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ABSTRACT: In this paper, we consider how to formulate semiclassical problems in the
context of the AdS/CFT correspondence, based on the proposal of Compere and Marolf.
Our prescription involves the effective action with self-action term for boundary dynamical
fields, which can be viewed as imposing mixed boundary conditions for the gravity dual.
We derive the semiclassical Einstein equations sourced by boundary CFT stress-energy
tensor. Analyzing perturbations of the holographic semiclassical Einstein equations, we
find a universal parameter 7, which controls the contribution from boundary CFTs and
specifies dynamics on the AdS boundary. As a simple example, we examine the semiclassical
Einstein equations in 3-dimensions with 4-dimensional AdS gravity dual, and show that
the boundary BT7Z black hole with vanishing expectation value of the stress-energy tensor
becomes unstable due to the backreaction from quantum stress-energy tensor when the

parameter 4 exceeds a certain critical value.
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1 Introduction

One of the striking features of the original AdS/CFT correspondence [1-3] is that a theory
of gravitation is mapped into a theory of entirely non-gravitational quantum fields. This
mapping is formulated by imposing the Dirichlet boundary condition for the bulk metric
and by taking the boundary metric as a non-dynamical source term for boundary quantum
fields. Afterward, the role of boundary conditions in AdS/CFT correspondence has been
studied in more detail and it turned out that modifications of the boundary conditions
correspond to various deformations of boundary CFTs. A number of possible deformations



of AdS/CFT correspondence have been considered, such as the inclusion of multi-trace
interactions and some dynamical fields on the boundary [4]. An interesting study along this
line is the proposal by Compere and Marolf [5], in which the boundary metric is promoted
to a dynamical field induced by the boundary CFTs. This is done by adding certain
boundary counter-terms to the action, the prescription of which essentially corresponds to
changing the boundary conditions for the bulk gravity and has been applied to, for instance,
cosmology in semiclassical regime [6], as well as holographic superconductors [7].} Tt is of
considerable interest to further study dynamical gravity coupled with quantum fields in the
context of deformed AdS/CFT correspondence.

The main purpose of this paper is to present a general scheme to formulate the
semiclassical Einstein equations on the AdS conformal boundary, following the idea of [5],
and discuss possible uses of such holographic semiclassical equations, providing some simple
example. In order to treat the boundary metric as a dynamical variable that satisfies the
Einstein equations with the source of vacuum expectation value for strongly interacting
CF'T stress-energy tensor, the bulk metric is required to satisfy general (mixed-)boundary
conditions, rather than the Dirichlet boundary condition at the AdS boundary. Changing
boundary conditions can be achieved by adding the Einstein-Hilbert term to the boundary
CFT action. In other words, the semiclassical Einstein equations for the boundary metric
plays the role of mixed-boundary conditions for the bulk Einstein equations. We explicitly
describe our prescription for obtaining holographic semiclassical Einstein equations in the
case that the bulk and boundary geometries are given by the d + 1 and d-dimensional AdS
metrics with boundary CFTs being in the conformal vacuum state. By inspecting bulk and
boundary perturbations, we find that the following dimensionless parameter [see eq. (2.35)
below| controls the contribution from d-dimensional boundary CFT:

GyL (L\%?
= — 1.1
= ( 6) 7 (1.1)

where G411,Gg, and L, ¢, denote the bulk and boundary gravitational couplings and
corresponding curvature radius, respectively. This is the universal parameter, common
to all our geometrical settings, that represents the ratio of the strength of the boundary
quantum stress-energy (7,,) with respect to that of the boundary cosmological constant
A4, and that specifies boundary dynamics, e.g., stability property and phase transition. As
a concrete example of the application of our scheme, we study linear perturbations of the
4-dimensional AdS bulk with the BTZ boundary metric and demonstrate that the BTZ
black hole with vanishing expectation value of the stress-energy tensor becomes unstable
due to the backreaction of boundary quantum stress-energy, when the parameter (1.1)
exceeds a certain critical value.

This paper is organized as follows. In the next section, we will provide a general
prescription for constructing semiclassical problems including the derivation of semiclassical
Maxwell equations coupled with R-current, as well as semiclassical Einstein equations

'n [7], instead of gravity, boundary Maxwell fields are promoted to dynamical fields satisfying semiclassical
Maxwell equation coupled to boundary U(1) current. See also [8] for boundary dynamical gauge fields with
mixed boundary conditions, and [9] for an application to heavy ion physics.



coupled with boundary CFTs. To be concrete we in particular apply the prescription
to derive the semiclassical Einstein equations in d-dimensional AdS boundary and study
perturbations thereof. We find the universal parameter v4. Then, in section 3, we consider
the case in which the boundary geometry is described by BTZ metric and show that due to
the backreaction from boundary CFT stress-energy, BTZ black hole becomes unstable when
our universal parameter exceeds the critical value. Section 4 is devoted to summary and
discussions. As an application of our holographic semiclassical formulations, we show how
to calculate permittivity and permeability by using the holographic semiclassical Maxwell
theory at finite temperature in appendix A. In appendix B, we provide concrete expression
of the vacuum expectation value of CFT stress-energy tensor. Appendix C provides some
detailed formulas for perturbations of the holographic semiclassical Einstein equations.

2 Holographic semiclassical problems

In this section, we describe how to formulate semiclassical problems in the context of
holography. Our main interest is in the boundary Einstein gravity sourced by the expectation
values of CFT’s stress-energy tensor, but the prescription works for a broader class of
semiclassical problems.

2.1 Notation and conventions

We are concerned with (d+1)-dimensional AdS bulk spacetime (M, Gpry) and its conformal
completion with d-dimensional conformal boundary OM. We consider, inside the bulk, a
set of d-dimensional hypersurfaces ., parametrized by z € R with induced metrics g,
which foliate (a part of) M and admit the limit hypersurface ¥¢ := lim,_,9 X, on (a part
of) the conformal boundary 0M. We also introduce, on each ¥, a d-dimensional metric
I = Q2gwj with an appropriate function € so that the limit G,,, := lim._,¢ g, provides a
regular metric on X C M. See figure 1. Our primal interest is this metric G,,,, which is
promoted to be a boundary dynamical field. As already done above, we express tensors
in (d + 1)-dimensions with upper case latin indices M, N, ... and those in d-dimensional
hypersurfaces with greek indices. So, for example, a vector field in the bulk is denoted by
Apr, whose pull-back to ¥ is by A,,, whereas the corresponding vector field on ¥y C OM
by A,. When we need to distinguish which metrics, either G, g.v, or g,., tensors under
consideration are associated with, we will explicitly write them as the argument so that for
instance, the curvature tensor on the conformal boundary is expressed by R,up0 = Ruvpo|G]-

In a neighborhood of given X, one can always take, at least locally, a coordinate system
XM = (z,2") in which

dsi 1 = Gun dXMax?
=Q7%(2) d2® + g (z, 2) da*da”

=072(2) {dz2 + g (x, 2) dx“dx”} . (2.1)
In this coordinate system, the metric on the conformal boundary is
2
i 2 1 z
Guul) = limg (2} (,2) = Iy (7 ) g 2). (2:2)



Figure 1. In the (d+ 1)-dimensional bulk M, we consider a foliation by d-dimensional hypersurfaces
{X.}, which has the limit ¥y on the AdS conformal boundary oM.

‘ metric & index covariant derivative curvature length scale
bulk M GMN VM RKLMN[G} L
boundary ¥y C OM G D, Ruvpo = Ruvpo| G ] 14
hypersurface 3, G D, Ruvpolg]
hypersurface X, G Du Rw,pg = Ruupo| 7]

Table 1. A summary of notation.

and the extrinsic curvature K, of X is defined by
1
K, = _§Qazg;w . (2.3)

It is sometime more convenient to use the conformally rescaled metric, G = Q2 g

with the conformal factor behaving as €Q(2) 220, z/L, and the corresponding extrinsic
curvature,

~ 1 B
K, = —3 02 Gy = QK — g QY (2) (2.4)

Here and hereafter the prime “ ’ 7 denotes the derivative by z, and the indices of tensors
with “ 7 7 are raised and lowered by g,,, gt. For later convenience, we summarize our
notation and conventions in the table 1.

