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1 Introduction

In recent years the LIGO-Virgo-KAGRA collaboration has successfully detected numerous
gravitational wave signals, primarily attributed to the binary mergers of compact objects.
This remarkable achievement was possible thanks to a set of template banks used for the
detection, which were produced using both analytic and numerical methods in general relativity.
Numerical relativity techniques — while generically more accurate — are computationally
expensive, especially beyond a few orbits. On the other hand, traditional analytical tools
like the effective-one-body (EOB) [1–3] formalism or the gravitational self-force (GSF) [4–7]
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approach not only allow waveforms for a wider range of parameter values, but also provide
a connection with the underlying two-body dynamics.

For the inspiral part of the binary evolution, the waveform is determined by the long-
distance gravitational interaction between two massive compact bodies can be studied
using effective field theory tools for point particles [8–10]. Recently developed amplitude
techniques [11–14] and worldline methods [15–17] provide a new perspective on this problem,
at least for scattering orbits, bringing efficient computational methods from quantum field
theory to gravitational wave physics. On one hand, this enables extraction of the scattering
angle (and therefore the Hamiltonian) up to very high orders in the Post-Minkowskian
(PM) expansion [18–33]. On the other hand, observables like the waveform [34–50] or
radiated energy and angular momentum [28, 30, 31, 51–56] can be computed from scattering
amplitudes using the KMOC formalism [57–59], or with generalizations of the in-in formalism
for worldline methods [40, 60, 61]. These results have also been partially verified, in the
overlapping region of validity, with traditional Post-Newtonian (PN) methods applied to
the case of eccentric hyperbolic orbits [62–72].

The major drawback of the Post-Minkowskian calculations is that they are intrinsically
defined for the scattering scenario, while the physical situation corresponds to (elliptic-type)
bound motion. This becomes particularly relevant when trying to import results such as the
Hamiltonian and fluxes into a framework like EOB [73, 74] or GSF, which also incorporates
(beyond the inspiral) the merging and ringdown phases that are necessary for the generation
of complete waveform templates. Luckily, the gravitational dynamics of classical particles
is entirely described by a set of universal (differential) equations of motion, where only
the boundary conditions distinguish between scattering and bound configurations. Such
universality means that, at the level of observables, contributions which depend locally on
the trajectory for scattering orbits should have a direct relation with the corresponding
ones for bound orbits.

A relation between scattering and bound dynamics was first observed by Damour and
DeRuelle in 1985 [75], using the orbital elements of the quasi-Keplerian parametrization in
the PN approach. This parametrization describes the relative motion of two spinless bodies
in the center of mass frame, which generalizes the Kepler motion in the PN expansion, and
admits a (gauge-dependent) analytic continuation in terms of the eccentricity of the orbit.
A new, gauge-invariant map — deemed the “boundary-to-bound” (B2B) dictionary — was
recently proposed by Kälin and Porto [76–78] for the planar dynamics, including aligned-spin
configurations. This directly links scattering observables (e.g., scattering angle) and bound
ones (e.g., periastron advance) through the energy and angular momentum. In the probe
limit, but at all orders in the perturbative expansion, this has been further extended to
include precession for generic Kerr orbits in [79]. Moreover, an extension has been proposed
to study the boundary-to-bound map for radiative observables like the total radiated energy
and angular momentum [78, 80].

Recently, a new approach has been proposed to study classical bound states via the
Bethe-Salpeter recursion [81] (see also [82]), where the amplitude-action relation [23, 83, 84]
was expressed in terms of the conservative two-massive particle irreducible (2MPI) kernel to
perform the analytic continuation. Moreover, the scattering wavefunction was obtained from
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the amplitude, and its structure in the complex energy plane was studied to make contact
with the classical binding energy, showing in particular the need to choose a single branch
cut prescription for the analytic continuation in the energy variable [81].

In this paper, we build on the these recent developments to establish the boundary-to-
bound dictionary for the gravitational (tree-level) waveform and the corresponding 3PM
fluxes. In section 2, we consider the explicit toy example of scattering and bound state scalar
wavefunctions on the linearized Schwarzschild background; these are prototypes of a ‘scalar
waveform.’ In the partial wave basis, we confirm that the single branch cut prescription for
analytic continuation relates the scattering and bound wavefunctions, where one is required
to take the residue of the bound state pole after analytic continuation to obtain the properly
normalized bound wavefunction. This prompts us to revisit the superclassical iterations
arising in the 2-body problem in section 3. We begin with the Schwinger-Dyson equations
in an effective one-body model before moving on to the generic two-body case, defining
matrix elements for scattering and bound states by taking the residue on the corresponding
poles. Scattering amplitudes provide a good computational approach here, allowing for
full resummation in impact parameter space, in terms of two-massive-particle-irreducible
conservative and radiative kernels. This bypasses the need to consider superclassical iterations
and the corresponding residues, enabling the analytic continuation to be carried out directly
at the level of the classical radiative kernel.

Consequently, in section 4 we study the tree-level scattering waveform in the time
domain, derived from the radiative kernel, and conjecture an analytic continuation to its
bound counterpart. This analytic continuation is entirely in terms of the binding energy
(or, equivalently, the rapidity). We test this conjecture against the direct calculation of PN
multipoles using the quasi-Keplerian parametrization. We also consider the total radiated
energy and angular momentum at 3PM order in section 5, showing how the corresponding
scattering-to-bound map can be derived by studying the integration over the retarded time
of the fluxes, emphasizing the new analytic continuation in terms of the binding energy.
We conclude in section 6, summarizing the current status of relations between scattering
and bound observables.

1.1 Setup, notation and conventions

We study the gravitational two-body dynamics of two minimally coupled massive scalar fields
ϕ1, ϕ2, with masses m1 and m2, as described by the action

S = − 1
16πGN

∫
d4x
√
−g R+ SGF +

∑
j=1,2

1
2

∫
d4x
√
−g

(
gµν∂µϕj∂νϕj −m2

jϕ
2
j

)
, (1.1)

in which the first term is the Einstein-Hilbert action, with GN the Newton constant, while
SGF is a gauge fixing term. Defining κ :=

√
32πGN , we expand the metric gµν in terms of

the linearized graviton field hµν as gµν = ηµν + κhµν , which allows us to study perturbative
graviton-scalar scattering on Minkowski spacetime.

For (4+N)-point amplitudesM4+N (p1, p2; p′1, p′2, k′1, . . . , k′N ), we will label the momenta
of the incoming (resp. outgoing) massive legs with pµ

1 , pµ
2 = Pµ − pµ

1 (resp. p′µ1 , p′µ2 = P ′µ −
p′µ1 ), while the N outgoing gravitons will have massless momenta k′µ1 , . . . , k′µN . Therefore,
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P 2 = E is identified with the incoming center of mass energy and the momentum collectively
radiated into gravitons is

∑N
j=1 k

′µ
j = Pµ − P ′µ. We further define the momentum transfers

qµ
j = ℏ q̄µ

j with j = 1, 2 and the classical 4-velocities vµ
A = pµ

A/mA, vµ
B = pµ

B/mB from

pµ
1 = mAv

µ
A + ℏ

q̄µ
1
2 , p′µ1 = mAv

µ
A − ℏ

q̄µ
1
2 , pµ

2 = mBv
µ
B − ℏ

q̄µ
2
2 , p′µ2 = mBv

µ
B + ℏ

q̄µ
2
2 . (1.2)

As a consequence, the masses of classical particles are defined as m2
A := p2

A = m2
1 − q2

1/4 and
m2

B := p2
B = m2

2 − q2
2/4 with mA ∼ m1, mB ∼ m2 in the ℏ → 0 limit.

Finally, we use the convention that A(µBν) = AµBν − AνBµ and adopt the shorthand
notation δ̂(·) := (2π)δ(·) and d̂4q := d4q/(2π)4 for delta functions and integral measures,
respectively. We also work in ‘mostly minus’ metric conventions.

2 Probe wavefunctions from scattering to bound

At leading order in the PM expansion, the two-body problem can be mapped, in the
regime mA/mB ≪ 1 relevant to large mass ratio inspirals, to the problem of a scalar probe,
mass mA, moving in the linearized Schwarzschild metric sourced by the mass mB (see for
example [81, 85, 86]). We begin by working in this background-field approximation as a
warm up, proving explicitly the analytic continuation between the (one-body) scattering
and bound state wavefunctions of the probe.

2.1 Warm up: linearized Schwarzschild

In the background field approximation, and neglecting radiation, we drop the field ϕ2 which
generates the background from (1.1) and we fix gµν → ḡµν to be the linearized Schwarzschild
metric generated by a static source of mass mB,

ḡµν = ηµν −
4GNmB

r

(
vBµvBν −

1
2ηµν

)
, vµ

B = (1,0) . (2.1)

A scalar field ϕ1 of mass mA propagating on this spacetime obeys the Klein-Gordon equation( 1√
−ḡ

∂µ

√
−ḡ ḡµν∂ν + m2

A

ℏ2

)
Ψ(x) = 0 , (2.2)

the solution of which has been discussed many times (e.g., [81, 83, 85, 87, 88]), so we will be
brief. First, (2.2) must be supplemented with appropriate boundary conditions. For both
scattering and bound solutions, we impose regularity at the origin;1 this is natural for making
contact with perturbative scattering amplitudes and for bound solutions. For all solutions
we make the separation of variables ansatz Ψ(x) = e−iEt/ℏΨ(x).

With this, and working to order GN , (2.2) takes a form explicitly equivalent to the
Coulomb equation, [

ℏ2∇2 + |p|2 + 2ℏ|p|ζ
r

]
Ψ(x) = 0 , (2.3)

1In a fully non-linear Schwarzschild background, one imposes boundary conditions (e.g., regularity, no
outgoing wave, etc.) at the event horizon, rather than the origin. Of course, the linearized Schwarzschild
metric relevant for the leading PM expansion we consider here has no event horizon.
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where ∇2 := δij∂i∂j and we define variables |p| and ζ by

|p| :=
√
E2 −m2

A , ζ := GNmB

ℏ
(2E2 −m2

A)√
E2 −m2

A

. (2.4)

When solving (2.3) we look for scattering solutions which behave like plane waves in the
asymptotic past, and bound solutions which are exponentially suppressed for large r. In the
scattering case, the wavefunction which is regular at the origin and represents an incoming
plane wave of momentum p in the asymptotic past, call it Ψ>

p (x), is (cf., chapter 33 of [89])

Ψ>
p (x) = eπζ/2 Γ(1− iζ) 1F1

(
iζ; 1; i(|p|r − p · r)

ℏ

)
e−ip·x/ℏ , (2.5)

where 1F1 is the generalized hypergeometric function. (The superscript > (resp. <) labels
scattering (resp. bound) state quantities throughout.) Of course, the energy appearing here
is now on-shell, E =

√
p2 +m2

A, so |p| in (2.3) really is the modulus of the momentum. The
normalization of the wavefunction is determined by the standard Klein-Gordon inner product:

⟨Ψ>
p′ |Ψ>

p ⟩ = i

∫
d3xΨ∗>

p′ (x)
←→
∂t Ψ>

p (x) = 2Ep δ̂
3(p′ − p) . (2.6)

While the continuum of scattering solutions to (2.3) obey E2 > m2
A, bound state solutions

have E2
n < m2

A as a consequence of the quantization condition [85, 87, 88]

GNmB

ℏ
2E2

n −m2
A√

m2
A − E2

n

≡ iζ = n , n ∈ N+ . (2.7)

Going from scattering to bound therefore corresponds to analytically continuing |p| from
the positive real to positive imaginary axis, while ζ goes from positive real to negative
imaginary. Under this continuation the bound state wavefunctions arise as poles in the
scattering wavefunctions; to see this it is convenient to expand (2.5) into partial waves as

Ψ>
p (x)=

∞∑
ℓ=0

ℓ∑
m=−ℓ

R>
pℓ(r)Yℓm(r̂)Y ∗

ℓm(p̂) , (2.8)

R>
pℓ(r)= 4π eπζ/2Γ(ℓ+1−iζ)

(2ℓ+1)!

(2i|p|r
ℏ

)ℓ

ei|p|r/ℏ
1F1

(
ℓ+1−iζ;2ℓ+2;−2i|p|r

ℏ

)
, (2.9)

in which the Yℓm are the usual spherical harmonics. Now, taking

|p| → iλ/n , ζ → −in, (2.10)

for λ := n
√
m2

A − E2
n > 0, the Γ-function in (2.9) diverges due to a simple pole. Taking

the residue of this simple pole in ζ we find:

R<
nℓ(r) := Resζ=−inR

>
pℓ(r) = −

4πin+1

Γ(n+ ℓ+ 1)e
− λr

ℏn

(2λr
ℏn

)ℓ

L
(2ℓ+1)
n−ℓ−1

(2rλ
ℏn

)
, (2.11)
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for L(α)
n the associated Laguerre polynomials. These residues are precisely the radial profiles

entering the bound state solutions Ψ<
nℓm(x) of (2.3) which are given by2 [87]

Ψ<
nℓm(x) := e−iEnt/ℏR<

nℓ(r)Yℓm(θ, ϕ) , (2.12)

with a normalisation here inherited from the Klein-Gordon inner product (2.6).
Of course similar arguments apply to the full scattering solution (2.5); we can continue |p|

into the complex plane and take the residue on a bound state pole [88]. The result is a
normalizable wavefunction built from the bound state solutions (2.12). In general, then, this
analytic continuation can be expressed in terms of rapidity y = E/mA as:

Ψ<
n (x,

√
1− y2) = Resζ=−in

[
Ψ>(x,

√
y2 − 1→ i

√
1− y2)

]
. (2.13)

This analytic continuation is an exact feature of solutions to the wave equation. It therefore
holds, in particular, in the large distance and classical limits appropriate for the calculation
of on-shell observables relevant to gravitational wave physics. For example, the large distance
expansion of the scattering wavefunction (2.5) follows from the asymptotic expansion of the
hypergeometric function for large (positive imaginary) argument (cf. eq. (4.4) of [85]):

Ψ>
p (x) ∼ e−ip·x/ℏ−iζ log(|p|r−p·r|/ℏ) +

f>
p (θ)
r

e−i(Et−|p|r)/ℏ+iζ log(2|p|r/ℏ) , (2.14)

in which the scattering amplitude f>
p (θ) is

f>
p (θ) = ℏ ζ

2|p|
Γ(1− iζ)
Γ(1 + iζ)

1
(sin2(θ/2))1−iζ

, (2.15)

and we have chosen coordinates such that |p|r−p ·r = 2|p|r sin2(θ/2). We observe from (2.14)
and (2.15) that the residue of the wavefunction as ζ → −in comes from the factor Γ(1− iζ):
it lies entirely in the scattering amplitude. We are therefore prompted to make contact
with on-shell tools.

2.2 On-shell derivation of classical wavefunctions via KMOC

We now turn to the full two-body problem, with the initial two-particle state

|in⟩ =
∫
dΦ(p1, p2)φ1(p1)φ2(p2) |p1⟩ |p2⟩ ≡ |in⟩2 |in⟩1 , (2.16)

in which φ1(p1) and φ2(p2) are wavepackets peaked around classical momenta p1 ∼ mAvA

and p2 ∼ mBvB [57]. Neglecting radiation for now (i.e., restricting to the conservative sector
of the theory), we evolve (2.16) to asymptotic late time using the S-matrix, and ask how
to extract the wavefunction of particle 1 from the final state S |in⟩. This cannot be the
expectation value of the field operator ⟨ϕ1(x)⟩ because, in the classical limit, number-changing
contributions for massive particles are suppressed,3 so S |in⟩ is a one-particle state for each
scalar; the expectation value ⟨ϕ1(x)⟩ is zero in such states.

