂−θ+⊖f−⊕⊖m̂+θn̂

−f+⊖m̂n̂+θ−⊖f+⊕⊖m̂

+1
2θ−⊖ξ+m̂− 1

2ξ+⊖θ−m̂− 1
2θ+⊖ξ−m̂+1

2ξ−⊖θ+m̂ (0,−1) (B.10)

−3θ−⊖θ+m̂+3θ+⊖θ−m̂ =0 .
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• For (3.28):

−θn̂
+f+⊕m̂n̂+θ+⊕f+⊕⊖m̂+1

2θ+⊕ξ+m̂− 1
2ξ+⊕θ+m̂ =0 , (2,1) (B.11)

θm̂
+ f+⊕⊖m̂+1

2ξ+⊕θ+⊖− 1
2ξ+⊖θ+⊕ =0 , (2,0) (B.12)

θp̂
+f+m̂n̂p̂+θ+⊕f+⊖m̂n̂+θ+⊖f+⊕m̂n̂+ξ+[m̂θ+n̂] =0 , (2,0) (B.13)

θn̂
+f+⊖m̂n̂+θ+⊖f+⊕⊖m̂− 1

2θ+⊖ξ+m̂+1
2ξ+⊖θ+m̂ =0 , (2,−1) (B.14)

−θn̂
+f−⊕m̂n̂+θ+⊕f−⊕⊖m̂−θn̂

−f+⊕m̂n̂+θ−⊕f+⊕⊖m̂

+1
2θ−⊕ξ+m̂− 1

2ξ+⊕θ−m̂+1
2θ+⊕ξ−m̂− 1

2ξ−⊕θ+m̂ =0 , (0,1) (B.15)

θm̂
+ f−⊕⊖m̂+θm̂

− f+⊕⊖m̂

+1
2ξ+⊕θ−⊖− 1

2ξ+⊖θ−⊕+1
2ξ−⊕θ+⊖− 1

2ξ−⊖θ+⊕ =0 , (0,0) (B.16)

θp̂
+f−m̂n̂p̂+θ+⊕f−⊖m̂n̂+θ+⊖f−⊕m̂n̂+θp̂

−f+m̂n̂p̂+θ−⊕f+⊖m̂n̂+θ−⊖f+⊕m̂n̂

+ξ+[m̂θ−n̂]+ξ−[m̂θ+n̂] =0 , (0,0) (B.17)

θn̂
+f−⊖m̂n̂+θ+⊖f−⊕⊖m̂+θn̂

−f+⊖m̂n̂+θ−⊖f+⊕⊖m̂

− 1
2θ−⊖ξ+m̂+1

2ξ+⊖θ−m̂− 1
2θ+⊖ξ−m̂+1

2ξ−⊖θ+m̂ =0 , (0,−1) (B.18)

−θn̂
−f−⊕m̂n̂+θ−⊕f−⊕⊖m̂+1

2θ−⊕ξ−m̂− 1
2ξ−⊕θ−m̂ =0 , (−2,1) (B.19)

θm̂
− f−⊕⊖m̂+1

2ξ−⊕θ−⊖− 1
2ξ−⊖θ−⊕ =0 , (−2,0) (B.20)

θp̂
−f−m̂n̂p̂+θ−⊕f−⊖m̂n̂+θ−⊖f−⊕m̂n̂+ξ−[m̂θ−n̂] =0 , (−2,0) (B.21)

θn̂
−f−⊖m̂n̂+θ−⊖f−⊕⊖m̂− 1

2θ−⊖ξ−m̂+1
2ξ−⊖θ−m̂ =0 . (−2,−1) (B.22)

• For (3.29):

ξm̂
+ θ+m̂+ξ+⊕θ+⊖+ξ+⊖θ+⊕+θm̂

+ θ+m̂+2θ+⊕θ+⊖ =0 , (2,0) (B.23)

ξm̂
+ θ−m̂+ξ+⊕θ−⊖+ξ+⊖θ−⊕+ξm̂

− θ+m̂+ξ−⊕θ+⊖+ξ−⊖θ+⊕

+2θm̂
+ θ−m̂+2θ+⊕θ−⊖+2θ+⊖θ−⊕ =0 , (0,0) (B.24)

ξm̂
− θ−m̂+ξ−⊕θ−⊖+ξ−⊖θ−⊕+θm̂

− θ−m̂+2θ−⊕θ−⊖ =0 . (−2,0) (B.25)
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• For (3.30):

−ξn̂
+f+⊕m̂n̂+ξ+⊕f+⊕⊖m̂− 1

2θ+⊕ξ+m̂+1
2ξ+⊕θ+m̂ =0 , (2,1) (B.26)

ξm̂
+ f+⊕⊖m̂− 1

2ξ+⊕θ+⊖+1
2ξ+⊖θ+⊕ =0 , (2,0) (B.27)

ξp̂
+f+m̂n̂p̂+ξ+⊕f+⊖m̂n̂+ξ+⊖f+⊕m̂n̂−ξ+[m̂θ+n̂] =0 , (2,0) (B.28)

ξn̂
+f+⊖m̂n̂+ξ+⊖f+⊕⊖m̂+1

2θ+⊖ξ+m̂− 1
2ξ+⊖θ+m̂ =0 , (2,−1) (B.29)

−ξn̂
+f−⊕m̂n̂+ξ+⊕f−⊕⊖m̂−ξn̂

−f+⊕m̂n̂+ξ−⊕f+⊕⊖m̂

− 1
2θ−⊕ξ+m̂+1

2ξ+⊕θ−m̂− 1
2θ+⊕ξ−m̂+1

2ξ−⊕θ+m̂ =0 , (0,1) (B.30)

ξm̂
+ f−⊕⊖m̂+ξm̂

− f+⊕⊖m̂

− 1
2ξ+⊕θ−⊖+1

2ξ+⊖θ−⊕− 1
2ξ−⊕θ+⊖+1

2ξ−⊖θ+⊕ =0 , (0,0) (B.31)

ξp̂
+f−m̂n̂p̂+ξ+⊕f−⊖m̂n̂+ξ+⊖f−⊕m̂n̂+ξp̂

−f+m̂n̂p̂+ξ−⊕f+⊖m̂n̂+ξ−⊖f+⊕m̂n̂

−ξ+[m̂θ−n̂]−ξ−[m̂θ+n̂] =0 , (0,0) (B.32)

ξn̂
+f−⊖m̂n̂+ξ+⊖f−⊕⊖m̂+ξn̂

−f+⊖m̂n̂+ξ−⊖f+⊕⊖m̂

+1
2θ−⊖ξ+m̂− 1

2ξ+⊖θ−m̂+1
2θ+⊖ξ−m̂− 1

2ξ−⊖θ+m̂ =0 , (0,−1) (B.33)

−ξn̂
−f−⊕m̂n̂+ξ−⊕f−⊕⊖m̂− 1

2θ−⊕ξ−m̂+1
2ξ−⊕θ−m̂ =0 , (−2,1) (B.34)

ξm̂
− f−⊕⊖m̂− 1

2ξ−⊕θ−⊖+1
2ξ−⊖θ−⊕ =0 , (−2,0) (B.35)

ξp̂
−f−m̂n̂p̂+ξ−⊕f−⊖m̂n̂+ξ−⊖f−⊕m̂n̂−ξ−[m̂θ−n̂] =0 , (−2,0) (B.36)

ξn̂
−f−⊖m̂n̂+ξ−⊖f−⊕⊖m̂+1

2θ−⊖ξ−m̂− 1
2ξ−⊖θ−m̂ =0 . (−2,−1) (B.37)

• For (3.31):

ξm̂
+ θ+m̂+ξ+⊕θ+⊖+ξ+⊖θ+⊕+ξm̂

+ ξ+m̂+2ξ+⊕ξ+⊖ =0 , (2,0) (B.38)

ξm̂
+ θ−m̂+ξ+⊕θ−⊖+ξ+⊖θ−⊕+ξm̂

− θ+m̂+ξ−⊕θ+⊖+ξ−⊖θ+⊕

+2ξm̂
+ ξ−m̂+2ξ+⊕ξ−⊖+2ξ+⊖ξ−⊕ =0 , (0,0) (B.39)

ξm̂
− θ−m̂+ξ−⊕θ−⊖+ξ−⊖θ−⊕+ξm̂

− ξ−m̂+2ξ−⊕ξ−⊖ =0 . (−2,0) (B.40)
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• For (3.32):

−ξn̂
+f−⊕m̂n̂+ξ+⊕f−⊕⊖m̂+ξn̂

−f+⊕m̂n̂−ξ−⊕f+⊕⊖m̂+ξ−⊕ξ+m̂−ξ+⊕ξ−m̂

− 3
2θ−⊕ξ+m̂+3

2ξ+⊕θ−m̂+3
2θ+⊕ξ−m̂− 3

2ξ−⊕θ+m̂ =0 , (0,1) (B.41)

ξm̂
+ f−⊕⊖m̂−ξm̂

− f+⊕⊖m̂+ξ+⊕ξ−⊖−ξ−⊕ξ+⊖

− 3
2ξ+⊕θ−⊖+3

2ξ+⊖θ−⊕+3
2ξ−⊕θ+⊖− 3

2ξ−⊖θ+⊕ =0 , (0,0) (B.42)

ξp̂
+f−m̂n̂p̂+ξ+⊕f−⊖m̂n̂+ξ+⊖f−⊕m̂n̂−ξp̂

−f+m̂n̂p̂−ξ−⊕f+⊖m̂n̂−ξ−⊖f+⊕m̂n̂

+2ξ+[m̂ξ−n̂]−3ξ+[m̂θ−n̂]+3ξ−[m̂θ+n̂] =0 , (0,0) (B.43)

