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to the conventional result obtained by the 4-dimensional effective theory approach. We also
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the pressure in the extra space S? in some cases.
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1 Introduction

Moduli, which originate from the geometry of the compact extra space, naturally appear
in the low-energy effective theory of higher-dimensional gravity. In order to construct a
realistic model, all the moduli must be fixed to finite values by some mechanism. Since
couplings of matter fields and the spacetime evolution will depend on the dynamics of
moduli, they will give impacts on several aspects of particle physics and cosmology.

In the conventional approach, the dynamics of the moduli is described in the framework
of four-dimensional (4D) effective field theories (EFT). This is because they generically
do not have potentials and are massless at the classical level. However, if they couple to a
scalar field whose mass is m, some of the moduli are stabilized with the masses of O(m).
In this case, m is the mass scale of the moduli stabilization. If this scale is the same order
of or larger than the mass of the first Kaluza-Klein (KK) excitation mode m%)(, the moduli
stabilization has to be discussed in the context of the higher-dimensional gravitational



theory, rather than 4D EFT. Since m%( is determined by the stabilized value for the size
modulus of the compact space, such a situation can occur when the stabilized size of the
compact space is large compared to m~.! Although this possibility is not disfavored by
any specific reasons, it has not been discussed in most works about the moduli stabilization.
Thus, in this paper, we will consider such a situation (i.e., m = m%){), and discuss the time
evolution of the universe.

As a simple setup for our purpose, we consider the so-called Salam-Sezgin model [1],
which is based on a gauged six-dimensional (6D) supergravity [2, 3] compactified on a sphere
with a U(1) magnetic flux. The original work for this model discussed a static background.
Its time-dependent extension was discussed in ref. [4] in the radiation-dominated universe,
which is described by the hypermultiplets and/or the vector multiplets.? Since there is
a flat direction in the moduli space of the original Salam-Sezgin model, we introduce a
dilaton potential so that all the moduli are completely fixed.? Then, the moduli oscillate
around their stabilized values in the evolution of the universe. In the 4D EFT approach,
it is well-known that the energy density of the moduli oscillation rapidly dominates over
that of the radiation, and the expanding space behaves like the 4D matter-dominated
universe [6-10]. However, this is not the case when the moduli stabilization procedure
cannot be described in the 4D EFT. In our previous work [11], we investigated the evolution
of the background spacetime during the moduli stabilization process that is assumed to
occur in the radiation dominated era. It was numerically found that when m 2> m%)(, the
radiation contribution to the total energy density remains non-negligible for a long time in
contrast to the conventional 4D EFT analysis. However, this numerical analysis is available
for only a limited range of the time and the parameters, and it will be difficult to see the
transition from 6D to 4D explicitly. The purpose of this paper is to analytically investigate
effects of the radiation and the moduli oscillation on the spacetime evolution, especially
focusing on a parameter region in which one cannot use the 4D EFT analysis. Our findings
are summarized as follows:

e The radiation remains non-negligible for a long time when the moduli stabilization

(1)

procedure cannot be described in the framework of 4D EFT, namely m 2 myy.

e In such a case, for lower initial temperatures, the universe never experiences the moduli-
dominated era if the moduli decay before the dominance of the moduli oscillation.

e Even if the moduli are set at the stabilized values, they start to oscillate due to the
pressure in the extra space 52 in some parameter spaces.

For our purpose, we develop a procedure to compute various quantities at late times that
enables us to pursue the transition from 6D to 4D.

'In principle, the stabilized value of the size modulus is independent of the scale m. In our model, the
former is determined by o. in (2.2), which is independent of m.

2Note that the cancellation of 6D gravitational anomalies requires the existence of hypermultiplets and/or
vector multiplets [5].

3In this paper, we include the dilaton in the moduli since it has a mass mixing with the size modulus

of S2.



The paper is organized as follows. In the next section, we provide a brief review of the
model used in our previous work [11]. In section 3, we explain how to compute various
quantities at later times. In section 4, we discuss the conditions that the radiation dominates
the total energy density. Section 5 is devoted to the summary. In the appendices, we
provide brief derivations of some formulae used in the text, and show the conservation law
of the energy-momentum tensor.

2 Setup

In this section, we briefly review the model we considered in our previous work [11].
The whole spacetime is 6D, and a 2D subspace is compactified on a sphere S2. The
indices M, N =0,1,2,--- ,5 denote the 6D coordinate ones, u,v = 0,1,2,3 denote the 4D
ones for the non-compact space, and m,n = 4,5 are the 2D ones for the compact space. As
the coordinates on S?, we choose the spherical ones (z#,2%) = (6, ¢), where 6 and ¢ are the
polar and the azimuthal angles, respectively.

2.1 Model inspired by 6D supergravity on a sphere

The model is given by*
2

1 1 e’
S = /de v/ —g(©) {—QR(G) — 5aMaaMa - gTFMNFMN - V(J)} . (21)

where R(®) denotes the 6D Ricci scalar, o is a real scalar (dilaton), Fayny = O AN — ONAm
is the field strength of the U(1) gauge field Ay, and g is the gauge coupling constant. The
scalar potential V(o) is given by

m2
V(o) =27 + 7(0 —0.)?, (2.2)

where m and o, are positive constants.

This is basically the bosonic part of the gauged 6D N = (1,0) SUGRA [2, 3], except
for the following two points. First, we drop the self-dual antisymmetric tensor field By
because it is irrelevant to the following discussions. Second, we add the second term in (2.2)
to the scalar potential in order to stabilize the moduli completely.

The equations of motion are

1
Ry~ Lo RO T =,

1 2 0
5 Om (\/ —g(6)8MU) — %FMNFMN - V'(e) =0,

V-g©
om (@JFMN) =0, (2.3)

where the energy-momentum tensor THa4e" is

1 2e0
T]\r;l[a]a\t]ter = —0po0NoT + igMNaLaaLU — ngUFMLFNL + ngMNFPQFPQ + gMNV(U).
(2.4)

4We work in the unit of the 6D Planck mass.



In the absence of the second term in (2.2), this model has the following static back-
ground [1].

Guv = M = diag (—1,1,1,1),

gas = b7, 945 = gsa = 0, gs5 = b?sin? 0,

F;u/ = Fum =0,
sin 0
Fys = —F54 = 50" Fyy = F55 =0,
g
o = In(4b?), (2.5)

where 7, is the 4D Minkowski metric, and b is a positive constant. In this case, the

constant b is a free parameter, and the size of the compact space S? remains to be unfixed.
In the presence of the second term in (2.2), the background (2.5) remains to be a

solution, but now o is fixed to the constant o,. Hence the constant b is also fixed as

€0'*/2

b=0b, =
2

(2.6)

In addition to the above field content, we also introduce the radiation contribution.
In the context of the 6D A =1 SUGRA, the number of hypermultiplets ngy and that of
vector multiplets ny are constrained by the anomaly cancellation condition ng — ny =
244 [3, 5, 12].5 This indicates that a large number of hypermultiplets must exist in a
consistent theory. We assume that scalars in such hypermultiplets do not have nontrivial
background values, but they contribute to the radiation that fills in the whole 5D space.
Then, the energy-momentum tensor appearing in the Einstein equation must include the
radiation contribution:

rad

N _ rad 1
(Trad) _ b3 13 (2 . 7)
M —D3

—pdsin? 9

where prad, pgad and pEad are the radiation energy density, the pressures in the non-compact
3D space and in the compact 2D space, respectively, whose explicit forms are listed in
appendix A. In the presence of the radiation, the static background (2.5) and (2.6) no
longer a solution of the equations of motion, and the universe continues to expand. Thus
we make the following ansatz for the background.