2This basis of wavefunctions, up to boundary conditions and normalization, has been discussed in [90–92].
3This is unlike the situation for massless fields, which are described by coherent states in the classical limit,

thus the waveform — that is, the expectation value of the massless field operator [36, 57] — is nonzero.
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Recall instead that the usual definition of a one-particle wavefunction is, essentially,
ϕp(x) = ⟨0|ϕ(x) |p⟩, where ϕ is the relevant field and |p⟩ is a one-particle state. Given this
we observe that the overlap

⟨in|2 ⟨0|1 ϕ1(x) |in⟩ =
∫
dΦ(p1)φ1(p1) e−ip1·x/ℏ , (2.17)

extracts the wavefunction of particle 1 in the initial state — we have used here the asympoti-
cally free mode expansion of the scalar field. We therefore take the same overlap to obtain
the wavefunction at asymptotically late times, ⟨in|2 ⟨0|1 ϕ1(x)S |in⟩ (and we will further
justify this below). Subtracting (2.17) then gives the change in the wavefunction between
asymptotically early and late times, call this ∆ϕ1(x), which we expect to contain the elastic
scattering amplitude. Writing S = 1 + iT and inserting a complete set of states we find

∆ϕ1(x) =
∫
dΦ(p′2, p′1, p2, p1)φ2(p′2)φ2(p2)φ1(p1) e−ip′1·x/ℏ 〈p′2p′1∣∣ iT |p1p2⟩ ,〈

p′2p
′
1
∣∣ iT |p1p2⟩ = i δ̂4(p′2 + p′1 − p1 − p2)M4(p1, p2; p′1, p′2) ,

(2.18)

where M4 is the 2 → 2 scattering amplitude.
To enforce the classical limit, we parameterise the particle momenta as (1.2) where

vµ
B = (1,0) again. Following [36] we ignore shifts of order ℏ in wavepackets, which allows us

to factorise and drop the p2 integral and |φ2(p2)|2. The wavepacket φ1, on the other hand, is
inherited by ∆ϕ1(x) as it should be. Assuming an incoming plane wave as in (2.5), though,
we can also drop φ1 and the p1 integral. So, in the classical limit, we identify

∆ϕ1(x) ∼ i
∫
dΦ(p′2)dΦ(p′1) e−ip′1·x/ℏδ̂4(p′1 + p′2 − p1 − p2)M4(p1, p2; p′1, p′2) . (2.19)

To make contact with the linearized Schwarzschild background we assume that the momentum
transfer ℏq̄ is small compared to the mass of particle 2, expanding in (ℏq̄)2/m2

B . In this limit
particle 1 propagates as a probe on the linearized Schwarzschild background generated by
particle 2, and M4 becomes equal to the exponential resummation of ladder and cross-ladder
diagrams, also known as the leading eikonal approximation [85, 93].

Using the delta-functions in (2.19) to integrate out the momentum transfer q̄ leaves

∆ϕ1(x) ∼ i
∫
dΦ(p′1)

e−ip′1·x/ℏ

2mB
δ̂(Ep′

1
− Ep1)M4(p1, pB; p′1, pB) . (2.20)

Finally, since we are interested in the scalar profile at large distances we can use the
saddle-point approximation

e−ip·x/ℏ r→∞∼ 2πℏ
i|p|r e

−i(Ept−|p|r)/ℏ δΩ(x̂− p̂) , (2.21)

and thus all remaining integrals in (2.20) can be evaluated. In the considered limit, and upon
using the delta functions above, we have the relation [81, 85, 93].

M4(p1, pB; p′1, pB) =
8πmB

ℏ

(
µ

|p|

)−2iζ

f>
p (θ) , (2.22)
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Figure 1. The linearized Schwarzschild state |ψσ
Schw⟩ is generated by a coherent state of virtual

gravitons. The dashed red lines indicate that the massive propagators are cut.

in which µ is an IR regulator. We thus obtain the final result

∆ϕ1(x) ∼
f>

p (θ)
r

e−i(Ep1 t−|p1|r)/ℏ−2iζ log(µ/|p1|) , (2.23)

which recovers (2.14) up to (constant phases and) the Coulomb-type phase. This is unsur-
prising, as KMOC assumes a free asymptotic mode expansion, and it is well known in the
Coulomb/Schwarzschild case that this misses a phase, but gives the correct cross section.

We have now seen that the 4-point amplitude determines the wavefunction (as suggested
in [94] by matching a gauge-invariant observable like the cross-section and later generalized
in [76, 81, 85, 93]). Given the identification (2.22) and the analytic continuation (2.13), it
follows that, for the 4-point amplitude, an analytic continuation in energy is the same analytic
continuation as for the wavefunction, confirming the suggestion in [81].

An alternative perspective on the above is given by considering the linearized Schwarz-
schild background as a coherent state of virtual gravitons determined by a massive particle
at large distances.4 Generating classical solutions from off-shell gravitons and scattering
amplitudes was first explored in [95], with the approach based on off-shell coherent states
developed subsequently in [96] and [81].

Borrowing notation from [81], we define a state (see figure 1)

|ψσ
Schw⟩=

1
N

∫
dΦ(p2)φ2(p2)exp

[
i

∫ d̂4l

l2+iϵ δ̂ (2p2 ·l)M(0)cl
3 (p2, l

σ)A†
σ(l)

]
|p2⟩ , (2.24)

where |p2⟩ is a momentum state for the massive particle, φ2(p2) is a localized wavepacket for
the massive particle of 4-velocity vµ

B, A†
σ(l) is a placeholder for some operator which creates

a ‘quanta’ of virtual gravitons, and M(0)cl
3 (p, lσ) is the 3-pt ‘amplitude’ for the emission of

an graviton of off-shell momentum lµ and polarization vector εµν
σ (l) = εµ

σ(l)εν
σ(l), i.e.

M(0)cl
3 (p, lσ) = −κ (p · εσ(l))2 . (2.25)

The expectation value of the graviton field operator in this coherent state is5 [81, 96]

hcl
µν(x) = ⟨ψσ

Schw |hµν(x)|ψσ
Schw⟩ = −

4GNM

r
Pµναβv

α
Bv

β
B , (2.26)

4Coherent states of real gravitons generate solutions of the vacuum equations, i.e., source-free solutions
(cf., [36, 59]).

5Note that at leading order the exponential coherent state effectively linearizes, and this way of obtaining
the linear classical solution coincides with the off-shell prescription of [95].

– 8 –



J
H
E
P
0
5
(
2
0
2
4
)
0
3
4

Figure 2. A covariant description for the scattering of a massive probe on a linearized Schwarzschild
background can be given by sewing the classical amplitude with graviton emissions from a massive
particle line with a coherent state of virtual gravitons.

such that we recover the linearized Schwarzschild metric (2.1). In the considered limit, the
probe particle propagates on the Schwarzschild background as represented by (2.24), while
particle 2 becomes a spectator, effectively decoupling from the theory. As such the overlap
⟨0|1 S |in⟩ returns the wavefunction of particle 1, multiplied by the unchanged initial state of
particle 2, and the additional projections in (2.17) simply remove this spectator state.

3 Scattering and bound matrix elements from Schwinger-Dyson

We have reviewed how bound state wavefunctions arise through poles in scattering wavefunc-
tions, which may themselves be seen (in the appropriate large distance limit) as observables
calculated from scattering amplitudes in the full two-body problem. The bound state poles
are generated by an all-orders resummation of corrections to the Born amplitude; this is
what yields the Γ function in (2.15). This prompts us to reconsider classical Bethe-Salpeter
recursion, with the idea that performing the resummation of superclassical iterations should
simplify the map.

There are three different physical scenarios for the initial and final pair of massive
particles interacting via the gravitational field and emitting radiation. The binding energy
E distinguishes between these scenarios:

E = E −mA −mB

µ
, µ = mAmB

mA +mB
, (3.1)

where E is the total incoming energy of the two-body system and µ is the reduced mass. In the
first scenario of hyperbolic scattering, an incoming scattering state of two scalars evolves to
an outgoing scattering state of two scalars (plus radiation), and the binding energy is positive,
E > 0, at all times. In the second scenario of evolution from a two-body bound state to
another two-body bound state plus radiation, E < 0 at all times. The third possibility is bound
state formation, where an incoming scattering configuration of two scalars evolves to a bound
state and we pass dynamically from E > 0 to E < 0. For illustrative purposes we focus on the
last case in sections 3.1 and 3.2. Analogous results for the other scenarios will then be obvious.

3.1 One-body approach

As in section 2, we begin in a simplified one-body (OB) approximation, before returning
to the full two-body problem. We will be somewhat agnostic about the nature of this
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Figure 3. Matching of on-shell amplitudes between the OB model and the full two-body problem.
Left: conservative sector, right: radiative sector.

approximation, but we use the OB action

SOB = − 1
16πGN

∫
d4x
√
−g R+ 1

2

∫
d4x
√
−g

(
gµν∂µΦ ∂νΦ− µ2 Φ2

)
, (3.2)

where we expand gµν = gOB
µν + h̄µν , for gOB a fixed metric which may be either a chosen

background metric, as before, or the metric of the effective-one-body (EOB) formalism [1, 3],
and h̄µν is a the graviton fluctuation around gOB.

In the EOB approach, the two-body system is mapped exactly to the effective motion of
a single particle in a curved background determined by the original scattering configuration.
The effective metric can — in principle — be determined perturbatively, by matching
4 + N -point amplitudes in the full theory with 2 + N -point amplitudes in the OB model,
see figure 3. It is known that all conservative effects can be perturbatively mapped to an
unambiguous ‘potential’ piece of the metric up to 3PM (see, for example, [97]), but the
inclusion of radiative and recoil effects is not yet fully understood and might imply that the
map becomes ambiguous at 4PM [65, 68]. Our working assumption, then, is that our OB
model applies only when a Hamiltonian (and thus the corresponding scattering and bound
wavefunctions to be discussed immediately below) are well-defined; that is, in background
field theory or up to 3PM in the EOB approach.

We begin by introducing a complete set of one-body scattering and bound states for our
probe particle (with a ‘bar’ on a quantity reminding us that we are in the OB setup):∣∣∣ŪP

〉
= unbound state, total momentum P , (3.3)∣∣∣B̄{n}

〉
= bound state, quantum numbers {n} ,

obeying the completeness relation

1 =
∑
{n}

∣∣∣B̄{n}
〉〈
B̄{n}

∣∣∣+ ∫ d̂3P

2E>
P

∣∣∣ŪP
〉〈
ŪP
∣∣∣ . (3.4)

Such a decomposition6 may be realised concretely for a linearized Schwarzschild background by
exploiting the map to the Coulomb problem; the completeness of the Coulomb wavefunctions

6The existence of such a decomposition of the Hilbert space is a consequence of the completeness of
eigenfunctions for a self-adjoint Hamiltonian operator, as first discussed in the non-relativistic setup in [98] and
later generalized in [99]. Essentially, the proof relies on analyticity of the resolvent (the operator (E − Ĥ)−1

for a local Hamiltonian Ĥ) in the complex energy plane, which determines a decomposition of the Green’s
function in terms of scattering and bound states (and possibly resonances [100]).
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has been demonstrated in e.g. in [101, 102] (see also [103]) in the form

∞∑
l=0

l∑
m=−l

 ∞∑
n=l+1

Ψ<
nlm(x)Ψ<∗

nlm

(
x′)+ ∫ ∞

0
dEp Ψ>

plm(x)Ψ>∗
plm

(
x′) = δ3 (x− x′) , (3.5)

in which the Ψ> and Ψ< are the scattering and bound wavefunctions introduced earlier,
but where the latter are now normalised directly by the Klein-Gordon inner product. For a
interesting recent discussion of the relativistic wavefunctions see [104].

The states (3.3) and (position-space) wavefunctions are related by

Ψ̄<
{n}(y) =

〈
ΩOB

∣∣∣Φ̄(y)∣∣∣ B̄{n}
〉
, (3.6)

Ψ̄∗>
p (x) = ⟨Ūp|Φ̄†(x)|ΩOB⟩ ,

where here ΩOB is an (asymptotically flat) background state determined by gOB (different
from the standard Poincaré invariant vacuum Ω). An additional ingredient in the OB
approach is that, due to the nonlinear interaction of gravity, the emitted gravitons have
a non-trivial wavefunctions,

H̄∗>
K′,µν(z) =

〈
ΩOB

∣∣∣h̄µν(z)
∣∣∣ h̄K′

〉
, (3.7)

which enter when we consider radiative transitions between the states (3.6), as encoded in
the (2 + N)-point Green’s functions for N ≥ 1.

The Green’s functions possess energy poles corresponding to both scattering states
and bound states; the traditional Bethe-Salpeter approach to radiative transitions (in the
two-body problem) [105–108] is based on isolating, in the relevant momentum-space Green’s
functions, the poles corresponding to the incoming scattering state, the outgoing bound state
and any emitted, outgoing gravitons. For the case of single graviton emission in the OB
model, we need the 3-point Green’s function.

GOB
µ1ν1(x1; y1, z1) = ⟨ΩOB|T h̄µ1ν1(z1)Φ̄(y1)Φ̄†(x1) |ΩOB⟩ . (3.8)

We show in appendix B that, performing LSZ reduction on the 3-point function and isolating
the scattering and bound state poles, the matrix element for bound state formation is〈

B̄{n}; h̄K′
∣∣S∣∣Ūp

〉
=
∫

d̂4r d̂4s d̂4l H̄∗>
K′ µ ν(l)Ψ̄

∗<
{n}(r)Ψ̄

>
p (s)M̄

µ ν
3 (r, l; s) , (3.9)

where M̄µν
3 (r, l; s) is the 3-point S-matrix element in momentum-space for generic, i.e. off-shell

momenta. This is simply convoluted with the momentum space wavefunctions.
Note that (3.9) is fully consistent with the perturbiner approach to scattering: transition

elements are obtained by evaluating multi-linear pieces of the on-shell action on the asymptotic
solutions of the field equations [109–117]. Here, the novelty is that these asymptotic solutions
can represent bound — rather than scattering — states. As such bound-bound and scattering-
scattering transition elements are obtained simply by substituting the wavefunctions by their
appropriate bound or scattering counterparts.
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3.2 Bethe-Salpeter and Schwinger-Dyson in the two-body problem

We now turn to scattering-to-bound transitions in the full 2-body problem. We will consider
both the relevant ‘asymptotic’ states and, in some detail, the Green’s functions contributing
to radiative transitions, as these are a key ingredient of the waveforms to be discussed in
section 4. To begin, we recall the position space Green’s functions of the scalar and graviton
fields, defined as usual by

Gµ1ν1...µN νN (x1, x2; y1, y2, z1, . . . , zN ) (3.10)

:= ⟨Ω|Thµ1ν1(z1) . . . hµN νN (zN )ϕ1(y1)ϕ2(y2)ϕ†1(x1)ϕ†2(x2) |Ω⟩ ,

where |Ω⟩ is the Minkowski space vacuum, T denotes time-ordering, and we have specialised to
the 4-scalar, N -graviton case. We use x, y, z, resp. p, p′, k′, for the position resp. momentum-
space arguments of ϕ†, ϕ, h, throughout, so for (4 + N)-point amplitudes the incoming
(outgoing) massive legs have momenta p1, p2 (p′1, p′2) and outgoing gravitons have momenta
k′1 . . . k

′
n.