2.2 Holographic semiclassical Maxwell equations

Before going into the semiclassical Einstein equations, to illustrate our basic idea in a
simpler example, we first consider the semiclassical problem of a 3-dimensional U(1) gauge
field A,, coupled with R-current ( J# ), studied in [7].? Our starting point is the effective

2Note that although R-symmetry is a global symmetry, it is promoted to a local symmetry when it
couples with 4, [10].



action Seg, obtained from the partition function Z[.A] of the boundary gauge field A, as
1 , )
St =703 /d% FHF,, —ilnZ[A], (2.5)

where e denotes the U(1) coupling constant. The partition function gives rise to the
expectation value of the current as

2,5an[A]

(T == A,

(2.6)

Applying variational principle to Seg, we obtain the semiclassical Maxwell equations for the
gauge field,

1
S 0 F = (). (2.7)

It is in general difficult to evaluate Z[.A] as a functional of A,, but the AdS/CFT corre-
spondence makes it possible to compute Z[.4] in terms of the classical solutions of the bulk
U(1) gauge field Ay in the asymptotically AdS, as follows:?

—iIn Z[ A] = Sgushell[ A7, (2.8a)
Spui[ A] = —419/ d*'X V-G FM"NFyy, (2.8b)

where the classical solution Ajy; is supposed to satisfy the Dirichlet boundary condition
A#|20 = A, at the boundary %.*

In general, when the source term for some field of interest has a gravitational dual in
the holographic context, one can expect to formulate the semiclassical problem of the field
by adding the self-action and by applying the variational principle. To see this is indeed
the case, let us consider, instead of (2.5), the following effective action,

Sur= [ @' (~ g P Fu+ ThaAs) + ﬁﬁiﬁhe”[fl]
1
= / 3z ( FH ”fuy+$xtA> / d*X V=G FMNEyn.  (2.9)
Yo 4e 4e2 92 M

Note that for later convenience, we have added the extra term J!, which describes all
contributions to the current other than that from the dual field theory. Taking the variation
of this action will provide the desired semiclassical equations of motion for A,. In the
variation, one does not need to impose the Dirichlet condition at the AdS boundary. Instead,
the semiclassical equations of motion take the place of the boundary conditions.

Let us see, in more detail, the above formulation of the semiclassical problem (2.9) in
a concrete setting. Consider a 4-dimensional asymptotically AdS bulk geometry, whose
metric takes the asymptotic form in the Poincaré chart X™ = (z,2#), 2# = (t,z,y) as

2 L\?
ds? =% <Z> (422 + nyu datda”) . (2.10)

3Note that for R-current in AdS4/CFTs3, counter terms are not needed.
4 Aar should also satisfy certain boundary or regularity conditions inside the bulk.



With variations of Ays and Ay, the action (2.9) changes as

1 3 v 3 Oy FH n"
6SGH = g Zod X a,,(f‘u (5./4#) + EOd X (_62 +g7el;(t + gQFZV) 6“4#
1
+292/ d*X V-G (VuFMN) Ay, (2.11)
M

where the contribution to 5Sgﬁhihe“ is assumed to stem only from X4.° Since, according to

the AdS/CFT correspondence, the expectation value of the R-current is given by
0

uv
< j# > = On—shell[A] _ UTFZV|

= A St p e (2.12)

when Vy FMN = 0 holds in the bulk, eq. (2.11) becomes

e2

1 (_ 0, FH

0S8 = = Bx 0, (FF A, + | &Pz +Jh+ (T >) SA,.  (2.13)
Yo 3o

In this way, applying the variational principle to eq. (2.9) and noting 6.4, # 0, we obtain

the bulk equations of motion VyFMN

= 0 and the boundary semiclassical Maxwell
equations (2.7). As a consequence, the semiclassical problem (2.7) in the holographic
context reduces to the problem of solving the following set of the bulk classical Maxwell

equations and the boundary semiclassical Maxwell equations,

0=VyFMN, (2.14a)

e2

0=0,F" — 7 Ny | —e* Tk (2.14b)

2=0 ext »

under appropriate boundary conditions, if needed, in the bulk. Note that setting e? — 0
corresponds to the Dirichlet boundary condition, since in this limit, the (finite) self-action
for A, decouples from the bulk action in (2.9), and thus can be regarded as a background
field. On the other hand, the limit e — oo corresponds to the Neumann conditions [11]
(see also [12]), since in this case, with setting Jext = 0, one finds F,,|pay = 0. A simple

application of the above set of equations is given in appendix A.

2.3 Holographic semiclassical Einstein equations

The prescription for the holographic semiclassical problem illustrated in section 2.2 applies
to the derivation of semiclassical Einstein equations. Our effective action for boundary
semiclassical problem is now the following:

d —
seffz/E CoV=G o oA+ Soul Gl (2.15)

o 16T Gy

with G4, Ag being the d-dimensional gravitational constant and cosmological constant,
respectively. Here Spy presents the action for the gravity dual used in the standard

®This is equivalent to assuming that SgE**" be a functional only of the boundary field A,,.



AdS/CFT correspondence.’ For purely gravitational case, our bulk action Sy is given by

Shuk[ G| = Sen+ceul G|+ Sct[g], (2.16a)
4 X V=G d(d—1) dlz /g
Sentcu[G| = /M T67Gay {R[G] t—1 } + o, 87 Gary K, (2.16b)
dz /=g d—1 L
c = — 2 , 2.1
Sulol == | feet {25 + 725 Alal+ -} (2160

where G441 and L denote, respectively, the (d 4+ 1)-dimensional gravitational coupling
and the curvature length,” and where in S.;, we have expressed, for simplicity, only terms
which are required in d < 3. Note that as is often the case, we first evaluate the on-shell
value of each term in eq. (2.16a) on a certain “cutoff hypersurface” and then take the limit
toward the conformal boundary, accordingly K is also evaluated as the trace of the extrinsic
curvature of the cutoff hypersurface and taken the boundary limit. Now let us apply the
variational principle to Seg (2.15). When Sk is given by eq. (2.16), the variation of Seg

reduces to
= d _g _/ L “_g< /U/_E 1224 A /,Lll)
‘58‘35_/20‘”8“(1677@ ) b, 167G, T 9 G ) oG
dd+1X m VN 550n—shell[g]
_ 2 AV A MNY s ddy 22k I se
/M e (B [G]+Agpr GMY) 6Gyn+ | e 00,
(2.17)

where Ein™" denotes the Einstein tensor with respect to the bulk metric G;ny. Note
that the last term has come from Sy and where we have considered the boundary term
contribution only from 3. Now, applying the variational principle with the condition
0Gu, # 0, we obtain from (2.17) the following set of the bulk Einstein equations and
boundary semiclassical Einstein equations

Ein™N[G]+ Ay GMY =0, (2.18a)

RM — %gﬂ” +AGGM =8 Gy (T, (2.18b)

where the expectation value of the stress-energy ( 7" ) is given in terms of the on-shell
value of Sbulka by
2 sSpi[g]

<TW>:@ S (2.19)

Remarks:

1) When our boundary of interest ¥ is a proper subset of dM, we need to impose
appropriate boundary conditions (i) at the rest of the conformal boundary OM \ Xy,

6As can be seen in egs. (2.16), in this paper, by “bulk action” Spu we mean the action which includes
counter-terms S, so that Spuik is already regularized and therefore its on-shell value is a functional of the
boundary dual G,..

"The corresponding cosmological constant is 2 Agy; = —d(d — 1)/L.



as well as (ii) at the corner 0%, and (iii) at inner boundaries (e.g., horizons), if exist,
inside the bulk.® One might think of the asymptotic condition (2.2) as the imposition
of the Dirichlet boundary condition at . However, G,,,, is now a dynamical variable
on Yy to be determined so as to satisfy eq. (2.18b). Therefore, (i)—(iii) are the places
to impose boundary conditions, in order to solve the whole system of egs. (2.18). We
can, in principle, impose the Dirichlet boundary conditions? there at (i)-(iii).

2) Similar to the case of semiclassical problem for Maxwell fields (2.14), setting G4 — 0
corresponds to the Dirichlet boundary condition for the bulk metric, while G4 — oo
to the Neumann boundary condition.

3) One way of solving the boundary value problem (2.18) is to use the shooting method
by transforming (2.18) into an “initial value problem” as follows. The right-hand side
of eq. (2.18b), or (2.19), is expressed as

75583115{}1811[9] = lim L—Q 75 gﬁiihell[g] = lim L—Q 4 LSCt (2.20a)
5gw 20 22 59#'/ 20 22 59/“’ ’ ’
sl _ V73
T = = —K" 4+ g™ K) , 2.20b
BEh Y R g ) (2.200)

where 7 denotes the momentum canonically conjugate to g, evaluated on a cutoff-
surface via eq. (2.18b). Then, one tries to find solutions of eq. (2.18) as a sort of initial
value problem of eq. (2.18a) by evolving toward inside the bulk from the initial data
(Guv, ™) given (on a cutoff-hypersurface) by eq. (2.18b), until the solution eventually
matches the boundary conditions at (i)—(iii).

