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1 Introduction and summary

The seminal work [1] took an important step in unravelling the mystery of black hole physics
by providing a microscopic account of the Bekenstein-Hawking entropy. The essence of [1]
lies in the fact that the Bekenstein-Hawking entropy of BTZ black holes agrees with Cardy’s
formula for the asymptotic density of states in two-dimensional CFTs [2], which is now
a standard entry in the dictionary of the AdS/CFT correspondence. One subtlety of the
aforementioned matching is that holographic CFTs feature a large central charge c � 1
and semiclassical black holes correspond to states with energies comparable to, but not
necessarily much larger than c. In contrast, Cardy’s formula works for states with energies
E � c and fixed central charge [3]. Nevertheless, the range of validity of Cardy’s formula
can be extended to the holographic regime where c� 1 by assuming that the density of
light states is sparse [4]. The study of holographic CFTs featuring a large central charge and
a sparse spectrum of light states, among other properties, has deepened our understanding
of holographic dualities and the space of conformal field theories.

While the microscopic counting of [1] can be understood within the AdS3/CFT2
correspondence, many interesting black holes, including the ones found in the real world, are
not asymptotically AdS3.1 On the gravity side, the Bekenstein-Hawking entropy of these
black holes depends only on gravity in the near-horizon geometry and is not sensitive to the

1See [5–8] for recent developments in higher dimensions and [9] for Kerr black holes.
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region of spacetime that is far away from the horizon. This suggests that some universal
properties of the dual CFT might be preserved under irrelevant deformations, the latter of
which modify the asymptotic region of the spacetime. In general, it is difficult to keep track
of deformations driven by irrelevant operators. Nevertheless, in two dimensions, a family
of solvable irrelevant deformations exists that is driven by the antisymmetric product of
conserved currents [10], and includes the T T̄ [10–12] and JT̄ [13] deformations, as well as
linear combinations of them [14–16]. These models are interesting from field theoretical
and holographic points of view, and have been studied extensively in recent years. In this
paper, we explore universal features of T T̄ -deformed CFTs with a particular focus on the
holographic regime.

The T T̄ deformation describes a one-parameter family of quantum field theories via
the differential equation [10–12]

∂I

∂µ
= 8π

∫
d2xT T̄ , T T̄ := 1

8
(
TαβTαβ − (Tαα )2

)
, (1.1)

where I and Tαβ are the action and the stress tensor of the deformed theory at deformation
parameter µ. Despite being irrelevant, the T T̄ deformation is still solvable in the sense that
spectrum on the cylinder can be expressed in terms of the undeformed spectrum and the
deformation parameter [10–12], and moreover the deformed S-matrix can be obtained by
dressing the undeformed one with a CDD factor [17–19]. Another remarkable feature of
T T̄ -deformed CFTs is that the torus partition function remains modular invariant [20, 21],
despite the fact that conformal symmetry is broken by the deformation. Other interesting
features of T T̄ -deformed QFTs include connections to two-dimensional gravity and string
theory [12, 17, 19, 22–24], the computation of correlation functions and entanglement
entropy [25–29], and generalizations to higher and lower dimensions [30–32], among others.

By definition, the T T̄ deformation (1.1) is a double-trace deformation that can be
applied to any quantum field theory with a well-defined stress tensor [11]. A single-trace
version of the deformation can be defined for theories obtained from the product of QFTs, and
in particular, to symmetric product orbifold CFTs [33]. A symmetric product orbifold CFT,
denoted by SymNM0 := (M0)N/SN , consists of N copies of a seed CFTM0 supplemented
by the condition that all states are invariant under the symmetric group SN . The central
charge of this theory is c = Nc0 where c0 denotes the central charge of the seed CFTM0.
The single-trace T T̄ deformation of SymNM0 yields another symmetric product orbifold,
SymNMµ, whose seed theoryMµ is the T T̄ deformation of the seed CFTM0. In other
words, under the single-trace deformation each copy of the seed CFT is deformed by the
T T̄ operator in that copy,

∂I(i)

∂µ
= 8π

∫
d2x (T T̄ )(i), (T T̄ )(i) := 1

8
(
T (i)αβT

(i)
αβ − (T (i)α

α )2
)
, (1.2)

where I(i) is the action of the ith copy of SymNMµ. In order to distinguish the original
T T̄ deformation (1.1) from the single-trace version (1.2), we sometimes refer to the former
as the double-trace T T̄ deformation.

Double-trace T T̄ -deformed CFTs have been argued to be dual to semiclassical Einstein
gravity with a negative cosmological constant, with the metric satisfying Dirichlet boundary

– 2 –



J
H
E
P
0
5
(
2
0
2
3
)
2
1
0

conditions on a cutoff surface [34] or, equivalently, mixed boundary conditions at the
asymptotic boundary [35]. On the other hand, single-trace T T̄ -deformed CFTs have been
argued to be dual to the long string sector of string theory on three-dimensional linear
dilaton [33] and TsT-transformed backgrounds [36] (see also [37–40] for the relation between
TsT transformations and more general single-trace irrelevant deformations).

In this paper, we study universal features of double and single-trace T T̄ -deformed CFTs
that follow from modular invariance of the torus partition function. Throughout this paper,
we will assume that the T T̄ deformation parameter is positive, which in our conventions
means that the deformed energies are always real. In particular, we will explore the regime
where the central charge of the undeformed CFTs is large, which is a necessary but not
sufficient condition for a holographic description in terms of a semiclassical theory of gravity.
The main results of this paper are summarized as follows.

Double-trace T T̄ -deformed CFTs. In analogy with the analysis of Hartman, Keller,
and Stoica (HKS) in two-dimensional CFTs [4], we will show that the partition function
Z(τ, τ̄ ;µ) of double-trace T T̄ -deformed CFTs is universal at large c provided that the
spectrum of light states is sparse in a sense that we shall make precise. In this case, the
partition function is found to satisfy

logZ(τ, τ̄ ;µ)≈max
{
πi(τ−τ̄)Evac(µ),−πi

(1
τ
− 1
τ̄

)
Evac

(
µ

τ τ̄

)}
, |τ |2 6= 1, (1.3)

where τ is the modular parameter and Evac(µ) is the energy of the vacuum. Eq. (1.3) tells
us that at temperatures |τ |2 > 1, the partition function is dominated by the vacuum, while
at temperatures |τ |2 < 1, it is given by its modular image (τ 7→ −1/τ). The analog of the
Hawking-Page phase transition takes place at |τ |2 = 1, where the bulk saddles corresponding
to thermal AdS3 and the BTZ black hole exchange dominance. Transforming (1.3) to the
microcanonical ensemble, the logarithm of the asymptotic density of states is given by the
T T̄ analog of the Cardy formula

S(EL, ER) ≈ 2π
{√

c

6EL(µ)
(
1 + 2µER(µ)

)
+
√
c

6ER(µ)
(
1 + 2µEL(µ)

)}
, (1.4)

where c is the central charge of the undeformed CFT while the left and right-moving
energies EL and ER are given in terms of the energy E and the angular momentum J by
EL = 1

2(E + J) and ER = 1
2(E − J). The entropy (1.4) is valid when

EL(µ)
c

ER(µ)
c

>
1

242
(
1 +O(cµ)

)
, c� 1, (1.5)

where cµ is held fixed in the limit where c is large, as described in more detail later.
The entropy (1.4) can be alternatively obtained by rewriting the Cardy formula for

the undeformed CFT in terms of the energies of the T T̄ -deformed theory. This can be
justified by the observation that the energy levels do not cross each other under the T T̄
deformation [34]. The result (1.4) was also derived in [20] for states in the Cardy regime
where EL,R(µ) � c as in [3]; hence, it applies holographically to very large black holes,
whose energies are much greater than c. In contrast, the range of validity of (1.5) is more
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apt for comparison with holography, since a large central charge in the undeformed CFT
translates to a small gravitational coupling in the bulk, where the Bekenstein-Hawking
computation is reliable. In this case, the partition function (1.3) is expected to reproduce
the free energy of black holes with energies greater than c, but not necessarily much larger
than c.

Single-trace T T̄ -deformed CFTs. Assuming modular invariance, we construct the
partition function of single-trace T T̄ -deformed CFTs, which is found to be given by

ZN (τ, τ̄ ;µ) =
∑

{k1,...,kN}

1∏N
n=1 n

knkn!

N∏
n=1

(T ′nZ)(τ, τ̄ ;µ)kn ,
N∑
n=1

nkn = N, (1.6)

where Z(τ, τ̄ ;µ) is the partition function of the seedMµ in SymNMµ, the sum goes over
the conjugacy classes of SN , and T ′n is a generalization of the Hecke operator that is defined
in (4.22) and matches the one proposed in [41]. In addition, we find that the generating
functional of ZN (τ, τ̄ ;µ), see (4.32) and (4.39), takes the same form as in a symmetric
product orbifold CFT, except that the Hecke operator of the latter is replaced by the
generalized Hecke operator T ′n.