Fy = Fum = 0,

5The number of tensor multiplet is assumed to be one, otherwise the theory cannot be described by
the Lagrangian.



(2.8)

where a(t) and b(t) are the scale factors for the non-compact 3D space and the compact 2D

space, respectively.

2.2 Evolution equations

Under the background ansatz (2.8), the equations of motion in (2.3) become

362 b 6ab 1

St gttt

a.. . a/'
N
a a? b b2 qb b?
3a 3 b 3ab 1., ¢

(2.9)

where the dot denotes the time derivative. The first equation is the (¢,t)-component of the

Einstein equation. Since this does not contain the second order t-derivatives, it is regarded

as a constraint on the initial conditions of the time evolution. The second and the third

equations come from the diagonal components for the 3D non-compact space and the 2D

compact space, respectively. The other components of the Einstein equation vanish. The

last equation is the dilaton field equation. In addition to these, we can obtain the evolution

equation for the inverse temperature 5 from the conservation law, as shown in appendix B.

In the following, we assume that the chemical potential u is negligible, i.e., Su < 1.

Then, if we redefine the scale factors as
A=Ina, B=Inb,

the above equations are rewritten as

. 9 .. 1.. 1.. 1 1 328 . 3e3 2B
A:_A2+BZ—2AB—<'72+<6 _ @ )(62+ -

[N

4 4 8 2 4 4
2 rad rad
-2
+%(U—U*)2+]%,
3. 7. 3.. 1 1 , e22B s BHez 2B
B=ZA>-_-B> - "AB— -6’4+ - |e 2 — 2~
1 1 2 g7 tgle’ 1 €’ 1
2 rad rad
3prad — 2
T A

(2.10)

g2 9B g2 9B
5= —<3A+2B)é+2 <e—§ _ & ) <e—%’ + & > —m?(oc—0,),  (211)



with the constraint:®

2 | P2 TR . e52B\T 2 2 d

_ ot (212)

Using (2.12) and (A.11), the second equation in (2.11) can be rewritten as

$—2B 2_9B 2
) Ly 3
B:_(3A+QB)B+<€_ _624 ) (6_ B 624 >+TZ (0= 0)” + p5.

(NE]
(VIS

(2.13)
The energy density and the pressures are expressed as (see appendix A)
—2B
. gdof € -
ad _ SOTB“ {46Lis(£1) + 3Q1 + Q2},
4 gdore 2P
prad — e {+2Lis(£1) + Q1 },
—2B
. gdof €
p2ad — 1271’73&1622’ (214)

where gqof is the degrees of freedom for 6D relativistic particles, 8 is the inverse temperature,
the functions Q;(z) (i = 1,2, 3) are defined in (A.6), (A.8) and (B.6), and their arguments
are 3/b = Be~B. The upper (lower) signs represent the case that the radiation consists of
the bosons (fermions). The evolution equation for J is obtained from (B.5) as

B _ 3A{£8Lis(+1) +4Q1 + @2} + B(2Q2 + Q3)

B £24Li4(£1) + 1201 + 505 + Qs : (2.15)

The equations (2.11) and (2.15) with the constraint (2.12) are the evolution equations
for the expanding 5D space. Note that

Lia() =), Lis(-1) = —¢(4). (2.16)

In the following, we consider a case that the radiation consists of only the bosonic particles
to simplify the discussion. Hence the upper signs in (2.14) and (2.15) are applied.
For numerical computation, we choose the initial conditions at ¢ = 0 as

a(0)=1, b0)=0b;, o(0)=o0o, B(0)=7/pr,

a(0) = . b(0)=4(0) =0, (2.17)

where by, o1 and [ are positive constants. The value of a(0) is determined by the con-
straint (2.12).

6This 4™ is related to the 6D total energy density p™° defined in (B.2) as p*" = p** — 152 — 728

2 )

where the last term corresponds to the curvature of S2.



Here, one comment is in order. In (2.8), we have assumed that the background values
do not depend on the space coordinates. The independence of the 3D coordinates & comes
from the cosmological principle for our observed universe. As for the extra-dimensional
coordinates (0, ¢), we need to be careful. Since we are interested in the case that the
typical energy or the temperature exceeds the KK scale, the KK modes are supposed to
be produced at early times. Thus it seems that the dependence on (6, ¢) should be taken
into account. However, in our setup, the universe is filled with the radiation, which is
in thermal equilibrium, at the initial time. So we assume that the inhomogeneity on the
compact space S? is negligible at the initial time. Since the system is spherically symmetric,
solutions of the evolution equations are independent of (6, ¢) if the initial configurations do
not have their dependence.

3 Transition from 5D to 3D spaces

3.1 Late-time behavior

We focus on a situation that the standard 4D cosmology is realized at late times. Namely,
the S? size modulus b and the dilaton o are expected to be stabilized. In such a case,
B = b/b and ¢ become negligible, and (2.9) is reduced to

3a2 N 1 e
a? b2 8bt
20 a2 1 e°

a a2 b* 8b1

3a 34 e rad
;—F?—i—@—‘/(a)—i-pg ~ 0,

V(o) = p™ 0,

V(o) +p5d =0,

e’ N
Note that terms 1/b% and —e?/(8b%) come from the curvature of S? and the background
flux of the U(1) gauge field, respectively. If they are cancelled with the potential term V' (o),

we obtain the standard 4D Friedmann equations. This condition is written as

1 e’
del(b, O’) = _172 + @ + V(U)
a/2\ 2 2
_ -5 _¢° Mo g)2 =
=2 (e T ) + 5 (0 —0x)”=0. (3.2)

Namely, this is equivalent to the minimization condition of the moduli potential. From this

condition, the stabilized moduli values are given by

60*/2
oc=0y, b=0b,= (3.3)
2
Then the Kaluza-Klein masses for a 6D massless field are given by
I (l+1)
il = VXD, (3.4)
where [ =0,1,2,---. In particular, m%)( = /2/b, is regarded as the cutoff energy scale of

the 4D EFT.



As derived in appendix C, the mass eigenstates ¢; and ¢o are mixtures of 6B = B — B,
(Bx = Inb,) and do = 0 — 04, and their mass eigenvalues m; and mgy are given by (C.7).

When m < m%)(, ¢1 ~ 30B + do has a mass mq ~ \/%m, and the other mode has a mass

of O(m%)()7 When m > m%)(, the size modulus 0B is almost a mas eigenstate with the
mass mip =~ \/gm%){ and the other mode has a mass of O(m).
After the moduli are stabilized, the first two equations in (3.1) are reduced to the 4D

Friedmann equations.®

2 rad - -2
G;N P QN_E af rad N_l rad rad
a2— 3 ) CL_ 2(@2 +p3 >— 6<p +3p3 ) (35)
The third equation becomes
i 3a%  Laa
;‘f’?-f—pQ ~ (. (3.6)

Using (3.5), the Lh.s. is rewritten as

3a 342 rad 1 rad rad rad rad
Tt =5 (P + 3p3 )+P %)

_ 5 (prad o Spgad) +p5ad _ 2p§ad. (37)

[u—y

At the last step, we have used the relation (A.11). From (2.14) and figure 10 in appendix A,
we find that p*d ~ 0 at late times. Thus, (3.6) holds at late times. In this case, the
relation (A.11) becomes p'*d ~ 3piad  which indicates that the 4D universe is radiation-
dominated. The last equation in (3.1) holds trivially with the values in (3.3).

