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1 Introduction

The study of inflationary perturbations of the massless gravitational field are a standard
part of any graduate course on cosmology [1]. (See also ref. [2].) Additionally, the study of
perturbations in massive lower-spin fields, either during inflation or after inflation during
reheating, i.e., cosmological gravitational particle production (CGPP), has its own long
history [3–5] with applications to cosmological relics such as dark matter [6, 7]. However,
there have not been any comprehensive studies of CGPP with massive spin-2 particles.
(Although there have been steps in that direction, see ref. [8].) In this work we investigate
the evolution of cosmological perturbations in a massive spin-2 field during the epoch of
inflation and the period of reheating after inflation, and we assess the implications for
spin-2 particle dark matter.

Such a systematic investigation of CGPP is well motivated: if these massive spin-2
particles have a lifetime greater than the age of the universe they provide a candidate for
the dark matter. If their lifetime is less than the age of the universe, their late decays
might have interesting cosmological implications. Moreover, in the context of bigravity
which contains one massless spin-2 field (i.e., the graviton) and one massive spin-2 field,
one cannot ‘turn off’ the gravitational interactions that lead to CGPP. The phenomenology
of spin-2 dark matter has been studied in refs. [8–16], and our work offers a production
mechanism for these particles.

In this article, to perform our analysis, we consider two different constructions of a
free massive spin-2 particle on a Friedmann-Robertson-Walker (FRW) background. In the
first, more straightforward construction, we generalize the Fierz-Pauli theory [17] of a free
massive spin-2 particle to an FRW background in a way that maintains the absence of
the Boulware-Deser ghost [18]. Though not necessary for the construction, we show how
this theory can be obtained from ghost-free bigravity [19]. In the second construction, we
consider an exotic nonminimal coupling [20] of the massive spin-2 field to matter which
allows for an alternative free Lagrangian on an FRW background. We also show how this
theory can be obtained from ghost-free bigravity.

An extensive body of literature has explored cosmological solutions and perturbations
in several theories of bigravity; see refs. [21, 22] for a review. Most of this work has focused
on a class of theories where matter only couples to one of the two dynamical metrics [19].
These studies find that there exist homogeneous and isotropic solutions at the background
level [23–28], which is a required feature for a viable cosmological model. However, the
perturbations around these solutions (on at least some branches) are unstable [29] (see
also refs. [30–32]). The instabilities can be evaded if both metrics couple to matter. One
such theory employing two distinct matter sectors was proposed in ref. [29] and studied
in ref. [33], and another such theory with a single matter sector coupled to a composite
effective metric was proposed in ref. [20] and its cosmology was studied in refs. [34–36].
These latter two theories are relevant for our interests here. In regard to the study of
cosmological perturbations in bigravity, our work is distinct from previous studies insofar
as we focus on matter couplings that admit equal FRW background solutions for the two
metrics, in order to derive the simplest free Lagrangians for the massive spin-2 field.
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Earlier work on inflationary perturbations, e.g., for cosmic microwave background ob-
servables, has typically assumed that the additional spectator field is light (mass much
smaller than the expansion rate during inflation) and the perturbation amplitude is set
when modes leave the horizon during inflation. However, studies on CGPP have also
extended these calculations to models in which the spectator is heavy (mass larger or com-
parable to the expansion rate during inflation) and particle production happens near the
end of inflation or after inflation during the epoch of reheating. For massive gravity on a
de Sitter background, the Higuchi bound constrains the spin-2 particle’s mass m2 > 2H2,
as otherwise the theory would propagate a ghost [37]. A similar bound is expected to be
realized in theories of massive gravity and bigravity on an FRW background [38, 39]. As
part of our analysis we find a generalization of the Higuchi bound to FRW spacetimes:
m2 > 2H2(1− ε) where ε is the first slow roll parameter. Since we find the spin-2 particle’s
mass must exceed the Hubble scale during inflation, particle production happens primarily
at the end of inflation and during reheating, which motivates the numerical analysis that
we pursue here.

The remainder of this article is organized as follows. In section 2, we use ghost-free
bigravity to derive two distinct theories of a free massive spin-2 particle on an curved
background that we will consider. Focusing on FRW cosmologies, we perform a scalar-
vector-tensor decomposition and present the resultant mode equations in section 3. Some
of the mode equations exhibit instabilities, which we discuss in section 4, where we also
present an FRW generalization of the Higuchi bound. Our numerical results appear in
section 5, including the spectra and relic abundance of gravitationally-produced particles.
In section 6 we summarize and conclude. The article is supplemented by several appen-
dices: appendix A offers an analytical understanding of the long-wavelength spectrum;
appendix B presents an alternative derivation of our FRW-generalized Higuichi bound;
and finally, appendix C contains a discussion of the stability and decay of massive spin-2
particles in our two theories.

2 Massive spin-2 fields in an FRW background

To study the gravitational production of a spin-2 particle species of mass m (which is not
the massless graviton) during inflation, we desire an effective field theory that describes a
free, massive, spin-2 field and a scalar inflaton field on a fixed curved spacetime background.
This free theory with the usual minimally coupled matter sector can be obtained trivially
from General Relativity (GR): one can simply expand the Einstein-Hilbert action plus
matter sector to quadratic order in perturbations around any background that satisfies the
GR equations of motion and then add the Fierz-Pauli mass term [17]. The resulting theory
of a free massive spin-2 field on a fixed background will be ghost-free, while non-linearities
will generically introduce a ghost.

This same free Lagrangian can also be derived from non-linear ghost-free massive
gravity [40], which describes a self-interacting massive spin-2 particle, and also from ghost-
free bigravity [19] which describes an interacting massive spin-2 particle and massless spin-
2 particle. In addition to giving the free theory, these formulations allow one to consider
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higher order perturbations while maintaining the contraint that removes the ghost, as
well as specific ghost-free nonminimal couplings to matter, and, in the bigravity case,
interactions between the massive spin-2 particle and the graviton (i.e., the massless spin-2
particle). The virtue of the particular interacting theories given in refs. [19] and [40], in
contrast to, say, Kaluza-Klein theories containing massive spin-2 particles, is that the mass
of the spin-2 particle is parametrically lower than the cutoff of the effective field theory
so that no new states need to be introduced into the low energy theory beyond a single
massive spin-2.

In this section we show how the free Lagrangian of a massive spin-2 field on a fixed
background can be derived from bigravity. In addition to considering the usual minimal
matter coupling, we consider the free theory that arises from an exotic nonminimal coupling
to matter that has been shown to be ghost-free below the strong coupling scale of the non-
linear effective theory Λ3 = (m2MP)1/3, whereMP is the Planck mass [20]. We will consider
both the minimally-coupled theory and the nonminimally-coupled theory when studying
the gravitational production of massive spin-2 particles.

2.1 Ghost-free bigravity

We will construct two different free Lagrangians for a massive spin-2 particle on an FRW
background starting from ghost-free bigravity [19]. Bigravity is an interacting theory de-
scribing one massive and one massless spin-2 particle, with possible couplings to additional
matter fields.1 In the first construction that we consider, the bigravity theory is minimally
coupled to matter and one gets the expected result for the free massive spin-2 Lagrangian:
it’s simply the free Lagrangian of a massless spin-2 particle (i.e., General Relativity at
quadratic order) plus the Fierz-Pauli mass term. The bigravity formulation allows one
to also consider exotic ghost-free nonminimal couplings to the matter sector [20]. In the
second construction, we will derive the free action the nonminimally-coupled theory.

We start from the most general non-linear ghost-free bimetric action. The action
contains an Einstein-Hilbert term for each of the two metrics gµν and fµν , a non-derivative
potential term that mixes them, and matter terms:2

S =
∫

d4x

[
M2
g

2
√
−g R[g] +

M2
f

2
√
−f R[f ]−m2M2

∗
√
−g V (X;βn)

+
√
−gLg(g, φg) +

√
−f Lf (f, φf ) +

√
−g? L?(g?, φ?)

]
.

(2.1)

The parameters Mg and Mf determine the effective mass M2
∗ =

(
M−2
g +M−2

f

)−1 and the
reduced Planck mass M2

P = M2
g +M2

f . The mass parameter m sets the mass of the spin-2

1Massive gravity can be considered as a limit of the bigravity theory when there is a large hierarchy
between the Planck masses of the two particles: the massless spin-2 eigenstate effectively freezes out and
one is left with only the massive degree of freedom.

2We use the (+,+,+) Misner-Thorne-Wheeler sign convention [41], with mostly plus signs in the
Minkowski metric.
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particle. The metric interaction potential can be written as

V (X;βn) ≡
4∑

n=0
βnSn(X) , Sn(X) ≡ Xµ1

[µ1
. . .Xµnµn] , XµσXσν ≡ gµλfλν , (2.2)

which depends on the five parameters β0 through β4. A potential of this form guarantees
that the classical theory propagates only the correct five degrees of freedom of the massive
spin-2 [42] and no additional Boulware-Deser ghost [18]. The matter sectors are discussed
further below, including g?, which is a composite metric defined in eq. (2.5).

The β parameters determine the mass of the spin-2 particle and the cosmological
constants Λg and Λf , and parametrize higher-order interactions between the two metrics.
We take

β1 + 2β2 + β3 = 1 , (2.3)

which normalizes the Fierz-Pauli mass to be m. The cosmological constants are

Λg = m2(β0 + 3β1 + 3β2 + β3
)

and Λf = m2(β1 + 3β2 + 3β3 + β4
)
. (2.4)

Only these linear combinations of the five βn parameters appear in the free action (quadratic
in perturbations); the remaining combinations only enter through higher-order interactions.

There are three matter sectors: one that couples minimally to the metric g, one that
couples minimally to the metric f , and one that couples to a composite metric g? given by

(g?)µν = a2

(a+ b)2 gµν + ab

(a+ b)2

(
gµλ
(√

g−1f
)λ
ν

+
(√

g−1f
) λ
µ
gλν

)
+ b2

(a+ b)2 fµν ,

(2.5)

with free parameters a and b. This form guarantees a ghost-free matter coupling below the
strong coupling scale of the nonlinear effective theory Λ3 = (m2MP)1/3 [20]. We take the
matter sectors to be that of three independent scalar fields φg, φf and φ?, that are coupled
to gravity with Lagrangians of the form:

Lg(g, φg) = −1
2g

µν∇µφg∇νφg − Vg(φg) , (2.6a)

Lf (f, φf ) = −1
2f

µν∇µφf∇νφf − Vf (φf ) , (2.6b)

L?(g?, φ?) = −1
2g

µν
? ∇µφ?∇νφ? − V?(φ?) . (2.6c)

These fields will source the background FRW metrics seen by the massive spin-2 fields. In
the minimally-coupled theory, a combination of φg and φf will play the role of the inflaton,
whereas in the nonminimally-coupled theory the inflaton is identified with φ? alone.

2.2 Minimal matter coupling

In the absence of the composite metric, i.e. L? = 0, the g and f metrics are minimally
coupled to their respective matter fields. Taking this bigravity theory and expanding
both metrics and their corresponding matter fields around the same background solutions,
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we recover the free Lagrangian for the massive degrees of freedom that is equivalent to
linearized General Relativity plus a Fierz-Pauli mass term.

In particular, to derive the free Lagrangian, we expand the metrics and scalar fields
around backgrounds (denoted by a bar):

gµν = ḡµν + 2
Mg

hµν , fµν = f̄µν + 2
Mf

kµν , φg = φ̄g + ϕg , and φf = φ̄f + ϕf .

(2.7a)

We seek solutions of the background equations of motion with

ḡµν = f̄µν and 1
Mg

φ̄g = 1
Mf

φ̄f ≡
1
MP

φ̄ . (2.7b)

The existence of such solutions imposes a stringent constraint on the model, which requires
the two matter sectors to be mirrored in the sense that

1
M2
g

Vg

(
Mg

MP
φ

)
= 1
M2
f

Vf

(
Mf

MP
φ

)
≡ 1
M2

P
V (φ) and Λg

M2
g

= Λf
M2
f

≡ Λ
M2

P
. (2.8)

In other words, if the g-sector contains a term Vg(φg) ⊃ cgφ
n
g , then the f -sector must

contain a term Vf (φf ) ⊃ cfφ
n
f with cf = cg(Mg/Mf )n−2. This relation links the masses

and couplings of the two scalar fields. We keep track of the cosmological constant Λ for the
analytic expressions, but we set Λ = 0 for our numerical analysis; the inflationary phase is
driven by V (φ̄) > 0.

There are several virtues to expanding around the same background for both metrics.3,4

For one, it makes the expansion of the square-root matrix X that appears in eq. (2.2) simple.
Furthermore, the background equations of motion are simply

R̄µν −
1
2 ḡµνR̄+ Λḡµν = 1

M2
P
T̄µν , (2.9a)

�φ̄− V ′(φ̄) = 0 , (2.9b)

where the mass term, i.e., the potential term multiplied by m2 in eq. (2.1), has dropped
out. Here we have used the background stress-energy tensor:

T̄µν = ∇µφ̄∇ν φ̄+ ḡµνL̄(ḡ, φ̄) , (2.10)

L̄(ḡ, φ̄) = −1
2 ḡ

µν∇µφ̄∇ν φ̄− V (φ̄) . (2.11)

3In the literature “proportional” solutions with ḡµν = c2f̄µν are also often considered. However, in our
setup the constant parameter c would be a rescaling, which can be absorbed into redefinitions of the fields
and parameters and does not constitute an independent free parameter.

