
J
H
E
P
0
5
(
2
0
2
3
)
1
4
8

Published for SISSA by Springer

Received: March 2, 2023
Accepted: May 10, 2023
Published: May 17, 2023

Twisted indices, Bethe ideals and 3d N = 2 infrared
dualities

Cyril Closset and Osama Khlaif
School of Mathematics, University of Birmingham,
Watson Building, Edgbaston, Birmingham B15 2TT, United Kingdom

E-mail: c.closset@bham.ac.uk, o.khlaif@bham.ac.uk

Abstract: We study the topologically twisted index of 3d N = 2 supersymmetric gauge
theories with unitary gauge groups. We implement a Gröbner basis algorithm for computing
the Σg × S1 index explicitly and exactly in terms of the associated Bethe ideal, which is
defined as the algebraic ideal associated with the Bethe equations of the corresponding 3d
A-model. We then revisit recently discovered infrared dualities for unitary SQCD with gauge
group U(Nc)k,k+lNc with l 6= 0, namely the Nii duality that generalises the Giveon-Kutasov
duality, the Amariti-Rota duality that generalises the Aharony duality, and their further
generalisations in the case of arbitrary numbers of fundamental and antifundamental chiral
multiplets. In particular, we determine all the flavour Chern-Simons contact terms needed
to make these dualities work. This allows us to check that the twisted indices of dual
theories match exactly. We also initiate the study of the Witten index of unitary SQCD
with l 6= 0.

Keywords: Supersymmetric Gauge Theory, Supersymmetry and Duality, Topological
Field Theories

ArXiv ePrint: 2301.10753

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP05(2023)148

mailto:c.closset@bham.ac.uk
mailto:o.khlaif@bham.ac.uk
https://arxiv.org/abs/2301.10753
https://doi.org/10.1007/JHEP05(2023)148


J
H
E
P
0
5
(
2
0
2
3
)
1
4
8

Contents

1 Introduction 1

2 Twisted indices of unitary gauge theories from Bethe ideals 3
2.1 Twisted index and Bethe vacua 3
2.2 Parity anomaly, CS contact terms and bare CS levels 8
2.3 Bethe ideal and companion matrix method 10

3 Twisted indices for unitary SQCD 14
3.1 Defining 3d SQCD: flavour symmetry and Chern-Simons contact terms 14
3.2 Unitary SQCD and its dual description 17
3.3 Twisted index for U(Nc)0,lNc , Nf SQCD 19
3.4 The Witten index for nf = na and k 6= 0 20
3.5 Twisted index for chiral theories 21

4 Infrared dualities for U(Nc)k SQCD, revisited 23
4.1 Aharony duality (k = l = 0, nf = na) 23
4.2 Minimally chiral duality with l = 0 24
4.3 Marginally chiral duality with l = 0 25
4.4 Maximally chiral duality with l = 0 26
4.5 Special cases: abelian dualities 28

5 Infrared dualities for U(Nc)k,k+lNc SQCD 29
5.1 SL(2,Z) action and the 3d A-model 29
5.2 From U(Nc)k to U(Nc)k,k+lNc SQCD 31
5.3 Amariti-Rota duality (k = 0, nf = na) 32
5.4 Minimally chiral duality with general l 34
5.5 Marginally chiral duality with general l 34
5.6 Maximally chiral duality with general l 37

A Real mass deformations and the l = 0 dualities 39
A.1 Integrating out massive chiral multiplets 39
A.2 Flowing from Aharony duality 40

A.2.1 Minimally chiral duality: |k| > |kc| 41
A.2.2 Marginally chiral duality: |k| = |kc| 42
A.2.3 Maximally chiral duality: |k| < |kc| 42

– i –



J
H
E
P
0
5
(
2
0
2
3
)
1
4
8

1 Introduction

Many half-BPS observables of 3d N = 2 supersymmetric field theories can be computed
exactly. In particular, exact results are known for the supersymmetric partition functions
of 3d N = 2 gauge theories on any half-BPS closed 3-manifold — see e.g. [1–5] and
the review [6] for the best studied examples. These exact results are obtained through
supersymmetric localisation methods, and they are typically given in terms of an ordinary
integral over the Cartan subalgebra of the gauge algebra or of some complexification thereof.
This leaves one with the still-challenging task of evaluating that integral explicitly.

An alternative approach uses the Seifert fibration that exists on most half-BPS closed
3-manifolds [7] — see [8] for a review. In this case, the computation of many observables is
reduced to a problem in an auxilliary 2d N = (2, 2) field theory subjected to the topological
A-twist, sometimes called the 3d A-model [9, 10]. In this work, we are concerned with the
simplest such partition function, the so-called twisted index, which captures the Witten
index [11] of the 3d N = 2 gauge theory on a Riemann surface of genus g. It is equal to the
supersymmetric partition function on Σg × S1 [12–15]:

ZΣg×S1(y) = TrΣg
(
(−1)DyQF )

)
. (1.1)

The twisted index depends on various fugacities, here denoted by y, for the flavour symmetry
with charges QF . For g = 1, the twisted index reduces to the ordinary (flavoured) Witten
index, which must be an integer [16, 17]. More generally, the twisted index is a rational
function of the flavour fugacities:

ZΣg×S1 ∈ C(y) . (1.2)

We are interested in computing this index as explicitly and efficiently as possible. It is most
convenient to view the index as a trace over the Hilbert space of the 3d A-model, which
amounts to a sum over all the so-called Bethe vacua (the 2d vacua of the A-model) [12]:

ZΣg×S1(y) =
∑

x̂∈SBE

H(x̂, y)g−1 . (1.3)

Here x = x̂ are the solutions to the Bethe equations (the 2d vacuum equation), which
reads:1

Πa(x) ≡ exp
(

(2πi)2 ∂W
∂ log xa

)
= 1 , a = 1 , · · · , rk(G) , (1.4)

schematically. G denotes the gauge group and W is the effective twisted superpotential of
the 3d A-model. The object H(x, y) appearing in (1.3) is the handle-gluing operator [12].
The Witten index of the 3d N = 2 supersymmetric theory is then identified with the
number of Bethe vacua in the corresponding 3d A-model.2

1The name ‘Bethe equations’ is the short form of ‘Bethe ansatz equations’, and it arose because of the
Bethe/gauge correspondence of Nekrasov and Shatashvili [18].

2To avoid any confusion, let us recall that, despite its ill-conceived name, the 3d A-model is a 2d TQFT.
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In this paper, we choose G to be a product of unitary gauge groups, G =
∏
I U(NI).

In this case, we can implement powerful computational algebraic geometry methods to
compute the sum (1.3), as advocated by [19, 20] in a slightly different context. The basic
idea is to view the Bethe equations as generating an algebraic ideal, called the Bethe ideal
IBE, in the polynomial ring C[x], and to expand this ideal in a Gröbner basis G(IBE).
Then, we can associate to the A-model operator H its companion matrix [21], a C(y)-valued
matrix obtained by expanding out the handle-gluing operator along G(IBE). The twisted
index (1.3) can be computed as the trace of the companion matrix of H raised to the
(g − 1)th power. These Gröbner-basis computations are easily implemented on a computer,
which allows us to evaluate (1.3) completely explicitly in numerous examples.3 Note that
Gröbner bases were previously used in [25] to compute the Witten index of various theories;
see also the recent work [26] for a related approach to 3d N = 2∗ quivers.

Another reason to study unitary gauge theories is that they enjoy infrared (Seiberg-like)
dualities [27–30]. Such dualities have been extensively studied in recent years [31–55],
and they can even be related to non-supersymmetric ‘bosonisation’ dualities in 3d — see
e.g. [56–63]. In the second half of this paper, we focus on SQCD[Nc, k, l, nf , na], defined
as a 3d N = 2 U(Nc)k,k+lNc gauge theory with nf fundamental chiral multiplets and na
antifundamental chiral multiplets. Importantly, we allow for generic Chern-Simons levels k
and (k + lNc)Nc for the SU(N) and U(1) factors of U(Nc) ∼= (SU(Nc) × U(1))/ZNc . We
initiate a more systematic study of unitary SQCD with l 6= 0, including by computing its
Witten index when nf = na.

The precise form of the dual gauge theory description of unitary SQCD depends non-
trivially on the CS levels k and l. For l = 0, we have the famous Aharony duality (for k = 0,
nf = na) [28], the Giveon-Kutasov duality (for k 6= 0, nf = na) [29], and some ‘chiral’
Seiberg-like dualities (for nf 6= na) [30]. Very recently, these dualities were generalised
to the case l 6= 0 by Nii [48] (for k 6= 0, nf = na) and by Amariti and Rota [64] (in the
other cases). All these new dualities can be obtained from the standard l = 0 dualities by
a suitable application of the Kapustin-Strassler-Witten SL(2,Z) action on 3d N = 2 field
theories [65, 66], as first pointed out in [64]. We revisit this derivation and clarify some
subtle aspects of it, especially as it pertains to the various Chern-Simons contact terms
which must be determined in order to fully specify any 3d duality. Finally, we can use our
formalism to compute the twisted index of dual theories. We verify that they match exactly
in many examples, as expected. This is a nice check on our derivation of these dualities
with l 6= 0, including of all their (background and dynamical) Chern-Simons terms.

This paper is organised as follows. In section 2, we set up the stage and discuss the class
of 3d N = 2 unitary gauge theories that we will study. After explaining our 3d conventions,
we show how to compute the twisted index using the companion matrix algorithm. In
section 3, we study some aspects of the twisted index of unitary SQCD, including its Witten
index. In section 4, we review the infrared dualities for SQCD with l = 0. Finally, we
rederive all the l 6= 0 dualities in section 5.

3All the algebraic geometry computations for this paper were performed using Singular [22] interfaced
with Mathematica [23] using a modified version of the Singular.m package [24].
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2 Twisted indices of unitary gauge theories from Bethe ideals

In this section, we discuss any 3d N = 2 supersymmetric gauge theory with a gauge group:

G =
nG∏
I=1

U(NI) , (2.1)

with chiral multiplets Φi in representations Ri of G. For any such theory, we explain how
to compute the twisted index exactly, using the computational algebraic geometry approach
of [19]. For each U(N) gauge group, we keep track of the Chern-Simons levels K and
K +LN , corresponding to the two factors in U(N) ∼= (SU(N)×U(1))/ZN . For A = Aµdx

µ

a U(N) gauge field, we have:

i
K

4π

∫
tr
(
A ∧ dA− 2i

3 A
3
)

+ i
L

4π

∫
tr(A) ∧ d tr(A), (2.2)

with the trace in the fundamental representation, plus the standard supersymmetric com-
pletion. Setting k = K and l = L, this Chern-Simons theory is generally denoted by [67]:

U(N)k, k+lN , (2.3)

and we sometimes use the notation U(N)k for the special case l = 0. In this normalisation,
the overall U(1) ⊂ U(N) gauge field 1

N tr(A) has an abelian CS level:

kU(1) = N(k + lN) . (2.4)

Let us already note that, in the presence of charged fermions, the levels k, l appearing
in (2.3) are not exactly the bare CS levels K, L that appear in (2.2) due to certain one-loop
shifts, as we will review momentarily.

2.1 Twisted index and Bethe vacua

The Σg twisted index is the Witten index of the 3d N = 2 supersymmetric theory compact-
ified on Σg with the topological A-twist [12–15]:

ZΣg×S1(y)n = TrΣg ;n

(
(−1)F∏

α

y
QαF
α

)
. (2.5)

We turn on background vector multiplets preserving the two A-twist supercharges, hence
the index depends on fugacities yα and on background fluxes nα. We chose a maximal torus
of the flavour group GF , whose rank is denoted by rF :

rF∏
α=1

U(1)α ⊆ GF , (2.6)

and QαF denotes the corresponding conserved charges. We choose the periodic boundary
condition along the S1 for the fermions.4 We also choose the so-called ‘U(1)− 1

2
quantisation’

for all chiral multiplets [9, 10], as we will review momentarily.
4See [10] for a discussion of the more general case.
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After compactifying the 3d theory on a circle, let us consider the Coulomb branch of
the effective 2d N = (2, 2) Kaluza-Klein (KK) theory, which is spanned by dimensionless
gauge parameters

uaI = a(0)
aI

+ iβσaI , (2.7)

where a(0)
aI corresponds to the holonomy of the 3d abelian gauge field along the circle of radius

β, and σaI are the 3d vector-multiplet scalars; here we use the index aI = 1, · · · , NI for a
given U(NI) factor. The low-energy abelian gauge group is the maximal torus subgroup:

nG∏
I=1

NI∏
aI=1

U(1)aI ⊆ G , (2.8)

of rank rG =
∑nG
I=1NI . The twisted index can be computed entirely in terms of the effective

twisted superpotentialW and the effective dilaton potential Ω. These holomorphic functions
of the gauge parameters uaI and of flavour parameters να govern the topological A-twist of
the 2d N = (2, 2) KK theory — this 2d TQFT is also called the ‘3d A-model’ [9]. Because
of 3d gauge invariance, the variables u and ν are periodic (uaI ∼ uaI + 1 and να ∼ να + 1),
and it is useful to introduce the single-valued variables:

xaI ≡ e
2πiuaI , yα ≡ e2πiνα , (2.9)

with the index (2.5) being a meromorphic function of the flavour fugacities yα. For each
U(NI) gauge group, we also have a residual gauge symmetry SNI , the Weyl group of U(NI),
which acts as permutations of the NI parameters xaI (at any fixed I).

Effective twisted superpotential. The full low-energy twisted superpotential of the 3d
gauge theory on a circle is given by the sum of some ‘matter’ and Chern-Simon contributions:

W =Wmatter +WCS,GG +WCS,GF +WCS,FF , (2.10)

with

Wmatter = 1
(2πi)2

∑
i

∑
ρi∈Ri

Li2(xρiyρF,i) ,

WCS,GG =
nG∑
I=1

KI

2

NI∑
aI=1

(u2
aI

+ uaI ) + LI
2


 NI∑
aI=1

uaI

2

+
NI∑
aI=1

uaI




+
∑
I>J

KIJ

 NI∑
aI=1

uaI

 NJ∑
aJ=1

uaJ

 ,
WCS,GF =

nG∑
I=1

rF∑
α=1

KαIνα

 NI∑
aI=1

uaI

 ,
WCS,FF =

rF∑
α=1

Kα

2 (ν2
α + να) +

∑
α>β

Kαβνανβ + 1
24Kg .