The partition function (1.6) allows us to obtain the deformed energies of twisted states
in SymNMµ, which are given in terms of the undeformed energies by

E
(n)
L (0) = E

(n)
L (µ) + 2µ

n
E

(n)
L (µ)E(n)

R (µ),

E
(n)
R (0) = E

(n)
R (µ) + 2µ

n
E

(n)
L (µ)E(n)

R (µ),
(1.7)

where n denotes the twist of the state. These expressions are universal, i.e. independent
of the details of the undeformed symmetric product orbifold SymNM0, and match the
spectrum of strings winding on TsT-transformed backgrounds [33, 36]. Furthermore, we
find that the partition function (1.6) also matches the partition function of long strings
on a linear dilaton background [41]. Hence, our results provide further evidence for the
proposed holographic correspondence.

Finally, we show that in the large-N limit, the partition function (1.6) also satisfies (1.3),
but in this case it is not necessary to assume the density of light states is sparse. Instead,
we show that the density of states at low energies automatically saturates the sparseness
bound. This result is analogous to the one found in symmetric product orbifold CFTs [4]
and can be understood as a result of the orbifolding together with modular invariance.
We expect to find a similarly universal behavior for the torus partition function of other
symmetric product orbifolds obtained by single-trace irrelevant deformations, such as those
considered in [15, 37, 40, 42, 43].

The paper is organized as follows. In section 2 we review the modular invariant properties
of T T̄ -deformed CFTs, which are used in section 3 to derive a universal expression for
the partition function at large c. In that section we propose the sparseness condition for
T T̄ -deformed CFTs and derive the asymptotic density of states. The partition function of
single-trace T T̄ -deformed CFTs is derived in section 4, where we also derive the spectrum
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of twisted states. Finally, in section 5 we show that the single-trace T T̄ partition function
is universal in the large-N limit and derive its consequences on the density of states.

2 The partition function of T T̄ -deformed CFTs

In this section we review two basic properties of T T̄ -deformed CFTs: the deformed spectrum
and modular invariance of the partition function. In particular, we describe the regime for
which the spectrum is well defined and show that modular invariance implies a Hagedorn
bound on the temperature of the deformed theory.

Let us consider a T T̄ -deformed CFT quantized on a cylinder of size 2πR. For conve-
nience, we set R = 1 throughout this paper. The spectrum of the deformed theory can be
conveniently written as [10, 12]

EL(0) = EL(µ) + 2µEL(µ)ER(µ),
ER(0) = ER(µ) + 2µEL(µ)ER(µ),

(2.1)

where µ is the deformation parameter and EL,R(µ) denote the deformed left and right-
moving energies. From these expressions, it is not difficult to show that the deformed energy
E(µ) = EL(µ) + ER(µ) and angular momentum J(µ) = EL(µ)− ER(µ) satisfy

E(µ) = − 1
2µ
(
1−

√
1 + 4µE(0) + 4µ2J(0)2

)
, J(µ) = J(0). (2.2)

We observe that when µ < 0 the spectrum becomes complex for large values of the
undeformed energy E(0). In addition, the energy of the vacuum, which is obtained
from (2.2) by letting E(0) = −c/12 and J(0) = 0, also becomes complex when µc/3 > 1.
For these reasons, in this paper we will assume that the deformation parameter satisfies

0 ≤ cµ

3 ≤ 1, (2.3)

which guarantees a well-defined spectrum for all values of the undeformed energies. The
semiclassical limit of a T T̄ -deformed CFT is therefore defined by [44]2

c� 1, cµ fixed. (2.4)

The partition function of a T T̄ -deformed CFT on a Euclidean torus is defined in terms
of the deformed spectrum by

Z(τ, τ̄ ;µ) := Tr
(
qEL(µ)q̄ER(µ)

)
=

∑
EL,ER

ρ(EL, ER)e2πiτEL(µ)−2πiτ̄ER(µ), (2.5)

where τ is the modular parameter and q = e2πiτ . The partition function satisfies the
following differential equation [22]

∂µZ(τ, τ̄ ;µ) = 1
iπ

[
(τ − τ̄)∂τ∂τ̄ − µ(∂τ − ∂τ̄ )∂µ + 2µ

τ − τ̄
∂µ

]
Z(τ, τ̄ ;µ), (2.6)

2For the single-trace version, a large central charge is obtained by taking the number of copies N making
up the symmetric product orbifold to be large, without additional restrictions on µ beyond (2.3).
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which is a direct consequence of the differential equation obeyed by the deformed spectrum.
Crucially, the partition function is invariant under modular transformations τ 7→ aτ+b

cτ+d in
the sense that [20]

Z

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
; µ

|cτ + d|2
)

= Z(τ, τ̄ ;µ). (2.7)

It is important to note that the deformation parameter µ does not change under modular
transformations. Rather, it is the dimensionless deformation parameter µ/R2 that changes,
and the transformation of µ in (2.7) comes entirely from the change of the spatial circle,
namely R 7→ |cτ + d|R.

Finally, it is interesting to note that modular S transformations (τ 7→ −1/τ), together
with the bound (2.3), imply that

|τ |2 ≥ cµ

3 ≡
1

4π2T 2
H

, (2.8)

where TH is the Hagedorn temperature [33]. In terms of the deformed temperatures
TL = 1/2πτ and TR = 1/2πτ̄ conjugate to the deformed left and right-moving energies, this
bound reproduces the bound on the temperatures of T T̄ -deformed CFTs found in [33, 36].
In what follows we will assume that the deformation parameter satisfies (2.3) and that the
temperatures lie below the Hagedorn threshold (2.8).

3 T T̄ partition functions at large c

In this section we derive universal expressions for the partition functions of T T̄ -deformed
CFTs when the central charge of the undeformed theory is large. In particular, we will
show that, in analogy with the partition function of two-dimensional CFTs at large c [4],
the partition function of T T̄ -deformed CFTs is dominated by the vacuum provided that
the spectrum of light states is sparse in a way that we will make precise.

3.1 Review of HKS

Let us begin by reviewing the universal behavior of the torus partition function of two-
dimensional CFTs at large c obtained by HKS [4]. First, it is convenient to perform an
analytic continuation of the undeformed partition function and view Z(τ, τ̄) := Z(τ, τ̄ , 0) as
a holomorphic function on C2 such that (τ, τ̄) are two independent complex numbers. The
modular invariance of the partition function, which holds for τ̄ = τ∗, can then be shown to
hold on C2.

In order to estimate the partition function and extract the density of states, it is
convenient to consider the Lorentzian torus that is obtained by setting (τ, τ̄) = (iβL,−iβR)
where βL,R are two independent and strictly positive real numbers. In terms of βL,R,
invariance of the partition function under modular S transformations reads

Z(βL, βR) = Tr
(
e−2πβLEL−2πβRER

)
= Tr

(
e−2πβ′LEL−2πβ′RER

)
= Z(β′L, β′R), (3.1)

where β′L,R = 1/βL,R. Without loss of generality, modular invariance allows us to restrict
the following discussion to the region βLβR > 1.
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The results of [4] can be summarized as follows. Let us begin with the case where
βL,R > 1. Modular invariance of the partition function under S transformations (3.1) implies
that the partition function is dominated by the contribution of the light states, namely

logZ(βL, βR) ≈ logTrL
(
e−2πβLEL−2πβRER), (3.2)

where ≈ denotes equality up to terms of o(c) and the trace is taken over the light states
which satisfy EL + ER ≤ ε for some small positive ε. Additionally, if the density of light
states is sparse in the sense that

log ρ(EL, ER) . 2π
(
EL + ER + c

12
)
, EL + ER ≤ ε, (3.3)

where . denotes inequality up to corrections of o(c), then the partition function when c� 1
can be approximated by the contribution of the vacuum

logZ(β′L, β′R) = logZ(βL, βR) ≈ π(βL + βR)c
12 , βL,R > 1. (3.4)

This phenomenon is known as vacuum dominance.
By imposing a stronger sparseness condition on the light states such that

log ρ(EL, ER) . 4π
√(

EL + c

24
)(
ER + c

24
)
, EL < 0 or ER < 0, (3.5)

the authors of [4] argued that (3.4) can be extended to the mixed temperature regime where
βL > 1, βR < 1 or vice versa, with βLβR > 1. Using modular invariance, the partition
function of two-dimensional CFTs at large c can then be shown to satisfy

logZ(τ, τ̄) ≈ max
{
− πi(τ − τ̄)c

12 , πi
(1
τ
− 1
τ̄

) c
12
}
, |τ |2 6= 1, (3.6)

where we switched back to the (τ, τ̄) variables so that τ∗ = τ̄ and |τ |2 = 1 is the locus of
the Hawking-Page phase transition. An interesting consequence of (3.6) is that it allows
us to extend the validity of Cardy’s formula for the asymptotic density of states to the
semiclassical regime where

log ρ(EL, ER) ≈ 2π
(√

c

6EL +
√
c

6ER
)
, ELER >

(
c

24

)2
, c� 1. (3.7)

In the next section, we will show that these arguments can be generalized to T T̄ -
deformed CFTs modulo small modifications, a fact that will allow us to derive universal
expressions for the partition function of T T̄ -deformed CFTs at large c.