4We note that, from the point of view of the bigravity theory, insisting on equal background solutions
and the corresponding mirroring of the matter sectors amounts to a tuning. Our incentive here is simply to
show how the simplest free Lagrangian, i.e., the generalization of Fierz-Pauli to FRW, can arise from the
ghost-free bigravity theory, which necessitates equal backgrounds. We also note that mirroring can appear
in dimensional deconstruction models with two-site discretization. For a review see ref. [22].
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(In these expressions all derivatives are taken with respect to the background metric
ḡµν). As a result, the background solutions for both metrics are what we expect from
General Relativity. For example, if the scalar background is homogeneous, φ̄(t,x) =
φ̄(t), it induces a homogeneous and isotropic expansion, described by the FRW metric
ḡµν = diag(−1, a(t)2, a(t)2, a(t)2). The temporal and spatial components of the stress-
energy tensor,

T̄00 = 1
2

˙̄φ2 + V (φ̄) = ρ̄ and T̄ij =
(1

2
˙̄φ2 − V (φ̄)

)
a2(t) δij = p̄ a2 δij , (2.12)

can be identified with the homogeneous energy density ρ̄(t) and pressure p̄(t).
The free Lagrangian is obtained by expanding the action (2.1) around the back-

ground (2.7) keeping terms that are second order in the field perturbations. We can write

S =
∫

d4x
[√
−ḡ L̄(ḡ, φ̄) +

√
−ḡL(2)

massless +
√
−ḡL(2)

massive + interactions
]
, (2.13)

where the massive spin-2 and massless spin-2 sectors of the free Lagrangian decouple. This
decoupling is manifest with the appropriate choice of basis for the metric perturbations [19]

uµν
M∗

= hµν
Mf

+ kµν
Mg

,
vµν
M∗

= hµν
Mg
− kµν
Mf

, (2.14)

and the scalar perturbations
ϕu
M∗

= ϕg
Mf

+ ϕf
Mg

,
ϕv
M∗

= ϕg
Mg
− ϕf
Mf

. (2.15)

We identify uµν as the massless metric perturbation and vµν as the massive perturbation.
We find, as expected, for the massless sector:

L(2)
massless = L(2)

uu + L(2)
uϕu + L(2)

ϕuϕu , (2.16a)

where

L(2)
uu = −1

2∇λuµν∇
λuµν +∇µuνλ∇νuµλ −∇µu

µν∇νu+ 1
2∇µu∇

µu (2.16b)

+
(
R̄µν −M−2

P ∇µφ̄∇ν φ̄
)(

uµλu ν
λ −

1
2u

µνu

)
,

L(2)
uϕu = M−1

P

[(
∇µφ̄∇νϕu +∇ν φ̄∇µϕu

)(
uµν − 1

2 ḡ
µνu

)
− V ′(φ̄)ϕuu

]
, (2.16c)

L(2)
ϕuϕu = −1

2∇µϕu∇
µϕu −

1
2V
′′(φ̄)ϕ2

u . (2.16d)

Indices are raised and lowered with the background metric ḡ and u = ḡµνuµν . This is equiv-
alent to the Einstein-Hilbert Lagrangian plus a minimally coupled scalar field expanded to
quadratic order in perturbations uµν and ϕu. The massive sector has the identical form,
plus the Fierz-Pauli mass term:

L(2)
massive = L(2)

vv + L(2)
v ϕv + L(2)

ϕvϕv , (2.17a)

– 6 –
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where

L(2)
vv = −1

2∇λvµν∇
λvµν +∇µvνλ∇νvµλ −∇µv

µν∇νv + 1
2∇µv∇

µv (2.17b)

+
(
R̄µν −M−2

P ∇µφ̄∇ν φ̄
)(

vµλv ν
λ −

1
2v

µνv

)
− 1

2m
2
(
vµνvµν − v2

)
,

L(2)
v ϕv = M−1

P

[(
∇µφ̄∇νϕv +∇ν φ̄∇µϕv

)(
vµν − 1

2 ḡ
µνv

)
− V ′(φ̄)ϕvv

]
, (2.17c)

L(2)
ϕvϕv = −1

2∇µϕv∇
µϕv −

1
2V
′′(φ̄)ϕ2

v . (2.17d)

As mentioned above, L(2)
massive is what you would get by starting from the General Rela-

tivistic expression, finding the free Lagrangian and adding a Fierz-Pauli mass term. Alter-
natively, our bigravity approach allows one to also consider higher order terms or couplings
between the massive and massless spin-2 particles, and the expressions will be ghost-free
by construction.

2.3 Nonminimal matter coupling

The avoidance of ghosts typically forbids both metrics g and f from interacting with the
same matter sector. However, there is an exotic exception [20] that we will refer to as
the nonminimal matter coupling. Setting Lg = Lf = 0 in the action (2.1), let us consider
a coupling of both metrics to a single matter sector, containing a scalar field φ?, via the
composite metric g? in eq. (2.5). For this nonminimal matter coupling, the free Lagrangian
differs from the minimal coupling.

To determine the free theory, the metrics and scalar field are expanded around their
backgrounds as follows,

gµν = ḡµν + 2
Mg

hµν , fµν = f̄µν + 2
Mf

kµν , and φ? = φ̄? + ϕ? , (2.18a)

and we seek solutions with equal backgrounds for the metrics,

ḡµν = f̄µν and φ̄? ≡ φ̄ . (2.18b)

The existence of such backgrounds imposes a constraint on the parameters a and b of the
composite metric (2.5), as well as a mirroring condition on the cosmological constants:

a

M2
g

= b

M2
f

and Λg
M2
g

= Λf
M2
f

≡ Λ
M2

P
. (2.19)

The composite metric (2.5) is expanded, up to second order in the metric perturbations, as

(g?)µν = ḡµν + 2
MP

uµν +
Mf

Mg
a− Mg

Mf
b

a+ b

2
MP

vµν −
ab

(a+ b)2
1
M2
∗
vµλv

λ
ν ,

= ḡµν + 2
MP

uµν −
1
M2

P
vµλv

λ
ν .

(2.20)
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where we have used eq. (2.14) to express the result in terms of the massless and massive
metric perturbations, uµν and vµν . For general a and b a quadratic term uµλu

λ
ν is absent.

Choosing a and b to respect eq. (2.19), the massive mode vµν is removed from the effective
metric at linear order. Moreover, using the mass eigenstates, all the dependence on Mg

and Mf separately drops out and one is left with only one coupling scale, MP.
We expand the action (2.1) in powers of the perturbations (2.18) to obtain

S =
∫

d4x
[√
−ḡ L̄(ḡ, φ̄) +

√
−ḡL(2) + interactions

]
. (2.21)

Assuming equal backgrounds for the two metrics, and using the condition in eq. (2.19),
the background equations of motion for this nonminimally-coupled theory are equivalent
to the equations of motion for the minimally-coupled theory, which appear in eq. (2.9).

The free Lagrangian L(2) is obtained by expanding the metrics and scalar field to
second order in their perturbations. Doing so gives

L(2) = L(2)
uu + L(2)

uϕ? + L(2)
ϕ?ϕ? + L(2)

vv , (2.22a)

where

L(2)
uu = −1

2∇λuµν∇
λuµν +∇µuνλ∇νuµλ −∇µu

µν∇νu+ 1
2∇µu∇

µu (2.22b)

+
(
R̄µν −M−2

P ∇µφ̄∇ν φ̄
)(

uµλu ν
λ −

1
2u

µνu

)
,

L(2)
uϕ? = M−1

P

[(
∇µφ̄∇νϕ? +∇ν φ̄∇µϕ?

)(
uµν − 1

2 ḡ
µνu

)
− V ′(φ̄)ϕ?u

]
, (2.22c)

L(2)
ϕ?ϕ? = −1

2∂µϕ?∂
µϕ? −

1
2V
′′(φ̄)ϕ2

? , (2.22d)

L(2)
vv = −1

2∇λvµν∇
λvµν +∇µvνλ∇νvµλ −∇µv

µν∇νv + 1
2∇µv∇

µv (2.22e)

+
(
R̄µν + 1

2M
−2
P

(
∇µφ̄∇ν φ̄+ ḡµνL̄(ḡ, φ̄)

))
vµλv ν

λ

− 1
2
(
R̄µν +M−2

P

(
∇µφ̄∇ν φ̄+ ḡµνL̄(ḡ, φ̄)

))
vµνv

− 1
2m

2
(
vµνv

µν − v2
)
.

Moreover, as observed previously in ref. [43], at quadratic order the massive mode vµν
and the scalar perturbation ϕ? decouple entirely. Despite the similar notation, note that
L(2)
vv here is different from the expression appearing in eq. (2.17) for the minimally-coupled

model, whereas L(2)
uu is identical to eq. (2.16).

We note that the nonminimal coupling to matter defines a theory that does not yield
expected results in several regards. For example, taking the de Sitter limit of the FRW
background does not give the usual free action of a massive spin-2 particle on de Sitter.
The reason for this is straightforward to see. Normally when one considers bigravity in
de Sitter, one adds a cosmological constant for each metric

S =
∫

d4x

[
M2
g

2
√
−g (R[g]− 2Λ) +

M2
f

2
√
−f (R[f ]− 2Λ) + . . .

]
. (2.23)
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Alternatively, one could introduce a cosmological constant via a constant scalar potential.
In this case, using the nonminimal matter coupling in terms of g? to couple the two metrics
to the scalar field gives:

S =
∫

d4x

[
M2
g

2
√
−g R[g] +

M2
f

2
√
−f R[f ] +

√
−g?

(
−1

2g
µν
? ∂µφ?∂νφ? + V (φ?)

)
+ . . .

]
.

(2.24)
But for ∂µφ? = 0 and V (φ?) = const. this Lagrangian does not give rise to the same
quadratic Lagrangian as (2.23). That is to say

−M2
g

√
−gΛ−M2

f

√
−f Λ 6=

√
−g? V . (2.25)

This is thus a truly exotic coupling which will give results that do not reproduce those of
a usual massive spin-2 particle in the appropriate limits.

3 Cosmological perturbations

To study gravitational production of massive spin-2 particles in an inflationary cosmology
we require the background fields to describe a homogeneous and isotropic FRW spacetime.
We write the background metric ḡµν and background scalar field φ̄ as

ḡµν (η,x) = ḡµν (η) = a2(η) diag(−1, 1, 1, 1) and φ̄(η,x) = φ̄(η) , (3.1)

where η is the conformal time coordinate, x is the comoving spatial coordinate, and a(η)
is the scale factor. The background equations of motion (2.9) become

M2
P(3H2 − Λ) = V (φ̄) + (φ̄′)2/(2a2) and φ̄′′ + 2aHφ̄′ + a2V ′(φ̄) = 0 , (3.2)

where H = a′/a2 is the Hubble parameter, V ′(φ̄) = dV/dφ̄ is the potential gradient, and
other primes denote derivatives with respect to conformal time.

The polarization modes of the spin-2 fields decouple at quadratic order in the homoge-
neous and isotropic FRW spacetime, and the equations of motion are easily studied using
a scalar-vector-tensor (SVT) decomposition. The SVT decomposition allows a 4-tensor
to be represented by variables that transform as 3-scalars/vectors/tensors under spatial
rotations. For the massive spin-2 field vµν (η,x) the SVT decomposition is written as [1]

v00 = a2E, v0i = a2(∂iF +Gi), vij = a2(δijA+ ∂i∂jB + ∂iCj + ∂jCi +Dij ) , (3.3a)

where i, j = 1, 2, 3 are spatial indices. We call Dij (η,x) the tensor component of vµν ; we
call Ci(η,x) and Gi(η,x) the vector components; and we call A(η,x), B(η,x), E(η,x), and
F (η,x) the scalar components, since they transform accordingly under spatial rotations.
The vector components Ci and Gi are required to be transverse, while the tensor component
Dij is required to be transverse and traceless; these constraints are summarized as

∂iCi = 0, ∂iGi = 0, ∂iDij = 0, and Dii = 0 , (3.3b)

– 9 –



J
H
E
P
0
5
(
2
0
2
3
)
1
8
1

where repeated indices are summed. Since vµν is symmetric, the tensor component is also
symmetric Dij = Dji.

Upon implementing the SVT decomposition (3.3), the action (2.1) breaks up into sepa-
rate scalar, vector, and tensor sectors that are unmixed at quadratic order in perturbations:

S =
∫

dη d3x
(
LS + LV + LT

)
+O3 , (3.4)

where LS , LV and LT are the quadratic-order scalar/vector/tensor sector Lagrangians,
respectively. Note that L =

√
−gL = a4 L. In the following subsections, we present each

of these terms and provide the corresponding equations of motion for the field variables.

3.1 Minimal matter coupling

For the theory with a minimal coupling to matter, we perform the SVT decomposition
on the massive spin-2 field vµν and isolate the corresponding quadratic-order Lagrangians
LS , LV , and LT . The covariant action for the spectator fields, vµν and ϕv, was given by
eq. (2.17) at quadratic order. Using the SVT decomposition (3.3) on an FRW background
causes the scalar, vector, and tensor sectors to decouple at quadratic order. This is ex-
pected, since one can check that all bi-linear cross terms from two different sectors can
be eliminated by a combination of integration by parts and SVT constraints. There are 2
degrees of freedom in the tensor sector, corresponding to the ±2 polarization modes of vµν ;
there are 2 degrees of freedom in the vector sector, corresponding to the ±1 polarization
modes of vµν ; and there are 1+1 degrees of freedom in the scalar sector, corresponding to a
mixture of the 0-polarization mode of vµν as well as the additional ϕv. We shall present the
Lagrangians for each sector, and derive the corresponding mode equations in appropriate
variables.

3.1.1 Tensor sector

The tensor sector Lagrangian is given by:

LT = 1
2a

2
[
D′ijD

′
ij − ∂kDij∂kDij − a2m2DijDij

]
. (3.5)

The kinetic term is rendered canonically normalized by the change of variable χij = aDij ,
which leads to

LT = 1
2
[
χ′ijχ

′
ij − ∂kχij∂kχij − a2(m2 − 2H2 − a−1H ′

)
χijχij

]
(3.6)

where we have dropped total derivatives. We use χ̃ij(η,k) to denote the Fourier modes
of χij(η,x). Since the Lagrangian is isotropic, we can take k = (0, 0, k) without loss of
generality, and the transverse/traceless conditions (3.3) let us write

[χ̃ij ] =

χ̃+ χ̃× 0
χ̃× −χ̃+ 0
0 0 0

 , (3.7)
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which isolates the plus and cross mode functions, χ̃+(η,k) and χ̃×(η,k). The corresponding
mode equations are written as

χ̃′′s(η,k) + ω2
k(η) χ̃s(η,k) = 0 for s = +,×

where ω2
k(η) = k2 + a2m2 − 2a2H2 − aH ′ .

(3.8)

This expression reveals that the tensor sector consists of 2 propagating degrees of freedom,
which can be identified with the ±2 polarization modes of the spin-2 field vµν . The mode
equation that results upon setting m = 0 is equivalent to the mode equation for a gravita-
tional wave propagating on an FRW background, which is familiar from studies of tensor
perturbations in an inflationary cosmology [44, 45]. Note that the effective squared mass
can be written asm2−2H2−a−1H ′ = m2−R̄/6 where R̄ = 6a′′/a3 is the Ricci scalar in the
FRW spacetime. The squared angular frequency ω2

k(η) can be either positive or negative,
depending on whether m2 or R̄/6 is larger. It is useful to observe that a free scalar field
(minimally coupled to gravity) has the same mode equation as the one in eq. (3.8), and we
leverage this similarity to develop intuition about gravitational particle production.