4) As we show in appendix B, ( 7., ) given in (2.19) can be expressed in terms of the

conformally rescaled §.,, K, — which have the regular boundary limits (see eq. (2.4)
for the definition)—as

<7;W>:1

. 1 2 Eing, |G+ A1 G L2 2K K — G (KK po+ K?)
z—0 87TGd+1 L

(d—2)Qd-2 2(d—2)Qd—2
_ (LQ 9 K,/ —6, K
~ LG (d—2 82+1> Qi1

d=1Guw [ o 2(9')’ d—2 N2
d_2Qd{LQ q ) -5 (1=L9)" o+

(2.21)

The first term of the right-hand side of eq. (2.21) vanishes due to bulk equation of
motion (2.18a) if there are no matter fields. For the case of asymptotically AdSy (d = 3)

8For example, when studying, via egs. (2.18), boundary dynamical gravity coupled with thermal CFTs,
one may consider an asymptotically AdS black hole spacetime as the dual bulk. In such a case, one needs to
impose some regularity condition at the horizon of the bulk black hole, in order to solve eq. (2.18a).

9Depending upon what kind of holographic setting one wants to consider, it may also be possible to
impose mixed boundary conditions as a further deformation of the AdS/CFT correspondence.



bulk spacetime, eq. (2.21) is expressed in a simple form. In fact, in this case the
metric gy, has the following fall-off behavior toward the boundary z — 0 [13]:

{gm,+gm,(2)2%—~'}—+{§ﬁ?<z)3+~~'}- (2:22)

The two curly brackets describe, respectively, two linearly independent solutions of
q. (2.18a) evaluated locally near z = 0, so that g,(u,) is determined by G, while g( )

is 1ndependent of G, (as far as the boundary conditions (iii) are not imposed). In

what follows, we call the first bracket slow mode and the second fast mode. Then, if

Q(2)/z can be Taylor-expanded as L§/z = 1+ O(2?), eq. (2.21) reduces to:
<TVL#3=4—ii—f(g — G G ) (2.23)
HOIE= e Gy L T T
2.4 Perturbation analysis of the holographic semiclassical problem

We study boundary dynamics by considering linear perturbations of the holographic semi-
classical Einstein equations (2.18) for AdS gravity coupled to CFTs.

2.4.1 Background

Let us consider, as our background geometry, AdS;,1 bulk with the curvature radius L,
which satisfies the bulk Einstein equation (2.18a), and AdS; boundary with the curvature
radius £. In this background, it is convenient to take the following coordinate system,

d_siﬂ = 07%(2) (d22 + g () dx“dm”) 0<z/t<m), (2.24a)
m@:%m%. (2.24b)

where g, (z) denotes the background AdSy metric with the curvature length ¢. In what

follows, we express background quantities with “ =~ 7

so that, e.g., the covariant derivative
compatible with the background metric g, is denoted by Du- Note that in the limit
of either z — 0, or z/¢ — m, the metric (2.24a) approaches AdS; boundary, and in the
following, we take, without loss of generality, the limit z = 0 to consider our boundary
semiclassical Einstein equations. As we did already above, we denote background quantities
with bar, throughout our analysis.

We note that since each z=const. hypersurface ¥, with the background induced
metric g, is totally geodesic, having the vanishing extrinsic curvature K w =0, eq. (2.21)
reduces to

_ —(d—1) |_ <L>d,4_dz
—_— — — 4 2.2

<7L > z—% 47TGd+1L G 2/ i 2£+ ( 5)
This implies that when d is odd, without anomaly, conformal fields in pure AdSy boundary
is in the conformal vacuum state, satisfying the semiclassical Einstein equations (2.18b). In
particular, for d = 3, { T,, ) = 0.



2.4.2 Linear perturbations of the holographic semiclassical Einstein equations

On this background (2.24) with Q(z) given by (2.24b), we consider metric perturbations
0G pry under the radial gauge G,y = 0, so that the nontrivial part of the perturbations
are expressed as G, = Q72(2)h,, (2, 2), or equivalently the whole metric becomes

dshyy = Q72(2) [d2? + G (@, 2)datda” |

_ <£ sin Z)Z (22 + (G (@) + hyu (2, 2)) datda”] | (2.26)

In our background, each z = constant hypersurface ¥ is maximally symmetric with
the AdSy metric g,,, and can be used to decompose the perturbation variables h,, into

three types a la cosmological perturbations [14]: the tensor-type hg,? LV satisfying D”hg? LU =

B = 0, the vector-type h(TlL = 0 satisfying D*h{}), = 0, and the scalar-type (hz,h}"),

with respect to hypersurfaces 33, so that the perturbation variables are described as

b = hi, G + Py B + 2D, 15, + 1), (2.27)
where we have introduced the traceless projection operator:
_ _ 1 -
P = DD, — <G D?. (2.28)

Here and hereafter, the indices are raised and lowered by the background metric g*¥ and
Juv, and h := h, " denotes the trace.

Note that on a compact Riemannian Einstein manifold, any second-rank symmetric
tensor field can uniquely be decomposed in this way [15]. However, such a tensor de-
composition result, in particular, the uniqueness, would not be the case for our present
setting with (i, guwv) now being a Lorentzian submanifold. In this paper we proceed our
analysis by assuming that the tensor decomposition results (2.27) hold. For convenience, the
perturbation quantities appearing in our holographic semiclassical Einstein equations (2.18)
are summarized in appendix C.2 [see egs. (C.4)—(C.8)].

In what follows, we consider each tensorial type of perturbations separately. Since we
will apply the following perturbation formulas to the d = 3 case in the subsequent sections,
for convenience, we provide them by setting d = 3 below. Generalizing the formulas to the
general d case should be straightforward (Some of the key formulas are given in general
dimension d in appendix C).

Tensor-type perturbation h$? The bulk Einstein equations (2.18a) and the mixed

Tuv*
boundary condition (2.18b) reduce, respectively, to
Q _ 2
O2hE), — 25 0N, + (D2 + e?) &, =0, (2.29a)
and
(2)
: (L)3 2 52 2 LO:Ng
— = (=) (2D%*+2) n?, = 3 x Ty , (2.29b)
0 ¢ ( ) e z—0 02 fast mode

~10 -



where the right-hand side of (2.29b) should be evaluated in terms only of the fast mode
of (2.22), and also where only terms relevant in d < 4 are expressed. Here we have introduced
the following dimensionless parameter:
 Gs L?
BTG e

Note that as we will see later, 3 express how large the effect of dual CFT energy-stress

(2.30)

( T ) is with respect to that of boundary cosmological constant Az/(87 G3).

Vector-type perturbation h(Tl L The bulk Einstein equations (2.18a) and the mixed
boundary condition (2.18b) reduce, respectively, to

0= (Dz _ ;) 9.h) (2.31a)
SYENCY)
0 GZD(Mth/
and
L8,D,hY
0= 7{2(;’“ Tv) (2.31c)

Scalar-type perturbation (hr, h;? )). In terms of the gauge-invariant variable, which
is analogous to the cosmological curvature perturbation [14]

1 _
@ = hy — 3 D’ n (2.32)

the bulk Einstein equations (2.18a) and the mixed boundary condition (2.18b) can be
expressed, respectively, as

0 [0.hp
=— == 2.
=2 ( ! ) , (2.33a)
_ 1
0=D,0, <<I> + h;)) : (2.33b)
7 3 P
2
_ Q 1
2
and
(D2 — 3) ® =0 (2.33¢)
02 ’ '
slow mode
1 (L\? - - L0,®
— | =) P,® = P, — 2.33f
3m ( €> g slow mode Ta Q2 fast mode ( 5 )

Note that eq. (2.33d) can be rewritten as

L9970 Buo
02 0209z QO

(2.34)

- 11 -



2.4.3 The dimensionless parameter 4 that controls boundary dynamics

As can be seen from egs. (2.29b) and (2.33f), perturbations of the bulk Einstein equations
involve the dimensionless parameter 3 defined by (2.30). This parameter can be generalized
to the case of general dimension d as

GyL [L\%?
’Yd L 7TGd+1 (£> 9 (235)

and can be derived from the following holographic consideration. Suppose that the bound-

ary conformal field theory has Ngo¢ “degrees of freedom.”Since the boundary curvature
length scale is £, we can estimate ( 7., ) ~ Ngof/¢%. Then, the semiclassical Einstein
equations (2.18b) relate R ~ 1/¢% and G4 { T ) ~ Gg Naog/£?, implying 1/6% ~ G4 Naog/ (%,
and therefore should involve a dimensionless parameter 74 ~ Gg Ngo/f4~2. From the
AdS/CFT correspondence, we can also estimate that Ngof ~ rd-1 /G441 and hence obtain
the dimensionless parameter v4 ~ Gg Ndof/ﬁl*2 from the relation

Gy, L1 GuL (L>d2
= — =T -
072 Gap1 Gapr d

; (2.36)

Note that if the d-dimensional boundary contains, e.g., a black hole with the mass

M, then we can introduce another dimensionless parameter Gg M /(%3 ~ (r, /£)?=3,

or
veu = {Tpn ~ ry/l. In such a case, the dimensionless parameter ypy specifies the
Hawking-Page phase transition on the boundary. The parameter v4 ~ Gq ]\70101;/€le2 is
involved even when a holographic system under consideration has zero-temperature.