(2.11)
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Here, we have xρi ≡ e2πiρi(u), for any weight ρi of the representation Ri of G under which the
chiral multiplet Φi transforms. We also defined yρF,i ≡ e2πiρF,i(ν), where ρF,i(ν) =

∑
α ρ

α
F,iνα,

in terms of the U(1)α flavour charges ραF,i = QαF [Φi]. In addition, the ‘gauge-gauge’ Chern-
Simons termsWCS,GG are the bare Chern-Simons terms for the gauge group, including mixed
CS terms between distinct U(NI) factors, and similarly for the mixed gauge-flavour CS
terms WCS,GF and the pure flavour CS terms WCS,FF , where we included the gravitational
CS level Kg [68].5 Note that KIJ = KJI and Kαβ = Kβα. The Fayet-Iliopoulos terms for
each U(NI) factor appear, in this formalism, as part of WCS,GF , as a mixed term between
gauge and topological symmetries. (We usually use the notation να = τ for a topological
symmetry. Note that, due to the non-zero gauge CS levels, only a subset of the naive nG
topological currents will be independent of the other flavour currents, in general.) Let us
also note that it is important to distinguish between ‘bare CS levels’ (denoted here by
capital letters K or L) and ‘effective CS levels’ in the UV gauge theory (which we denote
by k and l) — see [10, 69] and section 2.2 below.

Effective dilaton. Similarly, the effective dilaton potential reads:

Ω = Ωmatter + ΩCS . (2.12)

Here, the first term includes contributions from the chiral multiplets Φi of R-charge ri and
from the W -bosons, while the second term captures U(1)R-gauge and U(1)R-flavour mixed
CS levels, as well as a U(1)R CS levels [68]:

Ωmatter = − 1
2πi

∑
i

∑
ρi∈Ri

(ri − 1) log(1− xρiyρF,i)

− 1
2πi

nG∑
I=1

∑
aI ,bI
aI 6=bI

log(1− xaIx
−1
I,bI

) ,

ΩCS =
nG∑
I=1

KRI

NI∑
aI=1

uaI +
rF∑
α=1

KRανα + 1
2KRR .

(2.13)

As in (2.11), we denote the bare CS levels by a capital K.

Flux operators and handle-gluing operators. Given W and Ω, one finds the gauge
and flavour flux operators:

ΠaI (x, y) ≡ exp
(

2πi ∂W
∂uaI

)
, Πα(x, y) ≡ exp

(
2πi∂W

∂να

)
, (2.14)

respectively, and the handle-gluing operator:

H(x, y) = e2πiΩ × detaI ,bJ

(
∂2W

∂uaI∂ubJ

)
. (2.15)

5The gravitational CS term Kg will not play any role in this work, but we will keep track of it as it
affects the phase of partition functions on generic Seifert manifolds [9, 10].
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More explicitly, we have:

Πα(x, y) =
∏
i

∏
ρi∈Ri

( 1
1− xρiyρF,i

)ραF,i nG∏
I=1

 NI∏
aI=1

xaI

KαI rF∏
α=1

(−yα)Kα
∏
β 6=α

y
Kαβ
β , (2.16)

for the flavour flux operators, and:

H(x, y) =
∏
i

∏
ρi∈Ri

( 1
1− xρiyρF,i

)ri−1 nG∏
I=1

 ∏
aI 6=bI

1
1− xaIx

−1
bI

 NI∏
aI=1

xaI

KRI


×
rF∏
α=1

yKRαα (−1)KRR det(H) ,

(2.17)

for the handle-gluing operator, with the rG × rG Hessian matrix

HaI ,bJ =
∑
i

ρaIi ρ
bJ
i

xρiyρF,i

1− xρiyρF,i + δIJ(δaIbJKI + LI) +KIJ , (2.18)

where KIJ = 0 if I = J . Importantly, (2.16) and (2.17) are rational functions of the
variables xaI and yα.

The Bethe equations. The gauge flux operators for our unitary gauge theories read:

ΠaI (x, y) =
∏
i

∏
ρi∈Ri

( 1
1− xρiyρF,i

)ρaIi
(−xaI )KI (−1)LI

 NI∏
bI=1

xbI

LI

×
∏
J 6=I

 NJ∏
bJ=1

xbJ

KIJ rF∏
α=1

yKαIα .

(2.19)

The ‘Bethe vacua’ are defined as the Coulomb-branch vacua of the 2d N = (2, 2) KK theory,
which are determined from the effective twisted superpotential W. They correspond to
solutions to the Bethe equations,

ΠaI (x, y) = 1 , ∀I, aI , (2.20)

which are acted on freely by the Weyl group [70].6 These Bethe equations can be seen as
a coupled system of rG polynomial equations in the rG variables x. Each complete Weyl
orbit of allowable solutions gives a particular vacuum:

SBE =
{
x̂ = (x̂aI )

∣∣∣ ΠaI (x̂, y) = 1 , and x̂aI 6= x̂bI , ∀aI 6= bI , for each I
}/

WG . (2.21)

Here WG = SN1 × · · · × SNm is the Weyl group of G.
6Fixed points of the Weyl group correspond to would-be 2d vacua with a partially restored non-abelian

gauge symmetry. This semi-classical analysis receives quantum correction, and it was convincingly argued
in [70] that such vacua do not contribute — i.e. they are lifted by strong-coupling effects.

– 6 –
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Twisted index as a sum over Bethe vacua. The flavoured Witten index [17] of a 3d
N = 2 theory is computed by its partition function on the torus with vanishing background
fluxes:

IW = ZT 2×S1(y)n=0 = TrT 2

(
(−1)F∏

α

y
QαF
α

)
. (2.22)

On a flat torus, supersymmetry prevents any dependence on yα, which only acts as an
infrared regulator, and the index is an integer which equals the number of Bethe vacua:

IW = |SBE| . (2.23)

The topologically twisted index on Σg is then a natural generalisation of the 3d Witten
index. Using the topological invariance along Σg, it can be computed as a trace over the
topological A-model Hilbert space — that is, as a sum over Bethe vacua [12, 15]:

ZΣg×S1(y)n =
∑

x̂∈SBE

H(x̂, y)g−1
rF∏
α=1

Πα(x̂, y)nα . (2.24)

This is the formula which we would like to evaluate as explicitly as possible in this work.

Example: U(1)k theory with nf fundamentals. As a very simple example to illus-
trate the above formalism, consider a U(1)k gauge theory with nf charged chiral multiplets
of charge 1 and R-charge r (with the constraint k + nf

2 ∈ Z). Here, the UV Chern-Simons
level is equal to k and therefore the bare CS level is

K = k + nf
2 , (2.25)

as we review in the next subsection. We also have an SU(nf ) flavour symmetry with
fugacities yi, i = 1, · · · , nf , with

∏nf
i=1 yi = 1, and let us say that the nf flavours transform

in the antifundamental of SU(nf ). The twisted superpotential then reads:

W = 1
(2πi)2

nf∑
i=1

Li2(xy−1
i ) + K

2 (u2 + u) + τu , (2.26)

where we have chosen to set all bare CS terms for the non-gauge symmetries to zero except
for a mixed CS term KGT = 1 between the U(1) gauge symmetry and the topological
symmetry U(1)T (this gives the FI term, with τ the FI parameter). There is a single Bethe
equation,

Π = (−x)Kq∏nf
i=1(1− xy−1

i )
= 1 ⇔ P (x) ≡

nf∏
i=1

(yi − x)− (−1)KxKq = 0 , (2.27)

with the notation q = e2πiτ . There are thus max(nf ,K) Bethe vacua, corresponding to the
roots x̂ of this polynomial P (x). The handle-gluing operator reads

H(x, y) =
nf∏
i=1

(yi − x)1−r
(
K +

nf∑
i=1

x

yi − x

)
. (2.28)

– 7 –
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For instance, let us choose k = 0, nf = 2 and r = 0, with (y1, y2) = (y, y−1). The Bethe
vacua then correspond to the two solutions

x̂± =
1− qy + y2 ±

√
(1− qy + y2)2 − 4y2

2y , (2.29)

and plugging into

ZΣg×S1(y, q)0 = H(x̂−)g−1 +H(x̂+)g−1 , H(x) = 1− x2, (2.30)

with n = 0, one finds

ZS2×S1 = 1 , ZT 2×S1 = 2 , ZΣ2×S1 = 2− y2 − y−2 + 2q(y + y−1)− q2 , (2.31)

for g = 0, 1, 2. Given its definition as an index, it is clear that the final result for ZΣg×S1

must be a rational function of the flavor fugacities, as is indeed the case here.

2.2 Parity anomaly, CS contact terms and bare CS levels

When quantising the various Dirac fermions present in our 3d gauge theories, it is important
to specify how we deal with the corresponding parity anomalies [71–73]. Recall that a
‘parity anomaly’ in three space-time dimensions is a mixed anomaly between 3d parity and
(background) gauge invariance. (Here ‘parity’ is really time reversal symmetry in Euclidean
signature.) We choose to quantise all the fermions that appear in the free UV description
in a gauge-preserving manner, hence generally breaking parity. In this, we follow exactly
the conventions explained in appendix A of [10].

Let us denote the abelianised symmetries U(1)a (where the index a = (aI , α) runs over
gauge and flavour indices, considering a maximal torus of G × GF for simplicity) under
which chiral multiplets Φi have charges ρa

i . For each chiral multiplet, we use the ‘U(1)− 1
2

quantization’, which corresponds to having the CS contact terms κab = −1
2ρ

aρb — in
particular, for a chiral multiplet coupled to a single U(1) with charge 1, we would generate
a CS contact term κ = −1

2 , hence the name. We then have the total ‘matter’ one-loop
contributions:

κΦ
ab = −1

2
∑
i

∑
ρi∈R

ρa
i ρ

b
i , (2.32)

with ρa
i = (ρaIi , ραF,i), noting that the sum

∑
ρi∈R only runs over the gauge (non-flavour)

weights. A similar discussion holds for non-abelian groups.
We should also consider the Chern-Simons contact terms involving the R-symmetry

current and its superpartners [68, 69]. For the gauginos in vector multiplets, we choose the
‘symmetric’ quantisation for any pair of non-zero roots {α,−α}, so that the CS contact
terms for the gauge symmetry is not shifted. On the other hand, it is most convenient to
choose a ‘U(1) 1

2
quantisation’ for the U(1)R symmetry and for the gravitational CS contact

term, which contribute δκRR = 1
2dim(G) and δκg = dim(G), respectively [10]. In summary,
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we have the UV ‘matter’ contributions (2.32) and

κΦ
aR = −1

2
∑
i

∑
ρi∈R

ρa
i (ri − 1) ,

κΦ
RR = −1

2
∑
i

dim(Ri)(ri − 1)2 + 1
2dim(G) ,

κΦ
g = −

∑
i

dim(Ri) + dim(G) ,

(2.33)

for the gauge-R, RR and gravitational contact terms, respectively.
To define the gauge theory in the UV, we need to specify all the ‘Chern-Simons terms’

for the gauge and flavour symmetries. This is equivalent to specifying the value of the CS
contact terms κ ≡ κΦ +K, namely:

κab = κΦ
ab +Kab , κaR = κΦ

aR +KaR , κRR = κΦ
RR +KRR , κg = κΦ

g +Kg ,

(2.34)
where κΦ denotes the matter (and gaugino) contributions (2.32)–(2.33), and K denotes
the ‘bare CS levels’ which appear in the classical Lagrangian. These are the same bare
CS levels that appear in (2.11) and (2.13). Note that, while our choice of quantisation is
conventional, the quantities κ truly define the UV theory. All the bare CS levels K are
integer-quantised, as required by gauge invariance.

Let us emphasise that we denote by κ the CS contact terms as computed in the free
UV theory, before turning on the gauge couplings. As the gauge theory flows to the
strongly-coupled infrared, the CS contact terms κ for non-gauge symmetries become non-
trivial observables, κ(µ), the parity-odd contributions to two-point functions of conserved
currents [69]. These observables can be computed at the IR fixed point, in principle, by
studying the S3 partition function as a function of the background fields [7, 68].

Chern-Simons levels. In keeping with common convention, we shall denote by:

k ≡ κ = κΦ +K, (2.35)

the CS contact terms for the gauge groups in the UV, which we also call the (UV effective)
Chern-Simons levels.7 Note that k, unlike K, can be half-integers. For each U(NI) gauge
group, we have the levels k and l defined as in (2.3), with:

kI = κΦ
I +KI , lI = κΦ

U(1),I + LI . (2.36)

We can also have mixed CS levels between different U(NI) factors, with:

kIJ = κΦ
IJ +KIJ , I 6= J . (2.37)

7In most of the supersymmetric literature, k is simply called ‘the Chern-Simons level’, and we will use
this phrase when no confusion is possible. For our purposes, however, it is important to clearly distinguish
between the effective CS levels in the UV (k) and the bare levels (K) that corresponds to terms in the
classical Lagrangian. This is necessary in order to remove any ambiguity (including any sign ambiguity) in
the computation of the twisted index, and of all supersymmetric partition function for that matter [8].
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Decomposing the representations Ri (restricted to U(NI) as appropriate) into SU(NI)
representations R̂i together with U(1) charges QI,i, we have the one-loop contributions:

κΦ
I =−1

2
∑
i

T (R̂i) , κΦ
U(1),I =−1

2
∑
i

1
N2
I

(
dim(Ri)Q2

I,i−NI T (R̂i)
)
,

κΦ
IJ =−1

2
∑
i

dim(Ri)
NINJ

QI,iQJ,i ,

(2.38)

where the quadratic index T (R̂i) for SU(NI) is normalised so that T (fund) = 1, and
QI(fund) = 1 for the fundamental representation of U(NI).8 Therefore T (adj) = 2NI

and QI(adj) = 0 (hence δκΦ
U(1),I = 1) for the adjoint representation of U(NI). For later

purpose, let us also mention that T (det) = 0 and QI(det) = NI (hence δκΦ
U(1),I = −1

2) for
the 1-dimensional determinant representation.

2.3 Bethe ideal and companion matrix method

While the sum-over-Bethe-vacua formula (2.24) is elegant and simple-looking, to evaluate it
explicitly seems to require rather complicated algebraic manipulations, wherein we would
first solve the algebraic equations (2.20) in the rG variables x, and then plug the solutions
back into the summand appearing in (2.24). Of course, this is not actually doable except in
the very simplest cases, such as for the example (2.30).