−ξn̂
+f−⊖m̂n̂−ξ+⊖f−⊕⊖m̂+ξn̂

−f+⊖m̂n̂+ξ−⊖f+⊕⊖m̂+ξ−⊖ξ+m̂−ξ+⊖ξ−m̂

− 3
2θ−⊖ξ+m̂+3

2ξ+⊖θ−m̂+3
2θ+⊖ξ−m̂− 3

2ξ−⊖θ+m̂ =0 . (0,−1) (B.44)

• For (3.33):

6f+r̂[m̂n̂f+p̂]⊕
r̂+6f+⊕[m̂n̂f+p̂]⊕⊖

+3
(
ξ+[m̂+θ+[m̂

)
f+n̂p̂]⊕−(ξ+⊕+θ+⊕)f+m̂n̂p̂ =0 , (2,1) (B.45)

2f+m̂n̂p̂f+⊕⊖
p̂+4f+p̂⊕[m̂f+n̂]⊖

p̂+2
(
ξ+[m̂+θ+[m̂

)
f+n̂]⊕⊖

+(ξ+⊕+θ+⊕)f+⊖m̂n̂−(ξ+⊖+θ+⊖)f+⊕m̂n̂ =0 , (2,0) (B.46)

3f+r̂[m̂n̂f+p̂q̂]
r̂+6f+⊕[m̂n̂f+p̂q̂]⊖+2

(
ξ+[m̂+θ+[m̂

)
f+n̂p̂q̂] =0 , (2,0) (B.47)

6f+r̂[m̂n̂f+p̂]⊖
r̂−6f+⊖[m̂n̂f+p̂]⊕⊖

+3
(
ξ+[m̂+θ+[m̂

)
f+n̂p̂]⊖−(ξ+⊖+θ+⊖)f+m̂n̂p̂ =0 , (2,−1) (B.48)

6f+r̂[m̂n̂f−p̂]⊕
r̂+6f+⊕[m̂n̂f−p̂]⊕⊖+6f−r̂[m̂n̂f+p̂]⊕

r̂+6f−⊕[m̂n̂f+p̂]⊕⊖

+3
(
ξ+[m̂+θ+[m̂

)
f−n̂p̂]⊕−(ξ+⊕+θ+⊕)f−m̂n̂p̂ (0,1) (B.49)

+3
(
ξ−[m̂+θ−[m̂

)
f+n̂p̂]⊕−(ξ−⊕+θ−⊕)f+m̂n̂p̂ =0 ,

f+m̂n̂p̂f−⊕⊖
p̂+f−m̂n̂p̂f+⊕⊖

p̂+2f+p̂⊕[m̂f−n̂]⊖
p̂+2f−p̂⊕[m̂f+n̂]⊖

p̂

+
(
ξ+[m̂+θ+[m̂

)
f−n̂]⊕⊖+

(
ξ−[m̂+θ−[m̂

)
f+n̂]⊕⊖+1

2 (ξ+⊕+θ+⊕)f−⊖m̂n̂ (0,0) (B.50)

+1
2 (ξ−⊕+θ−⊕)f+⊖m̂n̂−

1
2 (ξ+⊖+θ+⊖)f−⊕m̂n̂−

1
2 (ξ−⊖+θ−⊖)f+⊕m̂n̂ =0 ,

3f+r̂[m̂n̂f−p̂q̂]
r̂+3f+⊕[m̂n̂f−p̂q̂]⊖+3f+⊖[m̂n̂f−p̂q̂]⊕

+
(
ξ+[m̂+θ+[m̂

)
f−n̂p̂q̂]+

(
ξ−[m̂+θ−[m̂

)
f+n̂p̂q̂] =0 , (0,0) (B.51)
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6f+r̂[m̂n̂f−p̂]⊖
r̂−6f+⊖[m̂n̂f−p̂]⊕⊖+6f−r̂[m̂n̂f+p̂]⊖

r̂−6f−⊖[m̂n̂f+p̂]⊕⊖

+3
(
ξ+[m̂+θ+[m̂

)
f−n̂p̂]⊖−(ξ+⊖+θ+⊖)f−m̂n̂p̂ (0,−1) (B.52)

+3
(
ξ−[m̂+θ−[m̂

)
f+n̂p̂]⊖−(ξ−⊖+θ−⊖)f+m̂n̂p̂ =0 ,

6f−r̂[m̂n̂f−p̂]⊕
r̂+6f−⊕[m̂n̂f−p̂]⊕⊖

+3
(
ξ−[m̂+θ−[m̂

)
f−n̂p̂]⊕−(ξ−⊕+θ−⊕)f−m̂n̂p̂ =0 , (−2,1) (B.53)

2f−m̂n̂p̂f−⊕⊖
p̂+4f−p̂⊕[m̂f−n̂]⊖

p̂+2
(
ξ−[m̂+θ−[m̂

)
f−n̂]⊕⊖

+(ξ−⊕+θ−⊕)f−⊖m̂n̂−(ξ−⊖+θ−⊖)f−⊕m̂n̂ =0 , (−2,0) (B.54)

3f−r̂[m̂n̂f−p̂q̂]
r̂+6f−⊕[m̂n̂f−p̂q̂]⊖+2

(
ξ−[m̂+θ−[m̂

)
f−n̂p̂q̂] =0 , (−2,0) (B.55)

6f−r̂[m̂n̂f−p̂]⊖
r̂−6f−⊖[m̂n̂f−p̂]⊕⊖

+3
(
ξ−[m̂+θ−[m̂

)
f−n̂p̂]⊖−(ξ−⊖+θ−⊖)f−m̂n̂p̂ =0 . (−2,−1) (B.56)

• For (3.34):

3θ+[m̂f−n̂p̂]⊕−3θ−[m̂f+n̂p̂]⊕−θ+⊕f−m̂n̂p̂+θ−⊕f+m̂n̂p̂ =0 , (0,1) (B.57)
2θ+[m̂f−n̂]⊕⊖−2θ−[m̂f+n̂]⊕⊖+θ+⊕f−⊖m̂n̂−θ−⊕f+⊖m̂n̂

−θ+⊖f−⊕m̂n̂+θ−⊖f+⊕m̂n̂ =0 , (0,0) (B.58)
θ+[m̂f−n̂p̂q̂]−θ−[m̂f+n̂p̂q̂] =0 , (0,0) (B.59)
3θ+[m̂f−n̂p̂]⊖−3θ−[m̂f+n̂p̂]⊖−θ+⊖f−m̂n̂p̂+θ−⊖f+m̂n̂p̂ =0 . (0,−1) (B.60)

• For (3.35):

2f+⊕p̂[m̂f−n̂]⊕
p̂+(ξ+⊕−θ+⊕)f−⊕m̂n̂−(ξ−⊕−θ−⊕)f+⊕m̂n̂ =0 , (0,2) (B.61)

−f+⊕m̂n̂f−⊕⊖
n̂+f−⊕m̂n̂f+⊕⊖

n̂+(ξ+⊕−θ+⊕)f−⊕⊖m̂−(ξ−⊕−θ−⊕)f+⊕⊖m̂

− 1
4ξ+⊕ξ−m̂+1

4ξ−⊕ξ+m̂+1
4θ+⊕ξ−m̂− 1

4θ−⊕ξ+m̂ (0,1) (B.62)

+1
4ξ+⊕θ−m̂− 1

4ξ−⊕θ+m̂+3
4θ+⊕θ−m̂− 3

4θ−⊕θ+m̂ =0 ,

f+m̂n̂r̂f−p̂⊕
r̂−f−m̂n̂r̂f+p̂⊕

r̂+f+⊕m̂n̂f−⊕⊖p̂−f−⊕m̂n̂f+⊕⊖p̂

−
(
ξ+[m̂−θ+[m̂

)
f−n̂]p̂⊕+

(
ξ−[m̂−θ−[m̂

)
f+n̂]p̂⊕+1

2 (ξ+p̂−θ+p̂)f−⊕m̂n̂

− 1
2 (ξ−p̂−θ−p̂)f+⊕m̂n̂−

1
2 (ξ+⊕−θ+⊕)f−m̂n̂p̂+

1
2 (ξ−⊕−θ−⊕)f+m̂n̂p̂ (0,1) (B.63)

+1
2ξ+⊕ξ−[m̂ηn̂]p̂−

1
2ξ−⊕ξ+[m̂ηn̂]p̂−

1
2θ+⊕ξ−[m̂ηn̂]p̂+

1
2θ−⊕ξ+[m̂ηn̂]p̂

− 1
2ξ+⊕θ−[m̂ηn̂]p̂+

1
2ξ−⊕θ+[m̂ηn̂]p̂−

3
2θ+⊕θ−[m̂ηn̂]p̂+

3
2θ−⊕θ+[m̂ηn̂]p̂ =0 ,
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f+m̂n̂p̂f−⊕⊖
p̂−f−m̂n̂p̂f+⊕⊖

p̂−
(
ξ+[m̂−θ+[m̂

)
f−n̂]⊕⊖+

(
ξ−[m̂−θ−[m̂

)
f+n̂]⊕⊖

+1
2 (ξ+⊕−θ+⊕)f−⊖m̂n̂−

1
2 (ξ−⊕−θ−⊕)f+⊖m̂n̂ (0,0) (B.64)