As in the one-body setup, matrix element for e.g. bound state formation are found by
isolating the relevant poles in the relevant momentum-space Green’s functions. To do this
one first goes to centre-of-mass (X, Y ) and relative (x, y) coordinates, which are convenient
for describing both scattering and bound states:

X = 1
2(x1 + x2) , Y = 1

2(y1 + y2) , x = x1 − x2 , y = y1 − y2 , (3.11)

along with their respective conjugate momenta P , P ′, Q, Q′. In particular, P = p1 + p2 and
P ′ = p′1 + p′2 are the total momenta of the initial and final scattering/bound states, while
Q and Q′ are the relative momenta of the constituents of those states. Further, P 2 = s

is identified with the center of mass energy and the momentum collectively radiated into
gravitons is given by

∑N
j=1 k

′
j = P − P ′. Following [118], we then define a basis of two-body

scattering and bound states in the conservative Hilbert space, given by

|UP,Q⟩ = ϕ1 − ϕ2 scattering state, total momentum P and relative momentum Q ,∣∣∣B{n}
〉
= ϕ1 − ϕ2 bound state, quantum numbers {n} . (3.12)

These states obey the completeness relation

1 =
∑
{n}

∣∣∣B{n}
〉〈
B{n}

∣∣∣+ ∫ d̂3P

2E>
P,Q

d̂3Q

2ϵ>P,Q
|UP,Q⟩ ⟨UP,Q| , (3.13)

where E<
{n} is the two-body bound state energy, while E>

P,Q and ϵ>P,Q are the scattering state
energies. In the free theory (κ → 0) these behave as

E<
{n} → 0 , E>

P,Q ϵ>P,Q → Ep1Ep2 , where Epj =
√
|pj |2 +m2

j . (3.14)

From the states (3.12) we define two-body scattering and bound state wavefunctions

Ψ∗>
P,Q(s) =

∫
d4x e−is·x/ℏ ⟨UP,Q|Tϕ†1(x/2)ϕ

†
2(−x/2)|Ω⟩ ,

Ψ<
{n}(r) =

∫
d4y eir·y/ℏ

〈
Ω |Tϕ1(y/2)ϕ2(−y/2)| B{n}

〉
, (3.15)

by Fourier transforming the time-ordered correlators.
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With this, we turn to the Green’s functions themselves, written in centre-of-mass and
relative variables. Focusing on the 5-point case (single graviton emission), the momentum
space Green’s function is

Gµν(P
2 +Q, P

2 −Q; P ′

2 +Q′, P ′

2 −Q
′, k′1

)
=∫

d4(X,Y, x, y, z1) e−i(P ·X+Q·x−P ′·Y ′−Q′·y′−k′
1·z1)/ℏGµν(X + x

2 , X −
x
2 ;Y + y

2 , Y −
y
2 , z1

)
.

(3.16)

We use the separation (3.13) to isolate the matrix element for bound state formation and
then perform LSZ reduction, isolating the poles at

P 0 → E>
P,Q (scattering) , P ′0 → E<

{n} (bound) , k′01 → Ek′
1
≡ |k′

1| (graviton) ,

to obtain the transition element for bound state formation (see also [118])〈
BP′,{n};hσ

k′
1

∣∣S∣∣UP,Q
〉
= ε∗σ

µν(k′1)
∫

d̂4r d̂4sΨ∗<
{n}(r)Ψ

>
P,Q(s) δ̂4(P ′ + k′1 − P )

×Mµν
5

(
P
2 + s, P

2 − s;
P ′

2 + r, P ′

2 − r, k
′
1

)
. (3.17)

Here, εσ
µν(k′1) is the helicity-σ polarization tensor of the emitted on-shell graviton with

momentum k′1 and M5 is the 5-point S-matrix element for generic massive momenta and
one on-shell graviton.

This result allows us, in principle, to determine the bound state formation transition
element in a general quantum field theory setup. The matrix element M5 can computed
with standard off-shell Feynman diagrams techniques, but, unfortunately, the computation
of the two-body wavefunctions is more difficult, as they obey complicated higher-order
differential equations [119]. While these equations admit a simple solution in the non-
relativistic limit [118], solving the relativistic equations is a formidable task.7 The advantage
of the OB setup is that the wavefunctions obey far simpler differential equations and, as
we saw in section 2.1, there are solvable examples.

3.3 Classical recursion relations for amplitudes and the 2MPI kernels

Because of the general difficulties in explicity computing the wavefunctions, we return again
to the Green’s functions (3.10): the recursion relations obtained from the Schwinger-Dyson
equations of the theory can also be turn into (solvable) amplitude recursion relations using
the standard LSZ reduction procedure in the classical limit. To illustrate, consider first
the conservative sector of the two body problem. This is controlled by the 4-point Green’s
function of the scalar fields. As discussed in appendix A, the Schwinger-Dyson equations
lead in this case to the following recursion relation for the 4-point scattering amplitude M4

M4(p1, p2; p′1, p′2) = K(p1, p2; p′1, p′2)

+
∫
d̂4s1K(p1, p2; s1, s2)∆(s1, s2)M4(s1, s2; p′1, p′2) , (3.18)

7This is due to various, not unrelated, difficulties: 1) higher order differential equations [119], 2) absence of
a probe limit result [120], 3) highly non-trivial frame-dependence due to Poincaré covariance (in particular
boost symmetries, for unequal times) [121, 122].

– 13 –



J
H
E
P
0
5
(
2
0
2
4
)
0
3
4

Figure 4. The 4-pt amplitude recursion relation (A.4) derived from the Schwinger-Dyson equations.

Figure 5. The classical 4-pt amplitude recursion relation (3.20).

in which in which it is understood that p′1+p′2 = p1+p2 = s1+s2 by momentum conservation, K
is the interaction kernel given by connected two-massive-particle irreducible (2MPI) diagrams,
and ∆(p1, p2) ≡ ∆1(p1)∆2(p2) in which

∆j(p) =
i

p2 −m2
j + iϵ

, (3.19)

is simply the free disconnected Green’s function for particle j. In [81] it was shown, making
use of the HEFT formalism developed in [41, 123–125], how to solve (3.18) in the space
of conservative classical amplitudes H4,cl, defined by quotienting 4-point diagrams with
external massive particles over the symmetrization of internal graviton exchanges. With this
prescription and using the parametrization (1.2), we obtained the classical Bethe-Salpeter
equation for the two-massive particle reducible amplitude Mcl

4,(m) with m 2MPI components
(see figure 5)

Mcl
4,(1)(pA, pB, q) = Kcl(pA, pB, q) , (3.20)

Mcl
4,(m+1)(pA, pB, q) =

1
m+ 1

∫
d̂4lKcl(pA, pB, l)∆cl(pA, pB, l)Mcl

4,(m)(pA, pB, q − l) , ∀m ≥ 1

where the classical two-body propagator is

∆cl(pA, pB, l) = δ̂(2pA · l)δ̂(2pB · l) . (3.21)

Defining the Fourier transform to the impact parameter space b conjugate the unique
momentum transfer q := q1 = −q2

f̃ (b) := Fb[f(q)] ≡
∫

d̂4q δ̂ (2pA · q) δ̂ (2pB · q) eiq·b/ℏf(q) , (3.22)

the recursion relation (3.18) is solved, in the classical limit, by [81]

M̃cl
4 (pA, pB, b) = eK̃cl(pA,pB ,b) − 1 , (3.23)
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Figure 6. The 5-pt amplitude recursion relation simplifies dramatically when restricted to the
emission of strictly positive energy gravitons.

Figure 7. The classical 5-pt amplitude recursion relation with positive energy gravitons.

where Kcl is the classical part of the 2MPI interaction kernel and the −1 is simply subtraction
of the forward scattering contribution.

Our task here is to extend this calculation to include radiative contributions. To take
the classical limit, we then define a space of classical (4 +N)-point diagrams

H4+N,cl := H4+N/Σ (3.24)

as the quotient space of Feynman diagrams contributing to 4 +N -point amplitudes, H4+N ,
up to the permutation group Σ of all (virtual and real) graviton emissions.

We focus on the case N = 1 and restrict to the emission of a positive energy graviton
Ek1

′ > 0 from here on; the emission of multiple gravitons and the zero-energy sector
are discussed in appendix A. The 5-point amplitude recursion relation, derived from the
Schwinger-Dyson equations in appendix A, is

Mµ1ν1
5 (p1, p2; p′1, p′2, k′1) = K

µ1ν1
R (p1, p2; p′1, p′2, k′1) (3.25)

+
∫

d̂4w1K(p1, p2;w1, w2)∆(w1, w2)Mµ1ν1
5 (w1, w2; p′1, p′2, k′1)

+
∫

d̂4w1Kµ1ν1
R (p1, p2;w1, w2, k

′
1)∆(w1, w2)M4(w1, w2; p′1, p′2) ,

which is depicted in figure 6. From (3.24) and (3.25) we obtain a recursion relation for
the classical 5-pt amplitude. Defining the momentum transfers for each massive particle
qj := pj − p′j , which obey q1 + q2 = k′1, the recursion relation is (see figure 7)

Mcl,µ1ν1
5,(1) (pA,pB;q1, q2)=Kcl,µ1ν1

R (pA,pB;q1, q2) , (3.26)

Mcl,µ1ν1
5,(m+1)(pA,pB;q1, q2)=

1
m+1

∫
d̂4l
[
Kcl(pA,pB; l)∆cl(pA,pB; l)Mcl,µ1ν1

5,(m) (pA,pB;q1−l, q2+l)

+Kcl,µ1ν1
R (pA,pB;q1−l, q2+l)∆cl(pA,pB; l)Mcl

4,(m)(pA,pB; l)
]
, ∀m≥ 1 .
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To proceed, we use the classical recursion relation for the 4-point amplitude (3.20) to
decompose each two-massive particle reducible amplitude Mcl,µ1ν1

5,(m) and Mcl
4,(m) in terms of

the irreducible kernels Kcl,µ1ν1
R and Kcl. This allows us to rewrite (3.26) as, using compact

notation,

Mcl,µ1ν1
5,(1) = Kcl,µ1ν1

R , (3.27)

Mcl,µ1ν1
5,(m+1) =

1
(m+ 1)!

[
Kcl,µ1ν1

R (∆clKcl)m +Kcl(∆clKcl,µ1ν1
R )(∆clKcl)m−1 + . . .

+Kcl(∆clKcl)j (∆clKcl,µ1ν1
R )︸ ︷︷ ︸

j−th position

(∆clKcl)m−j + . . .+Kcl(∆clKcl)m−1(∆clKcl,µ1ν1
R )

]
,

which has a natural interpretation as the sum of all possible single graviton dressings of the
two-massive particle irreducible kernel Kcl in the amplitude recursion.

Equation (3.27) can again be solved by working in impact parameter space, now defined
by the following Fourier-like transform over the relative momentum transfers (q1, q2):

f̃ (b1, b2) ≡
∫

d̂4q1d̂4q2 δ̂
(
q1 + q2 − k′1

)
× δ̂ (2pA · q1) δ̂ (2pB · q2) ei(q1·b1+q2·b2)/ℏf(q1, q2) . (3.28)

Indeed, we notice that factorisation property [41]∫
d̂4q1d̂4q2 δ̂

(
q1 + q2 − k′1

)
δ̂ (2pA · q1) δ̂ (2pB · q2) ei(q1·b1+q2·b2)/ℏ

×
∫

d̂4lKcl,µ1ν1
R (pA, pB; q1 − l, q2 + l)∆cl(pA, pB; l)Kcl(pA, pB; l)

=
∫

d̂4l δ̂ (2pA · l) δ̂ (2pB · l)Kcl(pA, pB; l)eil·(b1−b2)/ℏ
∫

d̂4q1R d̂4q2R δ̂
(
q1R + q2R − k′1

)
× δ̂ (2pA · q1R) δ̂ (2pB · q2R) ei(q1R·b1+q2R·b2)/ℏKcl,µ1ν1

R (pA, pB; q1R, q2R)

= K̃cl(pA, pB; b1, b2) K̃cl,µ1ν1
R (pA, pB; b1, b2, k

′
1) , (3.29)

where for the intermediate stages of the calculation we introduced the variables

q1R := q1 − l , q2R := q2 + l . (3.30)

Iterating the factorization argument (3.29), we solve the non-trivial part of (3.27)

M̃cl,µ1ν1
5,(1) = K̃cl,µ1ν1

R , M̃cl,µ1ν1
5,(m+1) =

1
(m)!K̃

cl,µ1ν1
R (K̃cl)m , ∀m ≥ 1 (3.31)

implying the result

M̃cl,µ1ν1
5 (pA, pB; b1, b2, k

′
1) = eK̃cl(pA,pB ;b1,b2) K̃cl,µ1ν1

R (pA, pB; b1, b2, k
′
1) . (3.32)

This is perfectly consistent with the resummation discussed in [36, 126], with the difference
that the Fourier transforms of the amplitudes are now completely localized on the plane
defined by the classical momentum transfers for the two massive particles [41, 84] and we
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have achieved an exact diagonalization of the partial wave basis [83]. This shares many
similarities with the eikonal but the subtraction terms are different, even at the classical
level, see section 6.3.4 of [14] for a comparison.

We are now ready to turn to the waveform, and for this the reader may proceed directly to
section 4. For completeness, though, we include in the following subsection the extension of the
above results to higher-point amplitudes, and relate this to the conjectured exponentiation
of the classical S-matrix.

3.4 Exponentiation conjecture

Proceeding as above, we can derive the recursion relation for 4 +N -point amplitudes; this is
described in appendix A. To illustrate, we state here the classical recursion relation in the
case of 2 graviton emissions with (positive) energies8 Ek1

′ , Ek2
′ :

Mcl,µ1ν1µ2ν2
6,(1) = Kcl,µ1ν1µ2ν2

R , (3.33)

Mcl,µ1ν1µ2ν2
6,(m+1) (pA, pB; q1, q2, k

′
1, k

′
2)

= 1
m+ 1

[ 1
2!

∫
d̂4lKcl,(µ1ν1(pA, pB; l, k′1)∆cl(pA, pB; l)Mcl,µ2ν2)

5,(m) (pA, pB; q1 − l, q2 + l, k′2)

+
∫

d̂4lKcl,µ1ν1µ2ν2
R (pA, pB; q1 − l, q2 + l, k′1, k

′
2)∆cl(pA, pB; l)Mcl

4,(m)(pA, pB; l)

+
∫

d̂4lKcl(pA, pB; q1 − l, q2 + l)∆cl(pA, pB; l)Mcl,µ1ν1µ2ν2
6,(m) (pA, pB; l, k′1, k′2)

]
, ∀m ≥ 1

where the 1/2! comes from the symmetrization procedure applied to the external gravitons
(similarly to what happens for the symmetrization over virtual gravitons [81]). The solution
of this recursion relation in impact parameter space is naturally obtained by promoting the
S-matrix to an operator acting in the Hilbert space of real gravitons9

Ŝcl = eK̃
cl(pA,pB ;b1,b2) exp

[∑
σ1

∫
dΦ(k′1)α̂cl

5,R(k′1) +
∑

σ1,σ2

∫
dΦ(k′1, k′2)α̂cl

6,R(k′1, k′2)
]
,

α̂cl
5,R(k′1) = K̃cl

5,R(pA, pB; b1, b2, k
′
1)a†σ1(k

′
1)− K̃∗cl

5,R(pA, pB; b1, b2, k
′
1)aσ1(k′1) , (3.34)

where K̃cl
5,R ≡ εσ1

µν(k′1)K̃
clµν
R and α̂cl

5,R includes the 6-point 2MPI radiative kernel Kcl,µ1ν1µ2ν2
R

and terms quadratic in the creation and annihilation of the external graviton states (in a way
that resemble what was recently found in [127] in the soft limit). Including the emission of
N positive energy gravitons is then straightforward (see the appendix), as this would modify
the inelastic operator (3.34) by adding the 4 +N -point 2MPI radiative kernel contributions
to the exponent

∑
σ1,...,σN

[∏N
j=1

∫
dΦ(k′j)

]
α̂cl

4+j,R(k′1, . . . , k′N ).
Nevertheless, an explicit calculation [36, 128] (see also [41, 43, 44, 126]), showed that

(for positive graviton energies), at least at tree-level, Kcl,µ1ν1µ2ν2
R |O(κ2) = 0. This was also

recently confirmed by a full calculation of the radiated momentum at 4PM, which does not
receive classical contributions from the double graviton insertion [31]. Therefore, following

8Zero-energy contributions can be included as for the 5-pt amplitude, see appendix A.
9There is a factor of i/ℏ between the kernel and the amplitude, so this operator is unitary.
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the conjectural exponentiation of the radiative S-matrix [36, 126, 128] which we can rephrase
in our language as the constraint10

Kcl,µ1ν1...µN νN
R

?= 0 N ≥ 2 , Ek′
1
> 0, . . . , Ek′

N
> 0 , (3.35)

one would then find for positive energy gravitons a coherent state operator

Ŝcl ?= eK̃
cl(pA,pB ;b1,b2) exp

[∑
σ1

∫
dΦ(k′1)α̂cl

5,R(k′1)
]
. (3.36)

It would thus be interesting to establish whether (3.35) holds more rigorously.
The structure (3.35) shares similarities with eikonal resummation, but as explained earlier

the classical subtraction terms are different than in [36, 126]. One advantage is that we expect
this to be a more natural basis: for the conservative case there is a direct relation with the
radial action [41, 81, 83, 84], and this provides the most direct extension to the radiative case.
For example, it was shown in [43] (see also [41, 42, 44, 129]) that superclassical terms in the
HEFT formalism are irrelevant for the waveform calculation, and the representation (3.36)
makes it manifest. Interestingly, two-massive particle reducible terms can still enter into
the final calculation for observables like the waveform which depend not only linearly but
also quadratically from the amplitude (and therefore from the classical kernels) through the
cut contribution [130]. We leave further discussion of this point to a future analysis: in this
paper, we will only work with the tree-level radiative kernel Kcl

R.

