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1 Introduction

Due to the lack of direct evidence for new physics at the Large Hadron Collider (LHC), the
method of standard model effective field theory (SMEFT) has become the framework to
indirectly detect new physics and interpret data. The SMEFT supplements the SM with
higher dimensional operators O(n)

i ,

LSMEFT = LSM +
∑
i

C
(6)
i

Λ2 O
(6)
i +

∑
i

C
(8)
i

Λ4 O
(8)
i + · · · , (1.1)

where C(n)
i is the Wilson coefficient of operator O(n)

i of dimension n. No matter what the
real UV theory is, we can always integrate out the heavy particles and match the UV theory
onto SMEFT by standard matching procedure. The C(n)

i will store the information of the
heavy particles in the UV theory. As long as we assume the UV completion satisfies the
axiomatic principles, such as unitarity, analyticity and locality, the Wilson coefficients are
constrained by the positivity bounds [1–3]. In recent years, positivity bounds have made a
lot of progress theoretically [4–27], and have been widely used in cosmology, field theory
and particle physics [28–66].
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The leading positivity bounds for the s2 terms in the forward (t = 0) limit (s, t being
the Mandelstam variables) of the amplitude are phenomenologically relevant for the dim-8
coefficients at tree level. The most widely used positivity bounds are obtained by considering
forward elastic scattering of two external states [3, 27, 32, 36, 47, 67–75]. However, the
elastic bounds are not always optimal. In some cases, the bounds obtained by using convex
geometry method may be tighter than the elastic bounds [12, 13, 62, 76–79]. In the convex
geometry approach, finding the positivity bounds is equivalent to identifying the extremal
rays of the positivity cone. The convex cone is constructed by working out the generators of
irreducible representations (irreps) from the Clebsch-Gordon (CG) coefficients. Therefore,
as long as we know all the symmetries of the external states of the forward scattering, the
relevant bounds can be achieved to constrain the Wilson coefficients.

The above bounds are acquired under the assumption of tree level scattering, thus may
become invalid when we consider the modifications of the loop diagrams. There have been
some works study one-loop level positivity bounds in the generic EFT in refs. [6, 7, 20, 65].
These literatures consider EFTs that contain only one particle who is a scaler or a goldstone
boson, and they drive positvity bounds on coefficients of sn terms, with n ≥ 2. However,
to our best knowledge, the loop-level positivity bound for only s2 terms in the SMEFT
framework, which usually contains more than one particle, are still lacking. Besides, only
for dim-8 coefficients in the SMEFT, some specific UV models can induce loop-matching
coefficients that destroy existing tree level positivity bounds for four-Higgs (4-H) scattering.
Even though dim-8 coefficients satisfy positivity bounds at the cutoff scale, they may be
driven away from the positivity region by their renormalisation group (RG) running [55].

In the present paper, we study the generalization of positivity bounds at the one-loop
level with the convex geometry method. This method is suit for any forward scattering,
whether the initial state and the final state are the identical. We mainly focus on the
Higgs sector, i.e. consider the forward scattering between 4-H in SMEFT. Then, we carry
out a complete one-loop calculation and collect all possible contributions that can provide
s2-terms to the amplitude. The effect of one-loop RGE is also included in our consideration.
In addition, We will verify the correctness of the new positivity bounds with several special
UV models as examples.

The paper is organized as follows. In section 2, we review the formalism of the convex
cone approach for positivity. In the process of obtaining the master formula, the tree level
assumption is not adopted, so the framework can be used for the loop order. In section 3,
we apply the convex approach to 4-H process at tree level to obtain the existing bounds
that are widely known. The loop level corrections to positivity bounds as well as the several
explicit examples of UV models are analyzed and discussed in section 4. Section 5 explores
RGEs effects of the dim-8 Wilson coefficients and the variation of bounds with the scale.
We summarise and conclude in section 6.

2 Formalism

We first review the general analytic structure of the forward scattering amplitude up to one
loop order. For the fixed t(we focus on t = 0), the analyticity of the scattering amplitude
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requires that the amplitude is only an analytic function of s. On the complex-s plane, the
singularities of the amplitude include poles and branch cuts, which basically locate on the
real axis. The pole corresponds to the mass of the state appearing in the propagator of the
tree diagram. And the branch cut relates to the production of multi-particle states in the
loop, expands from the threshold of the production to infinity on the real axis. The branch
cut is symmetric about the origin of the axis because the amplitude, as is implied by the
crossing symmetry, is invariant under s↔ −s. Therefore, when the multi-particle states are
all massless, the branch cut can extend to the whole axis.1 Except for these singularities,
the amplitude is analytical on the s-plane, see figure 1(a). For a general amplitude on s
that is away from these singularities, we have:

M (s) =
∮
C
ds′

M (s′)
s′ − s

(2.1)

where the contour C has been chosen to avoid the singularities of the amplitude, as shown
by figure 1(a). Eq. (2.1) works because the integrand only has a pole on s′ = s that stays
inside the contour. In this paper, we are concerned with the leading positivity bounds on
the s2 terms of the amplitude. To extract the s2-dependence from the amplitude, we define
a quantify f to be the second derivative of the amplitude to s, for the process ij → kl, with
i, j, k, l are particle indices,

f = 1
2
d2

ds2Mij→kl (s, t = 0)
∣∣∣∣∣
s→0

. (2.2)

However, this formula has an underlying problem. The existence of singularities can make
the function f singular in the limit s→ 0. At the tree level, the low-energy region of Mij→kl
can be calculated by the EFT. In the massless limit, there is a pole at s = 0 originating
from the propagator of the SM particle. When we calculate the loop diagrams in EFT,
the log (−s) term is inevitable, and it is a branch cut extending from the origin to infinity
on the real s-axis. In this situation, such a log-term is singular in the limit s → 0. To
address the s→ 0 singularity, previous literatures have considered several methods such as
introducing a small mass m for the internal propagator, or moving the contour from origin
to the complex plane [6, 7, 20, 65]. In the present paper, we make use of the “subtracted
amplitude” to remove such a singularity [5].