Since the functions Q;(x) (i = 1,2, 3) are damped to zero for large x (see figure 10),
the evolution equation for the inverse temperature (2.15) becomes

~ A=

Z, (3.8)

|-

at late times. This indicates that 5 oc a, which agrees with the relation in the 4D radiation-
dominated era.

In the following, we focus on the spacetime evolution during the moduli stabilization
process before it settles into the above 4D evolution.

"Note that 6B is not canonically normalized.

8Precisely, we should note that the energy density and the pressure in the 4D spacetime are given by
pap = pmdvz and Pip = péadVQ, respectively, where Vo = 47b? is the stabilized S? volume. Besides, the 4D
Planck mass is Mp1 = /V» since we have chosen the 6D Planck unit. Thus (3.5) should be expressed as

.92 .
a P a

—_ ~

1
a? — 3ME’ a _GMFQ,1

(pap + 3Pup),

as the 4D Friedmann equations.



3.2 Relation between a and 8

As we have seen, our model realizes the 4D radiation-dominated universe at late times if the
moduli are stabilized to the values in (3.3). However, as shown in our previous work [11],
the behaviors of the 3D scale factor a and the (inverse) temperature /5 at early times can
be different from those of the 4D universe.

We can see that A > |B| during the moduli stabilization process. Thus (2.15) is
approximated as

g, (3.9)

=@
1
4
=
7 N
Sl
N———

where

v (.CE) _ 24((4) + 12@1(1‘) + 30Q)> (1‘)
ST 240(4) +12Q1 () + 5Qa(x) + Qs(x)

The profile of vg(x) is shown in figure 1 (blue dashed line). As the plot shows, vg(z) ~ 1

(3.10)

for > 10. For smaller values of z, vg(x) has a nontrivial profile. We approximate it by a
piecewise-linear function for 0 < z < 10. Namely, we divide this interval into (J + 1) small
intervals x; < x < w41 (j =0,1,2,---,J), where z; = jA (A = 10/J), and define the
approximated function:
ap {cgj)w—i—cgj) (zj <z <zjp1 <y =10)
Vi (z) = , (3.11)
1 (x > 10)

where the constants ng) and ng) are determined so that ng(wj) = vg(x;) and vgp(a:jH) =

Uﬂ($j+1), i'e'a
G) _ vs(@jt1) —vs(z;) () _ Tjr1vp(x)) — zjvs(zi41)

¢y’ = A ,  cy = A . (3.12)

In the following, we choose A = 0.5 (or J = 20). As shown in figure 1, vgp(a:) well
approximates vg(x) in this case. In section 3.4, we will set a reference time ¢,¢r so that the
evolution equations for B = B — B, and § = 0 — 0, can be approximated as homogeneous
second-order linear differential equations for ¢t > t,.t. For this reference time, we define the
integer k so that xy < B(tref)/bsx < xp11. Then, by solving (3.9), the 3D scale factor a is
expressed as

areka(mref)
—_ 7 <z<
Kk(l‘) 1 (xref ST > xk—l—l)
a(x> = areka(xref)KkJrl(CEkJrl) c K](a;])m (.Tj <z < Tj41 < Ty = 10) ’
J
Cref T
rleo Ki(@ref) K1 (Tpt1) - Ky-1(zg-1) (2> 10)

(3.13)

where & = /b, tref = a(tref), Tref = B(tret)/bx, and the function K;(z) is defined by (D.9).
The detail derivation is listed in appendix D.
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Figure 1. The profiles of vg(z) (blue dashed) and v"(z) (red solid) in the case of A = 0.5.

In the case that z.f < 21 = A, i.e., k = 0, the expression of a(3) becomes simple. Since
3
0< C&O) < 1, cgo) ~ (3.14)

Ky(x) is approximated as

Ko(z) ~ (”31)5/3. (3.15)

X

From (D.10), we have

arefKO (xref) ( €T > 5/3
= & el - . 3.16
CL(CL‘) KO (.’L‘) Qref Tref ( )
Hence, the relation between a and 5 in this case is obtained as
o \3/5
B(a) =~ Bref ( ) , (3.17)
Qref

for arer < a < aj.

3.3 Radiation energy density

During the moduli-stabilization process, the modulus b takes values around b,. Thus, the
radiation energy density (2.14) is expressed as

prod ~ 8%‘26 o (f) , (3.18)
where
v,(2) = 2% {6¢(4) + 3Q1(z) + Qa2()} . (3.19)

Note that the contributions of Q1(x) and Q2(x) are exponentially suppressed and negligible
for « > 10. Thus, just like the treatment for vg(x) in (3.9), we approximate v,(z) by

. : (3.20)

() APz +d¥) (2 <z <wjpr <10)
[ xTr) =
6¢(4)x? (z > 10)

~10 -
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Figure 2. The profiles of v,(z) (blue dashed) and v3P(z) (red solid) in the case of A = 0.5.

where
29 = Leli) = 0p(3) ) _ 2310p(;) — iUp(i) (3.21)
A A
As shown in figure 2, viP(x) well approximates v, ().
In particular, when 8 < b,A, (3.17) can be used and
Up <ﬂ> ~ 80, (3.22)
b
since
d\” =1.27 < dY ~ 80. (3.23)
Hence, in this case, p'®d can be expressed as the following simple function of a.
18
10gdor _ 10gdof ( a )5
rad o
~ ~ 3.24
P T 0 e =

At the second step, we have used the relation (3.17). This can also be derived directly
from (2.14). In fact, when § < b.A, the functions Q; (i = 1,2, 3) are approximated as

W)= a()=Z a()=2E o

which lead to

18
rad 9dof 48b2 3202 10gdof 109dof( ) 5
~ —— - 36((4 ~ ~
p { ¢(4) + + -
18
5

87.‘.3[)254 /82 52 7-[-356 Trgﬁref

rad _  Ydof 16b2 29dof __ 29dot ( )‘
2¢(4 ~ ~
Ps 8w3b354{ ST [~ 2355~ 35, e
18
prad gdof 32bz _ 2gdof -~ 2gdof <a> 5
PRt 52 w0 8 \an

(3.26)
Note that the pressure becomes isotropic pgad ~ pgad in this case because the radiation

does not feel the size of the compact space S2. In fact, the above pressures are (almost)
independent of b,.

- 11 -



3.4 Moduli oscillation

Here we discuss the moduli oscillation around their stabilized values in (3.3). We divide B

and o as
B=B.+B, o=o0.+4, (3.27)
where
Ox
B, =lnb, = 5 In 2. (3.28)

Then the evolution equations in (2.11) and (2.13) are written as

rad rad

A= —*A2—*AB—|—2€_J* (-5+2B) + %Jp-- :
= —3AB — 27 (=6 +2B) +p5 + -,
& = —345 +4e% (—5 +2B) —m?G + -, (3.29)
and the constraint (2.12) becomes
3A% + B2 + 6AB — %&2 = 2¢ 70 (& - 21§)2 + ”;25—2 +pd (3.30)

where the ellipses denote higher-order terms in B or &.