3.1.2 Vector sector

The vector sector Lagrangian is given by:

LV = a2
[
∂j
(
Gi − C ′i

)
∂j
(
Gi − C ′i

)
+ a2m2(GiGi − ∂jCi∂jCi)] . (3.9)

Moving to Fourier space, we let C̃i(η,k) and G̃i(η,k) denote the Fourier modes of Ci(η,x)
and Gi(η,x), respectively. The action

∫
dη d3xLV =

∫
dη d3kLV,k/(2π)3 defines the La-

grangian in Fourier space:

LV,k = a2k2|G̃i − C̃ ′i|2 + a4m2|G̃i|2 − a4k2m2|C̃i|2 . (3.10)

Using the constraint (k2 + a2m2)G̃i = k2C̃ ′i to integrate out G̃i leads to

LV,k = a4k2m2

k2 + a2m2 |C̃
′
i|2 − a4k2m2|C̃i|2 . (3.11)

Note that for m = 0 the Lagrangian would vanish trivially, indicating that the massless
theory does not propagate any vector modes. For theories with m > 0 and modes of finite
wavelength, k > 0, the kinetic term may be rendered canonically normalized by a change
of variables:

χ̃i =

√
2 a4k2m2

k2 + a2m2 C̃i . (3.12)

Without loss of generality we take k = (0, 0, k) and the transverse constraint ∂iCi = 0
implies χ̃3 = 0. From the two remaining mode functions we define χ̃±(η,k) = (χ̃1 ∓
iχ̃2)/

√
2. Their mode equations are found to be

χ̃′′s(η,k) + ω2
k(η) χ̃s(η,k) = 0 for s = +,−

where ω2
k(η) = k2 + a2m2 − f ′′/f, f = a2/

√
k2 + a2m2 .

(3.13)
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For m 6= 0 the vector sector consists of 2 degrees of freedom, which can be identified with
the ±1 polarization modes of the spin-2 field vµν . For modes that are non-relativistic at
conformal time η we have k � a(η)m and ω2

k ≈ a2m2 − 2a2H2 − aH ′, which is the same
effective mass appearing in the tensor-sector mode eq. (3.8). The sign of ω2

k may be either
positive or negative depending on how m2 compares with k, H2 and H ′/a.

3.1.3 Scalar sector

The analysis of the scalar sector is substantially more challenging than either the tensor or
vector sectors. There are several sources of difficulty. First, there are more field variables
in the scalar sector. In addition to the scalar field perturbation ϕu, the massive spin-2
field contains four scalar perturbations (A, B, E, and F ) for a total of five field variables.
Second, all but two of these fields are restricted by a combination of gauge symmetry
and constraints. It is necessary to eliminate the constrained fields in order to isolate
the two propagating fields. Third, the two propagating fields experience a time-dependent
mixing in an FRW spacetime. Care must be taken to identify appropriate initial conditions
and extract physical observables. Fourth and finally, many more terms in the quadratic
action (2.17) contribute to the scalar sector than either the tensor or vector sector. In this
subsection, we only discuss the key steps in the calculation and present our final results.
The algebra was checked using the Mathematica package xTensor.

We implement the SVT decomposition (3.3) in the quadratic action (2.17) and take
an FRW background (3.1). Setting to zero the tensor and vector sector fields leaves the
scalar sector Lagrangian:

LS(A,B,E, F, ϕv; A′, B′, E′, F ′, ϕ′v; ∂iA, ∂iB, ∂iE, ∂iF, ∂iϕv; η) . (3.14)

Each term in LS is bi-linear in the five fields. Upon integration by parts, one can show
that the Lagrangian does not contain second-order time or spatial derivatives in any of the
fields. It is useful to define

ϕ̂v = ϕv −
a−1φ̄′

MPH
A (3.15)

and to eliminate ϕv for ϕ̂v through that relation. The hatted field is invariant under gauge
transformations, making it more closely connected with the ‘physical’ propagating degrees
of freedom. Since LS is bilinear in each of the five fields, it is convenient to move to Fourier
space where the Lagrangian density is written as LS,k(Ã, B̃, Ẽ, F̃ , ˜̂ϕv; Ã′, B̃′, Ẽ′, F̃ ′, ˜̂ϕ′v; η).
An explicit computation reveals that LS,k does not contain kinetic terms for either Ẽ nor F̃ ,
which may be identified as non-dynamical variables. The corresponding Euler-Lagrange
equations are constraints that can be solved to express Ẽ and F̃ in terms of the other
variables. Upon doing so, the Lagrangian can be written as LS,k(Ã, B̃, ˜̂ϕv; Ã′, B̃′, ˜̂ϕ′v; η).
With these transformations, the kinetic term for Ã has dropped out of the Lagrangian, and
its Euler-Lagrange equation is a constraint that can be solved to eliminate Ã in terms of
the other variables. Upon doing so, we arrive at a concrete expression for the scalar-sector
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Lagrangian, which takes the form

LS,k = Kϕ | ˜̂ϕ′v|2 −Mϕ | ˜̂ϕv|2 +KB |B̃′|2 −MB |B̃|2 + L2 ˜̂ϕ∗′v B̃′ + L1 ˜̂ϕ∗vB̃′ − L0 ˜̂ϕ∗vB̃ .
(3.16)

Note that the mixed terms may be complex, but they lead to a real action because of the
reality condition LS,−k = L∗S,k. The seven coefficients, which are time-dependent and real,
can be expressed as

Kϕ = a2

2
H2k4 + 3a2 (m2 −m2

H

)
H2k2 + 9

4a
4m2 (m2 −m2

H

)
H2

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)

(3.17a)

Mϕ = a2

2
c10k

10 + c8k
8 + c6k

6 + c4k
4 + c2k

2 + c0[
H2k4 + 3a2 (m2 −m2

H)H2k2 + 3
8a

4m2 (6m2H2 − 4H2m2
H −m4

H)
]2 (3.17b)

c10 = H4

c8 = 1
2a

2H2
[(

12m2H2 + 8H4 − 14H2m2
H −m4

H

)
+ 4HV

′(φ̄)φ̄′

aM2
P

+ 2H2V ′′(φ̄)
]

c6 = 3
8a

4H2
[(

36m4H2 + 72m2H4 − 82m2H2m2
H − 64H4m2

H

−7m2m4
H + 40H2m4

H + 8m6
H

)
+8
(
3m2 − 4m2

H

) HV ′(φ̄)φ̄′

aM2
P

+ 16
(
m2 −m2

H

)
H2V ′′(φ̄)

]
c4 = 3

8a
6
[
4H2 (9m6H2 + 36m4H4 + 16m2H6 − 30m4H2m2

H − 76m2H4m2
H

−3m4m4
H + 31m2H2m4

H + 24H4m4
H + 6m2m6

H − 6H2m6
H − 3m8

H

)
−4m2H2 (H2 −m2

H

) V ′(φ̄)2

M2
P

+
(
36m4H2 + 8m2H4 − 94m2H2m2

H +m2m4
H + 48H2m4

H

) HV ′(φ̄)φ̄′

aM2
P

+
(
36m4H2 − 58m2H2m2

H −m2m4
H + 24H2m4

H

)
H2V ′′(φ̄)

]
c2 = 9

32a
8m2

[
H2 (18m6H2 + 120m4H4 + 128m2H6 − 78m4H2m2

H − 384m2H4m2
H

−9m4m4
H + 132m2H2m4

H + 128H4m4
H + 23m2m6

H − 32H2m6
H − 16m8

H

)
−8H2 (2m2H2 − 2m2m2

H +m4
H

) V ′(φ̄)2

M2
P

+4
(
6m4H2 − 22m2H2m2

H +m2m4
H + 14H2m4

H

) HV ′(φ̄)φ̄′

aM2
P

+ 4
(
m2 −m2

H

) (
12m2H2 − 10H2m2

H −m4
H

)
H2V ′′(φ̄)

]
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c0 = 27
32a

10m4
[
−2H2 (2m2H2 − 2m2m2

H +m4
H

) V ′(φ̄)2

M2
P

−m2 (2H2 −m2
H

) (
4H2 +m2

H

) HV ′(φ̄)φ̄′

aM2
P

+
(
m2 −m2

H

) (
6m2H2 − 4H2m2

H −m4
H

)
H2V ′′(φ̄)

]

KB = a6m2

8

(
8m2H2 − 6H2m2

H −m2m2
H

)
k4

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)

(3.17c)

MB = a6m2

8
c10k

10 + c8k
8 + c6k

6 + c4k
4[

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)
]2 (3.17d)

c10 = H2 (8m2H2 − 8H4 − 2H2m2
H −m2m2

H

)
c8 = a2H2

[(
30m4H2 + 32m2H4 − 96H6 − 3m4m2

H − 56m2H2m2
H

+48H4m2
H + 5m2m4

H + 6H2m4
H

)
+
(
4m2 − 24H2) HV ′(φ̄)φ̄′

aM2
P

]
c6 = 3

8a
4m2

[(
96m4H4 + 144m2H6 − 6m4H2m2

H − 252m2H4m2
H − 192H6m2

H

+8m2H2m4
H + 200H4m4

H − 10H2m6
H −m2m6

H

)
+
(
8m2m2

H − 16H2m2
H

) HV ′(φ̄)φ̄′

aM2
P

]
c4 = 3

8a
6m4

[(
36m4H4 − 48m2H6 + 64H8 − 12m2H4m2

H − 32H6m2
H

−12m2H2m4
H + 4H4m4

H + 12H2m6
H − 3m2m6

H + 2m8
H

)
−
(
24m2H2 − 16H4 − 12m2m2

H − 8H2m2
H + 8m4

H

) HV ′(φ̄)φ̄′

aM2
P

]

L2 = a3m2φ̄′

2MPH

H2k4 + 3
2a

2 (m2 −m2
H

)
H2k2

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)

(3.17e)

L1 = −a
4m2φ̄′

MP

(
H2 − 1

4m
2
H − 1

2
aHV ′(φ̄)

φ̄′

)
k4 − 3

2a
2 (m2 −m2

H

) (
H2 + 1

4m
2
H + 1

2
aHV ′(φ̄)

φ̄′

)
k2

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)

(3.17f)

L0 = a3m2φ̄′

2MPH

c10k
10 + c8k

8 + c6k
6 + c4k

4 + c2k
2[

H2k4 + 3a2 (m2 −m2
H)H2k2 + 3

8a
4m2 (6m2H2 − 4H2m2

H −m4
H)
]2 (3.17g)

c10 = H4

c8 = 1
2a

2H4
[(

9m2 + 12H2 − 13m2
H

)
− 4aHV

′(φ̄)
φ̄′

]
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c6 = 3
8a

4H2
[(

18m4H2 + 32m2H4 + 64H6 − 48m2H2m2
H − 64H4m2

H

+m2m4
H + 28H2m4

H

)
+8
(
−4m2H2 + 4H4 +m2m2

H

) aHV ′(φ̄)
φ̄′

]
c4 = 3

16a
6m2H2

[(
18m4H2 − 24m2H4 + 256H6 − 54m2H2m2

H − 160H4m2
H

+9m2m4
H + 60H2m4

H − 7m6
H

)
+4
(
−30m2H2 + 32H4 + 12m2m2

H + 4H2m2
H − 7m4

H

) aHV ′(φ̄)
φ̄′

]
c2 = 9

16a
8m4H2 (2H2 −m2

H

) [
−
(
4H2 +m2

H

) (
3m2 − 4H2 −m2

H

)
+4
(
−3m2 + 2H2 + 2m2

H

) aHV ′(φ̄)
φ̄′

]
where we’ve defined a time-dependent squared mass parameter

m2
H(η) = 2H2 − (φ̄′)2/(aMP)2 . (3.18)

The field variables ˜̂ϕv and B̃ have both kinetic mixing and a mass mixing. The kinetic
mixing can be eliminated by a change of variables:

˜̂ϕv = Π̃ + κ(η) B̃ and B̃ = k−2B̃ (3.19)

where the time-dependent coefficient is

κ(η) = − L2
2k2Kϕ

= − am
2φ̄′

2MPH

k2 + 3
2a

2(m2 −m2
H

)
k4 + 3a2(m2 −m2

H

)
k2 + 9

4a
4m2(m2 −m2

H

) . (3.20)

In terms of the new field variables, the scalar sector Lagrangian is finally written as

LS,k = KΠ |Π̃′|2 −MΠ |Π̃|2 +KB |B̃′|2 −MB |B̃|2 + λ1 Π̃∗B̃′ − λ0 Π̃∗B̃ , (3.21)

where we have also used integration by parts and dropped total derivative terms. In this
new field basis, there is no kinetic mixing. The kinetic term coefficients are given by:

KΠ = Kϕ = a2

2
H2k4 + 3a2(m2 −m2

H

)
H2k2 + 9

4a
4m2(m2 −m2

H

)
H2

H2k4 + 3a2(m2 −m2
H

)
H2k2 + 3

8a
4m2(6m2H2 − 4H2m2

H −m4
H

) (3.22)

KB = 4KϕKB − L2
2

4k4Kϕ
= 3a6m2(m2 −m2

H)
4k4 + 12a2(m2 −m2

H)k2 + 9a4m2(m2 −m2
H)

, (3.23)

and the other coefficients are easily derived, but too unwieldy to reproduce here.
Note that the various kinetic and mass coefficients may be either positive or negative,

allowing for either ghost-like or tachyon-like instabilities. For instance KB < 0 for m2 <

m2
H . We analyze these instabilites further in section 4.1.
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Figure 1. The evolution of the mixing parameter κ(η) near the end of inflation, plotted in coor-
dinate time. The end of inflation is indicated by the vertical dashed line.

The scalar-sector quadratic action (3.21) contains a wealth of information about this
system. It reveals that the scalar sector contains two propagating (‘physical’) degrees of
freedom, which are identified with Π̃ and B̃. However, the presence of time-dependent
mixed terms (with coefficients λ1 and λ0) prevents one from immediately associating Π̃
with inflaton particles and B̃ with helicity-0 polarization, massive spin-2 particles. In light
of this mixing and its impact on our gravitational particle production calculation, we take
care to identify the appropriate initial conditions and to extract physical observables.

We study the evolution of the mixing by investigating the time dependence of κ(η)
(figure 1 shows the evolution of κ near to the end of inflation). At early times when the
background is inflating, for relativistic modes inside the horizon we have the relations∣∣∣∣∣ φ̄′

aHMP

∣∣∣∣∣� 1 , k

am
� 1 , k

aH
� 1 , and |κ(η)| ≈ m2a2

2k2

∣∣∣∣∣ φ̄′

aHMP

∣∣∣∣∣� 1 . (3.24)

As such, initially the kinetic terms are diagonalized in either basis, since Π̃ ≈ ˜̂ϕv and
B̃ = k2B̃, and the kinetic mixing is negligible. At late times, when H � m and for
non-relativistic modes, the FRW equations imply:

H � m,
k

am
� 1 , and κ(η) ≈ − φ̄′

3aHMP
. (3.25)

At late times after inflation φ̄′/a oscillates about zero with magnitude
√

2/3 ∼ 0.8. As
such, there is an O(1) kinetic mixing in the ( ˜̂ϕv, B̃) basis, which motivates our move to
the (Π̃, B̃) basis where there is no kinetic mixing. In the new basis, it is illuminating to
evaluate the late-time behavior of the scalar sector Lagrangian. This is accomplished by
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expressing LS,k as a series in powers of H/m, which takes values H/m � 1 at late times.
Doing so yields5

LS,k = a2

2
[
|Π̃′|2 −

(
k2 + a2V ′′(φ̄)

)
|Π̃|2

]
+ 3a6m4

(2k2 + 3a2m2)2

[
|B̃′|2 −

(
k2 + a2m2)|B̃|2]+O(H/m) .