In turns out, however, that it is not necessary to explicitly find the solutions x̂ in
order to compute the twisted index. Instead, one can use powerful computational algebraic
geometry methods [19, 21], as we now review.

Companion matrix method. First, consider any ideal I of a polynomial ring in n

variables over a field K, I ⊂ K[x1, · · · , xn]. Concretely, it will be generated by a set of m
polynomials Pi(x),

I = (P ) = (P1, · · · , Pm) . (2.39)

We also define the associated quotient ring R and the algebraic variety V:

R = K[x1, · · · , xn]
I

, V = Z(I) ∼= SpecR . (2.40)

The variety V is the set of solutions to the coupled equations:

Pi(x1, · · · , xn) = 0 , i = 1, · · · ,m . (2.41)

We assume that this variety is zero-dimensional — that is, it consists of discrete points
x̂ ∈ Kn. This is equivalent to R being finite as an abelian group, so let us denote by

dR = |R| , (2.42)

the number of discrete solutions. Now, consider two polynomials, Q1, Q2 ∈ K[x1, · · · , xn].
We are interested in the quantity

Z(Q1/Q2) ≡
∑
x̂∈V

Q1(x̂)
Q2(x̂) , (2.43)

8Given the weights ρi = (ρaI
i ) of the U(NI) representation Ri, we have QI,i =

∑NI

a=1 ρ
aI
i .
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assuming that Q2 /∈ I. This can be computed as follows. First, one needs to pick an
ordering ≺ for the monomials of the polynomial ring K[x1, · · · , xn]. Then, any polynomial
Q has a unique leading term, LT(Q), with respect to that ordering. We then choose a
Gröbner basis for the ideal I with respect to the ordering ≺, which consist of some m′

elements:
G(I) = {g1, · · · , gm′} . (2.44)

A Gröbner basis G(I) is a generating set for I such that the leading term of any P ∈ I is
proportional to the leading term of some gi ∈ G(I), namely LT(P )

LT(gi) ∈ K. This then allows
one to reduce any polynomial Q ∈ K[x1, · · · , xn] along I,

Q(x) =
m′∑
i=1

ci gi(x) +R(x) , ci ∈ K , (2.45)

where R(x) is called the remainder. Let [Q] ∈ R denote the equivalence class of any
polynomial Q ∈ K[x1, · · · , xn] in the quotient ring R = K[x1, · · · , xn]/I. Given a Gröbner
basis, the remainder R in (2.45) is unique, and thus provides a useful representative of
[Q] = [R]. Given two polynomials Q1, Q2, we have that [Q1] = [Q2] if and only if R1 = R2,
and in particular [Q] = 0 (Q ∈ I) if and only if R = 0.

The determination of Gröbner bases can be done on a computer using standard
algorithms, implemented most easily using Singular [22]. Given a Gröbner basis (2.44),
we also obtain a canonical K-basis for the quotient ring R:

B(R) = {e1, · · · , edR} . (2.46)

Then, to any polynomial Q ∈ K[x1, · · · , xn], we can associate a dR × dR companion matrix
MQ valued in K, which is defined by:

[Q][es] =
dR∑
r=1

(MQ)sr [er] . (2.47)

One can show that the companion matrix respects the ring structure, with the product
given by matrix multiplication:

MQ1+Q2 = MQ1 + MQ2 , MQ1Q2 = MQ1 MQ2 . (2.48)

We can further generalise this construction to define the companion matrix of rational
functions Q1

Q2
∈ K(x1, · · · , xn) using the matrix inverse of the denominator:

MQ1/Q2 = MQ1 (MQ2)−1 . (2.49)

Finally, the key result is that the quantity (2.43) is simply given by the trace of the
corresponding companion matrix:

Z(Q1/Q2) = Tr
(
MQ1/Q2

)
. (2.50)

In fact, the eigenvalues λ1, · · · , λdR ∈ K of the companion matrix MQ are exactly equal to
Q evaluated on the variety V [21], namely λs = Q(x̂s) for some ordering of the solutions x̂s,
s = 1, · · · , dR, to (2.41).
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Application to abelian gauge theories. The companion matrix method is directly
applicable to abelian gauge theories, namely for NI = 1, ∀I. The assumption that the
variety V is zero-dimensional is essentially an assumption that we can lift any non-compact
branch of the 3d moduli space of vacua by generic mass deformations — this is generally
possible only if the theory has enough flavour currents. In that case, the Bethe vacua are
determined entirely by the conditions:

ΠI(x) ≡ pI,1(x)
pI,2(x) = 1 ⇔ PI(x) ≡ pI,1(x)− pI,2(x) = 0 , I = 1, · · · , nG . (2.51)

The polynomials PI ∈ K[x1, · · · , xnG ] generate the Bethe ideal, IBE . Here, K is taken to be

K = Z(y1, · · · , yrF ) , (2.52)

the field of fractions in the flavor fugacities. We can then compute the twisted index (2.24)
in terms of companion matrices, as:

ZΣg×S1(y)n = Tr
(

(MH)g−1
rF∏
α=1

(MΠα)nα
)
. (2.53)

Simple abelian example. Let us illustrate the procedure with the example (2.27)–
(2.28) with K = 1, nf = 2 and r = 0. In that case, the Gröbner basis is simply {g1} =
{x2y+x

(
qy − y2 − 1

)
+y} and the K-basis is {e1, e2} = {x, 1}. Then, the companion matrix

for the handle-gluing operator is

MH =
(
−q2 − y2 − y−2 + 2q(y + y−1) q − y − y−1

−q + y + y−1 2

)
, (2.54)

which reproduces (2.31). We can similarly compute the companion matrix for the SU(2)×
U(1)T flavour flux operators:

MΠ(y) = q−1
(
qy−2 + y−1 − y−3 1− y−2

−1 + y−2 q + y−1 − y

)
, MΠ(τ) =

(
−q + y + y−1 1

−1 0

)
. (2.55)

Bethe ideal for the non-abelian theory. Given the gauge group G =
∏nG
I=1 U(NI), the

Bethe vacua are given by (2.21). Let us write the Bethe equations in terms of polynomials
in the variables x = (xaI ) over the field (2.52), as in the abelian case:

ΠaI (x) ≡ paI ,1(x)
paI ,2(x) = 1 , PaI (x) ≡ paI ,1(x)− paI ,2(x) = 0 . (2.56)

Due to gauge invariance, the Bethe equations and all the flavor flux and handle gluing
operators, are symmetric under SNI , the permutation of the variables xaI for each I. Hence
we can restrict our attention to Weyl-symmetric polynomials. In particular, we have

PaI ∈ K[x]WG . (2.57)
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In order to discard the spurious solutions to the Bethe equations PaI (x) = 0, which
correspond to x̂aI = x̂bI for aI 6= bI at fixed I, we use a symmetrisation trick [19]. Let us
define the polynomials:

P̂aIbI (x) ≡ PaI − PbI
xaI − xbI

, aI > bI , (2.58)

for I = 1, · · · , nG. The Bethe ideal in the xaI variables is given by the ideal generated by
the polynomials P and P̂ :

I(x)
BE = (P, P̂ ) ⊂ K[x]WG . (2.59)

To obtain the Bethe vacua, we should gather the solutions into Weyl orbits, which have
size |WG| =

∏nG
I=1NI !. To avoid this large redundancy, it is convenient to introduce new

variables sI,Ia defined as the symmetric polynomials in xaI (at fixed I). More precisely, let
us introduce the polynomials

ŜaI (x, s) ≡ SI,aI (x)− sI,aI , (2.60)

which are linear in saI . Here, at fixed I, SI,aI (x) = Sa(x) is the n-th elementary symmetric
polynomial in N variables xb (b = 1, · · · , N = NI):

Sa(x1, · · · , xN ) =
∑

1≤b1<···<ba≤N
xb1 · · ·xba . (2.61)

Let us also introduce some auxiliary variables wI and define:

ŴI ≡ wIsI,NI − 1 , (2.62)

so that imposing ŴI = 0 implies sI,NI =
∏NI
aI=1 xaI 6= 0, thus removing any spurious

solutions on which some xaI variables would vanish (such solutions would be located at
infinity on the 3d Coulomb branch). Starting with the extended ideal:

I(x,w,s)
BE = (P, P̂ , Ŝ, Ŵ ) ⊂ K[x, s, w] , (2.63)

we can reduce it to an ideal in K[s], eliminating xIa (and wI) from the description by an
appropriate choice of monomial ordering:

I(s)
BE = I(x,w,s)

BE
∣∣
reduce . (2.64)

We also write any rational operator O(x) on the 2d Coulomb branch in terms of the saI
variables:

O(x) ≡ Q1(x)
Q2(x) , Q1, Q2 ∈ K[x] −→ O(s) ≡ Q̃1(s)

Q̃2(s)
, Q̃1, Q̃2 ∈ K[s] . (2.65)

Let us denote the quotient ring and the variety relative to the Bethe ideal by:

R(s)
BE = K[s]

/
I(s)

BE , VBE ∼= SpecR(s)
BE . (2.66)
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We assume that the ‘Bethe variety’ VBE is zero-dimensional, so that the number of points
in VBE ⊂ KrG is equal to the number of Bethe vacua:

|VBE| = dRBE = |SBE| . (2.67)

Finally, we choose a Gröbner basis G
(
I(s)

BE
)
, so that we can define the companion matrix MO

of any rational operator O(s). We can then compute the twisted index exactly as in (2.53).
More generally, the expectation value of any rational operator O on Σg is given by:

〈O〉Σg×S1 = Tr
(
(MH)g−1 MO

)
. (2.68)

It is interesting to note that not every 3d A-model observable is rational. In particular, the
Seifert fibering operators defined in [9, 10] are not rational in xaI — instead, they are locally
holomorphic functions in the variables uaI = 1

2πi log(xaI ). It would be very interesting, but
likely quite challenging, to extend the methods of this paper to include fibering operators,
perhaps using ideas from [74].

3 Twisted indices for unitary SQCD

The formalism of section 2 allows us to compute the twisted index of any unitary gauge
theory, in principle.9 In the rest of this paper, we will focus on unitary SQCD[Nc, k, l, nf , na],
a 3d N = 2 supersymmetric gauge theory with a single unitary gauge group U(Nc) coupled
to nf fundamental and na antifundamental chiral multiplets:

U(Nc)k,k+lNc , (nf , na ) , (3.1)

with k + 1
2(nf + na) ∈ Z. Interestingly, these theories admit infrared-dual descriptions akin

to Seiberg dualities [75]. The case l = 0 is well understood [28–30, 76], and the general case
with l 6= 0 has been addressed very recently in the literature [48, 64]. Here we compute the
twisted index of these theories, for any values of the parameters. In particular, we compute
the Witten index for SQCD with l 6= 0 and nf = na, which appears to be a new result. We
also briefly discuss how Witten indices for different numbers of flavours are related. Other
aspects of the vacuum structure of these theories (and the computation of the Witten index
for nf 6= na and l 6= 0) will be addressed in future work [77].

3.1 Defining 3d SQCD: flavour symmetry and Chern-Simons contact terms

To fully define the ‘electric’ theory (3.1), we need to specify all the Chern-Simons levels, in-
cluding the Chern-Simons contact terms for the flavour symmetry, as reviewed in section 2.2.
The theory has a flavour symmetry:10

GF = SU(nf )× SU(na)×U(1)A ×U(1)T , (3.2)
9In practice, we face limitations are due to computing power: to find Gröbner basis for large and

complicated ideals can be prohibitive on a laptop computer (especially for C(y)-valued polynomials with
many distinct yα’s).

10Perhaps up to a discrete quotient. Here we make no claim about the exact global form of the flavour
symmetry group, which could depend in subtle ways on the CS levels — see e.g. [78, 79] for related discussions.
We thank M. Bullimore for pointing this out.
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U(Nc) SU(nf ) SU(na) U(1)A U(1)T U(1)R
Qi 1 1 0 r

Q̃j 1 1 0 r

Table 1. Charge assignments for 3d SQCD[Nc, k, l, nf , na].

and a U(1)R symmetry under which all (anti)fundamental chiral multiplets are assigned
R-charge r, assuming that nanf > 0. We will assume that r ∈ Z in this paper, so that the
theory can be coupled to Σg × S1 with the A-twist.11 If either nf or na vanishes, we loose
the axial symmetry U(1)A which rotates both fundamental and antifundamental chiral
multiplets with the same phase.

Denoting by Qi, i = 1, · · · , nf , and Q̃j , j = 1, · · · , na, the fundamental and antifunda-
mental chiral multiplets, we have the charge assignment shown in table 1. No fundamental
field is charged under the topological symmetry, U(1)T . The charged objects are the (bare)
monopole operators of minimal magnetic flux, T±, which carry topological charge ±1. The
monopole operators carry an electric charge:12

Q0[T±] = ±(k + lNc)−
1
2(nf − na) , (3.3)

under the U(1) ⊂ U(Nc), and they also transform in the representation

R̂[T±] = Sym±k−
1
2 (nf−na)( ) (3.4)

of SU(Nc) [80, 81]. The 3d classical Coulomb branch is then lifted by the (effective) CS
interactions, in general. We have a 3d quantum Coulomb branch only when T+ and/or T−

are gauge-invariant, in which case their VEVs span the Coulomb branch.
To fully specify the gauge theory, we not only need to specify the U(Nc) CS levels k

and l, but also any potential mixed CS level between U(1) ⊂ U(Nc) and the abelian flavour
symmetries. Let us first note that we have the one-loop contributions:

κΦ
GG = −1

2(nf + na) , κΦ
GA = −1

2(nf − na) , κΦ
GR = −1

2(nf − na)(r − 1) , (3.5)

and κΦ
GT = 0, to the gauge (GG) and gauge-flavour (GF ) CS contact terms (with κΦ

I = κGG,
in the conventions of section 2.2). We then have:

K = k + 1
2(nf + na) , L = l , (3.6)

for the bare CS levels for the gauge symmetry. We also choose the bare levels:

KGA =

Θ(−k)(nf − na) if |k| ≥ 1
2 |nf − na| ,

sign(nf − na)(1
2 |nf − na| − k) if |k| < 1

2 |nf − na| ,

KGR = KGA(r − 1) ,

(3.7)

11We can choose any r ∈ R in the UV, and the choice r ∈ Z allows us to define the 3d A-model on curved
space. Whenever the theory flows to a 3d N = 2 SCFT in the IR, there also exists a dynamically determined
superconformal R-charge, RSCFT, which can be computed by F -maximisation [3, 68].