We introduce the reference time t,¢f so that the last term in the second equation of (3.29)
becomes negligible for ¢ > t,.¢. In the following, we choose it as t.f = 10000 (in the 6D
Planck unit). Then, from the first equation in (3.29) and (3.30), we find that

A=0(B,s) (3.31)

Thus, the second and the third equations in (3.29) can be rewritten as
2B de=o  —de=o+ \ (2B
L]l =- e 3.32
( & ) (—46—0* de™" + m2> < & ) T (3:32)

AB, & =e2’s. (3.33)

DL
P2 A2 ) \p2

where

Diagonalizing this, we have

where
1 1
AL = 3 (86_‘7* +m? — V6de=20+ 4 m4> =3 <m%)<2 +m? — m%)? + m4) ;
1 1
A =g (8 7+ m? + V6de 20+ + m4> =3 (mKK +m? + \/mg) + m4) (3.35)

- 12 —



and

o1 =cosf-2B +sinfb - 6,

o = —sinf - 2B + cosb - 6, (3.36)
with
0 =tan! 5 ¢ — = = tan~! KK . (3.37)
m? 4+ V64e=29« +m m2—|—v/m£<11)<4—|—m4

Solving (3.34), we have
p1(t) = 22 sin (VAL — trer)) + 91008 (VAL(E = trer) ),
sin (\/)Tg(t — tref)) + (oo COS (\/)Tg(t — tref)> , (3.38)

>
8 X

pa(t) =

S

where

W

010 = e2Atet) L9 cog HB (tref) + sin O (t ref)}
ref

{
{ 25in 0B (tyef) + cos 05 (t ref)}
{

l\)\w

©20 =e
34 )

X10 = e2Atrer) 19 cog 6’B (teet) + sin 05 (¢ ref)} + §A(tref)9010,
3 . * 3 .

X20 = e2A(trer) {—2 sin GB(tref) + cos 90(tref)} + §A(tref)cp20. (3.39)

In terms of ¢; and s, (the displacement of) the moduli B and & are expressed as

6ng(t)

/b\:)z

t) =

{cos O (t) — sinOpa(t)},
() = e~ 240 {gin 0oy () + cos Opa ()} . (3.40)

Since A(t) > |B(t)|, we can replace A(t) in the exponents with A(t) = A(t) + B(t). In the
next subsection, we will show that A(t) has a nice property to calculate its approximate
expression. Therefore, we express B and & as

—3A(t)
2 {cosOp1(t) —sinbpa(t)},

5(t) = e 240 {sin g1 () + cos Oa(t)} . (3.41)

Figure 3 shows the full numerical solutions and the approximate solutions in (3.41) for B(t)
and G(t). Here A(t) is computed by the method explained in section 3.6. The parameters
are chosen as

m =001, o.=14 (& my =000258),
by =b., o1=o0% b1 =20. (3.42)

We can see that the latters well agree with the formers for ¢ > ..
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Figure 3. The profiles of B(t) (left) and &(t) (right) in the case of t,o; = 10000. The blue solid lines
are the full numerical solutions, and the red dashed lines are the approximate solutions in (3.41),

where A(t) is computed by the method in section 3.6. The parameters are chosen as (3.42)

3.5 Smoothing the oscillation of the 3D scale factor

Now we derive an approximate expression for the 3D scale factor a(t) (or A(t)). For this

purpose, it is convenient to define

A(t) = A(t) + B(t). (3.43)
Then, its evolution is determined by
. ) 1 . 2-2B\ 2 2
3A2=2B2 4 s212(e % - & + 5 (0 — )2+ pred
2 4 2
prot (3.44)

. 1
:2B2+§d2—|—ﬁt°t5p ,
which is obtained from the constraint (3.30). During the moduli stabilization process, the

r.h.s. is approximated as

- 53 1. ~\ 2 2
342 ~2B2% 4 5&2 4+ 270+ (5 _ 23) +

%5_2+prad+.__

67314 3 - 2
~— {cos 0p1 — sin Oy — §A (cosBp1 — sin 94,02)}
67314 3 - 2
+ {Sin 01 + cos By — §A (sin fp1 + cos 9902)}

1 9e—34-0. {(sin@ — cos B) 1 + (cos B + sin ) o}

2
(3.45)

+ %673/‘ (sin 0y + cosBpp)? 4 prad ..

where the ellipses denote higher order terms in Bord (or ¢12). At the second step, we

have used (3.41). The solutions in (3.38) are rewritten as

oL WSIH (\/ Al(t—tref) +51> s
2
09 = )\izo + 3, sin (\//\Q(t — tref) + 52> ) (3.46)

— 14 —



where
8, = tan"! (m\/)qo) ., dy=tan! ((’020\/)\20> . (3.47)
X10 X20

Here note
A2 <\, de <, (3.48)

for t > tyer. Then, (3.45) is simplified as

€—3A

2

3;1:

P+ 5+ {4670* (sin @ — cos #)* + m? sin® 9} 3

+ {86_0* (Sin2 6 — cos? 9) + 2sin 6 cos 9} P1P2

+ {4670* (cos 0 + sin 0)? + m? cos? 9} gp%] 4+ prad 4
e—34A

= 5 (R + B+ M+ ) + 4

= Cre 3 4 pad (3.49)

where we have used that

4677 (sin @ — cos 0)* + m?sin? 0 = Ay,
8e 7 (sin2 0 — cos? 0) 4+ 2sinfcosf =0,
4e7% (cos O + sin 0)® + m? cos? 0 = Ao, (3.50)

and the constant (' is defined as
C = —1 2+ Mgl 20+ Aol 3.51
1=5 X10 T A1¥P10 T X320 T A2930 | - (3.51)

At the last step, we used (3.46). Recalling that p'® is a function of A, the r.h.s. of (3.49)
is almost a function of only A, and its explicit t-dependence is negligible. In fact, as we
can see from figure 4, the oscillating behavior of A is almost cancelled by adding B. Hence

we have’
A \/1 (C’16_3“i + prad). (3.52)
3
From this, we obtain
A 3
t—tref = /A(tref) dA \/01e3A A (A) (3.53)

By taking the inverse function of this, the 3D scale factor a ~ e“ is obtained as a function of ¢.

9We are interested in only the expanding-universe solution (A>0).
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Figure 4. The profile of A(t) (blue solid) and fl(t) = A(t) + B(t) (red dashed) in the left plot.

Those of (t —tg)A(t) (blue solid) and (t — t9) A(t) (red dashed) in the right plot. The constant ¢
and the reference time are chosen as tg = —1300 and t,.f = 10000, respectively. The parameters are
chosen as (3.42).

In the standard 4D cosmology, the 3D scale factor a(t) behaves as
a(t) o< (t —to)?,  (to: constant) (3.54)

where p = 1/2 in the radiation-dominated era and p = 2/3 in the matter-dominated era. If
a(t) behaves as (3.54), the power p is calculated as

p=(t— to)g = (t —to)A, (3.55)

where the constant tg is chosen so that p becomes independent of t. In our setup, this
quantity oscillates in time. Thus, it is convenient to use A instead of A in order to define
“effective power” p (see the right plot of figure 4). In fact, we can easily calculate this power
in the radiation-dominated universe, and it turns out to be that p = 1/2 in the 3D space
while p = 5/9 in the 5D space. In our setup, the universe eventually approaches to a 3D
space in which the moduli oscillation dominates the energy density. In such a case, p takes
2/3, which is the same value as the matter-dominated 3D universe.