(3.26)

In particular, note that the mixings in this basis are λ1, λ0 = O(H/m) at late times. The
absence of mixings and the presence of familiar mass terms, allow us to interpret Π̃ as the
inflaton perturbation and B̃ as the helicity-0 mode of the massive spin-2 field. We use this
basis to calculate observables in our study of gravitational particle production.

Provided that Kπ,KB > 0, the kinetic terms in the Lagrangian (3.21) can be canoni-
cally normalized. The change of variables

Π̃ = 1√
2KΠ

χ̃Π, B̃ = 1√
2KB

χ̃B , (3.27)

allows the Lagrangian to be written as

LS,k = 1
2 |χ̃

′
Π|2 −

1
2ω

2
Π |χ̃Π|2 + 1

2 |χ̃
′
B|2 −

1
2ω

2
B |χ̃B|2 + σ1 χ̃

∗
Πχ̃
′
B − σ0 χ̃

∗
Πχ̃B , (3.28)

where total derivatives have been dropped, and where

ω2
Π = 4KΠMΠ + (K ′Π)2 − 2KΠK

′′
Π

4K2
Π

, ω2
B = 4KBMB + (K ′B)2 − 2KBK ′′B

4K2
B

,

σ1 = λ1
2
√
KΠ
√
KB

and σ0 = 2KBλ0 + λ1K
′
B

4
√
KΠ(KB)3/2 .

(3.29)

The mode equations for χ̃Π and χ̃B are given by:

χ̃′′Π + ω2
Πχ̃Π − σ1χ̃

′
B + σ0χ̃B = 0

χ̃′′B + ω2
Bχ̃B + σ1χ̃

′
Π + σ0χ̃Π = 0 .

(3.30)

At late times, the modes χ̃Π and χ̃B decouple as in eq. (3.26):

LS,k = 1
2
[
|χ̃′Π|2 −

(
k2 + a2V ′′(φ̄)

)
|χ̃Π|2

]
+ 1

2
[
|χ̃′B|2 −

(
k2 + a2m2)|χ̃B|2]+O(H/m) .

(3.31)

3.2 Nonminimal matter coupling

For the theory with a nonminimal coupling to matter, the covariant Lagrangian appears in
eq. (2.22), and we implement the SVT decomposition using eq. (3.3). The resultant scalar,
vector, and tensor sector Lagrangians appearing in eq. (3.4) are presented here, along with
the corresponding mode equations.

5The FRW equations and the inflaton EOM imply: φ̄′/amMP = O(H/m), φ̄′/kMP = O(H/m), and
V ′(φ̄) ≈ m2

φ(φ̄− v) ≈ ±mφ(6M2
PH

2 − (φ̄′)2/a2)1/2 = O(H/m).
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3.2.1 Tensor sector

The tensor sector Lagrangian is given by:

LT = 1
2a

2
[
D′ijD

′
ij − ∂kDij∂kDij − a2(m2 − Λ + 3H2 + 2a−1H ′

)
DijDij

]
. (3.32)

Performing the change of variable χij = aDij yields a Lagrangian with canonically nor-
malized kinetic terms:

LT = 1
2
[
χ′ijχ

′
ij − ∂kχij∂kχij − a2(m2 − Λ +H2 + a−1H ′

)
χijχij

]
. (3.33)

Moving to the Fourier domain and identifying the plus and cross modes (3.7) yields the
mode equations

χ̃′′s(η,k) + ω2
k(η) χ̃s(η,k) = 0 for s = +,×

where ω2
k(η) = k2 + a2m2 − a2Λ + a2H2 + aH ′ .

(3.34)

Comparing this mode equation with the minimally-coupled theory (3.8), the two expres-
sions differ only in the cosmological constant and the Hubble-dependent terms appearing
in the effective mass.

3.2.2 Vector sector

The vector sector Lagrangian is given by:

LV = a2
[
∂j (Gi − C ′i)∂j

(
Gi − C ′i

)
+ a2µ2

1GiGi − a2µ2
2∂jCi∂jCi

]
(3.35)

where we’ve defined the time-dependent squared mass parameters

µ2
1(η) = m2 − Λ + 3H2 − a−1H ′ (3.36a)
µ2

2(η) = m2 − Λ + 3H2 + 2a−1H ′ . (3.36b)

This Lagrangian admits a Fourier representation, which is

LV,k = a2k2|G̃i − C̃ ′i|2 + a4µ2
1|G̃i|2 − a4k2µ2

2|C̃i|2 . (3.37)

By using the constraint equation, (k2 + a2µ2
1)G̃i = k2C̃ ′i, the variable G̃i is eliminated

giving

LV,k = KC |C̃ ′i|2 −MC |C̃i|2 , (3.38)

where the time-dependent kinetic and mass term coefficients are

KC(η) = a4k2µ2
1

k2 + a2µ2
1

and MC(η) = a4k2µ2
2 . (3.39)

In contrast with the minimally-coupled theory from eq. (3.11), this Lagrangian does not
vanish for m = 0, and the theory still propagates vector modes even if the spin-2 field
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is massless.6 Note that the time-dependent coefficient of the kinetic term remains non-
negative for cosmologies with Λ = 0, H ′ ≤ 0 and models with non-tachyonic mass m2 ≥ 0.
Therefore the kinetic term can be canonically normalized by the transformation χ̃i(η,k) =√

2KC(η)1/2C̃i(η,k), and the Lagrangian becomes

LV,k = 1
2 |χ̃
′
i|2 −

1
2ω

2
k |χ̃i|2 , (3.40)

up to a total derivative term that is dropped. The squared comoving angular frequency is
given by

ω2
k = 4KCMC + (K ′C)2 − 2KCK

′′
C

4K2
C

= c2
s k

2 + a2m2
k , (3.41)

where

c2
s(η) = µ2

2
µ2

1
= m2 − Λ + 3H2 + 2a−1H ′

m2 − Λ + 3H2 − a−1H ′
. (3.42)

The squared sound speed c2
s controls the high-k behavior of ω2

k while the squared effective
mass m2

k goes as k0 as k → ∞. The transverse condition (3.3) implies kiC̃i = 0, which
eliminates one degree of freedom, such that the vector sector has only 2 propagating degrees
of freedom, which can be identified with the ±1 polarization modes of the spin-2 field vµν .
The equations or motion are

χ̃′′s(η,k) + ω2
k(η) χ̃s(η,k) = 0 for s = +,− , (3.43)

where ω2
k(η) is given by eq. (3.41).

In the Minkowski spacetime we have c2
s → 1 and m2

k → m2. (A time-dependent
squared sound speed c2

s(η) also arises in the mode equation for a spin-3/2 field on an FRW
background [46, 47].) For models with m2 > Λ and cosmologies with H ′ < 0, the mass
parameter µ2

1 is positive at all times, and the sign of c2
s is controlled by the sign of µ2

2. If
H ′ becomes sufficiently large and negative, which may happen at the end of inflation, then
µ2

2 and c2
s may be temporarily negative, and the mode equation admits an exponentially

growing solution. We explore this gradient instability in section 4.2.

3.2.3 Scalar sector

The analysis of the scalar sector in this model of bigravity with a nonminimal coupling
to matter is simpler than the minimally-coupled model. This is mainly because the scalar
field perturbation ϕ? does not couple to the massive metric perturbation vµν at quadratic
order, which can be seen from the free Lagrangian in eq. (2.22), and there is only a single
propagating degree of freedom in the scalar sector. Otherwise, the analysis here runs

6This can potentially be understood from the fact that, because of the nonminimal matter coupling,
there is no enhanced diffeomorphism invariance in the m → 0 limit which would remove additional de-
grees of freedom, in contrast to the case of the minimal matter coupling where there are two independent
diffeomorphism invariances of the bigravity theory when m→ 0.
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parallel to the discussion in section 3.1.3 for the scalar sector of the minimally-coupled
model. In Fourier space on an FRW background, the scalar sector Lagrangian is written as

LS,k(Ã, B̃, Ẽ, F̃ ; Ã′, B̃′, Ẽ′, F̃ ′; η) . (3.44)

Neither Ẽ(η,k) nor F̃ (η,k) have kinetic terms, and their Euler-Lagrange equations are
constraints that can be solved to eliminate these variables. Upon doing so, the kinetic
term for Ã(η,k) also drops out, and this variable too can be eliminated by solving its
constraint equation. We are left with only a single variable B̃(η,k), and the scalar sector
Lagrangian takes the form

LS,k = KB|B̃′|2 −MB|B̃|2 (3.45)

up to total derivatives that are dropped. The time-dependent, real coefficients are7

KB = a4

P

[
c6k

6 + c4k
4] (3.46a)

c6 = −4Ḣ2

c4 = 3a2(m2 +H2)(m2 + 3H2 − Ḣ
)(
m2 + 3H2 + 2Ḣ

)
MB = a6

P 2
[
c10k

10 + c8k
8 + c6k

6 + c4k
4] (3.46b)

c10 = 12
(
m2 +H2)(m2 + 3H2)3 + 16

(
m2 + 3H2)2(6m2 + 7H2)Ḣ

+ 4
(
m2 + 3H2)(63m2 + 71H2)Ḣ2 + 8

(
25m2 + 27H2)Ḣ3 − 48Ḣ4

− 32H
(
m2 + 3H2)ḢḦ − 48HḢ2Ḧ

c8 = 12a2(m2 + 3H2 + 2Ḣ
)
×
[
2
(
m2 +H2)(m2 + 3H2)2(2m2 + 5H2)

+
(
m2 + 3H2)(19m4 + 64m2H2 + 49H4)Ḣ + 2

(
7m4 + 20m2H2 + 17H4)Ḣ2

−
(
23m2 + 25H2)Ḣ3 + 2Ḣ4 − 2H

(
m2 +H2)(m2 + 3H2)Ḧ

− 4H
(
m2 +H2)ḢḦ]

c6 = 9a4(m2 +H2)(m2 + 3H2 − Ḣ
)(
m2 + 3H2 + 2Ḣ

)2
×
[
7
(
m2 +H2)(m2 + 3H2)+ 17

(
m2 +H2)Ḣ − 8Ḣ2]

c4 = 27a6(m2 +H2)2(m2 + 3H2 − Ḣ
)2(
m2 + 3H2 + 2Ḣ

)3
where Ḣ ≡ a−1H ′, Ḧ ≡ a−2H ′′ − a−1HH ′, and

P = 4
[
m2 + 3H2 + 3Ḣ

]
k4

+ 12a2[(m2 +H2)(m2 + 3H2)+ 2
(
m2 +H2)Ḣ − Ḣ2] k2

+ 9a4(m2 +H2)(m2 + 3H2 − Ḣ
)(
m2 + 3H2 + 2Ḣ

)
.

(3.47)

7The coefficients above are presented in terms of H and its derivatives instead of mH as in eq. (3.16),
since mH is irrelevant to the nonminimally coupled model. We could also present the coefficients in terms
of H, φ̄ and φ̄′ by systematically substituting out the derivatives of H via rules such as H ′ → −φ̄′2/(2aM2

P)
and H ′′ → φ̄′(2aV ′(φ̄) + 5Hφ̄′)/(2M2

P). These rules can be derived from the field equation eq. (3.2) for φ̄
and the Friedmann equations; they reflect the fact that the background equation is a 2nd-order ODE whose
solution is completely determined by φ̄ and φ̄′ at a given time.
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Note that these coefficients may be either positive or negative depending on the FRW
background and the mass m and comoving wavenumber k of the massive spin-2 mode.
Negative values for KB and positive values for MB would indicate the presence of an
instability in the system, which we explore further in section 4. Assuming that KB(η) > 0,
the kinetic term can be canonically normalized by the change of variables χ̃ =

√
2K1/2

B B,
which allows the Lagrangian to be written as

LS,k = 1
2 |χ̃
′|2 − 1

2ω
2
k|χ̃|2 (3.48)

up to total derivatives, which are dropped, and where

ω2
k = 4KBMB + (K ′B)2 − 2KBK

′′
B

4K2
B

. (3.49)

The corresponding mode equation is written as

χ̃′′(η,k) + ω2
k(η) χ̃(η,k) = 0 . (3.50)

Note that the squared angular frequency ω2
k(η) may be either positive or negative. At

early times ω2
k(η) → k2 for relativistic modes inside the horizon. At high-k there is a

singularity in ω2
k(η), associated with a ghost instability (KB = 0), which we discuss further

in section 4.3.

4 Instabilities

In this section we discuss instabilities that can arise in these two theories of bigravity on
an FRW background.

4.1 Ghost instability and FRW-generalized Higuchi bound (minimally-coupled
theory)

For massive gravity on a de Sitter background, there is a unitarity bound that constrains
the spin-2 particle’s mass relative to the constant Hubble parameter: m2 > 2H2. This
relation is known as the Higuchi bound [37]. For masses below this bound, the helicity-0
mode of the massive spin-2 field has a wrong-sign kinetic term, corresponding to a ghost
instability. In this section we derive a generalization of this bound on an FRW background
that applies for either massive gravity or bigravity with a minimal coupling to matter.

For massive gravity with a minimal coupling to matter, the scalar sector quadratic
action is given by eq. (3.16). The absence of a ghost requires the two-by-two matrix of
kinetic terms,

LS,k ⊃
(

˜̂ϕ′∗v B̃′∗
)( Kϕ L2/2
L2/2 KB

)( ˜̂ϕ′v
B̃′

)
, (4.1)

to have two positive eigenvalues. This ensures the positivity of the kinetic terms in the
corresponding Hamiltonian. The matrix coefficients depend on comoving wavenumber
k and on conformal time η via the scale factor a(η), the Hubble parameter H(η), and
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its derivatives. We find that both eigenvalues are positive, for arbitrary wavenumber k,
provided that8

m2 > m2
H(η) = 2H(η)2[1− ε(η)

]
(4.2)

where m2
H(η) was defined in eq. (3.18), and where ε(η) = −H ′/(aH2) is the first slow-roll

parameter. We can write this relation equivalently in several useful ways:

m2
H = 2H2 − (φ̄′)2

(aMP)2 = 2H2 + 2a−1H ′ = 2
3Λ− 3p+ ρ

3M2
P

= (1 + w)Λ− (1 + 3w)H2 ,

(4.3)

where we assume that the cosmological medium consists of a perfect fluid with energy
density ρ(η), pressure p(η), and equation of state w(η) = p(η)/ρ(η). Equation (4.2) is our
FRW-generalized Higuchi bound for massive gravity or bigravity with a minimal coupling
to matter. In the de-Sitter limit, sending ε→ 0 yields the familiar Higuchi bound [37].9

In de Sitter spacetime, if the Higuchi bound is saturated, m2 = 2H2, then the helicity-
0 mode of the massive spin-2 field drops out entirely from the Lagrangian. This is due to
an enhanced gauge symmetry known as the “partially massless” symmetry [48, 49]. In an
FRW spacetime, the generalized Higuchi bound (4.2) can only be satisfied momentarily,
since H(η) and ε(η) vary in time. At the time t∗ when the bound is saturated m2 =
2H(t∗)2(1− ε(t∗)), we find that the coefficient of its kinetic term passes through zero, but
the scalar mode is still present in the Lagrangian through the mass and mixing terms.
Thus, we find that there is no analogous gauge symmetry at this point.