One can also see that the parameter v, represents the ratio of the strength of the
boundary quantum stress-energy (7,,,) with respect to that of the boundary cosmological

constant Ay/(87 Gq) = —47Gy(d — 2)(d — 1)/(87 G4¢?). From eq. (C.7), one can estimate

d( T ) roughly as
() d
~h <L> | (2.37)
Ga1 L \ ¢

1 Loh

HT ™ G L o

fast mode

where we denote hy,(z,2) ~ 0G,,(z) (14+---) + hff;)(x) (z/L)* (14 ---). Then, on one
hand, the response K of the dual quantum field ( 7, ) against the perturbations of the
boundary metric 0G,, can be estimated roughly as

§(T) 1 LN nh)

0G " Gy L <£> G
On the other hand, the contribution to the CFT stress-energy tensor from the cosmological
constant Ag = —(d — 1) (d — 2)/(2£?) is estimated as 7;1}, = —AiGu/(81Gy), and thus its

response KA is

K~

(2.38)

5(T™) Ag 1

oG Gy Gal?
Therefore, assuming h'f) /6G = O(1), one can find the strength of ( 7, ) compared with
Ag4 becomes

KA ~

(2.39)

(2.40)

K Gal? (LN\* W) GuL [L\*?
7 =T -

ﬂNGd—HL ’ ENGdH
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3 Semiclassical dynamics in 3-dimensional black holes

In this section, we study perturbative dynamics of 3-dimensional boundary gravity as an
application of our holographic semiclassical Einstein equations (2.18). As a solution of the
4-dimensional vacuum bulk Einstein equations (2.18a),

3

Ryn = 7 GuMN, (3.1)

we start with the AdS, bulk with AdSs boundary as our background geometry,

L z
2 _ -2 2, - T N
ds; =Q%(z) {dz + g (x)dat dx } , Q= 7 sin (£> ,
2 2
-2 _ y T dr
dsy = guv(x)datde” = — <€2 - M) dt* + . + r2dp?. (3.2)
M

Note that in the above expression of the AdSs metric, we adopt the coordinates x* = (t,r, ¢)
so that d_s§ = gudztdz” can manifestly be seen as the covering space of the static BTZ
black hole [16] with the length scale £. Our boundary metric g, satisfies (2.18b) with
<77u/> = 0, namely,

2 _

R,uz/ = *ﬁguua (3'3)
and accordingly we refer to our background boundary AdSs as the BTZ black hole with
vanishing expectation value of the stress-energy tensor. In this respect, our bulk metric ds?
can be viewed as the metric for (the covering space of) AdS black string.

3.1 Perturbed semiclassical Einstein equations

Now let us consider perturbation of the solution (3.2). We restrict our attention to the

2)

T which satisfies the transverse-traceless condition

tensor-type perturbation, h

D*RG), = g hs), = 0. (3.4)

Then, from the Einstein equations (3.1), we obtain (2.29a), i.e.,

_ « 2
2 2
Wy + D, = 25 WPy, + S hE, =0, (3.5)

where here and in the following the prime denotes the derivative with respect to z. By
making the following ansatz for separation of variables

2 A~
W (. 2) = €(2) Hyu (@) (3.6)
we decompose eq. (3.5) into the 3-dimensional part

2

N2
D*Hyw + 5

H,, =m*H,, (3.7)
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and the radial part

2 Q) d G . [ & 2 d L) .
0 <d22 O a7 a2 T a: TS (3:8)

with a separation constant m?2.

For convenience, we introduce the following coordinate w,

1 1
— 1 — w2+ — w4 ... )
z w( ke —I—80€4w + ), (3.9)

so that the metric reduces to the Fefferman-Graham form

L2
dsi = ﬁ(dw2 + g (x, w)datdz”),

G (2, 0) = g0y (%) + W G(2) 0 () + W gz () + - . (3.10)

Note that even if we expand g,, in terms of z instead of w, we still obtain the same
coefficients g(),, (), ..., until at O(2%) due to eq. (3.9).
As shown in [17], the coefficient g(y),, is given by

1
92w = _R/w + ZRQ(O)NV ’ (3'11)

where R, and R are the Ricci tensor and Ricci scalar for the boundary metric g(g),,. Since
the perturbation of R, is written as

1/=5 6 m? 2
5Ruu = _5 <D + 62) 6g(O)uV - - (2 + EQ) 59(0)/u/7 (312)

under the condition (3.7), we obtain
IR = gfg’)énw =0,
Ry = =092y — %59(0),”, (3.13)
where we have used the fact that
S9! = 5g(n)W§(O)“" =0, (3.14)

at any order n for the linearized perturbations under our metric ansatz (3.6), and egs. (3.11)
and (3.12). Then, we can reduce the linearized semiclassical Einstein equations (2.18b) to

59 0)puv 3
—8gym + 2( z); = 87G33 ( T ) = 57013090 (3.15)
where we have used the formula [17]
3L?
< 7711/ > = 167TG49(3);1,1/ . (316)
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Now note that under our ansatz (3.6), both dg(p),, and dg(3),, are proportional to
H,,(x). Then, by expanding the solution of (3.8) as
§:a0+a1z+a222+a3z3+-~ , (3.17)

and using egs. (3.9) and (3.10), we can reduce eq. (3.15) to the following simple relation,
2

m
=— 1
as 371_6730,() (3 8)
Under the coordinate transformation, n := (1 — cos(z/¢))/2, eq. (3.8) becomes
P2 A
d*¢ ( 1 ) d§ .oz
n1=m s+ (5 +n) §mte=o. (319)
where here and hereafter
m? = m2%. (3.20)
The solution is given in terms of the hypergeometric function as
R 1 1 5
6261F<—1+p, —1-p, —3; —n) +e(l- )3/2F( tp5 =P 5 1—77) :
(3.21a)

pi=V1+m2. (3.21D)

We need to impose boundary conditions at the rest of the AdS boundary 9M \ ¥y, depicted

in figure 1, which in the present coordinates correspond to n =1 (z = 7f). We choose the

Dirichlet condition f =0atn=1 (2 =n¥), and thus ¢; should be zero. By using Gaussian

transform formula,

IF'e)T'(a+b—c

I'(a)L'(b)

I'(c)T'(c—a—b)
I'(c —a)'(c—b)

the asymptotic behavior of ¢ at the AdS boundary z = 0 becomes

£ Loy

F(a,b,c;1—n) = )nc_a_bF(c—a,c—b,c—a—b+1;17)

F(a,b,a+b—c+1;1n), (3.22)

2 F(24p,2-p, g;n)

@ I'(1/2-p)T(1/2+p)
EATER) 1 1,1
Ir2+p)T(2- )F(Tp’ PRECY 77)}
—3 sin(m p) pP—1z p(p?—1) 23
NSP(PQ_D{l_'_ 2 52_3tan(7rp)€3+'”}' (3.23)
From eq. (3.18), one obtains
anm m2

T tﬂ/% (3.24)

When 2 > 0, there is an infinite number of solutions, m satisfying eq. (3.24) for any
v3 > 0. On the other hand, when /m? < 0, the solution 7 should be bounded from below
by —1 < M2, otherwise, the BF bound [18, 19] on the boundary is violated, as shown in
the next section. In the range of —3/4 < m? < 0, there is no solution for any positive 3.
As a result, there is only one solution, 772 in the range —1 < 1m? < —3/4 for any 3 > 1.
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3.2 Perturbed solutions

In this subsection, we first construct analytic solutions of eq. (3.7) with (3.24) by considering
static perturbations. We also discuss physical implication of the dimensionless parameter
~v3 given by eq. (3.24) above. Then, we derive formulas for time-dependent perturbations,
which will be used subsequently to discuss boundary dynamics.