− 1
2 (ξ+⊖−θ+⊖)f−⊕m̂n̂+

1
2 (ξ−⊖−θ−⊖)f+⊕m̂n̂ =0 ,

f+m̂n̂r̂f−p̂q̂
r̂−f−m̂n̂r̂f+p̂q̂

r̂+f+⊕m̂n̂f−⊖p̂q̂−f−⊕m̂n̂f+⊖p̂q̂+f+⊖m̂n̂f−⊕p̂q̂−f−⊖m̂n̂f+⊕p̂q̂

−
(
ξ+[m̂−θ+[m̂

)
f−n̂]p̂q̂+

(
ξ−[m̂−θ−[m̂

)
f+n̂]p̂q̂

+
(
ξ+[p̂−θ+[p̂

)
f−q̂]m̂n̂−

(
ξ−[p̂−θ−[p̂

)
f+q̂]m̂n̂ (0,0) (B.65)

+ξ+[m̂ξ−[p̂ηq̂]n̂]−ξ−[m̂ξ+[p̂ηq̂]n̂]−ξ+[m̂θ−[p̂ηq̂]n̂]+ξ−[m̂θ+[p̂ηq̂]n̂]

+ξ+[p̂θ−[m̂ηn̂]q̂]−ξ−[p̂θ+[m̂ηn̂]q̂]−3θ+[m̂θ−[p̂ηq̂]n̂]+3θ−[m̂θ+[p̂ηq̂]n̂] =0 ,

−f+⊕m̂p̂f−n̂⊖
p̂+f−⊕m̂p̂f+n̂⊖

p̂−2f+⊕⊖[m̂f−n̂]⊕⊖+
(
ξ+(m̂−θ+(m̂

)
f−n̂)⊕⊖

−
(
ξ−(m̂−θ−(m̂

)
f+n̂)⊕⊖+1

2 (ξ+⊕−θ+⊕)f−⊖m̂n̂−
1
2 (ξ−⊕−θ−⊕)f+⊖m̂n̂

+1
2 (ξ+⊖−θ+⊖)f−⊕m̂n̂−

1
2 (ξ−⊖−θ−⊖)f+⊕m̂n̂+

1
2ξ+[m̂ξ−n̂]−

1
2ξ+[m̂θ−n̂] (0,0) (B.66)

+1
2ξ−[m̂θ+n̂]−

3
2θ+[m̂θ−n̂]+

1
4ηm̂n̂ (ξ+⊕ξ−⊖−ξ−⊕ξ+⊖−ξ+⊕θ−⊖+ξ−⊕θ+⊖)

+ 1
4ηm̂n̂ (ξ+⊖θ−⊕−ξ−⊖θ+⊕−3θ+⊕θ−⊖+3θ−⊕θ+⊖)= 0 ,

−f+⊖m̂n̂f−⊕⊖
n̂+f−⊖m̂n̂f+⊕⊖

n̂+(ξ+⊖−θ+⊖)f−⊕⊖m̂−(ξ−⊖−θ−⊖)f+⊕⊖m̂

+1
4ξ+⊖ξ−m̂− 1

4ξ−⊖ξ+m̂− 1
4θ+⊖ξ−m̂+1

4θ−⊖ξ+m̂ (0,−1) (B.67)

− 1
4ξ+⊖θ−m̂+1

4ξ−⊖θ+m̂− 3
4θ+⊖θ−m̂+3

4θ−⊖θ+m̂ =0 ,

f+m̂n̂r̂f−p̂⊖
r̂−f−m̂n̂r̂f+p̂⊖

r̂−f+⊖m̂n̂f−⊕⊖p̂+f−⊖m̂n̂f+⊕⊖p̂

−
(
ξ+[m̂−θ+[m̂

)
f−n̂]p̂⊖+

(
ξ−[m̂−θ−[m̂

)
f+n̂]p̂⊖+1

2 (ξ+p̂−θ+p̂)f−⊖m̂n̂

− 1
2 (ξ−p̂−θ−p̂)f+⊖m̂n̂−

1
2 (ξ+⊖−θ+⊖)f−m̂n̂p̂+

1
2 (ξ−⊖−θ−⊖)f+m̂n̂p̂ (0,−1) (B.68)

+1
2ξ+⊖ξ−[m̂ηn̂]p̂−

1
2ξ−⊖ξ+[m̂ηn̂]p̂−

1
2θ+⊖ξ−[m̂ηn̂]p̂+

1
2θ−⊖ξ+[m̂ηn̂]p̂

− 1
2ξ+⊖θ−[m̂ηn̂]p̂+

1
2ξ−⊖θ+[m̂ηn̂]p̂−

3
2θ+⊖θ−[m̂ηn̂]p̂+

3
2θ−⊖θ+[m̂ηn̂]p̂ =0 ,

2f+⊖p̂[m̂f−n̂]⊖
p̂+(ξ+⊖−θ+⊖)f−⊖m̂n̂−(ξ−⊖−θ−⊖)f+⊖m̂n̂ =0 . (0,−2) (B.69)

To solve the quadratic constraints (B.1)–(B.69) in a systematic way, we first consider
those with SO(1, 1)B×SO(1, 1)A weights (wB, wA) = (2, 1), i.e. the constraints (B.11), (B.26)
and (B.45). If θαM is not identically zero, we may assume without loss of generality that
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θ+⊕ ̸= 0. Then, from (B.11) it follows that

f+⊕⊖m̂ = 1
θ+⊕

θn̂+f+⊕m̂n̂ −
1
2ξ+m̂ + 1

2
ξ+⊕
θ+⊕

θ+m̂ . (B.70)

Substituting the above expression for f+⊕⊖m̂ into equation (B.26), the latter becomes

O1/2, 1/2 ·
(
ξ+m̂ − ξ+⊕

θ+⊕
θ+m̂

)
= 0 , (B.71)

where we have introduced the operator

O1/2, 1/2 ≡ δf+⊕ − 1
2 (ξ+⊕ + θ+⊕) ≡ f+⊕

m̂n̂tm̂n̂ −
1
2 (ξ+⊕ + θ+⊕) , (B.72)

where tm̂n̂ are the generators of SO(5,n−1), whose elements in the fundamental representation
have been chosen to be (tm̂n̂)p̂q̂ = δq̂[m̂ηn̂]p̂ . The general solution of (B.71) for the SO(5,n− 1)
vector ξ+m̂ reads

ξ+m̂ = ξ+⊕
θ+⊕

θ+m̂ + ζ+m̂ , (B.73)

where ζ+m̂ is a real zero mode of the operator O1/2, 1/2. Using the above equation we can
simplify (B.70) to

f+⊕⊖m̂ = 1
θ+⊕

θn̂+f+⊕m̂n̂ −
1
2ζ+m̂ . (B.74)

Furthermore, by plugging (B.73) and (B.74) into the constraint (B.45), we can determine
the embedding tensor components f+m̂n̂p̂ up to a zero mode ζ+m̂n̂p̂ = ζ+[m̂n̂p̂] of O1/2,1/2.
The relevant result reads

f+m̂n̂p̂ =
3
θ+⊕

θ+[m̂f+⊕n̂p̂] + ζ+m̂n̂p̂ . (B.75)

We continue with the quadratic constraints with (wB, wA) = (2, 0). Given (B.74),
equation (B.12) determines the component ξ+⊖ according to

ξ+⊖ = ξ+⊕
θ+⊕

θ+⊖ − 1
θ+⊕

ζm̂+ θ+m̂ . (B.76)

Also, using (B.73), (B.74) and (B.76) we find that (B.27) implies that ζ+m̂ is lightlike, i.e.

ζm̂+ ζ+m̂ = 0 . (B.77)

Moreover, from (B.23) it follows that(
1 + ξ+⊕

θ+⊕

)(
θm̂+ θ+m̂ + 2θ+⊕θ+⊖

)
= 0 , (B.78)

which guarantees that (B.38) holds as well. Furthermore, equation (B.13) yields the following
expression for the antisymmetric SO(5, n − 1) tensor f+⊖m̂n̂:

f+⊖m̂n̂ =− 2
θ2

+⊕
θp̂+θ+[m̂f+⊕n̂]p̂ −

1
θ2

+⊕

(
θp̂+θ+p̂ + θ+⊕θ+⊖

)
f+⊕m̂n̂

− 1
θ+⊕

(
θp̂+ζ+m̂n̂p̂ + ζ+[m̂θ+n̂]

)
, (B.79)

– 42 –



J
H
E
P
0
5
(
2
0
2
4
)
1
0
1

where we have used (B.73) and (B.75). Next, substituting (B.79) into the identity (B.28)
we obtain the constraint

ζ+m̂n̂p̂ζ
p̂
+ = 0 . (B.80)

Finally, the constraint (B.46) is satisfied as a result of (B.73)–(B.76) and (B.78)–(B.80),
while (B.47) holds provided

3ζ+r̂[m̂n̂ζ+p̂q̂]
r̂ + 2ζ+[m̂ζ+n̂p̂q̂] −

3
θ2

+⊕

(
θr̂+θ+r̂ + 2θ+⊕θ+⊖

)
f+⊕[m̂n̂f+⊕p̂q̂] = 0 . (B.81)

We proceed to examine the quadratic constraints with SO(1, 1)B × SO(1, 1)A weights
(wB, wA) = (2,−1). Using (B.73), (B.74), (B.76) and (B.79) we find that equation (B.14)
implies that (

θ+⊖ + 1
2θ+⊕

θn̂+θ+n̂

)
ζ+m̂ = 0 , (B.82)

which, combined with previous results, ensures that (B.29) and (B.48) hold as well.
Then, we analyze the constraints with (wB, wA) = (0, 2). It is straightforward to

solve (B.1) for ξ−⊕, which is given by

ξ−⊕ = ξ+⊕
θ+⊕

θ−⊕ . (B.83)

By virtue of the last equation, the constraint (B.61) can be written as

O−1, 1 ·
(
f−⊕m̂n̂ −

θ−⊕
θ+⊕

f+⊕m̂n̂

)
= 0 , (B.84)

where we have defined the operator

O−1, 1 ≡ δf+⊕ + ξ+⊕ − θ+⊕ . (B.85)

The general solution of (B.84) reads

f−⊕m̂n̂ = θ−⊕
θ+⊕

f+⊕m̂n̂ + ζ−⊕m̂n̂ , (B.86)

where ζ−⊕m̂n̂ = ζ−⊕[m̂n̂] denotes a real zero mode of the operator O−1, 1.
Our next task is the solution of the quadratic constraints with (wB, wA) = (0, 1).