In matter-dominated and radiation-dominated universes, the slow-roll parameter is ε =
3(1 +w)/2 ≥ 3/2. The right-side of the generalized Higuchi bound (4.2) becomes negative,
implying that there is no lower bound on m. In our numerical analysis of gravitational
particle production, we choose m such that eq. (4.2) is satisfied at all times, and the ghost
instability is avoided. Since H is monotonically decreasing for inflationary cosmologies,
choosing m2 > 2H2

inf will guarantee that the FRW-generalized Higuchi bound is satisfied
during the entire cosmic history.

4.2 Gradient instability (nonminimally-coupled theory)

For bigravity with the nonminimal coupling to matter on an FRW background, the vector
sector can exhibit a gradient instability [36, 50] in which the field amplitude grows expo-
nentially at a rate set by the comoving wavenumber k = |k|. This instability is evident
from the mode equation (3.43): modes with large comoving wavenumber k satisfy

χ̃′′r ≈ −c2
sk

2χ̃r ⇒ χ̃r ∝ exp
[
±
∫ η

dη′ k
√
−c2

s

]
, (4.4)

8This relation generalizes trivially to higher dimensions as m2 > (d− 1)H2(1− ε).
9We provide an alternative, more straightforward derivation of this result in appendix B using the

Stueckelberg approach. We note that in previous works [38, 39] using different criteria, a generalized
Higuchi bound was derived for massive gravity and bigravity in the case of two different FRW metrics for
ḡµν and f̄µν . In the limit that the two FRW metrics are the same, the authors’ result reduces to the usual
Higuchi bound m2 = 2H2 with no ε correction.
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where c2
s(η) is the squared sound speed. Note that c2

s ∝ m2 − Λ + 3H2 + 2a−1H ′ may be
either positive or negative, since H ′ < 0 in an inflationary cosmology. A negative squared
sound speed c2

s(η) < 0, even temporarily, leads to solutions that grow exponentially in time
at a rate controlled by the comoving wavenumber k, such that smaller-scale modes (larger
k) grow more quickly.

The gradient instability is avoided if c2
s(η) > 0 at all times, which implies a constraint

on the mass m2 and on the cosmology. If the cosmological medium consists of a perfect
fluid with energy density ρ(η), pressure p(η), and equation of state w(η) = p(η)/ρ(η), then
the condition c2

s(η) > 0 translates to:

m2 > w(η) ρ(η)
M2

P
= w(η)

(
3H2(η)− Λ

)
. (4.5)

The equation of state is w ≈ −1 during the quasi-dS period of inflation and w ≈ 0 during
matter domination; at these times eq. (4.5) is satisfied trivially for any non-tachyonic mass.
However, during the radiation-dominated epoch we have w ≈ 1/3, and the avoidance of
the instability requires m > H(η), neglecting the cosmological constant term Λ. Since the
Hubble parameter decreases monotonically with time, the strongest constraint is obtained
at the start of the radiation era, namely the reheating period. The temperature of the
plasma at reheating Trh is unknown; it can be as large as approximately 1016 GeV without
coming into conflict with the CMB limit on the energy scale of inflation [51], or it can
be as small as about a few MeV without disrupting nucleosynthesis and cosmic neutrino
production [52]. At reheating, the Friedmann equation implies 3M2

PH
2
rh = π2g∗,rhT

4
rh/30,

where g∗,rh is the effective number of relativistic species in thermal equilibrium at temper-
ature Trh. Thus the condition for avoiding a gradient instability during the radiation era
is expressed in terms of g∗,rh and Trh as

m > Hrh '
(
140GeV

)( g∗,rh
106.75

)1/2( Trh
1010 GeV

)2
. (4.6)

Since we focus on models with m & Hinf to avoid a ghost instability in the scalar sector,
the gradient instability is also avoided since Hinf ≥ Hrh in general.

4.3 Ghost instability (nonminimally-coupled theory)

The theory of bigravity with a nonminimal coupling to matter also exhibits a ghost insta-
bility in the scalar sector [36]. However, unlike the minimally-coupled theory in which the
instability can be avoided with a judicious choice of parameters (4.2), the ghost instability
in the nonminimally-coupled theory is inevitable for sufficiently high-momentum modes.10

Consequently, the nonminimally-coupled theory must be understood as an EFT with a UV
cutoff pmax, where p = k/a denotes physical momentum.

10The nonminimally-coupled theory on Minkowski spacetime is known to have a ghost at the scale Λ3 =
(m2MP)1/3 [20]. Here we are talking about a lower-scale ghost that is potentially within the regime of
validity of the EFT. Note that the ghost at Λ3 does not arise on the FRW background that we study, which
is why it doesn’t appear in our SVT decomposition; see for example ref. [43].
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We are interested in the sign of the time-dependent kinetic term coefficient KB(η)
in the scalar sector Lagrangian of the nonminimally-coupled theory (3.45). For an FRW
cosmology with Ḣ = a−1H ′ 6= 0, the factor KB(η) takes positive values for small p = k/a,
negative values for large p, and vanishes for p = pmax(η) where

pmax(η) =
√

3
4H

√
m2/H2 + 1

√
m2/H2 + 3 + ε

√
m2/H2 + 3− 2ε

|ε|
, (4.7)

with ε = −Ḣ/H2 the first inflationary slow-roll parameter, and assuming all square roots
are positive. Modes with p < pmax(η) have healthy evolution, whereas modes with p >

pmax(η) are ghostly (KB < 0), and modes that cross p = pmax(η) hit a singularity in their
evolution. The vanishing of the kinetic term coefficient indicates that the theory becomes
strongly coupled at momenta approaching pmax(η) from below, and thus pmax(η) can be
interpreted as the time-dependent UV cutoff.

The time evolution of pmax(η) depends on the model of inflation, but its limiting behav-
ior is understood as follows. During inflation ε� 1 and pmax ≈ max(m3, H3

inf)/εH2
inf � m

is large and roughly constant. Long after inflation |Ḣ| ≈ H2 � m2 and pmax ≈ m3/H2 �
m. Generally, pmax(η) reaches a minimum around the end of inflation when |Ḣ| ≈ H2 and

pmax = O
(
m3

H2
e

)
, (4.8)

assuming m� He, and He is the Hubble parameter at the end of inflation.
Modes that are on the Hubble scale at the end of inflation have a comoving wavenumber

of k = aeHe, which is below the cutoff k/ae = He � pmax for m = O(10He), and within
the regime of validity of the EFT. Smaller-scale modes with larger p = k/a are above the
cutoff, and cannot be described by the effective theory. In our numerical analysis of CGPP,
we only present spectra corresponding to a range of momenta that are within the EFT at
the end of inflation.

5 Cosmological gravitational particle production

We are interested in the gravitational production of massive spin-2 particles in an infla-
tionary cosmology and its phenomenological implications for dark matter and cosmological
relics. This section begins by introducing the hilltop model of inflation that we study and
by explaining our numerical methods. Then our main results are presented for models of
bigravity with both minimal and nonminimal coupling to matter.

5.1 Hilltop inflation

For numerical studies it is necessary to select a model of inflation to determine the evolution
of the background FRW metric ḡµν(η) and scalar inflaton field φ̄(η). We assume a hilltop
model for two reasons. First, its predictions for cosmological observables (As, ns, and
r) are compatible with current measurements; see ref. [53] for analytic formulas of these
observables in the hilltop model. Second, it requires a hierarchy between the inflaton mass
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and the inflationary Hubble scale, mφ ≈ 29.4Hinf , which allows us to explore the parameter
space where Hinf � m� mφ [54, 55].

The hilltop model of inflation [56, 57] is specified by the scalar potential

V (φ̄) =
m2
φv

2

72

(
1− φ̄6

v6

)2
(5.1)

where v = MP/2, and the inflaton mass mφ is a free parameter.11 For bigravity with a
minimal coupling to matter, this function is related to the scalar potentials Vg and Vf
through the mirroring condition (2.8), and for the nonminimally-coupled theory this is V?.
For both theories, V governs the dynamics of the homogeneous background field φ̄(η), which
we call the inflaton field; it appears in the background Lagrangian L̄ via eq. (2.11) and in the
Friedmann equations via eq. (3.2), which determine the cosmic expansion history. In the
inflationary scenario that we consider, φ̄ initially takes values in the range 0 < φ̄(ηi)� v,
and then it “slowly rolls” toward the potential’s global minimum at v, and oscillates about
this minimum after the end of inflation. During inflation, the first slow-roll parameter is
small and growing, ε ≡ −H ′/(aH2) � 1, and we define the end of inflation as the time
when ε = 1. We denote the scale factor and Hubble rate at the end of inflation by ae and
He, respectively. After the end of inflation the inflaton has a mass

√
V ′′(v) = mφ.

The single parameter mφ is chosen such that our hilltop model predicts an ampli-
tude for the scalar power spectrum that is compatible with measurements of this quantity
inferred from CMB observations by the Planck satellite. A standard calculation [45] in
inflationary cosmology is employed to derive expressions for the energy scale of inflation
Hcmb and the amplitude of the scalar power spectrum As in terms of the inflaton mass mφ

and the number of e-foldings Ncmb between CMB mode crossing and the end of inflation.12

We take mφ = 4.14 × 1012 GeV and Ncmb = 60 such that our hilltop model predicts an
As at the central value of the Planck measurement ln

(
1010As

)
= 3.044 ± 0.014 [58]. This

implies Hinf = 1.41 × 1011 GeV and He = 1.33 × 1011 GeV such that mφ = 29.4Hinf and
Hinf = 1.06He. The requirement that inflation lasts for at least N ≥ Ncmb e-foldings
imposes a bound on the initial inflaton field excursion 0 < φ̄(ηi) ≤ φ̄cmb = 0.048MP. This
bound is compatible with the φ̄(ηi) � v = O(MP). Furthermore, we find that our choice
of mφ and Ncmb yields ns = 0.958 and r = 3.2× 10−7, which are in agreement with Planck
measurements. While changing Ncmb can shift the value of ns and r outside Planck bounds,
it is possible to shift the these values back into bounds by also changing v. For Ncmb = 50
and v = 25MP, we have ns = 0.960 and r = 0.02, which are again compatible with Planck
measurements.

11Due to the scaling property of the mode equations, we expect the GPP predictions in other hilltop
models to differ from that for this model by only O(1) factors, as long as dimensionless parameters m/Hinf

and k/(aeHe) are held fixed.
12For inflationary bigravity with a minimal coupling to matter, there are two inflaton fields ϕu and Π,

and their fluctuations both contribute to the curvature perturbations. We have verified that the spectra
are approximately equal, see figure 3, which leads to a doubling of As as compared with the single-field
model. However, we neglect this factor of 2 when selecting mφ to yield the observed As.
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5.2 Numerical methods

We adapt standard methods to study cosmological gravitational particle production in our
two theories of bigravity on an FRW background driven by hilltop inflation. In particular,
our method entails the following steps: first, we identify the equations of motion for each
field’s Fourier modes. For the two theories of bigravity discussed in section 3, and for each
of the scalar, vector, and tensor sectors, we write the equations of motion in the form13

χ̃′′(η,k) + ω2
k(η) χ̃(η,k) = 0 , (5.2)

where the comoving squared angular frequency ω2
k(η) is a function of the comoving wave-

number k, and its time dependence is controlled by the hilltop inflation background. Sec-
ond, we impose the Bunch-Davies initial condition. For an inflationary cosmology, all
Fourier modes are initially inside the horizon (k > aH) and relativistic (k > am). This
observation motivates the Bunch-Davies initial condition

lim
η→−∞

χ̃(η,k) = 1√
2k

e−ikη , (5.3)

which imposes only the positive-frequency mode to be present at early times. Third, we
solve the mode equations along with the Bunch-Davies initial condition using numerical
methods,14 scanning over values of the comoving wavenumber k. Modes are expected to
evolve nearly adiabatically at early and late times when ω2

k(η) is not changing quickly, but
there may be a departure from adiabaticity at intermediate times, typically when modes
leave the horizon during inflation (k = aH) or near to the end of inflation. Fourth, we
calculate the Bogoliubov coefficient βk that links the early-time vacuum state with the late-
time number operator; it corresponds to the amplitude of the negative-frequency mode at
late time. We calculate the Bogoliubov coefficient for modes with comoving wavevector
k = |k| as

|βk|2 = lim
η→∞

(
ωk
2 |χ̃|

2 + 1
2ωk
|∂ηχ̃|2 −

1
2

)
. (5.4)

Note that we normalize the mode functions by imposing χ̃∂ηχ̃
∗ − χ̃∗∂ηχ̃ = i such that

χ̃(η,k) is the mode function associated with creation/annihilation operators having canon-
ical commutation relations. Fifth, and finally, we calculate the spectrum of gravitationally
produced particles. The (physical) number density of particles with comoving momentum
p = k is calculated as

nk(η) = a(η)−3 k
3

2π2 |βk|
2 , (5.5)

and the total number density is n(η) =
∫∞

0 nk(η) dk/k.
13For the scalar sector of the minimally-coupled theory, presented in section 3.1.3, the inflaton perturba-

tions and massive spin-2 perturbations are mixed. We discuss this case separately below.
14All mode equations were transformed into their coordinate time versions and numerically integrated in

coordinate time. For producing the spectrum and relic abundance plots, we numerically integrated until
a(η) ≈ 676ae, by which time most of the Bogoliubov coefficients have stabilized, except for some parameter
points with high-k and low-m. Step sizes were chosen adaptively with a relative tolerance of 10−9 and zero
absolute tolerance; see chapter II.4 of ref. [59] for a discussion on adaptive step size. The numerical methods
used include the Adams-Moulton method, the BDF method, and DOPRI5; different methods were chosen
to solve different equations in order to minimize time usage.
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For the scalar sector of the minimally-coupled theory presented in section 3.1.3, the
inflaton perturbations and massive spin-2 perturbations are mixed, and the methods pre-
sented above require the following modifications: the equations of motion for the canoni-
cally-normalized field variables are given by eq. (3.30):

χ̃′′Π + ω2
Πχ̃Π − σ1χ̃

′
B + σ0χ̃B = 0

χ̃′′B + ω2
Bχ̃B + σ1χ̃

′
Π + σ0χ̃Π = 0 .