3.6 Evolution of 3D space

The expression (3.53) can be rewritten as

R \/ 5 (3.56)

g AT Chre—3A@) 1 ped(z)]
where!?
r Ydof
P (x) = Saaaar i) (3.57)

OPrecisely, p™4(z) should be written as p™*I(A(z)).
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Figure 5. The time evolution of the ratio p™/5%t. The blue solid and the red dashed lines
represent the full numerical calculations and the approximate ones, respectively. The lines from
bottom to top correspond to S = 10,12.5, 15 (left plot) and Sy = 15,17.5,20 (right plot). The other
parameters are chosen as (3.42). The reference time is chosen as t,or = 10000.

From (D.7), dA/dx is given by

_ 1 (1 )
i (3 G-gg) eerzaso
i

! (x > 10)

, (3.58)

and from (D.10)~(D.13), e~34(*) is given by

Ky (x) 3
(Clrefffk(ﬁref)> (@ref < @ < Tpyr)
Kj(x)

3
(areka(ivref)KkH(ﬂ?kH) a 'Kj(wj)>

-3
QAyefT
< 18 Kk(xref>Kk+1(xk+1)"'KJ—l(xJ—1>> (z > 10)

(z; <z <wxjp1) - (3.59)

From these expressions, we can numerically compute the 3D scale factor a ~ eA at
an arbitrary time through the auxiliary variable x, which is the (normalized) inverse
temperature. This approximation makes it easier to compute a at a much later time than
t = tref, which cannot practically be obtained by the full numerical computation.

Here we check the validity of these approximation by comparing with the results of the

full numerical computation. For ¢ > t.¢, the total energy density p'°' is expressed as

Pt = Cre 34 4 pred(4). (3.60)

Figure 5 shows the ratio of the radiation energy density to the total energy density prad/ptot

as a function of ¢. The blue solid lines represent the full numerical results and the red
dashed lines represent the approximate ones obtained by using (3.57) and (3.59). The
constant C defined in (3.51) is determined by numerically calculating the time evolution
of the moduli up to t = t,ef. We can see that our approximation well reproduces the full
numerical results.
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Figure 6. The effective power p defined in (3.55) (left plot) and the reciprocal of w'®! defined
in (3.62) (right plot) as functions of ¢. The (purple) solid, (blue) dashed, (green) dotted and (red)
dotdashed lines represent the cases of 5; = 10, 12.5, 15 and 20, respectively. The constant ¢y in (3.55)
is chosen as tg = —146, —306, —548 and —1332 for those cases. The other parameters are chosen
as (3.42) with by = b, and o1 = 0.

Using our approximate expressions, we can see how the time evolution of various
quantities become the usual 4D ones. For example, the “effective power” p defined in (3.55)

is calculated as

p= - t0)d= (o) -1} T { T |

x A —3A(x) rad
= {tref —to+ [ di dA(fc)\/ ’ } \/C16 3+ iw) (3.61)

Trof dx Cre—34@)  prad ()

Combining this and (3.56), we obtain p as a function of ¢. The constant ¢ is chosen so that
p is almost independent of ¢ at earlier times ¢ < t,ef. Similarly we can obtain the equation
of state:

rad

Wrad = Bs (362)

prad

as a function of ¢t. Notice that its reciprocal w;&l measures the effective space dimensions
that the radiation feels. Figure 6 shows the time evolutions of p and w;ah computed by
the above approximations. In the case of 5; = 10, we can see that p changes from 5/9,
which corresponds to the radiation-dominated 5D universe, to 2/3, which corresponds to
the oscillating-moduli-dominated 3D universe, as expected. For lower initial temperatures,
p once decreases and approaches to 1/2, which corresponds to the radiation-dominated 3D
universe, then turns to increase due to the dominance of the moduli oscillation. From the
right plot of figure 6, we can see that the effective space dimensions decreases from 5 to 3
during the period 105 < ¢ < 108. The number of the effective dimensions are reduced to 3

at later times for lower initial temperatures.
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Figure 7. The ratio p™/5%t at ¢ = t,.¢ as functions of By — B, with o1 = o, (left plots) and
o1 — 0. with By = B, (right plots). The upper plots are in the case of m/m%)( =10 (0. = 15.9),
and the lower plots are in the case of m/m%& =0.1 (0, = 6.6). The red solid, the orange dashed,
the green dotted, the blue dotdashed and purple solid lines correspond to gy = 10,12.5, 15,20 and
30, respectively.

4 Conditions for radiation dominance

4.1 Dependence on initial displacements of moduli

In this subsection, we discuss the dependence of the initial displacement of the moduli AB; =
Br — B, and Aoy = o1 — 04 on the evolution of the universe. As shown in figure 6, it takes
long time until the moduli oscillation dominates the total energy density of the universe
when the radiation dominates at ¢ = t.f. In such a case, if the moduli decays before
the oscillation energy dominates, the universe does not experience the moduli-oscillation-
dominated era. This never happens when the moduli stabilization procedure is described
in the 4D EFT (i.e., by, 3 < m~!). Thus, in this section, we aim to clarify in what case
such unusual situations occur. Notice that the time evolution of the 3D scale factor a is

rad / ﬁtot

determined by the total energy density p*°'. Hence if the ratio p is close to one at

t = tref, the radiation-dominated era lasts for a long time. Figure 7 shows this ratio at
t = tref- In the case that m/ m%){ = 0.1 (lower plots) and the initial temperature is low,
the ratio is close to one only when AB; = Aop = 0, which corresponds to the case that the
moduli have already been stabilized at t = 0. Even small displacements from the stabilized
values lead to the dominance of the moduli oscillation. This is consistent with the analysis
in the 4D EFT. In contrast, in the case that m/m%){ = 10 (upper plots), the radiation
contribution is still non-negligible at ¢ = t,.f also for non-zero displacements. Note that the

moduli stabilization cannot be described in the context of the 4D EFT in this case.
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We should also note that even if the moduli have been stabilized at ¢ = 0 (i.e.,
AB; = Aoy = 0), the contribution of the moduli oscillation becomes non-negligible at
t = tyor when m/ m%)( > 1 and the initial temperature is high. This indicates that the
moduli starts to oscillate due to the pressure in the extra compact space pi*d. We will
discuss this issue in the next subsection.

d
4.2 Effects of the pressure p;*

If no radiation exists, the radiation, the moduli are safely stabilized for any initial values By
and oy. In the presence of the radiation, however, this becomes nontrivial since the pressure

in the S? space p5*d pushes the moduli from the stabilized values. This effect is relevant

only at early times because pgad is rapidly damped to zero. Still, it gives a significant effect

on the evolution of the moduli in some cases, as we have seen in the upper plots of figure 7.

In this subsection, we analyze the moduli evolution equations focusing on early times and

keeping the pgad term, which was neglected in section 3.4.

When § < b, (i.e., the temperature is much higher than m%)(), the pressure in the

compact space pPd is almost independent of the moduli,
rad ., 10gdof rad _ 29dof (4.1)
w36 2 T g3p6° :

In this case, the moduli evolution equations become inhomogeneous differential equations.