2.1 Subtracted amplitude

The full amplitude is defined by the contour C in figure 1(a), which consists of an integral
on discontinuities along the entire real s axis, and two semi-circles at infinity which vanish
because the amplitude falls fast at infinity. We divide the integral region into the infrared
(IR)-region and the UV-region with separation points at s = Λ2 and s = −Λ2, and subtract
the IR-part of this integral from the amplitude. In this way, the amplitude after subtraction
will not include any singularity in the low-energy region, i.e. low energy poles and low

1For the non-analyticity of the massless theory at loop level, except for the massless cut, there can be IR
singularities such as the soft or the collinear divergences. However, for the 4-H processes we considered in
section 4, such IR singularities do not appear, thus the forward limit is well-defined.
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(a) Amplitude.

C ′

M′

CεΛ

Λ2

Re s

Im s

(b) Subtracted amplitude.

Figure 1. The contour integration on the analytical s-plane of the amplitudes.

energy branch cuts vanish in the amplitude. More precisely, we define the M ′ as the
subtracted amplitude:

M ′ (s) = M (s)− 1
2πi

∫ +Λ2

−Λ2
ds′

DiscM (s′)
s′ − s

= 1
2πi

(∫ −Λ2

−∞
ds′ +

∫ ∞
+Λ2

ds′
)

DiscM (s′)
s′ − s

= 1
2πi

∮
CεΛ

ds′
M ′ (s′)
s′ − s

. (2.3)

In the last line we have deformed the contour C ′ to a small circle CεΛ by the Cauchy
theorem, with 0 < ε < 1, see figure 1(b). Due to the analyticity of the subtracted amplitude
inside |s| < Λ2, the theory will not change when we change the radius of the dispersion
relation εΛ. The

√
s ≤ εΛ is where we probe the theory and the EFT is valid inside CεΛ. It

can be seen from eq. (2.3) that

• M(s) contains singularities on the whole real s axis, thus it equals to the integral on
the discontinuities of M(s′)

s′−s along the region [−∞,+∞].

• M ′ (s) doesn’t contain any discontinuity in [−Λ2,+Λ2]. We only need to integrate
the interval region in which |s| is greater than Λ2.

It is not difficult to subtract the amplitude. We give an example for the subtraction
scheme in appendix A. The result is very simple. The single pole whose location is lower
than Λ2, such as 1

s−m2 with m2 < Λ2, will be removed from in M(s) directly. Besides, the
log-term log (−s) appearing in the loop calculation transforms as

log (−s)→ log (−s)− 1
2πi

∫ Λ2

0
ds′

Disc log (−s′)
s′ − s

= log (Λ2 − s) (2.4)

where the Disc log (−s) = −2πi have been used. This transformation can be understood as
follows: the branch cut starting from the origin of real axis, after the subtraction, starts
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from Λ2. Nevertheless, to address the IR singularities, different prescriptions have been
taken in previous literatures. One can introduce a small mass m for the internal propagator
as a regulator [6, 7, 20, 65]. However, the corresponding bounds may cause tricky problems
when m→ 0. Alternatively, ref. [6] defines the generalized effective couplings by moving
the contour from origin to the complex plane. But under this circumstance, the tree-level
coefficients are subdominant to terms that are generated from logarithms of loop calculations.
In contrast, we will see that our prescription only produces small loop corrections to the
tree-level coefficients.

Note the form of eq. (2.3) is similar to that of eq. (2.1). The difference is that now the
contour is CεΛ, in which the M ′(s) is analytic. The utilization of the subtracted amplitude
can make sure the effectiveness of loop calculation, and does not affect the evaluation of
the integral on the UV-region. After that, we only need to prove that the second derivative
of the subtracted amplitude will be constrained by the positivity bounds.

2.2 Second derivative of the subtracted amplitude

Directly taking the second derivative of eq. (2.3) to s we obtain

f ′ ≡ 1
2
d2

ds2M
′ (s)

∣∣∣∣∣
s→0

= 1
2πi

∮
CεΛ

ds′
M ′ (s′)
(s′)3

= 1
2πi

(∫ −(εΛ)2

−∞
ds′ +

∫ ∞
+(εΛ)2

ds′
)

DiscM ′ (s′)
(s′)3

= 1
2πi

[∫ ∞
(εΛ)2+m2

du DiscM ′
(
m2 − u

)
(m2 − u)3 +

∫ ∞
(εΛ)2

ds′ DiscM ′ (s′)
(s′)3

]
, (2.5)

where m2 is the sum of the squared masses of external states, and variable is changed in
last line: s′ = m2 − u. Utilizing the crossing symmetry, Mij→kl (s) = Mil̄→kj̄(m2 − s) ≡
M ij→kl(m2 − s), where M is crossing of M , the DiscM

(
m2 − s

)
becomes

DiscM
(
m2 − s

)
≡M

(
m2 − s+ iε

)
−M

(
m2 − s− iε

)
= M (s− iε)−M (s+ iε)
≡ −DiscM(s) . (2.6)

After that, taking the massless limit we can rewrite eq. (2.5) as

f ′ = 1
2πi

∫ ∞
(εΛ)2

ds′

(s′)3

[
DiscM ′

(
s′
)

+ DiscM ′
(
s′
)]
. (2.7)

By the Schwartz reflection theorem Mij→kl (s+ iε) = M∗kl→ij (s− iε), and the generalized
optical theorem, the discontinuity of the amplitude is

DiscM (s) = Mij→kl (s+ iε)−Mij→kl (s− iε) (2.8)

= Mij→kl (s+ iε)−M∗kl→ij (s+ iε) (2.9)

= i
∑
X

∫
dΠXMij→X (s+ iε)M∗kl→X(s+ iε) . (2.10)
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Finally, we reach the master formula as follow:

1
2
d2M ′ (s, t = 0)

ds2

∣∣∣∣∣
s→0

=
∑
X

∫ ∞
(εΛ)2

ds′

2π (s′)3

∫
dΠX

[
Mij→XM

∗
kl→X + (j ↔ l)

]
. (2.11)

It should be emphasized that the traditional bound f ≥ 0 can also be corrected at the
loop level, because residues of the IR singularities are affected by loops. One may be
curious for what is the difference between the traditional bound f ≥ 0 and the subtracted
bound f ′ ≥ 0. The answer is that the subtracted bound will be physically stronger than
the traditional bound [5, 31, 34]. For example, we consider the forward scattering for
identical particles. The traditional bound f ≥ 0 is acquired by taking different treatments
to “regulate” singularities in the IR region in the EFT [6, 7, 20, 65]. By contrast, this
paper directly subtract the amplitude by these singularities, i.e. f ′ = f − flow, with
flow =

∫ Λ2

0 ds′
[
ImM(s′)/s′3

]
≥ 0, because the imaginary part of the forward amplitude

is positive. We stress that the subtracted bound f ′ ≥ 0 is stronger since such a positive
condition implies f ≥ flow, which is a tighter constraint than f ≥ 0.

With similar argument, the terms with s-dependence being higher than 2 in the
IR amplitude can be dropped. For the quantity f , dropping these terms is safe, since
d2(sn log(s))/ds2 → 0 as s → 0 for n > 2. However, one may find that these higher-s
contributions can enter the dispersion relation through flow because they all contribute to
the discontinuity. Fortunately, we will prove that higher-s effects can only provide negative
contributions to the bound f ′, and neglecting them just strengthen the bound. In this sense,
we are working in a truncated EFT whose amplitude is kept up to O(s2). More explicitly,
we divide the full EFT amplitude in the IR region into a truncated part and a higher-s
part, M = Mtruncated +Mhigher-s. The positivity condition becomes

f − 2
π

∫ Λ2

0
ds′

ImMtruncated(s′)
s′3

− 2
π

∫ Λ2

0
ds′

ImMhigher-s(s′)
s′3

=
∑
X

∫ ∞
(εΛ)2

ds′

π (s′)3

∫
dΠX

(
Mij→XM

∗
ij→X

)
≥ 0 .

Note that the contribution from the higher-s part to the l.h.s. is negative because its
integral is positive. Removing this contribution from the equation will only strengthen the
inequality. Therefore, it’s safe for us to neglect the higher-s amplitude, as we will do in the
following content.

2.3 Group theory for positivity

For the forward scattering ij → kl with i, j, k, l being external states, we assume each state
belongs to an irrep r of a symmetry groups. Two-particle states such as |ij〉 are the direct
production of two irreps ri and rj . They can be decomposed into irreps: ri ⊗ rj = ⊕

α
rα,

where α is the index for inequivalent irreps. For example, in the 4-H case where H belongs
to 2 of SU(2)L symmetry, the decomposition is: 2⊗ 2 = 1⊕ 3.

The intermediate state |X〉 can be the one-particle extension of SM at tree level, or be
two-particle states at one-loop level. In either case, we can decompose the |X〉 into a sum of
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irreps, i.e. |X〉 = ∑
rα C

rα
X |rα〉. If X is a one-particle state, it will be a linear combination

of several irreps in which Crα
X ’s are arbitrary numbers. Provided that X is a two-particle

state |ab〉, Crα
a,b denotes the CG coefficients which relates the direct product of ra and rb

with rα, meanwhile the sum is a direct sum. According to this view, it is sufficient to sum
over all possible irreps in eq. (2.11), in which the summation becomes:∑

rα
Mij→rαM

∗
kl→rα =

∑
rα
〈kl|M†|rα〉 〈rα|M|ij〉

=
∑
rα

∑
rin,rout

〈kl|rin〉 〈rin|M†|rα〉〈rα|M|rout〉 〈rout|ij〉

=
∑
rα
Cr,α
i,j C

r,α∗
k,l |Mrα→rα |

2 , (2.12)

where complete sets of irreps rin, rout are inserted. The selection rule for scattering amplitude
among different irreps Mrα→rβ (s, t) = δαβMrα→rα(s, t), which is guaranteed by the Wigner-
Eckart theorem [80], has been utilized. Substituting eq. (2.12) into eq. (2.11) results in

f ′ijkl =
1
2
d2M ′ij→kl (s, t= 0)

ds2

∣∣∣∣∣
s→0

=
∫ ∞

(εΛ)2

ds′

2π (s′)3
∑
rα
Gi(j|k|l)rα

∫
dΠrα |Mrα→rα |

2 , (2.13)

where we have defined Gijklr = ∑
αC

r,α
i,j C

r,α∗
k,l , and Gi(j|k|l)r ≡ Gijklr + Gilkjr . In eq. (2.13), the

phase space integral of |M |2 gives a cross section, thus is positive. Therefore, the f ′ijkl is a
positive sum of Gi(j|k|l)r , or from the geometric perspective, a convex hull formed by various
Gi(j|k|l)r . For this reason, Gr is referred to as a “generator” (for a cone) [79]. The f ′ijkl in
the low-energy region can be calculated in the EFT framework, either at tree order or loop
order, thus is represented as a function of Wilson coefficients. From a geometric point of
view, the f ′ that is viewed as a vector is constrained inside a convex cone. Normal vectors
n’s of the cone have positive contractions with f ′, i.e. n · f ′ ≥ 0. More precisely, these
inequalities are the positivity bounds for the given function f ′ of Wilson coefficients. To
understand the structure of the cone and acquire it’s normal vectors, we need to explore
the right hand side (r.h.s) of eq. (2.13) either at tree level or loop level.