3.2 Vacuum dominance in T T̄ -deformed CFTs

In this section we consider the torus partition function of T T̄ -deformed CFTs. We show
that in the large-c limit, modular invariance and a sparse spectrum of light states imply that
the ground state dominates the partition function. As a result, we find that the partition
function of T T̄ -deformed CFTs is universal at large c.
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Let us begin by deriving the appropriate sparseness condition for T T̄ -deformed CFTs.
In this section we work once again in the regime βLβR > 1, with the results in the region
βLβR < 1 obtained by a modular S transformation.3 We first consider the case where
β = βL = βR > 1. The fact that EL(0) = ER(0) = 0 is a fixed point of the deformation
motivates us to define the light (L) and heavy (H) states of T T̄ -deformed CFTs in the
same way as in the undeformed CFTs, namely

L :=
{(
EL(µ), ER(µ)

)
|EL(µ) + ER(µ) ≤ ε

}
, (3.8)

H :=
{(
EL(µ), ER(µ)

)
|EL(µ) + ER(µ) > ε

}
. (3.9)

In addition, it is useful to define

Z[L] := TrL e−2πβE(µ), Z[H] := TrH e−2πβE(µ), (3.10)

Z ′[L] := TrL e−2πβ′E(µ′), Z ′[H] := TrH e−2πβ′E(µ′), (3.11)

where E(µ) = EL(µ) + ER(µ), β′ = 1/β, and µ′ = µ/β2. In terms of the light and
heavy contributions (3.10) and (3.11), the full partition function of the theory is given by
Z(β;µ) = Z[L] + Z[H] = Z ′[L] + Z ′[H] = Z(β′;µ′).

Using (2.2), it is not difficult to show that E(µ′) > E(µ) when β > 1, so that the heavy
states E(µ) > ε satisfy

β′E(µ′)− βE(µ) < 0. (3.12)

As a result, we find that Z[H] is bounded by its modular image

Z[H] = TrH
(
e2πβ′E(µ′)−2πβE(µ)e−2πβ′E(µ′)) < αZ ′[H], 0 < α < 1. (3.13)

This inequality implies that the contribution of the heavy states to the partition function is
bounded by the contribution of the light states, namely

1
α
Z[H] < Z ′[H] < Z[H] + Z[L] =⇒ Z[H] < (α−1 − 1)−1Z[L]. (3.14)

Thus, the partition function satisfies

logZ[L] < logZ(β;µ) < logZ[L]− log(1− α), (3.15)

so that in the large-c limit, it is dominated by the contribution of the light states4

logZ(β;µ) ≈ logTrL
(
e−2πβ(EL(µ)+ER(µ))). (3.16)

The inequality (3.15) is similar to the one satisfied by the undeformed theory but with a
different value of α [4].

3A modular S transformation changes the deformation parameter as well, so the discussion for βLβR < 1
is not perfectly parallel to βLβR > 1. Nevertheless, as discussed later on, it still suffices to study βLβR > 1.

4Here we have assumed that log(1− α) is of O(1) in the large-c limit.
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Once we have established that the light states dominate the partition function at large c,
it is not difficult to show that the latter is dominated by the vacuum when the following
sparseness condition holds

log ρ(EL, ER) . 2π
[
EL(µ) + ER(µ)− Evac(µ)

]
, EL(µ) + ER(µ) ≤ ε, (3.17)

where Evac(µ) is the ground state energy of the T T̄ -deformed CFT

Evac(µ) = − 1
2µ

(
1−

√
1− cµ

3

)
. (3.18)

Note that the energy of the vacuum is large in the large-c limit (2.4), i.e. it scales linearly
with the central charge, so that it dominates the partition function when (3.17) holds.
Consequently, we find that the partition function of T T̄ -deformed CFTs is dominated by
the contribution of the vacuum at large c, i.e.

logZ(β;µ) ≈ −2πβEvac(µ), β > 1. (3.19)

The result above is valid when βL = βR > 1, but it can be easily extended to the
βL,R > 1 region as follows. Since the partition function is greater than the contribution of
any single state, the density of states is bounded for any βL,R by

ρ(EL, ER) < Z(βL, βR;µ)e2πβLEL(µ)+2πβRER(µ). (3.20)

Then, (3.19) implies that ρ(EL, ER) < e2π[EL(µ)+ER(µ)−Evac(µ)], such that when βL,R > 1,
the partition function satisfies

Z(βL, βR;µ) =
∑

EL,ER

ρ(EL, ER)e−2πβLEL(µ)−2πβRER(µ) < α′e−π(βL+βR)Evac(µ), (3.21)

where α′ is a numerical constant that is independent of c. Since the partition function
cannot be smaller than the contribution of the vacuum, and α′ is independent of c, we see
that the partition function is still dominated by the vacuum when βL,R > 1, namely

logZ(βL, βR;µ) ≈ −π(βL + βR)Evac(µ), βL,R > 1. (3.22)

In order to extend vacuum dominance to the mixed temperature regime where βL > 1,
βR < 1 or vice versa, it is necessary to impose a stronger sparseness condition on the light
states. In this case, the light states are defined in analogy with [4] by

EL(µ) < 0 or ER(µ) < 0. (3.23)

In contrast, the heavy states satisfy EL,R(µ) > 0. The appropriate sparseness condition
in the mixed temperature regime can be reverse engineered from (3.20) by assuming that
the partition function is dominated by the vacuum. It follows that the density of states is
bounded by

ρ(EL, ER) < e2πβLEL(µ)+2πβRER(µ)−π(βL+βR)Evac(µ). (3.24)
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Optimizing the exponent over all βL,R satisfying βLβR > 1, we find that it suffices to impose
the sparseness condition

log ρ(EL, ER) . 4π
√(

EL(µ)− 1
2Evac(µ)

)(
ER(µ)− 1

2Evac(µ)
)
, (3.25)

which reduces to the sparseness condition of the undeformed CFT (3.5) in the limit µ→ 0.
It is interesting to note that the sparseness conditions on the density of light states (3.17)

and (3.25), which are written in terms of the deformed spectrum, take the same form as
those of the undeformed CFT, namely (3.3) and (3.5). However, the former differ from the
latter when (3.17) and (3.25) are rewritten in terms of the undeformed energies using (2.1).
In other words, the sparseness conditions in T T̄ -deformed CFTs cannot be obtained by
rewriting those of the undeformed CFT in terms of the deformed quantities, and hence
the bound takes different numerical values. This situation contrasts with the density of
high energy states described later, which takes the same numerical value before and after
the deformation, but differs in its functional form: it scales as log ρ ∝

√
E(0) at large E(0)

before the deformation but as log ρ ∝ E(µ) after the deformation.
It is also worth noting that the upper bounds on the density of light states in (3.17)

and (3.25) are increasing functions of µ. As a result, the sparseness conditions of T T̄ -
deformed CFTs become weaker as µ grows. This means, in particular, that a sparse
CFT remains sparse after turning on the T T̄ deformation. On the other hand, a sparse
T T̄ -deformed CFT does not imply that the undeformed CFT is sparse. Additionally,
recall that in order to approximate the partition function in the high temperature regime
βLβR < 1, we need to perform a modular S transformation and consider vacuum dominance
at deformation parameter µ′ = µ/βLβR > µ. Since the sparseness conditions grow weaker
as µ increases, vacuum dominance at µ′ is implied by vacuum dominance at µ. Therefore,
for a given µ, it suffices to consider the case βLβR > 1.

Using the stronger sparseness condition (3.25), the argument of vacuum dominance in
the region βLβR > 1 proceeds as in CFT, provided that we keep track of the change in µ
under modular transformations. As a result, we find that the partition function of sparse
T T̄ -deformed CFTs is universal in the large-c limit and is given by

logZ(τ, τ̄ ;µ) ≈ max
{
πi(τ − τ̄)Evac(µ),−πi

(1
τ
− 1
τ̄

)
Evac

( µ
τ τ̄

)}
, |τ |2 6= 1, (3.26)

where Evac(µ) is the ground state energy defined in (3.18). In analogy with the partition
function of the undeformed CFT, the T T̄ -deformed partition function is dominated by the
vacuum when |τ |2 > 1 and by its S modular image when |τ |2 < 1. In the latter case, we
must keep track of the transformation of µ in the definition of the ground state energy,
which has important repercussions for the asymptotic density of states, as we now describe.

3.3 Asymptotic density of states in the semiclassical limit

Let us now use the large-c partition function of T T̄ -deformed CFTs obtained in the previous
section to derive the asymptotic density of states in the canonical and microcanonical
ensembles.
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In the canonical ensemble, the logarithm of the density of states can be obtained from
the approximate partition function (3.26) in the region |τ |2 < 1 via

S = (1− τ∂τ − τ̄ ∂τ̄ ) logZ(τ, τ̄ ;µ) ≈ iπc

6
1
γ

(1
τ
− 1
τ̄

)
, γ =

√
1− µc

3|τ |2 . (3.27)

We can express the entropy in the microcanonical ensemble by trading the inverse tempera-
tures for the thermal expectation values of the energies in the usual way, namely

EL(µ) = 1
2πi∂τ lnZ(τ, τ̄ ;µ) = 1

2

( 1
τ2 + τ − τ̄

|τ |2
∂τ

)
Evac

( µ
τ τ̄

)
, (3.28)

ER(µ) = − 1
2πi∂τ̄ lnZ(τ, τ̄ ;µ) = 1

2

( 1
τ̄2 −

τ − τ̄
|τ |2

∂τ̄

)
Evac

( µ
τ τ̄

)
. (3.29)

After some algebra, these equations can be shown to satisfy

τ = i

2

(√
c
6(1 + 2µER(µ))

EL(µ) + 2µ
√

c
6ER(µ)

1 + 2µEL(µ)

)
,

τ̄ = − i2

(√
c
6(1 + 2µEL(µ))

ER(µ) + 2µ
√

c
6EL(µ)

1 + 2µER(µ)

)
.