4 Analytic continuation of the Post-Minkowskian waveform

The example of a linearized Schwarzschild background in section 2 suggests a natural analytic
continuation for two-body observables in terms of the binding energy (or equivalently, the
rapidity). As shown in section 3, the need to take residues on the bound state poles in (2.13)
came from superclassical iterations, which is avoided if we focus on the classical kernel
Kcl

R appearing in the exponent of the S-matrix. In this section, we formulate the analytic
continuation of the PM tree-level gravitational waveform in the full two-body problem,
verifying the result through comparison of its PN expansion with the multipoles obtained
via the quasi-Keplerian parametrization.

Following [59], we define the helicity-dependent spectral waveform W (b1, b2, k
′±), which

is entirely determined to tree-level order by the radiative 2MPI kernel11

W (b1, b2, k
′σ) =

∫
d̂4q1 d̂4q2 δ̂(2pA · q1)δ̂(2pB · q2) ei(q1·b1+q2·b2)/ℏKcl

5,R(q1, q2, k
′σ) . (4.1)

In terms of the spectral waveform, the strain at future null infinity, I +, is given by

h>(x) = κ

4πr

∫ +∞

0
d̂ω′

(
W (b1, b2, k

′−) e−iω′u +W (b1, b2, k
′+) e+iω′u

)
, (4.2)

10It is worth noticing that the 6-point recursion relation (3.33) and the analogous higher-point recursion
relations are directly solved by a coherent state operator under the constraint (3.35).

11This equation generalizes to higher loops by including the appropriate KMOC subtraction terms, but we
will not discuss loop contributions here. The one-loop waveform calculation has been tackled in [41–44], but
some missing contributions were pointed out in [130]. The one-loop calculations have been corrected in the
latest arXiv versions of [41, 43] and in the recent works [48, 49, 129]. It would be interesting to study those
results further, given the appearance of tail effects in the next-to-leading PM waveform.
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where the external graviton momentum is related to the observer location n = (1, n̂) via
k′µ = ℏω′nµ, u = t− r is the retarded time, and r is the asymptotic distance of the observer
from the two-body system. We note that only the relative difference of the impact parameters
bµ := bµ

1 − b
µ
2 is relevant in (4.1), and at tree-level this is connected to the orbital angular

momentum L,12 by

bµ = (0,b) , |b| = L

P∞
= E

mAmB

L√
y2 − 1

. (4.3)

Throughout the remainder of this section we adopt the following convenient null tetrad at
future null infinity I + to paramterize the waveform:

nµ = (1, n̂) , lµ , mµ = εµ
+(n̂) , m̄µ = (εµ

+(n̂))∗ = εµ
−(n̂) , (4.4)

where mµ, m̄µ are null vectors normalized by m · m̄ = −1 while lµ is an auxiliary null vector
satisfying l ·m = l · m̄ = 0 and n · l = 1. Using spherical coordinates (θ, ϕ) on the celestial
sphere, the spatial components of the tetrad are

n =
(
sin(θ) sin(ϕ), sin(θ) cos(ϕ), cos(θ)

)
, (4.5)

m = 1√
2

(
∂θn(θ, ϕ) + i

sin(θ)∂ϕn(θ, ϕ)
)
, m̄ = 1√

2

(
∂θn(θ, ϕ)− i

sin(θ)∂ϕn(θ, ϕ)
)
,

with the time-components fixed by the tetrad normalization conditions.

4.1 Static and dynamical contributions to the tree-level waveform

To proceed with the discussion of the waveform, it is necessary to understand the relevance
of a decomposition into static and dynamical terms, along with the relation to the choice
of BMS frame for the supertranslation charge.

In section 3.3, we derived expression (3.32) for the 5-point amplitude in terms of the 2MPI
radiative kernel Kcl

5,R, valid for the emission of positive energy gravitons, which we identify
as a dynamical contribution. More generally, Kcl

R also receives contributions from zero-energy
graviton emissions, henceforth called static, which are related to the soft behaviour in the
k′ → 0 limit. With the help of a low-energy cutoff (see e.g. [131]), we could formally write

Kcl
5,R(p1, p2; p′1, p′2, k′σ) ≡ K

cl,dyn
5,R (p1, p2; p′1, p′2, k′σ) +K

cl,stat
5,R (p1, p2; p′1, p′2, k′σ) , (4.6)

though here we identify the static contributions as the (exact) soft limit k′ → 0 of the
corresponding amplitude:

Kcl,stat
5,R (p1, p2; p′1, p′2, k′σ) ≡ lim

Ek′→0
Kcl

5,R(p1, p2; p′1, p′2, k′σ) . (4.7)

We observe that to solve the (classical version of the) 5-point recursion relation in figure 10
in the zero-energy limit, we can formally redefine our static radiative kernel to include the
disconnected 5-point contribution

Kcl,stat
5,R → Kcl,stat

5,R +
〈
k′σp′1|T |p1

〉
δΦ
(
p2, p

′
2
)
+
〈
k′σp′2|T |p2

〉
δΦ
(
p1, p

′
1
)
. (4.8)

12At higher orders, there is a more subtle connection between the incoming impact parameter (related to L)
and the eikonal impact parameters b1, b2 relevant for the exponentiation in the HEFT variables [72, 129].
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Combining this with equation (4.1) shows that the waveform receives contribution both
at order GN and G2

N .
First consider the disconnected 5-point contribution at order O(GN ). This term was first

computed in [132] (see also [133]), and later reproduced by worldline [34, 134] and amplitude
methods in [135] and section 4.6 of [136]. Following the latter, since the energy of the graviton
has to be exactly zero because of the on-shell 3-point kinematics, Weinberg’s soft graviton
theorem [137] can be applied to find, at order κ,

Kcl,stat
5,R (p1, p2; p′1, p′2, k′σ) = lim

Ek′→0

κ

2

(
εσ

µν (n̂) p
µ
1p

ν
1

k′ · p1 − iϵ
−
εσ

µν (n̂) p
′µ
1 p

′ν
1

k′ · p′1 + iϵ

)
δΦ
(
p2, p

′
2
)
+ (1↔ 2)

= i
κ

2 ε
σ
µν (n̂) p

µ
1p

ν
1 δ̂
(
k′ · p1

)
δΦ
(
p2, p

′
2
)
+ (1↔ 2) , (4.9)

where the δ̂ (k′ · pj) is the expected distributional support for zero-energy contributions. We
identify this contribution as static, using the language introduced earlier. The corresponding
O(GN ) contribution to the strain is

h>stat(u, n̂)
∣∣∣
O(GN )

= 4GN

r

[
m2

A(m̄ · vA)2

E1 − p1 · n̂
+ m2

B(m̄ · vB)2

E2 − p2 · n̂

]
, (4.10)

consistent with [133, 135]. This entirely static contribution can be directly related to the
action of a BMS supertranslation as discussed in [132].

A similar static contribution arises through the application of the soft theorem to the
connected 5-point tree-amplitude:

Kcl,stat
5,R (p1, p2; p′1, p′2, k′σ)

= lim
Ek′→0

κ

2

2∑
j=1

(
(εσ(n̂) · pj)2

k′ · pj − iϵ
−

(εσ(n̂) · p′j)2

k′ · p′j + iϵ

)
M(0)cl

4 (p1, p2; p′1, p′2) . (4.11)

Combining (4.11) with the dynamical contributions to the 2MPI kernel given by the tree-level
connected 5-point amplitude M(0)cl

5 (p1, p2; p′1, p′2, k′) for Ek′ > 0, we recover the Kovacs-
Thorne waveform [34, 138–140] which can be written in a covariant form [45]

h>stat+dyn(u, n̂)
∣∣∣
O(G2

N
)
= 2G2

NmAmB

r
√
−b2

1
w2

1w
2
2
√
1+T 2

2

(
y+
√
(1+T 2

1 )(1+T 2
2 )+T1T2

)
×
(
3w1+2y

(
2T1T2w1−T 2

2w2+w2
)
−
(
2y2−1

)
w1

y2−1 f2
1,2+4

(
1+T 2

2
)
w2f1f2

−
4yT2w2f1+2

(
2y2−1

)[
T1
(
1+T 2

2
)
w2f1+T2(T1T2w1+w2)f2

]√
y2−1

f1,2

−4y
(
1+T 2

2
)
w2
(
f2

1 +f2
2
)
+2
(
2y2−1

)(
1+2T 2

2
)
w2f1f2

)
+(1↔ 2) ,

(4.12)

where the variables w1, w2, T1, T2 are defined as:

w1 = vA · n , w2 = vB · n , Ti =
√
y2 − 1 (u− bi · n)√
−(b1 − b2)2wi

, (4.13)
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and f1,f2 and f1,2 as

f1 =(b̃ · m̄) (vA · n)− (b̃ · n) (vA · m̄) , f2 = (b̃ · m̄) (vB · n)− (b̃ · n) (vB · m̄)

f1,2 = (vA · m̄) (vB · n)− (vA · n) (vB · m̄) , b̃µ = bµ
1 − b

µ
2√

−(b1 − b2)2 , (4.14)

keeping in mind that m̄µ arise from the choice of emitted graviton helicity (4.4).
Before making contact with the corresponding waveform for eccentric bound orbits, we

must first clarify the role of static and dynamical contributions to the tree-level waveform.
Observe that the static contributions generically give rise to u-independent terms, which are
essentially determined by the BMS frame chosen in our calculation. This suggests that any
relation with the analogous contribution for bound orbits will be subtle: for example, it is
clear that at order GN the “linear memory” effect in (4.10) should not be present for bound
orbits, given that the system returns to its original configuration after a period [141].

Consequently, we will restrict our attention to dynamical waveform contributions alone;
these — as we will see below — can be related to the instantaneous trajectory of the relative
motion. Terms such as linear memory, above, which depend on the full dynamical history,
would require a different analysis.

At this point, inspired by the wavefunction result (2.13), we conjecture the following
Post-Minkowskian scattering-to-bound map for the (complex) strain defined in (4.2):

h<dyn
(
u, n̂;

√
1− y2, L

)
= h>dyn

(
u, n̂;

√
y2 − 1→ i

√
1− y2, L

)
, E < 0 , (4.15)

in which the rapidity y is related to the incoming energy E through

y = vA · vB = E2 −m2
A −m2

B

2mAmB
, (4.16)

and we remind the reader that the impact parameters b1,b2 appearing in h> need to be
expressed in terms of the energy and the orbital angular momentum (4.3). In particular, as
explained in section 3, the quantities discussed here appear in the exponent of the amplitude.
This fact, combined with the Fourier transform to impact parameter space, removes the
Gamma-function poles present in the wavefunctions, so there is no need to take a residue
as in (2.13). Hence, the analytic continuation is implemented directly for the waveform,
without the need to extract a residue.

In terms of the convenient variables

p∞ =
√
y2 − 1 , p̃∞ =

√
1− y2 , (4.17)

(4.15) can alternatively be written as

h<dyn(u, n̂; p̃∞, L) = h>dyn(u, n̂; p∞ = +ip̃∞, L) , E < 0 . (4.18)

It is worth adding a clarifying comment here: the analytic continuation in (4.18) is a geometric
statement about the (positive) branch cut in y starting at y = 1 and extending up to y = +∞.
We interpret it as holding also for other functions with a discontinuity around the threshold
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y = 1. Take for example
√
y − 1; under the analytic continuation in (4.18) this should

become i
√
1− y. We stress that for some of the waveforms we will discuss, which are only

functions of the binding energy E and therefore of p2
∞, the other choice of branch leading

to p∞ = −ip̃∞ gives an equivalent answer. We will return to these points when we discuss
the analytic continuation of fluxes in section 5.

We now test this proposal by checking it against the Post-Newtonian expansion of the
tree-level dynamical waveform, in both the frequency and time domain. As such we will, for
the next sections only, restore powers of the speed of light c.

4.2 A direct check: the PN expansion

We will compare the Post-Newtonian expansion of the tree-level Post-Minkowskian waveform
with the analogous result provided by the Multipolar Post-Minkowskian (MPM) formalism,
following [72]. The latter has the advantage of being defined for both scattering and bound
trajectories, which will be very convenient for checking our conjectured B2B map (4.18)
for the waveform.

In the MPM formalism, one usually chooses the incoming center-of-mass frame of the
two-body system, for convenience. At tree-level, since radiation reaction effects are negligible
for such frame choice [72], we define our time vector and impact parameters as

eµ
0 = pµ

1 + pµ
2

E
∼ (1,0) , (4.19)

1
E

(E1b
µ
1 + E2b

µ
2 ) = 0 , b1 · e0 = b2 · e0 = 0 . (4.20)

Explicitly, our choice of velocities vA, vB and impact parameters b1,b2, b = b1 − b2 is

vA = 1
mA

(E1, 0, P∞, 0) , vB = 1
mB

(E2, 0,−P∞, 0) ,

bµ
1 = b

(
0, E2
E
, 0, 0

)
, bµ

2 = −b
(
0, E1
E
, 0, 0

)
, bµ = (0, b, 0, 0) ,

E1 = 1
mA

(ymB +mA) , E2 = 1
mB

(ymA +mB) , E = E1 + E2 . (4.21)

The Post-Newtonian expansion is an expansion in 1/c, which is achieved for the conservative
case by defining

y =
√
1 + p2

∞ , j = Lc

GNmAmB
, (4.22)

so that PN-counting is given by p∞ ∝ O(1/c) and j ∝ O(c) with a finite Newtonian eccentricity

eN =
√
1 + p2

∞j
2 . (4.23)

For the radiative case, the frequency of the emitted gravitational wave must scale as ω ∼
p∞ ∝ O(1/c) [72]. This implies that, when performing the PN expansion of the time-domain
waveform in powers of p∞, it is convenient to define a new time variable13

ũ> := cp∞
b
u , (4.24)

13The physical motivation for this change of variable will become clear later by studying the analytic solution
of the Kepler equation for the relative time-dependent trajectories, where the (j-rescaled) mean motion ñ>

appears together with the time t.
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such that ũ> is kept fixed (together with the Newtonian eccentricity eN). We then obtain

h>
(
u = b

p∞c
ũ>, θ, ϕ

)
= 4GN

c4

(
W>

N + 1
c
W>

0.5PN + 1
c2W

>
1PN + . . .

)
, (4.25)

with some PN coefficients W>
N , W>

0.5PN, W>
1PN, etc.

It suffices, to analyse the analytic continuation of the waveform, to focus only on the
Newtonian term. To further simplify the result we consider the equatorial plane by setting
θ = π/2, which yields

W>dyn
N (ũ>;p∞, j)=−

mAmBp∞

4j [1+(ũ>)2]3/2

[(
(ũ>)2+3

)
cos(2ϕ)

+
(
1+(ũ>)2

)
+2
(
(ũ>)3+2ũ>

)
sin(2ϕ)

]
, (4.26)

where we have neglected static terms14 and the time ũ> can be expressed in terms of
Newtonian value of the (j-rescaled) mean motion ñ> as

ũ> = ñ>
Nu , ñ>

N = cp∞
b

. (4.27)

We now show that we can recover this result within the post-Newtonian framework, given
the identification of the PN coefficients with the even and odd parity 2ℓ radiative multipoles
Uℓ(u, θ, ϕ) and Vℓ(u, θ, ϕ) defined in the MPM formalism,15 i.e. at tree-level [72]

h>(u, θ, ϕ) = 4GN

c4

(
U>

2 (u, θ, ϕ) + 1
c
(U>

3 (u, θ, ϕ) + V >
2 (u, θ, ϕ))

+ 1
c2 (U

>
4 (u, θ, ϕ) + V >

3 (u, θ, ϕ)) + . . .