3 Tree level positivity

Positivity bounds for dim-8 coefficients of SMEFT will be derived at tree level. The function
f ′ijkl can be viewed as a matrix with (ij, kl) being the indices, whose element f ′[ij, kl]
indicates the value of d2

2ds2M
′(ij → kl). The general structure of this amplitude matrix, in

SMEFT, can be represented by the structure of dim-8 operators. There are three dim-8
operators that are relevant for 4-H scattering at tree level [81–83]:

O(8)
H1 = (DµH

†DνH)(DνH†DµH)

O(8)
H2 = (DµH

†DνH)(DµH†DνH)

O(8)
H3 = (DµH

†DµH)(DνH
†DνH) (3.1)
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Each operator O(8)
Hi contributes to d2

2ds2M
′(ij → kl), leading to an amplitude matrix that is

characterized by the mi. Due to the completeness of the operator set, any amplitude matrix
f ′ijkl can be represented as a linear combination of the mi’s. In general, the f ′ijkl lives in a
linear matrix space spanned by three matrices (m1,m2,m3). Such a space is referred to
as the “amplitude space”, and f ′ijkl can be viewed as a vector f ′ inside the space. As we
have mentioned, the decomposition of the direct product for 4-H process is 2⊗ 2 = 1⊕ 3.
Provided the CG coefficients for various irreps, generators are given by refs. [12, 79] as

G1 = (1, 0,−1), G1S = (0, 0, 2), G1A = (−2, 2, 0),
G3 = (0, 1, 0), G3S = (4, 0,−2), G3A = (2, 2,−4). (3.2)

The convex cone formed by these generators gives rise to out normal vectors as follows:

n1 = (0, 1, 0), n2 = (1, 1, 0), n3 = (1, 1, 1) . (3.3)

As is indicated in the section 2.3, any amplitude f ′ is constrained inside the cone by these
vectors, because of ni · f ′ ≥ 0. At the tree level, only the three operators in eq. (3.1) can
enter the 4-H process and provide s2 terms, i.e. Lint = ∑3

i=1C
(8)
HiO

(8)
Hi/Λ4. Under these

interactions, the amplitude matrix f ′ is given by

Λ4f ′ = C
(8)
H1 m1 + C

(8)
H2 m2 + C

(8)
H3 m3 , (3.4)

which can also be represented as the form of a vector ~C = (C(8)
H1, C

(8)
H2, C

(8)
H3). The normal

vectors given in eq. (3.3) simply produce positivity bounds as

C
(8)
H2 ≥ 0, C

(8)
H1 + C

(8)
H2 ≥ 0, C

(8)
H1 + C

(8)
H2 + C

(8)
H3 ≥ 0 , (3.5)

which are first given in ref. [70] using the elastic approach, and are reproduced in refs. [12, 79]
based on the convex cone approach. Eq. (3.5) is valid at tree order, but is not necessarily
correct at one-loop order.

4 Loop level positivity

4.1 Analytical bounds

At the loop level in the SMEFT, not only dim-8 operators, but also dim-4 and dim-6
operators shall enter the calculation of f ′. At dim-4, the interaction is −λ(H†H)2. And
there are two operators that are directly relevant for HH → HH forward scattering at
dim-6 [84],

O(6)
H1 = ∂µ(H†H)∂µ(H†H) ,

O(6)
H2 = (DµH

†H)(H†DµH) .
(4.1)

The dim-6 operators that can’t appear at tree diagram but take part in the loop diagrams
are divided into two types:
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• ψ2H2D

OHψR = (H†i←→D µH)
(
ψRγ

µψR
)
, OHud = (H̃†iDµH) (uγµd) + h.c.

O(1)
HψL

= (H†i←→D µH)
(
ψLγ

µψL
)
, O(3)

HψL
= (H†i←→D I

µH)
(
ψLγ

µσIψL
)
, (4.2)

• X2H2

OHV = H†HVµνV
µν , O

HṼ
= H†HṼµνV

µν ,

OHWB = H†σIHW I
µνB

µν , O
HW̃B

= H†σIHW̃ I
µνB

µν , (4.3)

where ←→D µ ≡
−→
Dµ −

←−
Dµ, and H̃ = εH∗, σI are the Pauli matrices, V = (B,W I , GA), and

Ṽµν = 1
2εµνρτV

ρτ (ε0123 = +1). However, X2H2-type operators can’t be realized by tree
diagram in any UV theory, i.e. they are only obtained by UV loops. Single insertion of these
operators into IR loops is suppressed by 2-loop factor 1/(16π2)2, while double insertion will
be suppressed by 3-loop factor, thus they are not considered in our later discussion.

The one-loop diagrams in the SMEFT are shown in figure 2. The double insertions of
dim-6 operators, or one dim-8 term plus one dim-4 term, can arise in loop diagrams. For
simplicity, we have neglected loop diagrams consisting of couplings of SM, i.e. have taken
the gSM → 0 limit.2 Therefore, the loop amplitude for 4-H scattering up to O(s2) has the
following general form:

M(s) ∼ ∆λ+ (∆λ)2
(
x1 log µ

2

s
+ x2

)

+
[
C

(8)
Hi + C

(6)
i · C

(6)
j

(
y1 log µ

2

s
+ y2

)
+ ∆λ · C(8)

Hi

(
z1 log µ

2

s
+ z2

)]
s2

Λ4 ,

(4.4)

where ∆λ is threshold correction to the SM coupling λ, and (xi, yi, zi) are numbers that
need to be confirmed by loop calculations. The C(6)

i ’s are operators listed in eq. (4.1) and
eq. (4.2). In eq. (4.4), the C(6) · λ terms disappear because such terms only linearly depend
on s, therefore can’t enter the d2M/ds2.