(5.6)

The two mode functions are coupled through the time-dependent mixing parameters σ1(η)
and σ0(η). At early times, the mixing parameters go to zero while ω2

Π ≈ ω2
B ≈ k2, which

motivates taking a Bunch-Davies initial condition (5.3) for both mode functions. The
evolution equations mix the two mode functions while also mixing the positive and negative
frequency modes. At late times, the mixing parameters again asymptote to zero, and we
evaluate the Bogoliubov coefficients using eq. (5.4) with ω2

k = ω2
Π and ω2

B as appropriate,
and the number densities follow from eq. (5.5).

5.3 Stability and relic abundance

The gravitational production of massive spin-2 particles during inflation may have various
different phenomenological implications on cosmology and particle physics. If these parti-
cles are unstable, their decay may affect the reheating history of the universe. Depending
on how they decay, they may populate a hidden sector, which could have implications
for the origin of dark matter, dark radiation, or the matter-antimatter asymmetry of the
universe. If these particles are stable, they would survive in the universe today as all or
part of the dark matter [11]. We study the stability of the massive spin-2 field, and report
on our findings in appendix C. In brief, for the theory of bigravity with a minimal cou-
pling to matter, the helicity-0 mode of the massive spin-2 field has trilinear interactions
with the massless graviton and the inflaton perturbations, which can mediate its decay.
If m > mφ, decays to inflaton perturbations are kinematically accessible, and despite the
Planck-suppressed couplings these decays are rapid, since we require m >

√
2Hinf to avoid

the ghost instability (Higuchi bound). However, such decays are kinematically blocked for
m < mφ ≈ 29.4Hinf , which anyway corresponds to most of the parameters presented in
figure 2. If the inflaton were stable, this would ensure the stability of the massive spin-2
particle, but otherwise the issue of stability and the massive spin-2 particle’s lifetime entails
additional model building, which is beyond the scope of our work. In order to connect with
a potential phenomenological implication of our work, in what follows we assume that the
massive spin-2 particle is cosmologically long lived and we calculate its present-day relic
abundance. It is worth remarking that in the theory of bigravity with nonminimal coupling
to matter, the massive spin-2 particle is stable at tree level, and it provides a natural dark
matter candidate.

We calculate the relic abundance Ωh2 of gravitationally-produced massive spin-2 parti-
cles. First we integrate the spectra in figures 2 and 6, as well as the spectra for other masses
not shown here, to obtain the comoving number densities a3n for each sector. The relation
to the relic abundance Ωh2 depends on the reheating history. We assume a late reheating
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scenario [60], meaning that the universe is still in the matter-dominated phase of reheating
at the time when m ≈ 3H(η) and the massive spin-2 field becomes non-relativistic. This
assumption implies an upper bound on the plasma temperature at the start of radiation
domination, Tsh < (8× 1013 GeV)(m/1010 GeV)1/2, which is easily satisfied for the param-
eters of interest. The relation between comoving number density a3n and relic abundance
Ωh2 is given by [60, 61]:

Ωh2 ≈ 0.12
(

m

1010 GeV

)(
He

1010 GeV

)(
Tsh

108 GeV

)(
a3n

a3
eH

3
e

)
. (5.7)

Note that the relic abundance is proportional to the reheating temperature Tsh.
Here we have assumed that there is no thermal production contributing to the relic

abundance. This is justified since the mass is large (larger than Hinf to avoid ghost insta-
bilities) and Tsh is much below the mass.

5.4 Minimal matter coupling

For the theory with a minimal coupling to matter, our numerical results are presented in
figure 2. We show the comoving number density spectrum a3nk in units of (aeHe)3 such
that a3nk/(aeHe)3 = 1 corresponds to roughly one particle per Hubble volume at the end
of inflation. The spectrum is expressed as a function of comoving wavenumber k in units
of aeHe, such that k/(aeHe) = 1 corresponds to modes that are on the Hubble scale at
the end of inflation. The three panels correspond to the degrees of freedom in the tensor
sector (top), vector sector (middle), and scalar sector (bottom). In each panel, the various
curves correspond to different choices for m, the mass of the spin-2 field, in units of the
inflationary Hubble scale Hinf ≈ 1.1He, and we take m/

√
2Hinf ≥ 2 to be well clear of

the scalar-sector ghost instability. For the tensor and vector sectors, we show the number
density per polarization degree of freedom, and the total number density is larger by a
factor of 2.

Let us first discuss features that are universal to the tensor and vector sectors. The
tensor and vector sectors have nearly identical spectra because their equations of motion
coincide for non-relativistic modes; see eqs. (3.8) and (3.13). All three spectra display
similar behavior for asymptotically long-wavelength and short-wavelength modes. For long-
wavelength modes with k/(aeHe) < 1, the spectra are blue-tilted power laws, nk ∝ kn. The
index of the power law is approximately n = 3 for relatively high mass, m & 1.5Hinf , and
it decreases as the mass is lowered towards the Higuchi bound at m =

√
2Hinf ' 1.4Hinf .

The low-k modes leave the horizon long before the end of inflation and re-enter the horizon
during early matter domination, so such modes are produced primarily acausally. The
evolution of such modes during inflation may be approximated by Hankel functions [62],
and using this approximation in appendix A we show analytically that the low-k behavior
of nk is a power law. The power-law index is n = 3− 2(9/4−m2/H2

inf)1/2 for m < 3Hinf/2
and the power-law index is n = 3 for m > 3Hinf/2, consistent with the behavior we see in
figure 2. It is worth pointing out that the low-k behavior for both the tensor and vector
spectra is similar to that for a gravitationally produced, minimally coupled scalar field;
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Figure 2. The comoving number density spectrum (per spin degree of freedom) a3nk of gravita-
tionally produced spin-2 particles in a theory of bigravity minimally coupled to matter consisting
of scalars driving hilltop inflation. Dimensionful quantities are normalized using aeHe, the FRW
scale factor and Hubble parameter at the end of inflation; i.e., modes with k < aeHe leave the
horizon during inflation, and modes with k > aeHe remain inside the horizon. The top, middle,
and bottom panels correspond to the tensor sector (helicity ±2 modes), vector sector (helicity ±1
modes), and the scalar sector (helicity 0 mode). Each panel shows several curves corresponding to
different values of the spin-2 field’s mass m in units of the inflationary Hubble scale Hinf .

after all, the equation of motion for the tensor mode is identical to that of the scalar field.
See appendix A for more details.

For the short-wavelength modes, the spectra exhibit a decreasing power-law envelope
and rapid oscillations. Modes with k/(aeHe) > 1 never leave the horizon during inflation,
and their particle production is most sensitive to the dynamics of the inflaton field at the
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end of inflation. After inflation, the inflaton oscillates about the minimum of its potential
with an angular frequency mφ, which imprints oscillatory features onto the spectrum of
the gravitationally produced particles with ∆k = O(mφ). In this regime, where particle
production is governed by coherent inflaton field oscillations on a quadratic potential,
gravitational particle production can be described as scattering and annihilation of inflaton
particles [54, 55, 63–65]. For m < mφ ' 30Hinf ' 20

√
2Hinf , the channel φφ → χχ

dominates, leading to a power-law envelope with nk ∝ k−3/2, which is seen in figure 2. For
masses m & mφ, the leading channel is kinematically blocked, and the next open channel,
φφφ→ χχ, dominates for 2m < 3mφ, leading to a steeper power-law envelope, nk ∝ k−9/2.
The oscillatory features superimposed on the power law are due to interference between
different scattering channels from φ to χ [65].

Now we focus our attention on the scalar sector. The scalar sector of the minimally-
coupled theory contains two degrees of freedom that experience a time-dependent mixing,
and we show the spectra for the field variables that diagonalize the system at late times. The
massive spin-2 scalar degree of freedom B is shown on figure 2 and the inflaton-like degree of
freedom Π is shown on figure 3. Note that we only show spectra form/

√
2Hinf ≥ 2, since the

system of equations has a ghost instability (Higuchi bound) for m/
√

2Hinf . 1. Comparing
the three panels of figure 2 reveals that the helicity-0 mode of the massive spin-2 field is
produced more copiously than the ±2 or ±1 polarization modes; similar behavior has been
noted previously for spin-1 fields [66]. Consequently, the gravitationally-produced massive
spin-2 particles are predominantly longitudinally polarized. Figure 3 shows the spectrum
of perturbations in the inflaton-like fields, which displays the usual quasi-scale-invariant
spectrum toward low k and which is insensitive to the spin-2 mass m. The enhancement
around k/(aeHe) ≈ 10 and subsequent harmonic progression of peaks can be understood
to arise from parametric resonance associated with the inflaton’s non-gravitational self-
interaction [67], i.e. m2

eff(η) = V ′′(φ̄(η)), which is absent for the other degrees of freedom.
Numerical results for the relic abundance Ωh2 are presented in figure 4 for each of

the three sectors as a function of the spin-2 mass m. For this plot we have taken Tsh =
105 GeV, and the relic abundance for other values of the reheating temperature is obtained
by the scaling relation Ωh2 ∝ Tsh from eq. (5.7). Models with m >

√
2Hinf are perfectly

healthy, whereas models with m <
√

2Hinf have a ghost instability in the scalar sector.
Nevertheless, even for the ghostly models, it is illuminating to investigate gravitational
particle production in the tensor and vector sectors, since the analytic scaling behavior
as m → 0 is known, and its numerical evaluation provides a check of our methods. In
the tensor sector, the relic abundance goes as Ωh2 ∝ m0 toward asymptotically small
masses, m� Hinf , matching known results for a scalar field minimally coupled to gravity;
the same behavior occurs in the vector sector, but this cannot be seen from the range
of masses shown on the figure. For intermediate masses with

√
2Hinf < m < mφ, the

relic abundance rises linearly with mass, Ωh2 ∝ m1. This behavior is understood by
recalling from figure 2 that the spectra peak at k ≈ 50aeHe, corresponding to sub-Hubble-
scale modes for which gravitational particle production can be described by a scattering
φφ→ χχ. For m� mφ the cross section is insensitive to the mass m, implying a3n ∝ m0

and Ωh2 ∝ m1 [54], which agrees with the behavior seen in figure 4. For large spin-2 masses
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Figure 3. The spectrum of perturbation in the inflaton fields. The notation here is identical to
figure 2.

with mφ . m, the φφ → χχ channel is kinematically blocked, and the relic abundance is
abruptly suppressed. Comparing the three sectors, we see that most particle production
occurs in the scalar sector.

Finally we summarize our results on massive spin-2 dark matter in figure 5, which shows
the two-dimensional parameter space consisting of the spin-2 mass m and the reheating
temperature Tsh. The present-day relic abundance of cold dark matter is Ωdmh

2 = 0.12±
0.0012 [58]. Assuming that the massive spin-2 particles are cosmologically long-lived, we
sum the three polarization sectors and require Ωh2 ≤ Ωdmh

2 to avoid conflict with the
measured dark matter abundance. Along the red curve on figure 5, the massive spin-2
particles can make up all of the dark matter. The gray shaded region implies an over-
production of dark matter, and it is excluded; the unshaded region is viable, and the
massive spin-2 particles are a sub-dominant component of the dark matter.

5.5 Nonminimal matter coupling

For the theory with a nonminimal coupling to matter, we perform the same analysis that
was presented in section 5.5 for the minimally-coupled theory. Our numerical results appear
in figure 6 that shows the spectra, figure 7 that shows the relic abundance, and figure 8
that shows the parameter space constraints. In the remainder of this subsection we discuss
each plot in turn.

The spectra appearing in figure 6 for the nonminimally-coupled theory are the analogs
of figure 2 for the minimally-coupled theory. Similar to the case of the minimally-coupled
theory, the spectra of long-wavelength (low-k) modes in the nonminimally-coupled theory
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Figure 4. Relic abundance of gravitationally produced spin-2 particles as a function of the spin-2
mass m for the theory of bigravity with a minimal coupling to matter. We take Tsh = 105 GeV and
for other values of the reheating temperature one can rescale our numerical results using Ωh2 ∝ Tsh.
The three curves correspond to the different polarization sectors: tensor (blue), vector (orange),
and scalar (green). The red dashed line indicates the inflaton mass m = mφ ≈ 30Hinf .

are blue-tilted power laws, which go as a3nk ∝ k3 for all three sectors (tensor, vector,
scalar) and a broad range of spin-2 masses. In fact, whereas for the minimally-coupled
theory the spectra flatten for small masses with m < 1.5Hinf , this flattening is not seen
in the nonminimally-coupled theory where instead the k3 power law persists (not shown
on the figure). We also derive this power law analytically by approximating the modes
with Hankel functions during inflation; see appendix A for details of the derivation. The
short-wavelength (high-k) modes display the same features that were noted previously in
the minimally-coupled theory: the spectrum oscillates under a power-law envelope that
transitions from a3nk ∝ k−3/2 for smaller masses m < mφ to the steeper a3nk ∝ k−9/2 for
larger masses m > mφ where the annihilation channel φφ→ χχ is kinematically blocked.

As we discussed in section 4.2, the nonminimally-coupled theory may exhibit a gradient
instability in the vector sector, and we have explored this phenomenon with our numerical
studies. Recall that the modes in the vector sector evolve in response to a time-dependent
effective squared sound speed c2

s(η), and if there is a period of time during which c2
s(η) < 0,

the mode equations admit an exponential growth leading to a UV-sensitive spectrum,
and nk ∝ exp{2

∫
k|cs| dη}. In the hilltop model of inflation that we study we find that

m & 1.46Hinf ensures c2
s(η) > 0 at all times, and the gradient instability is avoided.
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Figure 5. Relic abundance constraints on the parameter space for the theory of bigravity with
a minimal coupling to matter. For parameter points lying on the red curve, the predicted relic
abundance of gravitationally produced massive spin-2 particles matches the observed cold dark
matter relic abundance Ωh2 = 0.12. The gray-shaded region above the red curve is excluded due
to over-production of massive spin-2 particles. To avoid a ghost instability, we require the mass m
to be above the Higuchi bound m =

√
2Hinf .

Lowering m toward this threshold leads to an enhancement of particle production in the
vector sector, which is seen in figure 6 as the m/

√
2Hinf = 2 curve (blue) in the vector

sector panel (middle). This can be understood in the following way. For large k, the mode
equation (3.43) is approximately χ̃′′ + c2

sk
2 χ̃ = 0, and particle production is enhanced

when (c2
s)′/c2

s is largest. For models with m close to the threshold ≈ 1.46Hinf , there is a
time at which c2

s drops close to zero from above, and an even smaller m puts c2
s closer to

zero. In this sense, the large amplitude for the vector sector spectrum at m/
√

2Hinf = 2
in figure 6 foreshadows the onset of the gradient instability. We have also checked that for
m < 1.46Hinf , exponentially growing mode functions are obtained, although these results
do not appear in figure 6.