From (B.2) it follows that

ξ−m̂ = θ−⊕
θ+⊕

ζ+m̂ + ξ+⊕
θ+⊕

θ−m̂ , (B.87)

where we have made use of equations (B.73) and (B.83). Also, subtracting the con-
straint (B.15) from (B.7) and using (B.74), (B.83) and (B.87) we find

θ−m̂ = θ−⊕
θ+⊕

θ+m̂ + ζ−m̂ , (B.88)
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where ζ−m̂ is a real zero mode of the operator

O−1/2, 3/2 ≡ δf+⊕ + 1
2 (ξ+⊕ − 3θ+⊕) . (B.89)

Therefore, (B.87) can be written as

ξ−m̂ = ξ+⊕θ−⊕
θ2

+⊕
θ+m̂ + θ−⊕

θ+⊕
ζ+m̂ + ξ+⊕

θ+⊕
ζ−m̂ . (B.90)

On the other hand, adding the constraints (B.7) and (B.15) and using (B.73), (B.86)
and (B.88) we determine the components f−⊕⊖m̂ of the embedding tensor according to

f−⊕⊖m̂ = θ−⊕
θ2

+⊕
f+⊕m̂n̂θ

n̂
+ + 1

θ+⊕
ζ−⊕m̂n̂θ

n̂
+ − 1

2
θ−⊕
θ+⊕

ζ+m̂ + 1
2

(
ξ+⊕
θ+⊕

− 3
)
ζ−m̂ . (B.91)

Furthermore, given equations (B.73), (B.74), (B.83), (B.86), (B.88), (B.90) and (B.91), the
constraints (B.30) and (B.41) are satisfied provided

ζ−⊕m̂n̂ζ
n̂
+ = 0 . (B.92)

Also, substituting equations (B.75), (B.86) and (B.88) into (B.57) we derive the following
expression for the embedding tensor components f−m̂n̂p̂:

f−m̂n̂p̂ = 3θ−⊕
θ2

+⊕
θ+[m̂f+⊕n̂p̂] +

θ−⊕
θ+⊕

ζ+m̂n̂p̂ −
3
θ+⊕

ζ−[m̂f+⊕n̂p̂] +
3
θ+⊕

θ+[m̂ζ−⊕n̂p̂] , (B.93)

which implies that the constraint (B.49) holds provided

ζ−⊕[m̂
q̂ζ+n̂p̂]q̂ − 2

(
ξ+⊕
θ+⊕

− 1
)
ζ−[m̂f+⊕n̂p̂] = 0 . (B.94)

Moreover, equation (B.62) is satisfied by virtue of (B.73), (B.74), (B.83), (B.86), (B.88),
(B.90), (B.91) and (B.92). Finally, the quadratic constraint (B.63) implies that

ζ−⊕p̂
q̂ζ+m̂n̂q̂ + ζ+[m̂ζ−⊕n̂]p̂ − ζ+p̂ζ−⊕m̂n̂ − 2

(
ξ+⊕
θ+⊕

− 1
)
ζ−[m̂f+⊕n̂]p̂

+ 2
θ+⊕

ζ−[m̂f+⊕n̂]
q̂f+⊕p̂q̂ −

1
2

(
ξ2

+⊕
θ+⊕

− 2ξ+⊕ − 3θ+⊕

)
ζ−[m̂ηn̂]p̂ = 0 . (B.95)

We note that the constraint (B.94) follows from (B.95) by antisymmetrizing the latter
in m̂, n̂, p̂.

We now focus on the quadratic constraints with SO(1, 1)B×SO(1, 1)A weights (wB, wA) =
(0, 0). Solving (B.3) for ξ−⊖ we obtain

ξ−⊖ = −θ−⊕
θ2

+⊕
ζm̂+ θ+m̂ + ξ+⊕

θ+⊕
θ−⊖ , (B.96)

where we have used equations (B.76) and (B.83). Furthermore, given (B.74), (B.76), (B.83),
(B.88), (B.91) and (B.96), the constraints (B.8) and (B.16) are satisfied provided

ζm̂+ ζ−m̂ = 0 (B.97)
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and (
ξ+⊕
θ+⊕

− 3
)(

θm̂+ ζ−m̂ + θ+⊕θ−⊖ − θ+⊖θ−⊕
)
= 0 . (B.98)

Also, from the constraint (B.24) it follows that

θm̂+ ζ−m̂ + θ+⊕θ−⊖ − θ+⊖θ−⊕ = 0 , (B.99)

where we have used, among others, equations (B.78) and (B.98). Clearly, (B.99) implies (B.98)
and can be solved for θ−⊖. Moreover, the expressions for the embedding tensor components
and the constraints on the ζ tensors that have been derived so far guarantee the validity
of equations (B.31), (B.39) and (B.42).

Next, using (B.73), (B.88) and (B.90) we find that the quadratic constraint (B.4)
holds provided

ζ+(m̂ζ−n̂) = 0 , (B.100)

which implies (B.97).
Furthermore, it is straightforward to solve the quadratic constraint (B.58) for the com-

ponents f−⊖m̂n̂ of the embedding tensor. Using equations (B.74), (B.86), (B.88) and (B.91)
we find

f−⊖m̂n̂ =− θ−⊖
θ+⊕

f+⊕m̂n̂ −
θ−⊕
θ3

+⊕
θp̂+θ+p̂f+⊕m̂n̂ − 2θ−⊕

θ3
+⊕

θp̂+θ+[m̂f+⊕n̂]p̂

+ 2
θ2

+⊕
ζ−[m̂f+⊕n̂]p̂θ

p̂
+ + θ+⊖

θ+⊕
ζ−⊕m̂n̂ −

2
θ2

+⊕
θ+[m̂ζ−⊕n̂]p̂θ

p̂
+

− θ−⊕
θ2

+⊕
ζ+m̂n̂p̂θ

p̂
+ − θ−⊕

θ2
+⊕

ζ+[m̂θ+n̂] +
ξ+⊕
θ2

+⊕
ζ−[m̂θ+n̂] −

3
θ+⊕

ζ−[m̂θ+n̂] (B.101)

+ 1
θ+⊕

ζ+[m̂ζ−n̂] .

Then, equations (B.9), (B.17), (B.32) and (B.43) imply three additional constraints:

ζ+m̂n̂p̂ζ
p̂
− = 0 , (B.102)

ζ+[m̂ζ−n̂] = 0 , (B.103)(
θ+⊖ + 1

2θ+⊕
θp̂+θ+p̂

)
ζ−⊕m̂n̂ = 0 , (B.104)

while (B.50) and (B.64) are satisfied by virtue of all the above formulae for the components
of the embedding tensor and constraints on the ζ tensors.

Also, the quadratic constraint (B.59) holds provided

ζ−[m̂ζ+n̂p̂q̂] = 0 , (B.105)

while (B.51), (B.65) and (B.66) are satisfied as a result of the derived expressions for the
embedding tensor components and constraints on the ζ tensors.

Let us now consider the quadratic constraints with (wB, wA) = (0,−1). Our results
for the components of the embedding tensor guarantee the validity of (B.5) and imply that
equations (B.10) and (B.18) are satisfied provided(

θ+⊖ + 1
2θ+⊕

θn̂+θ+n̂

)
ζ−m̂ = 0 . (B.106)
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Furthermore, the quadratic constraints (B.33), (B.44), (B.52), (B.60), (B.67) and (B.68) hold
as a consequence of all the above expressions for the embedding tensor components and
constraints on the ζ tensors.

Next, we analyze the quadratic constraints with SO(1, 1)B×SO(1, 1)A weights (wB, wA) =
(−2, 1). Using equations (B.83), (B.86), (B.88), (B.90) and (B.91) we find that (B.19) is
satisfied on condition that

ζ−⊕m̂n̂ζ
n̂
− = 0 , (B.107)

which guarantees that (B.34) holds as well. On the other hand, the constraint (B.53) is
satisfied by virtue of the derived formulae for the components of the embedding tensor and
constraints on the ζ tensors.

We then examine the quadratic constraints with (wB, wA) = (−2, 0). Given equa-
tions (B.78), (B.83), (B.88), (B.90), (B.91) and (B.96), the constraints (B.20) and (B.25)
hold provided

ζm̂− ζ−m̂ = 0 , (B.108)

which ensures the validity of (B.35) and (B.40) as well. Furthermore, equations (B.21),
(B.36), (B.54) and (B.55) are satisfied by virtue of all the above results for the components
of the embedding tensor. This is also true for the quadratic constraints (B.22), (B.37)
and (B.56), which have SO(1, 1)B × SO(1, 1)A weights (wB, wA) = (−2,−1), as well as (B.6)
and (B.69), with (wB, wA) = (0,−2).