We note that, thought the energy dependence of terms in the first line of eq. (4.4) is
shown as s0, these terms can contribute to d2M/ds2|s→0 too, either by introducing the mass
regulator [6, 7, 20, 65] or defining generalized couplings [6]. In the present paper, after the
subtraction of the amplitude eq. (4.4), log-terms in the first line also enter positivity bounds.
For example, as we have indicated, the log (µ2

s ) will turn to be log ( µ2

Λ2+s) after we adopt
the subtraction. The latter one in the neighbourhood of s = 0 is log µ2

Λ2 − s
Λ2 + s2

2Λ4 +O(s3),
which can produce an s2 term. The dim-8 operators together with the dim-4 and dim-6
operators can contribute to the amplitude space (m1,m2,m3) though loop diagrams in
figure 2. According to the completeness of space, the result can be generally expanded as

f ′ = C ′1 m1 + C ′2 m2 + C ′3 m3 . (4.5)
2The rationality of this can be seen through eq. (2.11), whose l.h.s. is calculated in the SMEFT and the

r.h.s. is studied in the UV theory. The gSM → 0 limit can be taken on both sides, which indicates that only
tree diagrams and loop diagrams involving UV couplings are considered. Limiting the scope of diagrams
considered does not affect the positiveness of the f ′, which is guaranteed by the cutting rule.

– 9 –



J
H
E
P
0
5
(
2
0
2
3
)
2
3
0

ψ

ψ

∆λ ∆λ

∆λ

(C
(8)
i , λ) (C

(8)
i , λ)

(C
(8)
i , λ)

C
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C
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(6)
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C
(6)
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(6)
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Hψ
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Hψ

Ci
Hψ

(CHV , CHṼ )

(CHV , CHṼ )

V
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V
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)
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)
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BWI

(CHWB, CHW̃B
)

(CHWB, CHW̃B
)

VV

Figure 2. loop diagrams of the 4-H process in EFT, the external legs are Higgs doublet, ∆λ is
the threshold correction to SM coupling λ, meanwhile C(8)

Hi , C
(6)
Hi , C

i
Hψ indicate the one insertion of

operators in eq. (3.1), eq. (4.1) and eq. (4.2) respectively, the ψ is the SM fermion ψL or ψR.

We evaluate diagrams in figure 2 and give (C ′1, C ′2, C ′3) at µ = Λ as follows:

C ′1 = C
(8)
H1 −

∆λ(36C(8)
H1 + 13C(8)

H2 + 13C(8)
H3 − 18∆λ)

72π2

+
13C(6)2

H1 + 26C(6)
H1C

(6)
H2 + 8C(6)2

H2 − 10C(1)2
HψL

+ 10C(3)2
HψL
− 5C2

HψR
+ 5C2

Hud

36π2 ,

C ′2 = C
(8)
H2 −

∆λ(13C(8)
H1 + 36C(8)

H2 + 13C(8)
H3 − 18∆λ)

72π2

+
52C(6)2

H1 − 52C(6)
H1C

(6)
H2 + 17C(6)2

H2 + 40C(1)2
HψL

+ 40C(3)2
HψL

+ 20C2
HψR

144π2 ,

C ′3 = C
(8)
H3 −

∆λ(75C(8)
H1 + 52C(8)

H2 + 121C(8)
H3 − 72∆λ)

72π2

+
56C(6)

H1
2
− 26C(6)

H1C
(6)
H2 − 11C(6)2

H2 − 40C(3)2
HψL
− 10C2

Hud

72π2 , (4.6)

where for simplicity, we have assumed that there are only one generation and one color for
fermions. In the amplitude space, the cone structure determined by generators in eq. (3.2)
remains unchanged. It’s normal vectors still lead to the same forms of inequalities:

C ′2 ≥ 0, C ′1 + C ′2 ≥ 0, C ′1 + C ′2 + C ′3 ≥ 0 . (4.7)

Unlike eq. (3.5), the C ′i has been modified by dim-4 and dim-6 coefficients as shown in
eq. (4.6), therefore inequalities in eq. (4.7) are new positivity bounds at loop level.

From a top-down perspective, starting from an UV theory, Wilson coefficients can be
obtained by the matching. At the one loop level, the C(8)

Hi = C
(8)tree
Hi + C

(8)loop
Hi in eq. (4.6),

where C(8)tree
Hi ’s are the tree-matching results, and the C(8)loop

Hi ’s are obtained through the
loop-matching conditions for various UV models. Nevertheless, it’s enough to substitute
rest coefficients in eq. (4.6) into their tree-matching values since the coefficients are already
suppressed by 1

16π2 . As a result, if we keep eq. (4.6) only in tree order, neglecting the
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terms suppressed by factor 1
16π2 will bring eq. (4.7) back to the classical tree level positivity

bounds. In principle, complete one-loop calculations should include those contributions
from SM coupling gSM. For example, let gX be the coupling of the heavy particle X,
contributions of order O(gSMgX) to C ′i’s exist too. Taking into account these contributions,
the final expressions of C ′i’s will be more complex, but that don’t change the basic idea
of convex cone approach. However, including terms of order O(gSMgX) into the positivity
bounds is beyond the scope of this paper.

4.2 Discussions

Some discussions for our results are helpful. First of all, the calculation of the loop
diagrams in figure 2 usually contains terms proportional to s2 log (µ2

s ). But, after the
implementation of the subtraction scheme, such a log becomes s2 log ( µ2

Λ2 ) +O(s3), which
provides contributions proportional to log ( µ2

Λ2 ) to C ′i’s. These contributions have been
neglected in eq. (4.6) by setting µ = Λ. However, the µ-dependent terms with log ( µ2

Λ2 ) play
important roles when the RG running effects on positivity bounds are considered. The RG
effects are discussed in section 5.