For the scalar sector, a ghost instability prevents us from solving the mode equation
when the physical momentum p is above the UV cutoff pmax; see section 4.3. Since p =
k/a > pmax at sufficiently early times for any fixed k, all k modes necessarily activate
a ghost instability early during inflation. Nevertheless, we can impose the Bunch-Davies
initial condition at a late enough time when the ghost instability is avoided, and study
only the k modes for which there is no ghost instability in all subsequent evolution. Using

– 33 –



J
H
E
P
0
5
(
2
0
2
3
)
1
8
1

10−8

10−6

10−4

10−2

100

102

104
a

3
n
k
/(
a
eH

e)
3

Nonminimally-coupled theory, tensor

k−3/2

k3

k−9/2

m = 2.0
√

2Hinf

m = 11.0
√

2Hinf

m = 20.0
√

2Hinf

m = 21.0
√

2Hinf

10−8

10−6

10−4

10−2

100

102

104

a
3
n
k
/(
a
eH

e)
3

Nonminimally-coupled theory, vectorm = 2.0
√

2Hinf

m = 11.0
√

2Hinf

m = 20.0
√

2Hinf

m = 21.0
√

2Hinf

10−1 100 101 102

comoving wavenumber k/(aeHe)

10−8

10−6

10−4

10−2

100

102

104

a
3
n
k
/(
a
eH

e)
3

Nonminimally-coupled theory, scalarm = 7.0
√

2Hinf

m = 11.0
√

2Hinf

m = 20.0
√

2Hinf

m = 21.0
√

2Hinf

Figure 6. The comoving number density spectrum a3nk of gravitationally produced spin-2 particles
in the theory of bigravity with a nonminimal coupling to matter. The notation here is identical to
figure 2.

eq. (4.8), we find a cutoff kmax such that the IR modes with k < kmax are well-behaved,
whereas the UV modes with k ≥ kmax run into a singularity during their evolution. For
our model of hilltop inflation, the cutoff is kmax/(aeHe) ≈ 0.45(m/Hinf)3MP. In figure 7,
we only present spectra for m ≥ 7

√
2Hinf , corresponding to kmax & 102.5aeHe, such that

all the modes shown on the figure have k < kmax. For this range of masses, the spectrum
peaks at a wavenumber that is well below the cutoff kmax, and we evaluate the total
particle number by integrating k up to the cutoff. For smaller masses the cutoff drops
below the scale at which the spectrum peaks, and the EFT is inapplicable for the study of
gravitational particle production.
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Figure 7. Relic abundance of gravitationally produced spin-2 particles versus spin-2 mass m for
the nonminimally-coupled theory. The notation here is identical to figure 4.

By integrating the spectra and using eq. (5.7), we evaluate the relic abundance Ωh2.
Unlike the minimally-coupled theory, the massive spin-2 in the nonminimally-coupled the-
ory is stable, and provides a viable dark matter candidate; see appendix C. Figure 7 shows
the relic abundance Ωh2 as a function of the spin-2 mass m for the tensor, vector and
scalar sectors at reheating temperature Tsh = 105 GeV. In the tensor sector, at interme-
diate masses 3Hinf . m . 20Hinf , the relic abundance is increasing linearly Ωh2 ∝ m1,
which is the same behavior observed previously in the minimally-coupled theory. In the
vector sector, the relic abundance grows toward smaller m, foreshadowing the onset of the
gradient instability at the threshold m ≈ 1.46Hinf . In the scalar sector, we only calculate
the relic abundance for m ≥ 7

√
2Hinf where the ghost instability is avoided. In all three

sectors, the relic abundance decreases toward large m, and there is a break at m = mφ,
where the channel φφ → χχ is kinematically blocked. Finally, we note the vector sector
dominates the relic abundance for most of the masses shown.

Our constraints on the parameter space of the nonminimally-coupled theory are sum-
marized in figure 8. We sum the relic abundances in the three sectors and compare the
predicted Ωh2 against the measured cold dark matter relic abundance Ωdmh

2 ≈ 0.12. Note
that we only show results for large values of the spin-2 mass, m & 9Hinf ; for smaller masses
the scalar sector has a ghost instability at the modes that would contribute predominantly
to the total particle number. Along the red curve, the massive spin-2 particles can make up
all of the dark matter, whereas in the gray shaded region, there is an over-abundance, and
in the white region the spin-2 particles make up a sub-dominant component of dark matter.
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Figure 8. Constraints on the (m,Tsh) parameter space for the nonminimally-coupled theory. The
notation here is identical to figure 5.

6 Summary and conclusion

We have studied the phenomenon of gravitational particle production for massive spin-2
particles using the framework of bigravity in the context of hilltop inflation. We studied
two theories of ghost-free bigravity that are distinguished by the coupling of their metrics
to matter. The first theory entails two matter sectors with ‘mirrored’ particle content
coupling to each metric, while the second theory consists of a single matter sector coupled
to a composite metric. The first theory can be viewed as a ‘minimal’ coupling of bigravity
to matter, as it reproduces expected results for massive gravity, such as the de Sitter limit;
the second ‘nonminimal’ theory leads to exotic relations.

By expanding the actions on a time-dependent FRW background, we isolate the degrees
of freedom that transform as scalars, vectors, and tensors under the residual symmetries
of spatial translations and rotations. We derive the equations of motion for these mode
functions. In the next few paragraphs, we offer a brief overview of that procedure.

The starting point in the minimally-coupled model is two metrics gµν and fµν and two
scalar matter fields φf and φg (eq. (2.1) with L? = 0). The desired final configuration is
a massless graviton (2 degrees of freedom), a massive spin-2 field (5 degrees of freedom),
and 2 additional scalar degrees of freedom arising from the two scalar matter fields, for a
total of 9 degrees of freedom.

The journey from the starting point to the final configuration involves quite a few
twists and turns. We start by expanding the metrics and scalar fields about backgrounds
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in a mirrored manner: the backgrounds for gµν and fµν are identical, and the backgrounds
for φg and φf are proportional, eq. (2.7b). We construct new fields uµν and vµν describing
massless and massive metric perturbations, respectively. With the construction (2.14)
the massive and massive spin-2 sectors decouple. We perform a similar combination of
ϕu and ϕv in terms of φg and φf in eq. (2.15). The massless state uµν only propagates
two tensor degrees of freedom. After removing non-propagating fields, the standard SVT
decomposition of the massive state vµν yields two tensor degrees of freedom corresponding
to the usual +,× degrees of freedom associated with the ±2-polarization modes (eq. (3.8)
for the mode equation) and two vector degrees of freedom that can be identified with the
±1-polarization states of vµν (eq. (3.13) for the mode equation). The surviving scalar
degrees of freedom associated with the 0-polarization state are comprised of one state from
the SVT decomposition [B in eq. (3.16)], and one state which is a linear combination of ϕv
and one state A from the SVT decomposition [the combination of A and ϕv is denoted as
ϕ̂v in eq. (3.15)]. The total scalar Lagrangian consists of (3.16) with mixed terms involving
B and ϕ̂v, and also (2.16d) describing the scalar field from the massless sector L(2)

ϕuϕu .
From (3.16) we see that ϕ̂v and B have kinetic mixing and mass mixing. We define new
fields Π and B in terms of ϕ̂v and B to eliminate kinetic mixing. The parameter that
determines the mixing is defined in eq. (3.20) and presented in graphical form in figure 1.
The resulting scalar field Lagrangian is given by eq. (3.21). One final change of field
variables to χΠ and χB results in canonical kinetic terms with scalar Lagrangian (3.28)
and mode equations (3.30). At late times the mode equations for χΠ and χB decouple,
which allows the identification of χΠ as the inflaton and χB as the massive scalar produced
by CGGP.

Performing the bookkeeping for the total number of degrees of freedom, we have 2
tensor degrees of freedom for the massless graviton and 2 tensor degrees of freedom for the
massive spin-2; 2 vector degrees of freedom from the massive spin-2; and 3 scalar degrees
of freedom arising from the scalar perturbations ϕu, B, and Π, for the expected 9 degrees
of freedom. In figure 2 we show the spectrum of perturbations for the massive tensor and
vector states, along with the scalar state B. The spectrum of perturbations for ϕu and Π
are presented in figure 3. Assuming the massive spin-2 is stable, in figure 4 we show the
relative contribution of the tensor, vector, and scalar modes to Ωh2 for a representative
value of the reheat temperature, Tsh = 105 GeV. Finally, in figure 5 we show the relic
abundance constraints on Tsh as a function of mass.

For the nonminimally-coupled theory we start with eq. (2.1) with Lg = Lf = 0, expand
the metrics gµν and fµν around equal backgrounds as in the minimally-coupled theory, and
then form massless states uµν and massive states vµν . The composite metric (g?)µν is
expressed in terms of the background ḡµν , uµν , and vµν ; see eq. (2.20). The single scalar
field φ? is expanded about a background field with perturbation ϕ?. Performing a SVT
decomposition on the massive state we find the Lagrangian for the canonically-normalized
tensor field in eq. (3.33) with mode equations in eq. (3.34). The Lagrangian for the vector
sector resulting from the SVT decomposition is given in eq. (3.35). After eliminating the
nondynamical variable and canonically normalizing the kinetic term leads to the vector
Lagrangian in Fourier space given by eq. (3.40) with mode equation (3.43). Since ϕ? does
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not couple to vµν in the nonminimally-coupled model at the level of the quadratic action
there is only one propagating degree of freedom in the scalar sector, B. A new field χ

is defined in terms of B with Lagrangian in Fourier space given by eq. (3.48) with mode
equation eq. (3.50). The spectra for the tensor, vector, and scalar modes is presented in
figure 6. Assuming the particle is stable, the relic abundance is presented in figure 7, again
assuming Tsh = 105 GeV. In figure 8 we show the relic abundance constraints on Tsh as a
function of mass. The nonminimally-coupled model propagates the expected 5 degrees of
freedom from the massive sector: 2 each in the tensor and vector sector and a single one
in the scalar sector. The model also has 3 degrees of freedom in the massless sector, for a
total of 8.

Through the procedures described above, we arrive at the equations of motion for the
scalar-, vector-, and tensor-sector mode functions in both theories of bigravity. For the
first theory of bigravity with a minimal coupling to matter, the scalar mode equations
admit a ghost instability. We derive a condition on the spin-2 mass and Hubble parameter
for the avoidance of this ghost (4.2): m2 > 2H2(1 − ε) where ε = −H ′/(aH2) is the first
slow-roll parameter. This inequality is an FRW-generalization of the Higuchi bound for
massive gravity in de Sitter spacetime, and it represents one of the main results of our
work. In the de Sitter limit, our bound reproduces the usual Higuchi bound m2 > 2H2;
however, after inflation is ended ε > 1, and we find that the spin-2 mass bound becomes
trivial, m2 > 0. Many studies of massive gravity and bigravity consider values for the
Fierz-Pauli mass m that are comparable to the scale of the dark energy cosmological
constant Λcc ∼ (10−33 eV)2. Our FRW-Higuchi bound implies that the cutoff of such
effective theories must fall below the inflationary Hubble scale, to avoid activating the
ghost instability during inflation.

To investigate cosmological gravitational particle production, we employed a hilltop
model of inflation that reproduces cosmological observables. We numerically solved the
mode equations on this background along with Bunch-Davies initial conditions. Special
care was taken to treat the scalar sector of the minimally-coupled theory, which includes
a mixing of the inflaton perturbations and the scalar perturbations of the massive spin-2
field. From the late-time solutions of the mode equations, we infered the spectrum and
cosmological abundance of gravitationally produced massive spin-2 particles in the two
theories of bigravity and for each of three sectors (tensor, vector, scalar). We developed
an analytical understanding of the numerical results, particularly the power law behavior
observed in the spectra, and the relations with gradient and ghost instabilities.

The gravitational production of massive spin-2 particles may have various phenomeno-
logical implications for reheating, dark matter, and other cosmological relics. If these
particles are cosmologically long-lived, they provide phenomenologically unique and the-
oretically compelling candidates for the cold dark matter, which is only known to have
gravitational interactions. In the minimally-coupled theory, the massive spin-2 may decay
via the inflaton, and its stability is a model-dependent issue; whereas, for the nonminimally-
coupled theory the massive spin-2 is stable at tree level. Assuming that the massive
spin-2 particles are cosmologically long lived, we calculate their relic abundance today
and compare with the observed abundance of cold dark matter. For the minimally-
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coupled theory, we find that GPP can be responsible for generating all of the dark mat-
ter if the spin-2 mass is O(1) . m/Hinf . O(10) and the reheating temperature is
O
(
102 GeV

)
. Tsh . O

(
106 GeV

)
; see figure 5. For the nonminimally-coupled theory,

the avoidance of a ghost instability restricts 10 . m/Hinf ; see figure 8.
We have focused on studying the production of spin-2 dark matter during inflation and

at the end of inflation, and our work leaves open several avenues for further investigation.
In our minimally-coupled theory of bigravity, the stability and lifetime of the massive spin-
2 particles depends on additional model building that was deemed beyond the scope of our
work. It would be interesting to explore what kind of reheating sector (i.e., coupling of
radiation to the inflaton) would allow for a cosmologically long-lived massive spin-2. Along
the same line, when the thermal bath is taken into account, another channel opens for
gravitational particle production through gravity-mediated thermal freeze in [68, 69]. If
these particles are not cosmologically long-lived, they would not provide a candidate for the
dark matter, but their out-of-equilibrium decay could be associated with the production of
other relics, such as the matter-antimatter asymmetry. We have focused on two theories
of bigravity that admit equal backgrounds for the two metrics, but other non-proportional
solutions are available. A calculation of CGPP in such spacetimes may also furnish an
explanation for the origin of massive spin-2 particles. Finally, if the massive spin-2 particle
were to leave its imprint on cosmological spectra such as CMB non-gaussianity [70] (i.e.,
the “cosmological collider” program), this information would provide a powerful new tool
for testing these theories.
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A Behavior of long-wavelength modes

In figure 2 and figure 6 of section 5, we see that the number density spectra of long-
wavelength (low-k) modes exhibit power law behavior. In this appendix, we give a deriva-
tion of this power law behavior by studying the evolution of the mode functions χ̃ during
inflation.