Including p5*¢, the evolution equation (3.34) is modified as

A= (M) aebpe [0 ) (42)
o)) A2 ) \ 2 —siné

where A1 2, p1,2 and 0 are defined in (3.35), (3.36) and (3.37). We have neglected terms

involving A. From (3.9) and the fact that vs(z) ~ 3/5 for < 1, we can express the inverse

3/5

temperature as 8 ~ (ja”/°, and thus obtain

10gqof _18 1 _183
prad: 9do 5AECQ€ SA,

73616
29d f _18 1 02 18 7
rad o A =A
~ e 50 = —Te 5. 4.3
bz w339 5 (43)

If we assume that fl(t) < A(O) < A1, (3.45) can be approximated as (3.49). Thus the
energy density of the moduli oscillation is estimated as

—34
- € . .
P = =t = o (B 83+ Mt + agd). (4.4)
Here we assume that
1/, )
Cu= 3 (@% + @5 + Mgt + )\2<Pg> (4.5)

is almost independent of the time ¢. Then, similarly to (3.52), we can express A as

- 1 - 18 7
~ 4] Z —3A —=A
A~ \/3 (Cre 4+ Cre=54), (4.6)
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which leads to

i 2 ¥
N A 3 N \/Tiu (62 — 1) for ClI > CQ
t ~ dz s = 5 _ (4 7)
1 Crre—3% + Cae

[ 91 34 ’
5 35730, (65 1) for Ciies” <« Cy

By taking the inverse function, the 3D scale factor is expressed as

o — \ 2/
(1 + 32011 t) for Ci1 > Cy
a(t) = e ~ 5/9 . (4.8)
<1 L3 ;’CQ t) for Cpres? < Cy

Therefore, we find the time dependence of the inhomogeneous term in (4.2)

7
-z
202 < \V 3011 5)

for C C.
34 rad ., 49dof o WA ) 2 or G > €2
2e2pi?t ~ 350 1041 ~ 7 (4.9)
I 2C: 3v3C 6 i
?2 <1 + 5 2t> for CuegA < (Y

To illustrate the situation, we roughly approximate this as

2e34prd o 2 (1 4 at) (4.10)

where a ~ /Cq1 for Ci1 > Cs, and o ~ /(s for Ci1 < 01163A/5 <& (. Then (4.2) can be
solved as

¢1(t) = pur {cos (\/Et) + ;’\7)\% sin (\//\7175)} 2C, cos9 (\Ft )

5a\/7
w2 (t) = @ar {cos (\/)Tt) 23\77 sin (\//Tt>} + 2;3\81;9 <ft > (4.11)
where

G(z;¢) = {Si(z + ¢) — Si(c) } cos(z + ¢) — {Ci(z + ¢)

— Ci(c)} sin(z + ¢). (4.12)
The functions Si(z) and Ci(z) are trigonometric integrals defined by
? sin w > Ccos W
= d Ci(z) = — d . 4.13
9= [aw = ci = [Caw (4.13)

We have used the initial conditions,

3.
©1(0) = @11 = 2ABrcosf + Aoysind,  ¢1(0) = = A(0)e11,
3 .
©2(0) = o1 = —2ABrsin 0 + Aojcosf,  ¢2(0) = §A(0)<p21,

' Lfg - Aor-AB2 . ™ 2
A(0) = 3 {26 o1 (1 — eAo n° + T(AUI) + CQ} = Hi, (4.14)

where AB; = By — B, and Aoy = o1 — 0.
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Figure 8. The profiles of H(z;¢). In the left plot, the parameter ¢ is chosen as ¢ =
107%,1072,1,10%,10* from top to bottom. The right plot shows the first peak value of H(z;c)
as a function of v = Injg c.

In order to see the impact of pgad on the spacetime evolution at early times, we focus

on the case of AB;y = Aor = 0. Namely, the moduli have already been stabilized at
the beginning of the radiation-dominated era. Then the energy density of the moduli
oscillation (4.4) is estimated as

2 _
PO = 205 e 34 {(:os2 OH (\/Xt; {f) + sin® OH (\/Et; ?) } ) (4.15)

2502
where

H(z;c) = G*(2;¢) + {G'(z; c)}2
= {Ci(2+¢) = Ci(c)}* + {Si(z +¢) —Si(c)}?. (4.16)

Figure 8 shows the profiles of the function H(z;¢). As we can see from the left plot, H(z;¢)
is almost independent of z when ¢ < 1. In that case, H(z;c) ~ In% ¢ (see the right plot).
When ¢ > 1 (y > 0), H(z;c) is an oscillating function around 1/c?, whose first peak is
around z = 3 and H(3;¢) ~ 4/c>.

Here let us assume that

Ch1 < Ch. (4.17)

Then, since a ~ /Ca, (4.15) becomes

posc(t)wﬁe_?’g(t) cos® OH | vV Ait; AL +sin? OH | v/ at; ) . (4.18)
25 Co Cs

Thus if

2 73A(tref) )\
posc(tref) ~ @67 0082 OH \/Ailtref; ﬁ + Sin2 OH \/Ygtref; A2
25 Cy Cs

< P (tyef) o Cpe™ 5 Altre) (4.19)
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Figure 9. R as a function of ;. The (purple) solid, (blue) dashed, (green) dotted, and (red)
dotdashed lines correspond to m = 0.1, 0.01, 0.001 and 0.0001, respectively.

holds, the assumption (4.17) is justified. This condition is rewritten as

R« 1, (4.20)
where!!
2 1/3 A A
R=— (1 + vV CQtref) / cos® OH | v/ Aitret; 2L 4 sin? 0K v Aotref; - B
25 Co Cs
(4.21)

In this case, the radiation energy is dominated at t = t.ef. If (4.21) does not hold, the
contribution of the moduli oscillation to the total energy density cannot be negligible, and
it will dominate after t = t,.f. Note that A1, Ay and 6 are function of m and o, (or m%){),
and Cy is a function of .

Figure 9 shows R as a function of the initial (inverse) temperature Sy for various values
of m and o, (or m%)() The other parameters are chosen as gqof = 100 and t.ef = 10000.
We can see that the (blue) dashed lines in the upper left and the lower right plots are

consistent with the result shown in figure 7. In the case of m = 0.01 and m%)( = 0.001, the

1We have used the approximate expression in (4.8), and 3\/3/5 ~ 1.
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contribution of the moduli oscillation becomes non-negligible for 5 ~ 10 even when the
initial moduli values are set at the stabilized values. In contrast, in the case of m = 0.01

(1)

and myg = 0.1, the radiation contribution always dominates.

When m > m%)(, AL~ m%)g, A2 ~m? and tand < 1 (see (3.35) and (3.37)). In this

case, (4.21) reduces to

2 10gq0f t 1/ (1) 3 (1)
Row 14 ) 2ot et D trer: B 4.22
25 ( + 3 ,Big H Mg lref; 1ogdof mKKﬁI ) ( )

and is almost independent of Ay ~ m?. Recalling the behavior of H(z;c) (see the right plot

in figure 8), R is estimated as
1 1
(k) (it < 1)
R ~ 1
1)2
ik Bf

We have assumed that the factor in front of H is O(1). Therefore, the moduli oscillation

dominates the total energy density when m%){ 33 < 1, while the its contribution is negligible

. (4.23)
<1 (migst >1)

when m%l)(ﬁf’ > 1. We can see these properties from the upper plots in figure 9.
Before concluding, we rewrite various mass scales using the 4D Planck mass Mp;. In
order to count the mass dimension, we revive the 6D Planck mass Mg in the expressions.