To test the correctness of the loop level positivity bounds, the top-down perspective
will be helpful. Firstly, we find that if the heavy particle X is a fermion, then X can’t be
the tree level completion of dim-8 operators O(8)

Hi ’s, which means that C(8)tree
Hi = 0. Except

for the loop-matching coefficients C(8)loop
Hi , only the four ψ2H2D-type operators in eq. (4.2)

are possible to contribute to the amplitude f ′ through diagrams of fermion loop. Focusing
only on ψ2H2D-type coefficients in eq. (4.6), we find that positivity bounds are always
satisfied if the X is a fermion:

C ′2 = 1
36π2

[
10C(1)2

HψL
+ 10C(3)2

HψL
+ 5C2

HψR

]
≥ 0,

C ′1 + C ′2 = 1
36π2

[
20C(3)2

HψL
+ 5C2

Hud

]
≥ 0,

C ′1 + C ′2 + C ′3 = 0 . (4.8)

If the heavy particle is not a fermion, but still lead to most of tree level coefficients
on r.h.s. of eq. (4.6) being zero, i.e. ∆λ = 0 and C

(n)tree
i = 0 for n = 6, 8, then only

loop-matching coefficients C(8)loop
Hi ’s will survive in eq. (4.6). Hence, the positivity bounds

in eq. (4.7) must directly constrain C ′i = C
(8)loop
Hi . Some examples have illustrated such a

situation, such as adding a heavy doublet with Y = 1/2 to the SM, or the SM is extended
by heavy quadruplet with Y = 1/2 or with Y = 3/2 [55]. In these three examples, as we
have expected, the one-loop matching conditions do produce a set of vectors ~C(8)loop that
satisfy the original tree level positivity bounds in eq. (3.5).

However, if the tree level matching coefficients don’t all vanish, it is difficult to see
whether eq. (4.7) must be met. Thereby we should study a specific UV model and match it
onto the SMEFT in the gSM → 0 limit, to obtain the accurate values for Wilson coefficients
both at tree level and loop level. Typically, if tree level coefficients C(8)

Hi ’s satisfy original
bounds in eq. (3.5) and all bounds are greater than zero, loop modifications are generally
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smaller than tree level coefficients, thus will not alter positiveness of bounds. However, if
one of the bounds in eq. (3.5) equals to zero, this bound will be dominated by C(8)loop

Hi and
C

(6)
Hi , it’s positiveness can’t be guaranteed. In such a situation, several examples are shown

in the next subsection.

4.3 Examples

Some extensions of the SM have been studied for verifying the correctness of the positivity
bounds. For example, we extend SM by a heavy charged triplet scalar ∆I with Y = −1,
which is the type-II seesaw model [85–90]. This heavy particle has brought us a non-zero
vector ~C ≡ (C(8)

H1, C
(8)
H2, C

(8)
H3) = g2

∆(0, 8, 0) at the tree level. The tree-level positivity bounds
are all greater than zero:

C
(8)
H2 = 8g2

∆ > 0, C
(8)
H1 + C

(8)
H2 = 8g2

∆ > 0, C
(8)
H1 + C

(8)
H2 + C

(8)
H3 = 8g2

∆ > 0 . (4.9)

Even if we add new contributions to ~C from the loop level, the bounds are just slightly
disturbed by the loop level coefficients, and will not be destroyed. For the same reason,
most of the UV models will not break the positivity bounds at loop level. However, as
ref. [55] has pointed out, by the loop-matching procedure two special models may produce
Wilson coefficients that violate tree level bounds in eq. (3.5). So it is worthwhile to study
these models again under the new bounds in this paper.

Heavy neutral scalar singlet + triplet. We add a heavy neutral scalar singlet S and
a heavy neutral scalar triplet Ξ to SM at the same time, the lagrangian of interaction is
written as

Lint = gSMSSH†H + gΞMΞH
†ΞIσIH . (4.10)

Letting gS → 0 or gΞ → 0 converts the lagrangian to the case of one-particle extension of
SM. It is reasonable to include two heavy particles because there usually can be more than
one type of heavy particle existing in the loop. Sometimes one-particle extension of the
SM may not be enough. For simplicity, we assume the heavy particles have same masses:
MS = MΞ = Λ. The tree level matching gives following coefficients:

∆λ = −g
2
S − g2

Ξ
2 , C

(6)tree
H1 = g2

S − g2
Ξ

2 , C
(6)tree
H2 = −2g2

Ξ,

C
(8)tree
H1 = 4g2

Ξ, C
(8)tree
H2 = 0, C

(8)tree
H3 = 2g2

S − 2g2
Ξ. (4.11)

In the meanwhile, the loop-matching dim-8 coefficients are (see appendix B for details)

C
(8)loop
H1 = −195g4

S − 132g2
Sg

2
Ξ + 535g4

Ξ
720π2 ,

C
(8)loop
H2 = −39g4

S + 78g2
Sg

2
Ξ + 61g4

Ξ
144π2 ,

C
(8)loop
H3 = −187g4

S + 1386g2
Sg

2
Ξ + 271g4

Ξ
720π2 , (4.12)
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in which, as we can see, C(8)loop
H2 is negative. It obviously destroys one of the tree level

bounds in eq. (3.5). However, for our improved bounds in eq. (4.6), we also need to
substitute the tree-matching coefficients in eq. (4.11) into new bounds

C ′2 = 3g4
S + 6g2

Sg
2
Ξ + g4

Ξ
48π2 ≥ 0

C ′1 + C ′2 = 45g4
S + 191g2

Sg
2
Ξ + 670g4

Ξ
360π2 ≥ 0 ,

C ′1 + C ′2 + C ′3 = 1433g4
S + 836g2

Sg
2
Ξ + 979g4

Ξ
720π2 ≥ 0 , (4.13)

which are also true for gS → 0 or gΞ → 0. In each limit, the loop-matching coefficients in
eq. (4.12) can reproduce the results of ref. [55]. This example has shown that when SM is
extended by neutral scalar singlet or heavy neutral scalar triplet, even if the more than one
types of heavy particles run in the loop, our new positivity bounds are valid.