We have completed the analysis of the quadratic identities (B.1)–(B.69). The results of
this appendix give rise to the general solution to the quadratic consistency constraints on the
embedding tensor provided in subsection 3.3 and to an additional one with non-vanishing
θm̂+ θ+m̂ + 2θ+⊕θ+⊖ = θM+ θ+M and ξαM = −θαM .

C T-identities

By appropriately dressing the quadratic constraints (3.26)–(3.35) on the embedding tensor
with the representatives of the coset spaces SL(2,R)/SO(2) and SO(6,n)/(SO(6)×SO(n))
parametrized by the scalar fields of the theory, one obtains numerous quadratic constraints on
the A and B tensors that appear in the local supersymmetry transformations of the fermions
and in the fermionic field equations. Each of these constraints, which are also known as
T -identities, carries a specific representation of the isotropy group H = SO(2)×SU(4)×SO(n)
of the coset space (2.1). In this appendix, we provide an exhaustive list of the T -identities
of four-dimensional N = 4 supergravity with local scaling symmetry, classifying them
according to their origin (one of (3.26)–(3.35)) and their H representation, using the notation
(RSU(4),RSO(n))qSO(2) , where RSU(4) and RSO(n) denote the SU(4) and SO(n) representations
respectively and qSO(2) the SO(2) charge.

C.1 From (3.26)

Rep ((6 × 6)S ,1)0:

A
[kl]
2 B̄ij − Ā2[ij]B

kl − δk[iA
[lm]
2 B̄j]m + δl[iA

[km]
2 B̄j]m

+ δ
[k
i Ā2[jm]B

l]m − δ
[k
j Ā2[im]B

l]m + 1
2δ

k
[iδ
l
j]

(
Amn2 B̄mn − Ā2mnB

mn
)
= 0 . (C.1)
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The two-fold symmetric tensor product of the 6 representation of SU(4) decomposes as

(6 × 6)S = 1 + 20′. (C.2)

In order to specify the component of the quadratic constraint (C.1) that is an SU(4) singlet,
we contract (C.1) with δikδ

j
l . We find

(1,1)0 : Aij2 B̄ij − Ā2ijB
ij = 0 (C.3)

Rep (6,n)0:

1
3ϵijklA

kl
2 B̄a −

2
3Ā2[ij]Ba −A2ak

kB̄ij +
1
2ϵijlmĀ2a

k
kB

lm = 0 (C.4)

Rep (1,n(n + 1)/2)0:

A2(a|i
iB̄|b) − Ā2(a|

i
iB|b) = 0 (C.5)

C.2 From (3.27)

Rep (15,1)0:

2
3A

(jk)
2 B̄ik +

2
3Ā2(ik)B

jk − 1
3ϵiklmA

jk
1 B

lm − 1
3ϵ

jklmĀ1ikB̄lm

−Ba

(
Ā2

aj
i −

1
4δ

j
i Ā2

ak
k

)
− B̄a

(
A2ai

j − 1
4δ

j
iA2ak

k
)

− 2
3A

[jk]
2 B̄ik −

2
3Ā2[ik]B

jk + 1
6δ

j
i

(
Akl2 B̄kl + Ā2klB

kl
)

(C.6)

+ 6B̄ikBjk − 3
2δ

j
iB

klB̄kl = 0

Rep (6,n)0:

2A2a[i
kB̄j]k + Ā2a

k
[iϵj]klmB

lm +A2ak
kB̄ij + ĀabijB

b − 1
2ϵijklAab

klB̄b

− 1
3Ā2[ij]Ba +

1
6ϵijklA

kl
2 B̄a + 3B̄ijBa −

3
2ϵijklB

klB̄a = 0 (C.7)

Rep (1,n(n − 1)/2)0:

Aab
ijB̄ij − ĀabijB

ij −AabcB̄
c + ĀabcB

c −A2[a|i
iB̄|b] + Ā2[a|

i
iB|b] − 6B[aB̄b] = 0 (C.8)

C.3 From (3.28)

Rep (15,1)+2:

2
3Ā1ikB

jk − 1
3ϵiklmA

(jk)
2 Blm +Ba

(
A2ai

j − 1
4δ

j
iA2ak

k
)

+ 1
6ϵiklm

(
Alm2 Bjk −A

[jk]
2 Blm

)
= 0 (C.9)
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Rep (15,1)0:

2
3Ā2ikB

jk − 2
3A

jk
2 B̄ik +

1
3ϵ

jklmĀ1ikB̄lm − 1
3ϵiklmA

jk
1 B

lm

−Ba

(
Ā2

aj
i −

1
4δ

j
i Ā2

ak
k

)
+ B̄a

(
A2ai

j − 1
4δ

j
iA2ak

k
)

(C.10)

+ 1
6δ

j
i

(
Akl2 B̄kl − Ā2klB

kl
)
= 0

Rep (6,n)+2:

A2a[i
kϵj]klmB

lm − 1
2ϵijklAab

klBb − 1
6ϵijklA

kl
2 Ba = 0 (C.11)

Rep (6,n)−2:

2Ā2a
k

[iB̄j]k + Ā2a
k
kB̄ij + ĀabijB̄

b + 1
3Ā2[ij]B̄a = 0 (C.12)

Rep (6,n)0:

−A2a[i
kB̄j]k +

1
2Ā2a

k
[iϵj]klmB

lm + 1
4ϵijlmĀ2a

k
kB

lm

+ 1
2ĀabijB

b + 1
4ϵijklAab

klB̄b + 1
6Ā2[ij]Ba +

1
12ϵijklA

kl
2 B̄a = 0 (C.13)

Rep (1,n(n − 1)/2)+2:

−1
2ϵijklAab

ijBkl +AabcB
c −A2[a|i

iB|b] = 0 (C.14)

Rep (1,n(n − 1)/2)0:

Aab
ijB̄ij + ĀabijB

ij −AabcB̄
c − ĀabcB

c +A2[a|i
iB̄|b] + Ā2[a|

i
iB|b] = 0 (C.15)

C.4 From (3.29)

Rep (1,1)+2:

1
3ϵijklA

ij
2 B

kl + 1
2ϵijklB

ijBkl +A2ai
iBa −BaBa = 0 (C.16)

Rep (1,1)0:

1
3A

ij
2 B̄ij +

1
3Ā2ijB

ij + 1
2A2ai

iB̄a + 1
2Ā2

ai
iBa +BijB̄ij −BaB̄a = 0 (C.17)

C.5 From (3.30)

Rep (15,1)+2:

4
9A

[jk]
2 Ā1ik −

2
9ϵiklmA

(jk)
2 Alm2 −A2

a
k
k
(
A2ai

j − 1
4δ

j
iA2al

l
)

+ 1
6ϵiklm

(
A

[jk]
2 Blm −Alm2 Bjk

)
= 0 (C.18)
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Rep (15,1)0:

4
9A

[jk]
2 Ā2(ik) −

4
9A

(jk)
2 Ā2[ik] −

2
9ϵiklmA

jk
1 A

lm
2 + 2

9ϵ
jklmĀ1ikĀ2lm

+A2ak
kĀ2

aj
i −A2ai

jĀ2
ak
k +

2
3A

[jk]
2 B̄ik −

2
3Ā2[ik]B

jk (C.19)

− 1
6δ

j
i

(
Akl2 B̄kl − Ā2klB

kl
)
= 0

Rep (6,n)+2:

4
3A2a[i

kϵj]klmA
lm
2 + 1

3ϵijklA
kl
2 A2am

m + ϵijklAab
klA2

b
m
m

+ 1
3ϵijklA

kl
2 Ba +

1
2ϵijlmA2ak

kBlm = 0 (C.20)

Rep (6,n)−2:

2
3Ā2[ik]Ā2a

k
j −

2
3Ā2[jk]Ā2a

k
i −

1
3Ā2[ij]Ā2a

k
k + ĀabijĀ2

bk
k

+ 1
3Ā2[ij]B̄a +

1
2Ā2a

k
kB̄ij = 0 (C.21)

Rep (6,n)0:

2
3Ā2a

k
[iϵj]klmA

lm
2 + 1

6ϵijklA
kl
2 Ā2a

m
m + 2

3Ā2[ik]A2aj
k − 2

3Ā2[jk]A2ai
k

− 1
3Ā2[ij]A2ak

k − ĀabijA2
b
k
k − 1

2ϵijklAab
klĀ2

bm
m (C.22)

− 1
3Ā2[ij]Ba −

1
6ϵijklA

kl
2 B̄a −

1
2A2ak

kB̄ij −
1
4ϵijlmĀ2a

k
kB

lm = 0

Rep (1,n(n − 1)/2)+2:

1
3ϵijklAab

ijAkl2 +AabcA2
c
i
i −A2[a|i

iB|b] = 0 (C.23)

Rep (1,n(n − 1)/2)0:

2
3Aab

ijĀ2ij +
2
3ĀabijA

ij
2 +AabcĀ2

ci
i + ĀabcA2

c
i
i −A2[a|i

iB̄|b] − Ā2[a|
i
iB|b] = 0 (C.24)

C.6 From (3.31)

Rep (1,1)+2:

2
9ϵijklA

ij
2 A

kl
2 −A2ai

iA2
a
j
j + 1

3ϵijklA
ij
2 B

kl +A2ai
iBa = 0 (C.25)

Rep (1,1)0:

4
9A

[ij]
2 Ā2ij −A2ai

iĀ2
aj
j +

1
2A2ai

iB̄a + 1
2Ā2a

i
iB

a + 1
3A

ij
2 B̄ij +

1
3Ā2ijB

ij = 0 (C.26)
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C.7 From (3.32)