(3.30)

Using (3.30) we can write the entropy (3.27) in terms of the thermal expectation values
of the energies such that in the microcanonical ensemble it reads5

S ≈ 2π
{√

c

6EL(µ)
(
1 + 2µER(µ)

)
+
√
c

6ER(µ)
(
1 + 2µEL(µ)

)}
. (3.31)

Note that (3.27) is valid at high temperatures where |τ |2 < 1, which means that in the
microcanonical ensemble the entropy is given by (3.31) for energies satisfying

EL(µ)ER(µ)
1 + 2µ

(
EL(µ) + ER(µ)

) > Evac(µ)2

4
(
1 + 2µEvac(µ)

) . (3.32)

Eq. (3.32) tells us that the left and right-moving energies must be greater than the central
charge up to corrections that depend on cµ and therefore remain fixed in the semiclassical
limit, namely

EL(µ)
c

ER(µ)
c

>
1

242
(
1 +O(cµ)

)
. (3.33)

Thus, in analogy with HKS, we find that there is a set of states with energies lying between
the light states and (3.32), for which the partition function is not universal and the density
of states is sensitive to the details of the theory. In the nomenclature of [4], these states
correspond to the T T̄ -deformed analogs of the enigmatic states of two-dimensional CFTs.

5Alternatively, we can obtain (3.31) by taking the inverse Laplace transform of the partition function.
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4 Symmetric product orbifolds of T T̄ -deformed CFTs

In this section we consider the single-trace deformation of a symmetric product orbifold
CFT, which is equivalent to the symmetric product orbifold of the T T̄ -deformed CFT.
We will show that the orbifolding procedure, together with modular invariance, imply the
existence of additional twisted states in the spectrum of the deformed theory. In addition,
we construct the modular invariant partition function and show that the energy of the
twisted states matches the spectrum of winding strings on the TsT-transformed backgrounds
of [33, 36].

4.1 Symmetric product orbifolds and modular invariance

Let us consider a T T̄ -deformed CFT that we denote byMµ and whose action satisfies the
differential equation (1.1). The symmetric product orbifold of this theory (or symmetric
orbifold for short) is defined by

SymNMµ := (Mµ)N

SN
, (4.1)

where N is a positive integer and SN is the symmetric group. The symmetric orbifold (4.1)
can be interpreted as a “single-trace” deformation of the symmetric orbifold of the unde-
formed CFT (SymNM0) in the sense that the action IN of (4.1) satisfies

∂IN
∂µ

= 8π
N∑
i=1

∫
d2x (T T̄ )(i), (T T̄ )(i) := 1

8
(
T (i)αβT

(i)
αβ − (T (i)α

α )2), (4.2)

where T (i)
µν denotes the components of the stress tensor in the ith copy of the seed Mµ.

In contrast, the double-trace deformation of SymNM0 contains additional terms on the
right-hand side of (4.2) that mix the stress tensors on different copies of the seed theory so
that the action satisfies (1.1) instead of (4.2). In principle, the single-trace deformation
can be applied to other product theories, such as permutation orbifolds, and it would be
interesting to study such families of T T̄ -deformed theories.

We are interested in the partition function of SymNMµ which is defined by

ZN (τ, τ̄ ;µ) := Tr
(
qEL(µ)q̄ER(µ)

)
. (4.3)

Since the partition function Z(τ, τ̄ , ;µ) of the deformed seedMµ is modular invariant (2.7),
it is natural to expect the partition function of SymNMµ to be modular invariant as well,
namely we expect it to satisfy

ZN

(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
; µ

|cτ + d|2
)

= ZN (τ, τ̄ ;µ). (4.4)

This is in analogous to the discussion of symmetric product CFTs, where twisted states can
be added to guarantee modular invariance of the partition function after the symmetrization
procedure [45]. This expectation raises a puzzle, however, since [21] has shown that a
modular invariant partition function satisfying (4.4) implies that the spectrum of the theory
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satisfies (2.2). This spectrum corresponds to the double-trace T T̄ deformation of SymNM0,
instead of the single-trace deformation considered in this section.6

The resolution of this puzzle lies on the assumptions made in [21], which assumes that
there is only one parameter in the theory such that the energy Em(0) of any state |m〉 in
the undeformed CFT is deformed uniquely to the energy Em(µ) of a deformed state |m〉µ
such that

Em(0) 7→ Em(µ) = f(Em(0), Jm(0), µ), Jm(0) 7→ Jm(µ). (4.5)

This assumption is not valid for the single-trace deformation of a symmetric orbifold where
the map between the undeformed and deformed energies depends on the distribution of
the energy into the different copies of SymNMµ. In this case, the states are labelled by
additional parameters {mi} so that the total energy is a sum Em =

∑
iEmi , and we have

Em(0) 7→ Em(µ) = f̃(Emi(0), Jmi(0), µ; {mi}), Jm(0) 7→ Jm(µ). (4.6)

Crucially, the undeformed symmetric orbifold features degenerate states that are lifted
by the deformation such that the map (4.6) is no longer one-to-one. It follows that the
results of [21] do not apply to single-trace T T̄ deformations so that modular invariance of
the partition function does not imply that the spectrum is given by (2.2), in line with the
structure of the spectrum of SymNMµ. Another way of saying this is that the partition
function of SymNMµ is assumed to be modular invariant but it does not to satisfy the
differential equation (2.6).

To summarize, the symmetric orbifold of a T T̄ -deformed CFT is defined by (4.1) and
its partition function is assumed to be modular invariant (4.4). In what follows we will
use modular invariance to construct the partition function of SymNMµ and derive the
spectrum of twisted states.

4.2 The single-trace T T̄ partition function

Let us now derive the partition function of single-trace T T̄ -deformed CFTs. In analogy
with symmetric orbifolds of two-dimensional CFTs, the spectrum of SymNMµ consists of
untwisted states obtained from the symmetrized product of N copies of the seed theory, as
well as twisted states, which are required to preserve the modular invariance of the partition
function. In order to see the emergence of the twisted states and determine their energies,
we must first consider the contribution of the untwisted states to the partition function.

The untwisted sector of SymNMµ can be obtained from the product of states φ(in)

from each copy ofMµ in the product theory (Mµ)N , i.e. from ⊗Nn=1φ
(in), where n labels

different copies of the symmetric product and in labels the state on the nth copy. Any such
configuration where at least two of the φ(in) states are distinct is not invariant under the

6In order to see that the spectrum of the double and single-trace theories is different, note that the
energy of a state in the single-trace version receives contributions from the states in each copy of SymNMµ.
Consequently, while the double-trace spectrum consists of square roots (2.2), the single-trace spectrum
contains sums of square roots which cannot be obtained from (2.2).
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action of the symmetric group. As a result, the orbifolding procedure leads to a reduction
in the number of states and the physical states of the theory take the form

Φ = Sym(⊗Nn=1φ
(in)). (4.7)

The contribution of generic states (where all of the φ(in) are distinct) to the partition
function of SymNMµ can be obtained from 1

N !Z(τ, τ̄ ;µ)N , where Z(τ, τ̄ ;µ) is the partition
function of the seed theory. This normalization miscounts several states, however, since there
are states in Z(τ, τ̄ ;µ)N that are invariant under elements of SN . The simplest example of
such states is ⊗Nn=1φ

(1) — where φ(1) is some state inMµ — which is invariant under any
element of the symmetric group. In order to account for these kind of states we can either
subtract them from Z(τ, τ̄ ;µ)N before normalization, or add additional contributions to
1
N !Z(τ, τ̄ ;µ)N which reproduce the appropriate normalization of these states.

Let us illustrate how we can obtain the partition function for the untwisted sector of
SymNMµ in the simple case where N = 3.7 This example will provide some intuition for
the general formula reported below, which relies only on the structure of SN , and is hence
universally valid for any symmetric orbifold.