The type-I seesaw model. The type-I seesaw model naturally explains the tiny masses
of neutrino through the seesaw mechanism [91–95]. This model introduces a heavy right-
hand fermion singlet NR to the SM. As we have mentioned, the case is particularly
interesting when the UV particle is a fermion, because the fermion can only lead to a
zero vector of ~C(8)

H at the tree level. The coefficient C(8)
Hi receives contribution through

the fermion loop. We find that NR has a Yukawa interaction with the left-hand lepton
doublet `L:

Lint = −`LYνH̃NR + h.c. . (4.14)

The tree level matching of the type-I seesaw is well known, and it produces the seesaw
effective field theory (SEFT) [96]. SEFT-I contains a dim-5 Weinberg operator and a dim-6
operator O(6)

SEFT−I = (`LH̃)i/∂(H̃†`L). The Weinberg operator generates Majorana masses
of neutrinos after the spontaneous gauge symmetry breaking. The dim-6 operator will
cause the unitarity violation of the lepton flavor mixing matrix through modifying the
normalisation of `L. The dim-6 operator should be rewritten in the Warsaw basis [84]:

O(6)
SEFT = 1

4
[(
`Lγ

µ`L
)

(H†i←→D µH)−
(
`Lγ

µσI`L
)

(H†i←→D I
µH)

]
, (4.15)

where the flavor index has been dropped since for simplicity only one generation is considered.
Hence, the tree level matching coefficients that are relevant for positivity bounds are simple:

∆λ = 0, C
(6)tree
H1 = 0, C

(6)tree
H2 = 0,

C
(8)tree
H1 = 0, C

(8)tree
H2 = 0, C

(8)tree
H3 = 0.

C
(1)
HψL

= Y 2
ν

4 , C
(3)
HψL

= −Y
2
ν

4 . (4.16)

The one-loop matching values of C(8)
Hi ’s are obtained by evaluating fermion loops:

C
(8)loop
H1 = Y 4

ν

144π2 , C
(8)loop
H2 = 59Y 4

ν

288π2 , C
(8)loop
H3 = Y 4

ν

30π2 . (4.17)
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These coefficients are all positive so tree level positivity bounds are naturally satisfied. In
addition, adding the contributions from C

(1)
HψL

and C(3)
HψL

does not alter the positiveness
of bounds because of eq. (4.8). More examples for fermion loop contributions have been
considered in ref. [79], in which the fermion loops are studied by the Cutkosky cutting
rules [97]. The amplitudes from those examples are still constrained inside the convex
cone, thus are allowed by positivity bounds. Under these conditions, adding the dim-6
contributions will only strengthen the bounds, as shown in eq. (4.8).

5 RGE effect

In this section, we will focus on the RG running effect on the positivity bounds, i.e. explore
the form of bounds at the scale µ < Λ. For the consistency of one-loop calculations, as µ
decreases, only C(8)

Hi will evolve with the scale according to it’s one-loop beta function. In
eq. (4.6), we don’t need to consider the RG running of dim-4 and dim-6 coefficients since
they have been suppressed by the loop factor 1

16π2 . In order to derive the one-loop beta
function of C(8)

Hi , we need to calculate the divergences of all the diagrams in figure 2. The
exact forms of beta functions for dim-8 bosonic operators are given in refs. [98, 99].

In addition to the running of C(8)
Hi with the scale, we also need to consider the changes

of bounds themselves with the scale. Note, we have mentioned that eq. (4.6) is obtained at
µ = Λ, so the log ( µ2

Λ2 )-dependent terms have been dropped. In consideration of the RG
effect, the log-dependent terms must be put back explicitly

C ′1
∣∣
log =

16C(6)2
1 +32C(6)

1 C
(6)
2 +11C(6)2

2 −16(C(1)2
HψL
−C(3)2

HψL
)−8(C2

HψR
−C2

Hud)
96π2 log

(
µ2

Λ2

)
,

C ′2
∣∣
log =

16C(6)2
1 −16C(6)

1 C
(6)
2 +5C(6)2

2 +8(2C(1)2
HψL

+2C(3)2
HψL

+C2
HψR

)
96π2 log

(
µ2

Λ2

)
,

C ′3
∣∣
log =

40C(6)2
1 −16C(6)

1 C
(6)
2 −7C(6)2

2 −8(4C(3)2
HψL

+C2
Hud)

96π2 log
(
µ2

Λ2

)
. (5.1)

These log-dependent terms also come from diagrams in figure 2, more explicitly, they are
the log (µ2

s )’s appearing in the loop calculation. The subtraction scheme turns log (µ2

s ) to
log ( µ2

Λ2 ) +O(s). Collecting the log ( µ2

Λ2 ) terms brings us eq. (5.1).
We find that eq. (5.1) has exactly the same forms of the beta functions of C(8)

Hi ’s in
ref. [98] up to an overall minus sign. This observation means that the RG evolution of
C

(8)
Hi is just offset by the change of the positivity bounds with the scale. Therefore, once the

positivity bounds are satisfied at the scale µ = Λ, they will be valid at any scale below Λ.
This is a general conclusion at one-loop level. Because when we calculate the beta

functions of C(8)
Hi ’s and consider the µ-dependence of bounds in eq. (5.1), we are implementing

the evaluation of same loop diagrams in EFT, such as figure 2. To illustrate, we firstly
denote the general expression for the running of dim-8 coefficients as: 16π2µ

dC
(8)
i
dµ =

γijC
(8)
j + γ′ijkC

(6)
j C

(6)
k . This expression has taken into account contributions from loops

involving single insertions of dimension-eight operators as well as from pairs of dimension-six
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operators. To determine the γ for C(8)
Hi , we calculate loops of 4-H processes and give exactly

the same amplitude given in eq. (4.4)(gSM → 0 is taken too). After that, requiringM(s) is
scale-independent provides that γ = −32π2z1 and γ′ = −32π2y1, where y1’s and z1’s are
given in eq. (5.1). Finally, let’s consider the effective coupling C ′ at an arbitrary scale µ
that is below Λ:

C ′(µ) =C
(8)
H (Λ)+

(
γ

32π2 +z1

)
log(µ

2

Λ2 )·C(8)
H +C(6) ·

(
γ′

32π2 +y1

)
log(µ

2

Λ2 )·C(6) , (5.2)

where the second term and the third term vanish. Eventually, effective couolings are free of
log(µ), and positivity bounds are scale-independent.