Rep (15,1)0:

4
9A

[jk]
2 Ā2(ik) +

4
9A

(jk)
2 Ā2[ik] −

2
9ϵ

jklmĀ1ikĀ2lm − 2
9ϵiklmA

jk
1 A

lm
2

+A2ak
kĀ2

aj
i +A2ai

jĀ2
ak
k −

1
2δ

j
iA2ak

kĀ2
al
l

− 8
9A

[jk]
2 Ā2[ik] +

2
9δ

j
iA

[kl]
2 Ā2kl + 2A[jk]

2 B̄ik + 2Ā2[ik]B
jk (C.27)

− 1
2δ

j
i

(
Akl2 B̄kl + Ā2klB

kl
)
= 0

Rep (6,n)0:

− 2
3Ā2[ik]A2aj

k + 2
3Ā2[jk]A2ai

k + Ā2[ij]A2ak
k + 2

3Ā2a
k

[iϵj]klmA
lm
2

− 1
6ϵijklA

kl
2 Ā2a

m
m − ĀabijA2

b
k
k + 1

2ϵijklAab
klĀ2

bm
m (C.28)

+ Ā2[ij]Ba −
1
2ϵijklA

kl
2 B̄a −

3
2A2ak

kB̄ij +
3
4ϵijlmĀ2a

k
kB

lm = 0

Rep (1,n(n − 1)/2)0:

2
3Aab

ijĀ2ij −
2
3ĀabijA

ij
2 +AabcĀ2

ci
i − ĀabcA2

c
i
i

+ 2A2[a|i
iĀ2|b]

j
j + 3A2[a|i

iB̄|b] − 3Ā2[a|
i
iB|b] = 0 (C.29)

C.8 From (3.33)

Rep (15,1)−2:

4
3A

jk
1 Ā2(ik) + 3Ā2

aj
kĀ2a

k
i −

3
2Ā2

aj
iĀ2a

k
k

+ 2
3A

jk
1 Ā2[ik] +Ajk1 B̄ik +

1
3ϵ

jklmĀ2(ik)Ā2lm + 1
2ϵ

jklmĀ2(ik)B̄lm = (C.30)

= 1
3δ

j
iA

kl
1 Ā2kl +

3
4δ

j
i

(
Ā2

ak
lĀ2a

l
k −

1
2Ā2

ak
kĀ2a

l
l

)
Rep (15,1)0:

2
3A

jk
1 Ā1ik +

2
3A

(jk)
2 Ā2(ik) +

1
3A

[jk]
2 Ā2(ik) +

1
3A

(jk)
2 Ā2[ik]

+ 1
6ϵ

jklmĀ1ikĀ2lm + 1
6ϵiklmA

jk
1 A

lm
2 − 3

2A2ak
jĀ2

ak
i −

3
2A2ai

kĀ2
aj
k

+ 3
4A2ai

jĀ2
ak
k +

3
4A2ak

kĀ2
aj
i +

1
2B

jkĀ2(ik) +
1
2A

(jk)
2 B̄ik (C.31)

+ 1
4ϵ

jklmĀ1ikB̄lm + 1
4ϵiklmA

jk
1 B

lm =

= 1
6δ

j
i

(
Akl1 Ā1kl +A

(kl)
2 Ā2kl

)
− 3

4δ
j
iA2ak

lĀ2
ak
l +

3
8δ

j
iA2ak

kĀ2
al
l
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Rep (10,n)+2:
4
3A2a(i

kĀ1j)k +
1
3A2a(i

kϵj)klmA
lm
2 +A2

b
(i
kϵj)klmAab

lm

− 1
3Ā1ijBa +

1
2A2a(i

kϵj)klmB
lm = 0 (C.32)

Rep (10,n)−2:

2Ā2(ik)Ā2a
k
j + 2Ā2(jk)Ā2a

k
i − 2Ā2(ij)Ā2a

k
k + 6Āab(i|kĀ2

bk
|j)

+ Ā2[ik]Ā2a
k
j + Ā2[jk]Ā2a

k
i + 3Ā2a

k
(iB̄j)k + Ā2(ij)B̄a = 0 (C.33)

Rep (10,n)0:

2Ā2(ik)A2aj
k + 2Ā2(jk)A2ai

k − 4Ā2a
k

(iĀ1j)k + 2Ā1ijĀ2a
k
k

+ 6Āab(i|kA2
b
|j)
k − 3Ā2

bk
(iϵj)klmAab

lm + Ā2[ik]A2aj
k + Ā2[jk]A2ai

k (C.34)

− Ā2a
k

(iϵj)klmA
lm
2 + 3A2a(i

kB̄j)k −
3
2Ā2a

k
(iϵj)klmB

lm − Ā1ijB̄a − Ā2(ij)Ba = 0

Rep (15,n(n − 1)/2)−2:

− 2ϵjklmĀ[a|cikĀ|b]
c
lm − 2Āabc

(
Ā2

cj
i −

1
4δ

j
i Ā2

ck
k

)
− 4Ā2[a|

k
iĀ2|b]

j
k

− 4
3A

jk
1 Āabik +

2
3ϵ

jklmĀ2(ik)Āablm − 2Ā2[a|
j
iĀ2|b]

k
k

+ 1
3ϵ

jklm
(
Ā2[ik]Āablm − ĀabikĀ2lm

)
+ 2Ā2[a|

j
iB̄|b] −

1
2δ

j
i Ā2[a|

k
kB̄|b] (C.35)

+ 1
2ϵ

jklm
(
ĀablmB̄ik − ĀabikB̄lm

)
= 0

Rep (15,n(n − 1)/2)0:
2
3Ā2ikAab

jk − 2
3A

jk
2 Āabik −

1
6δ

j
i

(
Ā2klAab

kl −Akl2 Āabkl
)

− 1
3ϵiklmA

jk
1 Aab

lm + 1
3ϵ

jklmĀ1ikĀablm + 2A2[a|i
kĀ2|b]

j
k

− 2A2[a|k
jĀ2|b]

k
i −Aabc

(
Ā2

cj
i −

1
4δ

j
i Ā2

ck
k

)
+ Āabc

(
A2

c
i
j − 1

4δ
j
iA2

c
k
k
)
+ 4A[a

cjkĀb]cik − δjiA[a
cklĀb]ckl (C.36)

+A2[a|k
kĀ2|b]

j
i +A2[a|i

jĀ2|b]
k
k −

1
2δ

j
iA2[a|k

kĀ2|b]
l
l

+Aab
jkB̄ik − ĀabikB

jk − 1
4δ

j
i

(
Aab

klB̄kl − ĀabklB
kl
)

−A2[a|i
jB̄|b] + Ā2[a|

j
iB|b] +

1
4δ

j
i

(
A2[a|k

kB̄|b] − Ā2[a|
k
kB|b]

)
= 0

Rep (6,n(n − 1)(n − 2)/6)+2:

6A[ab
lmA2c][j

kϵi]klm + ϵijkl

(
3A[ab|dA|c]

dkl + 1
3A

kl
2 Aabc

)
+ 1

2ϵijkl
(
AabcB

kl − 3A[ab
klBc]

)
= 0 (C.37)
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Rep (6,n(n − 1)(n − 2)/6)−2:

6Ā2[a|
k

[i|Ā|bc]j]k + 3Ā[ab|dĀ|c]
d
ij + 3Ā2[a|

k
kĀ|bc]ij +

1
3Ā2[ij]Āabc

− 3
2B̄[aĀbc]ij +

1
2ĀabcB̄ij = 0 (C.38)

Rep (6,n(n − 1)(n − 2)/6)0:

− 12A2[a[i|
kĀ|bc]j]k − 6A[bc

lmĀ2a]
k

[jϵi]klm + 6A[ab|dĀ|c]
d
ij + 3ϵijklĀ[ab|dA|c]

dkl

+ 3ϵijklA[ab
klĀ2c]

m
m + 2

3Ā2[ij]Aabc +
1
3ϵijklA

kl
2 Āabc (C.39)

+AabcB̄ij +
1
2ϵijklĀabcB

kl − 3B[aĀbc]ij −
3
2ϵijklA[ab

klB̄c] = 0

Rep (1,n(n − 1)(n − 2)(n − 3)/24)+2:

− 3
2ϵijklA[ab

ijAcd]
kl + 3Ae[abAcd]

e + 2A[abcA2d]i
i − 2A[abcBd] = 0 (C.40)

Rep (1,n(n − 1)(n − 2)(n − 3)/24)0:

− 3A[ab
ijĀcd]ij + 3Ae[abĀcd]

e +A[abcĀ2d]
i
i + Ā[abcA2d]i

i −A[abcB̄d] − Ā[abcBd] = 0 (C.41)

C.9 From (3.34)

Rep (15,1)0:

A
(jk)
2 B̄ik − Ā2(ik)B

jk − 1
2ϵiklmA

jk
1 B

lm + 1
2ϵ

jklmĀ1ikB̄lm = 0 (C.42)

Rep (10,n)0:

Ā2(ij)Ba − Ā1ijB̄a + 3A2a(i
kB̄j)k +

3
2Ā2a

k
(iϵj)klmB

lm = 0 (C.43)

Rep (15,n(n − 1)/2)0:

2AabjkB̄ik + 2ĀabikBjk − 1
2δ

j
i

(
Aab

klB̄kl + ĀabklB
kl
)

− 2A2[a|i
jB̄|b] − 2Ā2[a|

j
iB|b] +

1
2δ

j
i

(
A2[a|k

kB̄|b] + Ā2[a|
k
kB|b]