The untwisted sector of the symmetric orbifold SymNMµ admits the following kinds
of states when N = 3,

Φ(i) := φ(i) ⊗ φ(i) ⊗ φ(i),

Φ(i,j) := Sym(φ(i) ⊗ φ(i) ⊗ φ(j)), i 6= j,

Φ(i,j,k) := Sym(φ(i) ⊗ φ(j) ⊗ φ(k)), i 6= j 6= k,

(4.8)

where Φ(i) consists of three copies of the same field φ(i) — one from each copy of (Mµ)3,
Φ(i,j) contains two copies of φ(i) and one copy of φ(j), and Φ(i,j,k) consists of different fields
from each copy of the product theory. Since all of the copies in Φ(i) are the same, its
contribution to the partition function is equivalent to multiplying the modular parameter
by a factor of 3, namely Z(3τ, 3τ̄ ;µ). Similarly, we find that the contribution of each of
these kinds of states to the partition function of Sym3Mµ is

Φ(i) : Z(3)(τ, τ̄ ;µ) := Z(3τ, 3τ̄ ;µ),

Φ(i,j) : Z(2)(τ, τ̄ ;µ) := Z(2τ, 2τ̄ ;µ)Z(τ, τ̄ ;µ)− Z(3)(τ, τ̄ ;µ),

Φ(i,j,k) : Z(1)(τ, τ̄ ;µ) := 1
3!
[
Z(τ, τ̄ ;µ)3 − 3Z(2)(τ, τ̄ ;µ)− Z(3)(τ, τ̄ ;µ)

]
,

(4.9)

where in the second and third lines we subtracted the contributions of the Φ(i) and Φ(i,j)
states from Z(2τ, 2τ̄ ;µ)Z(τ, τ̄ ;µ) and Z(τ, τ̄ ;µ)3. Adding together the terms in (4.9) we
find that the contribution of the untwisted states to the partition function of Sym3Mµ is
simply given by

Zuntwisted(τ, τ̄ ;µ) = 1
3!
[
Z(τ, τ̄ ;µ)3 + 3Z(2τ, 2τ̄ ;µ)Z(τ, τ̄ ;µ) + 2Z(3τ, 3τ̄ ;µ)

]
. (4.10)

We can interpret the untwisted sector partition function (4.10) in the following way.
Let us associate the partition functions Z(τ, τ̄ ;µ), Z(2τ, 2τ̄ ;µ), and Z(3τ, 3τ̄ ;µ) with the I,

7The case N = 2 is too simple as it corresponds to the Z2 orbifold of the seedMµ.
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Z2, and Z3 cycles of the symmetric group, respectively, where I denotes the trivial cycle,
i.e. the identity. The partition function (4.10) is then seen to correspond to the cycle index
of S3 where, modulo the overall normalization, each of the coefficients in (4.10) is the size
of the corresponding conjugacy class of S3.

For arbitrary values of N , the contribution of the untwisted sector of SymNMµ to
the partition function can be obtained in a similar way from the cycle index of SN . Let
us identify Z(nτ, nτ̄ ;µ), n > 1 with the Zn cycle of SN . The partition function for the
untwisted sector of SymNMµ can then be written as [46–48]

Zuntwisted(τ, τ̄ ;µ) =
∑

{k1,...,kN}

1∏N
n=1 n

knkn!

N∏
n=1

Z(nτ, nτ̄ ;µ)kn , (4.11)

where {k1, k2, . . . , kN} labels the conjugacy classes of SN with kn the number of Zn cycles
in each conjugacy class. The kn numbers are constrained to satisfy

N∑
n=1

nkn = N. (4.12)

Note that each factor of n in the denominator of (4.11) counts the size of each Zn while
kn! counts the permutations of the Zn cycles. For the N = 3 case considered above, the
conjugacy classes of S3 are denoted by {3, 0, 0}, {1, 1, 0}, {0, 0, 1}, and it is not difficult to
verify that (4.11) reproduces (4.10).

The partition function (4.11) is not modular invariant because of each of the Z(nτ, nτ̄ ;µ)
terms associated with the non-trivial (n 6= 1) conjugacy classes of SN . Indeed, although
Z(nτ, nτ̄ ;µ) is invariant under T transformations (τ 7→ τ + 1), it fails to be invariant under
S transformations (τ 7→ −1/τ) since

S · Z(nτ, nτ̄ ;µ) = Z

(
− n

τ
,−n

τ̄
; µ

|τ |2
)

= Z

(
τ

n
,
τ̄

n
; µ
n2

)
, (4.13)

where we used the modular invariance of Z(τ, τ̄ ;µ). In order to construct a modular
invariant partition function we need to add additional terms to the partition function (4.11)
which give rise to the twisted states characteristic of orbifold theories.

Let us begin by assuming that n is prime. We follow closely the approach of [45], where
modular invariance was used to derive the spectrum of twisted states in Zn orbifolds of
two-dimensional CFTs. We can make each of the Z(nτ, nτ̄ ;µ) functions in (4.11) invariant
under S transformations by adding the modular image (4.13). This term spoils modular
invariance under T transformations, however, since for any integers k and α ∈ [1, n− 1]
we have

T α+kn · Z
(
τ

n
,
τ̄

n
; µ
n2

)
= Z

(
τ + α

n
,
τ̄ + α

n
; µ
n2

)
. (4.14)
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Performing an additional S transformation of (4.14) we observe that

S · T α+kn · Z
(
τ

n
,
τ̄

n
; µ
n2

)
= Z

( ατ
n −

1
n

τ
,
ατ̄
n −

1
n

τ̄
;

µ
n2

|τ |2
)

= (T̃ )
α̃
n · Z

(
ατ̃ − 1

n(1 + αα̃)
nτ̃ − α̃

,
α¯̃τ − 1

n(1 + αα̃)
n¯̃τ − α̃

; µ̃

|nτ̃ − α̃|2
)
,

(4.15)

where τ̃ = τ
n , ¯̃τ = τ̄

n , µ̃ = µ
n2 , α̃ is a positive integer, and T̃ is a T transformation with

respect to τ̃ .
The argument of the partition function in the second line of (4.15) can be written as

an SL(2,R) transformation with respect to τ̃ , namely Z
(
aτ̃+b
cτ̃+d ,

a¯̃τ+b
c¯̃τ+d ; µ̃

|cτ̃+d|2
)
, where the a, b,

c, and d parameters satisfy ad− bc = 1 and are given by

a = α, b = − 1
n

(1 + αα̃), c = n, d = −α̃, α, α̃, n ∈ Z. (4.16)

This transformation will correspond to a modular SL(2,Z) transformation provided that b
is an integer. When n is prime, α ∈ [1, n− 1] is co-prime with n and Bezout’s identity tells
us that it is always possible to find a pair of integers (α̃, k̃) such that

αα̃+ 1 = k̃n. (4.17)

It follows that b is an integer. Furthermore, we note that given any α ∈ [1, n− 1], there is a
unique integer α̃ ∈ [1, n− 1] satisfying (4.17), and conversely given any α̃ ∈ [1, n− 1] there
is also a unique integer α ∈ [1, n− 1]. In order words, there is a one-to-one map between
the integers α and α̃ if both are restricted to the region [1, n− 1]. Thus, we can use the
modular invariance of Z(τ, τ̄ ;µ) to write (4.15) in the following way

S · T α+kn · Z
(
τ

n
,
τ̄

n
; µ
n2

)
=
(
T̃
) α̃
n · Z(τ̃ , ¯̃τ ; µ̃) = T α̃+kn · Z

(
τ

n
,
τ̄

n
; µ
n2

)
, (4.18)

where in the last equality we have added T kn since it leaves Z
(
τ
n ,

τ̄
n ; µ

n2
)
invariant.

We have shown that the S transformation of (4.14) yields another partition func-
tion (4.18) which takes the same form as the left hand side of (4.14), but with the integer
α ∈ [1, n − 1] replaced by another integer α̃ ∈ [1, n − 1]. As a result, adding (4.13)
and (4.14) to Z(nτ, nτ̄ ;µ) for all of the possible values of α ∈ [1, n − 1] is sufficient to
render Z(nτ, nτ̄ ;µ) invariant under any combination of T and S transformations, and hence
invariant under any modular transformation. Therefore, when n is prime, the following
linear combination of modular images of Z(nτ, nτ̄ ;µ) is modular invariant

Z(nτ, nτ̄ ;µ) +
n−1∑
α=0

Z

(
τ + α

n
,
τ̄ + α

n
; µ
n2

)
. (4.19)

In order to discuss the case for general n, it is useful to relate (4.19) to the action of a
generalized version of the Hecke operator on the seed partition function Z(τ, τ̄ ;µ). When n
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is prime, the action of the ordinary Hecke operator T ′n on a modular form f(τ) of weight 0
is defined by (see e.g. [49])8

(T ′nf)(τ) = f(nτ) +
n−1∑
α=0

f

(
τ + α

n

)
, n ∈ P; (4.20)

and more generally, when n is an arbitrary positive integer, by

(T ′nf)(τ) =
∑
γ|n

γ−1∑
α=0

f

(
nτ + αγ

γ2

)
, n ∈ Z+. (4.21)

The similarity between (4.19) and (4.20) suggests that we can interpret (4.19) as the action
of the Hecke operator on Z(τ, τ̄ ;µ), which has been generalized to include a rescaling of
the deformation parameter µ by a factor of n−2. It is then natural to generalize the Hecke
operator (4.21) so that its action on the partition function of T T̄ -deformed CFTs is given,
for any positive integer n, by

(T ′nZ)(τ, τ̄ ;µ) =
∑
γ|n

γ−1∑
α=0

Z

(
nτ + αγ

γ2 ,
nτ̄ + αγ

γ2 ; µ
γ2

)
. (4.22)

The generalized Hecke operator (4.22) reproduces the modular invariant expression (4.19)
when n is prime, and furthermore matches the operator obtained holographically from the
worldsheet theory of strings on a linear dilaton background [41].

Let us now prove that (4.22) is indeed the appropriate generalization of the Hecke
operator by showing that (T ′nZ)(τ, τ̄ ;µ) is modular invariant for any positive integer n. We
will follow closely the proof given in [49] for the modular invariance of (4.21), and show
that the scaling of µ in (4.22) guarantees that (T ′nZ)(τ, τ̄ ;µ) remains modular invariant.
The essence of the proof lies on the fact that the Hecke transform of Z(τ, τ̄ ;µ) can be
equivalently written as

(T ′nZ)(τ, τ̄ ;µ) =
∑
A1

Z
(
A1τ,A1τ̄ ; ρ

2
1
n2µ

)
, (4.23)

where we sum over a complete set of inequivalent elements of Γ(n) which can be parametrized
by the upper triangular matrices9

A1 =

 ρ1 σ1

0 δ1

 , ρ1δ1 = n, σ1 ∈ Z (mod δ1). (4.24)

It is not difficult to verify that the properties of ρ1, σ1, and δ1 given above imply that (4.23)
is equivalent to (4.22) with (ρ1, σ1, δ1) = (n/γ, α, γ).