Since the physical volume of S? is!?
Vo = 4r?02 My % = m2e”* Mg 2, (4.24)
the 4D Planck mass Mp is related to the 6D Planck mass Mg through
M3, = VoM = n%e® M. (4.25)
Thus, we have
e—U*/Q
Mg = Mpy. (4.26)

(1)

The KK mass scale my is expressed as

—0x/2
m) — \/§M6 — 22~ /2 Mg = 2/2e7 /2 . € _ 2v2 _
KK b T s

*

For example, Mg = 7.0 x 10'* GeV and m%){ = 1.8 x 102 GeV for o, = 14.
The condition that the moduli oscillation dominates the total energy density m%)( 3 <1
is expressed as

13 , _ 2/3
1/3 202 e o« /2
> (m%l})() M62/3 = <{e U*Mp1> ( - Mp1>

1/3
24/2
= ({) 6_20*/3MP1 > m%l})(, (4.28)

where 11 = ) ! is the initial temperature. We have used (4.27) at the last inequality,

12YWe regard b. and o. as dimensionless constants.
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5 Summary

We analyze spacetime evolution during the moduli oscillation in a 6D model compactified
on S?% in the presence of the radiation. In our previous work [11], we studied the model
by numerically solve the field equations, and found that the radiation contribution to the
total energy density remains non-negligible for a long time in a situation that the moduli
stabilization dynamics cannot be described in the context of 4D EFT. This is in contrast
to the result obtained by the conventional 4D EFT approach. However, such a numerical
approach is available for only a limited range of the time. In fact, it is practically difficult to
pursue the evolution until the spacetime behaves like 4D. In the current work, we develop
a procedure to compute it for large ¢, and see the transition from 6D to 4D explicitly.

The evolution of the 3D scale factor is characterized by the power p defined in (3.55).
When the initial temperature is high enough, p monotonically increases up to 2/3, which
corresponds to the moduli-oscillation-dominated 4D universe. For lower initial temperatures,
it first decreases and approaches to 1/2, which corresponds to the radiation-dominated 4D
universe, and then turns to increase. This indicates that the radiation feels the decrease
of the effective space dimensions before the moduli oscillation dominates the total energy
density. In such a case, the universe never experiences the moduli-oscillation-dominated era
if the moduli decay before the dominance of the moduli oscillation.

We also study the conditions that the radiation remains to give a dominant contribution
to the total energy density for a long time. We found that such a situation occurs when the
moduli stabilization dynamics cannot be described in the context of 4D EFT.

Another important result we obtained is that even if the moduli have already been
stabilized at the beginning of the radiation-dominated era, the pressure in the extra compact

space pgad pushes the stabilized moduli and they start to oscillate again in some cases. This

occurs when the KK mass scale m&l})( and the initial temperature 11 satisfy m > m£<11)<

and (4.28), respectively. In the case that the moduli stabilization is described in the context

of 4D EFT, this never happens because p5* is negligible in such a case.

In this work, we have neglected the decay of the moduli, which is essential to the
study of realistic scenarios. When m > m%)(, the (longer) lifetime of the moduli is roughly

estimated as

3
Mﬁ? (60*/2> 1
Tmdl ~ )5 = Mg . (5.1)
m%l)( 2v2

For example, this is 6 x 107 in the unit of My ! for g, = 14. Thus, we can see from figure 6
that the moduli decay before the moduli oscillation dominates the total energy density in
this case. Using (4.26), the lifetime (5.1) is rewritten as

0% /2 3 o« /2 20«
e e e
Tmdl ~ ( ) : (5.2)

2v/2 Mp 16+/2Mp;

Thus, Tma ~ 5.5 x 10732 s for o, = 14 (m§<11)< = 1.8 x 10!2GeV), and the moduli decay
much before the Big Bang Nucleosynthesis. Of course, this is just a rough estimation,
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and we need to specify the matter content and their interactions to the standard model
particles for the proper estimation. In the subsequent papers, we will take it into account
and investigate a full thermal history of the universe, incorporating the Standard Model
sector localized on a codimension-two brane [13-19].
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A Thermodynamic quantities

The dispersion relation of a 6D relativistic or massless particle is
1

b2 b2 sin? 6

Thus the energy of the particle with the 3D momentum k = (k1, k2, k3) and the angular

1 -
KMy = —k2 + ?kz + ke + s ky = (A1)

momentum [ on S? is given by

k2 141
Ekt = ko = a2t (b2 ),

(A.2)

where k = V'k2. Since each one-particle state is specified by E, [ and the ‘magnetic quantum
number’ m = —I[,--- I, we have (2] 4+ 1) degenerate energy eigenstates for each k and I.
Hence the grand potential is expressed as

of (204 1)
J(B, 1, V3, V2) = izgd f%zg / dk k21n< T+ e BEri— N))

_ gdofV3 3 gaof (2L +1)V3 [T E+8
—¢W254L1 a(+e™) iZW dqqln lxe VT “)

(A.3)
where gqof denotes the degrees of freedom for the 6D relativistic particles, S is the inverse
temperature, p is the chemical potential, and V3 = a® and V, = 47b? are the comoving
volume for the 3D space and the physical volume of S?, respectively. The upper (lower)
signs correspond to the case of bosons (fermions). At the second equality, we have rescaled
the integration variable and the KK masses as

B B Aml(l+1)  BVI(I+1)
ngkv cl:ﬂ VQ - b :

The function Lig(z) in the second line of (A.3) is the polylogarithmic function. In the

(A.4)

following, we consider a situation in which e~®+## <« 1 for [ > 1. Then the grand potential
can be approximated as

of V . 4
T(B Vi Va) = =555 {ﬂh(ieﬁ“) + e, (ﬁ VZ) } , (A.5)
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where

Qi(z) = ix%(l +1)(20 + 1)Ko <x,/l(z + 1)) : (A.6)
=1

Here K(z) is the modified Bessel function of the second kind.
From (A.3), various thermodynamic quantities are calculated as follows. The upper
(lower) signs represent the case of bosons (fermions).

Radiation energy density

1 W )
rad
V3Vo ( G (89)
o 9dof : Bu B
~ S rpi {j:6L14(j:e )+ e (3Q1 + QQ)} , (A7)
where
(o]
Qo) = —2Q)(x) = 3 P2(1 + 1)¥2(20 + 1), (w 1+ 1)) . (A8)
=1
3D pressure
1 9J 9dof .
rad _ ~ o B B
= — ~ +2Liy (£ . A9
D3 Vo 0V = 2230, { ig(£e) +e Ql} (A.9)
2D pressure
1 0J Gdore
rad o
= —— ~ . A.10
Pz Vs 0Vy — Am2BAy, 02 (4.10)
The arguments of the functions 1 and @2 are understood as /47 /Vo = [3/b.
We should note that
prod = gpiad 4 gprad, (A.11)
The profiles of the functions #2Q;(x) (i = 1,2, 3) are shown in figure 10.
B Conservation law
Including the radiation contribution, the energy-momentum conservation law is
VT = 0uT + T Thy — Thy T =0, (B.1)
where
t _+t.2, € d _ tot
Tt 50’ +@+V(U)+pra :po,
i 7 1 2 e’ rad | — i, tot
T'; =46"; —50 —}—@—{—V(a) D = —0";p3",
4 5 L. 2 e’ rad — tot
T4:T5:—§O' —@+V(U)—p2 :—p2 . (B2)
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Figure 10. The profiles of 22Q;(x) (i = 1,2,3).
From (B.1) with N = t, we have