)
= 0 (C.44)

Rep (6,n(n − 1)(n − 2)/6)0:

AabcB̄ij −
1
2ϵijklB

klĀabc + 3B[aĀbc]ij −
3
2ϵijklB̄[aAbc]

kl = 0 (C.45)

Rep (1,n(n − 1)(n − 2)(n − 3)/24)0:

B[aĀbcd] − B̄[aAbcd] = 0 (C.46)
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C.10 From (3.35)

Rep ((15 × 15)A,1)0:

2
9δ

j
i

(
A

(lm)
2 Ā2(km) −Alm1 Ā1km

)
− 2

9δ
l
k

(
A

(jm)
2 Ā2(im) −Ajm1 Ā1im

)
− 2

9ϵikmn
(
Ajm1 A

(ln)
2 −A

(jm)
2 Aln1

)
− 2

9ϵ
jlmn

(
Ā1imĀ2(kn) − Ā2(im)Ā1kn

)
+A2ak

jĀ2
al
i −A2ai

lĀ2
aj
k +

1
4δ

j
k

(
A2ai

lĀ2
am

m −A2am
mĀ2

al
i

)
− 1

4δ
l
i

(
A2ak

jĀ2
am

m −A2am
mĀ2

aj
k

)
− 4

9A
[jl]
2 Ā2(ik) −

4
9A

(jl)
2 Ā2[ik]

− 2
9δ

j
i

(
A

[lm]
2 Ā2(km) +A

(lm)
2 Ā2[km]

)
+ 2

9δ
l
k

(
A

[jm]
2 Ā2(im) +A

(jm)
2 Ā2[im]

)
+ 1

9δ
l
i

(
A

[jm]
2 Ā2(km) −A

(jm)
2 Ā2[km]

)
− 1

9δ
j
k

(
A

[lm]
2 Ā2(im) −A

(lm)
2 Ā2[im]

)
+ 1

9ϵ
jlmn

(
Ā2mnĀ1ik − Ā2[im]Ā1kn − Ā2[km]Ā1in

)
+ 1

9ϵikmn
(
Amn2 Ajl1 −A

[jm]
2 Aln1 −A

[lm]
2 Ajn1

)
+ 1

18δ
j
i

(
ϵkmnpA

np
2 Alm1

+ ϵlmnpĀ2npĀ1km
)
− 1

18δ
l
k

(
ϵimnpA

np
2 Ajm1 + ϵjmnpĀ2npĀ1im

)
(C.47)

+ 2
9δ

j
iA

[lm]
2 Ā2[km] −

2
9δ

l
kA

[jm]
2 Ā2[im] +

2
3Ā2(ik)B

jl + 2
3A

(jl)
2 B̄ik

+ 1
3δ

j
i

(
Ā2(km)B

lm +A
(lm)
2 B̄km

)
− 1

3δ
l
k

(
Ā2(im)B

jm +A
(jm)
2 B̄im

)
− 1

6δ
l
i

(
Ā2(km)B

jm −A
(jm)
2 B̄km

)
+ 1

6δ
j
k

(
Ā2(im)B

lm −A
(lm)
2 B̄im

)
− 1

6ϵ
jlmn

(
Ā1ikB̄mn + Ā1imB̄kn + Ā1kmB̄in

)
− 1

6ϵikmn
(
Ajl1 B

mn +Ajm1 Bln +Alm1 Bjn
)
− 1

12δ
j
i

(
ϵkmnpA

lm
1 Bnp

+ ϵlmnpĀ1kmB̄np
)
+ 1

12δ
l
k

(
ϵimnpA

jm
1 Bnp + ϵjmnpĀ1imB̄np

)
− 1

3δ
j
i

(
Ā2[km]B

lm +A
[lm]
2 B̄km

)
+ 1

3δ
l
k

(
Ā2[im]B

jm +A
[jm]
2 B̄im

)
− 3

2δ
j
iB

lmB̄km + 3
2δ

l
kB

jmB̄im = 0

The tensor product (15 × 15)A of SU(4) decomposes as

(15 × 15)A = 15 + 45 + 45 . (C.48)

The component of the quadratic constraint (C.47) in the 15 of SU(4) follows from contract-
ing (C.47) with δkl , which yields

(15,1)0 : 8
9A

jk
1 Ā1ik −

8
9A

(jk)
2 Ā2(ik) −

2
9δ

j
i

(
Akl1 Ā1kl −A

(kl)
2 Ā2kl

)
+A2ak

jĀ2
ak
i −A2ai

kĀ2
aj
k +

4
9A

[jk]
2 Ā2(ik) +

4
9A

(jk)
2 Ā2[ik]

− 2
9ϵ

jklmĀ1ikĀ2lm − 2
9ϵiklmA

jk
1 A

lm
2 − 8

9A
[jk]
2 Ā2[ik] +

2
9δ

j
iA

[kl]
2 Ā2kl

− 2
3Ā2(ik)B

jk − 2
3A

(jk)
2 B̄ik +

1
3ϵ

jklmĀ1ikB̄lm + 1
3ϵiklmA

jk
1 B

lm (C.49)
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+ 4
3Ā2[ik]B

jk + 4
3A

[jk]
2 B̄ik −

1
3δ

j
i

(
Ā2klB

kl +Akl2 B̄kl
)

+ 6BjkB̄ik −
3
2δ

j
iB

klB̄kl = 0

Rep (15 × 6,n)0:

− 2
3A2a[i

mϵj]kmnA
ln
1 − 2

3Ā2a
m

[iϵj]kmnA
(ln)
2 + 2

3Ā2a
l
[iĀ1j]k

− 1
3Ā2(ik)A2aj

l + 1
3Ā2(jk)A2ai

l − 2
3Ā2a

m
[iδ
l
j]Ā1km − 2

3A2a[i
mδlj]Ā2(km)

+ Āabij

(
A2

b
k
l − 1

4δ
l
kA2

b
m
m
)
+ 1

2ϵijmnAab
mn
(
Ā2

bl
k −

1
4δ

l
kĀ2

bp
p

)
+ 1

3ϵijkmA
lm
1 A2an

n − 1
3Ā2[ij]A2ak

l − 1
3Ā2[ik]A2aj

l + 1
3Ā2[jk]A2ai

l

− 1
6ϵijmnA

mn
2 Ā2a

l
k +

1
6Ā2a

l
[iϵj]kmnA

mn
2 + 1

3Ā2a
m

[iϵj]kmnA
[ln]
2

− 1
12ϵijkmA

[lm]
2 Ā2a

n
n −

1
3δ

l
iĀ2jkA2am

m + 1
3δ

l
jĀ2ikA2am

m

+ 2
3A2a[i

mδlj]Ā2[km] +
1
12δ

l
[iϵj]kmnA

mn
2 Ā2a

p
p +

1
6Ā2a

m
[iδ
l
j]ϵkmnpA

np
2

+ 1
6δ

l
k

(
Ā2[im]A2aj

m − Ā2[jm]A2ai
m
)
+ 1

12δ
l
kϵijmnA

mn
2 Ā2a

p
p

− 1
12δ

l
kĀ2[ij]A2am

m + 1
6ϵijkm

(
Alm1 Ba −A

(lm)
2 B̄a

)
−A2a[i

lB̄j]k (C.50)

+ 1
2A2ak

lB̄ij +
1
4ϵijmnĀ2a

l
kB

mn − 1
4Ā2a

l
[iϵj]kmnB

mn

− 1
2Ā2a

m
[iϵj]kmnB

ln + 1
8ϵijkmĀ2a

n
nB

lm + 1
3δ

l
[iĀ1j]kB̄a

− 1
6δ

l
iĀ2(jk)Ba +

1
6δ

l
jĀ2(ik)Ba + δl[iB̄j]kA2am

m −A2a[i
mδlj]B̄km

− 1
4Ā2a

m
[iδ
l
j]ϵkmnpB

np − 1
8δ

l
[iϵj]kmnĀ2a

p
pB

mn + 1
2δ

l
kA2a[i

mB̄j]m

+ 1
8δ

l
kA2am

mB̄ij −
1
8δ

l
kϵijmnĀ2a

p
pB

mn − 1
6δ

l
iĀ2[jk]Ba +

1
6δ

l
jĀ2[ik]Ba

+ 1
6δ

l
[iϵj]kmnA

mn
2 B̄a −

1
12δ

l
kĀ2[ij]Ba +

1
24δ

l
kϵijmnA

mn
2 B̄a

− 3
2δ

l
[iB̄j]kBa +

3
4δ

l
[iϵj]kmnB

mnB̄a −
3
8δ

l
kB̄ijBa +

3
16δ

l
kϵijmnB

mnB̄a = 0

The tensor product 15 × 6 of SU(4) decomposes according to

15 × 6 = 6 + 10 + 10 + 64 . (C.51)

In order to specify the components of (C.50) in the 10 and 6 representations of SU(4), we first
contract (C.50) with δjl . To obtain the 10 component, we symmetrize the resulting identity
in i and k, whereas to get the 6 component, we antisymmetrize in i and k. The results are

(10,n)0 : − 2
3Ā2a

j
(iĀ1k)j−

1
3Ā2(ij)A2ak

j− 1
3Ā2(jk)A2ai

j−Āabj(iA2
b
k)
j

+1
2Ā2

bl
(iϵk)lmnAab

mn− 1
3Ā1ikĀ2a

j
j+

2
3Ā2(ik)A2aj

j+1
6Ā2[ij]A2ak

j

− 1
6Ā2[jk]A2ai

j+1
6Ā2a

l
(iϵk)lmnA

mn
2 − 1

2A2a(i
jB̄k)j−

1
4Ā2a

l
(iϵk)lmnB

mn

− 1
2Ā1ikB̄a+

1
2Ā2(ik)Ba=0 (C.52)
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(6,n)0 : − 1
3ϵikmn