To conclude, the RG running will not bring new physical information to positivity
bounds. When we can actually measure the values of Wilson coefficients at low-energy
experiments, the coefficients are determined at the characteristic scale of energy. To test
the positivity, the bounds need to be modified by adding eq. (5.1), and are expected to be
valid at this characteristic scale.

6 Summary

In present paper, we have used the framework of convex geometry to explore the general
formula for the leading s2 positivity bounds. The formula can be applied to both the tree
level and the loop level. As an explicit application, we study positivity bounds on the 4-H
forward scattering at the loop level. In order to remove singularities of amplitude in the
IR-region without losing UV information, we have defined the subtracted amplitude. In
this way, we can well handle the singularities at s = 0 of poles and the log (µ2

s )-function
appearing in loop calculations of EFT.

The advantage of the convex cone framework is that it uses the symmetry information
of scattering particles. The matrix f ′ijkl in the “amplitude space” has a universal structure
determined by bases of the space, regardless of whether the f ′ijkl is calculated by the tree
diagram or the loop diagram. As long as the completeness of the dim-8 effective operator
set in SMEFT [81, 82] is ensured, we can treat the characteristic amplitude matrices of
these effective operators as bases of the amplitude space. Any f ′ijkl can be expanded under
this group of bases. At the same time, we can calculate the generators of convex cone
with CG coefficients. With the generators, the structure of the convex cone is known in
the amplitude space, which will not be altered by the loop calculation. What needs to be
changed is the way how the loop amplitude enters the amplitude space. The amplitude is
constrained inside the convex cone, whose normal vectors correspond to positivity bounds.
To conclude, positivity bounds (whether with or without the subtraction) are always the
same. But when they are explained in terms of specific Wilson coefficients, they will change
if loop diagrams are added.

We then use the convex cone approach to reproduce the tree level positivity bounds for
4-H process, and further study the effect of loop diagrams in EFT on positivity bounds.
Generally, the dim-4 and dim-6 operators will also get into the loop diagrams, hence their
coefficients contribute to the amplitude space. We have obtained new positivity bounds at
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loop level, which have similar form to the tree level bounds. These loop bounds include
small modifications to the original tree bounds. The loop modifications are all suppressed
by the loop factor 1

16π2 , and are induced by the dim-4 and the dim-6 operators. Neglecting
these terms will bring the loop bounds back to classical tree level result. In addition,
we perform the matching calculation for several special UV models to check whether the
obtained loop bounds are valid. These models include the heavy neutral scalar singlet,
heavy neutral scalar triplet, the type-I seesaw model and type-II seesaw model.

Finally, we investigate the influence of RGE on the positivity. Our result have shown
that RG effect will not cause any violation of bounds. Besides, as long as bounds are
satisfied at the cutoff (or matching) scale Λ, they will also be satisfied at any scale below Λ.
This is because the new loop bounds change with the scale, and this change is just offset
by the RG running of the dim-8 coefficient. The underlying physical reason is that the
logarithmic terms of these two evolutions come from same loop diagrams and will cancel
each other.

This work is the first to study the loop effect of leading s2 positivity bounds in the
SMEFT. Although only the forward scattering of 4-H is considered, we have pointed out
that the theoretical framework can be extended to other cases, such as the scattering of
vector bosons or fermions. The loop effects on the bounds of these processes have not been
effectively understood, and we hope to come back to these issues in the near future.
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A Example of the subtraction scheme

As simple example, this appendix discusses how to subtract the singularities in low energy
region from a given amplitude. Suppose that an amplitude has singularities that include a
low energy pole, a high energy pole, and a branch cut from 0 to ∞, namely,

M (s) = 1
s−m2 + 1

s−M2 + log (−s) (A.1)

with m2 < Λ2 < M2.
To subtract the low-energy singularity, we consider the contribution of an integral from

the low energy region (0 < s < Λ2). The contour is shown in figure 3, where black points
correspond to poles and the red cut corresponds to the branch cut of the log function. The
contour contains a small circle which picks up the pole at s′ = m2, and an integral on
discontinuity of the branch cut with interval from 0 to Λ2. The low-energy amplitude is
given by

Mlow = 1
2πi

[∮
C
ds′

M (s′)
s′ − s

+
∫ Λ2

0

DiscM (s′)
s′ − s

ds′
]

= −1
m2 − s

− log
(
s′ − s

)∣∣Λ2

0 (A.2)
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Figure 3. The contour for the amplitude in the low-energy region.

where the Disc log (−s) = −2πi has been used. Therefore, we define the subtracted
amplitude as

M ′ (s) ≡M (s)−Mlow = 1
s−M2 + log

(
Λ2 − s

)
(A.3)

We can see that now the branch cut is starting from s = Λ2, low-energy pole s = m2

has been dropped from the subtracted amplitude, but the high-energy pole s = M2 is
left. Hence, the subtracted amplitude is totally analytical in low-energy region but it’s UV
information is still kept.

B Details of the matching procedure

We calculate two kinds of one-loop diagrams in the UV theory to obtain the one-loop
matching coefficients, i.e. the one-light-particle-irreducible (1LPI) diagrams and diagrams
with corrected external legs. The on-shell forward amplitude of the 1LPI diagrams are
evaluated in the hard momentum region. In addition, the loop in the external leg produces a
threshold correction to Higgs’s kinetic term, which contributes to dim-8 coefficients through
equation of motion. Summing these two kinds of diagrams up and matching the results to
the dim-8 operator bases, one-loop matching coefficients are acquired.

In our work, we evaluate the diagrams with the help of some semi-automatic programs
in Mathematica. Firstly, we use FeynRules [100] to generate the FeynArts [101] model
files for various models. The interface FeynHelper [102] is utilized to realize the connection
among FeynArts, FeynCalc [103] and Package-X [104]. More explicitly, FeynArts will
provide all the Feynman diagrams and corresponding amplitudes. After that, loop integrals
in the amplitudes are calculated with the help of FeynCalc. Finally, analytical expressions
for Passarino-Veltman functions [105] are automatically provided by Package-X.
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