12More precisely, they transform into some Q-symmetric product of the fundamental representation
of U(Nc).
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with Θ(x) the Heavyside step function,13 and:

KGT = 1 , (3.8)

which corresponds to a standard FI term. Finally, we take all the flavour bare CS levels to
vanish:

KSU(nf ) = KSU(na) = KAA = KTT = KAT = KRA = KRT = KRR = Kg = 0 . (3.9)

We then have κ = κΦ for the flavour symmetry contact terms in the UV, with:

κΦ
SU(nf ) = −1

2Nc , κΦ
SU(na) = −1

2Nc ,

κΦ
AA = −1

2(nf + na)Nc , κΦ
TT = 0 ,

κΦ
RA = −1

2(nf + na)Nc(r − 1) , κΦ
RT = 0 ,

κΦ
RR = −1

2(nf + na)Nc(r − 1)2 + 1
2N

2
c , κΦ

AT = 0 ,

κΦ
g = −1

2(nf + na)Nc +N2
c .

(3.10)

Note that the parameterisation of the R-symmetry through the arbitrary R-charge
r = R[Qi] = R[Q̃j ] is somewhat redundant, since one can always mix U(1)R with the
axial symmetry U(1)A, as R → R + ∆r QA. By considering the minimal coupling to
background gauge fields, one finds that a shift r → r + ∆r leads to the following shifts of
the bare CS levels:

KRA → KRA + ∆rKAA , KRI → KRI + ∆rKAI (I 6= A) ,
KRR → KRR + 2∆rKRA + (∆r)2KAA ,

(3.11)

and similarly for the CS contact terms themselves.

Bethe equations for SQCD. Let us introduce the flavour parameters:

yi (i = 1, · · · , nf ) ,
nf∏
i=1

yi = 1 , ỹj (j = 1, · · · , na) ,
na∏
j=1

ỹj = 1 , (3.12)

for SU(nf )× SU(na), as well as yA = e2πiνA for U(1)A and q = e2πiτ for U(1)T . The Bethe
equations (2.20) for SQCD[Nc, k, l, nf , na] can be written as:

nf∏
i=1

(yi−xayA)−(−1)l+k+ 1
2 (nf+na)q yKGAA

na∏
j=1

(xa−ỹjyA) xk+ 1
2 (nf−na)

a

(
Nc∏
b=1

xb

)l
= 0 , (3.13)

for a = 1, · · · , Nc. For l = 0, we have Nc decoupled equations, but in general we have a
coupled system of Nc equations in Nc variables xa. Then, the Gröbner basis techniques
described in section 2.3 become particularly useful.

13Here defined as Θ(x) = 1 if x > 0 and Θ(x) = 0 if x ≤ 0.
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3.2 Unitary SQCD and its dual description

The simplest observable of unitary SQCD is the flavored Witten index,

IW (Nc, k, l, nf , na) ≡ ZT 2×S1 [SQCD[Nc, k, l, nf , na]] . (3.14)

For l = 0, we have [15]:

IW (Nc, k, 0, nf , na) =
(
ND
c +Nc

Nc

)
, (3.15)

where we defined the ‘dual rank’:

ND
c ≡


1
2(nf + na) + |k| −Nc if |k| ≥ |kc| ,
max(nf , na)−Nc if |k| ≤ |kc| ,

(3.16)

with the ‘chirality’ parameter:14

kc ≡
nf − na

2 . (3.17)

Unitary SQCD with l = 0 with gauge group U(Nc)k has an infrared-dual description in
terms of a U(ND

c )−k gauge group, with a particular matter content that depend on the
parameters k, nf and na. There are four distinct cases to consider [30]:

(i) Aharony dual. For k = 0, nf = na ≡ Nf , we have the U(Nf −Nc)0 dual description,
known as the Aharony dual [76]. The dual description involves N2

f gauge-invariant
chiral multiplets (the ‘mesons’ of the ‘electric’ SQCD description), as well as two
additional singlets charged under the topological symmetry (the ‘monopoles’ of the
electric description).

(ii) Minimally chiral case. For k 6= 0 and |k| > |kc|, we have a U(ND
c )−k description with

nfna mesons and no monopole singlets. We call these the ‘minimally chiral’ theories.
In the non-chiral case, nf = na ≡ Nf , we have a U(Nf + |k| − Nc)−k dual gauge
group, and this is known as the Giveon-Kutasov duality [29].

(iii) Marginally chiral case. For k 6= 0 and |k| = |kc|, we have a U(ND
c )−k description with

nfna mesons and one monopole singlet. We call these the ‘marginally chiral’ theories.

(iv) Maximally chiral case. For |k| < |kc|, we have a U(nf − Nc)−k or U(na − Nc)−k
description if nf > na or na > nf , respectively, with nfna mesons and no monopole
singlets. We call these the ‘maximally chiral’ theories.

14Using some slight abuse of terminology and following [30], we call the 3d SQCD theory ‘chiral’ if nf 6= na.
This is because the 4d analogue of that theory would be chiral in the usual sense. (One similarly talks about
the 3d N = 2 chiral multiplet, it being the dimensional reduction of the 4d N = 1 chiral multiplet.)
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Unitary SQCD for general l. In the general case with arbitrary l ∈ Z, the computation
of the Witten index becomes more involved, as we will discuss momentarily. The theory
also has a very interesting ‘magnetic’ dual description with a product unitary gauge
group [48, 64]:

GD = U(ND
c )×U(1) , (3.18)

with ND
c defined in (3.16), if |k| ≥ |kc| (if |k| < |kc|, the dual gauge group remains U(ND

c )).
There are again four cases to consider, as for l = 0. We will study these dualities in more
details in section 5. Using the companion matrix method, we verified that the twisted
indices, ZΣg×S1 , match exactly across all these dualities.15 Here, let us only summarise
their key features:

(i) Amariti-Rota dual. For k = 0, nf = na ≡ Nf , we have a dual gauge theory:

U(Nf −Nc )0, 0 ×U(1
0

)l , (3.19)

which was first derived in [64]. The line connecting the gauge factors denotes a
(vanishing) mixed CS level, k12 = 0. Importantly, the theory also has matter fields
charged under both gauge factors. We will discuss this duality in more detail in
section 5.3.

(ii) Minimally chiral case. For k 6= 0 and |k| > |kc|, we have a dual gauge theory:

U
(
|k|+ 1

2(nf + na)−Nc
)
−k,−k+sign(k)Nc ×U(1

sign(k)

)l+sign(k) , (3.20)

and there is no matter charged under the U(1)l±1 factor. It only couples to the U(ND
c )

sector through the mixed CS level k12 = sign(k) = ±1.

(iii) Marginally chiral. For k 6= 0 and |k| = |kc|, we have a dual description:

U(max(nf , na)−Nc )−k,−k+ 1
2 sign(k)Nc ×U(1

1
2 sign(k)

)l+ 1
2 sign(k) , (3.21)

and there is some matter charged under both gauge groups.

(iv) Maximally chiral case. For |k| < |kc|, we have a dual gauge theory:

U(max(nf , na)−Nc)−k,−k+lND
c
, (3.22)

similarly to the l = 0 case.

When l = 0, these dualities can be reduced to the previous unitary dualities. The knowledge
of the dual description immediately yields some non-trivial information. For instance,
whenever ND

c < 0 the Witten index vanishes and therefore supersymmetry could be broken.
The limiting cases of the dualities for which ND

c = 0 also give us ‘s-confining’ phases (an
IR description in terms of chiral multiplets only) if l = 0 or if |k| < |kc|.

15At least in many examples, when running the algorithm on a laptop computer.
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3.3 Twisted index for U(Nc)0,lNc, Nf SQCD

Consider the U(Nc)0, lNc gauge theory with Nf pairs of fundamental and antifundamental
matter. We find that the Witten index of this theory is given by:

IW (Nc, 0, l, Nf , Nf ) = Nf + |l|Nc

Nf

(
Nf

Nc

)
. (3.23)

For l = 0, this is a well-known result which follows from the fact that the vacua are in
one-to-one correspondence with the sets of Nc distinct roots of a degree-Nf polynomial [15].
For l 6= 0, we proceed as follows. By considering certain limits in the space of flavor
fugacities, as done in [82] in a similar context, one can show that the number of Bethe
vacua satisfies the recursion relation:

IW (Nc,0, l,Nf ,Nf ) = IW (Nc,0, l,Nf−1,Nf−1)+IW (Nc−1,0, l,Nf−1,Nf−1) . (3.24)

Furthermore, one can show that:

IW (1, 0, l, Nf , Nf ) = Nf + |l| , IW (Nf , 0, l, Nf , Nf ) = 1 + |l| . (3.25)

The first equality follows from the fact that, for Nc = 1, we have an abelian gauge theory
U(1)l with Nf pairs of electrons of charge ±1, whose index was computed in [17]. The
second equality follows from the fact that, for Nc = Nf , the Amariti-Rota dual (3.19) is a
U(1)l theory with one flavour pair. With these initial conditions, one can solve the recursion
relation (3.24) to obtain (3.23).

Twisted indices: a few examples. Let us now consider a few simple examples of
twisted indices, computed using the companion matrix method. First, consider the U(2)0
theory (l = 0) with Nf = 2 flavours and r = 0. There is a single Bethe vacuum and the
index is given by:

Z
U(2)0, Nf=2
Σg×S1 (yA, χ, χ̃) =

(
1− χχ̃y2

A + (χ2 + χ̃2 − 2)y4
A − χχ̃y6

A + y8
A

)g−1
≡ Z4M . (3.26)

This theory is dual to four free chiral multiplets, the mesons Mi
j = QiQ̃

j , and this is
apparent in the index. Here we introduced the characters χ = y1 + y2 and χ̃ = ỹ1 + ỹ2 for
the SU(2)× SU(2) flavour symmetry.

As another example, let us consider the abelian theory U(1)l with CS level l and Nf = 1
flavour. This theory has |l|+ 1 Bethe vacua. On the sphere (g = 0), we have:

Z
U(1)l, Nf=1
S2×S1 (yA, q) = 1

1− y2
A

, (3.27)

for any l. At genus g = 1, we have the Witten index, ZT 3 = |l|+ 1. At genus g = 2, we find:

Z
U(1)l, Nf=1
Σ2×S1 (yA, q) =

1− 2l − l2 − (l − 1)2y2
A − δl,−1

(
q + q−1) if l < 0

(1 + l)2 + (l2 − 2l − 1)y2
A + δl,1

(
q + q−1)y2

A if l ≥ 0 ,
(3.28)

and similar formulas can be worked out for any g > 2. In particular, we observe that
the index terminates (thus there is a finite number of states on any Σg with g > 0),
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and that states charged under the topological symmetry (weighted by q) only appear for
0 < |l| ≤ g − 1.

Next, consider U(2)0,2l with Nf = 2 and r = 0, a theory with |l|+ 1 Bethe vacua. By
explicit computation, one can check that the index factorises as:

Z
U(2)0,2l, Nf=2
Σg×S1 (yA, χ, χ̃) = (1− y4

A)1−g Z4M Z
U(1)l, Nf=1
Σg×S1 (y2

A, q) , (3.29)

with Z4M as in (3.26). This can be precisely explained in terms of the Amariti-Rota duality,
to be discussed in detail in section 5.3. In particular, the prefactor (1− y4

A)1−g should be
written as (1− y−4

A )1−g × y−4(g−1)
A × (−1)g−1, corresponding to a chiral multiplet of U(1)A

charge −4 and to some flavour CS levels KRA = −4 and KRR = 1.

3.4 The Witten index for nf = na and k 6= 0

Consider the theory with nf = na ≡ Nf flavours and k 6= 0. Consider first the case Nf = 0,
which is the N = 2 supersymmetric Chern-Simons theory U(Nc)k, k+lNc . We claim that the
Witten index of this theory is given by:

IW (Nc, k, l, 0, 0) = |k + lNc|
|k|

(
|k|
Nc

)
, (3.30)

for |k| ≥ Nc, with the understanding that the index vanishes for k < Nc (supersymmetry is
broken in that case). This can be understood from the fact that:

U(Nc)k, k+lNc
∼=

SU(Nc)k ×U(1)Nc(k+lNc)
ZNc

. (3.31)

Setting xa = x̃ax0 with the constraint
∏Nc
a=1 x̃a = 1, the Bethe equations for the pure 3d

N = 2 CS theory read:

x̃ka = (−1)k+lq−1x
−(k+lNc)
0 , a = 1, · · · , Nc , (3.32)

which implies that x0 is proportional to a Nc(k + lNc)-th root of unity. Plugging back
this solution into (3.32), we have the Bethe equations for the SU(Nc)k supersymmetric CS
theory. Taking into account the redundancy in our parameterisation xa = x̃ax0 and the
overall ZNc quotient in (3.31), one obtains (3.30) written as:

IW (Nc, k, l, 0, 0) = |k + lNc|
Nc

× IW [SU(Nc)k] , IW [SU(Nc)k] =
(
|k| − 1
Nc − 1

)
, (3.33)

using the SU(Nc)k Witten index computed in [16, 83].
For any Nf > 0, we have the recursion relation:

IW (Nc,k, l,Nf ,Nf ) = IW (Nc,k, l,Nf−1,Nf−1)+IW (Nc−1,k, l,Nf−1,Nf−1) , (3.34)

similarly to (3.24). Thus, given the result (3.30), we can compute the Witten index
recursively. For instance, one easily finds:

IW (Nc, k, l, Nf , Nf ) = Nf + k + lNc

Nf + k

(
Nf + k

Nc

)
if k > 0 and l ≥ 0 , (3.35)
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k\l −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10

0 15 14 13 12 11 10 9 8 7 6 6 6 7 8 9 10 11 12 13 14 15
1 23 21 19 17 15 13 11 9 7 6 6 6 7 9 11 13 15 17 19 21 23
2 30 27 24 21 18 15 12 9 6 6 6 9 12 15 18 21 24 27 30 33 36
3 36 32 28 24 20 16 12 8 6 6 10 14 18 22 26 30 34 38 42 46 50
4 41 36 31 26 21 16 11 6 6 10 15 20 25 30 35 40 45 50 55 60 65
5 45 39 33 27 21 15 9 6 10 15 21 27 33 39 45 51 57 63 69 75 81
6 48 41 34 27 20 13 6 10 14 21 28 35 42 49 56 63 70 77 84 91 98
7 50 42 34 26 18 10 10 14 20 28 36 44 52 60 68 76 84 92 100 108 116
8 51 42 33 24 15 10 14 18 27 36 45 54 63 72 81 90 99 108 117 126 135
9 51 41 31 21 15 14 18 25 35 45 55 65 75 85 95 105 115 125 135 145 155
10 50 39 28 21 14 18 22 33 44 55 66 77 88 99 110 121 132 143 154 165 176

Table 2. Witten index for U(2)k,k+2l with nf = 4 fundamentals, for some values of k, l. The values
with k < 0 can be obtained by parity (that is, the index for some (k, l) is the same as the index for
(−k,−l)). The cases with the ‘geometric value’ IW = 6 are given in bold.

where we also assumed that Nc ≤ Nf + k. For general values of k and l, the recursive
definition (3.34) (with the boundary condition (3.30)) gives us the explicit formula:

IW (Nc, k, l, Nf , Nf ) =
Nf∑
j=0

|k + l(Nc − j)|
|k|

(
Nf

j

)(
|k|

Nc − j

)
. (3.36)

We checked numerically, in a large number of examples, that the index so obtained matches
the number of Bethe vacua computed by Gröbner basis methods.