Theorem 6.9 of [49] states that, given A1 ∈ Γ(n) and a standard modular transformation
represented by the matrix M1 ∈ Γ(1), it is always possible to find M2 ∈ Γ(1) and an upper
triangular matrix A2 ∈ Γ(n) such that

A1M1 = M2A2, (4.25)
8Our convention of the Hecke operator differs from the standard one Tn by an overall rescaling, T ′n = nTn.
9Here Γ(n) denotes the set of all transformations τ 7→Mτ = ρτ+σ

ητ+δ with ρδ − ησ = n and ρ, σ, η, δ ∈ Z.
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where the map is one-to-one. Furthermore, if we parametrize the Ai and Mi matrices by

Ai =

 ρi σi
0 δi

 , Mi =

 ai bi
ci di

 , i = 1, 2, (4.26)

where ρ2, σ2, and δ2 satisfy the same properties as ρ1, σ1, and δ1 in (4.24), then it is not
difficult to show that

ρ2
1

|c1τ + d1|2
= ρ2

2
|c2A2τ + d2|2

. (4.27)

The properties of Ai ∈ Γ(n) described above imply that, under a modular transformation
τ 7→M1τ = a1τ+b1

c1τ+d1
, the Hecke-transformed partition function (4.23) satisfies

(T ′nZ)
(
a1τ + b1
c1τ + d1

,
a1τ̄ + b1
c1τ̄ + d1

; µ

|c1τ + d1|2
)

=
∑
A1

Z

(
A1M1τ,A1M1τ̄ ; ρ2

1
|c1τ + d1|2

µ

n2

)

=
∑
A2

Z

(
M2A2τ,M2A2τ̄ ; ρ2

2
|c2A2τ + d2|2

µ

n2

)

=
∑
A2

Z

(
A2τ,A2τ̄ ; ρ

2
2
n2µ

)
, (4.28)

where we used (4.25) and (4.27) in the second line, while in the third line we used the
modular invariance of Z(τ, τ̄ ;µ). Note that since the map between A1 and A2 in (4.25) is
one-to-one, the sum over A1 in the first line of (4.28) can be written as a sum over A2 in
the second line, and both sums run over all inequivalent elements of Γ(n). The third line
of (4.28) is nothing but (T ′nZ)(τ, τ̄ ;µ) as written in (4.23), so that the Hecke transform of
the partition function (4.23) is modular invariant for any positive integer n, namely

(T ′nZ)
(
aτ + b

cτ + d
,
aτ̄ + b

cτ̄ + d
; µ

|cτ + d|2
)

= (T ′nZ)(τ, τ̄ ;µ). (4.29)

Let us now come back to the partition function of the symmetric orbifold SymNMµ.
The latter can be made modular invariant by replacing each of the Z(nτ, nτ̄ ;µ) terms
in (4.11) by their modular invariant completions by means of the Hecke operator, that is

Z(nτ, nτ̄ ;µ) 7→ (T ′nZ)(τ, τ̄ ;µ). (4.30)

Consequently, the modular invariant partition function ZN (τ, τ̄ ;µ) of single-trace T T̄ -
deformed CFTs is given by

ZN (τ, τ̄ ;µ) =
∑

{k1,...,kN}

1∏N
n=1 n

knkn!

N∏
n=1

(T ′nZ)(τ, τ̄ ;µ)kn , (4.31)

where we used the fact that (T ′1Z)(τ, τ̄ ;µ) = Z(τ, τ̄ ;µ).
The partition function (4.31) takes the same form as the partition function of a

symmetric orbifold CFT [46–48] except that the Hecke operator is generalized to act on the
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deformation parameter µ according to (4.22). As described above, this is necessary to make
the partition function modular invariant. We can use the generating functional of the cycle
index of SN to write the generating functional Z(τ, τ̄ ;µ; p) of the partition function (4.31)
such that

Z(τ, τ̄ ;µ; p) :=
∞∑
N=0

pNZN (τ, τ̄ ;µ) = exp
( ∞∑
n=1

pn

n
(T ′nZ)(τ, τ̄ ;µ)

)
, (4.32)

where we have introduced the notation Z0(τ, τ̄ ;µ) ≡ 1 for convenience. Note that (4.32)
also takes the same form as the generating functional of a symmetric orbifold CFT [46, 48]
but with a generalized Hecke operator.

It is important to note that although (4.31) is modular invariant, it does not satisfy
the differential equation (2.6). This is compatible with the fact that the spectrum of the
symmetric orbifold includes sums of square roots, as well as twisted states, and is not
equivalent to the spectrum of the T T̄ -deformed seed. Nevertheless, we note that each of
the (T ′nZ)(τ, τ̄ ;µ) terms in (4.31) satisfies the following differential equation

n∂µ
[
(T ′nZ)(τ, τ̄ ;µ)

]
= 1
iπ

[
(τ−τ̄)∂τ∂τ̄−µ(∂τ−∂τ̄ )∂µ+ 2µ

τ−τ̄
∂µ

]
(T ′nZ)(τ, τ̄ ;µ), (4.33)

which resembles (2.6) but with a rescaled deformation parameter µ 7→ µ/n. In particular, the
differential equation (4.33) implies a differential equation for the generating functional (4.32),
which satisfies

p∂p∂µ logZ(τ, τ̄ ;µ;p) = 1
iπ

[
(τ−τ̄)∂τ∂τ̄−µ(∂τ−∂τ̄ )∂µ+ 2µ

τ−τ̄
∂µ

]
logZ(τ, τ̄ ;µ;p). (4.34)

A holographic derivation of the partition function has been previously carried out in [41]
by summing over the spectrum of winding strings on a linear dilaton background [33]. In
contrast, our derivation of the partition function is purely field theoretical and does not rely
on holography. Our result is also universal, in the sense that it applies to single-trace T T̄
deformations of any symmetric orbifold CFT. Altogether, the fact that (4.32) matches the
result obtained in [41] provides further evidence that the long string sector of string theory
on a linear dilaton or TsT transformed background is holographically dual to a symmetric
orbifold of a T T̄ -deformed CFT [33, 36].

4.3 The spectrum of twisted states

We have seen that the partition function of the symmetric orbifold SymNMµ (4.31) can
be made modular invariant by means of the Hecke operator (4.22). The latter introduces
additional states — the so-called twisted states — to the symmetric orbifold whose spectrum
we proceed to derive.

Let us denote the single particle twisted states of SymNMµ by φn (n > 1) where n is
the amount of twist.10 In analogy with symmetric orbifold CFTs, we can associate each
twisted state φn with a Zn cycle of SN , namely with the (T ′nZ)(τ, τ̄ ;µ) factor in (4.31).

10A single particle state refers to a state that is not made of the product of states (other than the vacuum)
while a multi particle state is made of the product of two or more single particle states.
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In order to see this, let us first expand the action of the Hecke operator on the partition
function of the seed T T̄ -deformed CFT. For convenience, we denote the energies of the
seed theory by EL,R(µ) so that the seed partition function reads

Z(τ, τ̄ ;µ) = Tr
(
qEL(µ)q̄ER(µ)

)
=
∑
EL,ER

ρ(EL, ER)e2πiτEL(µ)−2πiτ̄ER(µ). (4.35)

On the other hand, the energies of SymNMµ are denoted by EL,R(µ). The action of the
Hecke operator on Z(τ, τ̄ ;µ) can then be expanded as follows

(T ′nZ)(τ, τ̄ ;µ) =
∑
γ|n

∑
EL,ER

ρ(EL, ER)q(n/γ2)EL(µ/γ2)q̄(n/γ2)ER(µ/γ2)
γ−1∑
α=0

e(2πiα/γ)J (0)

=
∑
γ|n

∑
EL,ER

ρ(EL, ER)q(n/γ2)EL(µ/γ2)q̄(n/γ2)ER(µ/γ2)γ δ
(γ)
J (0), (4.36)

where in the first line we used the fact that the angular momentum of the seed theory J (µ)
is unchanged by the deformation, namely EL(µ/γ2)− ER(µ/γ2) = J (µ/γ2) = J (0); while
the δ(γ)

J (0) := δJ (0) mod γ term in the second line follows from the sum over roots of unity,
which vanishes unless J (0) is a multiple of γ.

We now observe that when n is a positive integer, the sum over the factors of n in the
Hecke transform (4.36) can be written as

(T ′nZ)(τ, τ̄ ;µ) =
∑
EL,ER

ρ(EL, ER)qnEL(µ)q̄nER(µ)

+
∑
γ|n

γ 6={1,n}

∑
EL,ER

γρ(EL, ER)q(n/γ2)EL(µ/γ2)q̄(n/γ2)ER(µ/γ2)δ
(γ)
J (0)

+
∑
EL,ER

nρ(EL, ER)q(1/n)EL(µ/n2)q̄(1/n)ER(µ/n2)δ
(n)
J (0).