3a 2b
-tot tot tot tot tot\ __
P+ (p + p3 )+T) (p + p3 )—0, (B.3)

where the dot denotes the time derivative. The other components hold trivially. By using
the dilaton field equation in (2.9), the conservation law (B.3) is reduced to

36 2b 36 2b
prad 4 (: + b) prad 4 ;“pgad + ?péad =0. (B.4)

Plugging (A.7), (A.9) and (A.10) into this, we obtain
g {i24Li4(ieﬁﬂ) + e (12Q1 +5Q2 + Q3)

—Bp (£6Lig(+e™) + ™ (3Q1 + Q2)) }
3a '

a

{i8Li4(ieB“) + e (4Q, + Qg)} + %eﬁﬂ (2Q2 + Q3), (B.5)
where
Qs(z) = 2Q2(x) — 2Q5(x)

= ix4l2(l +1)%(21 + 1)Ky (w I+ 1)) : (B.6)
=1

The arguments of Q1 23 are understood as (3/b.
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C Moduli masses

Here, we derive the mass eigenvalues for the moduli. The kinetic terms for b comes from
the Einstein-Hilbert term. Since

R=-——-—-—_-=_= _ = _
a a> b b ab b2
66 662 . .. 124 .
:_ﬁ_%—élB—GBQ——aB—%_QB-I-“', (C.1)
a a a

where the ellipsis denotes terms involving the space derivatives, the Lagrangian terms for

the moduli are
1 1 2 o0 2
£= 3RO~ S0Modyo ~ %FMNFMN —2e77 — %(a —0,)?

c—4B 2
—2e7 — m7((7—(7*)2—1—--- . (C.2)

. 1 e
— 32 —2B -2
(3B* +e )—1-2(7 3

We have dropped total derivatives and terms involving @ or d, which will be negligible at
late times. Using the stabilized values in (3.3), the moduli potential (3.2) is expanded as

2-2B\ ? 2
—g €2 m
de1:2<€ 2 — 1 > —|—7(U—U*)2
1 16e77*  —8e 7~ 0B
=—-(0B,¢ C.3
o (98:99) (—860* m2—|—4e”*> (&;) L (©3)

where 6B = B — B, and do = o — 0, are the fluctuation around the stabilized values, and
the ellipsis denotes higher order terms in them. Thus, after canonically normalizing the
moduli fluctuation modes, the quadratic terms in them are written as

8 —0o 8 —o Py
_LYoasm e Yooz L(5E 3¢ 7 T T (9B
L=3500B) +5(B0)" =5 (53’50> (‘j@e‘”* m? 4 ae=o | \5o ) T (C-4)
where
6B = V65B. (C.5)

We can diagonalize the mass matrix by the redefinition of the moduli (fluctuation) as

1 1 m? m3
L= +5(062)° + Shol + 25+, (C.6)

where the mass eigenvalues are

1
m% = (3m2 +20e7 %" — /9m?t + 24m2e—+ + 4006_20*)

205 e 1 M2 , 25 (1)

m-
2
1
m% 8 (3m2 +20e7% + v9mt + 24m2e—+ + 4006_2“*)
m2

5 1 25
=—+ Em%)g + 6\/9m4 + 3m2m£<11)<2 + Zm%)f, (C.7)
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and the redefined fields are

— 1)2 1)2
(3m3 — 8e™7*) 6B + 4y/6e" 760 (Gm% - 2m£(l)<) 0B + m](KI)< o0

o1 = = ;
\/9m3 — 48m3e=o+ +160e=27 /6ms — amgm{2 + 5m{)/3
—~ 1)2 1)2
by = (3m3} — 8e77*) 6B + 4V/6e o (67”% - 2m£<1)<) 0B + m%{%{ oo
2 = =

\JImd — 48mle=o +160e=27 \J6md — am3m{ 2 + 5m{)/3

When m <« m%)(, they reduce to

mwfm mwfw>
1 —= 5 ; 2 —= 6 KK>

2
1 ~ \/Q(S&B +do), Pg ~ \/E(—Q(sB +do).
(1)

When m > my., the above expressions are approximated as

and

1
mp >~ \/§m§q)<, mo >~ m,

and

1 ~V60B, Py~ ,/% (1668 + d0).

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

Therefore, we cannot discuss the stabilization of the size modulus in the context of 4D EFT

in this case.

D Derivation of (3.13)

From (3.9), we obtain

/5#1 ds _/aj+lcm—lnaj+l
8 BuFB/b)  Ja a a

where a; = a(f;), for x; < f/bx < xj41(< 10). The Lhs. of (D.1) is calculated as

Tit1  dx 1 x S 1 cgj)ﬁ + cgj)b*
L wmm = oo = (BT )
s wvg (@) [ a4 e 5b.  C3 p
where
o Tjt1 _ (J+1DA
B = ()

B cgj)wjﬂ +c5 a cgj)(j + 1A+ céj).
Thus, we can express a as a function of 3 as
Re)
(8) ( L )1/ 2
alf)=ajy1 | ————— ,
J Bj 0(1])6 4 C(Qj)b*

for x; < B/by < zj11(<L 10).
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For /3 > 10b,, the corresponding equation to (D.1) is

a B/bs dx I5]
n-% = S .
1 ag 10 x n 100,.’ (D-5)
which leads to
ajpB
= . D.
alp) = 122 (D.6)
From (D.4) and (D.6), we have
() ()
1 ci’'r+ec
Ay — —In|B; "2 zi<x<zipr <10
A(x) _ J+1 Céj) ( J T > ( J Jj+1 )’ (D.7)
Ay +1In— (z > 10)

10

where = /b, and A; = Ina;.
For the reference time t,.f, we define the integer k so that xp < B(trer)/bx < Tiy1.
Then, from (D.4), we obtain

Qk+1
pof = —FHL D.8
ref Kk(l‘ref) ( )
where ayof = a(tref), Tret = B(tref)/bs, and
) )
) @)\ e ) @)\ Ve
' +c Tit1 ' +c
KJ(JJ) = (B]1:1:2> = < (]) J (J) . 1 . 2 ) . (Dg)
€1 Tj+1 + €3
Therefore, using (D.4) repeatedly, we have
Af41 areka(xref)
a = = D.10
0= %) = Ralw) (B-10)
for xref < o < wpyq,
o) = a2 Ok 1 Bhg1(Tha1) ot Kp(@rer) K1 (Th41) (D.11)
Kpy1() Kiy1() Kiq1(x) ’
for 11 < < Tpq0,
(2) = S — 0K () o K151 K (@)
alz) = — 0K () ——— = a; 1 K (25 1) (25—
Kj(x) 7 K)o T T K ()
1
== ap1 Kpy1 (@) - Kj(2) ——
+148 84 + I B @)
1
= Gyt K (Tret) Kig1 (Trg1) - - - K (25) ., (D.12)
¢ ¢ A Kj l‘)
for z; <o <xjp1 <xy=10, and (D.6) is expressed as
x
a(x) = aret — K (Tret) K1 (1) - - Ky—1(xy-1), (D.13)

10
for z > 10.
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