)
, (4.28)

which are defined in terms of symmetric-trace-free (STF) Cartesian tensors of order ℓ in the
3d space (for the notation see [142] and references therein)

Uℓ(u, θ, ϕ) =
(
m̄im̄j

) [ 1
l!n

i1ni2 . . . nil−2Uiji1i2...il−2(u, θ, ϕ)
]
,

Vℓ(u, θ, ϕ) =
(
m̄im̄j

) [ 1
l!

2l
l + 1n

cni1ni2 . . . nil−2ϵcdiVjdi1i2...il−2(u, θ, ϕ)
]
. (4.29)

We now focus on the quadrupole contribution, which at Newtonian order gives

W>
N = U>

2 = 1
2!STFij

d2

dt2
(
µxixj

) ∣∣∣∣∣
t=u

+O
( 1
c2

)
, (4.30)

14There is also a static contribution

W >stat
N (p∞, j) = −mAmBp∞

2j
sin(2ϕ) ,

which we will recover later from the computation of the quadrupole with the hyperbolic trajectory. These
terms can be included in the matching with the PN waveform, but we will not discuss them here.

15Note that the retarded time Tr = u − 2(GN E/c5) log(r/(ct0)) which usually appears in the PN liter-
ature [142] as the argument of multipole, after the matching with the source, includes a logarithmic shift
proportional to the total energy of the system E with an arbitrary time-scale t0. Such a shift is irrelevant at
tree-level, so we can safely approximate Tr ∼ u here.
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where we work in the incoming center of mass system with the relative trajectory

xi(t) = xi
1(t)− xi

2(t) = r ni
CM = r(t)(cos(φ(t)), sin(φ(t)), 0) , (4.31)

and r(t), φ(t) are the (dimensionless) quasi-Keplerian radius and phase of the equatorial orbit.
The quasi-Keplerian parametrization of the relative motion is reviewed in detail in

appendix C, but for our calculation here we need the simpler version

r> = a>(e>
r cosh(v)− 1) ,

φ> = k>Θ> +O
( 1
c2

)
,

l> = n>t = e>
t sinh(v)− v +O

( 1
c2

)
, (4.32)

Θ> = 2arctan


√√√√e>

ϕ + 1
e>

ϕ − 1 tanh
(v
2

)+O
( 1
c2

)
, (4.33)

which is a function of several variables we are now going to define. First, the trajectory is
naturally parametrized by the (hyperbolic) eccentric anomaly v while the dependence on
time t is implicit through the transcendental Kepler equation (4.32), in which n> is the
(hyperbolic) mean motion. It is thus difficult to find an exact map v = v(t). Then, we have
the semi-latus rectum a>, the hyperbolic periastron precession k> and the three eccentricities
e>

r ,e>
t and e>

ϕ which have an explicit expression in terms of the symmetric mass ratio ν, the
orbital angular momentum j and the binding energy E .16

Given that from the post-Minkowskian approach we expect an explicit dependence on
time, it must be possible to solve analytically for some time-dependent trajectory xi(t) in
the PM expansion. This was shown for example in [144] (see also section VI of [143]),
by expanding at large eccentricities the Kepler equation. We take here a similar path by
expanding at large orbital angular momentum j, which has the advantage of being well-defined
both the hyperbolic and the elliptic case. We then define the (j-rescaled) mean motion,

ñ> = n

jp∞
, (4.34)

which generalizes the Newtonian result in (4.27). We then observe that the Kepler equation

ñ>t = 1
jp∞

[
e>

t sinh(v)− v +O
( 1
c2

)]
, (4.35)

can be solved perturbatively as an expansion in 1/j, i.e. we have at Newtonian order

v = arcsinh
(
ñ>t

)
+ 1
j

[
arcsinh(ñ>t)
p∞
√
1 + (ñ>t)2

]
+O

( 1
j2 ,

1
c2

)
. (4.36)

This allows to obtain analytic time dependence for the orbital elements r, ϕ which will enter
into the evaluation of the quadrupole. Indeed, by plugging (4.36) into (C.1) we get

r>(t) = − 1
p2
∞

+ ñ>t arcsinh(ñ>t)
p2
∞
√
(ñ>t)2 + 1

+
(
1 + 2p2

∞j
2) ((ñ>t)2 + 1

)
+ arcsinh2(ñ>t)

2jp3/2
∞
√
(ñ>t)2 + 1

,

16This is equivalent to the usual definition of Ē = E in [143].
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φ>(t) = arctan(ñ>t) +
ñ>t

√
1 + (ñ>t)2 + log

(√
1 + (ñ>t)2 + ñ>t

)
p∞j (1 + (ñ>t)2) . (4.37)

We now use (4.37) to evaluate the quadrupole, which we can conveniently rewrite as

dU>
2

dt =−STFij

[
GNmAmB

(r>(t))4

(
4r>(t)xi(t)dx

j(t)
dt −3

dr>(t)
dt xi(t)xj(t)

)]
+O

( 1
c2

)
. (4.38)

A direct calculation shows that, as anticipated, we recover (4.26)

U>dyn
2 (u, ϕ) =W>dyn

N (u, ϕ) , (4.39)

where we have retained only time-dependent contributions when choosing the boundary
conditions of the time integration.17

We can also check that, in Fourier domain, we recover equation (4.13) of [72]. We first
define the waveform in frequency domain as

h̃(ω, θ, ϕ) =
∫ +∞

−∞
du eiωuh(u, θ, ϕ) . (4.40)

Then, we need to compute integrals of the form

∫ +∞

−∞
dũ ũp eiωũ

(ũ2 + 1)β
p ∈ N> , (4.41)

which can be all easily obtained from the integral (valid for ℜβ > 0)

∫ +∞

−∞
dũ eiωũ

(1 + ũ2)β
=
√
π2

3
2−βωβ− 1

2K 1
2−β(ω)

Γ(β) , (4.42)

and its p-order frequency derivatives. The result is

U>dyn
2 (Ω>, θ = π/2, ϕ) = −GNmAmB

2p∞

[
K0(Ω>)((cos(2ϕ) + 1) + 2iΩ> sin(2ϕ))

+K1(Ω>)(2Ω> cos(2ϕ) + 2i sin(2ϕ)))
]
, (4.43)

where K0,K1 are modified Bessel functions of the second kind and Ω> is defined as

Ω> = ω

ñ>
N

= ωb

cp∞
. (4.44)

We now turn to the analogous calculation in the elliptic bound case, using the PN formalism.

17The contribution from the static terms, as mentioned earlier, is in agreement with the PN expansion of
the tree-level waveform U>stat

2 (u, ϕ) = W >stat
N (u, ϕ) but we will not discuss this further in this paper.
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4.3 Boundary to bound dictionary of quasi-Keplerian orbits

In a seminal work [75], Damour and DeRuelle found the first instance of an analytic con-
tinuation between the orbital elements defined in (4.37) at 1PN, which was also recently
revisited up to 3PN order with a modified prescription in [145]. The relation between
Post-Newtonian waveforms for elliptic and hyperbolic orbits was developed at the level of
the multipoles already early on in the PN literature, for example see the results of Junker
and Schäfer [146] (and [144, 147, 148]) which we will discuss further in section 4.4. Here
we generalize the discussion by deriving a Post-Minkowskian map from tree-level scattering
waveforms to bound waveforms in time-domain. The quasi-Keplerian parametrization for
elliptic orbits is, up to 1PN,

r< = a<(1− e<
r cos(u)) ,

φ< = k<Θ< +O
( 1
c2

)
,

l< = n<t = u− e<
t sin(u) +O

( 1
c2

)
,

Θ< = 2arctan
[√√√√e<

ϕ + 1
1− e<

ϕ

tan
(u
2

)]
+O

( 1
c2

)
, (4.45)

where u here is the elliptic eccentric anomaly and the other variables are the elliptic analogue
of (C.1). As shown in appendix C, up to 1PN there is a straightforward analytic continuation
between the orbital elements for the hyperbolic and the elliptic case

n> → −in< , e>
t → e<

t , e
>
r → e<

r , e
>
ϕ → e<

ϕ , v→ iu , a> → −a< , k> → k< , (4.46)

which can be completely understood in terms of the binding energy E [75].
Working at Newtonian order, we can solve the elliptic Kepler equation at large18 j,

iu = − arcsinh
(
ñ<t

)
− 1
j

[
arcsinh(ñ<t)

ip̃∞
√
1 + (ñ<t)2

]
+O

( 1
j2 ,

1
c2

)
, (4.47)

which allows us to compute analytic form of the elliptic trajectory (4.45)

r<(t) = 1
p̃2
∞
− ñ<t arcsinh(ñ<t)

p̃2
∞
√
(ñ<t)2 + 1

+ i

(
1− 2p̃2

∞j
2) ((ñ<t)2 + 1

)
+ arcsinh2(ñ<t)

2jp̃3/2
∞
√
(ñ<t)2 + 1

,

φ<(t) = − arctan(ñ<t) + i
ñ<t

√
1 + (ñ<t)2 + log

(√
1 + (ñ<t)2 + ñ<t

)
p̃∞j (1 + (ñ<t)2) , (4.48)

which means that the frequency-domain quadrupole (4.30) is

U<dyn
2 (Ω<, θ = π/2, ϕ) = −iGNmAmB

2p̃∞

[
K0(Ω<)− 2i(Ω<K0(Ω<) +K1(Ω<)) sin(2ϕ)

+ (K0(Ω<) + 2Ω<K1(Ω<)) cos(2ϕ)
]
, (4.49)

18The reader may note that this expansion in large (imaginary) eccentricity (4.23) is unphysical for bound
orbits. As we will show in section 4.4, though, the analytic continuation back to the physical regime where
0 < e<

t < 1 is unique and well-defined, at least up to 1PN.
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where the modified Bessel functions are functions of the positive frequency Ω<

Ω< = −Ω> = ωL

c2µp̃2
∞
. (4.50)

In time domain, we obtain the following expression

W<dyn
N (ũ<; p̃∞, j) = −i

mAmB p̃∞

4j [1 + (ũ<)2]3/2

[ (
(ũ<)2 + 3

)
cos(2ϕ)

+
(
1 + (ũ<)2

)
− 2

(
(ũ<)3 + 2ũ<

)
sin(2ϕ)

]
, (4.51)

where ũ< is now related to the Newtonian value of the j-rescaled (elliptic) mean motion

ũ< = ñ<
Nu , ñ<

N = −ñ>
N = c2µp̃2

∞
L

. (4.52)

The final result is the following remarkable map

W<dyn
N (u; p̃∞, j) =W>dyn

N (u; p∞ = +ip̃∞, j) , E < 0 . (4.53)

We now discuss how the generic PN bound waveform at tree-level order arise explicitly
from the expansion of the analytical continuation (4.15) of the Post-Minkowskian result
in (4.12), working for simplicity in the center of mass frame. We first perform the change
of variable to the time ũ< by setting19

u = ũ< LE

mAmB p̃2
∞c

2 , (4.54)

and we then evaluate all the scalar products with the bound analogues of (4.21), i.e.

vA = 1
mA

(E1,0, iP̃∞,0) , vB = 1
mB

(E2,0,−iP̃∞,0) , bµ = LE

mAmB(ip̃∞)(0,1,0,0) ,

bµ
1 = LE

mAmB(ip̃∞)
(
0, E2
E
,0,0

)
, bµ

2 =− LE

mAmB(ip̃∞)
(
0, E1
E
,0,0

)
,

E1 =
1
mA

(√
1−p̃2

∞mB+mA

)
, E2 =

1
mB

(√
1−p̃2

∞mA+mB

)
, E=E1+E2 .

(4.55)

Equipped with (4.54) and (4.55), we can finally expand in powers of p̃∞ to obtain

h<dyn
(
ũ< LE

mAmB p̃2
∞c

2 , θ, ϕ

)
= 4GN

c4

(
W<dyn

N + 1
c
W<dyn

0.5PN + 1
c2W

<dyn
1PN + . . .

)
, (4.56)

where now W<dyn
N agrees exactly with (4.51).

Examples of the scattering and bound tree-level dynamical waveforms hdyn(u) are given
in figure 8. A question which immediately arises is: why does the bound waveform fail to be
periodic? This is an artefact of the large eccentricity expansion used to truncate Kepler’s
equation which, while natural for scattering orbits, is unphysical in the bound case. This
suggests that to convert the PM scattering waveforms into reasonable bound waveforms
a resummation is required. To clarify and resolve this, we turn to, and exploit, the full
PN results in the Newtonian limit.

19Notice that, compared to (4.24), there is an overall sign in the definition of ũ< compared to ũ> since we
want the change of variable to be positive definite in the bound kinematic region.
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Figure 8. A comparison between the dynamical tree-level scattering (left) and bound (right)
waveforms in the center-of-mass frame and on the equatorial plane, where we have adopted the
proposed, one-sided, analytic continuation in energy. As discussed in section 4.4 the lack of periodicity
in the bound case requires a resummation.

4.4 1PN scattering and bound waveforms: effective resummation

We now compute the Newtonian waveform directly, without performing the large eccentricity
Post-Minkowskian expansion. For the scattering case, using (4.33) in the center of mass
frame and restricting to the equatorial plane θ = π/2, we obtain

h>
N

(
v(u), π2 , ϕ

)
= 4GN

c4
GNmAmBE

4(eN cosh(v)− 1)2

[(
4− 3e2

N

)
cos(2ϕ− 2φ>

N(v))

+ eN

(
4
√
e2

N − 1 sinh(v) sin(2ϕ− 2φ>
N(v)) + eN cosh(2v) cos(2ϕ− 2φ>

N(v))

− 2eN cosh2(v) + 4 cosh(v) sin2(ϕ− φ>
N(v))

)]
, (4.57)

where eN is the Newtonian eccentricity in (4.23),

φ>
N(v) = 2 arctan

[√
eN + 1
eN − 1 tanh

(v
2

)]
(4.58)

and the hyperbolic Kepler equation at Newtonian level becomes

u = 1
n>

N
[eN sinh(v)− v] . (4.59)

For the elliptic case, we obtain instead

h<
N

(
u(u), π2 , ϕ

)
= 4GN

c4
GNmAmBE

4(eN cos(u)− 1)2

[(
4− 3e2

N

)
cos(2ϕ− 2φ<

N(u))

+ eN

(
4
√
1− e2

N sin(u) sin(2ϕ− 2φ<
N(u)) + eN cos(2u) cos(2ϕ− 2φ<

N(u))

− 2eN cos2(u) + 4 cos(u) sin2(ϕ− φ<
N(u))

)]
, (4.60)

where

φ<
N(u) = 2 arctan

[√
eN + 1
1− eN

tan
(u
2

)]
, (4.61)
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Figure 9. A comparison between the Newtonian scattering (left) and bound (right) waveforms in the
center-of-mass frame, without performing the large eccentricity expansion.

and the elliptic Kepler equation at Newtonian level becomes

u = 1
n<

N
[u− eN sin(u)] . (4.62)

We first emphasise that under the analytic continuation (4.46) the scattering and bound
Newtonian waveforms are directly mapped to each other, together with the corresponding
Kepler equations (4.59) and (4.62). Next, we have checked that (4.36) and (4.47) recover
our previous results (4.26) and (4.51) upon using the large angular momentum expansion
to make analytic contact with the PM waveform.

Comparing these familiar Newtonian waveforms in figure 9 with their large eccentricity
counterparts in figure 8, we see that the expected periodic behaviour in the bound case
is restored. The difference lies entirely in how the Kepler equation is treated; solving this
numerically is effectively resumming the large-eccentricity expansion, such that periodic
behaviour is restored in the bound case. If analytic results are required, then it calls for the
development of methods by which to more explicitly resum PM waveforms, similar to the
Firsov resummation presented in [76] for calculations of binding energy in the conservative
case or to the inclusion of PN contributions in the fluxes [78, 80]. We leave this very
interesting problem to future work.