3.2.1 Static perturbations

Having our background metric (3.2), we find it more convenient to use the following
Eddington-Finkelstein form for the boundary metric:

ds? = —f(1 — Moo (r))dv? + 2(1 + €My (7)) dvdr
2
+ €Hpp (r)dr? + 72 (1 + eH oy (r))dp?, f= 2—2 - M, (3.25)

where € is an infinitesimally small parameter. From egs. (3.7) and (3.25), we find that H,,
can be regarded as our master variable, by which Hy,, Her, and H,. are expressed as

2 (1 + M2 uMHyy + 2u3H,,

=2 ur T Ty vr — —Tlov rr — "o ~ )
Heoyp H i H H # r? 14+ m2(1—u)

(3.26)

and that H,, obeys

52
(L= )L+ (1 = ), — (2410 (1 = W) Hly = 151+ 2ut (1= ) Hoy =0,

(3.27)

where we have introduced the new variable v := 7“,21 /r? with rj, := ¢+/M being the background
horizon radius, and here and hereafter the prime denotes the derivative with respect to wu.
The asymptotic behavior of H,, in eq. (3.27) is given by

How clu(l_p)/2 + czu(1+”)/2 . (3.28)

This asymptotic behavior is the same as that of a massive scalar field ¢ with mass-squared
m? on the background of AdS3. We are not interested in any unstable solution with
m? < —1, which violates the BF bound [18, 19], and therefore we will focus on the case
—1 < /m? (and hence p > 0). When m% = 0 (p = 1), a logarithmic mode appears, but it
is not permitted by eq. (3.24) unless v3 = 0 (G3 = 0). When —1 < m? <0 (0 < p < 1),
there are two normalizable modes. Such a scalar field model is effectively derived from
3-dimensional massless conformal scalar field in the background of asymptotically AdSs

2 = —3/4, and there is an exact

spacetime. The effective negative mass-squared becomes 1m
static black hole solution which includes two normalizable modes [20]. So, we do not impose
any particular boundary condition in the mass range, —1 < m? < 0. When m? > 0 (1 < p),

we choose the Dirichlet boundary condition, ¢; = 0 so that the perturbed field does not
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diverge at the AdS boundary. We also impose the regularity condition at the horizon, u = 1.
By eq. (3.27), it is given by

Now, under our holographic setting given in the previous subsection 3.1, we obtain the
following theorem.

Theorem. There is no static, reqular asymptotically AdSs boundary black hole as a solution
to the holographic perturbed semiclassical Einstein equations with non-vanishing stress-energy
tensor, when v3 < 1.

Proof. First, let us consider the case m? > 0 (p > 1). Since eq. (3.27) is a linear equation,
we can take H,, (1) = 1 without loss of generality. From the asymptotic boundary condition,
¢1 =0, Hyy must converge to zero at u = 0 by eq. (3.28). As H., (1) < 0 by eq. (3.29), Hyy
would have a local maximum at some u = up, (0 < um < 1) between the horizon and the
AdS boundary. This means that H/, (um) = 0 and H., (um) < 0. This is impossible because

2

(1 — um)(1 + % — 2um) > 0, ;”—2[1 + 2ug + 2(1 — um)] > 0. (3.30)
u

m

Next, let us consider the case Mm? < 0. Then, it should be —1 < m? < —3/4 by eqgs. (3.24)
and (3.28). As shown in the previous section, the right-hand side of eq. (3.24) is bounded
by 1 from below. This is impossible when 3 < 1. O

This theorem states that there is a lower bound for the three dimensional gravitational
constant (i3, in order for a semiclassical static black hole solution with non-zero expectation
value of the stress-energy tensor to exist. By eq. (2.30) or equivalently (2.35), the lower
bound is given by

7l
C7Y3,min = ﬁG4a (331)

which is equivalent to v3 = 1. As shown below, the existence of the static black hole
solution suggests that the BTZ black hole with ( 7, ) = 0 is unstable when G3 > G3 min
(v3 > 1). On the other hand, when G3 < G3min(73 < 1), the backreaction of non-zero
( T ) through the semiclassical eq. (3.15) is also small, and the BTZ black hole with
( T ) = 0 would be stable. From the bulk point of view, the boundary condition at the
AdS boundary is a mixed boundary condition satisfying eq. (3.18). So, when G5 is small
enough, |ag| approaches zero for a fixed ag, and hence, the boundary condition approaches
usual Dirichlet boundary condition. This agrees with the result that the BTZ black hole is
stable against vacuum perturbations under the Dirichlet boundary condition [21, 22]. It
is noteworthy that GG3 becomes a control parameter which determines the stability of the
BTZ solution.

When —1 < 1?2 < —3/4, one obtains the analytic solution from eqs. (3.26) and (3.27),
under the boundary condition (3.29). By introducing a new variable

U= Hyp — [Hyr (3.32)

17 -



10r
08t
061
04+
0.2
Ih
0i2 0t4 0i6 0t8 1t0 _
r
Figure 2. H,,, normalized at the horizon u = 1(r = r3,), is shown for m? = —4/5.
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Figure 3. (7;") (solid, blue), (7;") (dashed, green), (7,%#) (dotted, red), and fH,, (dot-dashed,
brown) are shown under the normalization by the absolute value of (7;*) at the horizon for m? = —4/5.

Hov, Her, and Hy, are expressed via egs. (3.26) and (3.27) as

HU'U: (3_2)\Ij—2(1—u)\1/,,
u

62
%7‘7‘ = -3 (3\11 — QU\I//) y
Th
3 /
Hop = (5 —1) 0 —20 - w)¥, (3.33)
and the exact solution of ¥ satisfying the boundary condition (3.29) is given by
q;(u)_u(s—p)/zF<1;p’ 3;1772;1_“) ' (3.34)
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Figure 2 shows the profile of H,, interpolating the horizon to the AdS boundary in
the 2 = —4/5 case. This is proportional to the energy density detected by an observer
along the timelike Killing orbit of d,. The unit tangent vector along the orbit is given by
VH = (9y)*/+/f. From egs. (3.16) and (3.18), we obtain

(T YVIVY ~ —eit*Hoy - (3.35)

So, when € > 0, the energy density is everywhere positive outside the black hole horizon.

Figure 3 shows the stress energy tensor, (T;'), (T,”), (T%), and fH,, are shown for
m? = —4/5. By coordinate transformation, v =t + [drf(r)~!, we obtain usual diagonal
metric from the Eddington-Finkelstein form (3.25). By eq. (3.16), the stress-energy tensor
(T is proportional to the perturbed metric by, , given by

hi' = —€Hyy, he" = —e(How — fHur), he? = €(2How — fHrr) - (3.36)

Near the horizon r = rp,, fH, is very small, and then we approximately write the form of
the stress-energy tensor as

(T,7)
2

<7;t>:(7;7">:7 (3.37)
This form is very similar to the one of a free conformal scalar field [23-26] and for a
holographic CFT dual to a four-dimensional bulk [27],

(T )~ %diag(l, 1,-2). (3.38)

On the other hand, we find that fH,, grows toward the AdS boundary and fH,. >~ Hyy
near u = 0 by eq. (3.26). This means that ( 7,” ) quickly approaches zero, compared with
the other components, ( 7;* ) and ( 7,,% ) near the AdS boundary, being quite different
from the form (3.38).

According to the AAS/CFT dictionary, the states of the boundary field theory is
represented by the various geometries of the bulk solutions. In our holographic setting,
the bulk black hole connects two boundary black holes located on the north and south
poles, while in the holographic model of the BTZ black hole [27], the bulk geometry and
the horizon cap off smoothly on a bubble, and the boundary black hole is isolated from the
other bulk horizon. The former is usually referred to as black funnels, while the latter is
referred to as black droplets [28]. See figure 4 below. So, there are two possibilities. One
possibility is that the difference of the boundary stress-energy tensor reflects the difference
of the bulk geometry. Another possibility is that our static solution is unstable against
generic perturbations.