(
Alm1 A2al

n+A(lm)
2 Ā2a

n
l

)
− 2
3Ā2a

j
[iĀ1k]j+

1
3Ā2(ij)A2ak

j

− 1
3Ā2(jk)A2ai

j−Āabj[iA2
b
k]
j− 1

4ĀabikA2
b
j
j− 1

2Ā2
bl

[iϵk]lmnAab
mn

− 1
8ϵiklmAab

lmĀ2
bn
n−

1
3Ā2[ij]A2ak

j− 1
3Ā2[jk]A2ai

j+1
2Ā2a

l
[iϵk]lmnA

mn
2

− 1
6ϵiklmA

[ln]
2 Ā2a

m
n+

7
12Ā2[ik]A2aj

j− 1
24ϵiklmA

lm
2 Ā2a

n
n−A2a[i

jB̄k]j

− 3
4Ā2a

l
[iϵk]lmnB

mn− 1
4ϵiklmĀ2a

l
nB

mn− 7
8A2aj

jB̄ik+
1
16ϵikmnĀ2a

l
lB

mn

+ 5
12Ā2[ik]Ba−

5
24ϵiklmA

lm
2 B̄a+

15
8 B̄ikBa−

15
16ϵiklmB

lmB̄a=0 (C.53)

Rep (((6,n) × (6,n))A)0:

− 2A2a[i|
mĀ2b

[k
mδ

l]
|j] + 2Ā2a

m
[i|A2bm

[kδ
l]
|j] − 4A2[a[i|

[kĀ2|b]
l]
|j]

+ 2A[a
cklĀb]cij − 4δ[k

[i|Aac
l]mĀb

c
|j]m + δ

[k
i δ

l]
j Aac

mnĀb
c
mn

+ 2A2am
mĀ2b

[k
[iδ
l]
j] + 2Ā2b

m
mA2a[i

[kδ
l]
j] +

2
3A

[kl]
2 Āabij

− 2
3Ā2[ij]Aab

kl − 2
3δ

k
[i|A

[lm]
2 Āab|j]m + 2

3δ
l
[i|A

[km]
2 Āab|j]m

+ 2
3δ

[k
i Ā2[jm]Aab

l]m − 2
3δ

[k
j Ā2[im]Aab

l]m + 1
3δ

[k
i δ

l]
j

(
Amn2 Āabmn

− Ā2mnAab
mn)− 1

9δab
(
δki A

[lm]
2 Ā2[jm] − δkjA

[lm]
2 Ā2[im]

− δliA
[km]
2 Ā2[jm] + δljA

[km]
2 Ā2[im]

)
+ 1

9δabδ
[k
i δ

l]
j A

[mn]
2 Ā2mn (C.54)

− δ
[k
i δ

l]
j A2am

mĀ2b
n
n +Aab

klB̄ij − ĀabijB
kl − 2δ[k

[i B̄j]mAab
l]m

+ 2δ[k
[i|Āab|j]mB

l]m + 1
2δ

[k
i δ

l]
j

(
Aab

mnB̄mn − ĀabmnB
mn
)

+ 2B(aĀ2b)
[k

[iδ
l]
j] + 2B̄(aA2b)[i

[kδ
l]
j] −

1
2δ

[k
i δ

l]
j

(
BaĀ2b

m
m

+ B̄bA2am
m
)
+ 1

3δab
(
δk[iA

[lm]
2 B̄j]m − δl[iA

[km]
2 B̄j]m + δ

[k
i B

l]mĀ2[jm]

− δ
[k
j B

l]mĀ2[im]
)
− 1

6δabδ
[k
i δ

l]
j

(
Amn2 B̄mn + Ā2mnB

mn
)

+ 3δabδ[k
[i B

l]mB̄j]m − 3
4δabδ

[k
i δ

l]
jB

mnB̄mn +
3
2δ

[k
i δ

l]
jB[aB̄b] = 0

The tensor product ((6,n) × (6,n))A of SU(4) × SO(n) decomposes as

((6,n)× (6,n))A =(1,n(n − 1)/2) +
(
20′

,n(n − 1)/2
)

+ (15,n(n + 1)/2 − 1) + (15,1) . (C.55)

In order to specify the component of (C.54) transforming in the (reducible) (15,n(n + 1)/2)
representation of SU(4) × SO(n), we contract (C.54) with δjl and we then symmetrize the
resulting equation in a and b. We find

(15,n(n + 1)/2)0 : −A2(a|i
jĀ2|b)

k
j +A2(a|j

kĀ2|b)
j
i − 2A(a

ckjĀb)cij

+ 1
2δ

k
i A(a

cjlĀb)cjl +A2(a|j
jĀ2|b)

k
i +A2(a|i

kĀ2|b)
j
j
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− 1
2δ

k
i A2(a|j

jĀ2|b)
l
l −

2
9δab

(
A

[kj]
2 Ā2[ij] −

1
4δ

k
i A

[jl]
2 Ā2jl

)
+B(aĀ2b)

k
i + B̄(aA2b)i

k − 1
4δ

k
i

(
B(aĀ2b)

j
j + B̄(aA2b)j

j
)

(C.56)

+ 1
3δab

(
A

[kj]
2 B̄ij + Ā2[ij]B

kj
)
− 1

12δabδ
k
i

(
Ajl2 B̄jl + Ā2jlB

jl
)

+ 3
2δab

(
BkjB̄ij −

1
4δ

k
i B

jlB̄jl

)
= 0

On the other hand, the (1,n(n − 1)/2)0 component of the quadratic constraint (C.54)
follows from contracting (C.54) with δikδ

j
l , which gives

(1,n(n − 1)/2)0 : − 4A2[a|i
jĀ2|b]

i
j + 2A[a

cijĀb]cij +
2
3A

ij
2 Āabij −

2
3Ā2ijAab

ij

− 2A2[a|i
iĀ2|b]

j
j +Aab

ijB̄ij − ĀabijB
ij − 3B[aĀ2b]

i
i (C.57)

+ 3B̄[aA2b]i
i + 9B[aB̄b] = 0

Rep (15,n(n − 1)/2)0:
2
3A

(jk)
2 Āabik +

2
3Ā2(ik)Aab

jk − 1
3ϵiklmA

jk
1 Aab

lm − 1
3ϵ

jklmĀ1ikĀablm

−Aabc

(
Ā2

cj
i −

1
4δ

j
i Ā2

ck
k

)
− Āabc

(
A2

c
i
j − 1

4δ
j
iA2

c
k
k
)

−A2[a|k
kĀ2|b]

j
i +A2[a|i

jĀ2|b]
k
k −

2
3A

[jk]
2 Āabik −

2
3Ā2[ik]Aab

jk

+ 1
6δ

j
i

(
Akl2 Āabkl + Ā2klAab

kl
)

(C.58)

+Aab
jkB̄ik + ĀabikB

jk − 1
4δ

j
i

(
Aab

klB̄kl + ĀabklB
kl
)

−B[a

(
Ā2b]

j
i −

1
4Ā2b]

k
kδ
j
i

)
− B̄[a

(
A2b]i

j − 1
4A2b]k

kδji

)
= 0

Rep (6,n × n(n − 1)/2)0:

− 2A2c[i|
kĀab|j]k − Ā2c

k
[iϵj]klmAab

lm −Aab
dĀcdij +

1
2ϵijklĀab

dAcd
kl

+A2[a|k
kĀ|b]cij −

1
2ϵijlmĀ2[a|

k
kA|b]c

lm −A2ck
kĀabij +

1
3Ā2[ij]Aabc −

1
6ϵijklA

kl
2 Āabc

− 1
3δc[aA2b]k

kĀ2[ij] +
1
6ϵijlmδc[aĀ2b]

k
kA

lm
2 +B[aĀb]cij

− 1
2AabcB̄ij +

1
4ϵijklB

klĀabc −
1
2ϵijklB̄[aAb]c

kl − 1
2BcĀabij +

1
4ϵijklB̄cAab

kl (C.59)

+ 1
2δc[aA2b]k

kB̄ij −
1
4ϵijlmδc[aĀ2b]

k
kB

lm

− 1
3δc[aBb]Ā2[ij] +

1
6ϵijklδc[aB̄b]A

kl
2 − 3

2δc[aBb]B̄ij +
3
4ϵijklδc[aB̄b]B

kl = 0

Rep (1, (n(n − 1)/2 × n(n − 1)/2)A)0:

−Aab
ijĀcdij +Acd

ijĀabij +AabeĀcd
e −AcdeĀab

e − Ācd[aA2b]i
i +Acd[aĀ2b]

i
i

+ Āab[cA2d]i
i −Aab[cĀ2d]

i
i + δ[a[cĀ2d]

i
iA2|b]j

j − δ[a[cA2d]i
iĀ2|b]

j
j

− Ācd[aBb] +Acd[aB̄b] + Āab[cBd] −Aab[cB̄d] (C.60)
+ δ[a[c

(
B̄d]A2b]i

i −Bd]Ā2b]
i
i −A2d]i

iB̄|b] + Ā2d]
i
iB|b] − 3B̄d]Bb] + 3Bd]B̄b]

)
= 0
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For Bij = Ba = 0, the T -identities given in this appendix consistently reduce to those
of the standard gauged four-dimensional N = 4 matter-coupled supergravity, which are
provided in [33].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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