(4.37)

The first line above is the contribution of a multi particle state from the untwisted sector
that is made up of n states from n copies of the symmetric orbifold. The second line
of (4.37), which is only present when n is not a prime, corresponds to the contribution of
multi particle states from the twisted sector that are made up of the product of n/γ twisted
states with twist γ for each γ 6= {1, n}. Finally, the third line of (4.37) corresponds to the
sought-after contribution of the single particle twisted state φn. This follows from the fact
that the energy of this state cannot be expressed as the sum of energies of other states, in
contrast to the multi particles states obtained from the first two lines.

The third line of (4.37) implies that for each state in the T T̄ -deformed seedMµ with
energies EL,R(µ) ≡ E(1)

L,R(µ) satisfying J (0)modn = 0, there are n single particle twisted
states in SymNMµ for each n ∈ (1, N ] whose deformed energies are given by

E
(n)
L (µ) = 1

n
E

(1)
L (µ/n2), E

(n)
R (µ) = 1

n
E

(1)
R (µ/n2). (4.38)

Up to the rescaling of the deformation parameter, the relation between the twisted states
and untwisted states in SymNMµ takes the same form as that in symmetric orbifold CFTs.
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This observation allows us to write the generating functional for the partition function of
single-trace T T̄ -deformed CFTs in a similar way to the generating functional of symmetric
orbifold CFTs [46], namely

Z(τ, τ̄ ;µ; p) =
∏
n>0

∏
EL,ER

(
1− pnq

1
n
EL(µ/n2)q̄

1
n
ER(µ/n2))−ρ(EL,ER)δ(n)

J (0) , (4.39)

where EL,R(µ) and ρ(EL, ER) are the energies and the density of states in the seed theory
defined via (4.35).

Using the relation (4.38) together with the expressions for the deformed energies (2.1),
we can write the spectrum of twisted states in SymNMµ in terms of the twisted states of
the undeformed symmetric orbifold SymNM0 such that

E
(n)
L (0) = E

(n)
L (µ) + 2µ

n
E

(n)
L (µ)E(n)

R (µ),

E
(n)
R (0) = E

(n)
R (µ) + 2µ

n
E

(n)
L (µ)E(n)

R (µ).
(4.40)

The spectrum (4.40) matches the spectrum of perturbative strings on TsT-transformed
backgrounds where n is identified with the winding of the string along the spatial circle [33,
36]. This is compatible with the fact that the partition function of SymNMµ matches
the partition function of long strings on a linear dilaton background, and provides further
evidence for the correspondence.

5 Single-trace T T̄ partition functions at large N

In this section we study the behavior of the partition function when the number of copies
N in the symmetric orbifold SymNMµ is large, which corresponds to a large central charge
in the undeformed symmetric orbifold SymNM0. More concretely, we will show that
the partition function of single-trace T T̄ -deformed CFTs is universal in the large-N limit
without needing to impose any conditions on the density of light states. As a consequence
of this, we will show that the density of light states saturates the sparseness condition,
while the density of heavy states grows in a universal way analogous to the Cardy growth.

5.1 Universality of the partition function

Let us define the following version of the partition function of SymNMµ

Z̃N (τ, τ̄ ;µ) := (qq̄)−NEvac(µ)/2ZN (τ, τ̄ ;µ), (5.1)

where Evac(µ) denotes the vacuum energy of the deformed seedMµ. The total energy of
the vacuum in SymNMµ is therefore given by

Evac(µ) = NEvac(µ) = −N2µ

(
1−

√
1− c0µ

3

)
, (5.2)

where c0 denotes the central charge of the undeformed seedM0. In analogy with [4], we
will show that Z̃N (τ, τ̄ , µ) is finite in the large-N limit, which implies that ZN (τ, τ̄ , µ) is
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dominated by the contribution of the vacuum without needing to make any assumptions on
the sparseness of the light states.

In order to describe Z̃N (τ, τ̄ ;µ) in the large-N limit, let us first rewrite the generating
functional (4.39) in the following way

Z(τ, τ̄ ;µ; p) =
∏

n>0,EL,ER

(
1− p̃nq

1
n
EL(µ/n2)−n2 Evac(µ)q̄

1
n
ER(µ/n2)−n2 Evac(µ))−ρ(EL,ER)δ(n)

J (0)

= (1− p̃)−1 ∏′

n>0,EL,ER

(
1− p̃n(qq̄)−

n
2 Evac(µ)q

1
n
EL(µ/n2)q̄

1
n
ER(µ/n2))−ρ(EL,ER)δ(n)

J (0)

≡ (1− p̃)−1R(p̃), (5.3)

where p̃ = (qq̄)
1
2Evac(µ)p, the first factor in the second line comes from the contribution of

the vacuum when n = 1, and the prime denotes the rest of the product which is denoted
by R(p̃). Let us formally expand R(p̃) in a Taylor series such that R(p̃) =

∑∞
k=0 akp̃

k and
Z(τ, τ̄ ;µ; p) can be written as

Z(τ, τ̄ ;µ; p) =
∞∑
N=0

p̃N Z̃N = (1− p̃)−1
∞∑
k=0

akp̃
k. (5.4)

Expanding the factor of (1− p̃)−1, it is not difficult to see that Z̃N (τ, τ̄ ;µ) =
∑N
k=0 ak so that

Z̃N (τ, τ̄ ;µ) = R(1) in the limit N →∞. On the Lorentzian torus where (τ, τ̄) = (iβL,−iβR),
this translates to

log Z̃∞(βL,βR;µ)

=−
∑′

n>0,EL,ER
ρ(EL,ER)δ(n)

J (0) log
(
1−(qq̄)−

n
2 Evac(µ)q

1
n
EL(µ/n2)q̄

1
n
ER(µ/n2)

)

=
∑′

n>0,EL,ER

∞∑
k=1

1
k
ρ(EL,ER)δ(n)

J (0)e
2πk
[
n
2 (βL+βR)Evac(µ)− 1

n
βLEL(µ/n2)− 1

n
βRER(µ/n2)

]
, (5.5)

where in the second line we expanded the logarithm using the fact that βL,R > 0 and
EL,R(µ/n2) > n2

2 Evac(µ), the latter of which is true for all n except the vacuum with n = 1,
which is excluded from the sums above.

In order to show that Z̃∞(βL, βR;µ) is finite, we need to show that the sums in (5.5)
converge. We will assume that βLβR > 1, since the proof in the case βLβR < 1 follows from
modular invariance. Note that the sum in (5.5) excludes the contribution from the vacuum
when n = 1, so we treat this case separately. Omitting the factor of δ(n)

J (0) in (5.5) then
yields the following bound on the partition function

log Z̃∞(βL, βR;µ) <
∞∑
k=1

σ1,k +
∞∑
n=2

∞∑
k=1

σn,k, (5.6)

where σ1,k and σn,k are the n = 1 and n ≥ 2 contributions to (5.5), which are given by

σn,k :=


1
k
eπ(βL+βR)kEvac(µ)Z ′(kβL, kβR;µ), n = 1,

1
k
eπ(βL+βR)nkEvac(µ)Z

(kβL
n
,
kβR
n

; µ
n2

)
, n ≥ 2,

(5.7)

with Z ′(τ, τ̄ ;µ) denoting the partition function of the seed theory without the vacuum.
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Let us first understand the behavior of σn,k with n ≥ 2. We begin by noting that
the dominant contribution to the partition function Z(τ, τ̄ ;µ) is given by e−π(βL+βR)Evac(µ)

when the inverse temperatures βL,R are both large (βL,R � 1), and by e−π(β′L+β′R)Evac(µ′)

when they are both small (βL,R � 1) [20]. Assuming that both βL,R scale in the same way,
the partition function Z(βL, βR;µ) of a T T̄ -deformed CFT can be bounded by

Z(βL, βR;µ) < N e−π(βL+βR)Evac(µ)e−π(β′L+β′R)Evac(µ′), (5.8)

where β′L,R = 1/βL,R, µ′ = µ/βLβR, and N is a constant that can be chosen to be large
enough such that (5.8) holds for all temperatures. The bound on the partition function (5.8)
implies that the σn,k terms satisfy

σn,k <
1
k
N eπnk(βL+βR)

(
1− 1

n2−
1
k2

1
βLβR

)
Evac(µ)

, n ≥ 2, (5.9)

where we used the fact that Evac
( µ′
k2
)
> Evac(µ). The factor in the second parenthesis is

positive for all k ≥ 2 and βLβR > 1, which together with the fact that the vacuum energy
is negative, implies the following upper bound

σn,k <
1
k
N e

π
4 nk(βL+βR)

(
3− 1

βLβR

)
Evac(µ)

, n ≥ 2, k ≥ 2. (5.10)

The right hand side of the above inequality can be summed over all k ≥ 2, the result of
which is a series in n which decreases exponentially as n→∞. As a result, the double sum
in (5.6) converges for n ≥ 2 and k ≥ 2.