3.2.2 Time-dependent perturbations

Next, we consider time-dependent perturbation of the BTZ solution satisfying eq. (3.15) to
show that the BTZ solution is unstable when the three-dimensional gravitational constant
is larger than Gg min in eq. (3.31). As shown below, the solution of eq. (3.7) is analytically
obtained, under our metric ansatz.
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Tl Bubble of nothing

z=0 z=0

Figure 4. The bulk geometries of a black funnel (left) and a black droplet (right). The coordinate
system similar to (3.2) is taken so that the thick (semi-)circles, z = 0, 7l, denote the AdS boundary,
the thin curves inside the bulk correspond to the bulk horizon, which connects two AdS boundaries in
the black funnel case (left), and which ends at the bubble of nothing in the black droplet case (right).

In terms of the coordinate variable u = r2/r? introduced just below eq. (3.27), the
background BTZ metric given in eq. (3.2) is cast into the form,

2 2 7,2 2
-9 r V“du T

Introducing four functions T'(u), U(u), S(u), and R(u), we make the metric ansatz of the

perturbation as

2

_rhg(u)
du?g(u)

zm
_ €
2u?g(u)

ds? = (1+ €T (u)e “Hdt? + (1 + €U(u)e™ ™" du?

. 2 .
S(u)e”“dudt + %(1 + ee I R(u))dp? . (3.40)

From eq. (3.4), we obtain the following three constraint equations

R+U+T =0, (3.41)
d
(udu —2) S —iwul =0, (3.42)
1wS , /

where here and in the following & := (?w/r,. By eq. (3.41), R can be eliminated from
egs. (3.43) and (3.7), and then, the following constraint equation

2001 +m?)g — 20(1 + OHulU —i(m? — &S — 2uk(1 +&*)T =0, (3.44)
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is derived. Eliminating 7" from egs. (3.42) and (3.43) by using eq. (3.44), we obtain two
coupled differential equations,

d A2
( w—2>Z+i@(1+@2)U:O,

u% B 29
d @?-2 1 m? — &2
— U+ = |iw+ —F——59]|2=0
(udu + 2g ) + 442 (zw + iw(1 —|—(D2)g ’
Z =8 + 2iwgU . (3.45)

Then, it is easy to derive the following master equation by eliminating U as

2 1 1
2= <u i g) 2% hag [+ 9(8 )| Z = 0. (8.46)

The solution is given by the hypergeometric function as

LFp+id 3+p—id
2 2

Zy = (1 —u) /2,302 p ( R u) . (3.47)

By imposing Dirichlet boundary condition at « = 0, we choose Z solution only. Near the
horizon, u = 1, we also impose the ingoing boundary condition, Z; ~ (1 — u)_“:’/Q. By
using Gaussian transform formula, the ingoing boundary condition becomes

G=i(l—p—2n), (n=0,1,2,,---). (3.48)

This gives an unstable mode in the range of —1 < m? < —3/4 by setting the lowest mode,
n =0 as

O =1i(l—p)=i(1—V1+m2). (3.49)
Substituting eq. (3.49) into eq. (3.47), Z reduces to a simple form:
Zy = (1 — u)7i9/22Fi0/2 (3.50)

The existence of the unstable mode (3.49) means that the BTZ black hole solution is unstable
against the quantum field perturbation via the semiclassical Einstein equations (3.15) when
Gs > Gg,mm.

One might wonder if the perturbed metric is regular on the horizon because both of
the functions T and U diverge near the horizon, u = 1 as

T, U ~ (1 —u)"17/2, (3.51)
To remove this apparent singularity, let us use the advanced null coordinate v, which is
now given by

2

dv =dt — ————du.
v 2rp\/ug “

(3.52)
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Then, the metric (3.40) becomes

g — 1w i — EQ
dS% EQ <]. + ee t] ) d’U — W {1 + = (Q — e tli) } dvdu u2 eQdu2
2
Th —iwt 2
+ w ( + ee ) ¥ ( )

In particular near the horizon v — 1, the above metric takes the regular form,
9 TI% € e—iwv 5 Th € e~ wv EQ € e~ wv 5
ds; ~ ——t- — dve— —= (14 - dvd — = d
E Wu@+21m>2} ﬁﬂ<'+41zw>”“+42811w“
2 —iWv
+Th<y_€€ m>dﬁ, (3.54)

where we have used the fact that R is obtained from eq. (3.41) and near the horizon
Qx (1—u)—0.

3.3 Boundary dynamics and instability

It is interesting to investigate how the boundary black hole evolves according to the
semiclassical Einstein equations (3.15). Unfortunately it is in general difficult to determine
the location of the event horizon within the framework of the perturbation, as one needs to
know the whole evolution of the geometry to determine it. Nevertheless, we can still obtain
some insights for this problem by inspecting the behavior of energy flux across the apparent
horizon within the perturbation framework. For this purpose, let us examine the metric
ds} = Guwdaxtdz” given by the near horizon expression (3.54). Suppose the apparent horizon
is located at uayg = 1 + eCe~™? with the out-going null tangent I* := (9,)* + exe ¥ (0, )*,
where ¢ and x are some parameters. Then, it must follow that on v = uag, (#l, = 0 and
1"0,G,p = 0. From these requirements, by using the concrete expressions of G, given in
eq. (3.54), we find

141w KW
_ _ 3.55
o) X ai—) (3:55)

where here and hereafter x denotes the surface gravity of the background BTZ black hole,
i.e., k := 1y, /2. Therefore we obtain

€ D Kk(1—p)v 2
u =1 + (& p + Ol(e N 3.56

with 0 < p = V1 +m? < 1. The horizon radius rap, defined by ray := Q(},{f(u = uap), can
be evaluated, via egs. (3.54) and (3.56), as

TAH o €1HP capp

e T (3.57)

When € > 0, rapg decreases along the direction of I#, implying that the black hole
evaporates due to quantum energy flux across the horizon. Indeed, the energy flux F :=
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( Tow ) at O(e) is evaluated by egs. (3.16) and (3.18). For the unstable mode satisfying (3.49),
we find

2

m K dranu
8rGsF ~ _276269(0)111)(“ = 1) ~ o

2
_ 62T saepe

3.58
2—p rp, dv (3:58)

where we have used eq. (3.49) in the last equality. The energy flux is negative for ¢ > 0,
since we have a semiclassical solution only when —1 < m? < —3/4, as shown in the previous
section.

At r =0 (u = o) spacelike singularity inside the BTZ black hole, the stress-energy
tensor diverges as

(T )(TH ) ~ €2HWHW ~ 6262”(1_p)t(u — 1)1_pu1+p ~u? = o0, (3.59)

which is a gauge invariant quantity, up to O(e?) because the background stress-energy
tensor is zero. This suggests that the perturbed BTZ black hole has a curvature singularity

at u = oo because the perturbed Einstein tensor dEin ),

of the boundary metric g(g)u
diverges at O(e) as

. 900 . gOmv . :
(Eln(o)w - (6)2!“}) (Eln(o)’“’ - R = 5E1n(0)W5E1n(O)W — 00, (3.60)
through the semiclassical Einstein equations (3.15). So, the quantum corrected BTZ black
hole is singular at u = oo, although the unperturbed one has no curvature singularity there.
The boundary singularity is also a bulk curvature singularity at « = oo. This is observed
by the calculation of CxraynCEIMN at O(€?) as

2

CriyynCEIMN — o RELMN _ % ~ €2 (fgf(z) sin3 Z) 2e(1-P)ty (3.61)
near u = oo, which is also gauge invariant, up to O(€?) by Cxryn = O(€). The appearance
of the bulk curvature singularity implies that generic inhomogeneous AdSy black string
contains a curvature singularity inside the black hole, even though the background BTZ
black string has no real curvature singularity.

It is interesting to explore what is the endpoint of the black hole evaporation. If the
boundary black hole completely evaporates until the radius reaches the Planck scale, a naked
singularity would appear on the boundary. From the bulk point of view, the initial black
string solution in eq. (3.2) becomes inhomogeneous under the evolution, and the horizon
pinch-off occurs at the AdS boundary, via the complete evaporation of the boundary black
hole. This is analogous to the Gregory-Laflamme instability of the black string solution [29].
In that case, the central curvature singularity would be seen by a bulk observer outside the
AdS black hole, implying the violation of the weak cosmic censorship in asymptotically AdSy
spacetime. This picture is consistent with the recently study in the Einstein-Maxwell (EM)
system [30]. In our semiclassical model, the naked singularity would be caused by the
boundary metric determined by the semiclassical Einstein equations (3.15).
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4 Summary and discussions

We have investigated semiclassical Einstein equations in the framework of the AdS/CFT
correspondence. We considered perturbations of the pure AdS;;1 spacetime and derived
a mixed boundary condition, which corresponds to the semiclassical Einstein equations
in which the ratio between the faster and the slower fall-off modes is determined by the
dimensionless parameter 4. In particular, we have analytically solved the perturbation
equations in the d = 3 case and found that the BTZ black hole with vanishing expectation
value of the stress-energy tensor is semiclassically unstable, provided that the parameter
~3 exceeds the critical value (i.e., y3 > 1), or equivalently the 3-dimensional gravitational
constant Gg is above the critical value (i.e., G3 > G3min). The occurrence of this instability
can be interpreted as follows. When the gravitational constant is small enough, the mixed
boundary condition reduces to the ordinary Dirichlet boundary condition at the AdS
boundary under which the BTZ black hole is stable against any perturbations [21]. However,
as one increases the gravitational constant, the backreaction of the quantum stress-energy
tensor becomes important and it leads to a new instability caused by the quantum effect.!”