We comment also on the 1PN waveform calculation by Junker and Schäfer [146], where
the 1PN multipoles (4.28) were computed with the quasi-Keplerian parametrization used in
this work. Although it was never explicitly observed in that paper, we have checked that the
multipoles for bound and scattering orbits provided in their eqs. (58)–(76) and eqs. (79)–(97),
as a function of the eccentric anomalies u and v, do indeed map into each under (4.46). Given
that the corresponding Kepler equations in equations (78) and (100) of [146] are also mapped
into each other, we can claim that up to 1PN order we have

h<dyn
1PN (u(u), n̂; p̃∞, L) = h>dyn

1PN (v(u), n̂; +ip̃∞, L) , E < 0 , (4.63)

which is valid independent of the PM expansion (i.e. also beyond tree-level). This raises
the question of whether we can extend our map to one-loop order, which we return to in
the conclusions.
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5 Insights into the analytic continuation of the fluxes

In the previous section we explored the analytic continuation of the two-body waveform,
confirming our intuition from section 2 that we can map the scattering case to the bound case,
at least at tree-level and for dynamical contributions. In this section we extend this analytic
continuation to more inclusive observables, calculated as expectation values of operators
Ô in time-evolved states,20 ⟨in|S†ÔS |in⟩. Examples are the total radiated energy ∆E>

rad
and angular momentum ∆J>

rad.
Working in the one-body model of section 3, we can compute such expectation values of

both scattering and bound observables by inserting the completeness relation (3.4), as this
includes a sum over both scattering and bound states. Focusing on the total radiated energy
∆Erad to illustrate, and using (3.4) we obtain for the scattering case the familiar structure

∆E>
rad =

∑
σ

∫
dΦ(k′) dΦ(p′) ℏω′

〈
Ψ>

p

∣∣∣T †
∣∣∣Up′k′σ

〉〈
Up′k′σ

∣∣∣T ∣∣∣Ψ>
p

〉
=
∑

σ

∫
dΦ(k′) ℏω′ |W̄>(k′σ)|2

∣∣∣
k′ µ=ω′nµ

(5.1)

where Ψ>
p is the incoming scattering wavefunction for a massive particle of momentum p

moving in the background and the spectral waveform is related to the time-domain waveform
in the one-body model through∫ +∞

−∞
du eiω′uεµν

σ (n̂)h̄>
µν(u, n̂) =

κ

4πrW̄
>(k′σ)

∣∣∣
k′ µ=ω′nµ

, ω′ > 0 . (5.2)

We can then rewrite (5.1) equivalently in terms of the scattering waveform21

∆E>
rad = 1

32πGN

∫
C>

u

du
∫
S2

dΩ r2(∂uh̄
>
µν(u, x̂))(∂uh̄

>µν(u, x̂)) , (5.3)

which a well-known expression [133, 149] where the u-contour of integration is C>
u = R.

We now consider the energy radiated in transitions between bound energy levels,

∆E<
rad =

∑
σ

∑
{n′}

∫
dΦ(k′) ℏω′

〈
Ψ<

{n}

∣∣∣T †
∣∣∣B̄{n′}k

′σ
〉〈
B̄{n′}k

′σ
∣∣∣T ∣∣∣Ψ<

{n}

〉
= 1

32πGN

∫
C<

u

du
∫
S2

dΩ r2(∂uh̄
<
µν(x))(∂uh̄

<µν(x)) (5.4)

where Ψ<
{n} is the incoming bound state wavefunction with a definite set of quantum numbers

{n}, h̄<µν(x) is the time-domain bound waveform and C<
R is the retarded time contour of

integration for the bound case which we will discuss shortly.
Given that the initial and final massive bound states have a discrete energy spectrum,

energy conservation (for a static background like Schwarzschild) imposes that the emitted
20We are ultimately interested in the classical on-shell reduction of such in-in quantities, see e.g. [57], and

appendix A of [128] and [61] for more details on this point.
21The expression in terms of the matrix elements can be easily made explicit, as in (4.1) for the two-body

case, but we feel it is unnecessary here and it makes the argument a bit longer.
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frequencies for the radiated graviton must be discrete as well Ek′,{m′} = ℏωk′,{m′}. In Fourier
space, this is equivalent to an integral over a finite-size length (i.e., a period Tu)

∑
{m′}

f̃(ωk′,{m′})
Fourier space↔

∫ Tu

0
duf(u) , (5.5)

which means that the u-contour of integration in the bound case is C<
u = [0, Tu]. The meaning

of these radiative observables for bound states (at least in our simple one-body model) has
therefore to be interpreted as the averaged radiated energy over a periodic bound orbit,
simply as a consequence of the discreteness of the emitted frequency.

Given the general expressions (5.1) and (5.4), we can now ask: what is the relation
between ∆E>

rad and ∆E<
rad in the full two-body case? Extrapolating our findings from

section 4, we know that the integrands do analytically continue into each other

(∂uh
<
µν(u, n̂))(∂uh

<µν(u, n̂)) = (∂uh
>
µν(u, n̂))(∂uh

>µν(u, n̂))
∣∣∣
p∞=±ip̃∞

, (5.6)

where we emphasize that both branch cut prescriptions are allowed at tree-level and at 1PN
order. It is essential, though, to consider the integral over the retarded time and the angles,
to which we turn now. Let us define the Post-Minkowskian energy flux as

FE(u, E , L) =
1

32πGN

∫
S2

dΩ r2(∂uhµν(x))(∂uh
µν(x)) , (5.7)

so that with a change of variable to the time t = u+ r (at fixed large r) we obtain

∆E>
rad =

∫ +∞

−∞
dtF>

E (t, E , L) , ∆E<
rad =

∫ Torb

0
dtF<

E (t, E , L) , (5.8)

where Torb is the orbital period.
At this point, we can change the variable from t to the radial coordinate r in the

adiabatic approximation so that we get [68, 78, 80]

∆E>
rad = 2

∫ +∞

rmin(E,L)
dr FE(r, E , L)

p>
r (r, E , L)

, ∆E<
rad = 2

∫ r+(E,L)

r−(E,L)
dr FE(r, E , L)

p<
r (r, E , L)

, (5.9)

where rmin is the radial turning point of the (hyperbolic) scattering motion and r± are the
radial turning points of the bound motion. It was noticed in [78, 80] that in the isotropic gauge

pr(r, E , L) = pr(r, E ,−L) , FE(r, E , L) = +FE(r, E ,−L) , (5.10)

which means that pr and FE(r, E , L) depend only on L2. Therefore, using the fact that the
r±(E , L) = rmin(E ,∓L) we recover the analytic continuation

∆E<
rad(E , L) = ∆E>

rad(E , L)−∆E>
rad(E ,−L), E < 0 , (5.11)

for the radiated energy.
Following similar steps for the angular momentum with the Post-Minkowskian flux, in

the center of mass frame we obtain the expression [149]

Fk
L(u, E , L) =

1
32πGN

ϵkij
∫
S2

dΩ r2hµν(u, x̂)
[
ηνρx̂[i∂j]∂u + 2δν

[iδ
ρ
j]

]
hµ

ρ(u, x̂) . (5.12)
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As ∆Lk is a pseudo-vector and Fk
L ∝ Lk, it follows that

Fk
L(r, E , L) = −Fk

L(r, E ,−L) , (5.13)

so that we recover the known analytic continuation for the total angular momentum

∆J<
rad(E , L) = ∆J>

rad(E , L) + ∆J>
rad(E ,−L) , E < 0 . (5.14)

Interestingly, the analytic continuations (5.11) and (5.14) can be alternatively written purely
in terms of the energy (or in terms of the eccentricity [78]), as we did for the waveform.
Given that L = bP∞ and P∞ ∝ p∞, the analytic continuation in p∞ is essentially determined
by L if we impose b → ib as in [76, 77]. Starting with the radial momentum, we find in
the isotropic gauge the new relations

p<
r (r, p̃∞, L) = p>

r (r,−ip̃∞, L) = −p>
r (r,+ip̃∞, L) , (5.15)

while for the radial roots we have22

r−(p̃∞, L) = rmin(−ip̃∞, L) , r+(p̃∞, L) = rmin(+ip̃∞, L) . (5.16)

Therefore, using the fact that the fluxes obey

F<
E (r, p̃∞, L) = F>

E (r,∓ip̃∞, L) , F<k
L (r, p̃∞, L) = F>k

L (r,∓ip̃∞, L) , (5.17)

we find the analytic continuation of the total radiated energy and angular momentum

∆E<
rad(p̃∞, L) = ∆E>

rad(−ip̃∞, L) + ∆E>
rad(+ip̃∞, L) , E < 0 ,

∆J<
rad(p̃∞, L) = ∆J>

rad(−ip̃∞, L) + ∆J>
rad(+ip̃∞, L) , E < 0 . (5.18)

While the analytic continuation for the angular momentum in this form was first observed
in [150], the one for the energy loss is new.

For this reason, we explicitly checked, using the results in [52, 53], that

∆E<
rad(p̃∞, L) = ∆E>

rad({
√
y2 − 1→ −i

√
1− y2,

√
y − 1→ −i

√
1− y}, L)

+ ∆E>
rad({

√
y2 − 1→ +i

√
1− y2,

√
y − 1→ +i

√
1− y}, L) , (5.19)

holds up to 3PM order. Notice that this is one of the cases where
√
y − 1 also appears (in

the arcsinh term) besides
√
y2 − 1, and the same branch cut prescription must be applied

for both square roots to get the correct answer as discussed after (4.18). It is interesting to
notice that the sum over the two branch cut prescriptions of p∞ =

√
y2 − 1 (i.e. ±

√
1− y2)

in (5.18) appear only as a consequence of the time integration of the fluxes, while for the
waveform (4.18) one needs, in general, only a single branch cut prescription.

22The analytic continuation of the radial action is then given by

I<
r (p̃∞, L) =

∫ +∞

rmin(−ip̃∞,L)
p<

r (−ip̃∞, L) −
∫ +∞

rmin(ip̃∞,L)
p<

r (ip̃∞, L) = I>
r (−ip̃∞, L) + I>

r (+ip̃∞, L) ,

as first found by an alternative computation in [14].

– 32 –



J
H
E
P
0
5
(
2
0
2
4
)
0
3
4

6 Summary and conclusions

Now, more than ever, it is imperative to understand the connection between scattering
and bound observables for the classical gravitational two-body problem. In this paper, we
have derived and tested an analytic continuation of the tree-level (and 1PN) waveform in
terms of the binding energy or, rather, of the rapidity. We began by working in the time
domain due to the simpler analytic structure. Inspired by the matching obtained with the
PN multipoles in [72] (there in the frequency domain), we defined an equivalent time-domain
expansion for the dynamical contribution of the PN waveform in the center-of-mass frame.
This correctly reproduced the hyperbolic multipoles computed independently through the
quasi-Keplerian parametrization. Using the Damour and DeRuelle [75] analytic continuation
of the orbital elements from hyperbolic to elliptic, we also computed the analogous bound
version of the multipoles, and successfully compared against the analytic continuation of the
tree-level scattering waveform. The lack of periodicity in this result was simply due to the
large-eccentricity expansion used to truncate Kepler’s equation in the PM expansion; upon
resumming this expansion periodicity is recovered, and the analytic continuation between
scattering and bound remains manifest. As a further check, we confirmed that our analytic
continuation holds for the 1PN waveform computed in [146].

We also discussed the analytic continuation of inclusive observables at 3PM order. While
these formulae have been derived before in terms of analytic continuation in the angular
momentum (or eccentricity), we provided a new perspective based entirely on analytic
continuation in the binding energy. In particular, we showed how the analytic continuation of
the total radiated energy and angular momentum (expressed as integrals over the associated
PM fluxes constructed from the time-domain waveform) is modified by the retarded-time
integral. This leads to a sum over two different branch cut prescriptions (unlike in the
case of the waveform) such that our map directly recovers the results of e.g. [150] in the
case of angular momentum.

Tables 1 and 2 summarize the current status of the boundary-to-bound dictionary,
including results derived here and from the literature, in both the conservative and radiative
domains [14, 32, 68, 76–81, 150, 151]. Table 1 contains results for the scattering angle χ
(the bound analogue of which is the periastron advance ∆Φ), the time-domain dynamical
waveform hdyn(u) and the total radiated energy and angular momentum ∆Erad, ∆Jrad. (Note
that we consider the total radiated angular momentum ∆Jrad in the center of mass frame to
avoid frame dependence ambiguities [56, 135, 152].) We remind the reader of the consequences
of the branch cut prescription when performing these analytic continuations, see the explicit
example for the radiated energy at 3PM (5.19).

Along with the variables p∞ and L we make conjectures for the extension of known
results to the spinning case with aligned-spin23 discussed in [76] and to leading tidal couplings
cX = cE2

i
, cB2

i
given by the mass/electric-type and current/magnetic-type effects (see [38, 151]

for the explicit definitions). Dependencies in black are verified, while those highlighted in
blue text remain to be verified. We have checked that the proposed analytic continuation

23For an extension to the mis-aligned spin case, the first steps have been taken in [79] by considering generic
Kerr geodesics with precession, but we will not discuss this here.
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Bound observable Scattering observable

∆Φ(p̃∞, L, a, cX) χ(−ip̃∞, L, a, cX) + χ(+ip̃∞, L, a, cX)

∆E<
rad(p̃∞, L, a, cX) ∆E>

rad(−ip̃∞, L, a, cX) + ∆E>
rad(+ip̃∞, L, a, cX)

∆J<
rad(p̃∞, L, a, cX) ∆J>

rad(−ip̃∞, L, a, cX) + ∆J>
rad(+ip̃∞, L, a, cX)

h<dyn(u; p̃∞, L, a, cX) h>dyn(u; +ip̃∞, L, a, cX)

Table 1. Summary of analytic continuation for the observables between bound and scattering orbits.
Blue highlighting indicates a conjectured extension (see the text) to additional dependence on aligned
spin a and leading tidal effects cX .

Bound observable Scattering observable

∆Φ(E , L, a, cX) χ(E , L, a, cX) + χ(E ,−L,−a, cX)

∆E<
rad(E , L, a, cX) ∆E>

rad(E , L, a, cX)−∆E>
rad(E ,−L,−a, cX)

∆J<
rad(E , L, a, cX) ∆J>

rad(E , L, a, cX) + ∆J>
rad(E ,−L,−a, cX)

Table 2. Summary of analytic continuation for the bound and scattering observables in terms of the
variables E , L, a, cX . Blue text again indicates a conjectured extension.

holds with the addition of aligned spin for some observables, as indicated, but the inclusion
of leading tidal effects in the scattering angle and radiated energy remains to be verified, as
does the inclusion of both aligned spin and leading tidal effects of the time-domain waveform
hdyn. Analogous results in terms of the variables (E , L, a, cX) are summarised in table 2.

It is worth stressing that the stated relations are expected to be valid when there is local
dependence on the trajectory of the motion; that is, at least up to 3PM order for conservative
and radiative inclusive observables and up to tree-level order for the waveform. Indeed, one
of the lessons we have learnt here is that it will be essential to make direct contact with
the classical trajectories of the system in order to define a suitable map from scattering to
bound observables. At higher PM orders, the presence of non-local in time effects in the
gravitational case24 appearing at 4PM spoils the naive application of the rules described
above, as nicely explained in [78]. This implies that the analytic continuation of the waveform
will suffer similar problems at one-loop order, which definitely deserves a deeper investigation.