3.5 Twisted index for chiral theories

Finally, let us briefly discuss the case of chiral theories. For any SQCD theory with nfna > 0,
we have a recursion relation:

IW (Nc,k, l,nf ,na) = IW (Nc,k, l,nf−1,na−1)+IW (Nc−1,k, l,nf−1,na−1) . (3.37)

Assuming that nf > na without loss of generality, the question is then to find the Witten
index for na = 0,

IW (Nc, k, l, nf , 0) . (3.38)

The computation of the index (3.38) for general k and l is part of a rather rich story, which
will be addressed more thoroughly in future work [77]. Here, let us just mention that we
can easily compute it using Gröbner basis methods, at least for small enough values of
the parameters Nc, nf and k, l. Some examples are displayed in tables 2 and 3, where we
computed the index for U(Nc)k,k+lNc with nf fundamentals for (Nc, nf ) = (2, 4) and (2, 5).
Let us comment on the fact that, for some values of the parameter, this index takes the
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k\l −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10
1
2 27 25 23 21 19 17 15 13 11 10 10 10 11 12 13 14 15 17 19 21 23
3
2 34 31 28 25 22 19 16 13 10 10 10 10 12 15 18 21 24 27 30 33 36
5
2 40 36 32 28 24 20 16 12 10 10 10 14 18 22 26 30 34 38 42 46 50
7
2 45 40 35 30 25 20 15 10 10 10 15 20 25 30 35 40 45 50 55 60 65
9
2 49 43 37 31 25 19 13 10 10 15 21 27 33 39 45 51 57 63 69 75 81
11
2 52 45 38 31 24 17 10 10 15 21 28 35 42 49 56 63 70 77 84 91 98
13
2 54 46 38 30 22 14 10 15 20 28 36 44 52 60 68 76 84 92 100 108 116
15
2 55 46 37 28 19 10 15 20 27 36 45 54 63 72 81 90 99 108 117 126 135
17
2 55 45 35 25 15 15 20 25 35 45 55 65 75 85 95 105 115 125 135 145 155
19
2 54 43 32 21 15 20 25 33 44 55 66 77 88 99 110 121 132 143 154 165 176
21
2 52 40 28 21 20 25 30 42 54 66 78 90 102 114 126 138 150 162 174 186 198

Table 3. Witten index for U(2)k,k+2l with nf = 5 fundamentals, for some values of k, l. The cases
with the ‘geometric value’ IW = 10 are given in bold.

‘geometric value’ which saturates the bound:

IW (Nc, k, l, nf , 0) ≥ IHiggs
W = χ(Gr(Nc, nf )) =

(
nf
Nc

)
. (3.39)

This lowest value of the index, IHiggs
W , is the contribution from the Higgs branch of the

gauge theory in a phase with vanishing masses and a positive FI parameter. That Higgs
branch is the Grassmannian Gr(Nc, nf ), and the Witten index of this geometric phase is
given by its Euler characteristic. For general values of k, l, there are also a number of
additional contributions to the index from topological and mixed topological-geometric
vacua, similarly to the abelian cases considered in [17].

More examples of twisted indices: Grassmannian theories. Let us consider the
genus-0 index for the Gr(2, 4) ‘Grassmannian theories’, defined as the U(2)k,k+2l, nf = 4
theories with CS levels such that IW = 6. There are 15 such theories. Setting the SU(4)
flavour fugacities to yi = 1 for simplicity, the S2 × S1 twisted index of these theories is
given by:

ZS2×S1 =


0 if (k, l) ∈ {(0,−1), (0, 0), (0, 1), (1,−1), (1, 0), (1, 1), (5,−4)} ,
1 if (k, l) ∈ {(2,−1), (2, 0), (3,−2), (3,−1), (4,−2), (5,−3)} ,

1
1−q2 if (k, l) ∈ {(2,−2), (4,−3)} .

(3.40)
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U(ND
c ) SU(Nf ) SU(Nf ) U(1)A U(1)T U(1)R

qj 1 −1 0 1− r
q̃i 1 −1 0 1− r
M j

i 1 2 0 2r
T+ 1 1 1 −Nf 1 rT

T− 1 1 1 −Nf −1 rT

Table 4. Field content of the Aharony dual theory, with ND
c = Nf −Nc and rT given in (4.2).

We can similarly compute the higher-genus index. For instance, for this Gr(2, 4) theory
with (k, l) = (2,−1) (and yi = 1), we find:

Z
U(2)2,0,nf=4
Σg×S1 =



1 for g= 0 ,
6 for g= 1 ,
24q−30q2+2q3 for g= 2 ,
288q2−1256q3+1188q4−216q5+4q6 for g= 3 ,
1920q3−672q4+31896q5−28944q6+5832q7+24q8−40q9 for g= 4 ,
16896q4+428032q5−157280q6−1098432q7+975760q8

−243968q9+10464q10+1984q11−112q12 for g= 5 ,

for the first few values of g. It would be very interesting to understand these and many
similar results for the twisted index from an explicit quantisation of the theory on Σg with
the A-twist, similarly to [84, 85].

4 Infrared dualities for U(Nc)k SQCD, revisited

In this section and the next, we revisit and clarify some aspects of the infrared dualities
for 3d N = 2 supersymmetric SQCD. We give a complete definition of the ‘magnetic’ dual
theory in all cases, including various Chern-Simons contact terms for the flavour symmetry,
in the gauge-invariant conventions of sections 2.2 and 3.1.

4.1 Aharony duality (k = l = 0, nf = na)

If we set k = l = 0 and nf = na ≡ Nf , we have the famous Aharony duality [28]:

U(Nc)0 , Nf ( ⊕ ) ←→ U(Nf −Nc)0 , Nf ( ⊕ ) ,
(
Mi

j , T+, T−
)
. (4.1)

This can be viewed as the most fundamental infrared duality for U(Nc) SQCD, in the sense
that all the other dualities summarised in section 3.2 can be derived from Aharony duality
using appropriate limits [30, 64]. The matter content and the charges of the Aharony
dual theory are shown in table 4. We have dual flavours qj and q̃i in the fundamental
and antifundamental of U(Nf − Nc), respectively. The gauge singlets Mi

j and T± are
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identified with the gauge-invariant ‘mesons’ Mi
j = QiQ̃

j and with the monopole operators,
respectively, in the electric description. The monopoles have R-charge:

rT = −Nf (r − 1)−Nc + 1 . (4.2)

The gauge singlets are coupled to the gauge sector through the superpotentialW = q̃iMi
jqj+

T+t+ + T−t−, where t± are the gauge-invariant monopole operators of the dual theory.
It is clear that we have K = 1

2(nf + na) and L = 0 for the U(ND
c ) bare CS levels.

Moreover, given our conventions for the electric theory, the magnetic theory must have
non-vanishing bare CS levels for the flavour symmetry. We have

K
(Ah)
SU(Nf ) = Nf −Nc , K̃

(Ah)
SU(Nf ) = Nf −Nc, (4.3)

for the SU(Nf )× SU(Nf ) flavour symmetry and

K
(Ah)
TT = 1 ,

K
(Ah)
AA = 4N2

f − 2NcNf ,

K
(Ah)
AR = 2N2

f +
(
4N2

f − 2NcNf

)
(r − 1) ,

K
(Ah)
RR = N2

c +N2
f + 4N2

f (r − 1) +
(
4N2

f − 2NcNf

)
(r − 1)2 ,

K(Ah)
g = 2Nf (Nf −Nc) + 2 .

(4.4)

for the abelian flavour symmetry (as well as for the gravitational CS contact term) [10]. All
other flavour and gauge-flavour levels vanish except for

K
(Ah)
GT = −1 , (4.5)

which is the statement that the FI parameter changes sign under the duality — equivalently,
the topological currents of the U(Nc) and U(ND

c ) dual gauge groups are identified up to
a sign.

In the limiting case Nf = Nc, the dual theory consists of a linear σ-model with N2
f + 2

chiral multiplets Mk
i, T± which are coupled through the superpotential W = T+T−det(M).

Finally, for Nf < Nc, we either have a quantum-deformed moduli space (for Nf = Nc − 1)
or supersymmetry breaking (for Nf < Nc − 1) [28].

4.2 Minimally chiral duality with l = 0

Next, let us consider the case k 6= 0 with l = 0 and with the ‘minimally chiral’ condition
|k| > |kc|. We have a duality:

U(Nc)k , (nf , na ) ←→ U(ND
c )−k , (na , nf ) ,

(
Mi

j
)
. (4.6)

with:
ND
c = 1

2(nf + na) + |k| −Nc . (4.7)

Now the singlet sector only consists of the ‘mesons’ Mi
j , with the standard superpotential

W = q̃iMi
jqj as in 4d Seiberg duality. The matter content is shown in table 5. There are
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U(ND
c ) SU(nf ) SU(na) U(1)A U(1)T U(1)R condition

qj 1 −1 0 1− r
q̃i 1 −1 0 1− r
Mi

j 1 2 0 2r
T+ 1 1 1 −Nf 1 rT k = 1

2(nf − na)

T− 1 1 1 −Nf −1 rT k = −1
2(nf − na)

Table 5. Field content of the infrared dual of unitary SQCD with l = 0. The gauge singlets T± only
appear in the marginally chiral case (or in the Aharony dual), as indicated. Here Nf ≡ Nc +ND

c .

also mixed gauge-flavour bare CS levels:

KGT = −1 , KGA = Θ(k)(nf − na) , KGR = Θ(k)(nf − na)(r − 1) . (4.8)

Finally and importantly, we have the bare flavour CS levels shown in table 6. Note that
the bare CS levels depend on the sign of k, and that changing the sign of k does not
simply change the sign of the bare CS levels. This is because of our parity-violating
conventions, of course. For any given theory with the ‘U(1)− 1

2
quantisation’ convention,

a parity transformation changes the sign of the physical contact terms κ = κΦ + K as
κ→ −κ but the UV ‘matter’ contribution κΦ remains the same by convention, as defined
in (2.32)–(2.33), hence a parity transformation changes the bare CS levels according to:

P : K → −K − 2κΦ . (4.9)

Now, if we consider the fact that we chose KF = 0 for all the flavour bare CS levels in the
‘electric’ theory, K(e)

F = 0, irrespective of the sign of k, we find that, in the magnetic theory:

K
(m)
F

∣∣
k→−k = −K(m)

F − 2κΦ(m)
F + 2κΦ(e)

F , (4.10)

where κΦ(e)
F and κΦ(m)

F denote the matter contributions in the electric and magnetic theories,
respectively. This gives us the relation between the two columns in table 6.16

This minimally chiral duality, including all the flavour CS levels, can be derived from
the Aharony duality by integrating out flavours [30], as we review in appendix A.

4.3 Marginally chiral duality with l = 0

Consider now the ‘marginally chiral’ cases with |k| = |kc| and l = 0, with kc defined in (3.17).
In this case, the dual gauge theory is coupled to another gauge singlet in addition to the
mesons, corresponding to the single gauge-invariant monopole operator T+ or T− in the
electric theory (for k = kc or k = −kc, respectively), as indicated in table 5. We then have
the duality:

U(Nc)k , (nf , na ) ←→ U(ND
c )−k , (na , nf ) ,

(
Mi

j ,Tε
)
, (4.11)

16For instance, consider KAA. We have κΦ(e)
AA = − 1

2 (nf + na)Nc according to (3.10), and κ
Φ(m)
AA =

− 1
2 (nf + na)Nc − 2nfna in the magnetic theory (including the contribution from the mesons). Then the

relation (4.10) is indeed satisfied by the levels given in table 6.
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k > |kc| k ≤ −|kc|

KSU(nf ) ND
c −Nc + na

KSU(na) ND
c −Nc + nf

KAA (nf + na)ND
c 4nfna − (nf + na)Nc

KTT −1 1
KAT 0 0
KRA (nf + na)ND

c r (na + nf )Nc − 2nfna + (4nfna − (nf + na)Nc)r
KRT 0 0

KRR (−ND
c + (nf + na)r2)ND

c

(Nc − nf )(Nc − na) + 2r((na + nf )Nc − 2nfna)
+r2(4nfna − (nf + na)Nc)

Kg (nf + na − 2k)ND
c − 2 2nfna − (nf + na + 2k)Nc + 2

Table 6. Flavour bare CS levels for the minimally-chiral U(ND
c )−k gauge theory (l = 0), as well as

for the marginally chiral case with k = −|kc| < 0.

with a dual superpotential W = q̃iMi
jqj + Tεtε for ε = ±. Note that:

ND
c = 1

2(nf + na) + |k| −Nc = max(nf , na)−Nc, (4.12)

in this case. Note also that the R-charge of Tε is given by:

rT = −(ND
c +Nc)(r − 1)−Nc + 1 . (4.13)

The mixed gauge-flavour CS levels are the same as in (4.8). The flavour bare CS levels
have to be carefully determined by real-mass deformation from Aharony duality, like for the
minimally chiral case (see appendix A). For k = |kc| > 0, those levels are given in table 7,
while for k = −|kc| they were given in table 6.