In section 3, we presented the equations of motion for all sectors (except for the
scalar sector of the minimally-coupled theory) in terms of mode functions χ̃(η, k) and
time-dependent effective frequency ω2

k. The frequencies ω2
k are functions of background

quantities such as a(η), H(η), H ′(η), etc. During inflation, the background spacetime is
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Sector
k/a� (m,Hinf) k/a� (m,Hinf)
α δ α δ

Minimal, tensor −2 0 −2 0
Minimal, vector −6 0 −2 µ−2

Nonminimal, tensor 1 0 1 0
Nonminimal, vector −3 0 1 1/(3 + µ2)
Nonminimal, scalar −5 0 1 4/(9 + 3µ2)

Table 1. Coefficients for eq. (A.1) during inflation. µ ≡ m/Hinf .

quasi-de-Sitter, and the effective frequencies have simple limiting forms. In fact, the fre-
quencies ω2

k are approximately constant during inflation, except for a possible jump at the
horizon-crossing time k = aH. The frequencies ω2

k during inflation are summarized by
the formula

ω2
k ≈ (1− δ)k2 + a2(m2 + αH2

inf) (A.1)

and table 1. Here, δ and α are constants of order unity, and δ may depend on µ ≡ m/Hinf .
At sufficiently early times, k/a� (m,Hinf) is satisfied, and table 1 tells us that δ = 0

and ω2
k ≈ k2 for all 5 listed sectors. This means the mode functions in all 5 sectors should

be given the Bunch-Davies initial condition χ̃(η) = e−ikη/
√

2k, as expected. If k < aeHe,
then there is also a period during inflation such that k/a � (m,Hinf), namely the period
after the mode left the horizon; the coefficients δ and α change when this period is entered.
Note that the coefficients in table 1 for k/a� (m,Hinf) are true even for k > aeHe.

To understand the behavior of long-wavelength modes, we now solve for χ̃(η) under
the assumption that δ and α are fixed during inflation. We take a(η) = −1/(Hinfη),
η ∈ (−∞, 0), then eq. (A.1) becomes:

ω2
k ≈ (1− δ)k2 + 1

η2 (µ2 + α) . (A.2)

The general solution χ̃(η) for the above effective frequency is given by Hankel functions:

χ̃(η) =
√
−η

(
C1H

(1)
ν

(
−kη
√

1− δ
)

+ C2H
(2)
ν

(
−kη
√

1− δ
))

where ν =
√

1
4 − α− µ

2 . (A.3)

The solution satisfying the Bunch-Davies initial condition with appropriate normalization is

χ̃(η) = ei
π
2 (ν+ 1

2 )
√
π

4
√
−η H(1)

ν

(
−kη
√

1− δ
)
. (A.4)

If ν is real, then the exponential factor in the front is a merely a phase; if ν is imaginary
with Im[ν] > 0, then the exponential factor contributes to the magnitude of χ̃(η).
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We now discuss the low-k (k � aeHe) behavior of the solutions. After horizon crossing,
we have −kη = k/(aHinf) � 1. If we rename the argument of the Hankel function by
z ≡ −kη

√
1− δ, then z � 1 after horizon crossing, and the solution is approximately:

χ̃(η) ≈ ei
π
2 (ν− 1

2 )
√

1
4π
√
−η

[
e−iπνΓ(−ν)

(
z

2

)ν
+ Γ(ν)

(
z

2

)−ν]
. (A.5)

If ν > 0, then z−ν dominates over zν , and we have:

χ̃(η) ≈ ei
π
2 (ν− 1

2 )
√

1
4π
√
−η Γ(ν)

(
−kη
√

1− δ
2

)−ν
. (A.6)

Note from above that χ̃(η) ∼ k−ν . If ν is imaginary and Im[ν] > 0, then the solution is
approximated by:

χ̃(η) ≈ e
π
2 (−|ν|− 1

2 i)
√

1
4π
√
−η

[
eπ|ν|Γ(−i|ν|)ei|ν| ln(z/2) + Γ(i|ν|)e−i|ν| ln(z/2)

]
. (A.7)

Note that now χ̃ does not have a power law dependence on k, but rather an oscillatory
dependence on ln(z/2) ∼ ln(k).

Finally, the approximate solutions above inform us about the low-k behavior of the
number density spectrum, nk. Since the long-wavelength modes are frozen outside the hori-
zon and experience negligible particle production after they re-enter the horizon, we expect
the Bogoliubov coefficients |βk|2 for these modes at late times to track the corresponding
values during inflation. From eq. (5.4), we see that |βk|2 ∼ |χ̃|2. For ν > 0, we have
|βk|2 ∼ k−2ν , so the power law for the particle number density is nk ∼ k3|βk|2 ∼ k3−2ν .
For imaginary ν, we have |βk|2 ∼ k0 and nk ∼ k3|βk|2 ∼ k3; moreover, due to the interfer-
ence between the e±i|ν| ln(z/2) factors in χ̃, we expect to see oscillations in |βk|2 as a function
of ln(k). These phenomena are shown in figure 2 and figure 6 and discussed in section 5.

B Stueckelberg derivation of FRW Higuchi bound

Here we provide an alternative derivation of the FRW-generalized Higuchi bound that
appears in eq. (4.2). For the theory of bigravity with a minimal coupling to matter, recall
eq. (2.17), i.e.

L(2)
massive = −1

2∇λvµν∇
λvµν +∇µvνλ∇νvµλ −∇µv

µν∇νv + 1
2∇µv∇

µv

+
(
ä

a
+ (D − 2) ȧ

2

a2

)(
vµνvµν −

1
2v

2
)

− 1
2m

2
(
vµνvµν − v2

)
+M−1

P

[(
∇µφ̄∇νϕv +∇ν φ̄∇µϕv

)(
vµν − 1

2 ḡ
µνv

)
− V ′(φ̄)ϕvv

]
− 1

2∇µϕv∇
µϕv −

1
2V
′′(φ̄)ϕ2

v ,

(B.1)
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gives the quadratic action for a massive spin-2 field vµν on an FRW background sourced
by a scalar field with background value φ̄ and perturbation ϕv: for convenience we define

R̃µν ≡ R̄µν −
1
M2

P
∇µφ̄∇ν φ̄ =

(
ä

a
+ (D − 2) ȧ

2

a2

)
ḡµν =

(
(D − 1)H2 + Ḣ

)
ḡµν (B.2)

≡ R̃

D
ḡµν , (B.3)

where D is the number of spacetime dimensions. We perform the usual Stueckelberg trick,
followed by the standard conformal transformation used in massive gravity (see, e.g., [72]):

vµν → vµν +∇µAν +∇νAµ + 2∇µ∇νΦ + 2
D − 2m

2ḡµνΦ . (B.4)

We focus on the scalar sector and write every term that contains a Φ:

L(2)
massive ⊃ −2m2

[
D − 1
D − 2m

2ḡµν − R̄µν
]
∇µΦ∇νΦ + 2m4 D

D − 2

[
D − 1
D − 2m

2 − R̃

D

]
Φ2

− 4m2
[
D − 1
D − 2m

2ḡµν − R̄µν
]
Aµ∇νΦ + 2m2

[
D − 1
D − 2m

2 − R̃

D

]
vΦ

− 2m2

MP
∇µφ̄∇µϕv Φ− 2m2

MP

D

D − 2�φ̄ ϕvΦ .

(B.5)

There are also ϕ2
v, v2 and vϕv terms but they are not relevant as the kinetic terms are

already diagonal in this language.
Note that setting m = 0 causes the Φ field to drop out of the Lagrangian entirely, as

expected from the enhanced gauge symmetry. However, even for m 6= 0 time derivatives
of Φ are absent from the Lagrangian at a time when

D − 1
D − 2 m

2 ḡ00 − R̄00 = 0 , (B.6)

or equivalently

m2 =
(
D − 2

)(
H2 + Ḣ

)
=
(
D − 2

)
H2(1− ε) , (B.7)

where we have written the first slow-roll parameter as ε = −Ḣ/H2 = −H ′/aH2. For
D = 4 spacetime dimensions, eq. (B.7) is precisely the Higuchi bound from eq. (4.2) that
we found using the SVT analysis. Unlike m = 0 there is no gauge symmetry at eq. (B.7)
since Φ and its spatial derivatives don’t drop out of the Lagrangian. Instead, this is just a
point where the kinetic term of Φ passes through zero.

Alternatively, the gradient terms for Φ as well as many non-derivative terms containing
Φ vanish at a time when

D − 1
D − 2 m

2 − R̃

D
= 0 , (B.8)
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or, written equivalently, when

m2 =
(
D − 2

)
H2
(

1− ε

D − 1

)
. (B.9)

When ε = 0, this coincides with (B.7) and the usual Higuchi bound as expected. We note
that this latter expression (B.9) doesn’t indicate a bound on a tachyonic instability, since
the mixing between Φ and ϕv doesn’t also vanish for non-zero ε.

C Stability of massive spin-2 particles

In order for the massive spin-2 particle in our theories of bigravity to serve as a dark-
matter candidate, it must be stable or at least cosmologically long-lived. In this appendix,
we address the issue of stability. Terms in the Lagrangian that are linear in the massive
spin-2 field vµν could potentially mediate its decay (via tree-level Feynman graphs), and
our task is to identify whether such terms are present.

First, we neglect the matter sectors and consider only the bigravity Lagrangian, i.e.,
the first line of eq. (2.1), since both the minimally-coupled and nonminimally-coupled
theories share these terms. The action can be written using the massless spin-2 field uµν
and the massive spin-2 field vµν via eqs. (2.7) and (2.14). Interactions that would mediate
the decay v → uu can take the form vuu (or v → uuu via or vuuu). However, we find that
the bigravity Lagrangian does not contain any terms that are linear in vµν for our choice
of parameters:

δ

δvµν

(
M2
g

2
√
−gR[g] +

M2
f

2
√
−fR[f ]−m2M2

∗
√
−gV (X;βn)

) ∣∣∣∣∣
v=0

=
(
M2
g

2
δgρσ
δvµν

δ
√
−gR[g]
δgρσ

+
M2
f

2
δfρσ
δvµν

δ
√
−fR[f ]
δfρσ

−m2M2
∗
δ
√
−gV (X;βn)
δvµν

) ∣∣∣∣∣
v=0

=
((

M2
g

2
2M∗
M2
g

−
M2
f

2
2M∗
M2
f

)
δ (µ
ρ δ ν)

σ

δ
√
−GR[G]
δGρσ

−m2M2
∗
δ
√
−gV (X;βn)
δvµν

) ∣∣∣∣∣
v=0

= −m2M2
∗
δ
√
−gV (X;βn)
δvµν

∣∣∣∣∣
v=0

= 0 .
(C.1)

Going from the second to third line, we used gµν = Gµν + (2M∗/M2
g ) vµν and fµν =

Gµν − (2M∗/M2
f ) vµν where Gµν ≡ ḡµν + (2/MP)uµν . The expression on the fourth line

vanishes upon setting Λg/M2
g = Λf/M2

f , which is necessary for a proportional background;
see eqs. (2.8) and (2.19). It follows that the bigravity Lagrangian doesn’t contain any
terms that are linear in vµν , and it cannot mediate tree-level decays. See also eq. (4.12)
of ref. [73] for complete list of trilinear terms in the bigravity Lagrangian on a Minkowski
background.
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We now turn our attention to the matter couplings, beginning with the nonminimally-
coupled theory. The matter action appears in the last term of eq. (2.1). Varying with
respect to the massive metric perturbation vµν yields:

δ

δvµν

(√
−g? L?(g?, φ?)

) ∣∣∣∣∣
v=0

=
δ(g?)σρ
δvµν

δ

δ(g?)σρ

(√
−g? L?(g?, φ?)

)∣∣∣∣∣
v=0

= 0 . (C.2)

In the last equality we have used eq. (2.20), which follows from our choice of parameters
in eq. (2.19). Evidently the matter action of the nonminimally-coupled theory does not
contain terms that are linear in the massive spin-2 field vµν , and it cannot mediate the
(tree-level) decay of the massive spin-2 particle. Note that this argument generalizes to an
arbitrary matter sector, containing any number of matter fields, such as the Standard Model
particle content. Our calculation shows that the absence of tree level vµν decay channels
is an essential feature of the nonminimally-coupled theory; this result was stressed upon
in ref. [43]. Also see eq. (4.59) of [73] that provides the vφ?φ? operator coefficient without
imposing eq. (2.19).

Next we consider interactions with matter in the minimally-coupled theory, corre-
sponding to the fourth and fifth terms in eq. (2.1). Interactions with the inflaton fields φg
and φf , include terms such as

Lv decay = M−2
P

[
2vµνuµν(∇λϕv)(∇λφ̄)− 4vµνuνλ(∇µφ̄)(∇λϕv)

+ 2vuµν(∇µφ̄)(∇νϕv)− 4vµνuνλ(∇λφ̄)(∇µϕv) + 2vµνuµνϕvV ′(φ̄)
]

+M−1
P

[
2vµν (∇µϕu)(∇νϕv)− v(∇µϕu)(∇µϕv)− vϕuϕvV ′′(φ̄)

]
+ (vϕvϕv terms) ,

(C.3)

where φ̄ is the inflaton background and where ϕu and ϕv are the scalar field perturbations.
Terms of the form vuϕv and vϕuϕv could mediate the massive spin-2 particle’s decay. For
m > 2mφ, the decay v → ϕuϕv is kinematically allowed, see figure 9, and we estimate its
rate as

Γ ∼
(
m2

MP

)2 1
m
∼ m3

M2
P
. (C.4)

Since the avoidance of a ghost instability during inflation requires m & Hinf (Higuchi
bound), the rate is bounded from below as Γ & H3

inf/M
2
P. Despite the Planck suppression,

this large rate would correspond to a decay in the early universe (unless Hinf were very
small, but then CGPP would also be suppressed). For a smaller mass mφ < m < 2mφ the
decay to two inflatons is kinematically blocked, but the decay channel v → uϕv may still
occur, although the rate depends on ∇φ̄ or V ′(φ̄), which are small at late times. For an
even smaller mass, m < mφ, decays to on-shell inflatons are kinematically blocked. Decays
via off-shell inflatons into other matter fields may still occur, see figure 9, although the rate
for these channels is subject to additional model dependence.
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Figure 9. Direct and indirect decay of vµν in the minimally-coupled theory.

Additionally, for the theory of bigravity with a minimal coupling to matter, the massive
spin-2 field interacts with the same matter sectors as the massless spin-2 field (graviton).
Consequently, vµν may decay directly to Standard Model particles. Since the Higuchi
bound requires m & Hinf and since Hinf is much larger than the Standard Model mass
scales, these decay channels cannot be blocked by kinematics. For the sake of illustration,
consider a scalar matter-sector field χ with matter action

−
√
−g gµν∇(g)

µ χ∇(g)
ν χ = −

√
−ḡ

(
1 + 1

2
2M∗
M2
g

ḡµνvµν +O(v)2
)

(∇χ)2 . (C.5)

Note that the coupling of the vχχ vertex is proportional to M∗/M2
g = α/MP where α =

Mf/Mg, and the full decay rate can be estimated as Γ ∼ (α/MP)2m3. These parametric
relations are consistent with earlier work [11] that studied this scenario in more detail and
related the decay of massive spin-2 particles to that of Kaluza-Klein modes [74].
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