While this approach is not useful when k = 1, it is possible to show that the sum∑∞
n=2 σn,1 converges in this case as well. Indeed, modular invariance of Z

(βL
n ,

βR
n ; µ

n2
)

implies that for large n, the partition function can be approximated up to a constant Ñ by
its large temperature limit such that

Z

(
βL
n
,
βR
n

; µ
n2

)
= Z

(
nβ′L, nβ

′
R;µ′

)
< Ñ e−πn(β′L+β′R)Evac(µ′). (5.11)

Using Evac(µ′) > Evac(µ), we find that σn,1 is bounded by

σn,1 < Ñ e
πn(βL+βR)

(
1− 1

βLβR

)
Evac(µ)

, n ≥ 2. (5.12)

It follows that σn,1 decreases exponentially as n→∞ such that the sum over n ≥ 2 with
k = 1 also converges in this case.

Finally, let us consider the convergence of the single sum
∑∞
k=1 σ1,k in (5.6). Due to

the exclusion of the vacuum, we can bound Z ′(βL, βR;µ) as in (5.8) but with the vacuum
replaced by the first excited state E1(µ) > Evac(µ) at low temperatures,

Z ′(βL, βR;µ) < N ′e−π(βL+βR)E1(µ)e−π(β′L+β′R)Evac(µ′), (5.13)

where N ′ is a constant. As a result, σ1,k is bounded by

σ1,k <
1
k
N ′eπk(βL+βR)

(
Evac(µ)−E1(µ)− Evac(µ′)

k2βLβR

)
. (5.14)
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When k is large enough, the 1/k2 term in the exponent can be dropped so that the exponent
is negative and linear in k. Therefore, the sum over k converges in this case as well.

We have shown that the partition function Z̃N (τ, τ̄ ;µ) is finite in the large-N limit
when βLβR > 1. This result can be extended to the high temperature region βLβR < 1
using the modular invariance of Z(τ, τ̄ ;µ). Finally, using the relation between Z̃N (τ, τ̄ ;µ)
and ZN (τ, τ̄ ;µ) in (5.1), it follows that the partition function of single-trace T T̄ -deformed
CFTs is universal in the large-N limit such that

logZN (τ, τ̄ ;µ) ≈ max
{
πi(τ − τ̄)Evac(µ),−πi

(1
τ
− 1
τ̄

)
Evac

( µ
τ τ̄

)}
, |τ |2 6= 1. (5.15)

We see that this result is analogous to the one found in the double-trace case (3.26), except
that here it is not necessary to assume sparseness of the light states. In fact, as described
in the next section, (5.15) implies that the spectrum of SymNMµ is sparse, which can be
shown to be a result of the orbifolding.

5.2 Density of states

We now show that the spectrum of single-trace T T̄ -deformed CFTs is universal in the
large-N limit. In particular, we show that the density of low energy states saturates the
sparseness condition (3.25), while the density of high energy states is given by a universal
formula analogous to Cardy.

Let us begin by noting that the universality of the partition function at large N implies
a universal bound on the density of states. In order to see this, let ρN (EL, ER) denote the
density of states of SymNMµ such that

ZN (τ, τ̄ ;µ) =
∑

EL,ER

ρN (EL, ER)e−2πβLEL(µ)e−2πβRER(µ). (5.16)

Using the fact that ρN < ZN (τ, τ̄ ;µ)e2πβLEL(µ)e2πβRER(µ), it is not difficult to show that
the density of states at large N is bounded by

log ρN (EL, ER) < min
βL,βR

{
logZN + 2πβLEL(µ) + 2πβRER(µ)

}
(5.17)

. 4π
√(

EL(µ)− 1
2Evac(µ)

)(
ER(µ)− 1

2Evac(µ)
)
, (5.18)

where in the second line we have plugged in the large-N approximation of the partition
function (5.15) and optimized the bound. Note that the bound (5.18) applies to both high
and low energy states. In particular, it reduces to the sparseness condition (3.25) for the
light states if we take N = 1 and c0 →∞. However, the symmetric orbifold structure of
the single-trace deformation allows us to derive this bound instead of assuming it. In the
following, we will show that the bound (5.18) is compatible with the universal growth of
single-trace T T̄ -deformed CFTs at high energies, and that it is furthermore saturated at
low energies.

In analogy with the analysis of section 3.3, the asymptotic density of states can be
obtained from the partition function (5.15) via the standard thermodynamic relations such
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that log ρN (EL, ER) = SN (EL, ER) with the entropy SN (EL, ER) given by

SN (EL, ER) ≈ 2π
{√

c

6EL(µ)
[
1 + 2µ

N
ER(µ)

]
+
√
c

6ER(µ)
[
1 + 2µ

N
EL(µ)

]}
, (5.19)

where c = Nc0 is the total central charge of the undeformed symmetric orbifold SymNM0.
The formula (5.19) is valid when |τ |2 < 1, which in the microcanonical ensemble corre-
sponds to

EL(µ)ER(µ)
1 + 2µ

N

(
EL(µ) + ER(µ)

) > Evac(µ)2

4
(
1 + 2µ

N Evac(µ)
) . (5.20)

As a consistency check, we find that the entropy (5.19) is indeed less than or equal to the
bound (5.18) for the heavy states, with the inequality being saturated only when (5.20) is
saturated. Note that the single-trace entropy formula (5.19) and the range of validity (5.20)
can be obtained from the double-trace versions (3.31) and (3.32) by the replacement
c0 7→ Nc0 and µ 7→ µ/N . This follows from the fact that the partition functions in the two
theories, namely (3.26) and (5.15), are the same except for the vacuum energies, the latter
of which are related by the aforementioned rescaling as can be seen from (3.18) and (5.2).

For the states lying outside the region (5.20), which includes the light states as well as
the T T̄ version of the enigmatic states, the bound (5.18) turns out to be actually saturated.
In order to see this, we note that by expanding the generating functional (4.32) and
comparing the coefficient of pN , the density of states ρT ′n(hL, hR) of the partition function
(T ′nZ)(τ, τ̄ ;µ) := (qq̄)

n
2 Evac(µ)∑

hL,hR
ρT ′n(hL, hR)qhL(µ)q̄hR(µ) satisfies [4]

ρN (hL, hR) ≥
N∑
n=1

1
n
ρT ′n(hL, hR), (5.21)

where hL,R(µ) are the energies above the vacuum. Note that this relationship for the density
of states only depends on the structure of the symmetric orbifold and does not depend on
the details of the deformed seedMµ. Using the bound (5.18), the relation (5.21) implies
that the nth Hecke-transformed partition function (T ′nZ)(τ, τ̄ ;µ) has a sparse light spectrum.
At large n ≤ N , the fact that (T ′nZ)(τ, τ̄ ;µ) is modular invariant allows us to go through
the argument of section 3 and obtain a universal approximation to the partition function
similar to (3.26) and (5.15), with the vacuum energy replaced by nEvac(µ). Consequently,
the density of states of (T ′nZ)(τ, τ̄ ;µ) at large n is given by

log ρT ′n(hL, hR) ≈ Sn
(
hL + n

2 Evac, hR + n

2 Evac

)
. (5.22)

In terms of the hL,R(µ) variables, the constraint (5.20) reads

hL(µ)hR(µ)
hL(µ) + hR(µ) > −

nEvac(µ)
(
1 + µEvac(µ)

)
2
(
1 + 2µEvac(µ)

) . (5.23)

The maximum value of (5.22) is Sn∗(hL, hR) = 4π
√
hL(µ)hR(µ), where n∗ ≤ N is

reached when (5.23) is saturated, namely

n∗ = −
2
(
1 + 2µEvac(µ)

)
hL(µ)hR(µ)

Evac(µ)
(
1 + µEvac(µ)

)(
hL(µ) + hR(µ)

) . (5.24)
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Hence, if we assume that the energies hL,R(µ) are of O(N), then (5.21) implies that the
density of states ρN (hL, hR) at large N is bounded from below by

log ρN (hL, hR) & log ρT ′n∗ (hL, hR) ≈ 4π
√
hL(µ)hR(µ). (5.25)

In terms of the energies EL,R(µ) = hL,R(µ) + 1
2Evac(µ), this statement translates to

log ρN (hL, hR) & 4π
√(

EL(µ)− 1
2Evac(µ)

)(
ER(µ)− 1

2Evac(µ)
)
. (5.26)

This expression is valid when n∗ ≤ N , impliying that the energies EL,R(µ) satisfy

EL(µ)ER(µ)
1 + 2µ

N

(
EL(µ) + ER(µ)

) ≤ Evac(µ)2

4
(
1 + 2µ

N Evac(µ)
) , (5.27)

which lie in the complement of the high energy states (5.20).
We have shown that for energies in the region (5.27), the density of states at large N is

bounded from above and below by the same factor, namely by (5.18) and (5.26). It follows
that the density of low energy states satisfies

log ρN (EL, ER) ≈ 4π
√(

EL(µ)− 1
2Evac(µ)

)(
ER(µ)− 1

2Evac(µ)
)
. (5.28)

This is the same expression found in the right hand side of the sparseness condition (3.25),
meaning that the orbifolding procedure has made the low energy spectrum sparse. This
observation is independent of the seed Mµ, and was originally shown in the context
of symmetric orbifold CFTs in [4, 50]. We conclude that the spectrum of single-trace
T T̄ -deformed CFTs is universal in the large-N limit such that the spectrum saturates
the sparseness bound (5.28) when the energies lie in (5.27), or is otherwise given by the
Cardy-like formula (5.19) when the energies lie in (5.20).
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