4.4 Maximally chiral duality with l = 0

Finally, we have the maximally chiral case when |k| < |kc| and l = 0. The general form of
the duality is the same as in for minimally chiral case (4.6), with the matter content of
table 5, but with the dual rank given by:

ND
c = max(nf , na)−Nc , (4.14)

and with the mixed gauge-flavour CS levels:

KGT = −1 , KGA = sign(kc)(k + |kc|) , KGR = sign(kc)(k + |kc|)(r − 1) . (4.15)

Finally, we have the flavour bare CS levels given in table 8.
One can check the matching of partition functions across these dualities explicitly. Given

the precise definition of the dual theories, including all the bare CS levels, one can apply
the formalism of section 2 to verify that the twisted indices of dual theories exactly agree:

ZΣg×S1 [SQCD] = ZΣg×S1 [dual SQCD] . (4.16)
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k = |kc| , nf > na k = |kc| , na > nf

KSU(nf ) ND
c ND

c

KSU(na) ND
c ND

c

KAA n2
f + (nf + na)ND

c n2
a + (nf + na)ND

c

KTT 0 0
KAT −nf na

KRA −ND
c nf + r(n2

f + (nf + na)ND
c ) −ND

c na + r(n2
a + (nf + na)ND

c )
KRT ND

c − rnf −ND
c + rna

KRR

−2rND
c nf −2rND

c na

+r2(n2
f + (nf + na)ND

c ) +r2(n2
a + (nf + na)ND

c )
Kg 2naND

c 2nfND
c

Table 7. Flavour bare CS levels for the marginally chiral dual with k = |kc| > 0 (l = 0).

|k| < |kc| , nf > na |k| < |kc| , na > nf

KSU(nf ) k + 1
2(nf + na)−Nc na −Nc

KSU(na) nf −Nc k + 1
2(nf + na)−Nc

KAA K+
AA ≡ n2

f + 3nf (k − kc) + 2ND
c (nf − kc) K−AA ≡ n2

a + 3na(k + kc) + 2ND
c (na + kc)

KTT 0 0
KAT −nf na

KRA

K
(0)+
RA + rK+

AA , K
(0)−
RA + rK−AA ,

K
(0)+
RA ≡ −(k − kc)(nf +ND

c ) + nfN
D
c K

(0)−
RA ≡ −(k + kc)(na +ND

c ) + naN
D
c

KRT ND
c − rnf −ND

c + rna

KRR ND
c (k − kc) + 2rK(0)+

RA + r2K+
AA ND

c (k + kc) + 2rK(0)−
RA + r2K−AA

Kg 2naND
c 2nfND

c

Table 8. Flavour bare CS levels for the maximally chiral dual, |k| < |kc| (l = 0).

The proof of this equality for Aharony duality in the ‘U(1)− 1
2
quantisation’ was given in [10],

building on previous works [9, 13–15], and the equality of twisted indices for the other
SQCD theories with l = 0 then follows from standard RG flow arguments. Here, our focus
was instead on computing the index on both sides explicitly, and the fact that (4.16) indeed
holds in many examples17 is a nice check of our formalism. Moreover, for unitary SQCD with
l 6= 0, which we study in the next section, no general proof of this equality is available so far.

17On a laptop computer, we can check the matching of indices accross dualities for most gauge theories
with rank up to 3 and with the parameters k, l, nf , na small enough.
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4.5 Special cases: abelian dualities

Let us briefly discuss a few special cases with Nc = 1 where the dual theory consists of chiral
multiplets only. These ‘elementary’ dualities will be particularly useful in the next section.

The SQED/XY Z duality. Consider the U(1)0 theory with nf = na = 1. It has a dual
description in terms of three chiral multiplets M , T± with the superpotential:

W = T+T−M , (4.17)

also known as the XY Z model (with X = M , Y = T+, Z = T−). This can be viewed as a
limiting case of Aharony duality. This theory has a flavour symmetry U(1)T ×U(1)A and a
R-symmetry. In our conventions, we have the following flavour CS contact terms in the
dual description:

KTT = 1 , KTA = KTR = 0 ,
KAA = 2 , KAR = 2r ,
KRR = 2r2 , Kg = 2 .

(4.18)

as a limiting case of (4.4).

The U(1)±1 CS theory. Consider the 3d N = 2 CS theory U(1)1 without matter fields.
This is the ‘almost trivial theory’ studied in [66]: it is dual to an invertible theory (i.e. a
trivial theory with CS contact terms):

U(1)1 ←→ KTT = −1 , KRT = 0 , KRR = 0 , Kg = −2 . (4.19)

This is a special case of the Giveon-Kutasov duality [29], and these CS contact terms
are obtained by setting Nc = na = nf = k = 1 in table 6. For the other sign of the
Chern-Simons level, we similarly find:

U(1)−1 ←→ KTT = 1 , KRT = 0 , KRR = 1 , Kg = 4 . (4.20)

The U(1)±1
2
theory coupled to one chiral flavour. Let us consider the U(1) 1

2
theory

coupled to one chiral multiplet Φ± of electric charge ±1 and R-charge r, with k = 1
2 . This

theory has a flavour symmetry U(1)T , and it is dual to a free chiral multiplet T± of U(1)T
charge ±1 and R-charge 1− r, with the following CS contact terms:

U(1) 1
2
, Φ± , KGR = 0 , ←→ T± ,

KTT = 0 , KRT = ∓r ,
KRR = r2 , Kg = 0 .

(4.21)

Note that, in our conventions, we have a bare CS level KGG = 1 for the U(1) gauge group
on the ‘electric’ side of the duality. With the opposite sign for the UV CS level, k = −1

2 ,
we find instead:

U(1)− 1
2
, Φ± , KGR = ±(r − 1) , ←→ T∓ ,

KTT = 1 , KRT = 0 ,
KRR = −r2 + 2r , Kg = 2 .

(4.22)

These well-known dualities [86] are limiting cases of the marginally chiral dualities reviewed
in section 4.3.
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5 Infrared dualities for U(Nc)k,k+lNc
SQCD

In this section, we discuss the infrared dualities for unitary SQCD with general value of l.
These dualities were first discovered by Nii for na = nf and k 6= 0 [48]. They were further
generalised by Amariti and Rota [64], who argued that the dualities with l 6= 0 can be easily
derived from the l = 0 dualities by using Kapustin-Strassler and Witten’s SL(2,Z) action
on 3d field theories with abelian symmetries [65, 66]. We elaborate on this construction in
the following.

5.1 SL(2,Z) action and the 3d A-model

Let us first discuss the Kapustin-Strassler-Witten SL(2,Z) transformations in the language
of the 3d A-model. We will then rederive all the l 6= 0 dualities by an appropriate SL(2,Z)
transformation of the l = 0 dualities summarised in the previous section. We again pay
particular attention to deriving the exact bare CS levels in all cases.

Let us consider some 3d N = 2 supersymmetric gauge theory T with a U(1)f flavour
symmetry, and the associated 3d A-model determined by the twisted superpotential W(u, ν)
and the effective dilaton Ω(u, ν), with ν the U(1)f chemical potential (i.e. the 2d twisted
mass). Here ua denotes gauge parameters for dynamical vector multiplets, and the remaining
flavour parameters are left implicit. The SL(2,Z) action sends T to another field theory
g[T ] for any g ∈ SL(2,Z). Let S and T denote the two standard generators of SL(2,Z),
with:

S2 = C , (ST)3 = C , C2 = 1 , (5.1)

where C is the central element generating Z2 ⊂ SL(2,Z). These actions generate new field
theories with the same number of U(1) symmetries. They act on T as follows:

(i) S : T → S[T ] ≡ T /U(1)f corresponds to gauging the abelian symmetry U(1)f with
a 3d N = 2 vector multiplet. The new U(1)f dynamical field strength Ff = dAf gives
us the conserved current of a new topological symmetry, denoted by U(1)f ′ , which we
couple to a background U(1)f ′ multiplet with a supersymmetric f -f ′ mixed CS level,
also known as a 3d BF term:

− i

2π

∫ (
Af ′ ∧ Ff + · · ·

)
, (5.2)

where the ellipsis denotes the supersymmetric completion. At the level of the 3d
A-model, we rename ν as v to indicate that it is now a gauge parameter, and the new
coupling (5.2) appears as a quadratic term in the new twisted superpotential:

W(u, ν) S−→W(u, v)− ν ′v , Ω(u, ν) S−→ Ω(u, v) , (5.3)

with ν ′ the U(1)f ′ parameter. We then simply add a new equation for the U(1)f
gauge symmetry to the Bethe equations:{

Πa ≡ e2πi ∂W
∂ua = 1

}
S−→

{
Πa = 1 , Πv ≡ e2πi( ∂W∂v −ν′) = 1

}
. (5.4)
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(ii) T : T → T[T ] corresponds to shifting the U(1)f CS contact term by 1:

κff → κff + 1 , (5.5)

by adding a level-1 3d N = 2 supersymmetric Chern-Simons interaction for the U(1)f
background vector multiplet to the action:

S → S + i

4π

∫
(Af ∧ dAf + · · · ) . (5.6)

In the 3d A-model, we then have:

W(u, ν) T−→W(u, ν) + 1
2(ν2 + ν) , Ω(u, ν) T−→ Ω(u, ν) . (5.7)

(iii) The central element C acts as sign flip on the U(1)f current and its superpartners,
which is equivalent to a sign flip of the U(1)f background vector multiplet. Thus, in
the 3d A-model:

W(u, ν) C−→W(u,−ν) , Ω(u, ν) C−→ Ω(u,−ν) . (5.8)

It is interesting to verify the SL(2,Z) relations (5.1) directly in the 3d A-model formalism.
We use the fact that, when a gauge field A0 only appears linearly through a 3d BF term,

S0 = i

2π
∑
i 6=0

K0i

∫
A0 ∧ dAi , (5.9)

the path integral over A0 gives us a functional Dirac δ-function [66]:

∫
[dA0]e−S0 = δ

∑
i 6=0

K0iAi

 , (5.10)

and similarly in the 3d N = 2 supersymmetric context. Now, consider the action:

S2 : W(ν) −→W(ν ′′) =W(v)− v′v − ν ′′v′ . (5.11)

Here, the path integral over the v′ vector multiplet gives us δ(v+ν ′′), schematically speaking,
and therefore we obtain the original theory with a sign flip of ν, as expected:

W(u, ν) S2=C−→ W(u,−ν ′′) , (5.12)

up to a slight subtlety to be discussed momentarily. To compute (ST)3, note that we have:

ST : W(u, ν) −→W(u, v) + 1
2v(v + 1)− ν ′v , (5.13)

and therefore:

W(u,ν) (ST)3
−→ W(u,v)+ 1

2v(v+1)+ 1
2v
′(v′+1)+ 1

2v
′′(v′′+1)−v′v−v′′v′−ν ′′′v′′ . (5.14)
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After performing a change of variable v′ → v′+v′′+ν ′′′, integrating out v′′ gives us δ(v+ν ′′′),
and we obtain:

W(u, ν) (ST)3
−→ WT (u,−ν ′′′) + 1

2v
′(v′ + 1) + 2ν ′′′(ν ′′′ + v′) . (5.15)

The (sign-flipped) original theory is now tensored with a decoupled topological sector which
is an ‘almost trivial’ theory [66], namely a U(1)1 CS theory. Indeed, the additional Bethe
equation for v′ in (5.15) is decoupled from the other Bethe equations of the full theory, and
it has a unique solution.

5.2 From U(Nc)k to U(Nc)k,k+lNc SQCD

The SL(2,Z) action allows us to generate a non-zero CS level l starting from a U(Nc)k
gauge theory, as we now explain.

S and S−1 on 3d N = 2 supersymmetric theories. When acting with S on T , we
introduce a new abelian vector multiplet. It contains a single gaugino, which shifts some of
CS contact terms in the UV according to:

κRR
S→ κRR + 1

2 , κg
S→ κg + 1 , (5.16)

in our conventions. Thus, more precisely, the action of S2 on T actually gives us:

W(u, ν) S2=C−→ W(u,−ν ′′) + 1
12 , Ω(u, ν) S2=C−→ Ω(u,−ν ′′) + 1

2 , (5.17)

which includes the shifts Kg → Kg + 2 and KRR → KRR + 1. By a slight abuse of notation,
let us then define an inverse operation:

S−1 ≡ δ(K) ◦C ◦ S . (5.18)

It consists of the naive inverse, C ◦ S, combined with a shift of the bare CS levels:

δ(K) : KRR → KRR − 1 , Kg → Kg − 2 , (5.19)

so that S−1S is truly the identity on T .

The S−1TlS action on U(Nc)k SQCD. Let us now start with T being SQCD with
l = 0. We can obtain the l 6= 0 theory by acting with S−1TlS on the topological symmetry
U(1)T of the l = 0 theory. Indeed, at the level of the A-model, let τ denote the U(1)T
parameter and ν the other flavour parameters. Let us also decompose the gauge parameters
ua as

ua = ũa + u0 ,
Nc∑
a=1

ũa = 0 . (5.20)

We have that the twisted superpotential is linear in τ :

W(u, ν, τ) =W0(u, ν) + τNcu0 , (5.21)
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and that Ω = Ω(u, ν) is τ -independent. That is, all the flavour CS levels KTα and KRT

vanish, with τ coupling to the gauge symmetry with KGT = 1. To act with S−1TlS, we
first render U(1)T dynamical, relabelling τ → v, and we introduce w the flavour parameter
for the new topological symmetry. We add a level-l for the latter, before gauging it with
S−1, and we call the new abelian flavour symmetry U(1)T again, with a new parameter τ .
Thus, we have:

W(u, ν, τ) S−1TlS−→ W0(u, ν) + vNcu0 − wv + l

2w(w + 1) + τw . (5.22)

The vector multiplet for v only appears linearly, hence we can integrate it out, which leads
to a δ-function constraint w = Ncu, and we then obtain precisely the general SQCD theory:

W(u, ν, τ) S−1TlS−→ W(u, ν, τ) + l

2Ncu0(Ncu0 + 1) . (5.23)

This action only introduced the l 6= 0 CS term, and it did not change any of the flavour CS
levels thanks to the definition (5.18)–(5.19).