There are many other avenues for future investigation. First, it would be interesting to
check our proposed analytic continuation for the tree-level dynamical waveform including
spin [35, 39, 45–47, 49] or tidal effects [38, 40, 153, 154], as well as at one-loop order [41–
44, 48, 49, 129, 130] where issues related to tail effects should appear. This issue needs to be
resolved in order to extend the scattering-to-bound map to higher PM orders [78]; making
closer contact with the classical trajectory may help in this respect, as in [7]. A pressing
problem is also to understand to the resummation at large eccentricity, which is needed to
describe the inspiral phase of the two-body problem. It would also be interesting to return

24This problem is absent in classical electromagnetism, and therefore the boundary-to-bound map should
extend more easily to higher orders in perturbation theory.
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to the static terms and their inclusion in the bound state waveforms, perhaps by better
addressing their dependence on the choice of BMS frame [129, 141, 152, 155]. Finally, we
look forward to extending our dictionary in other directions, to e.g. the local energy and
angular momentum flow recently discussed in [156].
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A Schwinger-Dyson equations for the 4 + N -point Green’s function

We derive here the Schwinger-Dyson equations for the 4 + N -pt Green’s function for the
scattering of two massive scalars and the emission of N gravitons. We begin with N = 0,
i.e. the conservative sector of the two body problem, which is controlled by the 4-pt Green’s
function of the scalar fields. The Schwinger-Dyson equations imply that this obeys, working
in momentum space,

G
(
p1, p2; p′1, p′2

)
= G0(p1, p2; p′1, p′2)

+
∫

d̂4r1 d̂4s1G(s1, s2; p′1, p′2)K(r1, r2; s1, s2)G0(p1, p2; r1r2) , (A.1)

in which it is understood that p′1 + p′2 = p1 + p2 = r1 + r2 = s1 + s2 by momentum
conservation, K is the interaction kernel given by connected two-massive-particle irreducible
(2MPI) diagrams, and G0(p1, p2; p′1, p′2) is the disconnected Green’s function

G0(p1, p2; p′1, p′2) = (2π)4δ4 (p′1 − p1
)
∆1 (p1)∆2 (p2) , ∆j(p) =

i

p2 −m2
j + iϵ

, (A.2)

which is simply the product of massive scalar (tree level, free-theory) propagators for particles
1 and 2. We now make the external legs in the Green’s function explicit using the ansatz
(here and below ∆(p1, p2) ≡ ∆1(p1)∆2(p2)),

G
(
p1, p2; p′1, p′2

)
= G0

(
p1, p2; p′1, p′2

)
+∆(p′1, p′2)M4(p1, p2; p′1, p′2)∆(p1, p2) , (A.3)

where M4 is the off -shell 4-pt amplitude. Inserting (A.1) generates, upon the standard LSZ
reduction, the following recusion relation for the on-shell amplitude M4:

M4(p1, p2; p′1, p′2) = K4(p1, p2; p′1, p′2)

+
∫
d̂4s1K(p1, p2; s1, s2)∆(s1, s2)M4(s1, s2; p′1, p′2) , (A.4)
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Figure 10. The 5-pt amplitude recursion relation which follows from Schwinger-Dyson equations,
which naturally include contributions from emission of zero-energy gravitons.

as illustrated in figure 4. This recovers eq. (3.1) of [81].
We now turn to the radiative sector, that is N ≥ 1. The generalization of two-body

recursion relations for form factors, with the insertion of (conserved) current operators, was
first derived in [108]. At the level of Green’s functions, recursion relations for vector (or
tensor) currents require some gauge-fixing, as was first discussed in [157, 158] and further
clarified in the series of works [159, 160]. In the gravitational case, this “gauging” procedure —
which is equivalent to deriving the Schwinger-Dyson equations — amounts to dressing the 4-pt
Green’s function by attaching N gravitons on each line in the diagrammatic representation.

Beginning with the case of one graviton emission, the Schwinger-Dyson equation for
the 5-pt Green’s function is

Gµ1ν1 (p1,p2;p′
1,p

′
2,k

′
1)=Gµ1ν1

0 (p1,p2;p′
1,p

′
2,k

′
1)

+
∫

d̂4r1 d̂4s1G
µ1ν1
0 (p1,p2;r1, r2,k

′
1)K (r1, r2;s1,s2)G(s1,s2;p′

1,p
′
2)

+
∫

d̂4t1 d̂4u1G0 (p1,p2; t1, t2)K̂µ1ν1
R (t1, t2;u1,u2,k

′
1)G(u1,u2;p′

1,p
′
2)

+
∫

d̂4v1 d̂4w1G0 (p1,p2;v1,v2)K (v1,v2;w1,w2)Gµ1ν1 (w1,w2;p′
1,p

′
2,k

′
1) ,

(A.5)

where we denote with K̂R the graviton dressed 2MPI radiative kernel, and the momentum
conservation relations p1 + p2 = p′1 + p′2 + k′1, p1 + p2 = t1 + t2 = v1 + v2 = w1 + w2, and
p′1+p′2 = r1+r2 = s1+s2 = u1+u2 are implicit. In a compact notation (A.5) may be written

Gµ1ν1 = Gµ1ν1
0 +Gµ1ν1

0 KG+G0K̂µ1ν1
R G+G0KGµ1ν1 . (A.6)

We proceed to construct from this expression a recursion relation for the 5-pt amplitude
Mµν

5 . As for the conservative sector, we redefine our Green’s function in terms of matrix
elements and external free propagators,

G
(
p1,p2;p′1,p′2,k′1

)
= εµ1ν1

σ (k′1)∆µ1ν1α1β1(k′1)M
α1β1
5 (p1,p2;p′1,p′2,k′1)∆(p1,p2)∆(p′1,p′2)

+εµ1ν1
σ (k′1)∆µ1ν1α1β1(k′1)

[
δ̂4(p1−p′1)∆1(p1)Mα1β1

3 (p2;p′2,k′1)∆2(p2,p
′
2)

+(p1,p2;p′1,p′2)↔ (p2,p1;p′2,p′1)
]
, (A.7)
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in which ∆µ1ν1α1β1(k′1) is the free graviton propagator and we note in the second and third
lines the presence of disconnected contributions. Combining this ansatz with (A.6) we
obtain a lengthy relation for Mµν

5 shown diagrammatically in figure 10, with the amputated
radiative kernel Kµ1ν1

R defined by

K̂µ1ν1
R := ∆µ1ν1

α1β1
(k′1)K

α1β1
R . (A.8)

We observe that all 3-pt amplitudes Mµ1ν1
3 contributing to figure 10 have support only

on k′1 = 0, i.e. zero-energy gravitons, and moreover that Mµ1ν1
5 (p′1p′2k′1;w1w2) includes, in

general, disconnected contributions. If we focus on the kinematic region where the energy of
the graviton is strictly positive Ek1

′ > 0, the amplitude recursion relation obtained from (A.6)
and (A.7) simplifies considerably, to

Mµ1ν1
5 (p1,p2;p′

1,p
′
2,k

′
1)
∣∣∣
Ek1′ >0

=Kµ1ν1
R (p1,p2;p′

1,p
′
2,k

′
1) (A.9)

+
∫

d̂4w1K(p1,p2;w1,w2)∆(w1,w2)Mµ1ν1
5 (w1,w2;p′

1,p
′
2,k

′
1)

+
∫

d̂4w1Kµ1ν1
R (p1,p2;w1,w2,k

′
1)∆(w1,w2)M4(w1,w2;p′

1,p
′
2) .

which matches exactly (3.25) of the main text.
These results may be generalized to N > 1 graviton emissions by iterating the gauging

procedure. We define the set ΣN of all gaugings of the conservative Schwinger-Dyson equations
by dressing with N pairs of indices {µiνi}i=1,...,N . There are a total of |ΣN | = 1+3N terms25

on the r.h.s. of such equations — indeed we can check that there are 4 = 1 + 3 terms
for the N = 1 case in (A.6). Schematically, the Schwinger-Dyson equation for 4 + N -pt
Green’s functions becomes

Gµ1ν1µ2ν2...µN νN = Gµ1ν1µ2ν2...µN νN
0 +

∑
(σ1,σ2,σ3)∈ΣN

|σ1|+|σ2|+|σ3|=N

Gσ1
0 K̂

σ2
R Gσ3 , (A.10)

where K̂∅
R ≡ K and σ1, σ2, σ3 are (possibly empty) distinct collections of pairs of indices

{µiνi}i=1,...,N such that |σ1|+ |σ2|+ |σ3| = N . From equation (A.10), following similar steps
to the one adopted for the N = 1 case, it would be straightforward to obtain the generic
amplitude recursion relation for N graviton emissions.

B Decomposition of Green’s functions into scattering and bound states

We revisit in this appendix the traditional Bethe-Salpeter approach for radiative transitions
in the two-body problem, as originally proposed by Mandelstam [105] (see also [106–108]).
Following [118], and referring to [161] for further details, we first demonstrate how the
conservative Green’s functions both of the one-body model and the full two-body case admit
a non-perturbative decomposition in terms of scattering and bound wavefunctions. We then
show how to rigorously define the radiative matrix elements for the bound state formation by
using the Schwinger-Dyson equations combined with the corresponding wavefunctions for
scattering and bound states. We work here in units where ℏ = c = 1.

25Combinatorically, this is the number of ways (= 3N ) of assigning N distinct objects (pairs of indices) to 3
distinct boxes (i.e. the combination G0KG) plus the single contribution from the free term G0.
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B.1 2-pt Green’s function in the one-body model

We begin with the 2-pt Green’s function, which encodes the classical geodesic equation of
a particle in the conservative piece of the metric gOB

µν ,

GOB(x1; y1) = ⟨ΩOB|T Φ̄(y1)Φ̄†(x1) |ΩOB⟩ , (B.1)

which may be computed perturbatively as a solution of the Schwinger-Dyson equation

GOB (p1; p′1
)
= GOB

0
(
p1; p′1

)
+
∫
d̂4r1d̂4s1G

OB
0 (p1; r1)KOB (r1; s1)GOB (s1; p′1

)
, (B.2)

where KOB is the effective one-body potential determined via matching [11, 18, 76, 77, 162].
Assuming the existence of a Hilbert space decomposition of the (self-adjoint) Hamiltonian

of our one-body model into the corresponding scattering and bound eigenvectors, we now
insert the completeness relation (3.4) into (B.1), which trivially yields a decomposition of
the Green’s function into bound and scattering contributions:

GOB(x1; y1) = G>OB(x1; y1) +
∑
{n}

G<OB
{n} (x1; y1) , (B.3)

where

G>OB(x1; y1) =
∫ d̂3P

2E>
P
⟨ΩOB| Φ̄(y1)

∣∣∣ŪP
〉〈
ŪP
∣∣∣ Φ̄†(x1) |ΩOB⟩ θ(y0

1 − x0
1) ,

G<OB
{n} (x1; y1) =

〈
ΩOB

∣∣∣Φ̄(y1)
∣∣∣ B̄{n}

〉〈
B̄{n}

∣∣∣ Φ̄†(x1) |ΩOB⟩ θ(y0
1 − x0

1) ,

in which we immediately recognise the essential ingredients of the OB wavefunctions defined
in (3.6). In each case we transform the theta function into a momentum integral using
the standard representation

θ(z) = i

∫ ∞

−∞
d̂P 0 e−i(P 0−E)z

P 0 − E + iϵ
, (B.4)

and appropriate choice of E. The Fourier transform from x1, y1 to momenta p1, p′1 gives
for the scattering part of the Green’s function

G>OB(p1; p′1) =
∫
d4x1d4y1 e

i(p1x1−p′1y1)G>OB(x1; y1)

= i

∫
d̂4P

∫
d4x1d4y1 ei(p1x1−p′1y1)Ψ̄>

P(y1)Ψ̄∗>
P (x1)

e−i(P 0−E>
P )(y0

1−x0
1)

(2E>
P)(P 0 − E>

P + iϵ) .

(B.5)

Therefore, around the on-shell pole, P 0 → E>
P , we obtain

G>OB ∼ i
∫ d̂3P

(2E>
P)

Ψ̄>
P(p′1)Ψ̄∗>

P (p1)
P 0 − E>

P + iϵ
. (B.6)

Analogously, the bound state contribution behaves, near the bound state pole E<
{n}, as

G<OB
{n} ∼ i

Ψ̄<
n (p′1)Ψ̄∗<

{n}(p1)
P 0 − E<

{n} + iϵ
. (B.7)
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B.2 3-pt Green’s function in the one-body model

For the generic case with radiation, we need to study the 2 + N -pt Green’s function in
the one-body model

GOB
µ1ν1µ2ν2...µN νN

(x1; y1, z1, z2, . . . , zN ) (B.8)
= ⟨ΩOB|T h̄µ1ν1(z1)h̄µ2ν2(z2) . . . h̄µN νN (zN )Φ̄(y1)Φ̄†(x1) |ΩOB⟩ ,

where the field operators are now defined on background of the conservative piece of the
metric gOB

µν determined by the matching. As explained in the main text, this is a (self-
)consistent approximation of the full radiative dynamics, but in general we might be neglecting
backreaction effects (i.e., recoil). Focusing on the emission of a single graviton we obtain
the Schwinger-Dyson equation

GOB µ1ν1
(
p1; p′1, k′1

)
= Gµ1ν1

0
(
p1; p′1, k′1

)
(B.9)

+
∫

d̂4r1 d̂4s1G
OB µ1ν1
0

(
p1; r1, k

′
1
)
KOB (r1; s1)GOB (s1; p′1

)
+
∫

d̂4t1 d̂4u1G
OB
0 (p1; t1) K̂OB µ1ν1

R

(
t1;u1, k

′
1
)
GOB (u1; p′1

)
+
∫

d̂4v1 d̂4w1G
OB
0 (p1; v1)KOB (v1;w1)GOB µ1ν1

(
w1; p′1, k′1

)
,

where K̂OB µ1ν1
R is the graviton dressed one-particle irreducible (1MPI) radiative kernel.

At this point, using the Bethe-Salpeter approach, we can then combine (B.1), (B.2)
and (B.9) into the following equation

GOB µ1ν1
(
p1; p′1, k′1

)
(B.10)

=
∫

d̂4t1 d̂4u1G
OB (p1; t1)

[
ΓOB µ1ν1

0
(
t1;u1, k

′
1
)
+ K̂OB µ1ν1

R

(
t1;u1, k

′
1
)]
GOB (u1; p′1

)
,

where ΓOB µ1ν1
0 := (GOB

0 )−1GOB µ1ν1
0 (GOB

0 )−1.
The interesting feature of (B.10) is that we can combine the standard LSZ reduction

of the l.h.s. 3-pt Green’s function with the matrix element obtained by taking the on-shell
poles of the 2-pt Green’s functions on the r.h.s. On one hand, using the definition of the
scattering and bound OB wavefunctions (3.6) and of the graviton OB wavefunction (3.7),
the LSZ reduction of the 3-pt classical OB Green’s function (B.8) gives

Gµ1ν1
(
p1; p′1, k′1

)
∼
∫ d̂3K

2E>
K′

iH̄>µ1ν1
K′ (k′1)

(K0 − E>
K′ + iϵ)

iΨ̄∗<
{n}(p1)

(P 0 − E<
{n} + iϵ)

×
∫ d̂3P

2E>
P

iΨ̄>
P(p′1)

(P 0 − E>
P + iϵ)

〈
B̄n; h̄K′ |S|ŪP

〉
. (B.11)

On the other hand, using the decomposition of the classical OB 2-pt Green’s function (B.5),
we can write the r.h.s. of (B.10) around the scattering and bound poles as

Gµ1ν1
(
p1; p′1, k′1

)
∼
∫

d̂4r1 d̂4t1 d̂4u1

[∫ d̂3K

2E>
K′

iH̄>µ1ν1
K′ (k′1)H̄

∗>α1β1
K′ (r1)

(K0 − E>
K′ + iϵ)

] iΨ̄<
{n}(p

′
1)Ψ̄∗<

{n}(u1)
(P 0 − E<

{n} + iϵ)


×
[∫ d̂3P

2E>
P

iΨ̄>
P(t1)Ψ̄∗>

P (p1)
(P 0 − E>

P + iϵ)

]
M̄3,α1β1 (t1;u1, r1) . (B.12)
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Finally combining (B.11) and (B.12) we obtain〈
B̄{n}; h̄K′ |S|ŪP

〉
=
∫

d̂4r d̂4s d̂4t H̄∗>
K′,α β(t)Ψ̄

∗<
{n}(r)Ψ̄

>
P(s)M̄

α β
3 (r, t; s) . (B.13)

B.3 4-pt Green’s function for the two-body dynamics

We follow here a similar strategy as in the one-body model. We start by inserting the
completeness relation (3.13) into the 4-pt Green’s function defined as

G(x1, x2; y1, y2) = ⟨Ω|Tϕ1(y1)ϕ2(y2)ϕ†1(x1)ϕ†2(x2) |Ω⟩ , (B.14)

to obtain the following decomposition into scattering (>) and bound (<) contributions:

G(x1,x2;y1,y2)=G>(x1,x2;y1,y2)+
∑
{n}

G<
{n}(x1,x2;y1,y2) , (B.15)

G<
{n}(x1,x2;y1,y2)=

〈
Ω |Tϕ1(y1)ϕ2(y2)|B{n}

〉〈
B{n}

∣∣∣Tϕ†1(x1)ϕ†2(x2) |Ω⟩θ [F ] ,

G>(x1,x2;y1,y2)=
∫ d̂3P

2E>
P,Q

d̂3Q

2ϵ>P,Q
⟨Ω|Tϕ1(y1)ϕ2(y2) |UP,Q⟩⟨UP,Q|Tϕ†1(x1)ϕ†2(x2) |Ω⟩θ [F ] ,

with

F (x0
1, x

0
2, y

0
1, y

0
2) = min

(
y0

1, y
0
2

)
−max

(
x0

1, x
0
2

)
. (B.16)

We focus now on the scattering contribution, since the other one is completely analogous.
Again using the representation (B.4) of the theta function, along with the definition of
the two-body wavefunctions in position space (3.15) and the coordinate variables X,Y, x, y
in (3.11) we can equivalently write the scattering Green’s function as

G> = i

∫ d̂3P

2E>
P,Q

∫ d̂3Q

2ϵ>P,Q
Ψ>

P,Q(y)Ψ∗>
P,Q(x)e−iEP(Y 0−X0)eiP·(Y−X)

∫
d̂P 0 e−i(P 0−E>

P,Q)F

P 0 − E>
P,Q + iϵ

= i

∫
d̂4P

∫ d̂3Q

(2ϵ>P,Q) Ψ
>
P,Q(y)Ψ∗>

P,Q(x)eiP ·(X−Y ) 1
(2E>

P,Q)
e−i(P 0−E>

P,Q)F̃

P 0 − E>
P,Q + iϵ

, (B.17)

where we have used the relative coordinates introduced in (3.11) and we have defined

F̃ (x0
1, x

0
2, y

0
1, y

0
2) = F (x0

1, x
0
2, y

0
1, y

0
2)− (Y 0 −X0) .