Strictly speaking, we have examined the perturbations in the geometry of the pure
AdS3 expressed in terms of the BTZ coordinates, rather than the decent BTZ black hole,
which is constructed by making certain identification of spacetime points of the pure AdSs,
thus having a topologically non-trivial geometry. Accordingly the quantum field resides
on our boundary AdSs; with BTZ coordinates (or the covering space of a BTZ black hole)
is not in the Hartle-Hawking state with finite temperature, but is rather in the conformal
vacuum with zero-temperature. (For this reason, we have referred to our boundary setting
as the BTZ black hole with vanishing expectation value of the stress-energy tensor.) The
instability found in this paper can therefore be viewed as an instability (or phase transition)
of AdSs itself due to the effects of strongly coupled quantum fields. It is important to check
whether this type of instability of pure AdS with quantum fields in conformal vacuum state
can also occur in higher dimensions d > 3. In this regard, it is also interesting to study the
role of trace anomalies when d is even.

There remains an open issue whether the bulk spacetime dynamically evolves in a
manner consistent with the semiclassical Einstein equations at the AdS boundary, since there
are many gravitational corner conditions [31]. Although further careful analysis is required
beyond the linear perturbation, it would be interesting to explore what is the final state of
the instability. One possibility is that the final state of the bulk spacetime is a non-uniform
black funnel solution, connecting two boundary AdS black holes [22, 32]. Another possibility
may be that the time evolution does not settle down to any stationary solution, such as
the static black funnel. When the boundary black hole evaporates completely, a naked
singularity appears on the boundary, as argued in the previous section. When the boundary
black hole horizon continues to expand, the bulk horizon of the black funnel gets thin by
the outflow of null generators from the bulk into the AdS boundary. In either case, pinch-off

10Tt would be interesting to study whether a similar type of instabilities could also occur for the gauge
field case. Although our preliminary calculations indicate no such instabilities to occur, we need further
study to reach a definite conclusion.
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of the bulk horizon would occur inside the bulk or on the boundary within a finite time,
analogous to the Gregory-Laflamme instability [29]. Our analysis can be extended into the
higher dimensional cases (d > 3) by perturbing higher dimensional AdS;.; black string
solutions. In higher dimensional case, there is another control parameter describing the
black hole radius, in addition to the dimensionless parameter 4. As the semiclassical effect
renders the BTZ black hole unstable, it is natural to speculate that the parameter region in
which the higher dimensional AdS black string solution is stable becomes smaller than the
one analyzed under the Dirichlet boundary condition [22]. The complete analysis would
appear in the near future [33].

Many other interesting directions can be explored by applying the holographic semi-
classical method. One of them is the issue of the black hole evaporation. The backreaction
problem of the Hawking radiation has been investigated in the two-dimensional dilaton
model [34], but only few have so far been examined in higher-dimensional models. Although
the semiclassical approximation is violated at the final stage of the evaporation, it would be
valuable to investigate how the black hole evolves with evaporation. Another direction is
to test the self-consistent averaged null energy condition (ANEC) [35] in our holographic
semiclassical approach. The “self-consistent” means that the expectation value of the quan-
tum stress-energy tensor (in addition with other classical stress-energy tensor) satisfies the
semiclassical Einstein equations. This avoids violation of the ANEC observed in conformally
coupled scalar field in a conformally flat spacetime [36], or a strongly coupled field in a
holographic setting [37] in the absence of the self-consistent condition. If the self-consistent
ANEC holds in general spacetime, we can also establish various important theorems such
as the singularity theorem or the topological censorship, incorporating the quantum effect
semiclassically.

One way of viewing the holographic semiclassical Einstein equations might be in terms
of AdS/BCFT [38] (see also [39] and references therein). In the AdS/BCFT setting, one
includes an end-of-the-world (EOW) brane whose end at the AdS boundary corresponds to
the boundary of BCFT, so that the gravity dual of BCFT is given by the region of AdS
bulk surrounded by the AdS boundary and the EOW brane. The bulk metric is required
to satisfy the Neumann boundary condition at the EOW brane, rather than the Dirichlet
boundary condition. This in turn implies that the metric on the EOW brane becomes
dynamical, satisfying the braneworld Einstein equations [40], and thus correspond, as a
gravity dual, to the boundary degrees of freedom of the BCFT. One may expect that by
taking the limit toward the AdS conformal boundary, the braneworld Einstein equations
would turn to play a role of the boundary semiclassical Einstein equations. It would be
interesting to clarify the possibility of such relations between the braneworld gravity and
holographic semiclassical Einstein equations.
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A Derivation of the permittivity and permeability from the holographic
semiclassical Maxwell equations

As an example of our holographic semiclassical Maxwell equations (2.14), we derive the
permittivity and permeability [7] at finite temperature. Let us consider the semiclassical
problem (2.9) which couples to ( 7, ) in dual field theory at finite temperature. For this
purpose, we consider as our bulk gravity Schwarzschild-AdS black hole (SAdS,), expressed
in the Poincaré like coordinates XM = (z#; 2) = (t,x,y; 2) as

2 L\? 2 2 ) 2P 3
dsy = — —fz)dt* +da” +dy*" + — | , f(z) =1—(T=z2)", (A1)
z f(z)
where the AdS conformal boundary is at z = 0 and where T := 47 Ty /3 with Tgy being
the Hawking temperature.
In order to solve egs. (2.14), let us assume A, = 0 and take the Fourier transformation
along the boundary as

3 . ~
Az, z) = / (26;)];/2 emT Ak, 2), k,=(—w, q, 0). (A.2)

Then, by taking expansion with respect to o := w/7T < 1, q:=¢/T < 1 one can find the
solutions. For simplicity, consider the stationary configuration w = 0, in which eqgs. (2.14a)

reduce to
0= ( 02 ) . (A.3a)
0=0,A,, (A.3D)
0={0.(£0.) - ¢*} 4. (A.3c)

The boundary conditions at the horizon z = zy := 1/T are given by
Ay(q,z1) =0, | Au(q, 21) | < o0, | Ay(q,21) | < 0. (A.4)

Expanding eqs. (A.3), (A.4) with respect to q?, we find the following solutions:

1-Tz+q*1(Tz2)

A(q,2) = T2 10) Ai(q) +0(qY), (A.5a)
Ax(Qv Z) = A:}c(Q) ’ (A5b)
27/ 2) -
Afas) = A + oG, (A50)
where
1 1 /"
I(n) ::/77 d77/ o 1_'_;[,,77_'_77,,2 (A.5d)

— 96 —



Then, from eq. (2.12), we obtain the R-current as

T g2 [ -
(J%)=0, (A.6D)
T . -
(T ==0 0 Ay(q) +O(q"). (A.6¢)
Here we have used the following:
9In3 -3 7 , 1 dn T y
I10) = ——— I'o) = - =— I =1.
O =" T == [ = IO

Using the above formulas, we can express egs. (2.14b) as follows:

_ 2 2 ~ ~ t
0:—q2At—T—§ {1-1—q (W—ln3>}At—e2L7(tho<<q2+Z> At—@,
g 2 g- € €

V3
(A.7a)
0= _62 ef(w (A7b)
2 7 Té o5 2 7y 2 i Y
0=q¢"Ay+ gT q” Ay(q) — " T < ¢~ Ay(q) — 1 T - (A.Tc)
where €, i are defined as
1 T—+/3 In3 €2 1 e?
=— |1 ~— [140.36 X —— A8
€= 2 < + WE] 927-> o2 ( + X927->’ (A.8a)
o2
(A.8b)

H=15e/(@T)
We note that the dual field theory with no current ( J* ) = 0 corresponds to the limit of g —
oo in egs. (A.7a) and (A.7c). Taking this limit, we can find that €, u correspond, respectively,
the permittivity and permeability,'! and also that T /(g2 €) =: 1/)2, in eq. (A.7a) represents
the screening effect due to the dual field with Debye length Ap.