5.3 Amariti-Rota duality (k = 0, nf = na)

To obtain the dual descriptions of SQCD with generic l, we can simply act with S−1TlS
on the dual descriptions reviewed in the previous section. Let us start with the case of
k = 0 and nf = na ≡ Nf . The dual description at l = 0 is the Aharony magnetic theory
discussed below (4.1). At the level of the 3d A-model, the S−1TlS action on the Aharony
dual theory gives us:

W =W0 + 1
(2πi)2

(
Li2(zy−NfA ) + Li2(z−1y

−Nf
A )

)
− vND

c u0 + 1
2v(v + 1)− vw

+ l

2w(w + 1) + τw ,

(5.24)

where we renamed τ to v (and q = e2πiτ to z = e2πiv), W0 is v-independent, and we used
the same notation as in (5.20) for the dual gauge group U(ND

c ). This new theory contains
a subsector that is isomorphic to SQED. Indeed, we have:

W =W0 + l

2w(w + 1) + τw +WSQED ,

WSQED ≡
1

(2πi)2

(
Li2(zy−NfA ) + Li2(z−1y

−Nf
A )

)
+ 1

2v(v + 1) + τ̃ v ,
(5.25)

with τ̃ ≡ −w − ND
c u0. Using the SQCD/XY Z duality reviewed in section 4.5, we can

integrate out the vector multiplet for v, and we obtain:

WSQED ↔
1

(2πi)2

(
Li2(y−2Nf

A ) + Li2(yNfA x0x(w)) + Li2(yNfA x−1
0 x−1

(w))
)

+N2
f νA(νA + 1) + 1

2w(w + 1) + 1
2N

D
c u0(ND

c u0 + 1) +ND
c wu0 + 1

12 ,
(5.26)

and similarly for the effective dilaton. Here x0 = e2πiu0 and x(w) = e2πiw. The local
application of the duality shifts various flavour CS terms, as dictated by (4.18), and one
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U(ND
c ) U(1)(w) SU(Nf ) SU(Nf ) U(1)A U(1)T U(1)R

qj 0 1 −1 0 1− r
q̃i 0 1 −1 0 1− r
M j

i 1 0 2 0 2r
B+ det+1 1 1 1 Nf 0 −rT + 1
B− det−1 −1 1 1 Nf 0 −rT + 1
X 1 0 1 1 −2Nf 0 2rT

Table 9. Field content of the Amariti-Rota dual theory, with ND
c = Nf−Nc. Here det±1 denotes the

one-dimensional representation of U(ND
c ) with weight ρ = (±1, · · · ,±1), and rT = −Nf (r−1)−Nc+1

like in the Aharony dual theory.

must also take into account the shift (5.19). In total, only the KAR and KRR CS contact
terms incur a shift K → K + ∆K with respect to the Aharony dual theory, with:

∆KAR = −Nf (2 + 2(rT − 1)) , ∆KRR = 4(rT − 1) + 2(rT − 1)2 + 1 . (5.27)

Moreover, the new topological symmetry U(1)T corresponds to the magnetic flux of the new
U(1)(w) gauge group (with vector multiplet w), and the new FI term τ enters as in (5.25),
thus we have KTw = 1. Proceeding in this way, we obtain the Amariti-Rota duality [64]:

U(Nc)0,lNc , Nf ( ⊕ ) ←→

U(Nf −Nc )0, 0 ×U(1
0

)(w)
l ,

Nf ( ⊕ ) ,
(
Mi

j , B+, B−, X
)
.

(5.28)

The dual matter fields and their charges are given in table 9. In addition to the dual
flavours and mesonic fields, we have an additional singlet X as well as the ‘baryonic’ fields
B± charged under both U(1) factors of the gauge group. The gauge singlets are coupled to
the gauge sector through the superpotential:

W = q̃iMi
jqj + B+B−X . (5.29)

Note that the U(1)(w) gauge group has an UV effective CS level l, which corresponds to
Kww = l+ 1. Similarly, the effective mixed CS level between the two gauge groups vanishes,
kG0w = 0, but we have a bare CS level KG0w = 1 as shown in (5.26). Finally, the flavour
bare CS levels for the Amariti-Rota dual are slightly different from the ones of the Aharony
dual theory due to (5.27). We have:

K
(AR)
SU(Nf ) = K̃

(AR)
SU(Nf ) = ND

c ,

K
(AR)
AA = 2Nf

(
ND
c + 2Nf

)
,

K
(AR)
AR = −2Nf

(
2ND

c + 1
)

+ 2Nf

(
ND
c + 2Nf

)
r ,

K
(AR)
RR = 1 +ND

c (3ND
c + 4)− 4Nf

(
2ND

c + 1
)
r + 2Nf

(
ND
c + 2Nf

)
r2 ,

K(AR)
g = 2NfN

D
c + 2 ,

(5.30)

with all other flavour CS levels vanishing.
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U(ND
c ) U(1)(w) SU(nf ) SU(na) U(1)A U(1)T U(1)R condition

qj 0 1 −1 0 1− r
q̃i 0 1 −1 0 1− r
M j

i 1 0 2 0 2r
B+ det+1 1 1 1 Nf 0 −rT + 1 |k| = kc

B− det−1 −1 1 1 Nf 0 −rT + 1 |k| = −kc

Table 10. Field content of the infrared dual of unitary SQCD with l = 0 and |k| ≥ |kc|. The
baryonic fields B± only appear in the marginally chiral case (or in the Amariti-Rota dual), as
indicated. Recall that rT = −(Nc +ND

c )(r − 1)−Nc + 1.

5.4 Minimally chiral duality with general l

Let us now turn on the CS level k. We use the notation kc ≡ 1
2(nf − na) as before, and

we first consider the minimally chiral case, namely the case |k| > |kc| with k 6= 0. The
dual theory is obtained by an S−1TlS action on the dual theory of section 4.2. In the 3d
A-model, this gives us:

W =W0 − vND
c u0 −

sign(k)
2 v(v + 1)− vw + l

2w(w + 1) + τw , (5.31)

with the same conventions as in the previous subsection. Now, the subsector involving
the gauge field for v is simply the ‘almost trivial’ CS theory U(1)− sign(k). We use the
duality (4.19) if k < 0, and we use the duality (4.20) if k > 0. By a straightforward
computation, we then derive the following generalised Nii duality [48, 64]:

U(Nc)k,k+lNc , (nf , na ) ←→

U(ND
c )−k,−k+sign(k)ND

c
×U(1

sign(k)

)l+sign(k) ,

(na , nf ) ,
(
Mi

j
)
.

(5.32)

with ND
c = |k|+ 1

2(nf + na)−Nc and the dual superpotential W = q̃iMi
jqj .

The matter content of the magnetic theory is given in the upper part of table 10. As
for the Amariti-Rota duality, the new U(1)T symmetry only enters through the standard FI
term of the U(1)(w) gauge group, and the other mixed gauge-global CS levels (not involving
U(1)T ) remain the same as in (4.8), hence we have:

KG0T = 0 , KwT = 1 , KGA = Θ(k)(nf−na) , KGR = Θ(k)(nf−na)(r−1) . (5.33)

The flavour bare CS levels of the generalised Nii dual are given in table 11.
Note that for l = 0 the second gauge group U(1)l±1 reduces to U(1)±1. This can be

eliminated from the description using a local duality, thus recovering the dual theory of
section 4.2.

5.5 Marginally chiral duality with general l

Next, we consider the marginally chiral case, |k| = |kc|. It is most convenient to consider
the cases with positive and negative k separately.
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k > |kc| k < −|kc|

KSU(nf ) ND
c −Nc + na

KSU(na) ND
c −Nc + nf

KAA (nf + na)ND
c 4nfna − (nf + na)Nc

KTT 0 0
KAT 0 0
KRA (nf + na)ND

c r (na + nf )Nc − 2nfna + (4nfna − (nf + na)Nc)r
KRT 0 0

KRR (−ND
c + (nf + na)r2)ND

c

(Nc − nf )(Nc − na)− 1
+2r((na + nf )Nc − 2nfna)
+r2(4nfna − (nf + na)Nc)

Kg (nf + na − 2k)ND
c 2nfna − (nf + na + 2k)Nc − 2

Table 11. Flavour bare CS levels for the minimally-chiral dual theory with general l.

Marginally chiral case with k = |kc|. For definiteness, let us start by considering the
case k = kc > 0 (with nf > na). The S−1TlS transformation on the magnetic theory of
section 4.3 gives us:

W =W0 + 1
(2πi)2Li2(y−nfA z)− vND

c u0 − nfvνA − wv + l

2w(w + 1) + τw , (5.34)

where again W0 denotes all the τ -independent terms in twisted superpotential the theory
we started with. Renaming τ → v upon gauging U(1)T , the v-dependent terms precisely
corresponds to the electric theory in the elementary duality (4.22), namely:

WU(1)− 1
2
,Φ+ = 1

(2πi)2Li2(y−nfA z) + τ̃ v , τ̃ ≡ −ND
c u0 − w − nfvνA . (5.35)

More precisely, we can identify the singlet T+ with the field Φ+ in (4.22), with R-charge
r → rT , noting that KRT = rT − 1 in original l = 0 theory. The path integral over the
vector multiplet v then gives a dual singlet which we can call B+, of R-charge 1− rT , with
charge (det, 1) under the remaining gauge group U(ND

c )×U(1)(w). We have:

WU(1)− 1
2
,Φ+ ↔ 1

(2πi)2Li2(xN
D
c

0 x(w)y
nf
A ) + 1

2 τ̃(τ̃ + 1) + 1
12 . (5.36)

The twisted superpotential of the new dual theory then reads:

W =W0 + 1
(2πi)2Li2(xN

D
c

0 x(w)y
nf
A ) + 1

2N
D
c u0(ND

c u0 + 1) +ND
c u0w

+ l + 1
2 w(w + 1) + τw −

n2
f

2 νA(νA + 1) ,
(5.37)
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k = |kc| > 0 k = −|kc| < 0

KSU(nf ) ND
c −Nc + na

KSU(na) ND
c −Nc + nf

KAA (nf + na)ND
c (nf + na)ND

c + 3nanf ≡ K
(0)
AA

KTT 0 0
KAT 0 0

KRA ND
c (nf + na)r

K
(0)
RA + rK

(0)
AA ,

K
(0)
RA ≡ −ND

c (nf + na) + 2 max(nf , na)2

−max(nf , na)(ND
c + nf + na + 1)

KRT 0 0

KRR ND
c (−ND

c + (nf + na)r2)
ND
c (2ND

c + nf + na − 2 max(nf , na) + 2)
2rK(0)

RA + r2K
(0)
AA

Kg 2 max(nf , na)ND
c 2ND

c (nf + na −max(nf , na))

Table 12. Flavour bare CS levels for the marginally chiral dual theories, |k| = |kc|, for general l.

and we have a similar transformation of the effective dilaton, as dictated by the dual flavour
CS levels of the elementary duality (4.22). A careful accounting of the bare CS levels gives
us the following non-zero shifts K → K + ∆K with respect to the l = 0 theory:

∆KAA = −n2
f , ∆KRA = (rT − 1)nf , ∆KRR = −r2

T + 2rT − 1 . (5.38)

A similar computation can be carried out for the case k = −kc > 0 (with na > nf ). This
replaces the singlet T− in the original theory with a chiral multiplet B+ of charge (det−1,−1)
under U(ND

c )×U(1)(w). The flavour CS level shifts are like in (5.38) with nf replaced by na.
In summary, for k = εkc > 0, for ε = ±, we have the duality:

U(Nc)k,k+lNc , (nf , na ) ←→

U(ND
c )−k,−k+ 1

2N
D
c
×U(1

1
2

)(w)
l+ 1

2
,

(na , nf ) ,
(
Mi

j , Bε
)
,

(5.39)

with the dual superpotential W = q̃iMi
jqj . The precise matter content is given in table 10.

The mixed gauge-flavour CS levels are the same as in (5.33), namely:

KG0T = 0 , KwT = 1 , KGA = (nf − na) , KGR = (nf − na)(r − 1) , (5.40)

and the bare flavour CS levels are given on the left-hand-side of table 12.
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Marginally chiral case with k = −|kc|. The dual theories with k = −|kc| < 0 can
be derived similarly. In this case, we need to use the elementary duality (4.21). We find
non-trivial shifts of the gauge-flavour CS levels:

∆KG0A = ∆KwA = ±max(nf , na) , ∆KG0R = ∆KwA = ∓rT , (5.41)

for k = ∓kc < 0. We also have the flavour CS levels shifts:

∆KAA = max(nf , na)2 , ∆KAR = −rT max(nf , na) ,
∆KRR = r2

T − 1 , ∆Kg = −2 ,
(5.42)

compared to the levels shown on the right-hand-side of table 6.
Fixing k = −εkc < 0, for ε = ±, we then have the duality:

U(Nc)k,k+lNc , (nf , na ) ←→

U(ND
c )−k,−k− 1

2N
D
c
×U(1

− 1
2

)(w)
l− 1

2
,

(na , nf ) ,
(
Mi

j , Bε
)
,

(5.43)

with the superpotential W = q̃iMi
jqj and the matter content of table 10. We have the

mixed gauge-flavour CS levels:

KG0T = 0 , KwT = 1 , KG0A = KwA = εmax(nf , na) , KG0R = KwA = −ε rT ,
(5.44)

with rT defined as in table 10. The bare flavour CS level are given in table 12.

5.6 Maximally chiral duality with general l

Last but not least, let us consider the maximally chiral duality. Starting from the l = 0
dual theory of section 4.4, the S−1TlS action gives us:

W =W0 − vND
c u0 +K

(∗)
AT vνA − vw + l

2w(w + 1) + τw ,

Ω = Ω +K
(∗)
RT v .