At this point, we can perform the Fourier transform of (B.17) to get

G>(P/2 + q, P/2− q;P/2 + q′, P/2− q′) (B.18)

=
∫

d4(X − Y ) d4x d4y ei(P (X−Y )+qx−q′y)G>(X + x/2, X − x/2;Y + y/2, Y − y/2)

= i

∫ d̂3Q

(2ϵ>P,Q)

∫
d4x d4y ei(q′y−qx)Ψ>

P,Q(y)Ψ∗>
P,Q(x) e−i(P 0−E>

P,Q)F̃

(2E>
P,Q)(P 0 − E>

P,Q + iϵ) ,

which means that the behaviour near the on-shell pole P 0 → E>
P,Q is

G>
P 0→E>

P,Q∼ i

∫ d̂3Q

(2ϵ>P,Q)
Ψ>

P,Q(q′)Ψ∗>
P,Q(q)

(2E>
P,Q)(P 0 − E>

P,Q + iϵ) . (B.19)
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The analogue of (B.18) for the bound contribution is

G<
{n}(P/2 + q, P/2− q;P/2 + q′, P/2− q′) (B.20)

= i

∫
d4x d4y ei(q′y−qx)Ψ<

{n}(y)Ψ
∗<
{n}(x)

e−i(P 0−E<
{n})F̃

P 0 − E<
{n} + iϵ

,

which on the pole P 0 → E<
{n} becomes

G<
{n} ∼ i

Ψ<
n (q′)Ψ∗<

{n}(q)
P 0 − E<

P,{n} + iϵ
. (B.21)

B.4 5-pt Green’s function for the two-body dynamics

We start by considering the 5-pt Green’s function (3.10) and we notice that, as in the one-body
case, we can recast the Schwinger-Dyson recursion (A.6) in the form

Gµ1ν1 = (id−G0K)−1
[
Gµ1ν1

0 +Gµ1ν1
0 KG+G0K̂µ1ν1

R G
]

(B.22)

= G
(
G−1

0 Gµ1ν1
0 G−1

0 + K̂µ1ν1
R

)
G

where we have used the Bethe-Salpeter equation (A.1). Physically, this means that the
5-pt Green’s function can be thought as a sum of a one-body Γµ1ν1

0 := G−1
0 Gµ1ν1

0 G−1
0 and

a two-body K̂µ1ν1
R current

Gµ1ν1
(
p1, p2; p′1, p′2, k′1

)
=
∫

d̂4t1 d̂4u1G (p1, p2; t1, t2)
[
Γµ1ν1

0
(
t1, t2;u1, u2, k

′
1
)

+K̂µ1ν1
R

(
t1, t2;u1, u2, k

′
1
)]
G
(
u1, u2; p′1, p′2

)
,

(B.23)

where the 5-pt Green’s function in momentum space is defined as (see the coordinates (3.11))

Gµ1ν1
(
P/2 + q, P/2− q;P ′/2 + q′, P ′/2− q′, k′1

)
=
∫

d4X d4Y d4x d4y d4z1 e−i(P X+qx−P ′Y ′−q′y′−k′
1z1)

×Gµ1ν1 (X + x/2, X − x/2;Y + y/2, Y − y/2, z1) . (B.24)

We would like now to isolate the energy poles corresponding to the incoming two-body
scattering state, the outgoing two-body bound state and the outgoing graviton

P 0 → E>
P,Q , (P ′)0 → E<

{n} , (k′1)0 → Ek′
1
= |k1

′| , (B.25)

where we recall that P = p1 + p2 and P ′ = p′1 + p′2. On one hand, we can perform the LSZ
reduction on the position space Green’s function on the l.h.s. of (B.24)∫

d4Xe−iP X
∫

d4z1eik′
1z1

∫
d4Y eiP ′Y Gµ1ν1 (X + x/2, X − x/2;Y + y/2, Y − y/2, z1)

∼
[

i
〈
Ω|hµ1ν1(0)|hk1

′
〉

2Ek1
′((k′1)0 − Ek1

′ + iϵ)

] i
〈
Ω |Tϕ1 (y/2)ϕ2 (−y/2)| B{n}

〉
(P ′)0 − E<

{n} + iϵ


×
∫ d̂3Q

2ϵ>P,Q

i ⟨UP,Q|Tϕ†1 (x/2)ϕ
†
2 (−x/2) |Ω⟩

2E>
P,Q(P 0 − E>

P,Q + iϵ)
〈
B{n};hk1

′ |S|UP,Q
〉
, (B.26)
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where we have used the Poincaré invariance of the vacuum state26 and in the last line we
have isolated the matrix element of interest for the bound state formation〈

B{n};hk1
′ |S|UP,Q

〉
. (B.27)

Using the two-body scattering and bound state wavefunctions (3.15) we can express the full
momentum space Green’s function (B.26) around the pole as

Gµ1ν1
(
P/2 + q, P/2− q;P ′/2 + q′, P ′/2− q′, k′1

)
(B.28)

∼
[

iεµ1ν1(k′1)
2Ek1

′(k0
1 − Ek1

′ + iϵ)

] [
iΨ<

{n}(q
′)

(P ′)0 − E<
{n} + iϵ

]

×
∫ d̂3Q

2ϵ>P,Q

iΨ∗>
P,Q(q)

2E>
P,Q(P 0 − E>

P,Q + iϵ)
〈
B{n};hk1

′ |S|UP,Q
〉
.

On the other hand, we can consider the r.h.s. of (B.22) and perform the decomposition of
the 4-pt Green’s function as in (B.18) and (B.20), obtaining the transition element

Gµ1ν1
(
P/2 + q, P/2− q;P ′/2 + q′, P ′/2− q′, k′1

)
(B.29)

∼
∫

d̂4r1 d̂4s1

[
iεµ1ν1

σ (k′1)ε∗σα1β1
(k′1)

2Ek1
′(k0

1 − Ek1
′ + iϵ)

] [
iΨ<

{n}(q
′)Ψ∗<

{n}(r1)
(P ′)0 − E<

{n} + iϵ

]

×
∫ d̂3Q

2ϵ>P,Q

iΨ>
P,Q(s1)Ψ∗>

P,Q(q)
2E>

P,Q(P 0 − E>
P,Q + iϵ)M

α1β1
5

(
P/2 + s1, P/2− s1;P ′/2 + r1, P

′/2− r1, k
′
1
)
,

where

Mα1β1
5 (·) := δ̂4(P ′ + k′1 − P )M

α1β1
5 (·) . (B.30)

Comparing (B.28) and (B.29) and identifying the residues, we finally get (see also [118])〈
B{n};hσ

k1
′ |S|UP,Q

〉
= ε∗σ

α1β1(k
′
1)
∫

d̂4r1 d̂4s1Ψ∗<
{n}(r1)Ψ>

P,Q(s1)δ̂4(P ′ + k′1 − P )

×Mα1β1
5

(
P/2 + s1, P/2− s1;P ′/2 + r1, P

′/2− r1, k
′
1
)
. (B.31)

This is a very interesting result, which in principle allows to determine our transition elements
for the bound state formation in a general quantum field theory setup. Please note that
the matrix elementMα1β1

5 (P/2 + s1, P/2− s1;P ′/2 + r1, P
′/2− r1, k

′
1) is defined for generic

momenta (i.e., not on-shell), and this is essential as it appears in the convolution with the
external wavefunctions. The scattering-scattering and bound-bound transition elements
are obtained similarly.

C Orbital elements in the quasi-Keplerian parametrization

We review here some definition of the orbital elements in the quasi-Keplerian parametriza-
tion [75, 142, 163] used in the recent work [65, 68], restoring also the powers of c. We work
with dimensionless variables here, so we normalize the physical radius rphys and time tphys

26Using the translation operator, we have identities of the form
〈
Ω |T ϕ1 (Y + y/2) ϕ2 (Y − y/2)| B{n}

〉
=〈

Ω |T ϕ1 (y/2) ϕ2 (−y/2)| B{n}
〉
.
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as r = (c2rphys)/(GN (mA + mB)) and t = (c3tphys)/(GN (mA + mB)). Starting with the
hyperbolic case, we can parametrize the relative motion as

r> = a>(e>
r cosh(v)− 1) ,

φ> = k>(Θ> + f>
ϕ sin(2Θ>) + g>

ϕ sin(3Θ>)) +O
( 1
c4

)
,

l> = n>t = e>
t sinh(v)− v + f>

t Θ> + g>
t sin(Θ>) +O

( 1
c4

)
,

Θ> = 2arctan


√√√√e>

ϕ + 1
e>

ϕ − 1 tanh
(v
2

)+O
( 1
c4

)
, (C.1)

where the gauge-invariant quantities k> and n> are the same in all coordinates, while the
eccentricities e>

t , e>
r and e>

ϕ depend on the coordinate system. Working in the harmonic
gauge, we have up to 2PN accuracy the following relations

n> = (2E)3/2
(
1 + 1

4c2E(15− ν) +
1

32c4E
2
(
11ν2 + 30ν + 555

))
,

a> = 1
2E

[
1 + 1

2c2E(7− ν) +
1
4c4E

2
(
1 + ν2 − 8(7ν − 4)

Ej2

)]
,

k> = 1 + 3
c2j2 + 3

4c4j4

(
5(7− 2ν)− (2E)j2(2ν − 5)

)
,

(e>
r )2 = 1 + 2Ej2 + 1

c2E
(
2(ν − 6)− 5Ej2(3− ν)

)
+ 1
c4E

2
(
Ej2

(
4ν2 − 45ν + 80

)
+ 8(7ν − 4)

Ej2 +
(
ν2 + 74ν + 30

))
,

(e>
t )2 = 1 + 2Ej2 + 1

c2E
(
4(1− ν)− Ej2(7ν − 17)

)
+ 1
c4E

2
(
Ej2

(
16ν2 − 47ν + 112

)
+ 4(7ν − 4)

Ej2 + 2
(
5ν2 + 18ν + 3

))
,

(e>
ϕ )

2 = 1 + 2Ej2 + 1
c2E

(
Ej2(−(15− ν))− 12

)
+ 1

4c4E
2
(
2Ej2

(
3ν2 − 31ν + 160

)
+ 15ν2 + 91ν − 416

2Ej2 + 2
(
9ν2 + 17ν − 20

))
,

f>
t = 1

c4
3(2E)3/2(5− 2ν)

2j ,

g>
t = − 1

c4
ν(ν − 15)(2E)3/2√1 + 2Ej2

8j ,

f>
ϕ = 1

c4

(
−3ν2 + 19ν + 1

) (
1 + 2Ej2)

8j4 ,

g>
ϕ = 1

c4
ν(1− 3ν)

(
1 + 2Ej2)3/2

32j4 . (C.2)

For the elliptic case, instead, we can parametrize the relative motion as

r< = a<(1− e<
r cos(u)) ,

φ< = k<(Θ< + f<
ϕ sin(2Θ<) + g<

ϕ sin(3Θ<) +O
( 1
c4

)
,
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l< = n<t = u− e<
t sin(u) + f<

t sin(Θ<) + g<
t (Θ< − u) +O

( 1
c4

)
,

Θ< = 2arctan


√√√√e<

ϕ + 1
1− e<

ϕ

tan
(u
2

)+O
( 1
c4

)
, (C.3)

where up to 2PN accuracy in harmonic gauge we have

n< = (−2E)3/2
[
1 + (−2E)

8c2 (ν − 15) + (−2E)2

128c4

(192(2ν − 5)√
−2Ej

+ 11ν2 + 30ν + 555
)]

,

a< = 1
(−2E)

[
1 + (−2E)

4c2 (ν − 7) + (−2E)2

16c4

(16(7ν − 4)
(−2E)j2 + ν2 + 1

)]
,

k< = 1− 3
c2j2 + 1

4c4

[15(7− 2ν)
j4 + 3(−2E)(2ν − 5)

j2

]
,

(e>
r )2 = 1 + 2Ej2 − (−2E)

c2

[5
4(3− ν)(−2E)j

2 + ν − 6
]

+ (−2E)2

8c4

[
−
(
4ν2 − 45ν + 80

)
(−2E)j2 + 32(7ν − 4)

(−2E)j2 + 2
(
ν2 + 74ν + 30

)]
,

(e>
t )2 = 1 + 2Ej2 − (−2E)

4c2

[
(7ν − 17)(−2E)j2 + 8(1− ν)

]
+ (−2E)2

8c4

[
−(16ν2 − 47ν + 112)(−2E)j2 − 16(7ν − 4)

(−2E)j2

+ 4(5ν2 + 18ν + 3) + 24(2ν − 5)(1 + 2Ej2)√
−2Ej

]
,

(e>
ϕ )

2 = 1 + 2Ej2 − (−2E)
c2

(1
4(−2E)j

2(15− ν)− 6
)

− (−2E)2

16c4

[(
3ν2 − 31ν + 160

)
(−2E)j2 + 15ν2 + 91ν − 416

(−2E)j2 − 2
(
9ν2 + 17ν − 20

)]
,

f<
t = − 1

c4
ν(ν − 15)(−2E)3/2√1 + 2Ej2

8j ,

g<
t = − 1

c4
3(−2E)3/2(2ν − 5)

2j ,

f<
ϕ = 1

c4

(
−3ν2 + 19ν + 1

) (
1 + 2Ej2)

8j4 ,

g<
ϕ = − 1

c4
ν(3ν − 1)

(
1 + 2Ej2)3/2

32j4 . (C.4)

It is easy to verify that up to 1PN accuracy there is a straightforward analytic continuation
between the orbital elements for the hyperbolic and the elliptic case determined purely in
terms of the binding energy [75]

n> → −in< , e>
t → e<

t , e
>
r → e<

r , e
>
ϕ → e<

ϕ , v→ iu , a> → −a< , k> → k< , (C.5)

while n> ̸= −in< and e>
t ̸= e<

t at 2PN (and beyond). Interestingly, it might be possible to
modify the quasi-Keplerian parametrization to get an analytic continuation up to 3PN [145],
but this is beyond the scope of this work.
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