B The expression of { 7, )

The expectation value of the stress-energy tensor (2.19) is given by [17, 41]:

()= 2 OSRRTIG) L 2 0SEEg]
M 5guu 2—0 Qd+2(z) \/jg 5‘9“”

= lim ! LS + 2 05

250 Q42(2) 87 Gyt V=3 69w

Qf(d+2)(z) L
=lim ———=< — LK" LK —(d—1)g"
zl—r>r(l)87TGd+1L +g ( )g +d—

et

(B.1)

"Note that in our convention, the permittivity of vacuum corresponds to ey = l/e2 and the permeability
of vacuum to po = e?.
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where the geometric quantities appeared here are given in section 2, the conformal factor is
assumed to fall-off as eq. (2.1), and as for the counter-terms, only terms needed in d < 3
are written.

Now we use the conformally rescaled metric and extrinsic curvature, g,, = 02 9w and
the extrinsic curvature K w = —0:0u/2 given by eq. (2.4), which are regular at z — 0. In
terms of which, we can rewrite eq. (B.1) as

—d

<7L”>_ll—%87er+1L{_LQ (R = g K) +

202
Y Elnpu[g]

—(d-1) (1-L) §W+--~} (B.2a)

i 1 LQEHHW[G]+—A¢H(%W_%LzQJ?R%V——@W(RT”R@,+I?%
250 87TGd+1L (d— 2) Qd—2 Q(d— 2) Qd—2
/LQ 0 N\ Ke-6,K

d—1 Gu 22(95’ d—2 N2
- I 202 (= 1-—=(1-LQ
+d—2Qd{ o) " 5 )Vt

(B.2b)

Note that the indices are raised and lowered by G,,, in the left-hand side, and by g,, in the
right-hand side. Note also that the first term of the right-hand side if eq. (B.2b) vanishes
when there are no matter fields involved, due to the bulk Einstein equations (2.18a). The
second-line of the right-hand side is more suitable to examine the limit z — 0.

For asymptotically AdS bulk satisfying the bulk Einstein equations (2.18a), the asymp-
totic fall-off behavior of each term of eq. (B.2b) can be seen as follows. First note that
according to [13], the induced metric g, behaves, at z — 0, as:

G~ G (L+422 402+ )+ gD 1+ (B.3)
In this expansion, the first term (slow fall-off mode) has a contribution to K, atO((2), while
the second term (fast fall-off mode) at O(Q4~1), and thus, K, ~ O(Q) {# + 5O (22)}G,. +
o(Q4-1) g,(ﬂ;). Hence, under the fall-off (B.3), we can estimate the fall-off behavior of each
term of eq. (B.2b) as follows:

o The quadratic terms of K, (the second-term in the first line) in the right-hand side
of eq. (B.2b) is at O(K?2/9Q972) = O(2*~?) and only the slow mode is relevant. For
d < 3, these terms have no contribution.

o The second-line have contributions at O(24~9) from the slow fall-off mode of §,, and
at O(1) from the fast fall-off, when the following holds,

LQ
This is because, due to the effect of
LY 0 L LQ 9_q O
Bk S T B.
d—262+ z + z ( 822_‘1)’ (B.5)

~ 98 —



the contribution from the term #22 in (B.3) becomes at the same order of that from
the term bz* in (B.3).

o The third-line has contributions at O(Q*~%), if the following holds:

_1-LQ/z

22

o(z): isin C? at z = 0. (B.6)

In the d = 3 case, if the condition (B.6) is satisfied, eq. (B.2b) takes the following form,

L TR o) ~LK,+6, LK
(T Jams = limy o G (LQ 2t 1) 02 (B-Ta)
1 0 L? _ _
= i [ — 1 R - _ 14 P
g 0 (25 71) T (LRw eaLE) @

In particular, we have K w = 0, whenever the metric ds? = Gy ndXMdX"N can be expressed
in terms of some Q which satisfies condition (B.6) and metric g, () which is independent
of z, so that

ds? = Q7 %(2) (sz + g () d:z“d:r”) . (B.8)

Then, it immediately follows from eq. (B.7) that ( 7., )a=3 = 0.

C Formulas for the holographic semiclassical Einstein equations

In this section, we provide some perturbation formulas of our holographic semiclassical
Einstein equations with pure AdS;y; background (2.24), considered in section 2. For the
perturbed metric Gy = Gun + 6Gun, we impose the gauge conditions §G,y; = 0 so
that nontrivial part of the metric becomes Q?G ., = (7, 2) = Gu(x) + hyu(z, 2). The
indices of the perturbation variables h,, are raised and lowered by the background metric
Juvs g". We denote the covariant derivative with respect to g, by Du and introduce the
projection operator

— - = 1. =
PHV = D(MDV) - gg,uzzDQ . (Cl)

Then, the perturbation variables are decomposed as

h,ﬂ, = thuy + P/ﬂ,hg?) + 2D(,uh‘§“13) + hg?}w , (CZ)

where D“h(TlL =0, DVh(T22W = h(T2L“ = 0 are satisfied.

C.1 Perturbation formulas for the bulk Einstein equations

The bulk Einstein equation (2.18a) is expressed as Ej;y = 0 in terms of the tensor defined by,

d
— Gun . (C.3)

Eyn = RMN[G] + Iz
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For the case of the pure AdS;.1 background (2.26), the linear perturbations of Ej/n are
given, in terms of the gauge-invariant variable (2.32), by the following formulas:

94 0 (0:h 0 (0.hg
s (o P) om0 2 (%) Luxa ? (%), Can

0.y = —0. (Dphy — D h)

_ o d-
= (d—1) D,0, <<I> + 7 by hl )) - (D2 - ) h),, (C.4b)
Qd-1 0-hu = =, G Q 1 - -
6By = —5 0 <Qd_1 ) + D, DPhyy, — fD by + 252 5 0:h = 5 DDy
1 _
72 (h Guv )
B Q . (0.hy (2) d—1 (-, d
_QW{_Q@<Q>+(CJ1) oo - (D 52) @}
(0) o h(l)
1 - d—1 0, h‘T — d—1 0 2T v)
_2PW,{Q az<9d1 +d=2)® Dy, {7 | 5
1 2 Q/( ) 2 3 2
-3 {aghggw —(d—1) 007, + (02 £2> h;LV} : (C.4c)

C.2 Perturbation formulas for the holographic semiclassical Einstein
equations

We write perturbation formulas for the holographic semiclassical Einstein equations (2.18b).
The left-hand side of eq. (2.18b) is given by the limit z — 0 of Ein,,[§] + Ag G- Noting
that Ag = —(d — 1) (d — 2)/(2£?%), we find the following expression:

: - . d d—2 d d—2 -
5(Eln’w[g]+Adg’W):(§((i) <D2_€2>q)_2dPMV(I)
1

2
-3 <D2+ 62) e, (C.5)

Next we derive an expression for the perturbation of the expectation value of the CFT
stress-energy tensor (B.2b). Since in our background, the extrinsic curvature is vanishing
K, = 0, we can ignore terms of O(K?). Then, we can write perturbation of eq. (B.2b) as

1 LQ (K ) — Guw §7°6(K o)
0 T ) = lli%ngdHL{ L (d—282+1) Qi1 ooy (C6)

where only terms which are relevant in d < 4 are expressed explicitly and - -- denotes those
in d > 4, and where 5(R'W) = —0hu /2.

The perturbation of the expectation value (C.6) is written, by using the bulk Einstein
equations 6 Eyy = 0, as

5 (1)
1 LQ L.(12P,, &) 2L0.Dyhy,,
y)=lim——r— —— 0. +1
o Tow ) = zgtl)lﬁdeHLl <d—28+) gt T i
LQ Lah()y
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which is by itself gauge invariant due to the fact that ( 77“, ) = 0 for our background.
From egs. (C.5) and (C.7), we find that the perturbations of the semiclassical Einstein
equation (2.18b) is written as

lim{(dl)(d2) Guv (D2— d) o- 1" 2p, 0 <D2+2> hgegw}

G d Iz d 2
Lo.(2P, ) 2L3.Dyh)
~ im0 (LQ az+1> (£ Py ) (7T v)
z—0 Gd+1 L d—2 Qdil Qdil
LO Lazh@)y
+(d_26z+1> 79(1_?‘ oo | (C.8)
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