(5.45)

Here, as before, W0 and Ω0 contains all the v- and w-independent terms. Here we denote
by K(∗) the levels given in table 8. Note that the vector multiplet for v appears linearly,
unlike in the previous cases. Therefore, integrating it out generate a functional δ-function:

δ
(
Wµ + tr(Aµ)−K(∗)

ATA
(A)
µ −K(∗)

ARA
(R)
µ

)
, (5.46)

with tr(A) = ND
c A0 the U(1) ⊂ U(ND

c ) gauge field, Wµ the w gauge field, and A
(F )
µ

denoting the background gauge fields for a U(1)F symmetry. Note the appearance of the
U(1)R gauge field because of the mixed topological-R level, K(∗)

RT 6= 0. Eliminating w from
the description, we obtain:

W =W0 − τND
c u0 −∆KGA νAN

D
c u0 + l

2N
D
c u0(ND

c u0 + 1) + ∆KAA νA(νA + 1) ,

Ω = Ω0 + ∆KGRN
D
c u0 + ∆KRA νA + 1

2∆KRR ,

(5.47)
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U(ND
c ) SU(nf ) SU(na) U(1)A U(1)T U(1)R

qj 1 −1 0 1− r
q̃i 1 −1 0 1− r
M j

i 1 2 0 2r

Table 13. Field content for the infrared dual of unitary SQCD with |k| < |kc|.

where we defined:

∆KGA = −lK(∗)
AT , ∆KGR = −lK(∗)

RT ,

∆KAA = l
(
K

(∗)
AT

)2
, ∆KRR = l

(
K

(∗)
RT

)2
,

∆KRA = lK
(∗)
RTK

(∗)
AT .

(5.48)

In particular, we find that the maximally chiral dual theory has a gauge group
U(ND

c )−k,−k+lND
c

with ND
c = max(nf , na)−Nc, with the matter content of table 13.

In summary, we have:

U(Nc)k, k+lNc , (nf , na ) ←→ U(ND
c )−k,−k+lND

c
, (na , nf ) ,

(
Mi

j
)
, (5.49)

with the usual Seiberg-dual superpotential. The dual theory contains the mixed gauge-
flavour CS levels:

KGT = −1 ,
KGA = sign(kc)

(
k + |kc|+ lmax(nf , na)

)
,

KGR = sign(kc)
((
k + |kc|+ lmax(nf , na)

)
(r − 1)− lNc

)
,

(5.50)

and the flavour bare CS levels given in table 14. This dual theory trivially reduces to the
dual of section 4.4 upon setting l = 0.

As a special case of the maximally chiral duality, consider na = 0 and a CS level
|k| < nf

2 . We then have the simple-looking duality:

U(Nc)k, k+lNc , nf ←→ U(nf −Nc)−k,−k+l(nf−Nc) , nf , (5.51)

Upon choosing a positive FI parameter, the Higgs branch of the electric theory is given by
the complex Grassmannian Gr(Nc, nf ). This duality has a natural interpretation in terms
of the obvious geometric isomorphism of the dual Higgs branches:

Gr(Nc, nf ) ∼= Gr(nf −Nc, nf ) . (5.52)

In this Higgs phase, certain choices of the levels k, l have an interpretation in terms of the
(generalised) quantum K-theory of Gr(Nc, nf ) — see e.g. [87–92]. We will come back to
this point in future work.
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|k|< |kc| , nf >na |k|< |kc| , na>nf

KSU(nf ) k+ 1
2(nf+na)−Nc na−Nc

KSU(na) nf−Nc k+ 1
2(nf+na)−Nc

KAA

K+
AA≡ (l+1)n2

f+3nf (k−kc) K−AA≡ (l+1)n2
a+3na(k+kc)

+2ND
c (nf−kc) +2ND

c (na+kc)

KTT 0 0

KAT −nf na

KRA

K
(0)+
RA +rK+

AA , K
(0)−
RA +rK−AA ,

K
(0)+
RA ≡−(k−kc)(nf+ND

c ) K
(0)−
RA ≡−(k+kc)(na+ND

c )
+(l+1)nfND

c +(l+1)naND
c

KRT ND
c −rnf −ND

c +rna

KRR ND
c (k−kc+lND

c )+2rK(0)+
RA +r2K+

AA ND
c (k+kc+lND

c )+2rK(0)−
RA +r2K−AA

Kg 2naND
c 2nfND

c

Table 14. Flavour bare CS levels for the maximally chiral dual, |k| < |kc|, for general l. Note that,
unlike in all the other cases, the flavour CS levels depend on l.
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A Real mass deformations and the l = 0 dualities

In this appendix, we briefly review the derivation of the minimally, marginally and maximally
chiral dualities for l = 0, assuming Aharony duality, as originally discussed in [30]. We
revisit this analysis here for completeness. This also allows us to explain how to carry out
this standard computation in the gauge-symmetry-preserving conventions spelled out in
section 2.2.

A.1 Integrating out massive chiral multiplets

Consider a 3d N = 2 chiral multiplet Φ coupled to U(1)I vectors multiplets with charges
QI . We are interested in giving a large real mass m0 ∈ R to Φ, thus integrating it out from
the description. In the limit |m0| → ∞, the UV contact terms are shifted according to:

δκIJ = 1
2QIQJ sign(m0) . (A.1)
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This is easily generalised to any non-abelian symmetry that Φ might be charged under.
Integrating out a massive chiral multiplet Φ always shifts the CS contact terms according to:

δκ = −κΦ sign(m0) , (A.2)

for any symmetry, where the contributions κΦ from a single chiral multiplet are defined
as in section 2.2. Importantly, this means that the bare CS levels K are shifted as:

δK =

0 if m0 > 0 ,
2κΦ if m0 < 0 .

(A.3)

Take for example a massive chiral multiplet Φ of charge QF ∈ Z under some U(1)F sym-
metry, with a bare CS level KF . After integrating out Φ, we have the U(1)F bare CS level
K ′F = KF if m0 →∞ and K ′F = KF −Q2

F if m0 → −∞. Note that the bare Chern-Simons
levels so obtained are integer-quantised, as needed by gauge invariance.

A.2 Flowing from Aharony duality

Let us consider the ‘electric’ theory in Aharony duality, U(Nc)0 with Nf fundamentals
and Nf antifundamentals. We can obtain any SQCD[Nc, k, 0, nf , na] (with l = 0) by
appropriately decoupling flavours.

Let us then consider a particular RG flow:

δ : SQCD[Nc, 0, 0, Nf , Nf ] + δm0 → SQCD[Nc, k, 0, nf , na] , (A.4)

which is triggered by a particular choice of real mass m0 in the UV theory. This defor-
mation will generate various flavour and mixed gauge-flavour CS levels K(e)

GF and ∆K(e)
FF ,

schematically. The K(e)
GF levels are part of the definition of the infrared theory. The pure

flavour CS levels corresponds to local terms which can be removed at will. Recall that we
choose KFF = 0 as part of our definition of unitary SQCD.

Because any real mass term is a VEV of a background vector multiplet, we can
easily identify the dual mass deformation in the Aharony dual theory reviewed in sec-
tion 4.1. By following the corresponding RG flow, we arrive at a dual description for
SQCD[Nc, k, 0, nf , na]:

δ : dual SQCD[Nc, 0, 0, Nf , Nf ] + δm0 → dual SQCD[Nc, k, 0, nf , na] . (A.5)

In this process, we again generate CS levels K(m)
GF and ∆K(m)

FF . The bare flavour CS levels
shifts are to be added to the levels (4.3)–(4.4) encountered in the Aharony dual theory. We
then compute the magnetic flavour CS levels of dual SQCD as:

KFF = K(Ah) + ∆K(m)
FF −∆K(e)

FF , (A.6)

where we shifted the ‘electric’ flavour CS levels generated by the RG flow to the ‘magnetic’
side of the duality.
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U(Nc) SU(nf ) SU(na) U(1)A U(1)T U(1)R U(1)0

Qi 1 1 0 r 0
Q̃j 1 1 0 r 0
Qα 1 1 0 r ε

Q̃β 1 1 0 r ε

Table 15. Fields and charges for the mass deformation of the electric theory in the minimally
chiral case. Every field charged under U(1)0 is integrated out. Here, we use the flavour indices
i = 1, · · · , nf , j = 1, · · · , na, α = 1, · · · , p, and β = 1, · · · , q, as well as ε = sign(m0). We only keep
track of the flavour symmetries that survive in the infrared (and of U(1)0).

A.2.1 Minimally chiral duality: |k| > |kc|

To derive the minimally chiral Seiberg-like duality from Aharony duality, we start with the
electric theory SQCD[Nc,0,0,Nf ,Nf ] and we integrate out p fundamental and q antifunda-
mental chiral multiplets with a common real massm0, so that we obtain SQCD[Nc,k,0,nf,na]
with:

nf = Nf − p , na = Nf − q , k = 1
2(p+ q) sign(m0) . (A.7)

Note that kc ≡ 1
2(nf − na) = 1

2(q − p) and |k| = 1
2(p + q), hence we flow to minimally

chiral SQCD, |k| > |kc|, if and only if p > 0 and q > 0. The light and heavy fields
are shown in table 15. We identify some symmetry U(1)0 along which we deform, with
ε ≡ sign(m0) = sign(k). For kc 6= 0, we also need to shift the origin of the real Coulomb
branch and of the FI parameter according to:

σa → σa + kc
Nf

m0 , ξ → ξ − kc|m0| . (A.8)

In other words, the U(1)0 symmetry mixes with the gauge symmetry and with the topological
symmetry [30].

On the magnetic side, we consider the Aharony dual gauge theory U(ND
c )0 with rank:

ND
c = Nf −Nc

= |k|+ 1
2(nf + na)−Nc .

(A.9)

The U(1)0 charge assignment in the dual theory are shown in table 16. For p and q strictly
positive, all the fields in the bottom rows must be integrated out. The bare CS levels are
shifted according to:

KIJ → KIJ −
∑

Φ |Q0[Φ]<0
QI [Φ]QJ [Φ] , (A.10)

where the sum is over all chiral multiplets with strictly negative U(1)0 charge. To determine
the U(1)0 assignement of the gauge singlets T±, one recalls that they are identified with
the monopoles of the electric theory. The latter have an induced U(1)0 charge given by:

Q0
[
T±
]

= ∓1
2
∑
ψ

QG[ψ]
∣∣∣Q0[ψ]

∣∣∣− 1
2
∑
ψ

Q0[ψ] , (A.11)
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U(ND
c ) SU(nf ) SU(na) U(1)A U(1)T U(1)R U(1)0

qj � 1 � −1 0 1− r 0
q̃i � � 1 −1 0 1− r 0
Mi

j 1 � � 2 0 2r 0
qβ � 1 1 −1 0 1− r −ε
q̃α � 1 1 −1 0 1− r −ε
Mi

β 1 � 1 2 0 2r ε

Mα
j 1 1 � 2 0 2r ε

Mα
β 1 1 1 2 0 2r 2ε

T+ 1 1 1 −Nf 1 rT −p (ε = 1) or q (ε = −1)
T− 1 1 1 −Nf −1 rT −q (ε = 1) or p (ε = −1)

Table 16. Fields and charges for the mass deformation of the Aharony dual theory, in the minimally
chiral case. Here ε = sign(k).

where QG denotes the gauge charge and we sum over all Dirac fermions in the theory. It is
then a straightforward exercise to derive the minimally chiral dual theory spelled out in
section 4.2.

A.2.2 Marginally chiral duality: |k| = |kc|

The marginally chiral cases can be obtained as special limits of the minimally chiral case,
when either p or q vanishes:

k = kc > 0 ⇔ p = 0 , ε = 1 ,
k = −kc > 0 ⇔ q = 0 , ε = 1 ,
k = kc < 0 ⇔ p = 0 , ε = −1 ,
k = −kc < 0 ⇔ q = 0 , ε = −1 .

(A.12)

In those cases, we see from 16 that either T+ or T− survives the mass deformation of the
dual theory.

A.2.3 Maximally chiral duality: |k| < |kc|

In the maximally chiral case, we start from the electric side of Aharony duality and integrate
fundamental or antifundementals with opposite masses. Consider first the case kc > 0.
In this case, we choose to integrate out q antifundamental with a positive mass, and q̃

antifundamental with negative mass, so that we obtain:

nf = Nf , na = Nf − q − q̃ , k = 1
2(q − q̃) . (A.13)

Note that kc = 1
2(q + q̃) in this case, hence |k| < kc as expected. We also need to shift the

Coulomb branch origin and the FI term according to:

σa → σa + k

Nf
m0 , ξ → ξ − kc|m0| . (A.14)
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U(Nc) SU(nf ) SU(na) U(1)A U(1)T U(1)R U(1)0

Qi � � 1 1 0 r 0
Q̃j � 1 � 1 0 r 0
Q̃γ � 1 1 1 0 r 1
Q̃δ � 1 1 1 0 r −1
Qγ � 1 1 1 0 r 1
Qδ � 1 1 1 0 r −1

Table 17. Fields and charges for the mass deformation of the Aharony electric theory which leads
to SQCD with |k| < |kc|, with the massive fields for either kc > 0 (middle two rows) or kc < 0
(bottom two rows). Here γ = 1, · · · , q and δ = 1, · · · , q̃.

U(ND
c ) SU(nf ) SU(na) U(1)A U(1)T U(1)R U(1)0

qj � 1 � −1 0 1− r 0
q̃i � � 1 −1 0 1− r 0
Mi

j 1 � � 2 0 2r 0
qγ � 1 1 −1 0 1− r −1
qδ � 1 1 −1 0 1− r 1
Mi

γ 1 � 1 2 0 2r 1
Mi

δ 1 � 1 2 0 2r −1
T+ 1 1 1 −Nf 1 rT q̃

T− 1 1 1 −Nf −1 rT −q
q̃γ � 1 1 −1 0 1− r −1
q̃δ � 1 1 −1 0 1− r 1
Mγ

j 1 1 � 2 0 2r 1
Mδ

j 1 1 � 2 0 2r −1
T+ 1 1 1 −Nf 1 rT −q
T− 1 1 1 −Nf −1 rT q̃

Table 18. Fields and charges for the mass deformation of the Aharony dual theory, to obtain the
maximally chiral case. The middle rows are for kc > 0, and the bottom rows for kc < 0.

For kc < 0, we similarly choose to integrate out fundamental multiplets as shown in table 17.
Then we have:

nf = Nf − q − q̃ , na = Nf , k = 1
2(q − q̃) , (A.15)

with kc = −1
2(q + q̃). In either case, the dual gauge group is U(ND

c )−k with ND
c =

max(nf , na) − Nc. The details of the dual theory can be worked out from the charge
assignment shown in table 18 for the Aharony dual fields.
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